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1. Jlekius 1. Apudmeruka u Tonosiorus nojsa C. Ilpenen u
HENPEePbIBHOCTh. DKCIOHEHTA U JIorTapudM.

Anrebpanvyeckasi dpopMa 3armcu KOMIIJIEKCHBIX YHCEeJI.
ONPEAEJEHUE 1.1. [loaem xomnaexcHvix “ucen Ha3bIBAETCS MHOMKECTBO
C= {x—i—iy}xER, yER,i—CHMBon}
C onepanugaMu
21+ 20 = (21 + 22) + i (y1 + y2),
21+ 22 = (2172 — Y1ye) + i (T1Y2 + T2y1),

IAe 212 = T12 +1Y12-

Boeipazkenne z = x + 1y HasblBaeTcs aazebpaudeckoti Gopmoti KOMILIEKCHOIO
gncia z; Rez = x u Imz = y — ero deticmsumeavhoti 1 MHUMOT “4GCMAMU COOTBET-
CTBEHHO.

ALY
-1
Yo = arg z \1‘
0 1 g
Z=T—1Y

YHPAKHEHUE 1.1. [Tposeputs, uro C — mosie (9 akcuom), HyJIeM U eJUHUIEH B
koropoM siBjsioresa 0 = 0 4 i-0u 1 = 144-0 coorsercrsenno. [logmnone { x+i-0 |z €
R } uzomopdno R (sanee onu oToxiecTstiores ), i2 = —1.

Yxazanue: acconmmaTUBHOCTD YMHOXKEHUsT y100HEE TPOBEPSATh B TPUTOHOMETPUTIE-
cKoli (popme, KoTopas OyIeT ompeeeHa HUZXKe.

Bazxkno IIOHUMAaTb, 9TO

Tr1 = T

Y1 = Y2

21 = 29 &

ONPEJEJNEHUE 1.2. Eciin 2 = & + iy, TO €ro KOMNAEKCHO CONPAHCEHHDIM HASDI-
BaeTCs UHCII0 Z = X — iy, a ero modyaem — wucio |z| = /22 +y2 = /2 - Z.

[Tpu z # 0 obpaTHBI 9JIEMEHT K 2 BBIYHUC/ISIETCs 10 (hOpMYJIe

1 Z T—1yY x ) Y
ol B R i S (e aram 2 I
z z-zZ x*+ty e+ Yy T4+ y
MH02KeCcTBO KOMILIEKCHBIX YHUCEJT UHTEPIPETUPYETCS KaK COBOKYIHOCTH TOYEK

(mm ux pajmyc-BeKTOpoB) jekaproBoil mrockoctu Oxy. Ilpu srom orobparkemue
Z +» Z — 3TO0 CUMMETPUsI OTHOCUTETHHO ocu Ox.

VYIIPAYKHEHUE 1.2. KakoB reoMeTpuveckuii CMbIC]T OTOOparKeHust 2 —» 12 7

2



TpI/II‘OHOMeTpI/I‘-IeCKaH d)opMa 3alliC KOMIIJIEKCHBIX YHMCeJI.

ONPEAEJNEHUE 1.3. Ioaapnvim paduycom ducna z = T + iy Ha3bIBACTCH €r0
MOJLYJIb: T = |z].

Ecim z # 0, To cymecrByer eimHCTBEHHOE @y € (—7, 7| ¢ yciaoBusMu r =
7 cos(pg), ¥y = rsin(pp). DT0 @y HABBIBACTCA 2AG6HbIM 3HAYEHUEM (NOAAPHO20) apey-
menma z 1 0bo3HadaeTCst ¢y = arg(z). OTMeTHM, 9TO yIUIbl y HAC BCET/Ia U3MEPSIOTCS
B paduanazx. Co6oKYNHbIM (NOAAPHBIM) AP2YMENTMOM YUCAG Z HASBIBACTCA MHOKECTBO

Arg(z) ={ o+ 2rk|k € Z}.
Eciu ¢ € Argz, 1o z = r(cos ¢ + isin ). TlocsesHee BoIpazkeHe HA3BIBACTCA MPU-
eonomempuueckoli gopmoti wucaa z (Ipu p = P — 0CHOBHOT TPUTOHOMETPUIECKOIT
dbopmoit).
DJIeMEHTapHO IPOBEPAETCs, 9TO IPH P19 € Arg(z12), 112 = |212| cupaBeIuBo
PaBEHCTBO
2129 = 1112(cos(p1 + 2) + isin(p; + ¢2)).
Orciona crenyer gopmyaa Myaspa: eciu z = r(cos @ + ising) # 0, To
2" = 1" (cos(ny) +isin(ny)), n € Z. (1.1)

[TPUMEP 1.1. Borumciaum (1 — ).
15 15
(1—i)" = (ﬂ(cos(—%)%—i sim(—%)))15 = 2%(008(—%%% Sin(—Tﬁ)) = 27(1+4).
N3Biedyenne KopHeil U3 KOMILICKCHBIX YHCeJI.
[Iycts n € {2,3,...}. Ilo onpenenennto, w € {/z <= w" = 2.
dcno, aro /0 = {0}. Uz (L)) cremyer, uro mpu 2 # 0 COBOKYHHOCTH {/Z COCTOUT
U3 N 3JEeMEHTOB {wWq, W1, . . ., Wy_1 }, HAXOJSAIMXCS 1O (HOpMYJIe

21k 2rk
() n "

DJIeMEHT Wy HA3BIBAETCS 24a6HbM (OCHOBHbIM) 3HaveHUuem Vz.
YIPAYKHEHUE 1.3. /lokazarh, YTO B HOC/IETHUX 0D03HATEHUAX
wo +wy + -+ wy—1 =0.
Cremyromme TeopeMbl U3BECTHBI U3 Kypca ajareOphl.

TEOPEMA 1.1. (OcnoBrasi Teopema asrebpnr). lloae KoMNACKCHOT wuces ai-
2ebpauvecky 3aMKNYmMo, m.e. 6CAKUL Mmuozowaern p(z) = apz™ + ...+ a1z + ao,
neN, a,#0, a, €C, ke{0,...,n}, umeem xopenv 6 C.

TEOPEMA 1.2. (Hacrubrii ciayqaii reopembr @pobennyca). [Iycmo P — noae, co-
deporcawee C, npuvem dimc P < co. Tozda P = C.

YIPAYKHEHUE 1.4. [IpuBectn npumep Kaxkoro-ando 6eckoneqHoMepHoro 1moJs P
nan C.

Tononorus (merpuka) B C.

B C BBoguTes merpuka d(21, 23) = |21 — 2| (kak B R?). Yepes B(a,r) obo3naua-
ercst omxpumuiti Kpyr {z € C| |z — a| < r} ¢ nearpom a € C u pagmycom r > 0.

ITpe ioiararoTcs M3BECTHLIMU OIPEJICICHUS OMKPLIMOIT, 3AMKHYMBLT, 02PAHU-
YEHHDIT, KOMNAKIMHOIT, CEA3HHL MHOKECTB B IIPOU3BOJILHOM METPUYECKOM IIPOCTPaH-
crie (B wactnoctu, B R?). Tem He MeHee, psiJi OCHOBHBIX HOHATHII MbI HAIIOMHUM.



IIpenen nmociieqoBarensHoctu B (C,d). DkcnoneHTa.
[Tycrsb {2z, }nen € C, a € C.

ONPEAEJEHUE 1.4. ToBOPAT, 9TO “UCAO G AGAACTNCA NPEOEAOM NOCAEOOEAMEND-
nocmu {2, fnen MPU N —> 400, W MHUIITYT

a= lim z,,
n—-+o0o

ecu Ve > 0 naitgercs N. € N rakoe, uro Vn > N, umeem d(z,,a) < €.
YTPAKHEHUE 1.5. Ilycrts 2, = o, + ty,. Torma

lim z, = Rea

lim 2, =a < "t
n—+00 lim y, =Ima
n—r—+0o0
YIIPAYKHEHUE 1.6. (1) lim z,=0 <« lim |z, =0.
n——+o0o n—+o0o
(2) Ipu a # 0
tim_ =] = al,
lim 2,=a & "7
n—r+00 lirf Arg(z,) = Arg(a) (mod 27).
n—-+0oo

[Tociennee pasencTBo nonmMaercst Tak. Haitayrest ¢, € Arg(z,) u ¢o € Arg(a)
Takue, 9To lim, . ©n = @o.

Paccmorpum pumep. Qurcupyem npousposibaoe 2z € C. Ompemesnmm

) z
e = lim (1 + —)n,
n—-4oo n
T.€. JIOKAaXKeM, 9TO JIAHHBII MIpeJIesT CYIeCTBYET, 1 0003HaunM ero depe3 . Cunraem

cTaHJapTHBIE CcBOicTBa (byHKIMU €*, x € R, M3BECTHBIMU.
[Iycrn, Kak Bcerma, z = x + 1 y. Torma
2 2
Z\n x Y n T 5 Yoo\ 2 n x Y 2z
I+ 5" =1+ +ix "= (A + =)+ (2)?)? =exp(=In(1+ = + = + =
L= =0+ +i "= (0+ =) +(2)) p(gIn{+ o+ "5 +-)),
OTKY/1a, BBUJY n3BecTHOrO cooTHorenus In(1 +¢) ~ ¢ upu t — 0 (¢ € R), Haxommm
z
lim |(1+ )" =e¢".
n—-+o0o n
Haiijiem rerepsh mpejiest (MOJISIPHOTO) apryMeHTa IMOCIe0BaTeIbHOCTH W, = (1 +
z/n)" (mo (mod 27)). Eciim n > 1, To |z/n| < 1, mostomy (1 + z/n) Haxomurcs B
IPaBOil TIOJTYIIJIOCKOCTH U CIIPABEJJTHBO PABEHCTBO

= Yy Yy
arg(1+ﬁ):arctg1_’;£Nlig,n—>+oo.

U3 dbopmysnbr MyaBpa mostydaeM, 94To mpe/iest mocjepopareabuoct Arg(w,,) ~ y/(1+
x/n) (mo (mod 27)) cymecrByer u
2
A lim (1+ —)").
y € Arg( lim (1+—)")

Nrax,

3 lim (1+ i)” = e®(cosy +isiny) =: €°.
n

n——+oo
B wactroctu, ecoim & = 0, 10 €* = e = cos y + ¢ siny. Hampuwmep,
e’ = 1. (1.2)
4



Kpowme Toro, u3z TpuroHomMeTpudeckoil (hopMbl KOMILIEKCHBIX 9HCeN, 2 = T (CoS ¢ +
isin ), moIydaeM nokazamesvHyto Gopmy 3aImucu KOMILIEKCHBIX 9uces: z = re'?.

ITycrs Temeps z; = x; +1y;, j € {1,2}. Toraa, no gokazanuomy,

€172 = ™72 (cos(yr + o) +isin(yr + y2)) = €77 ((cosy1 cosys — siny; sinya )+

+ i (siny; cosys +sinys cosyy)) = €™ (cosyy +isiny;) - €”(cos yo + isinys) = €7 e™.
(1.3)
U3 (1.2) u (1.3]) mveem:
ez+27ri — 62.

Yucso 271 Ha3BIBAETCS 0CHOGHBHIM nepuodo,/w IKCNMOHEHIMBL.

IIpenen dyukmuu. Henpepsisaocts. Kiaccest o(-) n O(+) .

B nanbueitimem wepes B'(zg, ) 0603HaUaeTCsT TPOKOJIOTAS T-OKPECTHOCTH TOYKI
29, T.€. B'(20,7) = B(20,7) \ {20}

[lycts £ C C, E # &, zp — upejejibHast Touka F (T.e. B 110000 TPOKOJIOTOM
OKPECTHOCTH TOYKH zy ecTh ToukKa u3 F) u nycrs f : £ — C — Hekoropas GyHKIHSL.
ToBopsr, uro f umeer npenen A € C npu z crpemsitemcst K zg (1o ), u numyT

lim f(z) = A, (1.4)

Z—r 20
zeE

ecn Ve > 0 maitgercs 0 > 0 takoe, uro V z € B'(29,0) N E nmeem f(z) € B(A,¢).
Ecim E coaepKuT HEKOTOPYIO IIPOKOJIOTYIO OKPECTHOCTH TOYKH 2y, TO CTPOKA
z € E B 3ammucu OITYCKAETCH.
Oynknus f HA3BIBACTCS HENPEPueHOU 6 movke zg € E (10 E), ecan Zlgr;() f(z) =

z€E
f(z0) (korma zy — mpemenbHas Touka E), 1160 2o — n30JupoBaHHas ToUKa B E.

Oyukius f HasbIBaeTCs Henpepvishotl Ha muoocecmee Fy C E (o E), ecin oHa
HelpepbIBHA B KayKJI0# TOUKe 9TOro MHOXKecTBa (1mo F).

HamomuumMm, aro vepes o(1) (npu z — zy) obosHauaeTcst Kiacc Bcex QyHKuuii h,
onpejiesieHHbIX B (Kaxkjiasi b B CBOei) MPOKOJIOTOI OKPECTHOCTH TOYKH 2o U YJIOBJIe-

TBOPAIONHX ycsoBuio lim h(z) = 0.
Z—20

Ecin dbysknums g onpesesieHa B HEKOTOPOR IIPOKOJIOTONH OKPECTHOCTH TOUKH 2,
To 1epe3 o(g(z)) (mmum o(g) npu z — zo) obo3Havaerca kiracc Gynknuit g(2)o(1) (npn
z = 2).

Ecrb HaeK1a, 9T0 9UTATEN CAMHI JIETKO BCIOMHST onpejesenns kiraccos O(1)
u O(g) (mpu z — 2p).

B kauectBe npumepa paborsl ¢ kiaaccamu o) u O(+) moKazkeM, 4ro

e —1
lim =1.
z—0 z
. x—0
[IycTp, Kak Bcerma, 2 = x +ty. Torna z - 0 & o OTKY/1a
Y

e =e"(cosy+isiny) = (1+z+o(x))- (1+iy+o(y)) =1+z+0(2), z = 0. (15)
Crenosarenbho, (e —1)/z — 1 nupu z — 0, 910 U TPEGOBAIOCH.
VYIPAYKHEHUE 1.7. /loka3aTh:
(1) 0(2) G o(z), ofy) G 0(z). = = 0: (2) o(=) = 0(z) = o]}, = = 0.
5



DKCIIOHEeHTa U Jjorapudm.

Kaxk obbruno, nostaraem z =+ 1y u w = u + 1 0.

[Iycts o, B € R ynosierBopsoT yciioBuio —o0 < a < [ < «a + 21 < +00.
Omnpejiesnm, Kyjia mepexouT ropusonTtasibaas nosoca [l g = {2z € Cla <Imz <
[} mox meficrBueM orobpakeHnst w = e,

CHauasa OCMOTPHM Kyja Tepefijier ropu3oHTadbHas npsamas z1(t) = t + iyo,
teR (y € (o, ) bukcuposaro):

wy(t) = ) = gttivo — gt . g0t c R,

— (OTKPBITHIH) JIyd Ha IJIOCKOCTH W, BBIXOAsmmil n3 Touku 0 mox yriom yy (B paju-
anax) kK ocu Oz.

[Iycrs Teneph 29(t) = xg + it, t € (o, ), — BePTUKAJIbHBIA HHTEPBAJ MOJIOCHI
H(a”g). Tor,ua

wy(t) = e=2W = e . ¢t e (a,f),

— Jlyra OKPYzKHOCTH pajmyca e ¢ meHTpoM B Touke () Ha IIOCKOCTH W, MIPOXOISINAs
mex iy aydamu {w € C : a € Argw} n{weC : g€ Argw} .

Taxum obpazom, 11, gy 101 jeficTBIEM SKCIOHEHTBI MEPEXOIUT B yroa Vg g =

{w e Cla < argw < B} (31ech Gepercsd KOHKPETHAsI OJHO3HAYHAS BETBH arguw
(a,3) (a,)
dbyskImE Argw, yJI0BIETBOPSIONAs YKA3aAHHBIM YCIOBUIM ).

HeTpyHo BHJETH, Y4TO 9KCIIOHEeHTa fABJsgeTca romeomopdusmoM I, ) Ha V(g ).

