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1. Ââåäåíèå.

Áóäåì ãîâîðèòü, ÷òî âûïóêëîå òåëî K öåíòðèðîâàíî, åñëè
∫
K

x dx = 0.

Ãèïîòåçà ãèïåðïëîñêîñòè óòâåðæäàåò ñëåäóþùåå: ñóùåñòâóåò òàêîå ÷èñëî c > 0,
÷òî äëÿ êàæäîãî n ∈ N è äëÿ êàæäîãî öåíòðèðîâàííîãî âûïóêëîãî òåëà K â Rn îáúåìà 1
íàéäåòñÿ ãèïåðïëîñêîëñòü H, äëÿ êîòîðîé λn−1(K ∩H) ≥ c.
Áóäåì ãîâîðèòü, ÷òî âûïóêëîå òåëî K îáúåìà 1 íàõîäèòñÿ â èçîòðîïíîé ïîçèöèè, åñëè

îíî öåíòðèðîâàíî è
∫
K

xixj dx = L2
Kδi,j.

Ãèïîòåçà î êîíñòàíòå èçîòðîïíîñòè óòâåðæäàåò ñëåäóþùåå: ñóùåñòâóåò òàêîå
÷èñëî C > 0, ÷òî äëÿ êàæäîãî n ∈ N è äëÿ êàæäîãî âûïóêëîãî òåëà K ⊂ Rn â èçîòðîïíîé
ïîçèöèè ñïðàâåäëèâà îöåíêà LK ≤ C.
Îêàçûâàåòñÿ, ÷òî ýòè ãèïîòåçû ðàâíîñèëüíû äðóã äðóãó è ïåðâîé íàøåé çàäà÷åé áóäåò

ýòî äîêàçàòü.
Âïåðâûå ïîäîáíûå âîïðîñû âîçíèêëè â ðàáîòå Æ. Áóðãåéíà [3] è áûëè ïîïóëÿðèçèðî-

âàíû â îáçîðíîé ðàáîòå [6]. Ïî ýòîé òåìàòèêè åñòü íåñêîëüêî ìîíîãðàôèé, âêëþ÷àÿ [4] è
[1], íà êîòîðûõ ìû è áóäåì îñíîâûâàòü èçëîæåíèå.
Îñíîâíûå ðåçóëüòàòû, êîòîðûå õîòåëîñü áû çàòðîíóòü � ýòî ïåðâàÿ íåòðèâèàëüíàÿ

îöåíêà êîíñòàíòû èçîòðîïíîñòè Æ. Áóðãåéíà LK ≤ C 4
√
n log n, íåðàâåíñòâî Ã. Ïàîðèñà

î áîëüøèõ óêëîíåíèÿõ äëÿ âûïóêëîãî òåëà K â èçîòðîïíîé ïîçèöèè:

λn(x ∈ K : |x| ≥ ct
√
nLK) ≤ e−t

√
n ∀t ≥ 1

è òåîðåìó Á. Êëàðòàãà î òîì, ÷òî äëÿ êàæäîãî âûïóêëîãî òåëà K ⊂ Rn è äëÿ êàæäîãî
ε ∈ (0, 1) íàéäåòñÿ öåíòðèðîâàííîé âûïóêëîå òåëî T è ñäâèã x ∈ Rn, äëÿ êîòîðûõ

1

1 + ε
T ⊂ K + x ⊂ (1 + ε)T

è

LT ≤
C√
ε
.

Òåîðåìà Êëàðòàãà, â ÷àñòíîñòè, âëå÷åò îöåíêó LK ≤ C 4
√
n äëÿ êàæäîãî âûïóêëîãî òåëà

K â èçîòðîïíîé ïîçèöèè.

2. Èçîòðîïíûå ñëó÷àéíûå âåêòîðû è ìåðû. Ãèïîòåçà î êîíñòàíòå

èçîòðîïíîñòè.

Îïðåäåëåíèå 2.1. Ïóñòü X = (X1, . . . , Xn) � ñëó÷àéíûé âåêòîð ñî çíà÷åíèÿìè â Rn.
Âåêòîð aX := (EX1, . . . ,EXn) � íàçûâàåòñÿ âåêòîðîì ñðåäíèõ (èëè, ïðîñòî, ñðåäíèì)
ñëó÷àéíîãî âåêòîðà X. Ìàòðèöà CX = (ck,j) ñ êîìïîíåíòàìè

ck,j := E[(Xj − EXj)(Xk − EXk)]

íàçûâàåòñÿ ìàòðèöåé êîâàðèàöèé âåêòîðà X.

Çàìå÷àíèå 2.2. Ìàòðèöà êîâàðèàöèé CX âñåãäà ñèììåòðè÷íà è íåîòðèöàòåëüíî îïðåäå-
ëåíà.

Óïðàæíåíèå 2.3. Âåêòîð a � âåêòîð ñðåäíèõ ñëó÷àéíîãî âåêòîðà X òîãäà è òîëüêî
òîãäà, êîãäà äëÿ êàæäîãî u ∈ Rn âûïîëíåíî

E[〈u,X〉] = 〈u, a〉.
Àíàëîãè÷íî ñèììåòðè÷íàÿ íåîòðèöàòåëüíî îïðåäåëåííàÿ ìàòðèöà C áóäåò ìàòðèöåé êî-
âàðèàöèé ñëó÷àéíîãî âåêòîðà X òîãäà è òîëüêî òîãäà, êîãäà

〈Cu, v〉 = E[〈u,X − a〉〈v,X − a〉] ∀u, v ∈ Rn.
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Îïðåäåëåíèå 2.4. Ñëó÷àéíûé âåêòîð X = (X1, . . . , Xn) ñî çíà÷åíèÿìè â Rn íàçûâàåòñÿ
èçîòðîïíûì, åñëè

E[〈u,X〉] = 0, E[〈u,X〉〈v,X〉] = 〈u, v〉 ∀u, v ∈ Rn,

ò.å. ó âåêòîðà X íóëåâîå ñðåäíåå è åäèíè÷íàÿ ìàòðèöà êîâàðèàöèé.

Îïðåäåëåíèå 2.5. Âåðîÿòíîñòíàÿ ìåðà µ íà Rn íàçûâàåòñÿ èçîòðîïíîé, åñëè îíà ñîâ-
ïàäàåò ñ ðàñïðåäåëåíèåì íåêîòîðîãî èçîòðîïíîãî ñëó÷àéíîãî âåêòîðà, ò.å.∫

Rn
〈u, x〉µ(dx) = 0,

∫
Rn
〈u, x〉〈v, x〉µ(dx) = 〈u, v〉 ∀u, v ∈ Rn.

Ïðåäëîæåíèå 2.6. Ïóñòü X � ñëó÷àéíûé âåêòîð ñ àáñîëþòíî íåïðåðûâíûì ðàñïðå-
äåëåíèåì. Òîãäà ñóùåñòâóåò òàêîå íåâûðîæäåííîå ëèíåéíîå îòîáðàæåíèå T è âåêòîð
a ∈ Rn, ÷òî T−1(X − a) � èçîòðîïíûé ñëó÷àéíûé âåêòîð.

Äîêàçàòåëüñòâî. Ïóñòü a = (a1, . . . , an), ãäå aj = EXj. Ïóñòü CX � ìàòðèöà êîâàðèàöèé
âåêòîðà X, ò.å.

〈CXu, v〉 = E[〈u,X − a〉〈v,X − a〉].
Ìàòðèöà CX � ñèììåòðè÷íà è ïîëîæìèòåëüíî îïðåäåëåíà (èíà÷å ðàñïðåäåëåíèå íå áûëî
áû àáñîëþòíî íåïðåðûâíûì). Ïóñòü T :=

√
CX . Òîãäà âåêòîð T−1(X − a) � èìååò íóëåâîå

ñðåäíåå è

E[〈u, T−1(X − a)〉〈v, T−1(X − a)〉] = E[〈T−1u,X − a〉〈T−1v,X − a〉] =

= 〈CXT−1u, T−1v〉 = 〈T−1CXT
−1u, v〉 = 〈u, v〉.

Óòâåðæäåíèå äîêàçàíî. �

Îïðåäåëåíèå 2.7. Ïóñòü X � ñëó÷àéíûé âåêòîð â Rn ñ ðàñïðåäåëåíèåì µ è îãðàíè÷åí-
íîé ïëîòíîñòüþ %. Êîíñòàíòîé èçîòðîïíîñòè ñëó÷àéíîãî âåêòîðà X, ìåðû µ, ïëîò-
íîñòè % íàçûâàåòñÿ ÷èñëî

LX = Lµ = L% := ‖%‖1/n
∞ [detCX ]1/2n.

Ïðåäëîæåíèå 2.8. Êîíñòàíòà èçîòðîïíîñòè èíâàðèàíòíà îòíîñèòåëüíî íåâûðîæ-
äåííûõ ëèíåéíûõ ïðåîáðàçîâàíèé, ò.å. äëÿ êàæäîé íåâûðîæäåííîé ìàòðèöû T è âåêòî-
ðà a âûïîëíåíî ðàâåíñòâî LT−1(X−a) = LX .

Äîêàçàòåëüñòâî. Çàìåòèì, ÷òî CT−1(X−a) = T−1CX(T−1)∗ è

detCT−1(X−a) = (detT−1)2 detCX .

Ïîñìîòðèì òåïåðü íà ïëîòíîñòü %T,a âåêòîðà T−1(X − a):∫
A

%T,a(y) dy = P (T−1(X − a) ∈ A) =

∫
{x : T−1(x−a)∈A}

%(x) dx = detT

∫
A

%(Ty + a) dx,

ãäå % � ïëîòíîñòü âåêòîðà X è ãäå â ïîñëåäíåì ðàâåíñòâå áûëà ñäåëàíà çàìåíà â èíòåãðàëå
x = Ty + a. Òàêèì îáðàçîì, %T,a(y) = detT · %(Ty + a), îòêóäà

LT−1(X−a) = [detT · essup %(Ty + a)]1/n
(
(detT−1)2 detCX

)1/2n
= LX .

×òî è òðåáîâàëîñü äîêàçàòü. �

Çàìå÷àíèå 2.9. Â ñëó÷àå, êîãäà X � èçîòðîïíûé ñëó÷àéíûé âåêòîð ñ îãðàíè÷åííîé
ïëîòíîñòüþ % êîíñòàíòà èçîòðîïíîñòè LX = L% ñîâïàäàåò ñ ‖%‖1/n

∞ .

Îïðåäåëåíèå 2.10. Ïóñòü K � áîðåëåâñêîå ïîäìíîæåñòâî â Rn ïîëîæèòåëüíîé ìåðû
Ëåáåãà. Ñèìâîëîì XK áóäåì îáîçíà÷àòü ñëó÷àéíûé âåêòîð, ðàâíîìåðíî ðàñïðåäåëåííûé
íà ìíîæåñòâå K.
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Îïðåäåëåíèå 2.11. Ìåðó Ëåáåãà íà Rn áóäåì îáîçíà÷àòü λn èëè ïðîñòî λ, åñëè ðàçìåð-
íîñòü ôèêñèðîâàíà.

Îïðåäåëåíèå 2.12. Êîìïàêòíîå ìíîæåñòâî K ⊂ Rn íàçûâàåòñÿ âûïóêëûì òåëîì,
åñëè äëÿ âñåõ x, y ∈ K è t ∈ [0, 1] òî÷êà tx + (1 − t)y ïðèíàäëåæèò ìíîæåñòâó K è
ìíîæåñòâî âíóòðåííèõ òî÷åê K íåïóñòî.

Ãèïîòåçà î êîíñòàíòå èçîòðîïíîñòè: ñóùåñòâóåò òàêîå ÷èñëî C > 0, ÷òî äëÿ êàæ-
äîãî n ∈ N è äëÿ êàæäîãî âûïóêëîãî òåëà K â Rn âûïîëíåíî LK ≤ C, ãäå LK := LXK .

Îïðåäåëåíèå 2.13. Ââåäåì âåëè÷èíó

Lb(n) := sup{LK : K − âûïóêëîå òåëî â Rn}.

Îïðåäåëåíèå 2.14. Áóäåì ãîâîðèòü, ÷òî âûïóêëîå òåëî K ⊂ Rn íàõîäèòñÿ â èçîòðîï-
íîé ïîçèöèè, åñëè λn(K) = 1,∫

K

〈u, x〉 dx = 0,

∫
K

〈u, x〉〈v, x〉 dx = α2〈u, v〉 ∀u, v ∈ Rn,

ò.å. ìàòðèöà êîâàðèàöèé âåêòîðà XK � ñêàëÿðíàÿ.

Ïðåäëîæåíèå 2.15. Äëÿ êàæäîãî âûïóêëîãî òåëà K â Rn ñóùåñòâóþò òàêèå íåâû-
ðîæäåííîå ëèíåéíîå ïðåîáðàçîâàíèå T è âåêòîð a ∈ Rn, ÷òî âûïóêëîå òåëî

T−1(K − a) := {T−1(x− a) : x ∈ K}

íàõîäèòñÿ â èçîòðîïíîé ïîçèöèè.

Äîêàçàòåëüñòâî. Ïóñòü XK � ñëó÷àéíûé âåêòîð, ðàâíîìåðíî ðàñïðåäåëåííûé íà K. Êàê
óæå áûëî äîêàçàíî ðàíåå, ñóùåñòâóþò òàêèå íåâûðîæäåííîå ëèíåéíîå ïðåîáðàçîâàíèå T0

è âåêòîð a ∈ Rn, ÷òî ñëó÷àéíûé âåêòîð T−1
0 (XK − a) = XT−1

0 (K−a) � èçîòðîïíûé. Ýòî

çíà÷èò, ÷òî äëÿ íîâîãî âûïóêëîãî òåëà K0 := T−1
0 (K − a) âûïîëíåíî

1

λn(K0)

∫
K0

〈u, x〉 dx = 0,
1

λn(K0)

∫
K0

〈u, x〉〈v, x〉 dx = 〈u, v〉 ∀u, v ∈ Rn.

Ïóñòü òåïåðü ÷èñëî t > 0 âûáðàíî òàê, ÷òî λn(t ·K0) = 1, ò.å. t = [λn(K0)]−1/n. Òîãäà òåëî
t ·K0 íàõîäèòñÿ â èçîòðîïíîé ïîçèöèè è ÿâëÿåòñÿ àôôèííûì îáðàçîì K. �

Çàìå÷àíèå 2.16. Îòìåòèì, ÷òî äëÿ âûïóêëîãî òåëà K â èçîòðîïíîé ïîçèöèè, LK � ýòî
òàêàÿ êîíñòàíòà, ÷òî CXK = L2

K · id, ò.å.∫
K

〈u, x〉〈v, x〉 dx = L2
K〈u, v〉.

Òåîðåìà 2.17 (Ïðîñòåéøàÿ îöåíêà êîíñòàíòû èçîòðîïíîñòè âûïóêëîãî òåëà). Ïóñòü K
� âûïóêëîå òåëî â Rn, òîãäà LK ≤ c

√
n, ãäå c � ÷èñëåííàÿ ïîñòîÿííàÿ (ò.å. Lb(n) ≤

c
√
n).

Äîêàçàòåëüñòâî. Â ñèëó àôôèííîé èíâàðèàíòíîñòè êîíñòàíòû èçîòðîïíîñòè, íå îãðà-
íè÷èâàÿ îáùíîñòè, ìîæíî ñ÷èòàòü, ÷òî K íàõîäèòñÿ â èçîòðîïíîé ïîçèöèè. Ðàññìîòðèì
âûðàæåíèå

S2
2(K) :=

∫
Kn

[
λn
(
conv{0, x1, . . . , xn}

)]2
dx1 . . . dxn, x1, . . . , xn ∈ Rn.
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Ñ îäíîé ñòîðîíû, S2
2(K) ≤ [λn(K)]n+2 = 1. Ñ äðóãîé ñòîðîíû,

S2
2(K) =

1

(n!)2

∫
Kn

| det(x1, . . . , xn)|2 dx1 . . . dxn =

=
1

(n!)2

∫
Kn

∣∣∣∑
σ

(−1)|σ|
n∏
j=1

xjσ(j)

∣∣∣2 dx1 . . . dxn =

=
1

(n!)2

∫
Kn

∑
σ,τ

(−1)|σ|(−1)|τ |
n∏
j=1

xjσ(j)x
j
τ(j) dx

1 . . . dxn.

Â ñèëó òîãî, ÷òî
∫
K

xmxk dx = L2
Kδmk, íåíóëåâûìè ñëàãàåìûìè â ïðåäûäóùåì âûðàæåíèè

îñòàíóòñÿ òîëüêî òå, ãäå σ(j) = τ(j), ò.å.

S2
2(K) =

1

(n!)2

∫
Kn

∑
σ

n∏
j=1

(xjσ(j))
2 dx1 . . . dxn =

1

n!
L2n
K .

Òàêèì îáðàçîì, LK ≤ 2n
√
n!S2

2(K) ≤ 2n
√
n! ≤ c

√
n äëÿ íåêîòîðîãî ÷èñëà c > 0. �

Ïðåäëîæåíèå 2.18. Äëÿ ïðîèçâîëüíîãî âûïóêëîãî òåëà K ⊂ Rn âûïîëíåíà îöåíêà

LK ≥ LBn2 ≥ c > 0.

Äîêàçàòåëüñòâî. Íå îãðàíè÷èâàÿ îáùíîñòè, ñ÷èòàåì, ÷òî K íàõîäèòñÿ â èçîòðîïíîé ïî-
çèöèè. Ïóñòü rn := [λn(Bn

2 )]−1/n. Òîãäà λn(rnB
n
2 ) = 1 è âûïóêëîå òåëî rnBn

2 íàõîäèòñÿ â
èçîòðîïíîé ïîçèöèè. Òîãäà

nL2
K :=

∫
K

|x|2 dx =

∫
K∩rnBn2

|x|2 dx+

∫
K\rnBn2

|x|2 dx ≥
∫
K∩rnBn2

|x|2 dx+r2
n ·λn(K \rnBn

2 ) =

=

∫
K∩rnBn2

|x|2 dx+ r2
n · λn(rnB

n
2 \K) ≥

∫
K∩rnBn2

|x|2 dx+

∫
rnBn2 \K

|x|2 dx = nL2
rnBn2

= nL2
Bn2
.

Íàêîíåö çàìåòèì, ÷òî

L2
Bn2

= L2
rnBn2

=
1

n

∫
rnBn2

|x|2 dx =
1

n

n[λn(Bn
2 )]

n+ 2
rn+2
n =

[λn(Bn
2 )]−2/n

n+ 2
≥ c2,

ò.ê. [λn(Bn
2 )]−1 �

√
n. �

3. Íåðàâåíñòâà Ïðåêîïû�Ëåèíäëåðà è Áðóííà�Ìèíêîâñêîãî.

Îïðåäåëåíèå 3.1. Ïóñòü A,B ⊂ Rn, t > 0, òîãäà

A+B := {a+ b : a ∈ A, b ∈ B}, A−B := {a− b : a ∈ A, b ∈ B}, tA := {t · a : a ∈ A}.

Äëÿ êðàòêîñòè áóäåì ïèñàòü A+ b âìåñòî A+ {b}.

Òåîðåìà 3.2 (Íåðàâåíñòâî Áðóííà�Ìèíêîâñêîãî). Ïóñòü A è B � íåïóñòûå áîðåëåâñêèå
ïîäìíîæåñòâà Rn. Òîãäà

[λn(A+B)]1/n ≥ [λn(A)]1/n + [λn(B)]1/n.

×àñòî ýòî íåðàâåíñòâî óäîáíî ïåðåïèñàòü â âèäå

[λn(tA+ (1− t)B)]1/n ≥ t[λn(A)]1/n + (1− t)[λn(B)]1/n ∀t ∈ [0, 1].
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Äîêàçàòåëüñòâî. Ñíà÷àëà äîêàæåì ýòî íåðàâåíñòâî ïðè n = 1. Ïóñòü KA ⊂ A, KB ⊂ B
ïðîèçâîëüíûå êîìïàêòû. Ïîêàæåì, ÷òî

λ1(A+B) ≥ λ1(KA +KB) ≥ λ1(KA) + λ1(KB).

