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3agaum o Kypcy AefiCTBUTEJILHOTO aHAJIN3a
2 kypc, 1 moTtok, 2018-2019 y4ebHbIii TOI,
aekTop npodeccop B. A. CksoprioB

3aMKHYTOCTb OTHOCHUTEJILHO KaKux map omeparmit U, A, ﬂ,\ JaeT 9KBUBAJEHTHOE OIpeJeeHne KOIbIa?
IIpoBepuTh, ITO KOJIBIIO ABJSIETCS TOJTYKOIBIIOM.

Eciu jgis smo6oro « € A, R, aBiisiercst KOJIbIoM, T0 1 | R, — KOJIBIO.
acA

JokazaTb, 9TO Ha MOJIYKOJIbIIE MIPSIMOYTOJIBHUKOB ITLIOMIAIb SIBJISETCA 0-aJIJIATUBHON MEPOI.
ITpuBectu npumep 60PEIEBCKONO MHOXKECTBA, HE SIBJISIIONIErOCs JFo-MHOXKECTBOM (G5-MHOXKECTBOM ).
OrnpesiesiuTh OOpPEIEBCKUN KJIACC MHOXKECTBA TOYEK HEIIPEPBIBHOCTU (DYHKITMH HA OTPE3KE.
IIpuBecTn mpuMep MJIOCKOTO MHOXKECTBa, m3MepumMoro 1o Jlebery, no He uamepumoro mo zKopaamy.

Hoxazarb, uyTo ecimm MHOXkKecTBO E B R™ 3aMmknyTO, orpanndeno u misa wero purF = 0, To oHO u3MepuMo u 110
Kopmany u pyE = 0.

Jloka3aTh, 9TO 3JIEMEHTHl MUHUMAJBHOIO KOJIBIIA, MOPOXKJIEHHOI'O MOJIYKOJIBIIOM, n3MepuMbl Mo Kapareomopu
OTHOCHTEJILHO BHeIHeil Mepol Jlebera.

IIycTs BHemHssA Mepa Jlebera p* ABJISETCS MPOJOJIZKEHNEM Mepbl, 3aJJaHHO Ha HEKOTOPOM KOJIBIE C €JIMHUIICH
X. IokazaTh, 9T0 MHOXKECTBO A M3MEpUMO TOr/Ia U TOJIBKO Toraa, Korma pu*A = uX — p*(X\A).

— *
Hokazars, uro paccrosuue Mexay muoxkecraMu d(A, B) = m} (AAB) ynoBierBopsieT akCHOMe TPEyrOJIbHIKA.

Jns 1106010 MHOXKeCTBa IOJIOKUTEJHHON Mepbl Jlebera Ha HefiCTBUTENHHON MPsIMOIl HOCTPOUTH MHOXKECTBO,
cojiepzKalieecss B HeM U He u3Mepumoe 1o Jlebery.

IMocrpouts na [0, 1] HUrAE HE MIIOTHOE MHOXKECTBO HAIEDE] 3aJaHHON Mepbl p < 1.

Haiitu Mepy COBepIIIEHHOIO MHOXKECTBa KaHTOPOBCKOI'O THIIA C OTHOIIEHHEM JJINHBI BHIOPACBIBAEMOIO HA 71-M
mare MHTEpBaJa K JTHHE OTPe3Ka, N3 KOTOPOTO OH BhIbGpackiBaeTcs, pasroit 1/(a + n)?, a > 0.

HpI/IBeCTI/I OpuMep MHOXKeCTBa MeEpbl HYyJ/Ib, KOTOPO€ HeJIb34 IIPEJCTaBUTH B BHUJIE CIETHOT'O O6’b€,HI/IHeHI/IH HUTr/1e
He IIJIOTHbBIX MHO>KECTB.

JlokazaTh, ITO B JIIOOOM MHOXKECTBE IMOJIOXKUTEIHHON Mephl HA JEHCTBUTEILHON MPSAMOM HAIyTCs JBE TOYKH,
paccTosiHue MeXKJy KOTOPBIMU PAIlMOHAJIBHO.

Hokazarb, yro muoxkectso E C R™ uzmepumo no Jlebery < Ve > 0 cymecrByer 3aMKHYTOE MHOXKeCTBO F, u
OTKpPBITOE MHOXKeCTBO GG, Takme, uro F, C F C G, pGe — pF, <e.

JlokazaTh 9KBUBAJEHTHOCTH OIPEJIEECHUsT U3MEPUMOCTH (DYHKIIUU YepPe3 U3MEPHUMOCTH MHOXKECTB JIIOO0TO U3
THUIIOB:

{f(2) <C}L{f(2) < C}{f(x) = C}, {f(x) > C}.

ITpusectu npumep Hemamepumoit byukmn f (), ms kotopoit mHOXKecTBO {2: f(2) = C'} m3mepumo jyist m060r0

C eR.

