® N>

10.

11.

12.

13.
14.

15.

16.

17.

18.

19.

20.
21.

22.

23.

3agaum o Kypcy AefiCTBUTEJILHOTO aHAJIN3a
2 kypc, 1 moTtok, 2014-2015 y4eOHbIii TOI.
JIekTop npodeccop B. A. CkBopI1ios.

3aMKHYTOCTb OTHOCHTEJILHO KaKuX map onepanuii U, A, N, \ JaeT SKBUBAJIEHTHOE ONpeieieHne Kobla?
IIpoBepuTh, UTO KOJIBIIO ABJISIETCS TOJIYKOIBIIOM.

Eciu st moboro o € A, R, siByisieTcst KOlbloM, 10 1 | R, — KoJbIio.
acA

. ,B;OKBB&TI:, Y9TO Ha IIOJIYKOJIbIIE IIPpAMOYTOJIBHUKOB ILJIONTa/Ib fBJIAETCI U—aMHTHBHOﬁ Mepoﬁ.

ITpusectu npuMep GOPETEBCKOTO MHOYKECTBA, He SIBIISIFOIIETOCsT J,-MHOKECTBOM (G5-MHOXKECTBOM).
OrnpesiesiuTh 6OpEIEBCKUN KJIaCC MHOXKECTBA TOYEK HEIIPEPBIBHOCTU (DYHKITMH Ha, OTPE3KE.
IIpuBecTn mpuMep MJIOCKOTO MHOXKECTBa, m3mMepumoro 1o Jlebery, no He uamepumoro mo zKopaamy.

JlokaszaTh, 4To ecsu MHOKecTBO F B R™ 3aMKHyTO, orpanndeHo u Jijist Hero prF = 0, To OHO U3MEPUMO U IO
Kopnany n pyE = 0.

. ,ZLOKaBaTL, 9TO 3JIEMEHTbI MUHHUMAJIBHOI'O KOJIbIla, ITOPOXKJIAECHHOI'O IIOJIYKOJIBIIOM, U3MEPUMbI IIO KapaTeo,uopI/I

OTHOCHTEJILHO BHeIHeil Mepshl Jlebera.

ITycrs BHEmHsiE Mepa JleGera p* siBysteTcst IPOJIOJIPKEHHEM MEpBI, 33/laHHOM Ha HEKOTOPOM Kouiblle. JlokasaTs,
970 MHOXKeCTBO A p*-m3mepumo 1o KapareoZopu Torga u TOJBKO TOLJa, KOrja st Jiroboro £ > 0 Haiigercs
sJleMeHT Koublia B, takoii, uro p*(AAB,) < €.

+oo

IMycrs S — mosykosbio muoxkects Ha X, u — o-aggurushag mepa Ha S, X = || X;, X; € S. Muoxecrso
i=1

+oo
A C X usmepuMo, 10 ONpeJIesieHno, ecan st Vi MuOXKecTBO A N X; m3mepumo, npu stom pA = > p(AN X;).
i=1
JlokazaTh, 9TO TaK ONpeJeeHHass Mepa He 3aBUCHAT oT pasbmenms X Ha X; € S, 0-a/JIMTUBHA, YTO U3MEPHUMBbIE
MHOKECTBA, 00pa3yioT o-anredpy, a MHOKECTBA KOHETHOH MepPhl — T-KOJIBIIO.

Js 110060ro MHOXKeCTBa IOJIOKUTEJHHON Mepbl Jlebera Ha HAECTBUTENHHON MPsIMOIl MOCTPOUTH MHOXKECTBO,
coJlepaKaliieecss B HeM U He u3Mmepumoe 1o Jlebery.

IMocrponts Ha [0, 1] HUTE He MIIOTHOE MHOXKECTBO HAIlepe]] 3aIJaHHON Mephl p < 1.

Haittu Mepy COBEpPIIIEHHOrO MHOXKECTBa KAHTOPOBCKOI'O THIIA C OTHOIIEHWEM JJIUHBI BHIOPACHIBAEMOIO Ha N-M
Iare WHTEpBaJa K JJIMHE OTPe3Ka, U3 KOTOPOro OH BEIOpachiBaeTcs, pasHoit 1/(a +n)?, a > 0.

IIpuBecTn npuMep MHOXKECTBa MePHI HYJIb, KOTOPOE HEJIb3s IIPEJICTABUTH B BUJE CUETHOrO OObEIMHEHUS HUTIE
HE IIJIOTHBIX MHOXKECTB.

JokazaTh, 9TO B JIFOOOM MHOXKECTBE IIOJIOKUTEJILHOW Mephl Ha JIEACTBUTEIbHON MPSIMOi HANIyTCsS JBE TOYKH,
paccTosHNE MeXKJy KOTOPBIMHU PaIlMOHAJIbHO.