Ò.ê. ìåðà Ëåáåãà èíâàðèàíòíà îòíîñèòåëüíî ñäâèãîâ, ìîæíî ñ÷èòàòü, ÷òî

supKA = inf KB = 0.

Òîãäà
λ1(KA) + λ1(KB) = λ1(KA ∪KB) ≤ λ1(KA +KB) ≤ λ1(A+B).

Â ñèëó ïðîèçâîëüíîñòè êîìïàêòîâ KA è KB ïîëó÷àåì íåðàâåíñòâî Áðóííà�Ìèíêîâñêîãî
â ðàçìåðíîñòè n = 1. Íåðàâåíñòâî Áðóííà�Ìèíêîâñêîãî ïðè n > 1 áóäåò ñëåäîâàòü èç
ñëåäóþùåé áîëåå îáùåé òåîðåìû. �

Òåîðåìà 3.3 (Íåðàâåíñòâî Ïðåêîïû�Ëåèíäëåðà). Ïóñòü u, v, w � íåîòðèöàòåëüíûå èí-
òåãðèðóåìûå íà Rn ôóíêöèè, ïðè÷åì äëÿ íåêîòîðîãî t ∈ [0, 1] âûïîëíåíî ñîîòíîøåíèå

w(tx+ (1− t)y) ≥ [u(x)]t[v(y)]1−t ∀x, y ∈ Rn.

Òîãäà ∫
Rn
w(x) dx ≥

(∫
Rn
u(x) dx

)t(∫
Rn
v(x) dx

)1−t
.

Äîêàçàòåëüñòâî. Ñíà÷àëà äîêàæåì óòâåðæäåíèå ïðè n = 1. Íå îãðàíè÷èâàÿ îáùíîñòè,
ìîæíî ñ÷èòàòü, ÷òî u è v � îãðàíè÷åííûå ôóíêöèè (ïåðåõîäÿ ê ôóíêöèÿì min{u,N} è
min{v,N} è çàòåì ïåðåõîäÿ ê ïðåäåëó ïðè N → +∞). Êðîìå òîãî, èç-çà îäíîðîäíîñòè
óñëîâèÿ è âûâîäà òåîðåìû ìîæíî ñ÷èòàòü, ÷òî ‖u‖∞ = ‖v‖∞ = 1. Äëÿ êàæäîãî s ∈ [0, 1]
ðàññìîòðèì ìíîæåñòâà

U(s) := {x : u(x) ≥ s}, V (s) := {x : v(x) ≥ s}, W (s) := {x : w(x) ≥ s}.
Ïî óñëîâèþ

tU(s) + (1− t)V (s) ⊂ W (s),

à ïî îäíîìåðíîìó íåðàâåíñòâó Áðóííà�Ìèíêîâñêîãî

tλ1(U(s)) + (1− t)λ1(V (s)) ≤ λ1(W (s)).

Ïî òåîðåìå Ôóáèíè∫
R
w(x) dx =

∫ 1

0

λ1(W (s)) ds ≥ t

∫ 1

0

λ1(U(s)) ds+ (1− t)
∫ 1

0

λ1(V (s)) ds =

= t

∫
Rn
u(x) dx+ (1− t)

∫
Rn
v(x) dx ≥

(∫
R
u(x) dx

)t(∫
R
v(x) dx

)1−t
,

ãäå â ïîñëåäíåì ïåðåõîäå ìû èñïîëüçîâàëè âûïóêëîñòü ôöíêöèè z 7→ ez. Òåîðåìà äîêàçàíà
ïðè n = 1.
Ïðèìåíèì òåïåðü èíäóêöèþ ïî ðàçìåðíîñòè n. Áàçà óæå ïðîâåðåíà, ïðîâåðÿåì èíäóê-

òèâíûé ïåðåõîä. Ïóñòü óòâåðæäåíèå òåîðåìû ñïðàâåäëèâî âî âñåõ ðàçìåðíîñòÿõ îò 1 äî
n − 1. Ïîêàæåì, ÷òî îíà âåðíà è â ðàçìåðíîñòè n. Ïóñòü x ∈ Rn−1, s ∈ R, ðàññìîòðèì
ôóíêöèè ws(x) := w(x, s), us(x) := u(x, s), vs(x) := v(x, s) è

ŵ(s) :=

∫
Rn−1

w(x, s) dx, û(s) :=

∫
Rn−1

u(x, s) dx, v̂(s) :=

∫
Rn−1

v(x, s) dx.

Çàìàòèì, ÷òî äëÿ ïðîèçâîëüíûõ ôèêñèðîâàííûõ a, b ∈ R è äëÿ ïðîèçâîëüíûõ x, y ∈ Rn−1

âûïîëíåíî ñîîòíîøåíèå

wta+(1−t)b(tx+(1−t)y) = w(tx+(1−t)y, ta+(1−t)b) ≥ [u(x, a)]t[v(y, b)]1−t = [ua(x)]t[vb(y)]1−t.
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Ïîýòîìó, ïî ïðåäïîëîæåíèþ èíäóêöèè, äëÿ ôóíêöèé wta+(1−t)b(·), ua(·), vb(·) âûïîëíåíà
îöåíêà

ŵ(ta+(1−t)b) :=

∫
Rn−1

wta+(1−t)b(x) dx ≥
(∫

Rn−1

ua(x) dx
)t(∫

Rn−1

vb(b) dx
)1−t

= [û(a)]t[v̂(b)]1−t.

Òàêèì îáðàçîì, äëÿ ôóíêöèé ŵ, û, v̂ íà R òàêæå âûïîëíÿåòñÿ óñëîâèå òåîðåìû è òåïåðü
ïðèìåíåíèå áàçû èíäóêöèè âëå÷åò óòâåðæäåíèå òåîðåìû è â ðàçìåðíîñòè n. �

Âåðíåìñÿ òåïåðü ê îáñóæäåíèþ íåðàâåíñòâà Áðóííà�Ìèíêîâñêîãî â ðàçìåðíîñòè n > 1.
Çàâåðøåíèå äîêàçàòåëüñòâà íåðàâåíñòâà Áðóííà�Ìèíêîâñêîãî:

Äëÿ ïðîèçâîëüíûõ íåïóñòûõ áîðåëåâñêèõ ìíîæåñòâ A, B ñ λn(A) > 0, λn(B) > 0 (äîñòà-
òî÷íî ðàññìàòðèâàòü òàêèå) ðàññìîòðèì ìíîæåñòâà A0 := [λn(A)]−1/nA,B0 := [λn(B)]−1/nB
è ÷èñëî

t :=
[λn(A)]1/n

[λn(A)]1/n + [λn(B)]1/n
.

Ïóñòü w := ItA0+(1−t)B0 , u := IA0 , v := IB0 . Òîãäà

w(tx+ (1− t)y) ≥ [u(x)]t[v(y)]1−t,

Ïî íåðàâåíñòâó Ïðåêîïû�Ëåèíäëåðà ïîëó÷àåì, ÷òî

[λn(A+B)]1/n

[λn(A)]1/n + [λn(B)]1/n
= [λn(tA0 + (1− t)B0)]1/n ≥ [λn(A0)]t[λn(B0)]1−t = 1.

�

4. Èçîïåðèìåòðè÷åñêîå íåðàâåíñòâî.

Îïðåäåëåíèå 4.1. Ïóñòü A � áîðëåâñêîå ïîäìíîæåñòâî Rn. (Íèæíåé) ïëîùàäüþ ïî-
âåðõíîñòè ìíîæíñòâà A (ïî Ìèíêîâñêîìó) íàçûâàåòñÿ âåëè÷èíà

λ+
n (A) := lim inf

ε→+0

λn(A+ εBn
2 )− λn(A)

ε
,

ãäå Bn
2 � åâêëèäîâ øàð â Rn ðàäèóñà 1 ñ öåíòðîì â íóëå, A + εBn

2 � ε-îêðåñòíîñòü
ìíîæåñòâà A.

Òåîðåìà 4.2 (ñì. òåîðåìó íà ñòð. 394 â [6]). Ïóñòü U � îòêðûòîå ìíîæåñòâî â Rn,
F ∈ C2(U), t ∈ R, K = {x ∈ U : F (x) ≤ t}. Åñëè ìíîæåñòâî K � êîìïàêòíî è ∇F 6= 0
íà ∂K, òî ïëîùàäü (ìåðà Õàóñäîðôà) ∂K ñîâïàäàåò ñ ïëîùàäüþ â ñìûñëå Ìèíêîâñêîãî,
ò.å.

Hn−1(∂K) = lim
ε→+0

λn(K + εB2)− λn(K)

ε

Òåîðåìà 4.3 (Èçîïåðèìåòðè÷åñêîå íåðàâåíñòâî). Äëÿ ïðîèçâîëüíîãî áîðåëåâñêîãî ìíî-
æåñòâà A âûïîëíåíî íåðàâåíñòâî

λ+
n (A) ≥ λ+

n (RBn
2 ),

ãäå R =
[ λn(A)
λn(Bn2 )

]1/n
, ò.å. RBn

2 � åâêëèäîâ øàð òàêîãî ðàäèóñà R, ÷òî λn(RBn
2 ) = λn(A).

Äîêàçàòåëüñòâî. Ïî íåðàâåíñòâó Áðóííà�Ìèíêîâñêîãî

λn(A+ εB2)− λn(A)

ε
≥ (R + ε)n −Rn

ε
λn(Bn

2 ),

îòêóäà
λ+
n (A) ≥ nRn−1λn(Bn

2 ) = λ+
n (RBn

2 ).

Òåîðåìà äîêàçàíà. �
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5. Íåðàâåíñòâî Ðîäæåðñà�Øåïàðäà.

Îïðåäåëåíèå 5.1. Ïóñòü K � âûïóêëîå òåëî â Rn, ïðè÷åì 0 � âíóòðåííÿÿ òî÷êà K.
Îïðåäåëèì ôóíêöèîíàë Ìèíêîâñêîãî pK ìíîæåñòâà K ñëåäóþùèì îáðàçîì:

pK(x) := inf{t > 0: t−1x ∈ K}.
Óïðàæíåíèå 5.2. Ôóíêöèÿ pK � âûïóêëàÿ è ïîëîæèòåëüíî îäíîðîäíàÿ. Åñëè K �
öåíòðàëüíî ñèììåòðè÷íîå, òî pK � íîðìà, êîòîðóþ ìû èíîãäà áóäåì îáîçíà÷àòü ‖ · ‖K .
Êðîìå òîãî K = {x : pK(x) ≤ 1}.
Â êà÷åñòâå ïðèìåíåíèÿ íåðàâåíñòâà Áðóííà�Ìèíêîâñêîãî äîêàæåì ñëåäóþùåå íåðàâåí-

ñòâî Ðîäæåðñà�Øåïàðäà.

Òåîðåìà 5.3 (Íåðàâåíñòâî Ðîäæåðñà�Øåïàðäà). Ïóñòü K � âûïóêëîå òåëî â Rn. Òîãäà

λn(K −K) ≤ Cn
2nλn(K).

Äîêàçàòåëüñòâî. Ðàññìîòðèì ôóíêöèþ

f(x) := [λn(K ∩ (K + x))]1/n.

Çàìåòèì, ÷òî f(x) 6= 0 òîëüêî ïðè x ∈ K−K. Êðîìå òîãî, ïðè t ∈ [0, 1] äëÿ ïðîèçâîëüíûõ
âûïóêëûõ ìíîæåñòâ A, B èìååò ìåñòî âêëþ÷åíèå

t(A ∩ (B + x)) + (1− t)(A ∩ (B + y)) ⊂ A ∩ (B + tx+ (1− t)y).

Èç íåðàâåíñòâà Áðóííà�Ìèíêîâñêîãî è ýòîãî âêëþ÷åíèÿ (ïðè A = B = K) ñëåäóåò, ÷òî
ôóíêöèÿ f � âîãíóòàÿ.
Çàäàäèì òåïåðü ôóíêöèþ g : K −K → [0,+∞) ðàâåíñòâîì

g(x) := f(0)(1− ‖x‖K−K).

Ïóñòü θ ∈ Sn−1 � ïðîèçâîëüíûé âåêòîð åäèíè÷íîé (åâêëèäîâîé) äëèíû. Òîãäà ôóíêöèÿ
gθ(r) := g(rθ) ëèíåéíà íà [0, ‖θ‖−1

K−K ], ïðè÷åì gθ(0) = f(0), gθ(‖θ‖−1
K−K) = 0 Â ñèëó âîãíó-

òîñòè ôóíêöèè f äëÿ êàæäîé òî÷êè x ∈ K − K èìååò ìåñòî íåðàâåíñòâî f(x) ≥ g(x).
îñòàëîñü ëèøü ïðîèçâåñòè âû÷èñëåíèÿ. Ñ îäíîé ñòîðîíû∫
K−K

λn(K∩(K+x)) dx =

∫
K−K

[f(x)]n dx ≥
∫
K−K

[g(x)]n dx = [f(0)]n
∫
K−K

(
1−‖x‖K−K

)n
dx.

Ïåðåéäåì â ïîñëåäíåì èíòåãðàëå ê ïîëÿðíûì êîîðäèíàòàì x = rθ, θ ∈ Sn−1, r ∈ [0,+∞):∫
K−K

(
1− ‖x‖K−K

)n
dx =

∫
Sn−1

∫ ‖θ‖−1
K−K

0

rn−1
(
1− r‖θ‖K−K

)n
dr σn−1(dθ) =

=
(∫ 1

0

tn−1(1−t)n dt
)∫

Sn−1

‖θ‖−nK−K σn−1(dθ) = B(n, n+1)n

∫
Sn−1

∫ ‖θ‖−1
K−K

0

rn−1 dr σn−1(dθ) =

=
nΓ(n)Γ(n+ 1)

Γ(2n+ 1)
λn(K −K) =

1

Cn
2n

λn(K −K).

Ñ äðóãîé ñòîðîíû

λn(K ∩ (K + x)) =

∫
Rn
IK(y)I−K(x− y) dy = IK ∗ I−K(x).

Ïîýòîìó∫
K−K

λn(K ∩ (K + x)) dx =

∫
Rn
λn(K ∩ (K + x)) dx =

∫
Rn
IK ∗ I−K(x) dx = λn(K) · λn(−K).

Òàêèì îáðàçîì,

[λn(K)]2 ≥ [f(0)]nλn(K −K)

Cn
2n
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Îñòàåòñÿ ëèøü çàìåòèòü, ÷òî [f(0)]n = λn(K), ÷òî çàâåðøàåò äîêàçàòåëüñòâî. �

Ñëåäñòâèå 5.4. Ïóñòü K � âûïóêëîå òåëî â Rn. Òîãäà

2[λn(K)]1/n ≤ [λn(K −K)]1/n ≤ 4[λn(K)]1/n

Äîêàçàòåëüñòâî. Ïåðâîå íåðàâåíñòâî ñëåäóåò èç íåðàâåíñòâà Áðóííà�Ìèíêîâñêîãî, à âòî-
ðîå èç ïðåäûäóùåé òåîðåìû è òîãî ôàêòà, ÷òî n

√
Cn

2n ≤ 4. �

6. Ëîãàðèôìè÷åñêè âîãíóòûå ôóíêöèè, ìåðû è ñëó÷àéíûå âåêòîðû.

Îïðåäåëåíèå 6.1. Ôóíêöèÿ % : Rn → [0,+∞) íàçûâàåòñÿ ëîãàðèôìè÷åñêè âîãíóòîé,
åñëè − log % : Rn → (−∞,+∞] � âûïóêëàÿ ôóíêöèÿ.
Àáñîëþòíî íåïðåðûâíàÿ âåðîÿòíîñòíàÿ ìåðà µ íà Rn íàçûâàåòñÿ ëîãàðèôìè÷åñêè âî-

ãíóòîé, åñëè åå ïëîòíîñòü � ëîãàðèôìè÷åñêè âîãíóòàÿ ôóíêöèÿ.
Ñëó÷àéíûé n-ìåðíûé âåêòîð X íàçûâàåòñÿ ëîãàðèôìè÷åñêè âîãíóòûì, åñëè åãî ðàñ-

ïðåäåëåíèå � ëîãàðèôìè÷åñêè âîãíóòàÿ ìåðà.

Ïðåäëîæåíèå 6.2. Äëÿ ïðîèçâîëüíûõ áîðåëåâñêèõ ìíîæåñòâ A,B ⊂ Rn, äëÿ ïðîèçâîëü-
íîãî t ∈ (0, 1) è äëÿ ïðîèçâîëüíîé ëîãàðèôìè÷åñêè âîãíóòîé ìåðû µ âûïîëíåíî íåðàâåí-
ñòâî

µ(tA+ (1− t)B) ≥ [µ(A)]t[µ(B)]1−t.

Äîêàçàòåëüñòâî. Ïóñòü % � ïëîòíîñòü ìåðû µ. Ðàññìîòðèì ôóíêöèè w = ItA+(1−t)B%,
u = IA%, v = IB%. Òîãäà w(tx+ (1− t)y) ≥ [u(x)]t[v(y)]1−t, îòêóäà ïî íåðàâåíñòâó Ïðåêîïû�
Ëåèíäëåðà ïîëó÷àåòñÿ çàÿâëåííàÿ îöåíêà. �

Òåîðåìà 6.3 (C. Borell, ñì. [2]). Ïóñòü äëÿ âåðîÿòíîñòíîé ìåðû µ íà Rn äëÿ âñåõ áîðå-
ëåâñêèõ ìíîæåñòâ A,B ⊂ Rn è äëÿ êàæäîãî t ∈ (0, 1) âûïîëíåíî íåðàâåíñòâî

µ(tA+ (1− t)B) ≥ [µ(A)]t[µ(B)]1−t.

Òîãäà ñóùåñòâóåò òàêîå àôôèííîå ïîäïðîñòðàíñòâî L ⊂ Rn, ÷òî ìåðà µ çàäàíà ïëîò-
íîñòüþ % îòíîñèòåëüíî ìåðû Ëåáåãà íà L è − log % � âûïóêëàÿ ôóíêöèÿ íà L.

Ïðåäëîæåíèå 6.4. Ïóñòü % � ëîãàðèôìè÷åñêè âîãíóòàÿ ïëîòíîñòü íà Rk+m. Òîãäà
ôóíêöèÿ

%̂(x) :=

∫
Rm

%(x, y) dy

òàêæå ëîãàðèôìè÷åñêè âîãíóòàÿ ïëîòíîñòü íà Rk.

Äîêàçàòåëüñòâî. Ïóñòü t ∈ (0, 1), x1, x2 ∈ Rk. Ðàññìîòðèì ôóíêöèè

w(y) := %(tx1 + (1− t)x2, y), u(y) := %(x1, y), v(y) := %(x2, y).

Òîãäà èç-çà ëîãàðèôìè÷åñêîé âîãíóòîñòè ôóíêöèè % âûïîëíåíî ñîîòíîøåíèå

w(ty1 + (1− t)y2) ≥ [u(y1)]t[v(y2)]1−t,

îòêóäà ïî íåðàâåíñòâó Ïðåêîïû�Ëåèíäëåðà ïîëó÷àåì ëîãàðèôìè÷åñêóþ âîãíóòîñòü %̂. �

Ñëåäñòâèå 6.5. Ïóñòü k < n, T � ëèíåéíîå ïðåîáðàçîâàíèå T : Rn → Rk, rkT = k. Òîãäà
äëÿ ïðîèçâîëüíîãî ëîãàðèôìè÷åñêè âîãíóòîãî ñëó÷àéíîãî âåêòîðà X ñëó÷àéíûé âåêòîð
TX òàêæå áóäåò ëîãàðèôìè÷åñêè âîãíóòûì. Â ÷àñòíîñòè, åñëè X è Y � íåçàâèñèìûå
ëîãàðèôìè÷åñêè âîãíóòûå ñëó÷àéíûå âåêòîðû, òî ñëó÷àéíûé âåêòîð aX + bY òàêæå
ëîãàðèôìè÷åñêè âîãíóòûé.
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Äîêàçàòåëüñòâî. Ïóñòü P(KerT )⊥ � îðòîãîíàëüíàÿ ïðîåêöèÿ íà îðòîãîíàëüíîå äîïîëíåíèå
(KerT )⊥ äî ÿäðà KerT . Òîãäà TX = T (P(KerT )⊥X), ïðè÷åì T � ëèíåéíàÿ áèåêöèÿ ìåæäó
(KerT )⊥ è Rk, à ñëó÷àéíûé âåêòîð P(KerT )⊥X � ëîãàðèôìè÷åñêè âîãíóòûé ïî ïðåäûäó-
ùåìó óòâåðæäåíèþ. ßñíî, ÷òî ïðè ëèíåéíîé áèåêöèè ëîãàðèôìè÷åñêè âîãíóòûé âåêòîð
îñòàíåòñÿ ëîãàðèôìè÷åñêè âîãíóòûì. �

Óïðàæíåíèå 6.6. Ïóñòü % � ëîãàðèôìè÷åñêè âîãíóòàÿ âåðîÿòíîñòíàÿ ïëîòíîñòü íà Rn.
Äîêàæèòå, ÷òî ìîæíî íàéòè òàêèå ÷èñëà A,B > 0, ÷òî

%(x) ≤ Ae−B|x| ∀x ∈ Rn.