ObpatHoe K 3TOMY OTOOpazkeHue obo3HavaeTcd Tak: z = In w.
(a.B)

Omnpenennm Ternepb MmHoz203naunyto Gyakimo Ln(z).
ONPEAENEHUE 1.5. w € Lnz & 2z = e (sacuo, uro z # 0).

[IpescraBuM 2 B OCHOBHOII TPHTOHOMeTpUYecKoit hopme: z = re 0. [TocKoIbKY
z=e% =¢% e nomydaem, uro u = Inr, v = @+ 27k, k € Z (nposepurs!). Takum
obpaszoM,

Ln(z) = { In|z| +i(argz+2nk) |k €Z}, 2 #0.

Ocrosroti 6emenio sozapugma HasbiBaercs Gynknus In(z) = In |z|+iarg z, z # 0.
CiieBa B IOCJI€IHEM DABEHCTBE In 0003HAYAET ONpEJIEIsIeMyto 3/1eCh (DYHKIUIO KOoM-
nAeKCHOU mepemennoli z, ClpaBa — y2Ke U3BECTHYIO JIOrapupMUIecKyio (hyHKIIUIO
HOJIOKUATEILHOTO aprymenTa. Herpyano Bugers, aro In(z) = ( In (2) Ha Vi_xm.

YHPAKHEHUE 1.8. [Tokazars, uro npu —oo < a < f < a+ 27/n < 400 0106-
paxkeHue w = 2" ABJIAETCA ToMeoMOPPU3MOM yriia Vi, g) Ha Yyroa Vipa ng). ObpaTHOe
K HEMY OoToOpakenmne 00603HAYAECTCS CJICIYIONIM 00Pa3oM:

1
2= Yw =exp(— In (w)).
(na,nB) (n (namﬁ)( >)
B wacraoctn, {/w = {/w na V(_; 5. KakoBo MHOXKecTBO TOUYeK paspbiBa (byHKIHH

(=mm) (0)
/2B C?
(0)



2. Jlekius 2. Ceasuoctb. Teopema 2Kopaana. Crepeorpaduveckast
npoekuda. OQgHOCBsI3HAast obsiacTh. O60JI0UKa KOMITAKTA.

CBa3HbIe MHOXKECTBA.

[Iycrs (T, 7) — Tomosornaeckoe MpOCTPAHCTBO (T — CHCTEMa BCEX OTKPBITHIX MOJI-
MHO)KeCTB B T’ ¢ M3BECTHBIM HaOOPOM CBOICTB).

OnPEAENEHUE 2.1. Ilycre X C T u cymectBytor Uy, Us € T co clieayronmmn
CBOMCTBaMMU:

Torma muokecTBa Uy u Uy HazwiBarorcs pasdeastousumu (das X), a MHOKECTBO X
HasbiBaercs Hecsasnowm B (T, 7). Ecom mua X # () ne cywecmeyem pasiessiionux
MHOXKeCTB, To X HazbiBaerca ceasnvm B (T, 7).

ONPEAENEHUE 2.2. Ilycre X C T'. llogmuoxkecTBo X1 C X Ha3bIBAETCS C8A3HOT
KoMNoHenmot MHOYXKecTBa X, ecii X CBSI3HO U HE CYIIECTBYET CBSI3HOI'O MHOYKECTBA
X5 co cBoitcrBoMm X1 & Xy C X.

ONPEAENEHUE 2.3. Ob6aacmovio B C HasbiBaeTcsi Besikoe (HEIyCTOE) OTKDPBITOe
caA3HOe MHOXkKecTBO B C.

I[Ipu E C C uepe3 OF obosnavaercst epanuuya Muoxkecrsa F B C, a yepes E —
samvixanue muoxecrsa F B C.

ITytun u kpuBbie B C. Teopema 2Kopnana.
[Iycrs (7', 7) — Tomosormaeckoe mpoCcTPaHCTBO.

OnPEAENEHUE 2.4. Ilycte o, € R, a < B, u nycrs v : [o, 5] — (T,7) —
HenpepbiBHOEe oTobpazkenue. Torma v nassiBaercs nymem 6 (T, T), a MHOXKeCTBO [7] =
v([er, B]) — ero nocumenem.

ONPEAEJIEHUE 2.5. MuoxkectBo X C T, X # &, Ha3bIBAETCS AUHEUHO CEA3HDIM,
ecsm Jyist o0BIX 1, T2 € X cymectByer myTh 7 : [, B] — (T, 7), [y] C X, ¢ yciaoBuem

(o) =z, ¥(B) = 22

YIPAKHEHUE 2.1. JlokazaTh 9KBUBAJEHTHOCTH MOHATHUI CBA3HOCTH W JTUHEHHOM
CBA3HOCTHU JIJIsT OTKPBITHIX MHOXKecTB B C.

ONPEAEJEHUE 2.6. ITyts v : [a, 8] — C nasbiBaercs orcopdano6bim, eciu OH
B3aMMHO OjiHO3HAYeH Ha [, ] (T.e. Y(t1) # Y(t2) npu a < t1 <ty < ).

[Iyte v : [a, f] — C mazsBaercsa 3amkrymoim scopdarosvim, eciam y(ty) # v(ts)
npu Beex o < 1y < ty < B, no y(a) = v(5).

TEOPEMA 2.1. (2?Kopzaana). [ycmo v : [a, 5] = C - nymo 6 C ¢ nocumenem
S = ([, 5]). Obosnawum Q2 =C\ S.
(1) Ecau vy — orcopdarnos nymov, mo 2 ceasmno u 0 = S.
(2) Ecau v — samrnymoiil otcopdarnos nymv, mo ) cocmoum poéHo u3 08Yx
Henepecekauurcs Komnonenm (obaacmet): oeparuvernnot (D) u neoepa-
nuvennot (§2,), npuvem 0 Dy, =0, = 5.

B nporpammy sK3aMeHa BKJIIOYAETCs JOKA3ATEIBCTBO 9TOH TEOPEMBI JJIs CJIyYdast
POU3BOJIbHOI 3aMKHYTOI zKoparoBoit jomanoit (cm. CK| nekmus 2).

YHOPAYKHEHUE 2.2. [IpuBectn npumep JBYX HelepeCceKaroNuxcsl OrpaHuIeHHBIX
obstacreit D1 u Dy B C ¢ yenosuem 0 Dy = 0 Ds.
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ONPEAENEHUE 2.7. Iycrs (T, 7) — xaycaopdoBo JOKaIbHO-KOMIIAKTHOE TOIIOJIO-
IUYecKoe MpoCTPaHcTBO. Ero odnomouewnot komnaxmugpurayued (o Anmekcanmapo-
BY) HasbIBaeTcs Tomosormaeckoe mpocrpanctso (1%, 7¢), te oo — cummsor (oo ¢ T),

T =Tu{oc}, " =7 U{T*\ K} kex,

rje K — COBOKYITHOCTB BCeX KOMIAKTHBIX HOaMHO)KeCTB B (T, 7).

Ipu atom (T%, 7%) xomnaxmmo u zaycdopgoso, a sroxenue (T, 7) B (TF 7¢) nenpe-
POIGHO.

Onnorovednasi KomnakTrduKaiys KomiekcHoii miockocru C (¢ eé crangapTHoil
TOHOJIOTHE ) HA3BIBACTCS PACUWUPEHHOT KOMNAEKCHOT NAockocmbio (4acTo 0603HaYA~
emoit C, o MBI puepKuBaeMca obosnadenus CF).

Cdepuueckas merpuka Ha C'. Crepeorpadudeckas mpoeKIns.

Panee na KoMILJIeKCHOI TIJIOCKOCTH OBLIa BBEJE€HA €BKJ/INI0BA METPUKA:

d(z1,22) = |21 — 2| = \/($1 —22)% 4+ (11 — y2)%
Omnpenermm chepuneckyro merpuky na C* = C U {oo}:

|21 —20]

V121214222
1

—— 21 €C, 29 =
1+\z1|27 1 y A2

0, 21 =20 =00

21,29 € C

dﬁ(zl, 22) =

W3 npesioxkenust Gyser cienoBarh, aTo d°(-, -) yIOBIETBOPSIET AKCHOMAM METDH-
KU, IPUYEM TOIOJIOTH, 3a/laBaeMasi STOM METPUKOI, SBJISIETCS TOIOJIOTUEl OJTHOTO-
qeuHoit koMrakTudukaruu miockoctu C.

Pacemorpum B R?&W,C) cdepy X ¢ pagmycom 1/2 u nearpom B Touke (0,0,1/2) n
oroxecteuM C = R? ¢ mommpocTpancTBoM R%&n) C R?ﬁ:m()' Bsenem obosznavenus
0 =(0,0,0), N =(0,0,1).

JIro6oii Touke M = (£,1,() € X\ N MOXKHO CONOCTABUTD TOUKY 2 = 2y KOMILIEKC-
Hoit miockoctu C, = R%ﬂ:,y)’ pooKuB Jiya N M 10 niepecedenusi ¢ MOCTIeHEN.

Orobpazkenne o : ¥ — C!, 3a1aHH0€ IO ITPABHITY

ZM,M#N

M) =3 o =N

Has3bIBaeTCsa cmepeoepaduueckoti npoekyuet. JIETKO BUIETH, 9TO OHO B3AHMMHO OJTHO-
snauno. Byjem obosnadars M, = 07 1(z2), 2 € C; N = 071 (c0).

YIPAYKHEHUE 2.3. BoiBectu hopmysibl crepeorpadutiecKoil mpoeKIm:

S N S N S
1-¢’ 1-¢’ 1+ 22’ 1+ 2?7 1+ 22’
e =
[OJIB3YSCh KOJIInHeapHOCThI0 BeKTOpoB NM u Nzy u ypaBuenuem cdepwr . B
nansoM ciydae M, = (&£,1,(), tne z =z + iy € C.

[TPEJUIOKEHUE 2.1. Ecim p (A, B) — eBKIN0BO paccTosinue (B R?ﬁﬁh()) MEZK Y

TOYKaMHN A u B, TO BO BBCJCHHBIX BBIIIIC O6OSH8H€HI/IHX nMeeM:
d* (21, 2) = p (M., M.,,).

Taxum o6pazon, o : ¥ — Cf — usomerpus (X, p) u (CF, d*). Hockomsxy (X, p) — Kom-
IaKTHOE MeTpudeckoe mpocrpanctso, (CF dﬁ) — Toxe KommakTHo. [Tosromy (CF, dﬁ)
(pacIIMpeHHyo TIOCKOCTD) YacTO HAa3bIBAIOT chepoti Pumana.
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M.,
M., [

k) 21

M.,

|21

¢)
Puc. 2.1.

JIOKA3ATEJILCTBO. Ob6cynM ciydail KOHEUHBIX 27 U 29. PaccMOTpuM IL10C-
KOCTh, Tpoxosityto depe3 Touku O, N, z;. OHa mepecekaeT o 10 OKPYKHOCTH C JTHa-
merpom ON = 1, npudem M, nexkutr Ha 310l okpyHOCTH, OTKY I8 LN M, O = /2
(CM. puc. c)) CaenoBarensno, AM, NO ~ AON z;, oTKy1a

NM, NO 1
t=—— = NM, = ——. 2.1
NO Nz V1+ [z (2.1)
AmnaJjiorngno,
1
NM,, = (22)

\/ 1+ |ZQ|2 ‘
O6osnaunm § = p (M,,, M,,) n Bocniosibayemcst Teopemoit kocutycos B AM,, M., N
nB Az 2N (CM. puc. b)):

6% = (NM,,)* + (NM,,)* —2NM,, - NM,, cos 3,
|21 = z0* = (N21)® — (N2)?

cosf3 =
B —2N21 . NZQ
[TojicTaBUB BTOpOE paBeHCTBO B nepioe, ¢ yuerom (2.1) u (2.2)) monyuaem 6% =
_ 1 1 21— 2 — (L+ |21]?) — (L +[]?) _ 21 — 20|

= + .
L+ ]z? 142 (L+[z0) - (1 + [2/) (L+[z0]?) - (1 + [2)
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Yro u TpedboBasiock. Ciaydan 6ECKOHEIHBIX 2z, WA Zy YCTAHABIMBAIOTCS IPEIEIb-
HBIM [T€PEXOJIOM. U

3AMEYAHUE. Merpuxu d u d* Maxkopupyior apyr apyra Ha J060M Kpyre KOHeu-
noro pajuyca B C. Orciofa cieyer, 9To BCe HMOHSTHSA, OLpeesseMble B TePMUHAX
OKpecTHOCTEl (HAIPUMED, OTKPBIThIE MHOYKECTBA, MPEJIEIbl TOCIeI0BATEILHOCTEH 1
byukumit), cosmagaior B (C,d) u B (C,d).

[eiicTBuresbHo, U1 21 U 29 U3 HeKoToporo Kpyra B(0, R), R € (0, +00), nmeem
V1+z2 /1 + |22 € [L,V1I+ R?), otkyna (/14 [z1]2/1+ |22 € [1/(1+

R?),1]. CnenosarennHo,

d (21, 29)
1+ R?
YIPAYKHEHUE 2.4. JlokazaTh, 9TO IpU cTEpPeOrpadpuIecKOil MPOEKINH OKPY K-

noctu Ha chepe Puvana mepexonaT B obobmennbie okpyzxuoctn B CF (kpyroBoe
CBOMCTBO cTepeorpadudeckoii MpoeKIun).

< dﬁ(zla 22) < d (Z1722) .

YIPAKHEHUE 2.5. /TokaszaTh cBOiCTBO coxpaHeHust (aOCOIIOTHBIX BEJIMIUH) Y-
JIOB MeK 1y (0GODIIEHHBIMEI) OKPYKHOCTSIMU [P CTEPEOrpaduiecKoil MPOEeKIHH.

Oanocssa3ubie objsiactu B C.

Hna E C C obosnaunm depe3 £, = C\ E — nonosaenne (complement) MHOXKeCTBa
E B C, a uepe3 OF — rpanuny E B (C,d).

Ananormano, nist E C C* nyers Ef = CF\ E — nononenue muoxecrsa E B CF n
O'F — rpammma E B (CF, d%).

Tak, npu £ C C, ecim E orpanudeno, 1o O'E = OF; ecim E He orpaHudeHo, To
O'E = 0F L {oo}.

ONPEAENEHUE 2.8. O6macts D C C HasbiBaeTca odnoceasnot, ecim DF cBasHo
B (Cf dY).

PaccmoTpuM HECKOTBKO ITPUMEPOB.

(1) Iycrs D — npousBosbHas 38e3auast obracts B C (T.e. Haitgercs Touka zg € D
Takas, ITO I J1000i ToUKH 2z € D OTPe3oK [zp, 2] IeauKoM JeRuT B D.
Torna DY aBisieTcs JTMHEIHO CBSI3HBIM MHOKECTBOM (@, 3HAYMT, 1 CBA3HBIM)
B CF. CirenoBarenbto, D — OTHOCBSI3HAS 00JIACTD.

(2) B uacrnoctu, mycrs D =1Il(q 4 = {2 € C|a <Imz < 8} — nonoca (3Be31-
Ha OTHOCHTEJILHO J1I060i1 cBOeii TOUKH, KaK 1 jiiobas BbinykJas obaacts B C).
ITo mpexplaymeMy IpuMepy, oHa OJHOCBA3HA. B To ke Bpemst D, He CBSI3HO
B (C,d).

(3) Hycrs D = C \ {0}. Torma D! = {0} U {oo} — He cBA3HOE MHOXKECTBO B
(C*,d%), smaunt D ne onnocsssua. (3amernm, oapaxo, o D, = {0} cpasno

5 (C,d).)

VIIPAKHEHUE 2.6. Ecitn D o6nacts B C u 08D casmo B (CF, d*), o u D! cssmo
B (Cf d%), T.e. D — ommocssznHas o61acTh.

O6paTHOe ToxKe BEepHO, HO JIOKA3bIBAETCsI TOpa3ao caoxkHee. Mbl yCTaHOBUM 3TOT
daxT B ciemyIoeM ceMecTpe, IoKa OH HaM He rnorpedyercs. Mbl Tak»Ke yCTaHOBUM,
qro obactb D B C oHOCBsI3HA, €CT U TOJIBKO €CJIn OHA TOMeoMOp(Ha, KPYTY.
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0O0o0Ji10YKa KOMIIaKTA.

[Iycte K — xommakt B C (T.e. 3aMKHYTOE OrpaHUYEHHOE MHOZKECTBO).