ITokazarb, uro i n3MepuMocTu PYHKIUKU f HEOOXOAUMO M JOCTATOYHO, YTODOBI IJIst JIFOOOro GOpesIeBCKOro
mHOKecTBa E C R ero npoobpas 66111 H3MepHM.

Hokazars uamepumocTs 1poussoiuoii f(x), ecin namepumas dbyuknus f(x) nuddepeHmpyeMa mouTu BCIOLY.

Byzer sn usmepnma dbysxius g(¢(z)), rae a) g — u3Mmepumasi, a ¢ — HenpepbiBHasi dyHKIUs; b) g — Hempe-
pbiBHas (DYHKINSA, & ¢ — U3MepuMast’

ITycrs f — npocras dyHKIUA, IPHHEMAIONIAd 3HAUCHUA @), Ha MHOKecTBax Ey, k=1,...,n, E;NE; = @ upn
1 # j. llokazarh, 9TO OHA W3MepHMa TOTJA U TOJIHKO TOTJA, KOorjaa Bce Fj M3MepuMbl.

JoxkazaTth kpurepuit Komm cxogmmocTn o mepe.

Joka3aTh, 9TO U3 MOCIEIOBATEIHHOCTH U3MEPUMBIX (DYHKITHI, CXOISAIIEHCs TI0 Mepe, MO2KHO BBIJEIUTD II0/IIT0-
CJIe0BATEIbHOCTD, CXOIANLYIOCH IIOYTHU BCIOY.

HokazaTb, uTo Teopema Eroposa HeBepHa, eci Mepa BCEro MpOCTPAHCTBA PAaBHA +0Q.
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[Homyunrs Teopemy Jlysuna o C-cBoiicrBe u3 Teopembl Eroposa.
IIpusectu npumep Hemamepumoii dbyukimu f, Takoil 4o |f| usmepuma.

Ilycrs dyukmus f nsmepuma Ha MHOXKeCTBe I/ KoHeuHO# Mephl. JlokazaTh, 9TO CXOAUMOCTH KasKI0TO U3 PSIIOB

“+oo +oo
S kpfz e BE: k< |f(@)| <k+1}, > p{z e E: |f] >k}
k=1 k=1

HeoOXOMMa U JOCTATOYHA, JJIsT MHTerpupyemoctn f Ha E.
+oo
ITpusectn npumep dbyukumun f(z): E — R, msmepumbix muoxects E, {E;}2° |, takux ur0 F = || Ej, u
k=1
“+oo
upu 3ToM f mHTErpEpyeMa 1o Jlebery ma Ej, pag Y. [ o f du abcosrtorHO cxomuTest, HO f He MHTerpupyema Io
k=1

Jlebery na FE.
“+oo
Jlokazarh, 4T0 CyMMUPYEMOCTh CYeTHO-IIPOCTOil dyHKINM, NpuHUMatomeil 3Hadenus ay Ha By (E = || Ey),
k=1

+o00o
9KBUBAJIEHTHA CXOQUMOCTH pana » . |ag|pEy.
k=1

Cuiesiyer i U3 CyIIECTBOBAHUSI KOHETHOTO TIPEIE/Ia A}im Julf1Y dp (vae [f]V — cpeska dbyukuun f) cymmupy-
—00

eMocTb pyHKIwH f7

ITokasarb, uro B Teopeme Benmo Jlesu yciosue f1(z) € L(E) Heab3st OTGPOCUTS.

+oo
Q: = {r,}. Hokazars, aro psasm — L CXOIUTCS MOYTH BCIOY.
n b = ]{,’2 / ‘

[z =74
IIpuBecTn mpumep, Korma B 3akmiodennn TeopeMbl PaTy cTporoe HEpaBEeHCTBO.
JlokazaTb, 4TO
+oo
. 1
lim ————dz = 1.
n——+oo (1 + g) 3;1/"
0 n

JokazaTh, 9TO JJjisi HEOTPUIATE]bHBIX (DYHKIWA W3 WHTEIPUPYEMOCTH 0 PuUMaHy B HECOOCTBEHHOM CMBICIE
cJlegyeT CyMMUPYEMOCTb.

ITycrs dyukiust f uarerpupyema 1o Jlebery na mamepumom muoxecrse E, Ep = {z € E: |f(z)| > k}.
Hoxazars, yro uEy = o(1/k) upu k — oo.

IIpusectu npumep usaMepumoii u Hemnrerpupyemoii o Jlebery dyuxkuuu, s koropoit u{|f(z)| > k} = o(1/k)
npu k — oo.

IIpuBecTn mpuMep TaKOil OrpaHUIEHHON U3MEepUMOH (DyHKIMH, ITO J100ast PYHKITHI, COBIIAIAIONIA ¢ HEll TOITH
BCIOJLy, HeMHTerpupyema 1o Pumany.