Ëåììà 6.7 (C. Borell). Ïóñòü µ � ëîãàðèôìè÷åñêè âîãíóòàÿ ìåðà íà Rn è ïóñòü A �
öåíòðàëüíî ñèììåòðè÷íîå âûïóêëîå ìíîæåñòâî µ-ìåðû α ∈ (0, 1). Òîãäà ïðè êàæäîì
t > 1 âûïîëíåíà îöåíêà

1− µ(tA) ≤ α
(1− α

α

) t+1
2 ≤

(
α−1 − 1

) t−1
2 .

Äîêàçàòåëüñòâî. Çàìåòèì, ÷òî

2

t+ 1
(Rn \ (tA)) +

t− 1

t+ 1
A ⊂ Rn \ A.

Ò.ê. ìåðà µ ëîãàðèôìè÷åñêè âîãíóòàÿ, ïîëó÷àåì, ÷òî

[1− µ(tA)]
2
t+1 [µ(A)]

t−1
t+1 ≤ 1− µ(A),

÷òî ðàâíîñèëüíî îáúÿâëåííîé îöåíêå. �

Ñëåäñòâèå 6.8. Ïóñòü µ � ëîãàðèôìè÷åñêè âîãíóòàÿ ìåðà íà Rn è ïóñòü g � ïîëóíîðìà
íà Rn. Òîãäà g èíòåãðèðóåìà â êàæäîé ñòåïåíè p ≥ 1 ïî ìåðå µ. Êðîìå òîãî, ñóùåñòâóåò
òàêîå ÷èñëî C > 0, ÷òî äëÿ êàæäîé ëîãàðèôìè÷åñêè âîãíóòîé ìåðû µ è äëÿ êàæäîé
ïîëóíîðìû g íà Rn ïðè p > 1 ñïðàâåäëèâà îöåíêà

‖g‖Lp(µ) ≤ Cp‖g‖L1(µ).

Äîêàçàòåëüñòâî. Ñóùåñòâóåò òàêîå ÷èñëî R > 0, ÷òî µ(x : g(x) < R) ≥ 1
1+e−1 . Òîãäà ïðè

êàæäîì t > R

µ(x : g(x) ≥ t) = 1− µ
( t
R
{x : g(x) < R}

)
≤ 2e−

t
2R .

Îòñþäà ïîëó÷àåì, ÷òî∫
Rn
e(4R)−1g(x)µ(dx) =

∫ +∞

0

µ(g(x) ≥ 4R ln t) dt ≤ e1/4 +

∫ +∞

e1/4

2

t2
dt = c <∞.

Â ÷àñòíîñòè, ò.ê. äëÿ n ∈ N âûïîëíåíà îöåíêà ( g
4R

)n ≤ n!e(4R)−1g, òî, âçÿâ n = [p] + 1, ïðè
êàæäîì p > 1 ïîëó÷àåì îöåíêó

‖g‖Lp(µ) ≤ ‖g‖Ln(µ) ≤ c1/n(n!)1/n4R ≤ c1pR.

Îñòàåòñÿ çàìåòèòü, ÷òî

µ
(
g < (1 + e)‖g‖L1(µ)

)
≥ 1− 1

1 + e
=

1

1 + e−1
,

ïîýòîìó ìîæíî âçÿòü R = (1 + e)‖g‖L1(µ). �

Óïðàæíåíèå 6.9. Äîêàæèòå, ÷òî ñóùåñòâóåò òàêîå ÷èñëî C > 0, ÷òî äëÿ êàæäîé ëîãà-
ðèôìè÷åñêè âîãíóòîé ìåðû µ è äëÿ êàæäîé ïîëóíîðìû g íà Rn ïðè p > q ≥ 1 ñïðàâåäëèâà
îöåíêà

‖g‖Lp(µ) ≤ C
p

q
‖g‖Lq(µ).
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Ïðåäëîæåíèå 6.10 (M. Fradelizi). Ïóñòü % : Rn → [0,+∞) � öåíòðèðîâàííàÿ ëîãàðèô-
ìè÷åñêè âîãíóòàÿ ïëîòíîñòü. Òîãäà

%(0) ≤ ‖%‖∞ ≤ en%(0).

Äîêàçàòåëüñòâî. Íå îãðàíè÷èâàÿ îáùíîñòè, ìîæíî ñ÷èòàòü, ÷òî % > 0 âñþäó è íåïðåðûâ-
íî äèôôåðåíöèðóåìà (åñëè X � ñëó÷àéíûé âåêòîð ñ ïëîòíîñòüþ %, òî ìîæíî ðàññìîòðåòü
ñëó÷àéíûå âåêòîðû X + εZ, ãäå Z � ñòàíäàðòíûé íîðìàëüíûé âåêòîð, à çàòåì óñòðåìèòü
ε→ 0). Èç-çà âûïóêëîñòè − log % èìååì

− log %(x) ≥ − log %(y) + 〈x− y,∇(− log %(y))〉.
Ïðîèíòåãðèðóåì îáå ÷àñòè íåðàâåíñòâà ïî %(y) dy:

− log %(x) ≥ −
∫
Rn
%(y) log %(y) dy +

∫
Rn
〈x− y,∇(− log %(y))〉%(y) dy =

= −
∫
Rn
%(y) log %(y) dy −

∫
Rn
〈x− y,∇%(y)〉 dy = −

∫
Rn
%(y) log %(y) dy − n.

Ïî íåðàâåíñòâó Éåíñåíà äëÿ âûïóêëîé ôóíêöèè − log % ïîëó÷àåì îöåíêó

− log %(0) = − log %
(∫

Rn
y%(y) dy

)
≤
∫
Rn
%(y)[− log %(y)] dy.

Îòñþäà
− log %(x) ≥ − log %(0)− n,

÷òî ðàâíîñèëüíî îáúÿâëåííîé îöåíêå. �

7. Ñâÿçü ãèïîòåçû ãèïåðïëîñêîñòè ñ ãèïîòåçîé î êîíñòàíòå èçîòðîïíîñòè.

Îïðåäåëåíèå 7.1. Áóäåì ãîâîðèòü, ÷òî âûïóêëîå òåëî öåíòðèðâàíî, åñëè EXK = 0.

Ãèïîòåçà ãèïåðïëîñêîñòè: Ñóùåñòâóåò òàêîå ÷èñëî c > 0, ÷òî äëÿ êàæäîãî ÷èñëà
n ∈ N è äëÿ êàæäîãî öåíòðèðîâàííîãî âûïóêëîãî òåëà K îáúåìà 1 â Rn ñóùåñòâóåò òàêàÿ
ãèïåðïëîñêîñòü H, ÷òî λn−1(H ∩K) ≥ c.

Òåîðåìà 7.2. Äëÿ êàæäîãî n ∈ N, p ∈ [1,+∞), äëÿ êàæäîãî öåíòðèðîâàííîãî âûïóêëîãî
òåëà K ⊂ Rn îáúåìà 1 è äëÿ êàæäîãî θ ∈ Rn, |θ| = 1, âûïîëíåíû íåðàâåíñòâà

1

4e(p+ 1)1/p
· 1

λn−1(K ∩ 〈θ〉⊥)
≤
(∫

K

|〈x, θ〉|p dx
)1/p

≤ [Γ(p+ 1)]1/p

λn−1(K ∩ 〈θ〉⊥)
.

Äîêàçàòåëüñòâî áóäåò ñëåäîâàòü èç íåñêîëüêèõ ëåìì.

Ëåììà 7.3. Ïóñòü ξ � ñëó÷àéíàÿ âåëè÷èíà ñ îãðàíè÷åííîé ïëîòíîñòüþ %ξ. Òîãäà ïðè
êàæäîì p ≥ 1 ñïðàâåäëèâà îöåíêà

‖%ξ‖∞
(
E|ξ|p

)1/p ≥ 1

4(p+ 1)1/p
.

Äîêàçàòåëüñòâî. Ïóñòü ñíà÷àëà ξ èìååò ñèììåòðè÷íîå ðàñïðåäåëåíèå. Ïóñòü

G(x) =

∫ x

0

%ξ(t) dt, x ≥ 0.

Òîãäà G(0) = 0, G(+∞) = 1/2, G(x) ≤ x‖%ξ‖∞. Òàêèì îáðàçîì,

2−p = 2[G(+∞)]p+1 = 2

∫ +∞

0

(
[G(x)]p+1

)′
dx = 2(p+ 1)

∫ +∞

0

%ξ(x)[G(x)]p dx ≤

≤ (p+ 1)‖%ξ‖p∞2

∫ +∞

0

xp%ξ(x) dx = (p+ 1)‖%ξ‖p∞E|ξ|p.
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Òàêèì îáðàçîì, äëÿ ñëó÷àéíûõ âåëè÷èí ξ ñ ñèììåòðè÷íûì ðàñïðåäåëåíèåì

‖%ξ‖∞
(
E|ξ|p

)1/p ≥ 1

2(p+ 1)1/p
.

Äëÿ îáùåé ñëó÷àéíîé âåëè÷èíû ξ äîñòàòî÷íî âçÿòü åå íåçàâèñèìóþ êîïèþ ξ′ è ðàññìîò-
ðåòü ñëó÷àéíóþ âåëè÷èíó ξ − ξ′ ñ ñèììåòðè÷íûì ðàñïðåäåëåíèåì. Ïî äîêàçàííîìó

‖%ξ−ξ′‖∞
(
E|ξ − ξ′|p

)1/p ≥ 1

2(p+ 1)1/p
,

ãäå %ξ−ξ′ � ïëîòíîñòü ñëó÷àéíîé âåëè÷èíû ξ − ξ′. Òåïåðü îñòàåòñÿ ëèøü çàìåòèòü, ÷òî(
E|ξ − ξ′|p

)1/p ≤ 2
(
E|ξ|p

)1/p
è ÷òî %ξ−ξ′ = %ξ ∗ %−ξ ≤ ‖%‖∞. �

Óïðàæíåíèå 7.4. Äîêàæèòå, ÷òî è äëÿ íåñèììåòðè÷íîé ñëó÷àéíîé âåëè÷èíû ñïðàâåä-
ëèâà îöåíêà

‖%‖∞
(
E|ξ|p

)1/p ≥ 1

2(p+ 1)1/p
,

ïðè÷åì ýòà îöåíêà òî÷íàÿ (ò.å. ñóùåñòâóåò ñëó÷àéíàÿ âåëè÷èíà, äëÿ êîòîðîé â ýòîé îöåíêå
äîñòèãàåòñÿ ðàâåíñòâî).

Äîêàçàòåëüñòâî ëåâîé îöåíêè â òåîðåìå 7.2.

Ðàññìîòðèì ñëó÷àéíóþ âåëè÷èíó ξ = 〈XK , θ〉. Òîãäà %ξ(t) = λn−1

(
K ∩ (〈θ〉⊥ + tθ)

)
è, â

÷àñòíîñòè, %ξ(0) = λn−1(K ∩ 〈θ〉⊥). Êðîìå òîãî, ñëó÷àéíûé âåêòîð XK � öåíòðèðîâàííûé,
ëîãàðèôìè÷åñêè âîãíóòûé, ïîýòîìó è ñëó÷àéíàÿ âåëè÷èíà ξ � ëîãàðèôìè÷åñêè âîãíóòàÿ
è öåíòðèðîâàííàÿ. Ïî óæå äîêàçàííîìó ñâîéñòâó ëîãàðèôìè÷åñêè âîãíóòûõ ðàñïðåäåëå-
íèé ïîëó÷àåì, ÷òî ‖%ξ‖∞ ≤ e%ξ(0). Òàêèì îáðàçîì, ïî ïðåäûäóùåé ëåììå ïîëó÷àåì

λn−1(K ∩ 〈θ〉⊥) ·
(∫

K

|〈x, θ〉|p dx
)1/p

= %ξ(0)
(
E|ξ|p

)1/p ≥ e−1‖%ξ‖∞
(
E|ξ|p

)1/p ≥ 1

4e(p+ 1)1/p
.

Ëåâîå íåðàâåíñòâî â òåîðåìå 7.2 äîêàçàíî. �
Ñëåäóþùàÿ ëåììà íóæíà äëÿ äîêàçàòåëüñòâà ïðàâîé îöåíêè â òåîðåìå 7.2.

Ëåììà 7.5. Ïóñòü % : [0,+∞)→ [0,+∞) � ëîãàðèôìè÷åñêè âîãíóòàÿ ôóíêöèÿ, ïðè÷åì
%(0) > 0. Òîãäà ôóíêöèÿ

G(p) :=
( 1

%(0)Γ(p)

∫ +∞

0

xp−1%(x) dx
)1/p

íå âîçðàñòàåò ïî p íà ïðîìåæóòêå (0,+∞).

Äîêàçàòåëüñòâî. Ïåðåõîäÿ ê ôóíêöèè %(x)
%(0)

, ñ÷èòàåì, ÷òî %(0) = 1. Çàìåòèì, ÷òî ïðè c > 0
âûïîëíåíî ðàâåíñòâî ∫ +∞

0

xp−1e−cx dx =
Γ(p)

cp
.

Ïîäñòàâèâè â ýòî ðàâåíñòâî cp := 1
G(p)

, ïîëó÷àåì, ÷òî∫ +∞

0

xp−1e−cpx dx =

∫ +∞

0

xp−1%(x) dx.

Â ÷àñòíîñòè, íå ìîæåò áûòü òàêîãî, ÷òî ïðè êàæäîì x ∈ (0,+∞) âûïîëíåíî íåðàâåíñòâî
e−cpx < %(x). Ïóñòü òîãäà

x0 := inf{x > 0: e−cpx ≥ %(x)} ∈ [0,+∞).

Òîãäà ïðè x ∈ (0, x0) èìååò ìåñòî îöåíêà e−cpx < %(x), ÷òî âëå÷åò ñëåäóþùåå ñîîòíîøåíèå∫ x

0

tp−1e−cpt dt ≤
∫ x

0

tp−1%(t) dt
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ïðè x ≤ x0. Îòñþäà ïîëó÷àåì, ÷òî ïðè x ≤ x0∫ +∞

x

tp−1e−cpt dt ≥
∫ +∞

x

tp−1%(t) dt

Ïðè x > x0 íàéäåòñÿ y ∈ [x0, x), äëÿ êîòîðîãî e−cpy ≥ %(y). Èç-çà ëîãàðèôìè÷åñêîé âîãíó-
òîñòè ïîñëåäíåå, â ÷àñòíîñòè, îçíà÷àåò, ÷òî

e−cpy ≥ %(y) ≥ %(x)y/x%(0)1−y/x = %(x)y/x,

ò.å. %(x) ≤ e−cpx ïðè x > x0, ÷òî îïÿòü æå äàåò îöåíêó∫ +∞

x

tp−1e−cpt dt ≥
∫ +∞

x

tp−1%(t) dt

óæå ïðè x > x0.
Ïóñòü òåïåðü q > p, òîãäà∫ +∞

0

xq−1%(x) dx =

∫ +∞

0

(
(q − p)

∫ x

0

tq−p−1 dt
)
xp−1%(x) dx =

= (q − p)
∫ +∞

0

∫ x

0

tq−p−1xp−1%(x) dt dx = (q − p)
∫ +∞

0

tq−p−1

∫ +∞

t

xp−1%(x) dx dt ≤

≤ (q − p)
∫ +∞

0

tq−p−1

∫ +∞

t

xp−1e−cpx dx dt =

∫ +∞

0

xq−1e−cpx dx =
Γ(q)

cqp
.

Ò.ê. cp = 1
G(p)

, ìû ïîëó÷èëè îöåíêó G(q) ≤ G(p). �

Äîêàçàòåëüñòâî ïðàâîé îöåíêè â òåîðåìå 7.2.

Ïóñòü, êàê è ðàíüøå, ξ = 〈XK , θ〉 è %ξ(t) = λn−1

(
K ∩ (〈θ〉⊥ + tθ)

)
. Ïî ïðåäûäóùåìó

óòâåðæäåíèþ ïîëó÷àåì, ÷òî( 1

%ξ(0)Γ(p+ 1)

∫ +∞

0

tp%ξ(t) dt
)1/(p+1)

≤ 1

%ξ(0)

∫ +∞

0

%ξ(t) dt

è, àíàëîãè÷íî, ( 1

%ξ(0)Γ(p+ 1)

∫ 0

−∞
tp%ξ(t) dt

)1/(p+1)

≤ 1

%ξ(0)

∫ 0

−∞
%ξ(t) dt.

Ñêëàäûâàÿ ýòè îöåíêè, ïîëó÷àåì, ÷òî

1

%ξ(0)
≥
( 1

%ξ(0)Γ(p+ 1)

∫ +∞

−∞
tp%ξ(t) dt

)1/(p+1)

,

ãäå áûëà èñïîëüçîâàíà îöåíêà (a+ b)s ≤ as + bs ïðè a, b > 0, s ∈ (0, 1). Îòñþäà∫
K

|〈x, θ〉|p dx ≤ Γ(p+ 1)

[%ξ(0)]p
.

Ïðàâàÿ îöåíêà â òåîðåìå 7.2 äîêàçàíà. �

Ñëåäñòâèå 7.6. Ñóùåñòâóþò òàêèå ÷èñëà c1, c2 > 0, ÷òî äëÿ êàæäîãî âûïóêëîãî òåëà
K â èçîòðîïíîé ïîçèöèè è äëÿ êàæäîãî θ ∈ Rn, |θ| = 1, âûïîëíåíå ñëåäóþùåå íåðàâåíñòâî

c1

LK
≤ λn−1(K ∩ 〈θ〉⊥) ≤ c2

LK
.

Äîêàçàòåëüñòâî. Äîñòàòî÷íî âçÿòü p = 2 â òåîðåìå 7.2. �

Òåïåðü ïîêàæåì ýêâèâàëåíòíîñòü ãèïîòåçû î êîíñòàíòå èçîòðîïíîñòè è ãèïîòåçû ãè-
ïåðïëîñêîñòè. Åñëè âåðíà ãèïîòåçà ãèïåðïëîñêîñòè, òî ïî ïðàâîé îöåíêå â ïðåäûäóùåì
ñëåäñòâèè ïîëó÷àåì, ÷òî äëÿ âûïóêëîãî òåëà K â èçîòðîïíîé ïîçèöèè LK ≤ c2

c
. Äëÿ

äîêàçàòåëüñòâà îáðàòíîé èìïëèêàöèè íàì ïîíàäîáèòñÿ ñëåäóþùåå óòâåðæäåíèå.
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Ïðåäëîæåíèå 7.7. Ïóñòü K � öåíòðèðîâàííîå âûïóêëîå òåëî îáúåìà 1. Ïóñòü

E(K) := {y : ‖y‖E(K) ≤ 1}, ‖y‖2
E(K) :=

∫
K

〈y, x〉2 dx = 〈CXKy, y〉.

Òîãäà

λn(E(K)) = ωnL
−n
K ,

ãäå ωn := λn(Bn
2 ).