YIPAYKHEHUE 2.7. MuoxkecrBo C \ K pacnajaercs ua He 6ojiee deM CUETHOE
MHOKECTBO HEIIEPECEKAIONTIXCA 00s1acTeil (CBA3HBIX KOMIIOHEHT ), IPHYIEM CPEJ HUX
€CTb POBHO O/IHa HEOI'DAaHUYEHHAS.

[Iycts Dy, Dy, ... — orpanndentbie kominoreHTsl C \ K (ecam Takume ects), {2 —
HeorpanudenHas KommonenTa C\ K.

YIPAKHEHUE 2.8. 0D; C K, 09 C K.

OINPE/JE/IEHUE 2.9. Muoxecrso K = K L Ug=nD; = C\ Q (ecsm orpanu-

deHible KOMIOHeHTH! D; orcyrerByior, To K = K) HasbpiBaeTcs (TOLOJIOIUYECKOH,
HOJTMHOMUAJIBHOI) 06040uk017 KoMmmakTa K B C.

TEOPEMA 2.2. IIycmv D — odnoceasnasn ooaacmo ¢ C, K — xomnaxm ¢ C. Ecau
KcD,moKCD.

JTOKABATENBLCTBO. Ecim orpanuyentsie kommnonedTsl C \ K 0TCyTCTBYIOT, TO
K =K C D u sce JMoKazaHo. B mporusHoM corydae mosoxkum Uy = (1) D; -
(orpammdennoe) Hemycroe OTKphIToe MHOKecTBo B C, m, 3maumt, B (Cf, d*). Muo-
xecrso Uy = QU {oo} — moxe memycroe orkperroe muoxkectso B (CH d¥), mpudem
Ui NU, = 0. SIcno, uro Uy U U, = CH\ K.

[IycTh, oT nmpoTwBHOTO, K =KU U, ¢ D, orkyna Uy ¢ D u, cienoBare/bHO,
Uy N D? (. C apyroit cropors, oo € Us N DY # () w D C Uy U Uy. Tomygaem, 9to
muoecTBo DF — Hecsasmo. IIpormsopedne. Il

CHEACTBUE 2.1. ITyemv D — odnoceasnan obaacmo 6 C, S = [y] — nocumenw
3amrnymozo osrcopdanosa nymu vy, S C D. Ilyemv D, — oepanurenias KoMnoHenma

C\ S (em. meopemy 2Kopdana). Toeda D., U [y] = ScD, me. D, c D.
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3. Jlexiusa 3. KomiuiekcHasi mpousBoaHasi. IIpousBosHast cjI0XKHOI 1
ooparnoii pyukiuu. C- u R-nuddepenniupyemocts. Teopema Koinnm -
Pumana. CBoiicTBa npou3sBogHbix. lIpon3BosHas mo HanpaBJieHUIO.
T'onomopdHOCTL B TOUKE M 00JIaCTHU.

Komnunekcuas npousBognasi. C-nuddepenniupyemocts B Touke. IIpouns-
BOJIHAsI CJIOXKHOM M 0OpaTHOil (pyHKIUN.

ONPEJEJNEHUE 3.1. Ilycts (KoMminiekcHO3HAaYHAST ) (DYHKIUS f OIlIpe/iesieHa B HEKO-
f(z)=f(z0)

TOPOIl OKPECTHOCTU TOYKM 2. Kcm cyrmiecTByeT KOHeYHBIN lim pomon

Z—20

, TO OH Ha-

3BIBACTCS KOMNAEKCHOT npouseodnoll dynkyuu f 6 mouke zo u obosuadaercsa f'(zp).
Oyurnusa f B 3ToMm ciaydae HazbiBaeTca C-duddepenyupyemoti 6 mouke 2y, ITO K-
BHUBAJIEHTHO HAJUIHIO CJIEJLYIOIIEro IPeICTABIeHNUS:

f(z0+Az2) — f(20) = f(20)Az + 0(Az), Az — 0. (3.1)
B kadectBe mpumepa mokaxkem, 9to Vzy € C mmeem (e*) ‘ZO = . VubiMun
caoBami, (e7)" = e*. [leiicTBuTesibHO:
ezo+Az — g% eAz -1
z\/ — 1 — %0 1 —_ ZU‘
(¢”) |Z0 Ao Az A0 Az ‘

TEOPEMA 3.1. (O KoMILIeKCHOIT Tpon3BOAHOI cioxKHOI pyHKImn). [Tycmo dymk-
YUA § UMEET KOMNACKCHYIO NPOUSBOOHYI0 6 MOUKE 2y, [ UMeem KOMNAEKCHYIO Npo-
u3600nyt0 6 mouke wy = g(zy). Tozda

9], = I'wo)g(z0). (3:2)

JIOKABATEJILCTBO. B cuny C-nauddepentnupyemoctu hyHKImit g 1 f B TOUKax
Zo 1 Wy COOTBETCTBEHHO, B HEKOTOPOIT OKpecTHOCTH TouKM () IepeMeHHbIX Az = 2z — 2
u Aw = w — wy UMeeM:

Aglz(Az) :=g(z0 + Az) — g(20) = ¢'(20)Az + 0(Az) , Az =0,
Aflw (Aw) := f(wy + Aw) — f(wo) = f(wo)Aw + o(Aw) , Aw — 0.

[Moncrasnss Aw = Agl,,(Az) B 1oce/HEE PABEHCTBO, MOy IaeM:

Af(9)l(Az) = f(g(20+A2))=f(9(20)) = f'(wo)(g'(20) Az+0(A2))+0(Agl.,(A2)) =
= f'(wo) ¢'(20) Az + 0(Az), Az — 0,

YTO M O3HAYACT CIPABEIHBOCTS ((3.2]). O

TEOPEMA 3.2. (O mpowmsBosuoii obparHoii ¢yukiun). [Tycmv dynrkuus f - 20-
MeoMOpPHO omobpascaem Hexkomopyro okpecmuocms U(zyg) mouku zg Ha HEKOMOPYHo
oxpecmmuocmov V(wg) mouku wy 6 C, u nyemv g : V(wg) — Ul(zg) — obpamnas % f
dymryuA.

Ecau cywecmsyem f'(z9) # 0, mo cywecmeyem ¢’ (wo) = 1/f'(z0).

JTOKABATEJIBLCTBO. g Aw # 0 takoro, uro wy + Aw € V(wy), mosoxum
Az = g(wo + Aw) — g(wy). Torma Az # 0, zo + Az € Ul(z), upuaem Aw n Az
crpemsarcs K 0 ojaoBpemento. CiiejioBaTe/ibHO (IIPOBECTH JeTAIbHOE JJOKA3aTeIbCTBO
[EHTPAJIBLHOIO paBeHcTBa!),

g(wo + Aw) — g(wy) Az 1

9'(wo) = Alziug() Aw - Ahzrgo flzo+Az2) = f(z0)  f'(20)
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[TpuMEP 3.1. (Mcmonbp3oBanne TeopeMbl O IIPOM3BOAHON 0OpaTHON (yHKIMN).
B ykazanHbIX BbINIE 00603HavYeHUsX (pun —o0 < o < [ < o+ 21 < +00), mycTh
29 € a8y, wo = €* € V(4,5). Torna

/ 1 1 1
(mhw)|, =5 ==
(@) ~ 0 ()] e wo
Unemvu crosamm, ( h}} z)/ =1/z, z € Viap).

YHOPAKHEHUE 3.1. [lokasarb, uto npu n € {2,3,...} s gaxjgoro zg € C

BBIIIOJTHEHO paBeHcTBo (2") ‘rzo =nz)

YIPAYXKHEHUE 3.2. [Jokasare, uro mpu n € {2,3,...} u —o0o < a < f < a+
27 /n < +00 nMeeM:

1
( %)/:_ Wv we‘/(na,nﬁ)~

(na,npB) nw (na,np)
R-muddepeHnmpyeMocTsb.

ONPEJE/IEHUE 3.2. Oyukiug f, onpejie/ieHHasd B HEKOTOPOI OKPECTHOCTH TOYKHI
29 € C, naspiBaercsa R-dupdepeuupyemoti B ToUKe zp, €CJi HAHITYTCA KOMILIEKCHBIE
nocrosinabie A u B takue, 910

Af‘z()(AZ) = f(z0+ Az) — f(20) = AAz + BAz + 0o(Az), Az —0.

B s1ux ycnoBusix A u B ompejiesieHbl 0JJHO3HAYHO (IIPOBEPUTH), M UX 0OO3HAYAIOT

of
0z

COOTBETCTBEHHO. A BBIparKeHIe

0 of | ——
df|ZO(Az) = a_]; zoAZ + a—é ZOAZ

HasbiBaeTCsa duddepenvyuanom dynruyuu f 6 mouke zg ¢ npupauseruem Az.

8f‘
uepes 2-| u
0z %

N3 dbopmyint (3.1]) HenmocpeacTBerHo ciemyet, 9ro Beskas C-auddepentupyemast

" . af _
B TouKe zg dyHKIuA f sBiagerca R-puddeperimpyemoit B 3Toit TOUKe U $LO = 0.

[TPUMEP 3.2. Paccmorpum dynkuuio f(z) = z%. Torma
Flzo+ Az) — fzo) = (T + D2)2 — 2 = 255 Az + o(|Az]), Az — 0.

Takum obpazom, % 0 = 0, %|ZO = 2%y i Jjioboro zg € C.

OnPEAENEHUE 3.3. Oyuknusa L : C — C naseBaerca C-aunetinod, ecin st
BCEX 21,29 U A1, Ay B C umeem

L()\lzl + )\222) = )\1L(2’1) + )\QL(ZQ) .

[TPEAIOXKEHUE 3.1. Qynxuus L asasemcs C-aunetinoti < L(z) = Az daa nexo-
mopoezo A € C.

JTOKABATEJILCTBO. CaoiictBo (<=) oueBnno. lokaxkem (=). Ilomoxum A =
L(1). Torma B cuny C-nuneitnoct umeem L(z) = L(z-1) = z-L(1) = Az, z € C. O

ONPEAENEHUE 3.4. Oyukiusa Ly, : C — C naseBaercs R-aunetinod, ecau ajis
Bcex 21,20 € C m myist Bcex A1, Aoy € R crpaBeinBo paBeHCTBO

Li(Mz1 + Aoza) = A Li(21) + ALy (29) .
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[IPEATOYKEHUE 3.2. Qynkyus Ly asaasemea R-aunetinot < natidymes nocmo-
annve a,b € C ¢ yeaosuem Ly(z) = az + bz das ecex z € C.

JIOKABATEJIBCTBO. YTBEepXKICHUE <= OYEBHIHO.

Hokaxem =. ITomoxkum p = Ly(1), ¢ = Ly(3). Torma V z € C numeem:

z+7Z 2—Z p—qi p+qi_
Z

g Tl T Ty Pt

Li(2) = Li(x+iy) =pr+qy=7p

QakTUIeCKH YCTAHOBJIEHO CJIEJIyIOIIee IIPeIoXKeHNe.

[TPEATOYKEHUE 3.3. Cnpasedausvr ymeeporcderus:

(1) dse R-aunetinwe gopmor Li(z) = ajz + bjz, j € {1,2}, cosnadatom wxax
Pynryuu om z < a3 = ay u odnospemerno by = by (m.e. no R-aunetinot gopme eé
koagpuyuenmol a u b narodamesa 00Ho3HAWNHO);

(2) R-aunetinasn gopma Li(z) = az + bz asasemes C-aunetnots < b = 0;

(8) scarasn R-aunetinas gopma az+bz npedcmasuma 6 sude pr+qy (z = x+iy),
2de nocmosnnwve p, ¢ € C onpedenenvr no a u b odnosznauno.

YIPAYKHEHUE 3.3. Ilpu kakux a u b orobpazkenne w = az + bz Beakuit (OTKpbI-
ThIi) KPYT IEPEBOIUT B KPYT?

B wacrHoctu, ecim f spasiercs R-auddepentupyemoit B Touke zg, To (mpu Az =
Az + iAy) crpaBeJInBO PABEHCTBO Af}ZO(Az) = PAx 4+ QAy + o(Az), Az — 0.

Ecrecrsenno oGosuaunts P = 21| Q=2
ox ) Oy
20 20
N of of )
Haitnem Beipazkenme A n B (T.e. 3% . u ZO) qepe3 P u () u obparHO:

PAz+QAy = AAz+BAZ = A(Ax+iAy)+B(Az—iAy) = (A+B)Az+i(A—B)Ay,

orkyna P = A+ B, Q = i(A— B), re. A = ZQ B = PJ”Q Takum o6paszom,
HOJTY 4aeM:
of _of of of of of

£:$+%’ o (%‘&)a (3.3)

oL L), L),

0z 0z Ox

o oy (3.4)

B TOYKE Zj.

Hanee, mycts f(z) = u(x,y) + iv(z,y) (v = Re(f), v = Im(f)). fcno, aro f
sapigercd R-muddepennupyeMoii B ToUKe zg = xg—+1 Yo €CJIA U TOJTBKO €CJIi (DYHKITUH
u v ABIsTOTCs iU DEPEHIMPYEMBIME B TOUKE (Zq, Yo) KaK (DYHKINH JBYX [ePEMeH-
ubixX. [Ipu arom (monaras Az = Az + iAy) nmeem:

_of of Y, by
df|20(Az) - % ZOA‘T + = ay zoAy - (ux + ZU:):)‘ZOA‘T + (uy + “)y>|ZOAy7
Tak uto 0f /(0x) = u), + vy, Of/(Jy) = u, + v, ,
af 1 / - ! -/ / ]' / / Z / /
5% = §(uz + vy, + iy, — v,) = E(um —v,) + 5(% + uy,) (3.5)

B TOYKE 2.
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TEOPEMA 3.3. (Komm-Puvana). Iycmo dgynkuyus [ asasemes R-duddeperyu-
pyemoti 6 mouxe zy. Toeda [ asasemes C-dupdepenyupyemoti 6 mouke zy ecau u
MOABKO €CAU BVINOAHEHDL CAEIYOULUE FKEUSAACHMHVIE Ycaosus Kowu-Pumana:

a / o = / .
f — O RN {ux| 0 Uy| 0 (36)
20

0z u;/|zo = _/le‘zo

JIOKABATEJILCTBO. Ilpu yciosun R-muddepeniupyemoctu B ToUke 2y PyHK-
nug [ apiasercs C-muddepennupyeMoil B 3T0il TOUKe €C/Ii U TOJBKO €CJIN
0 0
(Az) = 9f Az + of

df | =
82 20 (93
sejisiercst C-yiuneitnoi (hopMoii, 9To SKBUBAJIEHTHO IIepBoMy u3 ycosuii B ((3.6]). OHo,

B CBOIO 04epe]ib, IKBUBAJIEHTHO BTOpoMy u3 ycosuii B (3.6)), BBuy paBencrsa (3.5)).
Il

Az

20

20

Bamernm, aro ecu hyukiwms f saBiaserca R-muneiinoit B C, To 77151 KaxK 10 TOUKT
20 moJIHOe Ipupaienue A f|Z0 (Az) dyurimn f B TouKe 2o coBmajgaer ¢ ee mudde-
PEHIaIoM df’ZO(Az) B 9T0if Touke. Tak uro Az = dz, AZ = dzZ = dz u Ax = dz,
Ay = dy a1 KaxKI0il TOYKA Zg.

[IPEOIOXKEHUE 3.4. [Tycmv pynxuuu f u g asasomes R-dudgdeperuupyemoimu
6 mouke zy. Toeda ¢ynxuuu f + g, f-g, f/g (npu g(z0) # 0) asamomeca R-
Juppepenuupyemumu 6 movke zy U CNPaBedAUBs: CACOYULUE COOMHOUWEHUA:

Of£g)| _0f| , 99|  OSEg)| _9f , 0
82 20 N 82 20 aZ 20 ’ 82 20 N 65 20 82 zo’
0 0 0 9, 0
(8‘];’9) 20 - 5 zog(Z(J) + f(ZO)a_:Z 20 ; (aj;g> 20 B 8_2 zog<20) + f(ZO)a_g 20 .

of/9)| _ (9f/02)]:9(20) — f(20)(0g/02)l5, .
0z |z 9%(%0) ’

f/9)| _ (9F/07)|:9(20) — f(20)(9g/0Z)|-,
0zl 9°(%0) '

B wacmmnocmu, ecau f u g asasromea C-dupdepernyupyemvimu 6 moure zg, mo
fxag, [-9, /g (npu g(z0) # 0) asasmomesn C-duddepenyupyemvimu 6 mouke zy u
gepHbL cmandapmuvie Gopmysve OAf (KOMNAEKCHDIT) NPOU3BOOHVLT CYMMDBL, NPOUIEE-
denus u wacmnozo, nanpumep (f - g)'| = f'(20) - 9(20) + f(20) - ¢'(20) u (f/9)'],, =
(f'(20) - 9(20) — f(20) - ¢'(20))/9*(20).