,ZLOKHB&TL 9KBUBAJICHTHOCTDL OIIPCAC/ICHUA U3MEPUMOCTHU (byHKI_[I/II/I gepe3 U3MEpHMOCTb MHOXKECTB JIIOOOro 13
THUIIOB:

{f(z) < C}{f(2) <CHLA{f(x) = C} {f(2) > C}.

Ipusectu npumep Hemsmepumoii pyukuuu f(x), ais koropoit muoxkecrso {x: f(x) = C} uamepumo Jyist J11060ro
CeR

g m3mepumoctu GyHKIMH f HEOOXOIUMO U JOCTATOYHO, ITOOBI [Tt JIFOOOr0 OOPEIEBCKOr0 MHOXKeCTBa F u3
R ero mpoobpas f~1(E) 6b11 nsMepu.

HokazaTh mamepuMocTsb nponssomuoit f/ (), ecim mamepnmvast byuxmus f(z) muddepernupyema TOUTH BCIOLY.

Byner s usmepuma dyuxiusa g(¢(x)), rue a) g — uamepumMasi, a ¢ — HenpepbiBHast GyHKIMs; b) g — Henpe-
pbiBHast PYHKIMSA, & ¢ — U3MepUMast’

ITycrs f — npocras dyHKIUA, IPHHIMAIONIAA 3HAYCHUA @), Ha MHOKecTBax Ey, k=1,...,n, E;NE; = @ upn
1 # j. Ilokazarh, 9T0 OHa W3MepHMa TOTJA U TOJBKO TOTJA, KOrjaa Bce Fj M3MepUMBbI.

IIpuBecTn npuMep MOC/IEIOBATEILHOCTH U3MEPUMBIX (DyHKITHI { fk(x)}, cxondneiica IIo4YTU BCIOAY, HO HE CXO-
JdIiencsd 110 Mepe.
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HoxkazaTth kpurepuit Komm cxommmocTn o mMepe.

JlokazaTh, 9TO U3 MOCIEIOBATEIBHOCTH U3MEPUMBIX (DYHKIIHI, CXOMSIIENCs TI0 Mepe, MOXKHO BBIJEIUTD IIO/IIT0-
CJIeTOBATEIbHOCTD, CXOMISNLYIOCHd IIOYTHU BCIOY.

JlokazaTb, uT0 TeopeMa Eroposa HeBepHa, €CJIM Mepa BCEro MPOCTPAHCTBA PABHA +00.
Momyunrs Teopemy Jlysuna o C-cBoiicrBe u3 Teopembl Eroposa.
ITpusectu npumep HemamepuMoii dbyHkuu f, Takoii uro |f| usamepuma.

IIycrs dyHkums f usmepuma Ha MHOXKecTBe F KOHeYHOI Mepbl. /loKazarh, 94TO CXOAUMOCTD KazKIOTrO U3 PsIIOB

+oo too
Y okfre B: k<|f(x)] <k+1}, Y p{e € B: [f| >k}
k=1 k=1

HEeO0OX0IMMa U JOCTATOYHA Ijisd nHTerpupyemoctu f uHa F.

—+oo
ITpusecru npumep dyukuun f(z): E — R, namepumbix muoxkects E, {Ej}72,, takux uro E = | | Ej, u upu
k=1

+oo
stom f unTerpupyema 1o Jlebery na Ey, psax > [ f du abcomorHo cxoqures, HO f He nHTerpupyema 1o JleGery
k=1

Ha F. -

“+oo
rZLOKa3aTL, 9TO CYMMUDPYEMOCTH C‘{eTH07HpOCTOI7I (byHKLLI/II/I, HpI/IHI/IMaIOH_Lef/'I 3HaYCHUA aj Ha Ek (E = |_| Ek),
k=1

“+oo
9KBUBAJIEHTHA CXOAUMOCTH DPsina . |ak|uEy.
k=1

Cretyer i U3 CyMECTBOBAHUS KOHEYHOTO TIPEIENa A}im 1) sl IV du (vme [f]N — cpeska dymrkmum f) cymmupy-
—00

eMocTb pyHkuuu f7

ITokasars, uro B Teopeme Benmo Jlesu yciosue f1(z) € L(E) Heab3st 0T6POCUTS.

“+ o0
Q: = {r,}. Jokazars, 4To s Y. —A—— CXOJUTCH MOYTH BCIOJLY.
n ) k:=1 k2 /

|z—r|
IIpuBecTn mpumep, Korja B 3akaiouenun Teopembl Pary cTporoe HepaBeHCTBO.

JlokazaTb, 4TO
“+o0
. 1
lim ————dz = 1.
n——+oo (1 + g) 3;1/"
0 n
JokazaTh, 9TO JJjid HEOTPUIATEJbHBIX (DYHKIMI M3 WHTEIPUPYEMOCTH MO PuMaHy B HECOOCTBEHHOM CMBIC/IE
cJIeJlyeT CyMMHUPYEMOCTb.