Äîêàçàòåëüñòâî. Êàê ìû óæå çíàåì, íàéäóòñÿ íåâûðîæäåííîå ëèíåéíîå ïðåîáðàçîâàíèå
S è âåêòîð a, äëÿ êîòîðûõ âûïóêëîå òåëî S(K − a) íàõîäèòñÿ â èçîòðîïíîé ïîçèöèè. Ò.ê.
K óæå áûëî öåíòðèðîâàííûì, òî a = 0. Ò.ê. λn(K) = 1 è ò.ê. 1 = λn(SK) = (detS) ·λn(K),
ïîëó÷àåì, ÷òî detS = 1. Íàïîìíèì, ÷òî CSK = SCKS

∗, ïîýòîìó

detCSK = det(SCKS
∗) = (detS) · (detCK) · (detS∗) = detCK .

Îñòàåòñÿ çàìåòèòü, ÷òî E(K) = (
√
CK)−1Bn

2 , îòêóäà

λn(E(K)) = ωn(detCK)−1/2 = ωn(detCSK)−1/2 = ωnL
−n
K .

Óòâåðæäåíèå äîêàçàíî. �

Ñëåäñòâèå 7.8. Ïóñòü K � öåíòðèðîâàííîé âûïóêëîå òåëî îáúåìà 1. Òîãäà íàéäåòñÿ
òàêîé âåêòîð θ ∈ Rn, |θ| = 1, ÷òî ∫

K

|〈x, θ〉|2 dx ≤ L2
K .

Äîêàçàòåëüñòâî. Çàìåòèì, ÷òî

L−nK = ω−1
n λn(E(K)) =

1

nωn

∫
Sn−1

‖θ‖−nE(K) σn−1(dθ).

Îòñþäà ïîëó÷àåì, ÷òî min
θ∈Sn−1

‖θ‖E(K) ≤ LK , ÷òî âëå÷åò íàëè÷èå èñêîìîãî θ. �

Ïðåäïîëîæèì òåïåðü, ÷òî ñïðàâåäëèâà ãèïîòåçà î êîíñòàíòå èçîòðîïíîñòè. Òîãäà äëÿ
âåêòîðà θ èç ïðåäûäóùåãî ñëåäñòâèÿ ïî òåîðåìå 7.2 ïîëó÷àåì, ÷òî

1

4e
√

3
· 1

λn−1(K ∩ 〈θ〉⊥)
≤
(∫

K

|〈x, θ〉|2 dx
)1/2

≤ LK ≤ C.

8. Âûïóêëûå òåëà àññîöèèðîâàííûå ñ ëîãàðèôìè÷åñêè âîãíóòûìè
ôóíêöèÿìè.

Äëÿ òîãî, ÷òîáû ïîíÿòü, êàê âçàèìîñâÿçàíû êîíñòàíòû èçîòðîïíîñòè ëîãàðèôìè÷åñêè
âîãíóòûõ ñëó÷àéíûõ âåêòîðîâ ñ êîíñòàíòàìè èçîòðîïíîñòè âûïóêëûõ òåë ïîñìîòðèì, êàê
ìîæíî ïðåäñòàâèòü ìîìåíòû ñëó÷àíûõ âåêòîðîâ â âèäå ìîìåíòîâ ðàâíîìåðíûõ ðàñïðåäå-
ëåíèé.

Ïðåäëîæåíèå 8.1. Ïóñòü % ≥ 0 è ïóñòü Q : Rn → R � ïîëîæèòåëüíî îäíîðîäíàÿ
ôóíêöèÿ ïîðÿäêà p > −n, ò.å. Q(rx) = rpQ(x) äëÿ âñåõ r > 0 è äëÿ âñåõ x ∈ Rn. Òîãäà∫

Rn
Q(x)%(x) dx =

∫
Cp(%)

Q(y) dy,

ãäå

Cp(%) :=
{
x :

∫ +∞

0

rp+n−1%(rx) dr ≥ 1

p+ n

}
.
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Äîêàçàòåëüñòâî. Ïåðåéäåì â èíòåãðàëå ê ñôåðè÷åñêèì êîîðäèíàòàì x = rθ:∫
Rn
Q(x)%(x) dx =

∫
Sn−1

∫ +∞

0

rn−1Q(rθ)%(rθ) dr σn−1(dθ) =

=

∫
Sn−1

Q(θ)

∫ +∞

0

rp+n−1%(rθ) dr σn−1(dθ) =

=

∫
Sn−1

Q(θ)

(
(p+n)

∫+∞
0 rp+n−1%(rθ) dr

) 1
p+n∫

0

tp+n−1 dt σn−1(dθ) =

∫
Cp(%)

Q(x) dx,

ãäå

Cp(%) :=
{
x : |x| ≤

(
(p+ n)

∫ +∞

0

rp+n−1%(r|x|−1x) dr
) 1
p+n
}

=

=
{
x : 1 ≤

(
(p+ n)|x|−p−n

∫ +∞

0

rp+n−1%(r|x|−1x) dr
) 1
p+n
}

=

=
{
x : 1 ≤ (p+ n)

∫ +∞

0

rp+n−1%(rx) dr
}
.

Ïðåäëîæåíèå äîêàçàíî. �

Òåîðåìà 8.2 (K. Ball). Ïóñòü % � ëîãàðèôìè÷åñêè âîãíóòàÿ ôóíêöèÿ íà Rn. Òîãäà Cp(%)
� âûïóêëîå ìíîæåñòâî ïðè êàæäîì p > −n.

Äîêàçàòåëüñòâî. Ïóñòü x, y ∈ Cp(%), ò.å.∫ +∞

0

%(t−1x) t−n−p−1 dt =

∫ +∞

0

rp+n−1%(rx) dr ≥ 1

n+ p
,

∫ +∞

0

%(t−1y) t−n−p−1 dt =

∫ +∞

0

rp+n−1%(ry) dr ≥ 1

n+ p
,

Õîòèì ïðîâåðèòü, ÷òî äëÿ êàæäîãî α ∈ (0, 1) âûïîëíåíî∫ +∞

0

%
(
t−1(αx+ (1− α)y)

)
t−n−p−1 dt ≥ 1

n+ p
.

Ïóñòü

u(t) := %(t−1x), v(t) := %(t−1y), w(t) := %
(
t−1(αx+ (1− α)y)

)
.

Èç-çà ëîãàðèôìè÷åñêîé âîãíóòîñòè % ïîëó÷àåì, ÷òî

w(αt+ (1− α)s) = %
(
(αt+ (1− α)s)−1(αx+ (1− α)y

)
=

= %
( αt

αt+ (1− α)s
t−1x+

(1− α)s

αt+ (1− α)s
s−1y

)
≥ [%(t−1x)]

αt
αt+(1−α)s [%(s−1y)]

(1−α)s
αt+(1−α)s =

= [u(t)]
αt

αt+(1−α)s [v(s)]
(1−α)s

αt+(1−α)s .

Ïóñòü òåïåðü

Ua(t) := u(at) t−n−p−1, Vb(t) := v(bt) t−n−p−1, Wc(t) := w(ct) t−n−p−1.
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Òîãäà, ïðèìåíèâ íåðàâåíñòâî Þíãà, ïîëó÷àåì, ÷òî

[Ua(t)]
αat

αat+(1−α)bs [Vb(s)]
(1−α)bs

αat+(1−α)bs =

= [u(at)]
αat

αat+(1−α)bs [v(bs)]
(1−α)bs

αat+(1−α)bs

(
[t−1]

αat
αat+(1−α)bs [s−1]

(1−α)bs
αat+(1−α)bs

)n+p+1

≤

≤ w(αat+ (1− α)bs)
( αa

αat+ (1− α)bs
+

(1− α)b

αat+ (1− α)bs

)n+p+1

=

= W(αa+(1−α)b)

( αa

αa+ (1− α)b
t+

(1− α)b

αa+ (1− α)b
s
)
.

Ïóñòü òåïåðü ÷èñëà a è b ïîäîáðàíû òàê, ÷òîáû ‖Ua‖∞ = ‖Vb‖∞ = 1. Òîãäà äëÿ êàæäîãî
τ ∈ (0, 1) âûïîëíåíî âêëþ÷åíèå

αa

αa+ (1− α)b
{t : Ua(t) ≥ τ}+

(1− α)b

αa+ (1− α)b
{t : Vb(t) ≥ τ} ⊂ {t : W(αa+(1−α)b)(t) ≥ τ},

îòêóäà ïî òåîðåìå Ôóáèíè è îäíîìåðíîìó íåðàâåíñòâó Áðóííà�Ìèíêîâñêîãî ïîëó÷àåì,
÷òî∫ +∞

0

W(αa+(1−α)b)(t) dt ≥
∫ 1

0

λ{t : W(αa+(1−α)b)(t) ≥ τ} dτ ≥

≥ αa

αa+ (1− α)b

∫ 1

0

λ{t : Ua(t) ≥ τ} dτ +
(1− α)b

αa+ (1− α)b

∫ 1

0

λ{t : Vb(t) ≥ τ} dτ =

=
αa

αa+ (1− α)b

∫ +∞

0

Ua(t) dt+
(1− α)b

αa+ (1− α)b

∫ +∞

0

Vb(t) dt.

Çàìåòèì, ÷òî∫ +∞

0

Ua(t) dt =

∫ +∞

0

%((at)−1x) t−n−p−1 dt = an+p

∫ +∞

0

%(s−1x) s−n−p−1 ds ≥ an+p

n+ p
.

è, àíàëîãè÷íî, ∫ +∞

0

Vb(t) dt = bn+p

∫ +∞

0

%(s−1x) s−n−p−1 ds ≥ bn+p

n+ p
,∫ +∞

0

W(αa+(1−α)b)(t) dt =
(
αa+ (1− α)b

)n+p
∫ +∞

0

%(s−1(αx+ (1− α)y) s−n−p−1 ds.

Òàêèì îáðàçîì,∫ +∞

0

%(s−1(αx+ (1− α)y) s−n−p−1 ds ≥ αan+p+1 + (1− α)bn+p+1

(αa+ (1− α)b)n+p+1

1

n+ p
.

Îñòàåòñÿ çàìåòèòü, ÷òî ôóíêöèÿ s 7→ sn+p+1 âûïóêëàÿ, îòêóäà ñëåäóåò, ÷òî

αan+p+1 + (1− α)bn+p+1 ≥ (αa+ (1− α)b)n+p+1,

÷òî çàâåðøàåò äîêàçàòåëüñòâî òåîðåìû. �

Ñëåäñòâèå 8.3. Åñëè % � ÷åòíàÿ ëîãàðèôìè÷åñêè âîãíóòàÿ ïëîòíîñòü, òî ïðè êàæäîì
q > 0 ôóíêöèÿ

‖x‖ =


(
q

∫ +∞

0

rq−1%(rx) dr
)−1/q

, x 6= 0

0, x = 0

çàäàåò íîðìó íà Rn.
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Ëåììà 8.4. Ïóñòü % : [0,+∞) → [0,+∞) � ôóíêöèÿ, è ïóñòü M òàêîå ÷èñëî, ÷òî
% ≤M . Òîãäà ôóíêöèÿ

F (p) :=
( p
M

∫ +∞

0

tp−1%(t) dt
)1/p

íå óáûâàåò ïî p íà ïðîìåæóòêå (0,+∞).

Äîêàçàòåëüñòâî. Íå îãðàíè÷èâàÿ îáùíîñòè, ñ÷èòàåì, ÷òî M = 1. Òîãäà ïðè q > p > 0
äëÿ êàæäîãî s > 0 âûïîëíåíî ñîîòíîøåíèå

[F (q)]q

q
=

∫ +∞

0

tq−1%(t) dt =

∫ s

0

tq−1%(t) dt+

∫ +∞

s

tq−1%(t) dt ≥

≥
∫ s

0

tq−1%(t) dt+ sq−p
∫ +∞

s

tp−1%(t) dt = sq−p
[F (p)]p

p
+

∫ s

0

tq−1%(t) dt− sq−p
∫ s

0

tp−1%(t) dt =

= sq−p
[F (p)]p

p
+ sq

∫ 1

0

rq−1%(sr) dr − sq
∫ 1

0

rp−1%(sr) dr =

= sq−p
[F (p)]p

p
− sq

∫ 1

0

(rp−1 − rq−1)%(sr) dr ≥ sq−p
[F (p)]p

p
− sq

∫ 1

0

rp−1 − rq−1 dr =

= sq−p
[F (p)]p

p
− sq(p−1 − q−1).

Ïîäñòàâëÿÿ s = F (p), ïîëó÷àåì îöåíêó [F (q)]q

q
≥ [F (p)]q

q
, ÷òî è îçíà÷àåò òðåáóåìóþ ìîíîòîí-

íîñòü. �

Ïðåäëîæåíèå 8.5. Ïóñòü % � öåíòðèðîâàííàÿ ëîãàðèôìè÷åñêè âîãíóòàÿ ïëîòíîñòü
â Rn. Òîãäà ïðè q > p > −n èìååò ìåñòî âêëþ÷åíèå

[%(0)]
1

p+n
− 1
q+n

Γ(p+ n+ 1)
1

p+n

Γ(q + n+ 1)
1

q+n

· Cq(%) ⊂ Cp(%) ⊂ [en%(0)]
1

p+n
− 1
q+n · Cq(%).

Äîêàçàòåëüñòâî. Íàïîìíèì, ÷òî ‖%‖∞ ≤ en%(0). Ïî äîêàçàííîìó â ïðåäûäóùåé ëåììå
ïðè q > p > −n, ïîëó÷àåì, ÷òî( q + n

en%(0)

∫ +∞

0

rq+n−1%(rx) dr
) 1
q+n ≥

( p+ n

en%(0)

∫ +∞

0

rp+n−1%(rx) dr
) 1
p+n

.

Ïîýòîìó äëÿ òî÷êè x ∈ Cp(%) ïîëó÷àåì, ÷òî( q + n

en%(0)

∫ +∞

0

rq+n−1%(rx) dr
) 1
q+n ≥ [en%(0)]−

1
p+n ,

÷òî ìîæíî ïåðåïèñàòü â âèäå(
(q + n)

∫ +∞

0

rq+n−1%(rx) dr
)− 1

q+n ≤ [en%(0)]
1

p+n
− 1
q+n .

Ò.å. x ∈ [en%(0)]
1

p+n
− 1
q+n · Cq(%).

Ñ äðóãîé ñòîðîíû, êàê áûëî ïîêàçàíî ðàíåå, ïðè q > p > −n âûïîëíåíî íåðàâåíñòâî( 1

%(0)Γ(p+ n)

∫ +∞

0

rp+n−1%(rx) dx
) 1
p+n ≥

( 1

%(0)Γ(q + n)

∫ +∞

0

rq+n−1%(rx) dx
) 1
q+n

.

Åñëè x ∈ Cq(%), òî( 1

%(0)Γ(p+ n)

∫ +∞

0

rp+n−1%(rx) dx
) 1
p+n ≥

( 1

%(0)(q + n)Γ(q + n)

) 1
q+n
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÷òî ìîæíî ïåðåïèñàòü â âèäå(
(p+ n)

∫ +∞

0

rp+n−1%(rx) dx
)− 1

p+n ≤
(
%(0)Γ(p+ n+ 1)

)− 1
p+n
(
%(0)Γ(q + n+ 1)

) 1
q+n .

Ò.å. x ∈ [%(0)]
1

q+n
− 1
p+n

Γ(q+n+1)
1

q+n

Γ(p+n+1)
1

p+n
· Cp(%) �

Ñëåäñòâèå 8.6. Ïóñòü % � öåíòðèðîâàííàÿ âåðîÿòíîñòíàÿ ëîãàðèôìè÷åñêè âîãíóòàÿ
ïëîòíîñòü â Rn. Òîãäà

e−
n
n+1 [%(0)]−

1
n+1 ≤ λn(C1(%)) ≤ 6

n
n+1 [%(0)]−

1
n+1 .

Äîêàçàòåëüñòâî. Ïîäñòàâëÿÿ â ïðåäûäóùåì âêëþ÷åíèè p = 0, q = 1, ïîëó÷àåì, ÷òî

[%(0)]
1

n(n+1)
Γ(n+ 1)

1
n

Γ(n+ 2)
1

n+1

· C1(%) ⊂ C0(%) ⊂ [%(0)]
1

n(n+1) e
1

n+1 · C1(%).

Çàìåòèì, ÷òî

λn(C0(%)) =

∫
Rn
%(x) dx = 1.

Òàêèì îáðàçîì,

e−
n
n+1 [%(0)]−

1
n+1 ≤ λn(C1(%)) ≤ Γ(n+ 2)

n
n+1

Γ(n+ 1)
[%(0)]−

1
n+1 .

Ò.ê.
Γ(n+ 2)

n
n+1

Γ(n+ 1)
=
[(n+ 1)n!

[n!]
n+1
n

] n
n+1

=
[n+ 1

[n!]
1
n

] n
n+1 ≤

[n+ 1

n/3

] n
n+1 ≤ 6

n
n+1 ,

òî ñëåäñòâèå äîêàçàíî. �

Òåîðåìà 8.7. Ñóùåñòâóþò òàêèå ÷èñëà b > a > 0, ÷òî äëÿ êàæäîãî n ∈ N è äëÿ êàæäîé
öåíòðèðîâàííîé âåðîÿòíîñòíîé ëîãàðèôìè÷åñêè âîãíóòîé ïëîòíîñòè % âûïîëíåíî

aLC1(%) ≤ L% ≤ bLC1(%),

ïðè÷åì C1(%) � öåíòðèðîâàííîå âûïóêëîå òåëî.

Äîêàçàòåëüñòâî. Â ñèëó ñâîåãî îïðåäåëåíèÿ è òåîðåìû Ê. Áîëëà C1(%) � öåíòðèðîâàííîå
âûïóêëîå òåëî. Íàïîìíèì, ÷òî

LC1(%) = LXC1(%)
=
( 1

λn(C1(%))

) 1
n (

detCXC1(%)

) 1
2n ,

ãäå XC1(%) � ñëó÷àéíûé âåêòîð, ðàâíîìåðíî ðàñïðåäåëåííûé íà C1(%) è ãäå CXC1(%)
�

ìàòðèöà êîâàðèàöèé ýòîãî âåêòîðà.
Äàëåå âûðàæåíèå A ' B îçíà÷àåò, ÷òî ñóùåñòâóþò òàêèå äâà íåçàâèñÿùèõ íè îò ÷åãî

÷èñëà c1 > c1 > 0, ÷òî c1A ≤ B ≤ c2A.
Èç-çà ýêâèâàëåíòíîñòè âñåõ ìîìåíòîâ ó ëîãàðèôìè÷åñêè âîãíóòûõ ðàñïðåäåëåíèé ïî-

ëó÷àåì, ÷òî√
〈CXC1(%)

y, y〉 =
( 1

λn(C1(%))

∫
C1(%)

|〈x, y〉|2 dx
)1/2

' 1

λn(C1(%))

∫
C1(%)

|〈x, y〉| dx =

1

λn(C1(%))

∫
Rn
|〈x, y〉|%(x) dx ' 1

λn(C1(%))

(∫
Rn
|〈x, y〉|2%(x) dx

)1/2

=
1

λn(C1(%))

√
〈C%y, y〉.

Òàêèì îáðàçîì,

c1CXC1(%)
≤
[
λn(C1(%))

]−2
C% ≤ c2CXC1(%)

,
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îòêóäà ïîëó÷àåì, ÷òî

cn1 detCXC1(%)
≤
[
λn(C1(%))

]−2n
detC% ≤ cn2 detCXC1(%)

,

ò.å. (
detCXC1(%)

) 1
2n '

[
λn(C1(%))

]−1(
detC%

) 1
2n .

Êðîìå òîãî, â ïðåäûäóùååì ñëåäñòâèè áûëî óñòàíîâëåíî, ÷òî

e−1[%(0)]−
1
n ≤

[
λn(C1(%))

]n+1
n ≤ 6[%(0)]−

1
n .

Â èòîãå ìû ïîëó÷àåì, ÷òî

LC1(%) =
( 1

λn(C1(%))

) 1
n (

detCXC1(%)

) 1
2n '

[
λn(C1(%))

]−n+1
n
(
detC%

) 1
2n ' [%(0)]

1
n

(
detC%

) 1
2n ' L%,

ãäå ìû âîñïîëüçîâàëèñü òåì, ÷òî [%(0)]
1
n ' ‖%‖

1
n∞. �

Ñëåäñòâèå 8.8. Ñóùåñòâóþò òàêèå ÷èñëà b > a > 0, ÷òî äëÿ êàæäîãî n ∈ N è äëÿ
êàæäîé öåíòðèðîâàííîé âåðîÿòíîñòíîé ëîãàðèôìè÷åñêè âîãíóòîé ïëîòíîñòè % íàé-
äåòñÿ öåíòðàëüíî ñèììåòðè÷íîå âûïóêëîå òåëî T , äëÿ êîòîðîãî âûïîëíåíî

aLT ≤ L% ≤ bLT .