[TPEJUIOKEHUE 3.5. ITyemov gynryus g(z) asasemes R - duddeperyupyemot 6
mouxe zy, a dynwryus f(w) asasemes R - duddepenyupyemots 8 mouke wy = g(2p).
Tozda caoorcnan dynwrkyus f o g(z) = f(g(2)) asasemes R - dupdeperyupyemoti 6
MOYKE Zo U BLINOAHEHDL COOMHOULEHUL:

fogy _0f| 9y of| 99
62 zo_%wo‘azo %wo.gzo’

fogy _0f| 9y of| 99
0z zo_%wo.£z0 %wo.gzo.

B wacmnocmu, ecau g asasemea C-duddepenyupyemoti 6 mouke 2y u f asasemca
C-dugpdepernyupyemoti 6 mouke wy, mo pynkyus fog asasemca C-dugppepenyupyemori
6 mouke zo u (f o g)’}zo = f'(wp) - ¢'(20), wmo 6vLA0 Ycmaro6aeHO 6 HAYAAE AEKUULU.

JlokazaTeabCTBa ITUX JIBYX IPEJJIOKEHUN OCTAeTCA B KAYECTBE YIIPAKHEHUIA.
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HpOI/IBBO,Z[HaH IIO HaITpaBJIEHUIO.

ONPEJAEJEHUE 3.5. Ilycts bynkius f apiasercs R-muddepennupyemMoii B Touke
20, 0 € (=7, 7|. IIpoussodnoti gynryuu f 6 mouxe zy no nanpasaenuto O (Tounee, 1Mo
Hanpasyennio €?) HasbiBaeTca BeTYMHA

of
82’9

fla+ A2) = f(z0)

20 Az—0 Az
arg(Az)=0

Hetpynno naiitu dpopmyiny i yKazaHHOM ITPOU3BOJIHOIN:

af of | ——
—| Az+ =| Az+o(Az
of ok 0% |z 0% |z (A2) _ af I af 20
329 20 argA(zA_;)Oza AZ aZ 20 85 20
nockobKy Az = |Azle?, Az = |Az|le™™ = Aze™%% npu arg(Az) = 0.
of of
[Ipn —=| +# 0 MHOYKeCcTBO BCEX ITPOM3BOJIHBIX IO HAIPABJIEHUIO { — }
0% | 9 829 g) oe(—m,m]
JIBazK/IbI Ipo0OeraeT OKPYKHOCTD C PanyCOM a_]_“ O’ U [IEHTPOM B TOYKE 8_f . Io-
zZ'? Z 1z

9TOMY O4eBHIHO, 9T0 R-muddepennupyemast B Touke zo dyarmusa [ apiaserca C-
muddepeHIupyemMoii B 9Toil TOUKe, ecJin 1 TOJIBKO ecyin st BeeX 0 € (—7, m] umeem
of of

0zglze 0z
AccommupoBaHHOE OTOOpa>keHUe.

[Iycrs 2 = x+iy u dbysxmus f(z2) = u(z,y)+iv(x,y) asaserca R-muddepenm-

pyeMoil B Touke 29 = To+1Yo. Torya B okpecTHOCTH TOUKY (Z9, Yo)! € R? onpeeneno
t

, T.€. BCE IPOU3BO/IHBIC TI0 HAIIPABJICHUIO COBIIA IAIOT.
20

TaK Ha3bIBAEMOE accoyuuposannoe omobpasicenue F i (z,y)' — (u(z,y),v(z,y))
Ecim Bapyr f asisiercsa C-auddepennupyemoit B Touke zg, To 110 Teopeme[3.3 B Touke
20 BBIIOJIHSIOTCS PABEHCTBA Uy = Uy, Uy = —Usy, HOITOMY SAKOOHAH aCCOIUUPOBAHHOIO
oTOOparkKeHus B 9TOH TOUKE DABEH

2

= |f'(20)

Uy Uy
Uy Uy

of

= |55 i
0 813 20

= (Uavy = vy)]., = (1 +03))

20

Takum obpazom, KBaIpaT MOJLY/Isi KOMILIEKCHON ITPOU3BO/IHON paBeH IKOOMAHY acco-
IIMMTPOBAHHOTI'O OTOOPaXKEHUsI B COOTBETCTRYIOIIEl Touke. B gacTHOCTH, ecin SKoOuaH
acCcoIMUpPOBaHHOTO oToOpaxkenusa R-auddepentupyemoit byHKIUN f B TOUKE 2o OT-
puniaresen, 1o dyukius f #He MoxkeT ObITh C-uddepentupyemoit B 310it TOUKe.

T'osilomopdHOCTE B TOUke U 06J1aCcTH.

ONPEAEJEHUE 3.6. Ilycts dyaknus f onpenenena u C-auddepernupyema 6 He-
Komopot okpecmmuocmu mouku zg € C. Torma f HasbIBaeTCs 2040MOpPHOT 6 MOUKE
2o (910 CcBOMCTBO KpaTKo 3amuchiBaercs tak: f € A(z)).

Ecim f onpenenena n rojomopdHa B Kazk 10t Touke HeKoTOpoit obactu D C C
(r.e. dynknus f asiasiercss C-nuddepeniupyemoii B kKax 1oit Touke obsactu D), To f
Ha3bIBAETCA 2040MOpPHot 6 obaacmu D. IlpocTrpancTBo Beex YHKIMIA, roJgoMOpd-
HBIX B obiactu D, obosnadaercs depe3 A(D).

2
Oyukiun kiacca A(C) nasbiBatores yeavimu. pumepst: 210 e

[TPUMEP 3.3. ®yukiua f(z) = 22 seony R-auddepennupyema. Ho C-nudde-

peHIupyeMa oHa TOJIBKO B TOUKe zg = 0, mosTomy [ HUIJIE HE TOJIOMOPQHA.
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4. Jlekuna 4. KoudopmHable oToOpakeuusi. JIpobHo-1mHeliHbIe
oTOOpakeHus M UX CBOICTBA.

KoudopmHble oTOOpakeHus.

ONPEAEJEHUE 4.1. R-nmuddepenupyemast B Touke zy GyHKINS [ HA3BIBAETCS
KoHPOopMHOT 8 mouke zy, ecau ee qudepeHtma B 3Toi TOUKe siBIIeTCsT KOMITO3UITH-
eif ToMoTeTHH (€ MOJIOKUTETbHBIM KO3(DMUIIMEHTOM, ¢ IIEHTPOM B HyJe) U HOBOPOTA
(¢ 1IeHTPOM B HyJIE), T.€.

df|z0(Az) =ke™Az, k>0, a€ (-,

9TO SKBUBAJEHTHO ycaoBuio Hammaus f'(zg) = ke’ # (.
Koadurment romorerun k = | f'(z)| 1 yron nosopora a = arg (f'(20)) — cocras-
JIAIOT 2€0MEMPUHECKUT CMBLCA TTPOU3BOIHOM KOH(POPMHOTO 0TOOPasKEHNs B TOUKE 2.

ONPEAEJEHUE 4.2. [Iycts D — obmacts B C n pyarnus [ korHdopMHA B KaxK 101
Touke 29 € D. B 9TOM cityuae roBopAT, 9TO f A0KaAbHO KoHpopmHa 6 obaacmu D.

Oyuknusd [ HazbIBaeTCss KoHpopmrot 6 obaracmu D, eciin f oKaIbHO KOH(MOPMHA
B D u B3aunMHO-0/IHO3HAYHA B D.

[TPUMEP 4.1. (1) dyuxmus f(z) = e® mokampro kordopmua B C, mockorb-

Ky B JII000it Touke 2y € C cymecrByer omnanas ot 0 npoussognas f'(zg) =

e*0 # 0; ata dynkusa KondopMHa, Harpumep, B mo6oit nomoce I, 5, —00 <

a < B < a+2m < 4o0; nonoca Il ) HazpiBaeTCH cmandapmmoti obaacmvio
KOHPOPMHOCTIU SKCTIOHEHTDL;

(2) bdyskmus f(z) = z", n € {2,3,...}, mokaabHo kondopmHua B obmactu C, =

2
C\ {0}, xoudopmua B mobom yriae Vi, g, —00 < a < f < o+ T +00;
n

yron V(_z =y HazpIBaeTca cmandapmmnoti 06aacmvio kKon@opmmocmu, yKa3aH-
n’'n
HOI (pyHKITHH.

dpobuo-nuneiinbie orobpaxkenus (IJI0) u ux csoiicTBa.

ONPEAEJEHUE 4.3. /Ipobro-aunetinoe omobpasicenue — 310 (pyHKIUS BUIA

az+b ab
w=A(z) = ot d e a,b,c,d € C, . d’ £ 0.
Hoompenemmm JIJIO no orobpazxenuns C* — CF. Ilpu ¢ = 0 mosoxum A(oo) = oo.

[Ipu ¢ # 0 monokum A(o0) = g, A(—gl) = 0.
c c

IIPE/UIOYKEHUE 4.1. Beaxoe JIJIO asasemca zomeomoppusmom C*— CF, npu-
yem obpammoe omobpasicenue — moorce J1J10.

JTOKABATENBLCTBO. Henpepeisaocts JIJIO Bo Beex Toukax, kpome —d/c (npn
¢ # 0) u 0o, oueBuHa. HenmpepblBHOCTH B MOCJIEIHUX TOYKAX JIETKO CJIEyeT U3

onpegenenne Merpuku B C*. Kpowme Toro, menocpescrsenno nposepsercs, uro JIJI1O,
. —dw +b az+b

3ajianHoe popmysioit z = ——— obparso K IJIO w = : U
cw —a cz+d

[TPEATOYKEHUE 4.2. Cosoxynrocmo ecex /IO obpasyem epynny ommocumens-

no Komnosuyuu Ay o A1 (z) = Ay (Aq(2)).

JIOKABATEJILCTBO. [lockoabKy cylecTBoBaHne OOPATHOTO 3JIEMEHTa YCTAHOB-
JICHO B IpeAblAYyHIICM IIPEAJIOZKCHNN, & CAUHNYIHBIM 3JIEMEHTOM, OY€BUIAHO, ABJIACTCA

1-240
HJIO A(z) = 2z = ﬁ, HY?KHO JIAIIb YCTAHOBUTH, YTO KoMmio3urus jByx JIJIO
— crosa /JIO. D1oT (hakT mpoBepsieTcst HEIIOCPEICTBEHHO. O
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Pacemorpum orobpazkerne ¢ us rpymmbl GL(2, C) Bcex HEBBIDOKIEHHBIX 2 X 2 -
matpury ¢ Koadburmernramu u3 C B rpymmy seex JIJIO {A} no dopmyie

o b\ az+b
cd)  cz4d’
Jlerko mposepsiercsi, uro $ — romomopdusm, r.e. P(MyM;)(z) = P(Msy)(P(M;)(2))
qutst Beex My n My w3 GL(2,C).

YIPAYXKHEHUE 4.1. Kakoit dakroprpymme rpymist SL(2, C) uzomopdna rpymnma
{A} Beex JIO? Kommyrarusna ju rpynma {A}?

Kongopmmocmnv JIJIO na CF.

ONPEAENEHUE 4.4. Ilycre dyarmumsa f orobpazkaeT HEKOTOPYI OKPECTHOCTh
Touku 29 € C B HeKoTOpy10 oKpectHocTh Touku 0o (13 CF), npuuem f(z) = oo. Toso-
pat, ato GyHKIus f Kon@opmua 6 mouke zy, ecau orobpazkenue w = g(z) = 1/f(z)
(momaraem ¢(z) = 0 upu f(z) = 00) KOHDOPMHO B TOUKE 2.

[IycTe 3ayana yukiusg f, orodpaxKaiolas HEKOTOPYIO OKPECTHOCTh TOYKU OO
(u3 C*) B HexkoTopyto okpectHocTh Touku oo (B CF), mpuuem f(oo) = oo. Tosopsr,
aro f Kongopmmna 6 mouke 0o, ecim orobpaxkenne w = ¢(2) = 1/f(1/2) (momaraem
g(2) =0 mupu f(1/2) = 00, 1/0 = c0) koudopmuo B TOUKe Z = 0.

VIPAYKHEHUE 4.2. Jlars omupejesienne KoHMDOPpMHOCTH DYHKIHE f B TOUKE 0O
upu f(00) = wy # oo.

[IPEJIOYKEHUE 4.3. Beaxoe JIJIO ecmv xongopmmond usomoppusm C* na CE.

JTOKABATEJIBLCTBO. Ilycrs caavana ¢ = 0, rorna A(z) = az+b, e a,b € C, a #
0. Orciona Vzg € C umeem A'(z9) = a # 0, 1.e. A — koudopmublit nzomopdusm C
na C (c o6parabin A~ (w) = (w — b)/a). Ocraerca nposepurs Kondopmuocts A B
TOYKE 00, YTO 9KBUBAJEHTHO KOH(MOPMHOCTH B ToUKe 2 = () 0TOOparKeHus
. 1 z
YTNA/E)  bita

< 1
ITposepsiem: A'(0) = — # 0.
a

[Tycts Teneps ¢ # 0. Crieryer paccMOTPeTh TPU CJIydast:

d ad — bc
1) npu zg # —— 1 29 # oo umeem: N'(z9) = ——— # 0, uT0 U TPEHOBAIOCD;
(1) mpu 2 # c 07 (20) (cz0+d)27é p

d
(2) mpu zg = —— mourydaeM A(zp) = 00; pacCMOTpPETh CAMOCTOSATENBHO;

c

(3) cayuait zg = 00 TAKXKe OCTABJISIEM YUTATEJIIO.

i

Coxpanerue yano6 mexncoy nymamu.

[Ipexx e yem dopmynuposath cieaytoriee cBoiictBo IJIO, mokarkem 01HO BCITO-
MOTATEeJIbHOE yTBEPK/IeHNUE.

[Iycrs v : [a, f] — C — nyrs, guddepennupyemblit B rouke ty € (o, ). Ecim
V() = () +iy(t), o

C D)1, = 3(t0) = ito) +3(t).

ONPEAENEHUE 4.5. Eciu 4(ty) # 0, To §(t0) HasbIBaeTCS KacamesvHolm 6eKmo-
pom K nymu y B ToUKe 29 = 7y(to) (coorBeTcTByONMM HapameTpy ty).
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ONPEAENEHUE 4.6. Ilycts v, @ [a;, 8] = C (5 € {1,2}) — nyrm, t; € (o), 5;),
1 (t1) = 72(t2) = 2. llycrs 39,(t;) # 0, j € {1,2}. Yerom meorcdy nymamu 1 u vy, 6
mouke zy (COOTBETCTBYIOIINM TTapaMeTpaM ty 1 to) HA3BIBACTCA NANPAGACHHDIT YTOII
MeXKJly KacareJbHbIME BeKTopamu 1(t1) u 42(ty) (Bpamaem 4(t1) B Gumkaiinnyto
CTOPOHY JIO COBIIaJICHNUS C Yo (t2), yINTHIBAEM HAIIPABJICHNE BPAIEHNUS, 3HAYCHUE YIJIa
JeXKUT B npejenax (—m, ).