ITycrs dyukiust f uaTerpupyema 1o Jlebery na mamepumom muoxecrse E, Ep = {z € E: |f(z)| > k}.
Hoxazars, uro puEy = o(1/k) upu k — oo.

ITpusectu npumep u3MepuMoii u HenHTerpupyemoit o Jlebery dyuxun, mist koropoit u{|f(z)| > k} = o(1/k)
pu k — 0.

IIpuBecTn mpuMep TaKOil OrpaHUIeHHON U3MEpUMOH (DyHKIWH, ITO Ji00ast PYHKITNI, COBIIAIAIONIA ¢ HEll TOITH
BCIOJly, HEMHTEerpupyemMa 1mo Pumamny.

Joka3aTh, 94TO ecyau aIIuTUBHAS (DYHKIMA MHOMXKECTBA HABJISETCH OIHOBPEMEHHO AOCOIOTHO HEIPEPHIBHOU U
CHUHT'YJIPHOIT, TO OHa TOXKJIECTBEHHO pPaBHA HYJIIO.

JlokazaTh, 9T0 ajauTuBHAs (DYHKIUA MHOXKECTBA abCOIIOTHO HEIPEPBIBHA, (CUHTYJIAPHA) TOTA U TOJILKO TOLJA,
Koryia abCOJIIOTHO HElIPEPBIBHBL (CUHIYIISIPHBI) €€ BEPXHssl U HUXKHsIS BAPUAIUH.

ITycts mocsienoBaTesbHOCTh {@f} aJUIMTUBHBIX abCOMIOTHO HENPEPBIBHBIX (CHHIYJISIPHBIX) (YHKIMH MHOXKe-
CTBA CXOIMTCA Ha KayKJIoM u3MepuMmoM MHOxkecTBe A K 3uauenuio ¢(A). Torma dynkuus ¢ rakxke abCoSIOTHO
HelpepbiBHA (CHHIYJISIPHA).

JlokazaTh, 9TO aJIUTUBHAS (DYHKIHS MHOYXKECTBA ¢ CHHTYJIApHa Ha E Torja u TOJBKO TOT/a, KOTIa JJIs JTI060To
€ > 0 naiigercs maoxkectBo Ey C E Takoe, uro pu(Fy) < e un V(E\ Ey, ¢) < €.
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Jloka3aTb, 9TO KAHTOPOBA JieCTHUIA He siBisercs AC-byHKITHEl.
Jokazarp quHeitnocts kiaccoB AC u V B.

Jlokaszarh, 9T0 JUIs MPOU3BOJIBHON DyHKIME Ha TpsaMoil MHOKeCTBO To4eK {x : D_F(x) > DV F(x)} ne Gomnee
YeM CUETHO.

Ipu kakux o u B dynxmun 2 sinz?, 2 cos 2 npumanresxar kmaccam AC u VB ma [0,1]?
IIpuBectn npumep dbyukiun n3 kiacca ACG, kKoropas He npuHayexutr Kiaaccy AC.
JlokazaTb, 9To KaxKgast GyHKIW, BCiony auddepeHupyemMast Ha oTpe3Ke, npunaiexxut kiaccy ACG.

[IpuBectn npumep dyuknun u3 kiaacca ACG, koropast e jguddepennupyeMa Ha MHOXKECTBE MTOJIOXKUTEIBHOM
MEPBHI.

Jokazars, 910 m1s Kaxkaoi Gyuxkuun u3 knacca ACG na [a,b] Haitnercsa unrepsan (¢,d) C [a, ], Ha KoTOpOM
oHa JuddepeHImpyeMa mouTH BCIOTY.

Boraucsiurs unrerpast Jlebera—Cruiirbeca jijis GYHKIUA CKAIKOB.

Jokazars jist ciy4as ¢ € AC paBeHCTBO:
b b
L3) [ rao=w) [ 16 s

o0
Jokasars cymecreosanue ceeptku (f * g)(y) = [ f(2)g(y — x) dv nna nourtn seex y, tae f,g € L(R).

o

ITokasarp HecoBnajenue npocrpancts LP(E) upu pasiunussix p (s F = [0,1] n E = [1,00)).
BoisicHUTD ¢BsI3b MeXKIy cX0AuMOCThio B LP(E) 1 CXOIUMOCTBIO OYTH BCIOLY U LO Mepe.

Jokazars HepaBeHCcTBO Uebbimesa st LP (E):

plas 5@ > a) < = [ 1@ dn
E

Hoxkazare, uro ecin || f||, < C < oo npu Becex p > 1, To f 9KBUBaJEHTHA OrPAHIYIEHHON (QYyHKIUHL.

IIpn kaxkwmx o psam Y., n~ < cosnx Gyaer psaaom Oypbe bynkmmn s L2?

Dt pagom Pypbe HenpepbiBHOH byHKIIN?

Byner o psag >