Äîêàçàòåëüñòâî. Äîñòàòî÷íî äîêàçàòü óòâåðæäåíèå òîëüêî äëÿ èíäèêàòîðà öåíòðèðîâàí-
íîãî âûïóêëîãî òåëà îáúåìà 1. Ïóñòü K � òàêîå âûïóêëîå òåëî, X � ñëó÷àéíûé âåêòîð,
ðàâíîìåðíî ðàñïðåäåëåííûé íà K. Ïóñòü X ′ � íåçàâèñèìàÿ êîïèÿ âåêòîðà X è ïóñòü %0

� ïëîòíîñòü ñëó÷àéíîãî âåêòîðà X −X ′. Òîãäà %0 � ñèììåòðè÷íàÿ îòíîñèòåëüíî òî÷êè 0
ïëîòíîñòü, ïðè÷åì %0(x) ≤ ‖%‖∞ = 1 = %0(0). Êðîìå òîãî,

〈CX−X′u, u〉 = E[〈X −X ′, u〉〈X −X ′, u〉] = D[〈X, u〉 − 〈X ′, u〉] =

= D[〈X, u〉] + D[〈X ′, u〉]. = 2〈CXu, u〉,

ò.å. CX−X′ = 2CX Òåì ñàìûì, L%0 =
√

2LK . Ïî ïðåäûäóùåé òåîðåìå LC1(%0) ' L%0 è êðîìå
òîãî, C1(%0) � öåíòðàëüíî ñèììåòðè÷íîå, ò.ê. ôóíêöèÿ %0 � ÷åòíàÿ. �

Ïðåäëîæåíèå 8.9. Ïóñòü K � âûïóêëîå òåëî â Rn è 0 � âíóòðåííÿÿ òî÷êà K. Òîãäà
äëÿ % = IK âûïîëíåíî Cp(%) = K.

Äîêàçàòåëüñòâî. Ïóñòü pK � ôóíêöèîíàë Ìèíêîâñêîãî, ïîñòðîåííûé ïî òåëó K. Òîãäà
K = {x : pK(x) ≤ 1}. Òåïåðü çàìåòèì, ÷òî∫ +∞

0

rp+n−1%(rx) dr =

∫
pK(rx)≤1

rp+n−1 dr =

∫ [pK(x)]−1

0

rp+n−1 dr =
1

n+ p
[pK(x)]−n−p.

Òàêèì îáðàçîì,

Cp(%) =
{
x :

1

n+ p
[pK(x)]−n−p ≥ 1

n+ p

}
= {x : pK(x) ≤ 1} = K.

�

9. Îöåíêà êîíñòàíòû èçîòðîïíîñòè áåçóñëîâíîãî ëîãàðèôìè÷åñêè

âîãíóòîãî ðàñïðåäåëåíèÿ.

Òåîðåìà 9.1 (Îáîáùåííîå íåðàâåíñòâî Ëóìèñà-Óèòíè). Ïóñòü n ∈ N \ {1}. Ðàññìîòðèì
ôóíêöèè fk ∈ L1(Rn−1), fk ≥ 0, k ∈ {1, . . . , n}. Òîãäà∫

Rn

n∏
k=1

[fk(x1, . . . , xk−1, xk+1, . . . , xn)]
1

n−1 dx1 . . . dxn ≤
n∏
k=1

‖fk‖
1

n−1

L1(Rn−1).
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Äîêàçàòåëüñòâî. Äëÿ êðàòêîñòè ïóñòü πnk (x) := (x1, . . . , xk−1, xk+1, . . . , xn). Äîêàæåì îöåí-
êó èíäóêöèåé ïî n. Áàçà (n = 2) òðèâèàëüíî ñëåäóåò èç òåîðåìû Ôóáèíè. Äîêàæåì èíäóê-
òèâíûé ïåðåõîä, ò.å. ïðåäïîëàãàåì, ÷òî îöåíêà âåðíà â ðàçìåðíîñòè n− 1. Ïî íåðàâåíñòâó
Ãåëüäåðà∫

Rn

n∏
k=1

[fk(π
n
k (x))]

1
n−1 dx1 . . . dxn =

=

∫
R

(∫
Rn−1

(n−1∏
k=1

[fk(π
n
k (x))]

1
n−1

)
[fn(πnn(x))]

1
n−1 dx1 . . . dxn−1

)
dxn ≤

≤ ‖fn‖
1

n−1

L1(Rn−1)

∫
R

(∫
Rn−1

n−1∏
k=1

[fk(π
n
k (x))]

1
n−2 dx1 . . . dxn−1

)n−2
n−1

dxn =

= ‖fn‖
1

n−1

L1(Rn−1)

∫
R

(∫
Rn−1

n−1∏
k=1

[fk(π
n−1
k (y), xn)]

1
n−2 dy1 . . . dyn−1

)n−2
n−1

dxn

Ïî ïðåäïîëîæåíèþ èíäóêöèè ïîñëåäíåå âûðàæåíèå îöåíèâàåòñÿ ñâåðõó ÷åðåç

‖fn‖
1

n−1

L1(Rn−1)

∫
R

n−1∏
k=1

(∫
Rn−2

fk(z, xn) dz
) 1
n−1

dxn ≤

≤ ‖fn‖
1

n−1

L1(Rn−1)

n−1∏
k=1

(∫
R

∫
Rn−2

fk(z, xn) dz dxn

) 1
n−1

=
n∏
k=1

‖fk‖
1

n−1

L1(Rn−1),

ãäå ïðåäïîñëåäíèé ïåðåõîä ïîëó÷åí ñ ïîìîùüþ îáîáùåííîãî íåðàâåíñòâà Ãåëüäåðà. �

Ñëåäñòâèå 9.2. Ïóñòü ôóíêöèÿ f : Rn → [0,+∞) ôèêñèðîâàíà è ïóñòü

fk(x1, . . . , xk−1, xk+1, . . . , xn) := sup
t∈R

f(x1, . . . , xk−1, t, xk+1, . . . , xn).

Òîãäà

‖f‖
L

n
n−1 (Rn)

≤
n∏
k=1

‖fk‖
1
n

L1(Rn−1).

Äîêàçàòåëüñòâî. Äîñòàòî÷íî çàìåòèòü, ÷òî

[f(x1, . . . , xn)]
n
n−1 ≤

n∏
k=1

[fk(x1, . . . , xk−1, xk+1, . . . , xn)]
1

n−1

è ïðèìåíèòü îáîáùåííîå íåðàâåíñòâî Ëóìèñà�Óèòíè. �

Ñëåäñòâèå 9.3 (Íåðàâåíñòâî Ëóìèñà�Óèòíè). Ïóñòü K � âûïóêëîå òåëî â Rn è ïóñòü
Pk � îïåðàòîð îðòîãîíàëüíîé ïðîåêöèè íà ãèïåðïëîñêîñòü {xk = 0}. Òîãäà

[λn(K)]n−1 ≤
n∏
k=1

λn−1(Pk(K)).

Äîêàçàòåëüñòâî. Äîñòàòî÷íî â ïðåäûäóùåì ñëåäñòâèè âçÿòü f = IK , òîãäà

sup
t∈R

f(x1, . . . , xk−1, t, xk+1, . . . , xn) = IPk(K)

è ïîëó÷àåòñÿ çàÿâëåííîå íåðàâåíñòâî. �

Ñëåäñòâèå 9.4 (Íåðàâåíñòâî Ãàëüÿðäî�Íèðåíáåðãà-Ñîáîëåâà). Ïóñòü f ∈ C∞0 (Rn). Òîãäà

‖f‖
L

n
n−1 (Rn)

≤ 1

2

n∏
k=1

‖∂kf‖
1
n

L1(Rn), ∂kf :=
∂f

∂xk
.
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Äîêàçàòåëüñòâî. Çàìåòèì, ÷òî

f(x1, . . . , xk−1, t, xk+1, . . . , xn) =

∫ t

−∞
∂kf(x1, . . . , xk−1, s, xk+1, . . . , xn) ds

è òàêæå

f(x1, . . . , xk−1, t, xk+1, . . . , xn) = −
∫ +∞

t

∂kf(x1, . . . , xk−1, s, xk+1, . . . , xn) ds.

Ïîýòîìó

sup
t∈R
|f(x1, . . . , xk−1, t, xk+1, . . . , xn)| ≤ 1

2

∫ +∞

−∞
|f(x1, . . . , xk−1, s, xk+1, . . . , xn)| ds,

îòêóäà è ñëåäóåò îáúÿâëåííàÿ îöåíêà. �

Îïðåäåëåíèå 9.5. Ãîâîðÿò, ÷òî äëÿ âûïóêëîãî òåëà K ⊂ Rn ñóùåñòâóåò áåçóñëîâíûé
îðòîíîðìèðîâàííûé áàçèñ {e1, . . . , en}, åñëè x1e1+. . .+xnen ∈ K ⇒ ε1x1e1+. . .+εnxnen ∈ K
äëÿ êàæäîãî âûáîðà çíàêîâ ε1, . . . , εn ∈ {−1, 1}. Âûïóêëîå òåëî K ⊂ Rn ñî ñòàíäàðòíûì
áåçóñëîâíûì áàçèñîì {(1, 0, . . . , 0), . . . , (0, . . . , 0, 1)} áóäåì íàçûâàåòñÿ ïðîñòî áåçóñëîâ-
íûì.
Ãîâîðÿò, ÷òî ñëó÷àéíûé âåêòîð X = (X1, . . . , Xn) èìååò áåçóñëîâíîå ðàñïðåäåëåíèå,

åñëè äëÿ êàæäîãî âûáîðà çíàêîâ ε1, . . . , εn ∈ {−1, 1} ðàñïðåäåëåíèå ñëó÷àéíîãî âåêòîðà
(ε1X1, . . . , εnXn) ñîâïàäàåò ñ ðàñïðåäåëåíèåì èñõîäíîãî âåêòîðà X.

Óïðàæíåíèå 9.6. Ïðîâåðüòå, ÷òî âûïóêëîå òåëîå K ⊂ Rn áóäåò áåçóñëîâíûì òîãäà
è òîëüêî òîãäà, êîãäà ñëó÷àéíûé âåêòîð XK ðàâíîìåðíî ðàñïðåäåëåííûé íà K èìååò
áåçóñëîâíîå ðàñïðåäåëåíèå.

Òåîðåìà 9.7 (Ñ. Áîáêîâ, Ô. Íàçàðîâ). Ñóùåñòâóåò òàêîå ÷èñëî C > 0, ÷òî äëÿ êàæäîãî
n ∈ N è äëÿ êàæäîãî áåçóñëîâíîãî âûïóêëîãî òåëà K â èçîòðîïíîé ïîçèöèè âûïîëíåíà
îöåíêà

LK ≤ C.

Äîêàçàòåëüñòâî. Â ñèëó ñèììåòðè÷íîñòè âûïóêëîãî òåëà K îòíîñèòåëüíî ãèïåðïëîñêî-
ñòåé Hk := {x : xk = 0} ïîëó÷àåì, ÷òî

K ∩Hk = Pk(K),

ãäå Pk � îïåðàòîð îðòîãîíàëüíîé ïðîåêöèè íà ãèïåðïëîñêîñòüHk. Ïî íåðàâåíñòâó Ëóìèñà�
Óèòíè íàéäåòñÿ k0, äëÿ êîòîðîãî λn−1(K ∩Hk0) ≥ 1. Ìû çíàåì, ÷òî äëÿ êàæäîãî âåêòîðà
θ åäèíè÷íîé äëèíû âûïîëíåíî ñîîòíîøåíèå:

1

4e
√

3
· 1

λn−1(K ∩ 〈θ〉⊥)
≤
(∫

K

|〈x, θ〉|2 dx
)1/2

≤
√

2

λn−1(K ∩ 〈θ〉⊥)
,

ïðè÷åì

LK =
(∫

K

|〈x, θ〉|2 dx
)1/2

äëÿ âûïóêëîãî òåëà K â èçîòðîïíîé ïîçèöèè. Òåîðåìà äîêàçàíà. �

Ñëåäñòâèå 9.8. Ñóùåñòâóåò òàêîå ÷èñëî c > 0, ÷òî äëÿ êàæäîãî n ∈ N, äëÿ êàæäîãî
áåçóñëîâíîãî âûïóêëîãî òåëà K â èçîòðîïíîé ïîçèöèè è äëÿ êàæäîãî âåêòîðà θ åäèíè÷-
íîé äëèíû âûïîëíåíà îöåíêà

λn−1(K ∩ 〈θ〉⊥) ≥ c.

Óïðàæíåíèå 9.9. Ïðîâåðüòå, ÷òî ñóùåñòâóåò òàêàÿ êîíñòàíòà C > 0, ÷òî äëÿ êàæäîãî
n ∈ N è äëÿ êàæäîãî áåçóñëîâíîãî èçîòðîïíîãî ëîãàðèôìè÷åñêè âîãíóòîãî ñëó÷àéíîãî
âåêòîðà X ñî çíà÷åíèÿìè â Rn âûïîëíåíà îöåíêà LX ≤ C.
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10. Òåîðåìà Á. Êëàðòàãà.

Îïðåäåëåíèå 10.1. Ïóñòü K � âûïóêëîå, öåíòðàëüíî ñèììåòðè÷íîå òåëî â Rn. Ïî-
ëÿðîé (èëè ïîëÿðíûì òåëîì) íàçûâàåòñÿ âûïóêëîå òåëî

K◦ :=
{
x : sup

y∈K
〈x, y〉 ≤ 1

}
.

Äëÿ öåíòðàëüíî ñèììåòðè÷íîãî âûïóêëîãî òåëà K ââåäåì òàêæå ñëåäóþùóþ âåëè÷èíó

s(K) := λn(K) · λn(K◦),

êîòîðàÿ íàçûâàåòñÿ îáúåìîì Ìàëåðà âûïóêëîãî òåëà K.

Óïðàæíåíèå 10.2. Ïðîâåðüòå, ÷òî âåëè÷èíà s(K) èíâàðèàíòíà îòíîñèòåëüíî íåâûðîæ-
äåííûõ ëèíåéíûõ ïðåîáðàçîâàíèé.

Òåîðåìà 10.3 (Á. Êëàðòàã). Ñóùåñòâóåò òàêîå ÷èñëî C > 0, ÷òî äëÿ êàæäîãî âûïóêëî-
ãî òåëà K â Rn è äëÿ êàæäîãî ε ∈ (0, 1) íàéäåòñÿ òàêîå öåíòðèðîâàííîå âûïóêëîå òåëî
T è òàêîé âåêòîð x0, ÷òî

1

1 + ε
· T ⊂ K + x0 ⊂ (1 + ε) · T

è

LT ≤
C√

εn[s(K −K)]1/n
.

Äîêàçàòåëüñòâî. Íå îãðàíè÷èâàÿ îáùíîñòè, ìîæíî ñ÷èòàòü, ÷òî K � öåíòðèðîâàííîå
âûïóêëîå òåëî, à λn(K −K) = 1 (s(K −K) è LT � èíâàðèàíòíû îòíîñèòåëüíî íåâûðîæ-
äåííûõ àôôèííûõ ïðåîáðàçîâàíèé).

1) Ïóñòü X � ñëó÷àéíûé âåêòîð, ðàâíîìåðíî ðàñïðåäåëåííûé íà K, ïóñòü µy � âåðî-

ÿòíîñòíàÿ ìåðà ñ ïëîòíîñòüþ %y(x) = cye
〈y,x〉IK(x), ãäå

1

cy
=

∫
K

e〈y,x〉 dx, è ïóñòü

ΛX(y) := ln
(
E
[
e〈y,X〉

])
.

Ôóíêöèÿ ΛX íàçûâàåòñÿ ëîãàðèôìè÷åñêèì ïðåîáðàçîâàíèåì Ëàïëàñà ñëó÷àéíîãî âåêòî-
ðà X. Çàìåòèì, ÷òî

∇ΛX(y) =
E
[
Xe〈y,X〉

]
E
[
e〈y,X〉

] =

∫
Rn
xµy(dx) ∈ K,

ò.ê. µy � ìåðà íà âûïóêëîì òåëå K. Êðîìå òîãî,

∂2ΛX(y)

∂yj∂yk
=

E
[
XjXke

〈y,X〉]
E
[
e〈y,X〉

] −
E
[
Xje

〈y,X〉]E[Xke
〈y,X〉](

E
[
e〈y,X〉

])2 =

=

∫
Rn
xjxk µy(dx)−

(∫
Rn
xj µy(dx)

)(∫
Rn
xk µy(dx)

)
= (Cµy)j,k.

Â ÷àñòíîñòè, ïî ôîðìóëå çàìåíû ïåðåìåííîé∫
Rn
ϕ(∇ΛX(y)) detCµy dy =

∫
Rn
ϕ(∇ΛX(y)) detD2ΛX(y) dy =

∫
∇ΛX(Rn)

ϕ(z) dz ∀ϕ ∈ C∞0 (Rn).

Ïîäñòàâèì ϕ ≡ 1:∫
Rn

detCµy dy =

∫
∇ΛX(Rn)

1 dz = λn(∇ΛX(Rn)) ≤ λn(K),
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ò.ê. ∇ΛX(Rn) ⊂ K. Êðîìå òîãî, ò.ê. 0 ∈ K, òî K ⊂ K −K. Òàêèì îáðàçîì, ïîëó÷àåì, ÷òî
λn(K) ≤ λn(K −K) = 1. Â ÷àñòíîñòè,∫

Rn
detCµy dy ≤ 1.

2) Òåïåðü çàìåòèì, ÷òî

λn(εn(K −K)◦) min
y∈εn(K−K)◦

detCµy ≤
∫
εn(K−K)◦

detCµy dy ≤
∫
Rn

detCµy dy ≤ 1.

Çíà÷èò äëÿ íåêîòîðîãî y ∈ εn(K −K)◦ âûïîëíåíî, ÷òî

detCµy ≤
[
λn(εn(K −K)◦)

]−1
=
[
εn[s(K −K)]1/n

]−n
,

ò.ê. λn(K−K) = 1. Îöåíèì òåïåðü êîíñòàíòó èçîòðîïíîñòè Lµy ëîãàðèôìè÷åñêè âîãíóòîé
ìåðû µy äëÿ äàííîãî y ∈ εn(K −K)◦:

Lµy =
(supx∈K e

〈y,x〉∫
K
e〈y,x〉 dx

) 1
n ·
[
detCµy

] 1
2n .

Ìû çíàåì, ÷òî 〈y, x〉 ≤ εn äëÿ êàæäîãî x ∈ K −K. Ò.ê. 0 ∈ K, òî äëÿ êàæäîãî âåêòîðà
x ∈ K âåêòîðû x è −x ïðèíàäëåæàò ìíîæåñòâó K−K. Ïîýòîìó |〈y, x〉| ≤ εn äëÿ êàæäîãî
x ∈ K. Â ÷àñòíîñòè, supx∈K e

〈y,x〉 ≤ eεn. Êðîìå òîãî, ïî íåðàâåíñòâîó Éåíñåíà:

E
[
e〈y,X〉

]
≥ exp

(
E〈y,X〉

)
= 1,

ò.ê. âåêòîð X � öåíòðèðîâàííûé. Ïîýòîìó, ïðèìåíÿÿ íåðàâåíñòâî Ðîäæåðñà�Øåïàðäà,
ïîëó÷àåì, ÷òî ∫

K

e〈y,x〉 dx ≥ λn(K) ≥ 4−nλn(K −K) = 4−n.

Òàêèì îáðàçîì,

Lµy ≤
4eε√

εn[s(K −K)]1/n
.

3) Îñòàëîñü ïî ìåðå µy ïîñòðîèòü èñêîìîå âûïóêëîå òåëî T . Çàìåòèì, ÷òî

cye
−εnIK(x) ≤ %y(x) = cye

〈y,x〉IK(x) ≤ cye
εnIK(x).