JIEMMA 4.1. Iyemo 7y : [a, ] = C — nymo, ty € (o, 5) u cywecmeyem *(to).
Ecau gynwyus [ nenpepwsra 6 oxpecmmocmu mouku zg = Y(tg) u C-dugddeperu-
pYeMma 6 mouke zo, Mo 6 HeKomopot okpecmuocmu mowky ty onpedesern nymo o(t) =

f(y(1)), npunem
. d :
olto) = ZF(1(0)], = F)3(to). (4.1)
B wacmmnocmu, ecau y(to) # 0 u f'(20) # 0, mo (ty) # 0.
JIOKABATEJBCTBO. [TocKoabKy 7 - myTh, a (GpyHKIus [ HelpepbiBHA B OKPECT-
HocTH z9 = 7Y(tp), Kommosurwsi f o y siBjsgeTcs myTeM (HEIPEPBIBHA) B OKPECTHO-
cru Touku to. IlockonbKy 1myTh 7 auddepenimpyeM B Touke to, umeem Avy|y, (At) =

A (to) At + o(At) mpu At — 0. Hakoren, B cuny C-muddepentmpyemoctu dyHKIII
f B TOUKe zy CHPaBEIIMBO HPEICTABICHUE:

A(f o), (D) = F oylto + At) — f o y(te) = F(1(t) + Avleo(A)) — £ (+(t0)) =

= f(20) A4, (A1) + 0( A7y (AL)) = f'(20)7(t0) At + o(AL), At — 0,
YTO U O3HAYAeT crpaseinBocTh (4. 1)). d
CHEACTBUE 4.1.1. Ilycmb v1 u o — nymu, duddeperyupyemovie 6 moukax t1 u
ty coomeemcmeenno, npuiem vi(t1) = Yo(te) = zo, Y1(t1) # 0, Aa(t2) # 0. Iycmo
dyrxyua f nenpepwena 6 oxpecmmocmu mowku zo u 3 f'(z9) # 0. Toeda yzon meorcdy

nymamu f oy, u f oy 6 mouke f(20) pasen yeay mesrcdy nymamu y; u Yo 6 Mouke
2o (coomeemcmeenno napamempam ty u ta).

JTOKABATEJILCTBO. Io memme [L1] (f o 7;) () = f'(20)%;(t;), 7 € {1,2}, re.
0ba KacaTeJIbHBIX BEKTOPpa YMHO2KalOTCA Ha OJHO U TO 2KE€ HEHYJIEBO€ KOMIIJIEKCHOE
qucsio f'(zg). TIockoabKy 9TO pAaBHOCHIIBHO KOMIIO3HUIINK PACTSZKEHUsI U [TOBOPOTA,
yroJj Mexkay KacaTeJIbHBIMU BEKTOPpaMM COXPaHAECTCA C Y4eTOM HallpaBJICHUA. O

Kpyeosoe ceoticmso.

ONPEJEJEHUE 4.7. O6o6wennoti oxpyoicrocmuio B C* mazpiaeTca o6bIaHas OK-
pyxuocTh B C ubo npsimag B C, jgomosiHeHHAsT TOYKON 00.

JIEMMA 4.2. Beaxaa obobwennan oxpysicrocmo 6 C* (e wacmv 6 C) sadaemces
YpasHeHuem

AzZ+Bz+Bz+C=0, ACeR,BeC,|B]*> AC. (4.2)

Obpammno, ecakroe makoe YpasHeHue ¢ YKA3AHHLMU YCAOBUAMU HA NOCTMOAHHDIE Ta-
pamempul 3adaem obobwennyro oxpysicrocmv 6 CH (mounee — ee wacmov 6 C), m.e.
OKPYIACHOCTNG UAU NPAMIYIO.

JIOKABATEJILCTBO. Beskas okpyxkuocts B C 3a1aeTcs ypaBHEHUEM

(x—a)’+(y—0>-R*=0, a,beR, R>0.
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[Ipeobpazyem JieBy10 9acTh 3TOTO YpaBHEHUS, BBIPDA3WB & W Y 4Yepe3 2 U 2 (x =
24z z—7Z
Y= ):

2 21
(z—a)+(y—0)°— R =2 +y*> —2ar — 2by + a* + b* — R* =
R Pt —2622__2 F O =22+ (—a+bi)z+ (—a—bi)Z+C =
i
=2Z+ Bz+ Bz +C,
re A=1,C =a?>+b*>— R?, B = —a— bi. TakuM 06pa3oM, ypaBHEHIE OKPYKHOCTH

uMeeT HyxkHBI BuJ (ouesuHO, uto uto |B|* > AC).

Cityuait ipsimoit B C ocraBiisieM quTaTeio.

HrobbI J0Ka3aTh, 9TO J1000€e ypaBHeHue Buja (4.2]) 3amaer 0000IEHHY O OKDY K-
HOCTh (€€ gacThb B C), JI0CTATOUHO MOJCTABUTD B BBIDAYKEHUsI 2 U Z Yepe3 T U Yy
(mpoBepuTh!). d

[ITPEAIOZKEHUE 4.4. Beaxoe /IO omobpasicaem 0600wennyrto okpysichocms Ha
00600UWEHNHYIO OKPYIHCHOCTND.

JIOKABATEJBCTBO. Paccmorpum asa ciydas. [lycrs caadana ¢ = 0; Torga a # 0
u d # 0 (6e3 orpanndenus obmuoctn, nojaoxum d = 1). Ilycrs k = |a|, a = arg(a),
toryia A(z) = ke'®(2+0b/a) ectb mocsieioBaTe/IbHAs KOMIIO3UIHS CABUTA (TIapaLIe/b-
HOTO IIepeHoca Ha BeKTOp b/a), MOBOPOTa HA yroJ & U TOMOTETHH ¢ KOI(DhDUIEHTOM
k > 0. Kaxoe ux 3Tux orobpakeHuil, O4eBUIHO, OKPYKHOCTHU TIEPEBOJIUT B OKPY K-
HOCTH U IPsIMbIE B IIpsAMbIe. ToUKa 0O HENmoJBUKHA.

[Iycrs Teneps ¢ # 0, zg = —d/c. Torna

b - b B
A(Z):az—i- :a(z 20) + A4 |
cz+d c(z — 2p) z— zy
rJie Z;,A, B — nocrostnubie B C, B = |Ble'® # 0. ITocKOJIbKY rOMOTETHsI, IOBOPOT U

CJIBUTH COXPAHSIOT 0000IIEHHbBIE OKPYKHOCTH, OCTAETCS JI0KA3aTh, ITO OTOOPaKEHHUe
z + 1/z nepeBojur 0600IEHHBIE OKPY?KHOCTU B 0GODIIEHHBIE OKPY?KHOCTH.

Hanomuum, uro Besikasi 0600IIEeHHAsT OKPYKHOCTb 3ajiaercs ypasHenuem (4.2)).
[MomcraBum B Hero z = 1/w; nomydnm

Cww + Bw + Bw + A = 0,

T.e. CHOBa ypaBHEHUE BUJIA npu A’ = C,B' = B,C'" = A ¢ ycnousavu |B'|? >
A'C'. JIng 3aBeplieHns J0Ka3aTeIbCTBA KPYTrOBOIO CBOMCTBA OCTACTCS €IIIe OTICJILHO
paccMOTpeTh Caydan, Korja Touku 2z = 0 U z = 00 JiexKaT Ha MCXOAHOI 0000IIeHHOi
OKPYZKHOCTH. U

Coxpanerue cuMMeEMPUL OMHOCUMEALHO 0000ULELHHOT OKPYAHCHOCTNAL.

ONPEJAEIEHUE 4.8. Ilycrs S — okpyxuocts B C ¢ nenrpom a, z € C, 2z # a.
Touka z* Ha JIyde 4z HA3BIBACTCA CUMMEMPUUHOT MOYKe Z 0MHOCUMENLHO S, eCon
|z —al - |z* — a| = r*. Kpome Toro, cuuraercs, aro a* = 00, 0o* = a.

Touku, CUMMETPUYHBIE OTHOCUTEILHO MPSIMOIL, OIPEIeIAITCA KAK OOBITHO.
[TPUMEP 4.2. Ilycts S = { 2eC ‘ 2| =1 } — @IMHUYHAS OKPYZKHOCTD C LIEHTPOM

1
B uyise, z # 0. Torga 2* = =. JlefictBuressro, arg — = arg z, |z| - |=| = L.
z Z

Q| =

JIEMMA 4.3. Tourku z u z* # z (m.e. ne sesxcawue na S) cummempuyms, om-
HOCUMEALHO 0000ULeHHOT OKPYHCHOCTIU S eCAU U MONDKO ECAU BCAKAA 0000ULLHHAA
oxpyotcnocms T, npoxodawan wepes z u z*, nepnenduryaipra S.
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YIIPAYKHEHUE 4.3. dokazars jemmy [4.3] ucronbsyst MKOIBHYIO TeopeMy O ce-
Kyllleil 1 KacaTeJIbHOM.

[IPEOJIOKEHUE 4.5. [lycmv z u 2* — mouku, cCumMMempuiHsie OMmHOCUMENLHO
0bobwennoti oxpyotcrnocmu S, A — npoussosvnoe [J10. Tozda A(z) u A(2*) cummem-
pusns, ommocumenvro A(S).

JIOKABATEJILCTBO. Eciu z = 2*, To yTBepKaenue cupaseuBo. [laee canra-
eM, ato z # z*. Ilycts I' — mpousBosibHast 0600IEHHAST OKPYKHOCTD, ITPOXO/ISIIIAst
qepes A(z) n A(z*). Cornacno npeokennio 4.4, A~H(I') — o6obennas oKpyz«K-
HOCTB, IIPOXOJsIas depe3 Touku z u z*. CorjacHo jemme , AN T) L S. Tlo
CJIEJICTBHIO , ' L A(S). Takum 06pazom, Mbl TOJIYIHIN, 9TO BCSKast 0OOOIIEH-
Hasl OKPY2KHOCTb, mpoxojgmmas depe3 A(z) u A(z*), oproronamsaa A(S). Ocraercs
CHOBa IpUMEHHUTH Jiemmy [4.3] O

Ceoticmeo mpex mouex. COiL‘p&H@HU@ CAONCHO20 OMHOWEHUA.

[IPEJJIOXKEHUE 4.6. [Tycmo dana mpotika nonapHo pasiudHvls movex 2, 2Za, 23
6 C* u ewé mpotixa nonapro paziuvwnor mowex wy,ws, ws 6 Ct. Toeda cywecmeyem
eduncmeennoe /10 A maxoe, wmo A(z;) = w;, j € {1,2,3}.

OKA3BATEJIBCTBO. Ilycte (1 = 0, (3 = 00, (3 = 1, a TOUKHU 21, 22, 23 JEKAT B
y ) ) ) ) b

C. Onupenemum
Z—2Z1 k3 — 21

Azt a(2) = — 2 oz — 2y

B cnyuae, korma (pOBHo) OJTHA U3 TOYEK 21, 29, 23 PaBHa 00, OlpeeeHne MOInMu-
23 — 22
[IUPYETCsT eCTECTBEHHBIM 00Pa30M; HAIIPUMED, €CJIU 2, = 00, TO Aoo,zg,zg = —

Acuo, aro A, ., ., (2;) = (5, j € {1,2,3}.
Vckomoe JIJIO A = AP1225 = (A, 0 )

creami: A(zj) = wj, j € {1,2,3}.

z2— 29

—1 .
oA, 2,2, O0JIAIAET HY?KHBIME CBOM-

YTPAYXKHEHUE 4.4. Jlokazare, uto A = AP11020 — enuncrsennoe JIJ1O co croii-
creamu A(z;) = wj, j € {1,2,3}.
O

ONPEAEJIEHUE 4.9. Caootchvim (aH2apMOHUMECKUM) OMHOWEHUEM YEMBIPET PA3-
AUMHBLT TMOYER 21, %2, 73, 24 € C* HazpIBaeTCA BeIMIMHA,

24 — 21 23 — %1

(21, 22, 23, 24] = = Nuy oz (24) -

24— 29 23 — 29
[IPEAIOZKEHUE 4.7. Beaxoe /IO coxpanaem caodcroe omHouweHue A100uT we-
MuPET (PA3AUYHBLET) MOUEK.

JIOKA3ATEJBCTBO. Ilycrs A — nmpoussosbroe JIJ1O, 21, 29, 23, 24 — IPOU3BOJIb-
uple pasaumunbe Touku B CF. Ilyers w; = A(z;), j € {1,2,3,4}. B obosnadennsx
HPEJIBLIYIIETO IPE/JIOKEHN, HyZKHO JT0KA3aTh, 9TO My 1y ws (Wa) = Asy 2y 2 (24).

[To mpeapymemy mpesnoxennio, eaunactsernnoe /IJ10, mepepojisiiiee Tpoiiky

. “1
(21, 22, 23) B TPOHKY (wy, we, W3) MMEET BUJL (Awl,w%wB) 0N, 292 Ho IIJIO A TOXKE
HEPEBOJIAT TPOUKY (21, 22, 23) B TPOHKY (wy, we, w3). CiemoBaTesbHO,
A= (Aw1:w27w3) © Azl,z2723 A Aw17w2,w3 oA = A21,22,23' B wacrrocru,

Ny g ws © A(20) = Ny 2g 24 (24)s 1€ Ny g s (Wa) = Ay 2y 24(24), 9TO 1 TPEHGOBATIOCH.
]

VIIPAYKHEHUE 4.5. JloKa3aTb, 4TO YeThIpe Pa3jIHdHble TOUYKH 21, 29, 23, 24 € CP
JIeZKAT Ha OJIHOM 0OOBIEHHOM OKPYKHOCTH €CJIM U TOJILKO €CJIU (21, 22, 23, 24] € R.

21



5. Jlekmus 5. I'pynner JIJIO-aBTomopdusmos By, 11, C. @yHkius
2KykosBckoro. Tpuronomerpuieckne pyHKun. MHOro3HavHbIe
dbyHKIIUU 1 UX OJHO3HAUHBbIE BETBMU.

I'pynner JIO-aBTOMOpdU3mMoB By, 11, C.

ObozHaunM depe3 By OTKPBITHI KPYT ¢ paJuycoM 1 1 IMEHTPOM B HY.JIE.

[TPEAIOKEHUE 5.1. I'pynna JIJIO-asmomoppusmos By — amo cosokynrocms
ecex /IJ10 euda

A(z) =e®. dzz_—al’ 0 € (—mm],a€ By. (5.1)

JIOKA3ATEJIBCTBO. Ilycrs JIJIO A gamnaserca aBromopdusmom B; Ha cebs u
Touka a € By takosa, uro A(a) = 0. ITo npesioxenuto TOYKA a*, CAMMeTPUIHAS
TOYKE ¢ OTHOCUTEJLHO OB, mepeiier B TOYKY 00, CHMMETPUYHYIO Touke () OTHOCH-

tespHo A(0B)) = 0B;. Ecrm a = 0, 10 A(2) = kiz = k - —

= JIJIsT HEKOTOPOTO
az —

Z—a z—
—— =k =
z—1/a az —
1—-a

a—1
0 € (—m,w|. Takum obpaszom, mo6oit 1J10-apromopdbusm By umeer Bu (5.1)).
[Tokaxkem, uro smoboe 10 Buga (5.1) aBisierca aBromopdusmom By Ha cebsi.

k € C. Ecom a # 0, to A(2) = ko - al. Iockoneky |A(1)] = 1

= |k|, orkyna k = e nana nexoroporo

H]l—a\:\1—6],HMeeM1:\k|-’

[Tockombky Toukn 0 = A(a) n oo = A(:) JIOJIZKHBI OBITH CHMMETPUYIHBI OTHOCHTEJILHO
a

A(OBy), To A(OB;) siBAsieTcss OKpYKHOCTBIO ¢ TieHTpoM B Hyse. Tak kak |A(1)] = 1,
to A(0B;) = 0B;. Teneps, nockobKy A(a) = 0 u Begxoe J1JIO ectb romeomopdusm
C* na C!, merpyano mokasarb, 4To B; orobpazkaercs Ha . O

[Iycrs 1T, = {2z € C| Rez > 0} — BepxHssl NOIYIJIOCKOCTb.