JlokazaTh, 4TO eciau aJAUTUBHAS (PYHKINS MHOXKECTBA $BJIFETCS OJHOBPEMEHHO abCOJIIOTHO HEIPEPLIBHON U
CHUHTYJISIPHOIT, TO OHA TOXKJIECTBEHHO PaBHA HYJIIO.

ILOKaS&TL, 9TO aJJUTHUBHAaA beHKL[I/ISI MHOYKeCTBa abCOJIIOTHO HeIlpepbIBHaA (CI/IHFyJISIpHa) TOTJa 1 TOJIBKO TOr/Ja,
Korga abCoJIIOTHO HEIIPpEPbIBHbI (CI/IHFyJIHprI) €€ BEPXHAA U HUXKHAA BapUallvun.

ITycrs mocsenoBaTesbHOCTD {@f} aUIMTUBHBIX abCOMIOTHO HENPEPBIBHBIX (CHHIYJISPHBIX) (YHKIMHA MHOXKe-
CTBA CXOIMTCA HA KayKJIOM u3MepuMmoM MHOxkecTBe A K 3uadenuio ¢(A). Torma dynkuus ¢ rakxke abCoSIOTHO
HelpepbIBHA (CHHIYJISIDHA).

JlokazaTh, 9TO agIuTHBHAA (QYHKIMA MHOXKECTBA, ¢ CHHTYJIAPHA Ha F TOrma M TOJIBKO TOTIa, KOrJa IJIs JII000ro
e > 0 maiigercs Muoxectso Fy C E Ttakoe, uro u(Ey) <eu V(E \ Ey, ¢) < €.

Jloka3aTb, 9TO KAHTOPOBA JieCTHUIA He siBisercss AC-byHKIHEl.
Jokazarp quHeitnocts kiaccoB AC u V B.

Jokazars, uro Bapuanus V.' GyHKINN OrpaHIYeHHON BApUAIINU HEIIPEPHIBHA B TOUKE HEIIPEPBIBHOCTH (DYHKITHH.
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Jlokasars, 9To JyIs MPOU3BOJILHON DYHKIME Ha IpsaMoii MHOKeCTBO To4eK {x : D_F(x) > D' F(x)} ne Gomnee
YeM CUETHO.

Ipu kakux o u B dynxmun z© sinz?, 2 cos 2 npumamtexar kimaccam AC u VB na [0,1]?
[IpuBectn npumep byukiun n3 kiacca ACG, Koropas He npuHaexur Kiaaccy AC.
JlokazaTb, 9To KaxKgast GyHKIW, BCiony auddepeHImpyeMast Ha OTpe3Ke, npunaiexxut kiaccy ACG.

[IpuBectn npumep dyuknun u3 kiaacca ACG, koropas He jguddepennupyeMa Ha MHOXKECTBE MTOJIOXKUTEIBHOM
MEPBI.

Jokazars, 910 m1s Kaxkaoi Gyuxuun u3 knacca ACG na [a, b] Haitnercsa unrepsan (¢,d) C [a,b], Ha KoTOpOM
ona juddepeHnupyemMa IOUTH BCIOLY.

Boraucyiurs uarerpas Jlebera—Crunrbeca qyia GyHKIUNA CKAIKOB.
oo

Hokazars cymecrsosatue ceeprku (f * g)(y) = [ f(x)g(y — x) dz nns nourn Beex y, rue f,g € L(R).
oo

Jokazars, uto dpyHKnus f mHTperpupyeMa 1o Jlebery Ha m3MepuMOM MHOXKECTBBe F TOTJa M TOJBKO TOTJA,
korma dyuknusa p{x € E : |f(xz)| > t} unrerpupyema ua [0, 00), npuaem

/If(af)ldu = /u{x € E:|f(x)| > t}dt.

IMokasars mecosnagenue npocrpancts LP(E) npu pazmumussix p (s F = [0,1] u E = [1,0)).
BBISICHUTD CBSI3b MEXKJLY CXOMUMOCTBIO B LP(E) 1 CXO[MMOCTBIO OYTH BCIOY W IO Mepe.

Hokazars Hepasencrso Uebbiesa st LP(E):

plas 5@ > a) < o [ 1@ dn
E

Hokazars, uro ecau || f||, < C < oo opu Beex p > 1, To f 9KBUBaJICHTHA OrPaHUYMCHHOMN QYyHKIUIL.
IIpu kaxux « psj Y, n~%cosnz Gyuer psjaom Oypbe byukiuu usz L7
Ccos Nx

Byzer o psig > L payiom Oypbe HenpepbIBHOM pyHKII?

Iokazath cxomumocthb psga Pypbe-Jlebera dyuxiuu f € L(0,27) B TOUKe, B KOTOPO BCE MPOU3BOIHBIE YUC/IA
Huau 310it DYHKINN KOHEIHHI.