Íàïîìíèì, ÷òî äëÿ ëîãàðèôìè÷åñêè âîãíóòîé ôóíêöèè % íà Rn ðàíåå áûëî îïåðäåëåíî
âûïóêëîå òåëî

C1(%) :=
{
x ∈ Rn : (n+ 1)

∫ +∞

0

rn%(rx) dr ≥ 1
}

è äëÿ öåíòðèðîâàííîé âåðîÿòíîñòíîé ëîãàðèôìè÷åñêè âîãíóòîé ôóíêöèè % áûëî ïîêàçà-
íî, ÷òî LC1(%) ' L% è ÷òî C1(%) � öåíòðèðîâàííîå. Èç îïðåäåëåíèÿ ìíîæåñòâà C1(%) ÿñíî,

÷òî C1(α%) = α
1

n+1C1(%) ∀α > 0 è C1(%) ⊂ C1(%̃), åñëè %(x) ≤ %̃(x) ∀x ∈ Rn.
Ïóñòü x0 =

∫
Rn x%y(x) dx è ïóñòü %(x) := %y(x+x0). Òîãäà % � öåíòðèðîâàííàÿ ëîãàðèô-

ìè÷åñêè âîãíóòàÿ ïëîòíîñòü è

cye
−ε(n+1)IK−x0(x) ≤ %(x) ≤ cye

ε(n+1)IK−x0(x).

Òîãäà, ò.ê. C1(IK−x0) = K − x0, ïîëó÷àåì, ÷òî

c
1

n+1
y e−ε · (K − x0) ⊂ C1(%) ⊂ c

1
n+1
y eε · (K − x0).

Âîçüìåì T := c
− 1
n+1

y · C1(%y), Òîãäà T � öåíòðèðîâàííîå âûïóêëîå òåëî,

LT = LC1(%) ' L% = L%y = Lµy ≤
4eε√

εn[s(K −K)]1/n
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è
e−ε · T ⊂ K − x0 ⊂ eε · T.

Òåîðåìà äîêàçàíà. �

11. Îáðàòíîå íåðàâåíñòâî Ñàíòàëî.

Òåîðåìà 11.1 (íåðàâåíñòâî Áëÿøêå�Ñàíòàëî). Ïóñòü K � ñèììåòðè÷íîå âûïóêëîå òå-
ëî â Rn, òîãäà s(K) ≤ s(Bn

2 ) = [λn(Bn
2 )]2.

Ãèïîòåçà Ìàëåðà: Äëÿ ñèììåòðè÷íîãî âûïóêëîãî òåëà K â Rn âûïîëíåíà îöåíêà
s(K) ≥ s(Bn

∞) = 4n

n!
.

Òåîðåìà 11.2 (Æ. Áóðãåéí, Â. Ìèëüìàí). Ñóùåñòâóåò òàêîå ÷èñëî c > 0, ÷òî äëÿ
êàæäîãî n ∈ N è äëÿ êàæäîãî ñèììåòðè÷íîãî âûïóêëîãî òåëà K â Rn âûïîëíåíà îöåí-
êà s(K) ≥ cn · s(Bn

2 ). Â ÷àñòíîñòè, äëÿ íåêîòîðîãî ÷èñëà c1 > 0, äëÿ êàæäîãî n ∈ N
âûïîëíåíà îöåíêà [s(K)]1/n ≥ c1n

−1.

Îïðåäåëåíèå 11.3. Ïóñòü (F, d) � ìåòðè÷åñêîå ïðîñòðàíñòâî, A ⊂ F . Ïóñòü

Nt(A, d) := min
{
N ∈ N : ∃x1, . . . , xN ∈ F : A ⊂

N⋃
j=1

B(xj, t)
}
,

ãäå B(x, t) := {y ∈ F : d(x, y) < ε}. Ôóíêöèÿ logNt(A, d) íàçûâàåòñÿ ôóíêöèåé ìåòðè÷å-
ñêîé ýíòðîïèè ìíîæåñòâà A.

Çàìå÷àíèå 11.4. Åñëè (F, d) � íîðìèðîâàííîå ïðîñòðàíñòâî ñ íîðìîé ‖ · ‖ è åäèíè÷íûì
øàðîì B ïî ýòîé íîðìå, òî ìû áóäåì èïîëüçîâàòü îáîçíà÷åíèå Nt(A,B) âìåñòî Nt(A, d).
Â ýòîì ñëó÷àå

Nt(A,B) = min
{
N ∈ N : ∃x1, . . . , xN ∈ F : A ⊂

N⋃
j=1

(xj + t ·B)
}
.

Êðîìå òîãî, ÿñíî, ÷òî N1(A,B) = N1(A, t · B). Âåëè÷èíà N(A,B) := N1(A,B) íàçû-
âàåòñÿ ïîêðûòèéíûì ÷èñëîì (covering number) ìíîæåñòâà A ìíîæåñòâîì B è ìîæåò
ðàññìàòðèâàòüñÿ óæå áåç êàêèõ-ëèáî ïðåäïîëîæåíèé î âûïóêëîñòè èëè ñèììåòðè÷íî-
ñòè B. ßñíî, ÷òî äëÿ áèåêòèâíûõ ëèíåéíûõ ïðåîáðàçîâàíèé T âûïîëíÿåòñÿ ðàâåíñòâî
Nt(A,B) = Nt

(
T (A), T (B)

)
.

Ëåììà 11.5. Ïóñòü B � öåíòðàëüíî ñèììåòðè÷íîå âûïóêëîå òåëî â Rn, A � êîìïàêò
â Rn. Òîãäà

t−n
λn(A)

λn(B)
≤ Nt(A,B) ≤

λn(A+ t
2
B)

λn(B)

2n

tn
.

Äîêàçàòåëüñòâî. Ïóñòü N = Nt(A,B). Ñ îäíîé ñòîðîíû A ⊂
N⋃
j=1

(xj + t ·B), îòêóäà

λn(A) ≤ N · λn(t ·B),

÷òî âëå÷åò ïåðâóþ îöåíêó.
Äëÿ äîêàçàòåëüñòâà âòîðîé îöåíêè ïóñòü M(t) � ìàêñèìàëüíîå êîëè÷åñòâî òî÷åê â A

ñ ïîïàðíûìè ðàññòîÿíèìè íå ìåíåå t è ïóñòü {x1, . . . , xM(t)} � íàáîð òàêèõ òî÷åê. ßñíî,
÷òî ìíîæåñòâà xj + t

2
·B èìåþò ïîïàðíî íå ïåðåñåêàþùèåñÿ âíóòðåííîñòè,

M(t)⋃
j=1

(xj + t
2
·B) ⊂ A+ t

2
·B
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è

A ⊂
M(t)⋃
j=1

(xj + t ·B).

Òàêèì îáðàçîì,
M(t) · λn( t

2
·B) ≤ λn(A+ t

2
·B)

è N ≤M(t) ≤ λn(A+
t
2
·B)

λn(
t
2
·B)

. �

Ëåììà 11.6. Ïóñòü âûïóêëîå òåëî K ⊂ Rn íàõîäèòñÿ â èçîòðîïíîé ïîçèöèè. Òîãäà

N(K, t ·Bn
2 ) ≤ 2 exp

(6n3/2LK
t

)
.

Äîêàçàòåëüñòâî. Ïóñòü pK � ôóíêöèîíàë Ìèíêîâñêîãî ìíîæåñòâàK. Ðàññìîòðèì íîâóþ
âåðîÿòíîñòíóþ ìåðó

µ(A) =
1

cK

∫
A

e−pK(x) dx,

ãäå

cK =

∫
Rn
e−pK(x) dx.

Ïóñòü M(t) � ìàêñèìàëüíîå êîëè÷åñòâî òî÷åê â K ñ ïîïàðíûìè ðàññòîÿíèìè íå ìåíåå t
è ïóñòü {x1, . . . , xM(t)} � íàáîð òàêèõ òî÷åê. Òîãäà ìíîæåñòâà xj + t

2
· Bn

2 èìåþò ïîïàðíî

íå ïåðåñåêàþùèåñÿ âíóòðåííîñòè è K ⊂
⋃M(t)
j=1 (xj + t ·Bn

2 ), ò.å. N(K, t ·Bn
2 ) ≤M(t).

Ïóñòü b > 0 âûáðàíî òàê, ÷òî µ(b ·Bn
2 ) ≥ 1/2, è ïóñòü yj = 2b

t
xj. Òîãäà

µ(yj+b·Bn
2 ) =

1

cK

∫
b·Bn2

e−pK(yj+x) dx ≥ 1

cK

∫
b·Bn2

e−pK(yj)e−pK(x) dx = e−
2b
t
pK(xj)µ(b·B2) ≥ e−

2b
t ·1

2
.

Òàêèì îáðàçîì,

M(t) · e−
2b
t · 1

2
≤

M(t)∑
j=1

µ(yj + b ·Bn
2 ) = µ

(M(t)⋃
j=1

(yj + b ·Bn
2 )
)
≤ 1.

Ò.å. N(K, t ·Bn
2 ) ≤ 2e

2b
t . Îñòàëîñü ïîäîáðàòü b.

Çàìåòèì, ÷òî

cK =

∫
Rn
e−pK(x) dx =

∫ 1

0

λn(x ∈ Rn : e−pK(x) ≥ r) dr =

=

∫ +∞

0

e−s · λn(x ∈ Rn : pK(x) ≤ s) ds =

∫ +∞

0

e−s · λn(s ·K) ds =

∫ +∞

0

sn · e−s ds = n!.

Ñ äðóãîé ñòîðîíû,

J :=

∫
Rn
|x|µ(dx) =

1

n!

∫
Rn
|x|
∫ +∞

0

e−sI{x : pK(x)≤s} ds dx =

=
1

n!

∫ +∞

0

e−s
∫
Rn
|x|I{x : pK(x)≤s} dx ds =

1

n!

∫ +∞

0

sn+1 · e−s
∫
Rn
|y|I{x : pK(y)≤1} dy ds =

=
1

n!

∫ +∞

0

sn+1e−s ds

∫
K

|y| dy = (n+ 1)

∫
K

|y| dy ≤ (n+ 1)
(∫

K

|y|2 dy
)1/2

= (n+ 1)
√
nLK .

Ïî íåðàâåíñòâó ×åáûøåâà µ(x : |x| ≥ 2J) ≤ 1/2, ïîýòîìó ìîæíî âçÿòü b = 2(n + 1)
√
nLK ,

÷òî äàåò îáúÿâëåííóþ îöåíêó. �
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Ñëåäñòâèå 11.7. Ïóñòü âûïóêëîå òåëî K ⊂ Rn íàõîäèòñÿ â èçîòðîïíîé ïîçèöèè. Òîãäà

N(K −K, t ·Bn
2 ) ≤ 4 exp

(24n3/2LK
t

)
.

Äîêàçàòåëüñòâî. Çàìåòèì, ÷òî

N(K −K, t ·Bn
2 ) = N(K −K, t

2
·Bn

2 − t
2
·Bn

2 ) ≤ N(K, t
2
·Bn

2 )2,

îòêóäà è ñëåäóåò óêàçàííàÿ îöåíêà. �

Ëåììà 11.8. Ïóñòü âûïóêëîå òåëî K ⊂ Rn íàõîäèòñÿ â èçîòðîïíîé ïîçèöèè. Òîãäà
K ⊂ (n+ 1)LK ·Bn

2 .

Äîêàçàòåëüñòâî. Ïóñòü x ∈ K � ôèêñèðîâàíî è ïóñòü

hx(θ) := max{t ≥ 0: x+ tθ ∈ K}.

Ò.ê. K â èçîòðîïíîé ïîçèöèè, òî

L2
K |x|2 =

∫
K

〈y, x〉2 dy =

∫
Sn−1

∫ hx(θ)

0

rn−1〈x+ rθ, x〉2 dr σn−1(dθ) =

=

∫
Sn−1

∫ hx(θ)

0

rn−1|x|4 + 2rn|x|2〈θ, x〉+ rn+1〈θ, x〉2 dr σn−1(dθ) =

=

∫
Sn−1

[hx(θ)]
n

n
|x|4 + 2

[hx(θ)]
n+1

n+ 1
|x|2〈θ, x〉+

[hx(θ)]
n+2

n+ 2
〈θ, x〉2 σn−1(dθ) =

=

∫
Sn−1

[hx(θ)]
n

n
|x|4− [hx(θ)]

n(n+ 2)

(n+ 1)2
|x|4 + [hx(θ)]

n
(√n+ 2

n+ 1
|x|2 +

hx(θ)√
n+ 2

〈θ, x〉
)2

σn−1(dθ) ≥

≥
∫
Sn−1

[hx(θ)]
n

n(n+ 1)2
|x|4 σn−1(dθ) =

|x|4

(n+ 1)2

∫
Sn−1

∫ hx(θ)

0

rn−1 dr σn−1(dθ) =

=
|x|4

(n+ 1)2

∫
K

1 dy =
|x|4

(n+ 1)2
.

Òàêèì îáðàçîì, |x| ≤ (n+ 1)LK . Ëåììà äîêàçàíà. �

Ëåììà 11.9. Ñóùåñòâóåò òàêîå ÷èñëî C > 0, ÷òî äëÿ êàæäîãî n ∈ N, äëÿ êàæäîãî
âûïóêëîãî òåëà K ⊂ Rn â èçîòðîïíîé ïîçèöèè âûïîëíåíà îöåíêà

N(Bn
2 , t · (K −K)◦) ≤ exp

(Cn3/2LK
t

)
.

Äîêàçàòåëüñòâî. Ïóñòü V := K −K. Èç ïðåäûäóùåãî ñëåäñòâèÿ

N(V, t ·Bn
2 ) ≤ 4 exp

(24n3/2LK
t

)
≤ exp

(100n3/2LK
t

)
ïðè 0 < t < 4nLK < 76

ln 4
n3/2LK . Êðîìå òîãî, V = K −K ⊂ 2(n + 1)LK · Bn

2 ⊂ 4nLK · Bn
2 ,

ò.ê. K ⊂ (n+ 1)LK ·Bn
2 . Ò.å. N(V, t ·Bn

2 ) = 1 ≤ exp
(

100n3/2LK
t

)
ïðè t ≥ 4nLK è

N(V, t ·Bn
2 ) ≤ exp

(100n3/2LK
t

)
∀t > 0.

Ïðè t > 0 ïóñòü A(t) := lnN(V, t ·Bn
2 ), B(t) := lnN(Bn

2 , t · V ◦). Çàìåòèì, ÷òî

( t
2
V ◦ + 2

t
V )◦ ⊂ ( t

2
V ◦) ∩ (2

t
V ) ⊂ Bn

2 ,
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ò.ê. (2
t
V )◦ ∪ ( t

2
V ◦)◦ ⊂ t

2
V ◦ + 2

t
V è ò.ê. 〈2

t
x, t

2
x〉 ≤ 1 äëÿ x ∈ ( t

2
V ◦) ∩ (2

t
V ). Òàêèì îáðàçîì,

Bn
2 ⊂ t

2
V ◦ + 2

t
V è

N(Bn
2 , t · V ◦) ≤ N( t

2
V ◦ + 2

t
V, t · V ◦) ≤ N(2

t
V, t

2
V ◦) ≤

≤ N(2
t
V, 1

4
Bn

2 )N(1
4
Bn

2 ,
t
2
V ◦) = N(V, t

8
Bn

2 )N(Bn
2 , 2tV

◦).

Ò.å.
B(t) ≤ A( 2t

16
) +B(2t).

Èòåðèðóÿ, ïîëó÷àåì, ÷òî

B(t) ≤ B(2mt) +
m∑
k=1

A(2kt
16

) ≤ B(2mt) +
m∑
k=1

1600n3/2LK
2kt

≤ B(2mt) +
1600n3/2LK

t
.

Îñòàåòñÿ çàìåòèòü, ÷òî B(2mt) = 0 äëÿ äîñòàòî÷íî áîëüøèõ m. �

Ñëåäñòâèå 11.10. Ñóùåñòâóåò òàêîå ÷èñëî c > 0, ÷òî äëÿ êàæäîãî n ∈ N è äëÿ êàæ-
äîãî âûïóêëîãî òåëà K ⊂ Rn ñïðàâåäëèâà îöåíêà[

s(K −K)
]1/n ≥ c

nLK
.

Äîêàçàòåëüñòâî. Ò.ê. s(K − K) èíâàðèàíòåí îòíîñèòåëüíî íåâûðîæäåííûõ àôôèííûõ
ïðåîáðàçîâàíèé, ìîæíî ñ÷èòàòü, ÷òî K íàõîäèòñÿ â èçîòðîïíîé ïîçèöèè. Ïî ïðåäûäóùåé
ëåììå ( λn(Bn

2 )

λn
(
t(K −K)◦

))1/n

≤
[
N(Bn

2 , t(K −K)◦)
]1/n ≤ exp

(C√nLk
t

)
.

Ò.ê. [λn(Bn
2 )]1/n ≥ c1√

n
, òî[

λn
(
(K −K)◦

)]1/n ≥ c1

t
√
n

exp
(−C√nLk

t

)
.

Âçÿâ t =
√
nLk, ïîëó÷àåì, ÷òî [

λn
(
(K −K)◦

)]1/n ≥ c2

nLK
.

Îñòàåòñÿ çàìåòèòü, ÷òî λn(K −K) ≥ λn(K) = 1. �

Òåîðåìà 11.11 (îáðàòíîå íåðàâåíñòâî Ñàíòàëî). Ñóùåñòâóåò òàêîå ÷èñëî c > 0, ÷òî
äëÿ êàæäîãî n ∈ N è äëÿ êàæäîãî ñèììåòðè÷íîãî âûïóêëîãî òåëà K â Rn âûïîëíåíà
îöåíêà [s(K)]1/n ≥ c1n

−1.

Äîêàçàòåëüñòâî. Ïî òåîðåìà Êëàðòàãà ñ ε = 1
2
ñóùåñòâóåò òàêèå öåíòðèðîâàííîå âûïóê-

ëîå òåëî T è ñäâèã x0 ∈ Rn, ÷òî 2
3
· T ⊂ K + x0 ⊂ 3

2
· T è LT ≤ c1√

n[s(K)]1/n
. Ïî ïðåäûäóùåìó

ñëåäñòâèþ

n
[
s(T − T )

]1/n ≥ c2

LT
≥ c3

√
n[s(K)]1/n.

Ñ äðóãîé ñòîðîíû 2
3
· (T −T ) ⊂ K−K = 2K = K−K ⊂ 3

2
(T −T ), îòêóäà 4

3
· (T −T )◦ ⊂ K◦.

Òåì ñàìûì,

n
[
s(K)

]1/n ≥ 4

9
n
[
s(T − T )

]1/n ≥ c4

√
n[s(K)]1/n,

îòêóäà è ñëåäóåò óòâåðæäåíèå òåîðåìû. �

Ñëåäñòâèå 11.12 (Á. Êëàðòàã). Ñóùåñòâóåò òàêîå ÷èñëî C > 0, ÷òî äëÿ êàæäîãî
n ∈ N, äëÿ êàæäîãî âûïóêëîãî òåëà K â Rn è äëÿ êàæäîãî ε ∈ (0, 1) íàéäåòñÿ òàêîå
öåíòðèðîâàííîå âûïóêëîå òåëî T è òàêîé âåêòîð x0, ÷òî

1

1 + ε
· T ⊂ K + x0 ⊂ (1 + ε) · T è LT ≤

C√
ε
.
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12. Íåðàâåíñòâî Ã. Ïàîðèñà.

Òåîðåìà 12.1 (Ã. Ïàîðèñ). Ñóùåñòâóåò òàêîå ÷èñëî c > 0, ÷òî äëÿ êàæäîãî n ∈ N
è äëÿ êàæäîé âåðîÿòíîñòíîé èçîòðîïíîé ëîãàðèôìè÷åñêè âîãíóòîé ìåðû µ íà Rn ïðè
êàæäîì t ≥ 1 èìååò ìåñòî îöåíêà

µ(x ∈ Rn : |x| ≥ ct
√
n) ≤ e−t

√
n.