[IPEATOYKEHUE 5.2. I'pynna JJIO-asmomoppusmos 11, — amo cosokynmnocmo

scex /[JI0 suda

b
A(z):az+ a,b,c,d € R,

ab
—_ . 2
cz+d’ Cd‘>0 (5-2)

JTOKABATEJBLCTBO. Ilycts A — JIJIO-aBromopdusm 11, ma II,. Torga Berre-
crBenHas upsvas R mepexoqur B cebs. O4eBHIAHO, 9TO HAWJAYTCH TPH Da3/IHIHbBIE
TOYKHN T1,Ta, T3 € R, Takne, aro u; = A(z1), us = A(x2),us = A(x3) € R. Coruacno
upeyiozkenuo [4.6] oroGparenne w = A(z) onpese/nsercss paBeHCTEOM

z—xl.xg—:cl w—ul.u‘o,—ul

2 — Xy Ty—Ty W—Uy Uz — Uy
OTKY/JI JIETKO CJICJIyeT, ITO

az+b ab
A(Z):m, a,b,c,dGR, Cd’#o
Hanee, nockonbky A(7) € T1, , umeem:
, ai+b (ai +b)(d—ci) ad—bc
ImA(Z) =Im —— = = 0
mA(0) Hitd m(d+cz’)(d—cz') Zra

OTK a‘ab’>0
YA cd .

O6parno: soboe [1J10 Buna (5.2) mepeBoaut R na cebs, a Touky i B [1. Ocraercs
BOCIIOJIB30BaThCA TeM, uto Begkoe JIJIO — romeomopdusm CF na cebs. U
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VIIPAYKHEHUE 5.1. lokasars, aro rpynna J[JIO-aBromopduzmon C — 310 coBo-
kymHocTh Beex JIJIO Buma A(z) = az + b, rie a,b € Cu a # 0.

®ynknnsa 2KyKoBcKoro.

Omnpenenum gynryuro 2Kyrxosckozo:

1 1 1
Kz)==(z+-) =K ().
Tak Kak e€ mpousBogHAs UMEET BUJI
1 1
)I(l —— 1 _

to dyukiws 2K spisiercs sokanbao KoHbopmuoit B C \ {£1,0}. Ha camom nene
dbyuxms 2K kordopmHua 1 B Toukax z = 0 u z = 00 (IPOBEPHUTH TI0 OIPEJIEJIEHNUIO).

z—1
Omnpenennm dyuknun A (z) = 1 u S(z) = z2. HenocpeicrBenno mposepsier-
z
z+1
ca, uro AT1(2) = % u 2K = A;'oSoA; (Kommosumus Beerya neficTByer crpasa
—z

HAJIEBO).

Haiiiem HeKoTOpBIE MAKCUMAALHBIE 00AGCTIU KOHPOpMmHocmu dyHKun 2K, T.e.
Takue 00J1aCTH KOH(MOPMHOCTH, KOTOPBIE HE COJIEP:KATCA HU B KAKUX OOJIbIIX 00.1a-
crsix Koudopmuoctu (s dbyuknuu 2K).

[lycrs Dy = C*\ B;. Ha pucynke IIOKa3aHO: KaK IIpeodpasyercs 3Ta 001acTh
IpHU TI0CIeI0BaTe/ILHOM IpuMenennn orobpazkenuit A, S, A=t dcno, uro D, apjig-

1
ercs 0bsiacTbio KondopMmuocTH. Fe Helb3st yBeanaurhb, nockosbky 2K(z) = 2K <— .

z
[Mosnoxum €y = 2K(D;). O6parnoe xk 2K orobpazkenue, nepesogsiiiee 2 B Dy, 060-
snavaercs 2K 1.

SAMEYAHUE. OTKpPBITHII KpyT B TOXKe ABJIsIeTcs MaKCUMaJIbHOM 00/1aCThI0 KOH-
dopmuoctu 7K. AHasiormaHO MOXKHO ompeiesnTh obparaoe K ¢yukiun 2K otrobpa-
xenne 2K ! nepesomsimee obiacts ) B By.

JIBe npyrue ocrosHble MAKCUMaJIbHbIE 001acTu KoHMopMHOCTH DyHKINN 2K yKOB-
CKOTI'O — BEPXHsISI U HUXKHsISI TTOJTyILIocKocTu. Ha pucynke IIpeJICTaBJIEHO IIpeodpa-
zoBanue objiactu Dy = I1, mox nmocsienoBarebubiM feiictBueM yarmmit Ay, S, Al_l.
B uacrrocru, Q= 2K(D,) = C\ ((—o0, —1] U [1, +0)) .

Ob6parnoe orobpazkenue u3 {2y B Dy 0bo3HAYMAETCS }Kjrl. AmnajtoruvaHo omnpejie/isi-
ercst bynxums 2K !, KordopmuO oTobpazkaromas s Ha MOTYILIOCKOCTD 11_.

Tpuronomerpuydeckue QyHKIUN.

Tpuronomerpudeckue u rurepbondeckne (MyHKINA KOMIIJIEKCHOIO TTEPEMEHHOTO
OIPEJIEJISTIOTCST Yepe3 SKCIIOHEHTY:

el 4 7 . el — e sin z Ccos 2
cosz=—————;8nz=——; tgz= pctgz = — :
) ) ) )
2 27 COS 2 sin z
e +e* e? —e * sh z chz
chz=———;shz=———; tanhz=—; cthz = —.
2 2 chz sh z

VIPAYKHEHUE 5.2. Haiitu toukn z € C, mrst Koropeix sin z = 0 wim cos z = 0.
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~— A
® Lo i @
1)
—1 1 0
Dl (2) 2)
Z = >KO l(UJ) < > w = ){{(2) > Wy = S(wl)
M
1) 1)
-1 (2 1 @ |0
@) - Wy
w = A7 (wy)
Puc. 5.1.
wy = Aq(2)
@ D2 ~— Ta @
o, @ TO(?» L @ _, ® %(4) Lo

Puc. 5.2.

VYIPAYKHEHUE 5.3. Jlokasarsh, uro jjs Becex z € C BepHBI TOXKJECTBa Sin z =
cos(m/2 — z) m sin®(2) + cos?(z) = 1.
24



Z = arccosw W = COS Z Wy = ewt

Puc. 5.3.

Haiinem omay u3 makcumasvholr obaacmetds xKoHpopmHocmu oTOOparKeHUsT W =
cos z. B cuity pasenctsa cos z = 2K(e?) u uernoctu QpyHKIMEI COS 2, OJIHA U3 BO3MOMK-
HBIX TaKnX obOjlacTeil — BepTUKaIbHAA II0I0CA Hl(o,w) = {0 < Rez < 7}. B s70it nosto-
ce KOH(POPMHOCTH (DYHKITHH COS 2 JIEHCTBUTEILHO UMEET MECTO, TIOCKOJIbKY (DYHKITHST
wy = e* koudopmua B mosoce {0 < Im 2y < 7}, a bynxius w = 2K (w;) kordopmua
B II,. Obpa3z obractu H,(o,w) IIPU OTOOPaXKEHU! w = COS Z U olpejesieHne OyHKIIMT
Z = arccos w HpUBeJIeHbl Ha pucynke [5.3]

YHOPAKHEHUE 5.4. Monw3ysick dopmysoit sinz = cos(w/2 — z), Haiitu obpa3
BEPTUKAJIBHOM OJIOCHI H/(—g,g) pu orobpaxkenun w = sin z. [IpoceauTs 3a coot-
BETCTBUEM I'DaHMUII.

ONPEAEJEHUE 5.1. Oupejesinm MHOTO3HATHBIE (DYHKINN, OOpaTHBIE K (PYHKITH-
sM COS 2 1 SIll 2 COOTBETCTBEHHO:

2z € Arccosw < w =cosz; z € Arcsinw < w =sinz.

Yro0bl HafiTH MaKCUMAJILHYIO 00/1acTh KOH(pOPMHOCTH (DYyHKIMH w = tg 2, Ipe-
obpazyeM 3Ty PYHKIHUIO:

sin z e — e e?* — 1 ~
tg 2 = - i< T A (e,
& CcoS z e® 4 g% ez 41 1( )
z—1
FﬂeA1(2)2Z+1-

Onna n3 MakcHMAaJbHBIX obJacreil KondopmuocTu dbyHKImN tg(z) — BepTUKAIb-

Hasl 110J10Ca, H’(_E x). Ee obpa3 13 npu orobparkenun w = tg z u onpejeneHne GpyHK-
272

mun w = arctg z npusejieHsl Ha pucyske [5.4]
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wy =212

M.

272

® /S A @ wy = ™1
o | @ ) FTENC) \
N O e ©
@ | 6 T/ @

3) 4
z = arcctgw < > w=tgz @ -l

Puc. 5.4.

ONPEAEJEHUE 5.2. OupejesinM MHOTO3HATHBIE (DYHKINN, OOpaTHbIE K (PYHKITU-
aM tg 2 1 ctg z COOTBETCTBEHHO:

z € Arctgw & w=tgz; z € Arcctgw & w = ctgz.

YTHPAYKHEHUE 5.5. JlokazaThb, 4TO BEpTUKAILHAS [10JIOCA H’(O ) ABJIAETCS MAKCH-
MaJIbHOI 00/1acThi0 KOH(MOPMHOCTH byHKIMA ctg z. Onpeaennts pyHKINO arcctg w.

YIPAYKHEHUE 5.6. Hailitu oOpa3 BepTUKaAJIBHOI TIOJIOCHI H’(_E =y IpH oTobpazKe-
474
HUN W = tg 2.

YIPAYKHEHUE 5.7. JTokasars, uro (arctg z) = Ha (3.

1+ 22

Muoro3HadyHbie (1)YHKIJ;I/II/I n X OJHO3HAYHbIE€ BE€TBU.

ONPEAENEHUE 5.3. Ilycts £ C C* E # @. Ilycts F conocraBiiseT Kaskoi
Touke z € E memycroe muO)ecTBOo F(2) C C*. Torma rosopart, uto na E sadana
MHO203Ha¥NaA Pynkyus (Mm-pynruus) F.

ONPEAENEHUE 5.4. Ilycrs F' — m-dyukmua va F, By C F, E; # &. Ilycrs
fi : By — C* — bynxmusa, taxag, aro f1(z) € F(z) ana scex z € Ep. Torma fi
Ha3bIBaeTCA 00H03HauH0t 6emevto M-bynkuuu [ na F;.

SAMEYAHUE. Eciu dbyuknus f; uz onpeienenus HerpepbiBHA Ha F) (mm
roslomopdHa, wim KouGopMHa B obaacmu Fy), To fi Ha3zpIBaeTCS HENpepuierol (uau
2onomopProti, uru kongdopmnot) semevio M-pyuknun F wa Fy (6e3 mobasienust cio-

Ba "0OIHO3HAYHOI", 9TO 3/1eCh BCEr/Ia MOIPA3yMEBACTCH ).
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[TPuMEP 5.1. (1) Ln(z) — m-bysknusa ma muoxecrse F = C,; /g Besakoro
a € R bdynxus In (g q427)(2) aBiasercs eé koHGOPMHOI (I roJI0MOPGhHOI) BETBBIO Ha,
‘/(oc,a+27r)'

(2) F(z2) = {/z — m-dynkuus na maoxecrse £ = C* (nonaraem /00 := 00). [lpn
mobom « € R dynakmmst (/E(a’a +2m) HA Via ator) — €€ KOHpOpMHAS (1 rosomopdHast )
BerBb (cM. kower Jlexuun 1, npumepst 3.1 u [4.1], ynpasxunenne [3.2)).

YIPAYKHEHUE 5.8. M-dynkuust F(z) = Arctg(z) onpejiesieHa Ha MHOKECTBE
C*\ {&i}. HamommnM, aro dbynkmus tg(z) npuanmaer see snadenus us C*\ {£i} (s
TouKax zx = m/2 + wk, k € Z, noonpenensieM eé MO HEIPEPbIBHOCTH: tg 2z, = 00).
Oynknus fi(z) = arctg z — ronomopdHas BeTBb M-pyHKIMI Arctg(z) Ha MHOKECTBE

Ey = Q3 (e puc. 5.4).

[TPUMEP 5.2. M-dbyukmusa Arg(z) ompenenena na muoxecrse C, = C\ {0}.
Oyukrus fi(z) = argz — HenpepbiBHasg BeTBb M-byHKIH Arg(z) Ha MHOXKECTBE
E, = C_ := C\ (—00,0]. Oxsako 04eBUIHO, 9TO fi HE sBJISIETCsI MOJIOMODPQHON
BeTBbIO M-byHKINN Arg(z).

5.1. ®ysknuu 2P u a”.
Badurcupyem p € C u onpenennm M-pyHKITAIO
2P =ePtms =[P |y, €lnz}, 2€C,.

IIpu stom dyurmmsa fi(z) = 22, = e?"* — romomopdnas Bersp 27 B C_.
y (0

VIIPAYKHEHUE 5.9. Haiitu 4°.
VIIPA>KHEHUE 5.10. Hajitn Kakyo-ambo MakCUMAJILHYIO 00/1aCTh KOH(POPMHO-
ctu pyHKIUN Z(y)-
[Tycts Teneps purcuporano a € C, a # 0. Ilo onpeneeHnio mo10KuM
a® =e*me = {e* |y, € Lna}, z€C.

Torna af;) = e*ne ¢ A(C) - yenan Bersb M-pynkuu a®. Ipu sTom

! N - . .
a? = 6ana _ ez( n|a|+i-(arg a+2m )) _ ezlna627rkzz _ a(zo)e%rkzz‘

zn

Taxum obpasom, M-pyHKIHM ¢® "pacrnagaercsa"Ha CIeTHOE YNCIIO MEJIBIX BETBEIA.
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6. Jlekuusi 6. HenpeppiBHasi BeTBb M-dyHKImMu Arg(z) BAOIb IIyTH.

NBaekc myT OTHOCUTEJBbHO TOYKU. DKBUBaJIEHTHbIE ITyTU. /leiicTBus

c KpuBbiMu. CripsiMiiieMble IIyTH u KpuBble. VIHTerpaJj BIoJb KPpUBOii
0 KOMILJIEKCHOI ITepeMeHHO

HenpepoiBuasi BeTBb M-pyHKIun Arg(z) BIOJIb IyTH.

TEOPEMA 6.1. ITyemov v : [o, 5] = C, = C\ {0} — nymo. Toeda m-Pyrryus
F(t) = Arg(v(t)) umeem nenpepvisnyio semen @o(t) na ecem [a, f] .

Bcee nenpepwisnovie na [, 8] semeu m-gynruuu F umerom eud r(t) = o(t) +
2rk, k € Z.

JOKABATENBLCTBO. Iomoxum C_ = C\ (—00,0], CL = C\ [0, 4+00). Joraxkem
CcyIecTBOBaHMe XOTs Obl OJJHOIN HenpepblBHON BeTBU M-pyHKIMu F' Ha BeeM [o, (.
[Iycrs cravana [y] = v([o, 8]) € C_. Torma MoxKHO MOIOKUTE po(t) = argy(t) Ha
[, B]. Anasormano, ecau [y] C €, To MOKHO MOJIOKUTD g (t) = arg y(t), t € |o, B].
21

B obmem ciyuae pazobbem orpe3ok I = [o, 8] na N (N € N) paBubix moce-
JIOBATEJIbHBIX OTPE3KOB [, = [a,—1, ) (THe @ = a9 < -+- < ay = ) Tak, 9rT00bI
[7]1,,] memmkom coneprkacsa B Cy mmm B C_ myst kazxporo n € {1,..., N}. Iloscum,

noueMy Takoe pasbuenue cymectByer. [lockonbKy [v] — komnakr B C, He comepxa-
muit Touky 0, umeem d(0, [y]) = p > 0. B cuity paBHOMEpHOI HENPEPBIBHOCTH 7y HA
I, cymectyer Takoe € > 0, aro |y(t1) —y(t2)| < p mas m00BIX ty,te 3 I ¢ ycaoBueMm
|t1 —to| < e. Ocraercs jyist 9T0rO € HaiiTh HarypaabHoe N ¢ yeaosueM (f—a)/N < e.

Tlycrs gu(t) = arg1(8) |1, 1pi [¥(t)]1,] € C_, 1 4 (t) = Bxgoamy YD), B poTID:
uoM cirydae (mpm stom [Y(t)|,] C Cy), ne {1,...,N}.

[Tomoxum ¢o(t) = 1 (t) ma I. Torma e(aq) = po(ay) + 2mk; Jyisi HEKOTOPOTO
ki € Z. Tonoxum pg(t) = o(t) — 2wky wa Iy, Torma vs(ag) = @olas) + 2mky aist
HEKOTOpOro ko € Z. Ilomoxum po(t) = ¥3(t) — 2wky na I3 u 4. Ilo nocrpoennto,
dbyukus @o(t) menpepoiBaa Ha [o, 5] u Vi € [, 5] umeem o(t) € Arg(y(t)), T.e. o
— HenpepbiBHas BeTBb M-pyukimu Arg(y(t)) na [«, 5.