Çàìå÷àíèå 12.2. Ìû óæå çíàåì, ÷òî äëÿ êàæäîé ïîëóíîðìû g íà Rn èìååò ìåñòî îöåí-
êà ‖g‖Lp(µ) ≤ Cp‖g‖L1(µ), ãäå C � íåêîòîðîå ÷èñëî, íå çàâèñÿùåå íè îò ÷åãî. Åñëè µ �
èçîòðîïíàÿ äîãàðèôìè÷åñêè âîãíóòàÿ ìåðà, òî L1-íîðìó ôóíêöèè g(x) := 1√

n
|x| ìîæíî

îöåíèòü ñëåäóþùèì îáðàçîì: ‖g‖L1(µ) ≤ ‖g‖L2(µ) = 1. Òàêèì îáðàçîì,

µ(x ∈ Rn : |x| ≥ ct
√
n) = µ(x ∈ Rn : exp(c−1 1√

n
|x|) ≥ et) ≤ e−t

∫
Rn

exp(c−1 1√
n
|x|)µ(dx) =

= e−t
∞∑
k=0

c−k

k!

∫
Rn
|g(x)|k µ(dx) ≤ e−t

∞∑
k=0

(Cc−1)kkk

k!
≤ c0e

−t

ïðè äîñòàòî÷íî ìàëîì c > 0.

Ñëåäñòâèå 12.3. Ñóùåñòâóåò òàêîå ÷èñëî C > 0, ÷òî äëÿ êàæäîãî n ∈ N è äëÿ êàæäîãî
âûïóêëîãî òåëà K ⊂ Rn èìååò ìåñòî îöåíêà LK ≤ C 4

√
n.

Äîêàçàòåëüñòâî. Ïî òåîðåìå Êëàðòàãà äëÿ ε = 1√
n
ìîæíî ïîäîáðàòü òàêèå öåíòðèðîâàí-

íîå âûíóêëîå òåëî T è ñäâèã x0 ∈ Rn, ÷òî
1

1 + ε
· T ⊂ K + x0 ⊂ (1 + ε) · T è LT ≤ C 4

√
n.

Ïðèìåíÿÿ ê òåëàì T è K ñîîòâåòñòâóþùåå ëèíåéíîå ïðåîáðàçîâàíèå, ìîæíî ñ÷èòàòü, ÷òî
òåëî T íàõîäèòñÿ â èçîòðîïíîé ïîçèöèè. Ïóñòü K1 := (1 + ε)−1(K + x0). Òîãäà K1 ⊂ T è

λn(K1) = (1 + ε)−nλn(K + x0) ≥ (1 + ε)−2nλn(T ) ≥ (1 + ε)−2n ≥ e−2nε = e−2
√
n.

Åñëè X � ðàâíîìåðíî ðàñïðåäåëåííûé íà T ñëó÷àéíûé âåêòîð, òî L−1
T X � èçîòðîïíûé

ëîãàðèôìè÷åñêè âîãíóòûé ñëó÷àéíûé âåêòîð. Ïî íåðàâåíñòâó Ïàîðèñà

λn(T ∩ (Rn \ ct
√
nLT ·Bn

2 )) = P (|X| ≥ ct
√
nLT ) ≤ e−t

√
n.

Ò.ê. K1 ⊂ T , òî ïðè t ≥ 2 èìååò ìåñòî îöåíêà

λn(K1 ∩ (Rn \ ct
√
nLT ·Bn

2 )) ≤ e−t
√
n ≤ e−(t−2)

√
nλn(K1) ≤ e−(t−2)λn(K1).

Ïóñòü Y � ñëó÷àéíûé âåêòîð, ðàâíîìåðíî ðàñïðåäåëåííûé íà K1. Òîãäà çàìåòèì, ÷òî

E[|Y |2] = E[|Y |2I{|Y |≤ct√nLT }] + E[|Y |2I{|Y |>ct√nLT }] ≤

≤ (ct
√
nLT )2 + (E[|Y |4])1/2

√
P (|Y | > ct

√
nLT ) ≤ (ct

√
nLT )2 + C1e

−t/2E[|Y |2].

Âûáåðåì t òàê, ÷òîáû C1e
−t/2 ≤ 1

2
, òîãäà

E[|Y |2] ≤ 2(ct
√
nLT )2 = (C2

√
nLT )2.

Îñòàåòñÿ çàìåòèòü, ÷òî

LK = LK1 =
1

[λn(K1)]1/n
(detCY )

1
2n ≤ e2( 1

n
trCY )1/2 =

e2

√
n

(DY1 + . . .+ DYn)1/2 ≤

≤ e2

√
n

(EY 2
1 + . . .+ EY 2

n )1/2 =
e2

√
n

(E[|Y |2])1/2 ≤ C3LT ≤ C4
4
√
n.

Ñëåäñòâèå äîêàçàíî. �
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13. Äîêàçàòåëñüâî òåîðåìû Ïàîðèñà.

Òåîðåìó Ïàîðèñà ïîëó÷è êàê ñëåäñòâèå ñëåäóþùåé òåîðåìû.

Òåîðåìà 13.1 (R.Adamczak, R.Latala, A.Litvak, K.Oleszkiewicz, A.Pajor, N.Tomczak�Jaegermann).
Ñóùåñòâóåò òàêîå ÷èñëî C > 0, ÷òî äëÿ êàæäîãî n ∈ N è äëÿ êàæäîãî ëîãàðèôìè÷åñêè
âîãíóòîãî ñëó÷àéíîãî âåêòîðà X â Rn ïðè êàæäîì q ≥ 1 èìååò ìåñòî îöåíêà

(E|X|q)1/q ≤ C
(
E|X|+ max

|θ|=1
(E|〈X, θ〉|q)1/q

)
.

Âûâåäåì òåîðåìó Ïàîðèñà èç ïðåäûäóùåé òåîðåìû:

Ìû çíàåì, ÷òî (
E|〈X, θ〉|q

)1/q ≤ Cq
(
E|〈X, θ〉|2

)1/2
.

Äëÿ èçîòðîïíîãî ëîãàðèôìè÷åñêè âîãíóòîãî âåêòîðàX ïî ïðåäûäóùåé òåîðåìå ïîëó÷àåì,
÷òî ïðè q ≥ 1 èìååò ìåñòî íåðàâåíñòâî

(E|X|q)1/q ≤ C1E|X|+ C2q ≤ C1

(
E|X|2

)1/2
+ C2q = C1

√
n+ C2q.

Ïóñòü q = t
√
n, t ≥ 1, òîãäà

(E|X|q)1/q ≤ C3t
√
n

è

P (|X| ≥ eC3t
√
n) ≤

( C3t
√
n

eC3t
√
n

)q
= e−q = e−t

√
n.

Íàì ïîíàäîáèòñÿ ñëåäóþùåå íåðàâåíñòâî êîíöåíòðàöèè äëÿ ãàóññîâñêîé ìåðû.

Òåîðåìà 13.2. Ïóñòü G � ñòàíäàðòíûé ãàóññîâñêèé (íîðìàëüíûé) ñëó÷àéíûé âåêòîð
íà Rn. Òîãäà äëÿ êàæäîé ëèïøèöåâîé ôóíêöèè f íà Rn ñ êîíñòàíòîé Ëèïøèöà b âûïîë-
íåíà îöåíêà

P (|f(G)− E[f(G)]| ≥ t) ≤ 2 exp(− 2t2

π2b2
) ∀t > 0.

Äîêàçàòåëüñòâî. Ïóñòü G̃ � íåçàâèñèìàÿ îò G êîïèÿ G. Çàìåòèì, ÷òî äëÿ êàæäîãî α > 0
èìååò ìåñòî íåðàâåíñòâî

P (|f(G)− E[f(G)]| ≥ t) ≤ e−αtEG
[
exp(α|f(G)− EG̃[f(G̃)]|)

]
≤

≤ e−αtEG
[
exp(αEG̃|f(G)− f(G̃)|)

]
≤ e−αtEGEG̃

[
exp(α|f(G)− f(G̃)|)

]
,

ãäå â ïîñëåäíåì ïåðåõîäå áûëî ïðèìåíåíî íåðàâåíñòâî Éåíñåíà. Ïóñòü ñíà÷àëà f � ãëàä-
êàÿ ôóíêöèÿ è ïóñòü Gs := G sin s+ G̃ cos s è ïóñòü G′s := ∂sGs = G cos s− G̃ sin s. Òîãäà

f(G)− f(G̃) =

∫ π/2

0

∂sf(Gs) ds =

∫ π/2

0

〈∇f(Gs), G
′
s〉 ds.

Òîãäà äëÿ êàæäîãî α > 0 èìååò ìåñòî íåðàâåíñòâî

EGEG̃
[
exp(α|f(G)− f(G̃)|)

]
=

= EGEG̃
[
exp
(
α
∣∣∣∫ π/2

0

〈∇f(Gs), G
′
s〉 ds

∣∣∣)] ≤ 2

π

∫ π/2

0

EGEG̃
[
exp
(
απ
2
|〈∇f(Gs), G

′
s〉|
)]
ds,

ãäå â ïîñëåäíåì ïåðåõîäå áûëî ïðèìåíåíî íåðàâåíñòâî Éåíñåíà. Çàìåòèì, ÷òî ñëó÷àéíûé
âåêòîð (Gs, G

′
s) èìååò òàêîå æå ðàñïðåäåëåíèå, ÷òî è âåêòîð (G, G̃), ò.å.

EGEG̃
[
exp(α|f(G)− f(G̃)|)

]
≤ EGEG̃

[
exp
(
απ
2
|〈∇f(G), G̃〉|

)]
.

Ðàññìîòðèì òåïåðü âíóòðåííåå îæèäàíèå:

EG̃
[
exp
(
απ
2
|〈∇f(G), G̃〉|

)]
= EG̃

[
exp
(
απ
2
|∇f(G)| · |〈 ∇f(G)

|∇f(G)| , G̃〉|
)]
.
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Ñëó÷àéíàÿ âåëè÷èíà 〈 ∇f(G)
|∇f(G)| , G̃〉 � ñòàíäàðòíàÿ ãàóññîâñêàÿ (ïðè ôèêñèðîâàííîì G). Ïî-

ýòîìó

EG̃
[
exp
(
απ
2
|〈∇f(G), G̃〉|

)]
= Eg

[
exp
(
απ
2
|∇f(G)| · |g|

)]
,

ãäå g ∼ N (0, 1). Îöåíèâàåì îæèäàíèå:

Eg
[
exp
(
απ
2
|∇f(G)| · |g|

)]
≤ 2Eg

[
exp
(
απ
2
|∇f(G)| · g

)]
=

= 2√
2π

∫
R

exp(απ
2
|∇f(G)| · x− x2

2
) dx = 2 exp(α

2π2

8
|∇f(G)|2) ≤ 2 exp(α

2π2

8
b2).

Òàêèì îáðàçîì,

e−αtEGEG̃
[
exp(α|f(G)− f(G̃)|)

]
≤ 2 exp(−αt+ α2π2

8
b2).

Ìèíèìèçèðóÿ ïî α, ïîëó÷àåì ïðè α = 4t
π2b2

îöåíêó

e−αtEGEG̃
[
exp(α|f(G)− f(G̃)|)

]
≤ 2 exp(− 2t2

π2b2
).

Ñëó÷àé îáùåé ëèïøèöåâîé ôóíêöèè f ïîëó÷àåòñÿ ñ ïîìîùüþ àïïðîêñèìàöèè ñâåðòêà-
ìè ñ äåëüòàîáðàçíîé ïîñëåäîâàòåëüíîñòüþ ãëàäêèõ âåðîÿòíîñòíûõ ïëîòíîñòåé. Òåîðåìà
äîêàçàíà. �

Äîêàçàòåëüñòâî òåîðåìû 13.1.

1) Çàìåòèì ñíà÷àëà, ÷òî äîñòàòî÷íî ðàññìîòðåòü òîëüêî ñèììåòðè÷íûå âåêòîðû X.
Äåéñòâèòåëüíî, ïðåäïîëîæèì, ÷òî óòâåðæäåíèå óæå äîêàçàíî äëÿ âñåõ ñèììåòðè÷íûõ
ëîãàðèôìè÷åñêè âîãíóòûõ ñëó÷àéíûõ âåêòîðîâ è ïóñòü X � ëîãàðèôìè÷åñêè âîãíóòûé
ñëó÷àéíûé âåêòîð. Ïóñòü X ′ � íåçàâèñèìàÿ ñ X êîïèÿ X. Òîãäà äëÿ êàæäîãî q ≥ 1 èìååò
ìåñòî íåðàâåíñòâî

(E|X|q)1/q ≤ (EX |X − EX′X ′|q)1/q + |EX| ≤
(
EX
(
EX′ |X −X ′|

)q)1/q
+ |EX| ≤

≤ (E|X −X ′|q)1/q + |EX| ≤ C
(
E|X −X ′|+ max

|θ|=1
(E|〈X −X ′, θ〉|q)1/q

)
+ |EX| ≤

≤ 2C
(
E|X|+ max

|θ|=1
(E|〈X, θ〉|q)1/q

)
+ E|X|.

2) Ïóñòü òåïåðü X � ñèììåòðè÷íûé ëîãàðèôìè÷åñêè âîãíóòûé ñëó÷àéíûé âåêòîð. Ðàñ-
ñìîòðèì íîðìó íà Rn, çàäàâàåìóþ ôîðìóëîé ‖u‖ := (E|〈X, u〉|q)1/q. Ýòî ëèïøèöåâà ôóíê-
öèÿ ñ êîíñòàíòîé Ëèïøèöà

b = max
|θ|=1
‖θ‖ = max

|θ|=1
(E|〈X, θ〉|q)1/q.

Ïóñòü G � ñòàíäàðòíûé n-ìåðíûé ãàóññîâñêèé âåêòîð íåçàâèñèìûé ñ X. Ïî ïðåäûäóùåé
òåîðåìå

P
(∣∣‖G‖ − E‖G‖

∣∣ ≥ t
)
≤ 2 exp(− 2t2

π2b2
),

îòêóäà

E
∣∣‖G‖ − E‖G‖

∣∣q =

∫ +∞

0

qtq−1P
(∣∣‖G‖ − E‖G‖

∣∣ ≥ t
)
dt ≤ 2

∫ +∞

0

qtq−1 exp(− 2t2

π2b2
) dt =

= 2q( bπ√
2
)q
∫ +∞

0

sq−1 exp(−s2) ds = q( bπ√
2
)q
∫ +∞

0

s
q
2
−1 exp(−t) dt = 2( bπ√

2
)qΓ( q

2
+ 1).

Òàêèì îáðàçîì,(
E‖G‖q

)1/q ≤
(
E
∣∣‖G‖ − E‖G‖

∣∣q)1/q
+ E‖G‖ ≤ c1

√
qb+ E‖G‖.
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Çàìåòèì, ÷òî

EG‖G‖q = EG,X |〈X,G〉|q = EX
[
|X|qEG|〈 X|X| , G〉|

q
]

=
[
E|X|q

]
· 1√

2π

∫ +∞

−∞
|t|qe−

t2

2 dt =

=
[
E|X|q

]
· (
√

2)q+1
√

2π

∫ ∞
0

s
q−1
2 e−s ds =

[
E|X|q

]
· (
√

2)q+1
√

2π
Γ( q−1

2
+ 1).

Ò.ê.
√

2
(
√
π)1/q

(Γ( q−1
2

+ 1))1/q ' c2
√
q, òî ìû ïîëó÷àåì îöåíêó(

E|X|q
)1/q ≤ c3

(
b+ 1√

q
E‖G‖

)
= c3

(
1√
q
E‖G‖+ max

|θ|=1
(E|〈X, θ〉|q)1/q

)
.

4) Íàì ïîíàäîáèòñÿ ñëåäóþùàÿ òåîðåìà Â. Ìèëüìàíà, êîòîðóþ ïîäðîáíåå ìû îáñóäèì
÷óòü ïîçæå.

Òåîðåìà 13.3. (Â. Ìèëüìàí) Ïóñòü ‖ · ‖ � íîðìà íà Rn è ïóñòü b = max
|θ|=1
‖θ‖. Òîãäà

äëÿ êàæäîãî ε ∈ (0, 1) ñóùåñòâóåò òàêîå ÷èñëî c(ε) > 0, ÷òî äëÿ êàæäîãî öåëîãî ÷èñëà

k ≤ c(ε)(E‖G‖
b

)2 íàéäåòñÿ ïîäïðîñòðàíñòâî ðàçìåðíîñòè k, äëÿ êîòîðîãî

1

1 + ε
|x| ≤ E|G|

E‖G‖
· ‖x‖ ≤ (1 + ε)|x| ∀x ∈ E,

ïðè÷åì, åñëè νn,k � èíâàðèàíòíàÿ îòíîñèòåëüíî îðòîãîíàëüíûõ ïðåîáðàçîâàíèé âåðîÿò-
íîñòíàÿ ìåðà íà ïðîñòðàíñòâå Gn,k âñåõ k-ìåðíûõ ïîäïðîñòðàíñòâ â Rn, òî äëÿ ìíî-
æåñòâà E âñåõ k-ìåðíûõ ïîäïðîñòðàíñòâ, äëÿ êîòîðûõ âåðíà îöåíêà âûøå, ñïðàâåäëèâî
íåðàâåíñòâî νn,k(E) ≥ 1− e−k.

5) Ïóñòü c0 = 2−1c(1
2
) èç òåîðåìû Ìèëüìàíà. Åñëè q ≥ c0

(E‖G‖
b

)2
, òî(

E|X|q
)1/q ≤ c3

(
1√
q
E‖G‖+ max

|θ|=1
(E|〈X, θ〉|q)1/q

)
≤ c4 max

|θ|=1
(E|〈X, θ〉|q)1/q.

Ðàññìîòðèì òåïåðü ñëó÷àé q < c0

(E‖G‖
b

)2
. Â ýòîì ñëó÷àå äëÿ k ∈ [q, 2q) íàéäåòñÿ ïîä-

ïðîñòðàíñòâî E ðàçìåðíîñòè k, äëÿ êàæäîãî x èç êîòîðîãî

2
3
|x| ≤ E|G|

E‖G‖
· ‖x‖ ≤ 3

2
|x|,

ïðè÷åì âåðîÿòíîñòü âûáðàòü òàêîå ïîäïðîñòðàíñòâî íå ìåíåå 1− e−k ≥ 1− e−1 > 1
2
. Òàêèì

îáðàçîì, äëÿ êàæäîãî x ∈ E âûïîëíåíî

E‖G‖ ≤ E|G| · 3
2

‖x‖
|x|
≤ 3

2

√
n · ‖x‖
|x|

,

ò.å.

E‖G‖ ≤ 3
2

√
n min
x∈E,|x|=1

‖x‖ = 3
2

√
n min
x∈E,|x|=1

(E|〈X, x〉|q)1/q = 3
2

√
n min
x∈E,|x|=1

(E|〈PE(X), x〉|q)1/q,

ãäå PE � îïåðàòîð îðòîãîíàëüíîé ïðîåêöèè íà E.
6) Íàì ïîíàäîáèòñÿ ñëåäóþùåå óòâåðæäåíèå, êîòîðîå ìû äîêàæåì ïîçæå.

Ïðåäëîæåíèå 13.4. Ïóñòü X � ñèììåòðè÷íûé ëîãàðèôìè÷åñêè âîãíóòûé ñëó÷àéíûé
âåêòîð â Rn. Òîãäà

min
|θ|=1

(E|〈X, θ〉|q)1/q ≤ 500E|X| ∀q ∈ (0, n].

Ïðèìåíèì ïðåäûäóùåå óòâåðæäåíèå ê ñëó÷àéíîìó âåêòîðó PE(X) è ïîëó÷èì îöåíêó

E‖G‖ ≤ 3
2

√
n min
x∈E,|x|=1

(E|〈PE(X), x〉|q)1/q ≤ 3
2

√
n 500E|PE(X)|.
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Çàìåòèì, ÷òî äëÿ îðòîíîðìèðîâàííîãî áàçèñà {e1, . . . , en} âûïîëíåíû ñëåäóþùèå ñîîòíî-
øåíèÿ:∫

Gn,k

|PE(x)| νn,k(dE) ≤
(∫

Gn,k

|PE(x)|2 νn,k(dE)
)2

= |x|
(∫

Gn,k

|PE(e1)|2 νn,k(dE)
)2

=

= 1√
n
|x|
(∫

Gn,k

|PE(e1)|2 + . . .+ |PE(en)|2 νn,k(dE)
)2

=
√
k√
n
|x|.