[Iycrs Teneps ¢ — erme ojHa HenpepbiBHAs BeTBb M-DyHKIN Arg(y(t)) Ha [a, 5].
o ity = £10 = galt)

27
BCEX TOYKAX IEJOUNCIICHHBbIe 3HAUYEHUsI, 1, CilefoBaTeabHo, (t) = k nHa |o, B] mua

HekoToporo k € Z. Orcroga nomyaaem ¢(t) = ¢o(t) + 2rk. C apyroit cTOpoHbI, Ove-
BUJIHO, 4TO Bee yHKIMU Buja o (t) = po(t)+ 27k, k € Z, aBastorcst HerpepbIBHBIME
BerBaMu M-pyukimu Arg(y(t)) Ha [o, 5. O

— HenpepbiBHAs Ha [a, (] dyHKIWMs, IpUHUMAOIIAA BO

I/IH,Z[GKC IIyTU OTHOCUTEJIbHO TOYKMU.

ONPEAEJEHUE 6.1. Ilycts 7 : [a, 5] — C, — myTh u ¢ — Kakag-1mub0 HermpepbiB-
Hag Ha |«, ] BerBb M-yukIMu Arg(vy(t)). Bernauna

A, Arg(z) = ¢(B) — ¢(a)
HA3bIBAETCS NPUPAUWECHUEM (NOAAPHO20) AP2YMeEHMA BIOTb IYTH 7.

BAMEYAHUE. W3 Teopembl creayer, aro A, Arg(z) onpeeseHo KOPPEKTHO,
T.e. HE 3aBHCHUT OT BbIOOPA HENPEpPHIBHON BeTBH ¢ M-byHKImn Argy(t).

ONPEJEJEHUE 6.2. Ilycrs 7 : [a, B] — C — nyTb, u myctsb a ¢ [v]. Torma nyrs
Y—a(t) = () — a, t € [, 5], HE TPOXOIUT Yepe3 ToUKy 0 U ompejesieH undeke nymu
Y OMHOCUMENLHO TOYKY A

) 1
ind, (a) = o A, Arg(z).
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3AMEYAHUE. Qynkmusa f(z) = ind,(z) menpepssra B C \ [y]. s mokasa-
TEJIbCTBA STOr0 (PaKTa JOCTATOUHO pasduTh 1MyTh y Ha "Masenbkue" myTn (Kak 310
CJIEJIAHO B JIOKA3aTETHCTBE TEOPEMbI U YyCTAHOBUTH HYKHBIN (DaKT JIJIsi KazK/I0TO
U3 3TUX IIyTeH.

B cayuae samruyroro mytu vy dyaknus f(z) mocrosHHa (U I1EJIOYUCIEHHA) B
Kazk 101 KoMmIoHeHTe cBsizHoctu MHOkecTBa C \ [7].

Caedyrowan meopema bydem doxasana 6 pasdese "Cneurypc"nocae doxasamenn-
cmea meopemv, 2Kopdana.

TEOPEMA 6.2. ITycmo v — 3amrnymoiti oicopdanos nyms 6 C. Ilo meopeme 2Kop-
dana, C\ [y] = DUQ, 2de D — oepanuuennan vomnonewma C\ [y], Q@ — neoeparu-
wennas. Tozda ymeeporcdaemes, wmo ind.(z) =0 dan ecex z € Q, ind,(2) =1 (uau
ind,(z) = —1) dan scex z € D.

B ciyuae, korna ind ,(z) = 1 s Beex z € D, Iy Thb Y HA3BIBAETCH NOAOHCUMENLHO
opuermuposarHvm omnocumenvro obaacmu D. Ecmu xe ind,(2) = —1 aa seex
z € D, To v ompuyamesvro opuenmuposar omHocumenvro D.

SAMEYAHUE. [IpuBemem moapoOHBI IIAH JOKA3aTEIbCTBA IPEIbLIYIIEl Teo-
peMbl Jiisi CjIydas IPOU3BOJIBHON 3aMKHYTON KODJIAHOBON JIOMaHOi# (jjisi Hero y
HAC eCThb HPOCTOe JoKazarenberBo Teopembl 2Kopgana). Ilycrs LT — samkHyTas
OPHMEHTHPOBAHHAS YKOPJAHOBA JIOMaHasd C MEePBBbIM peOpoM [v1, ve]t, m mycth a =
(v1 4 v2)/2. O6osnaunm yepes I'" — xopupanoBy jomanyo L1\ (v1,vs). Ecam Tou-
Ka zT — a (CooTBETCTBEHHO, z~ — @) 1O HOpMaJu K pebpy [vi,ve]T us meozpa-
Huwernotl (COOTBETCTBEHHO, U3 02PaHUMEHHOT) KOMIIOHEHTBI JIONOJHeHus K [X], To
indp+(z") —indp+(27) — 0 coryiacuo npepLIyIeMy 3aMedannio. HeTpyHo yeraHo-
BUTH Takke, 4T0 ind y+(21) = 0. Ocraercst 3ameTnTh, 4TO

‘ind [Ul7v2]+(2+) — ind [vl,v2]+(z_)‘ — 1.

DKBUBAaJICHTHbLIE IIyTHU. ,D;el';lCTBI/IH C KpUBBbIMMHA.

ONPEAEJEHUE 6.3. Ilycrs 419 : [0q2, f12] = C — aBa mytn. Onn nasniBaiorcst
aKeusasenmHbIMY (0DO3HAUECHHUE: Y1 ~ 7Y5), €CJIN CYIIECTBYET BO3PACTAIOINIIHA TOMEO-
mMopdusm h : [, 1] = [ag, Ba] ¢ yenosuem o (h(t)) = 71 (t) upu Beex t € [aq, f1].

YIIPAYKHEHUE 6.1. Jloka3aTb, 9TO ™~ — OTHOIIIEHUE SKBUBAJIEHTHOCTH.
Kuracc 9KBUBaJICHTHBIX IyTeil (C IIpejicTaBuTesIeM y) Ha3bIBAeTCs KPUuGot, KOTOPast
oboznagaerca [ (win {v}). Koppekrro onpesenen nocumens [I'] = [y] xkpusoii I

YIPAYKHEHUE 6.2. Ecim v >~ 79, 10 ind,, (a) = ind ., (a) a1 Bcex
a € C\ [m1] = C\ [1]. Crenosarenbro, KoppekTHO omnpefeen indr(a) — undekc
kpusoii I' orrocurenbuo Touku a ¢ [I].

[Iyers 71 2 [041,2, ﬁm] — C — aBa myTn, npudem 51 = ag u 1 (f1) = 12(e2). Torma
onpejiesieH myTh v = v U Yo © [ay, fo] — C o dopmyie

(t) = (), tE€lay, B,
Ya(t), € oz, Bl

[Iycts I'y m 'y — KpuBble, mpudem Kouel I'; coBmajaer ¢ Hadagom ['5. Torma
MO2KHO otpesiesinTh Kpuyio I' = Iy Uy, Jlig 97010 HYKHO B3ATh KaKUe-J1n00 Mpe/i-
craBuUTENN Y1 U Yo KpuBbiX 1 u 'y coorBercrBenno (r.e. I'y = {y} u I'y = {12}),
OlPeIeTIEHHBIX (3amapaMeTpu30BaHHbIX) Ha oTpeskax [0, 1] u [1, 2] cooTBeTcTBEHHO, &
3aTeM pacceMorperb KpuByto I = {3 U7z }. Herpyasao mokasars KOppeKTHOCTD 9TOTO

v
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onpejiesiennsi. [Topsmok myTeit m KpUBBIX B YKa3aHHON omiepariuu 06seduterus nymet
U KPUBHLT, OUYEBUTHO, BazKeH. Borpoc 0 KOMMYTATUBHOCTU CMBIC/IA HE UMEET.

ONPEAENEHUE 6.4. Ilycts 7 @ o, B] = C — myrs. Torma myrs
v (t) =vy(a+B—1t): o, B] = C mazweiBaercs npomuonosodtcrvim K 7. OUeBUTHBIM
obpa3oM KOPPEKTHO oIpejieigeTcs Kpubas 1™, MpOTUBONIOI0KHAasT KpuBoii [

YIPAKHEHUE 6.3. Ecom a ¢ [I'] U [I's] u onpenenena kpusas 'y U I'y, To
indr,ur,(a) = indrp, (a) + indr,(a).

YIPAKHEHUE 6.4. Ecim a ¢ [I'], 1o indp- (a) = —indr(a).

CrpsiMmiisieMble TyTU U KPUBbBIE.

[Iycts v : [a, f] = C -y, T = {ae = to, ..., tx = B} — pasbuenue orpeska [, [3]
nopsaka N (N € N); At, =t,—t,-1 > 0(n e {l,...,N}). Hucao \(T') = max At,

1<n<N
HasbIBaeTcst duamempom pasbuerus 1.

N
Conocraum Kaxjomy pasouenuto T sesmauny () = > |v(tn) — v(tn_1)| —
n=1
JTMHY BIIMCAHHO B Y JIOMaHO#, coOoTBeTCTBYIOIIEH 7.

ONPEJEJIEHUE 6.5. Jlaunot nymu ~ HasbiBaeTcsd (KOHEUIHAs WM OECKOHETHAS)
BeJIMYNHA

I(v) = Sl;plT(v)'

Eciu [(7y) < 400, TO IyThb 7y HA3BIBAETCS CNPAMAAEMBIM.

YIOPAYKHEHUE 6.5. JlokazaTb, 9TO IyTb Y CHPAMJLEM, €CJIU U TOJIHKO €CJIU Cy-
IeCTBYeT 1 KoHedeH limyry_o (7 (), npudem on pasen (7).

SAMEYAHUE. JIerko BUAETD, 9TO €CJii Y1 =~ 7q, TO [(71) = [(72); B yacTHOCTH, Y1 U
o OJHOBPEMEHHO CHPSMJIAEMbIe WK HeT. I103ToMy KOPPEKTHO OLpeIe/IeHbl IO TUST
cnpamasemots kpusot u ee daunw [(I') :=1(7), toe I' = {~}.

YIPAKHEHUE 6.6. [Tycrs K(t) — kanrtoposa jectrhuna Ha [0, 1]. Oupemennm
nyts y(t) = t + 1 K(t) na [0,1] («rpadur» K ma miockocru Ozy, z = x + iy).
Hokazars, aro I(y) = 2.

[Iycrs v : |o, ] — C — cupsimiisieMblit IyTh, He IMOCTOSTHHBIN HU HA KaKOM HH-
repagie (a1, 1) C [a, f]. Torma dynknus s(t) = l(’y’[a’ t]) HEIPEPLIBHA U CTPOrO BO3-
pacraer, u, cJieJoBaTeIbHO, ABJsgeTcs romeomopdusmom [a, B] Ha [0,1(y)]. Tlosromy
ompeesieHbl obpaTHoe oTobpazkenue t = t(s) u myrs y(s) = y(t(s)) : [0,1(7)] — C,
5 =~ ~. [lapamerp § Ha3BIBAETCS HAMYPAALHULM napamempom iiag Kpusoil I' = {7y},
a IyTh 3 €& Hamypaivroli napamempusayuer.

ONPEAEJIEHUE 6.6. IlyTe y(t) = x(t)+i y(t) Ha [, 5] Ha3BIBaeTCs 2nadKuM, eCTH
z(t) m y(t) ssasgiores bynkmuavm knacca Cl([a, B]), npuaenm 4(t) = @(t) + i y(t) # 0
Ha [o, O]

ONPEJEJEHUE 6.7. [IBa mragxux myTH ;2 : [0q2,012] — C naseaiorcs ok-
BUBAACHMHBMY KAK 2A00KUE NYMU, €CH CYIIeCTBYyeT Bo3pacTatommuii miuddeomop-
busm (knacca C! B obe croponbl) h : [ay, 1] — [, Be] Takoit, uto Yo (h(t)) = 1 (1),
t € [ay, 41l

VIPAYKHEHUE 6.7. DKBUBAJCHTHOCTD IVIAJIKUX IIyTeil — OTHOIIICHNE SKBUBAJICHT-
HOCTH.
Kacce 3KBUBaJIEHTHOCTH TVIAJKHUX ITyTeil Ha3bIBAETCS 24a0%K0T KpUusotl.
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YIPAYKHEHUE 6.8. Eciu v; 1 v9 — r1ajiKue myTH, SKBUBAJICHTHBIE KaK OObITHBIE
IIyTH, TO OHU SKBUBAJEHTHBI U KaK TJIaJIKHE ITyTH.

YIPAYKHEHUE 6.9. Ecim v — menpepsiBro nuddepennupyemslii myts #Ha [, ],

B
10 on cupsimiisieM u () = [ |§(¢)] dt.

YHOPAXKHEHUE 6.10. /lath onpemenenHnss KyCOYHO-TVIQIKOTO IIyTH, SKBUBAJEHT-
HOCTU KYCOYHO-IJIQJKUX IIyTeil, KYCOYHO-IJIa KON KPUBOIL.

NuTerpas B10b MyTH U KPUBOM MO KOMILJIEKCHOM IEepeMeHHOIA.

[Iycrs v @ |, 8] — C — nyts, f : [y] = C — meroropas dyskuus, T = {a =
to,...,ty = P} — pasouenne |« B]. llycrs 7 = {7,..., 78} — 6wbopka, nodwunen-
nas pasbuenuro T, 1.e. T, € [t,_1,t,] mas xaxmoro n € {1,..., N}. Oupenenum
UNMELPANOHYIO CYMMY':

N

E’Y(T7 T, f) = Z f(’V(Tn)) (7(tn> - 7(tn—1>)'

n=1

ONPEAEJIEHUE 6.8. Eciu cymecTByeT KOHEUHBIH 1Ipeie
I= lim S.(T
N L(T,7, )

(re. Ve > 0 maiimerca § > 0 Takoe, 9T0 JjIsd BCSKOTO pasbuenust 1 ¢ ycaoBHeM
ANT) < & u pna Besikoit BeGopkn 7, nogunnennoit T, umeem |1 — X.(T, 7, f)] <€),
TO OH HA3BIBAETCA UHME2PaLom om dynkuyuu f 6doav nymu vy 1 0603HATAETCS

/f(z)dz.

OyHKIMA f B 9TOM CIydae Ha3bIBACTCA UHMEZPUPYEMOT, 800AL NYMU Y NO KOMNAEKC-
Hol nepemeHroll 2.

YHOPAYKHEHUE 6.11. Ilycrs 71,72 — JaBa mpousBosibHble TIyTH. Ecmm vy >~ v, u
byrkuus [ onpenenena Ha [y1] = [12], o [ f(2)dz u [ f(z)dz cymectByror mmbo He
Y1 Y2

CYIIECTBYIOT OJITHOBPEMEHHO, U B IIEPBOM CJIydae OHU PaBHBI MexK Ty coboii. CremoBa-
TeJIbHO, KOPPEKTHO OIpeesIeH uHmezpas 60oab kpusot I' om gynrxyuu f.

VIPAXKHEHUE 6.12. ITycrs ans kpusoit I' cymecrsytor uarerpanst [ fi(z)dz u
r
[ f2(2) dz. Torna ¥V Ai, Xy € C cymecrsyer unrerpai
r

/(A1f1(2)+)\2f2(z))dz:Al/fl(z)dz+)\2/fg(z)dz.

r r

YIPAYKHEHUE 6.13. [lyctb g kpusbix [ u 'y onpejieniena kpusas [' = ' UT,,

u f:[['] = C. Ecin cymecrsytor unrerpaust | f(z)dz u [ f(z)dz, To cymecrsyer
I

I'1
UHTErpasl



[Iycrs E C C, E # @. Hepes C(E) ob6o3nadaercst mpocTpaHCTBO QYHKIMI, Henpe-
puenvix (o E) B Kaxk 101t Touke a € E u ogparnuvennvr na E. B C(E) onpeensercs
PABHOMEDHAA HOPMA:

[ fllz = sup |f(z)].
zeE
TEOPEMA 6.3. ITycmo v : [a, B] = C — cnpamasemoiii nymo, gynxyua f nenpe-

puena na [y]. Toeda [ f(z)dz cywecmsyem u svnoansemea nepasencmeo
v

| [erd] < Uil 1 (61

JIOKABATENBCTBO. Ionaras f(z) = u(z,y) + w(z,y) n y(t) = x(t) + iy(t), mo
OIPEJICJICHIIO HHTErPAJIOB YePe3 COOTBETCTBYIOIIUE MHTEIPATBHBIE CyMMbI [IOJTy 9aeM:

B8 B B8
/ f(z)dz = / () d(t) = / (i (t), y(1)) de(t) — / o((t). y(t)) dy(t) +

3 B
pi ([ ule.v®) an0 + [ o(eo).000) az(0).

B

rae [ f(7(t)) dy(t) u npyrme mHTErpasbl B HOC/IEAHEHl CepHH PABEHCTB SIBJISIOTCH
(e

urTerpasamMu Pumana-Cruirbeca.