Óïðàæíåíèå 13.5. Ïðîâåðüòå, ÷òî |PE(e1)|2 + . . .+ |PE(en)|2 = k.

Òîãäà ∫
Gn,k

E|PE(X)| νn,k(dE) ≤
√
k√
n
E|X|

è

νn,k(E ∈ Gn,k : E|PE(X)| ≥ 2
√
k√
n
E|X|) ≤ 1

2
.

Çíà÷èò åñòü òàêîå ïîäïðîñòðàíñòâî E ∈ Gn,k, äëÿ êîòîðîãî

E‖G‖ ≤ 3
2

√
n 500E|PE(X)|

è
E|PE(X)| ≤ 2

√
k√
n
E|X|,

ò.å.
E‖G‖ ≤ 3000

√
qE|X|,

÷òî çàâåðøàåò äîêàçàòåëüñòâî. �
Òåïåðü äîêàæåì èñïîëüçîâàííîå ðàíåå óòâåðæäåíèå:

Ïðåäëîæåíèå 13.6. Ïóñòü X � ñèììåòðè÷íûé ëîãàðèôìè÷åñêè âîãíóòûé ñëó÷àéíûé
âåêòîð â Rn. Òîãäà

min
|θ|=1

(E|〈X, θ〉|q)1/q ≤ 500E|X| ∀q ∈ (0, n].

Äëÿ ýòîãî íàì ïîíàäîáÿòñÿ ñëåäóþùèå äâå ëåììû.

Ëåììà 13.7. Ïóñòü X � ñëó÷àéíûé n-ìåðíûé âåêòîð è ïóñòü ‖·‖ � íîðìà íà Rn. Òîãäà

min
|θ|=1

(E|〈X, θ〉|q)1/q ≤
(
E‖X‖q

)1/q

E‖X‖
E|X| ∀q > 0.

Äîêàçàòåëüñòâî. Ïóñòü 1
r

= max
|x|=1
‖x‖ = ‖x0‖, |x0| = 1. Ïî òåîðåìå Õàíà�Áàíàõà ñóùåñòâó-

åò y0 ∈ Rn, äëÿ êîòîðîãî 〈y0, x0〉 = ‖x0‖ è max
‖x‖=1

|〈y0, x〉| = 1. Òîãäà

‖x0‖ = 〈y0, x0〉 ≤ |y0| = max
|x|=1
|〈y0, x〉| ≤ max

|x|=1
‖x‖ = ‖x0‖,

ò.å. |y0| = ‖x0‖ = 1
r
. Ïóñòü θ = ry0, òîãäà |θ| = 1, |〈θ, x〉| ≤ r‖x‖ ≤ |x|. Îòñþäà ïîëó÷àåì,

÷òî
(E|〈X, θ〉|q)1/q ≤ r

(
E‖X‖q

)1/q
è rE‖X‖ ≤ E|X|,

÷òî âëå÷åò çàÿâëåííîå íåðàâåíñòâî. �

Ëåììà 13.8. Ïóñòü X � ñèììåòðè÷íûé ëîãàðèôìè÷åñêè âîãíóòûé ñëó÷àéíûé âåêòîð
â Rn. Òîãäà ñóùåñòâóåò íîðìà ‖ · ‖ íà Rn, äëÿ êîòîðîé(

E‖X‖n
)1/n ≤ 500E‖X‖.
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Äîêàçàòåëüñòâî. Ïóñòü %X � ïëîòíîñòü âåêòîðà X. Ò.ê. %X � ÷åòíàÿ ôóíêöèÿ, òî îíà
äîñòèãàåò ñâîåãî ìàêñèìóìà â íóëå. Ðàññìîòðèì ñèììåòðè÷íîå âûïóêëîå ìíîæåñòâî

K := {x ∈ Rn : %X(x) ≥ 25−n%X(0)}.
Åãî ìîæíî ñ÷èòàòü åäèíè÷íûì øàðîì ïî íåêîòîðîé íîðìå ‖ · ‖. Çàìåòèì, ÷òî

25−n%X(0)λn(K) ≤
∫
K

%X(x) dx = P (X ∈ K) ≤ 1

è

P (‖X‖ ≤ 1
50

) =

∫
1
50
K

%X(x) dx ≤ %X(0)50−nλn(K) ≤ 2−n ≤ 1
2
.

Ò.å.
E‖X‖ ≥ 1

50
P (‖X‖ > 1

50
) ≥ 1

100
.

Ñ äðóãîé ñòîðîíû, â ñèëó ëîãàðèôìè÷åñêîé âîãíóòîñòè

%2X(x) = 2−n%X(1
2
x) ≥ 2−n

√
%X(x)%X(0)

è äëÿ x 6∈ K èìååò ìåñòî îöåíêà

%2X(x) ≥ (5
2
)n%X(x).

Îòñþäà ïîëó÷àåì, ÷òî

E‖X‖n ≤ 1 + E
[
‖X‖nI‖X‖≥1

]
= 1 +

∫
Rn\K

|x|n%X(x) dx ≤ 1 + (2
5
)n
∫
Rn\K

|x|n%2X(x) dx =

= 1 + (2
5
)nE
[
‖2X‖nI‖X‖≥1

]
≤ 1 + (4

5
)nE‖X‖n.

Îòñþäà ïîëó÷àåì, ÷òî
(
E‖X‖n

)1/n ≤ 5, ÷òî çàâåðøàåò äîêàçàòåëüñòâî ëåììû. �

14. Äîêàçàòåëüñòâî òåîðåìû Ìèëüìàíà.

Òåîðåìà 14.1. (Â. Ìèëüìàí) Ïóñòü ‖ · ‖ � íîðìà íà Rn è ïóñòü b = max
|θ|=1
‖θ‖. Òîãäà

äëÿ êàæäîãî ε ∈ (0, 1) ñóùåñòâóþò òàêèå ÷èñëà c1(ε), c2(ε) > 0, ÷òî äëÿ êàæäîãî öåëîãî

÷èñëà k ≤ c1(ε)(E‖G‖
b

)2 íàéäåòñÿ ïîäïðîñòðàíñòâî ðàçìåðíîñòè k, äëÿ êîòîðîãî

1

1 + ε
|x| ≤ E|G|

E‖G‖
· ‖x‖ ≤ (1 + ε)|x| ∀x ∈ E,

ïðè÷åì, åñëè νn,k � èíâàðèàíòíàÿ îòíîñèòåëüíî îðòîãîíàëüíûõ ïðåîáðàçîâàíèé âåðîÿò-
íîñòíàÿ ìåðà íà ïðîñòðàíñòâå Gn,k âñåõ k-ìåðíûõ ïîäïðîñòðàíñòâ â Rn, òî äëÿ ìíî-
æåñòâà Γ âñåõ k-ìåðíûõ ïîäïðîñòðàíñòâ, äëÿ êîòîðûõ âåðíà îöåíêà âûøå, ñïðàâåäëèâî
íåðàâåíñòâî νn,k(Γ) ≥ 1− e−c2(ε)k.

Âåçäå äàëåå ïóñòü M := E‖G‖
E|G| .

Óïðàæíåíèå 14.2. Ïðîâåðüòå, ÷òî

M =

∫
Sn−1

‖θ‖ σ̃n−1(dθ),

ãäå σ̃n−1 � íîðìèðîâàííàÿ ìåðà Ëåáåãà íà åäèíè÷íîé ñôåðå Sn−1.

Ëåììà 14.3. Ïóñòü ‖ · ‖, | · | � íîðìû íà íåêîòîðîì ïðîñòðàíñòâå X ïóñòü δ ∈ (0, 1) è
ïóñòü N � δ-ñåòü ïî íîðìå | · | ñôåðû {θ ∈ X : |θ| = 1}. Ïðåäïîëîæèì, ÷òî äëÿ êàæäîãî
y ∈ N èìååò ìåñòî îöåíêà c1 ≤ ‖y‖ ≤ c2, òîãäà äëÿ êàæäîãî x ∈ X, |x| = 1, èìååò
ìåñòî îöåíêà

c1 −
δ

1− δ
c2 ≤ ‖x‖ ≤ c2

1

1− δ
.
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Äîêàçàòåëüñòâî. Ïóñòü |x| = 1. Íàéäåòñÿ òàêîé y0 ∈ N , ÷òî |x − y0| = δ1 < δ. Òîãäà
|x−y0
δ1
| = 1 è íàéäåòñÿ òàêîé y1 ∈ N , ÷òî |x−y0δ1

− y1| = δ2 < δ, ò.å. |x− y0 − δ1y1| = δ1δ2 < δ2.
Èíäóêòèâíî ñòðîèì òàêèå y0, y1, . . . , yk ∈ N , ÷òî

|x−
k∑
j=0

δ0 · . . . · δj · yj| < δk+1,

Ïðè÷åì δ0 = 1, δj < δ, ò.å. δ0 · . . . · δj < δj. Òàêèì îáðàçîì, x =
∞∑
j=0

δ0 · . . . · δj · yj è

‖x‖ ≤
∞∑
j=0

δ0 · . . . · δj · ‖yj‖ ≤
∞∑
j=0

δj · ‖yj‖ ≤ c2

∞∑
j=0

δj =
c2

1− δ
,

‖x‖ ≥ ‖y0‖ − ‖x− y0‖ ≥ c1 −
∞∑
j=1

δj‖yj‖ ≥ c1 − c2

∞∑
j=1

δj = c1 −
δc2

1− δ
.

Ëåììà äîêàçàíà. �

Ëåììà 14.4. Ïóñòü ‖ · ‖ � íîðìà íà Rn, äëÿ êîòîðîé ‖x‖ ≤ b|x| ∀x ∈ Rn è ïóñòü σ̃n−1

� ñòàíäàðòíàÿ íîðìèðîâàííàÿ ìåðà Ëåáåãà íà åäèíè÷íîé ñôåðå Sn−1. Òîãäà

σ̃n−1

(
θ ∈ Sn−1 : |‖θ‖ −M | ≥ bt

)
≤ 4e−c0t

2n ∀t > 0,

ãäå c0 � ÷èñëîâàÿ êîíñòàíòà.

Äîêàçàòåëüñòâî. Ìû óæå çíàåì, ÷òî äëÿ ñòàíäàðòíîãî ãàóññîâñêîãî ñëó÷àéíîãî âåêòîðà
G íà Rn è äëÿ ïðîèçâîëüíîé ëèïøèöåâîé ôóíêöèè f íà Rn ñ êîíñòàíòîé Ëèïøèöà B
âûïîëíåíà îöåíêà

P (|f(G)− E[f(G)]| ≥ t) ≤ 2 exp(− 2t2

π2B2 ) ∀t > 0.

Ðàññìîòðèì ôóíêöèþ f(x) := ‖x‖ − |x| ·M . Òîãäà

|f(x)− f(y)| ≤ |‖x‖ − ‖y‖|+M · |x− y| ≤ 2b|x− y|.

Óïðàæíåíèå 14.5. Äîêàæèòå, ÷òî ðàñïðåäåëåíèå ñëó÷àéíîãî âåêòîðà 1
|G| ·G ñîâïàäàåò ñ

ìåðîé σ̃n−1.

Ïî ìîäóëþ ñôîðìóëèðîâàííîãî óïðàæíåíèÿ ïîëó÷àåì, ÷òî

σ̃n−1

(
θ ∈ Sn−1 : |‖θ‖ −M | ≥ bt

)
= P

(∣∣‖G‖
|G| −M

∣∣ ≥ bt
)

= P
(∣∣‖G‖ −M |G|∣∣ ≥ bt|G|

)
≤

≤ P
(∣∣‖G‖ −M |G|∣∣ ≥ bt|G|,

∣∣|G| − E|G|
∣∣ < εE|G|

)
+ P

(∣∣|G| − E|G|
∣∣ ≥ εE|G|

)
≤

≤ P
(∣∣‖G‖ −M |G|∣∣ ≥ bt(1− ε)E|G|

)
+ 2 exp

(
−2ε2(E|G|)2

π2

)
≤

≤ 2 exp
(
−t

2(1− ε)2(E|G|)2

2π2

)
+ 2 exp

(
−2ε2(E|G|)2

π2

)
.

Ò.ê. |‖θ‖ − M | ≤ 2b, òî óòâåðæäåíèå ëåììû íåòðèâèàëüíî òîëüêî ïðè t ∈ (0, 2). Ïóñòü
ε = t

1+t
, òîãäà 1− ε = 1

1+t
≥ 1

3
è ε ≥ t

3
, ÷òî äàåò îöåíêó

σ̃n−1

(
θ ∈ Sn−1 : |‖θ‖ −M | ≥ bt

)
≤ 4 exp

(
−c1t

2(E|G|)2
)

è îñòàåòñÿ çàìåòèòü, ÷òî (E|G|)2 ≥ c2n. �

Ïóñòü νn � ìåðà Õààðà íà ãðóïïå îðòîãîíàëüíûõ ìàòðèö O(n), ò.å. òàêàÿ âåðîÿòíîñòíàÿ
ìåðà íà (áîðåëåâñêîé σ-àëãåáðå) O(n), ÷òî νn ◦ U−1

0 = νn, ãäå νn ◦ U−1
0 îáðàç ìåðû νn ïîä

äåéñòâèåì îòîáðàæåíèÿ U 7→ U ◦U0, U0 ∈ U(n). (Îíà æå áóäåò èíâàðèàíòíà îòíîñèòåëüíî
óìíîæåíèÿ ñëåâà).
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Ëåììà 14.6. Ïóñòü ‖ · ‖ � íîðìà íà Rn, äëÿ êîòîðîé ‖x‖ ≤ b|x| ∀x ∈ Rn. Ïóñòü
y1, . . . , ym ∈ Sn−1 è ïóñòü m ≤ 1

4
exp( c0

2
t2n). Òîãäà ñóùåñòâóåò òàêîå ìíîæåñòâî B ⊂

O(n), ÷òî νn(B) ≥ 1− exp(− c0
2
t2n) è

M − bt ≤ ‖Uyj‖ ≤M + bt ∀j ∈ {1, . . . ,m},∀U ∈ B.

Äîêàçàòåëüñòâî. 1) Çàìåòèì, ÷òî äëÿ êàæäîãî θ0 ∈ Sn−1 è äëÿ êàæäîãî A ⊂ Sn−1 âûïîë-
íåíî ðàâåíñòâî

σ̃n−1(A) =

∫
Sn−1

IA(θ) σ̃n−1(dθ) =

=

∫
O(n)

∫
Sn−1

IA(Uθ) σ̃n−1(dθ) νn(dU) =

∫
Sn−1

∫
O(n)

IA(Uθ) νn(dU) σ̃n−1(dθ).

Ïóñòü U0 ïåðåâîäèò θ0 â θ, òîãäà∫
O(n)

IA(U ◦ U0θ0) νn(dU) = νn(U : Uθ0 ∈ A)

è
σ̃n−1(A) = νn(U : Uθ0 ∈ A).

2) Ïóñòü òåïåðü
A = {θ ∈ Sn−1 : M − bt ≤ ‖θ‖ ≤M + bt}.

Èç ëåììû î êîíöåíòðàöèè íà ñôåðå ìû çíàåì, ÷òî σ̃n−1(A) ≥ 1−4e−c0t
2n, îòêóäà ïîëó÷àåì,

÷òî νn(Bj) ≥ 1− 4e−c0t
2n äëÿ êàæäîãî èç ìíîæåñòâ

Bj := {I ∈ O(n) : M − bt ≤ ‖Uyj‖ ≤M + bt}.

Òîãäà äëÿ ïåðåñå÷åíèÿ B :=
m⋂
j=1

BJ èìååò ìåñòî íåðàâåíñòâî

νn(B) ≥ 1−
m∑
j=1

νn(O(n) \Bj) ≥ 1− 4me−c0t
2n,

îòêóäà è ñëåäóåò óòâåðæäåíèå ëåììû. �

Äîêàçàòåëüñòâî òåîðåìû Ìèëüìàíà.

1) Ïóñòü E0 � íåêîòîðîå k-ìåðíîå ïîäïðîñòðàíñòâî â Rn. Ìû çíàåì, ÷òî íà åäèíè÷íîé
ñôåðå (îòíîñèòåëüíî åâêëèäîâîé íîðìû) ýòîãî ïðîñòðàíñòâà ñóùåñòâóåò δ-ñåòü y1, . . . , ym
ìîùíîñòè m ≤ (1 + 2

δ
)k (äîêàçûâàëè, êîãäà îöåíèâàëè N(A, t ·B)). Ïî ïðåäûäóùåé ëåììå,

åñëè (1 + 2
δ
)k ≤ 1

4
exp( c0

2
t2n), òî äëÿ íàéäåòñÿ òàêîå B ⊂ O(n), ÷òî νn(B) ≥ 1− exp(− c0

2
t2n)

è
M − bt ≤ ‖Uyj‖ ≤M + bt ∀j ∈ {1, . . . ,m},∀U ∈ B.

Ïðè ýòîè, Uy1, . . . , Uym � δ-ñåòü íà åäèíè÷íîé ñôåðå ïðîñòðàíñòâà UE0.
2) Àíàëîãè÷íî òîìó, ÷òî âûøå áûëî ïîêàçàíî äëÿ ìåðû σ̃n−1 = νn,1 íà ñôåðå, äëÿ

ìíîæåñòâà Γ := {UE0 : U ∈ B} ïîëó÷àåì,
νn,k(Γ) = νn(U : UE0 ∈ Γ) ≥ νn(B) ≥ 1− exp(− c0

2
t2n).

Òàêèì îáðàçîì, äëÿ êàæäîãî ïîäïðîñòðàíñòâà E ∈ Γ := {UE0 : U ∈ B} åñòü òàêàÿ δ-ñåòü
Uy1, . . . , Uym íà åäèíè÷íîé ñôåðå ýòîãî ïîäïðîñòðàíñòâà, ÷òî

M − bt ≤ ‖y‖ ≤M + bt

äëÿ êàæäîãî y èç ýòîé δ-ñåòè. Îòñþäà ïîëó÷àåì, ÷òî äëÿ êàæäîãî x íà åäèíè÷íîé ñôåðå
ïðîñòðàíñòâà E ñïðàâåäëèâà îöåíêà

(M − bt)− δ

1− δ
(M + bt) ≤ ‖x‖ ≤ (M + bt)

1

1− δ
.
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3) Ïîäáåðåì t è δ òàê, ÷òîáû

(M + bt)
1

1− δ
≤ (1 + ε)M,

M

1 + ε
≤ (M − bt)− δ

1− δ
(M + bt).

Âîçüìåì t = Mδ
b
, òîãäà ÿñíî, ÷òî ìîæíî âçÿòü δ = c1ε, ãäå c1 íåêîòîðîå ìàëåíüêîå ÷èñëî

(íàïðèìåð, ïîäîéäåò c1 = 1
6
).

4) Îñòàëîñü ïîíÿòü, äëÿ êàêèõ k âûïîëíåíà îöåíêà

(1 +
2

c1ε
)k ≤ 1

4
exp
(c0

2
nc2

1ε
2
(M
b

)2)
.

ßñíî, ÷òî îíà ñïðàâåäëèâà ïðè âñåõ k ≤ c(ε)(E‖G‖
b

)2 · n
(E|G|)2 . Îñòàåòñÿ òîëüêî çàìåòèòü, ÷òî√

n
E|G| ≤ c2. Òåîðåìà äîêàçàíà. �
Òåîåðìà Ìèëüìàíà ïîçâîëÿåò äîêàçàòü ñëåäóþùóþ òåîðåìó Äâîðåöêîãî (ñì. [1]).

Òåîðåìà 14.7. Äëÿ êàæäîãî ε ∈ (0, 1) è äëÿ êàæäîé íîðìû ‖·‖ íà Rn ñóùåñòâóåò òàêàÿ
åâêëèäîâà íîðìà | · |, ÷òî íàéäåòñÿ k ≥ c(ε) log n è k-ìåðíîå ïîäïðîñòðàíñòâî E â Rn, íà
êîòîðîì

1

1 + ε
|x| ≤ ‖x‖ ≤ (1 + ε)|x| ∀x ∈ E.
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