JlokazkeM, HAIIpUMep, CylecTBoBaHne narerpana [udr = [ u(x(t),y(t)) dx(t).
5y «a
Oyukiys u(m(t),y(t)) HelpepbiBHA Ha [, 5] Kak KOMITIO3UIHs HEMPEPbIBHDIX.
Oynknus z(t) umeer Ha [, ] OrpaHUYEHHYIO BApHAIUIO, MTOCKOJIBKY CIIPABEINBA
ouenka Var [, g (z(t)) < /() (nposepurs!). 13 Kypca JeflcTBUTENILHOO aHAIN3a H3-
BECTHO, 9TO 9TUX JABYX yCJIOBHIl JOCTATOYHO JIJIsl CyIIeCTBOBAHUS MHTerpaJia Pumana-

B
Crunrbeca [ u(z(t),y(t)) dz(t).

Cymecrsosanue unrerpanos [vdy, [wdy, [vdx noxaseiBaercs aHAJOIIIHO.
v v vy
Haxonen, st kax10it narerpainnoit cymmsr X (7, 7, f) cupasemusa oneHka

2T A < fllw - L (n) < Ml - 10).
[Mepexonst k npemeny upu A(1') — 0, nosygaem Tpebyemoe HepaseHCTBO (6. 1)). O
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7. Jlexkusa 7. UaTerpas B/10/1b HeIpePbIBHO-IU(MPHEPEHITNPYEMOTO Iy TH.
JIlemma I'ypca. Jlemma o nmpubJm>keHumn.

NuTerpan B1oab HenmpepbIBHO-/ U HEPEHITMPYEMOTO Ty TH.

TEOPEMA 7.1. ITyemw v : [, 8] — C — nenpepvisho dugdepenyupyemviti nymo,
a pynxyua f nenpepwena na |7y). Tozda

B8
/ f(2)dz = / F(v(8)3() dt.

MbI HECKOJIBKO OTJIOXKHUM JIOKA3aTeJILCTBO 3TOM TeopeMmbl. CHavasia IpUBEIEM
OJIMH BaKHBI TTPUMEp €€ UCIOIb30BaHUs, 3aTeM HaM MOHAJIOOMTCS OJIHO HOBOE IIO-
JIE3HOE TIOHSTHE U HEKOTOPBIE 1IPeJIBapUTEIbHbIE PE3YJIHTATHI.

[TPUMEP 7.1. Baduxcupyem n € Z; no oupejenennio nojoxkum z° = 1 s Beex
z € C. Haiinem snavenne | z"dz, vae yr(t) = Re™|(p 2, — OKpy2KHOCTB pajuyca R

C TIIEHTPOM B HYJIE: "
2 2
/z” dz = /(Re”)”Rie” dt =iR"! /ei("ﬂ)t dt =
TR 0 0
2 2
= iR"™! /cos (n+1)t)dt — R™ /sin (n+1)t)dt =
0 0

0, n#-—1,
27, n=—1.

=iR"t! /COS (n+1)t)dt = {

DTOT MPOCTOI pe3yJ/IbTaT UMEHYeTCsI KaK "CBOMCTBO OPTOrOHAILHOCTH cTerneHeit"
(oka 6e3 KOMMEHTAPHEB):

/z”dz: 0 _ n7 -l (7.1)
2mi, n = —1.

TR

OnPEJAENEHUE 7.1. [lyers £ C C, E # &, f : E — C — orpannuentast (pyHK-
ust. Modyas nenpepwernocmu gymnxuyuy f na mmoorcecmese E onpeensiercs 1o dbop-
MyJIe:

we(f,0) = sup |f(21) - f(22)}-
Zl,ZQGE
|21 —22|<é

BAMEYAHUE. OueBuzano, uro yHKIms [ paBHOMEDHO HelpepbiBHa Ha E <

wE(f, 5) — 0.
d—0

JIEMMA 7.1. ITyemo y(t) = x(t) +iy(t) — nymov na [o, 8] xaacca C*. Hoaoscum
1(6) = wia,g (%, 0) + wia,p)(y,0). Toeda Vi € |a, 3), VAL > 0 ¢ ycrosuem [t t + At] C
la, 5] u V0 €[t t+ At] swnoansemea oyenka:

V(t+ At) = y(t) = §(0)At] < p(AL)AL.
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JIOKA3ATEJBCTBO. Ilycrs t, At, 6 ynosierBopsitor ycaoBusm jgemMMmbl. [1o Teo-
peme Jlarpamka (mas dynkmuit 2(t) u y(t)) upu nHekoropsix 0,, 6, € [t,t + At] cupa-
BE/IJIUBBI PABEHCTBA!

o(t + At) — z(t) = 2(0,)At,
y(t + At) —y(t) = y(6,) At.
CrnenoBaresbHO,
(A1) = (1) = 5(0)t] = | (v t+At —x<> r(@)At)+
iyt + AL —y(t) - )| < (I 0] + [9(6,) — §(O)]) At <
< (w aﬁ](l’ At) +w ](y, At))At = (At)A 7
qTO U Tp€6OBaJIOCb JOKa3aThb. 0

Dra JIeMMa ABJIsieTCsl KaK Obl 3aMEHOM IIUTUPYEMOIi B €6 JI0Ka3aTe/IbCTBE TEOPEMbI
Jlarpamzka, KoTOpasi He BepHa JIs IyTeil Ha mrockocTu. [Ipusemem npumep: 7y(t) =
€027 3mecns y(2m) — v(0) = 0, ommako ¥(t) = ie # 0 upu Beex ¢ € [0, 27].

JIOKA3BATEJIbCTBO TEOPEMHBI [7.1] Bocnosbsyemcesi 0603HAMEHUAME TTOC/IE/HET
JeMMbl. B cuity paBHOMEpHOH HenpepbiBHOCTH GyHKIMA & 1 ¢ Ha |a, (], umeem:

3aMeTuM, 9TO UHTErPaJIbl, PABEHCTBO KOTOPBIX TPeOyeTCsl YCTAHOBUTD, CYIIECTBY-
I0T: JIeBblil — B cuity crpsamiasemoctu Cl-yTu u menpepbiBHOCTH f Ha ero HocuTese
(o Teopeme [6.3)); paBblil — B CHIy HEMPEPBIBHOCTH MOJIBIHTEIPAJIBHON (DYHKITHH.

[Iycre T = {to,..., tny} — pasbmenue orpeska [a, (|, 7 = {7,..., Ty} — BB
bopka, mogunuerHasi 1. OmeHNM pa3HOCTb WHTErPAJbHBIX CYMM JIJIsi f f(2)dz m

Y
B

[ f(v(#))74(¢) dt, cooreercreyromux nape (T, 7):

«

> F((m) () - Z ICICRIEIED

< O F ()] - |rtn) = (tamr) = () A| < Z | f(( (AL, ) At, <
<l (B = a) - w(MT)) — 0
upu A7) — 0. Hamee scuo. O

JIemma I'ypca (Teopema Kormu ajisti TpeyrosibHUKOB).

YIPAYXKHEHUE 7.1. Jljist npousBoJibHOTO orpeska [a, bl B C gokazarh paBeHCTBA:

anrl_ n+1
/z”dz:—a, nef{0,1,...}.

[a,b]

13 9THX paBeHCTB CJIEJyeT, YTO I BCSKOTO MHOTOUJIEHa p(z) M BCSKOrO Tpe-
YTOJIbHAKA A ¢ IOJOXKNTEIHLHO OPUEHTHPOBAHHON rpannieit 0T A crupaseamso pa-

BEHCTBO
/ p(z)dz = 0.

otA
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Breck u najee B 9TOi JeKImu depe3 A 0003HAYACTCH 3aMKHYMOLG (BMeCTe ¢ BHYT-
peHHeit 06/1aCThIO) TPEyTOIbHUK.

JIEMMA 7.2. (I'ypca). Ilycmv A — mpeyzorvhuk ¢ (nosostcumenvho) opuenmu-
posarnoti epanuyet 0T A. ITyems dynkuyus f onpedeaena 6 nexkomopoti oxpecmmuocmu
A u asasemes C-dugdeperyupyemoti 6 xaocdotd mouxe z € A. Tozda

[ fra: -

otA

JIOKABATEJBLCTBO. IIpeanonoxum mpoTuBHOE:
/ f(z)dz=1#0.
otA

Cpenanmu mHEAME pa3obbeM TpeyrogbHUK A = Ay Ha 4 TpeyroJbHUKA Agl),
Agl), Aél), Afll) (KaKk MoKas’aHO Ha PUC. . Herpymano Bumers, ato

/f jiz =" /f(z)dz.

9+ Ao 3+A“>

7|
f f(Z)dZ‘ 227

ot A

CrenoBaresibHO, MOXKHO BBIOpaTh j; € {1,2,3,4} ¢ ycaoBuem

rae Ay = Aﬁ).
AnajornyHo, pa3duWBas CpeJHUME JUHASIMUA TPEYTOJbHUK Aj Ha YeTbIpe Tpe-
yTOJILHUKA A?), AgZ), Agf), Af), BeIGEPEM jo € {1,2,3,4} ¢ ycaoBuem

W CIZ RS

Ot A,
2
rae Ay = A( ),
HpOﬂOJDKaH [OCTPOEHUE 110 MHIYKIIUHU, [OJIydaeM CHCTEMY BJIOYKEHHBIX 3aMKHY-
TBIX TPEYroJabHUKOB Ag, k = 1,2,..., co cuemytoummu cBoiictBamu (depes P(Ag)

0603HAYTAETCs [IEPUMETD TPEYroIbHUKA Ay ):

P(Ay) = > u. (7.2)

/fdz

Ot A

oo
[To Teopeme 0 BIOXKEHHBIX KOMIIAKTAaX, CyIIECTBYeT TOUKa zg = [ | Ap C A.
k=0
[Tockonbky dyukius f(z) no yciaouio spiasercs C-muddepentmpyemoit BCromwy
B A (B 9aCTHOCTH, B TOUKE 2), JJIs Hee CIIPABEJINBO MIPEJICTABICHIE:

F(2) = J(z0) + ['(20)(z = 20) + u(2)(z = 20),  u(2) =2 0.

Breipazkast orcrona pu(z), nmeem:
u(z) = f(2) = fl=) f(z), 2+ 2.

zZ— 20
Dyuxuus fi(z), JoonpeiesicHHasT HyJIeM B TOUKE Zg, OIIPeJIieJIeHa U HellPpePhIBHA Ha
A. TlosTomy jtst ipon3BoJIbHOTO € > () MOKHO BBIOpaTh § = 0(£) Tax, uto |u(z)| < €
npu z € B(zp,0) NA.
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Puc. 7.1.

Omnpenenum n € N uz yenosus: P, = P(A,,) < 4. fcuo, aro rorga A,, C B(zp, )N
A. Terepb, 1oIb3ysCh cBOiicTBaAMU @ u ynpaxkuenueM 7.1, moydaem:

|I‘ / f(z)dz _‘ / (20) + f'(20)(2 — 20) + p(z )(Z_ZO))dZ‘:

otA, otA,

P(A)?
g

:‘ / u(z)(z—zo)dz‘gan~Pn:6
Ot A,

U

P(A)?

orkyna |I| < eP(A)% Tlpu € < ———— HoJy4aeM IPOTUBOpeYNe.

g

OnPEAEJTEHUE 7.2. Ilycte D — obsacte B C, dyukiusa f uenpepwera B D.
ToBopsiT, uto f ydosaemeopsem 6 D ycaosuro mpeyzosvHuka, eCJid JIjist BCAKOTO 3a-
MKHYTOTO Tpeyrojbauka A C ) BBIOJHSAETCS PABEHCTBO

JECLE

otA

SAMEYAHUE. Eciau f romomopdua B D, To 1o jtlemme ['ypca f ymoBimeTBopsieT B
D ycioBuio TpeyrobHUAKA.

Jlemma o mpubJINKeHun.

JIEMMA 7.3. (O npubmmxkenun). ITycmv D — obaacmo 6 C, dynxyus f nenpepvis-
na 6 D, v : o, B] = D — enpamasemvi nymo. Toeda Ve > 0 natidemes § = d(g) > 0
maxoe, wmo oaa ecakoeo pasbuenus T ompeska [a, ] ¢ yeaosuem N(T) < 0 evinon-

HEHDL CACOYIOWUE YMBEPHCOCHUA:
(1) “V_Az“[a,ﬂ} <ée, [A,Z;]CD,

(2) | [1()dz = [ f(2)dz| <.
Y AT
2de Az — NOMAHGA, BNUCAHHAA 6 7Y, coomeememaytowas pazbouernuro T'.

JIOKABATEJILCTBO. Byjem cunrarh, 94TO MyTh 7y HETPUBHAJIEH (HGO,ILHOTO‘IGLI—
HbIiT), nHade Beé mpocro. [lomoxkum d = dist([y],0D) npu 0D # @ (D # C), d =1
npu D = C. Oupenenum muoxecreo K = {z € D |dist(z, [7]) < 4} - xomnakr B D,
cofiepzKanuit [7].
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HamomanM ompenesienne MOTysisl HEIPEPBIBHOCTU (DYHKITMU ¢ HA MHOXKECTBe [:

wp(g,r) = sup [g(z1) — g(22)].
z1,22€F
|z1—22|<r

[To ycnoBuio, pyuknus f wenpepbiBHa B D, a 3Ha9UT f paBHOMEPHO HEIIPEPLIBHA
na K. CrenoBaresibHO,

u(r) = wic(f,1) — 0. (73
B cuty paBHOMepHOIi HENPePBIBHOCTH Y HA [, 3], mMeeMm:

w(r) == wia,g(7,7) —> 0. (7.4)

Bacuxcupyem ¢ € (0,%). Us (7.3) u (7.4), a raxxke BBHIY HHTErpupyemocTn
dbyukuu f Bross «y (7 cupamiisiema u f HenpepbiBHA Ha [Y]), Haitgercs 0 = d(g) > 0
TaKoe, 4To

wd) <e , pw(d)) < %, (7.5)

u jis oboro pasbuennst T orpeska [«, ] ¢ ycaosuem A(T) < 0, a Takxe J00oit
BBIOOPKU T, MOMUHEHHON paszouenuio 1', nmeem:

‘ZV(T,T,f)—/f(z) dz‘ < g (7.6)

[TokazkeM, 9TO yKazaHHOE 0 YIOBJIETBOPAET YCIOBHAM JOKA3LIBAEMOIl JIEMMBI.
[Iycrs reneps T = {to,...,txn} — npousBoabHOE pasbuenue [a, ] (nopsaka N)
c yenosuem A(T) < 6 m AT — coorercrByiomas Brucannas B 7y goManas. IIpn n €

{1,..., N} nomoxum -, = 'yht bl Torma Vit € [t,_1,t,] cipaBeuinBa oneHKa:
AT (#) = 7 ()| < max(|7a(t) = (ta-1)l, [1n(t) = (t)]) S w(NT)) <e.
Crenosarensno, [|[AT — 7|5 < €, u (1) noxazano. Samernm Takzxe, aro [Al] C

K, nockonbky Vi € [a, B] umeen AT(t) € Uypa(7(2)).
JlokazKkeM Terepb, 9To

| [ 1)z - 2 mrpl <
AT

Jtst J1i000it BeIGOpKU T = {71, ..., TN}, nogunnennoit T. Torma B cuny ((7.6) u Hepa-
BEHCTBA TPeyroJbHUKa OyieT goka3aHo (2).
HOJIbByHCI: aJIUTUBHOCTBIO HHTerpasa u onpeneaenusmu L. (T, 7, f) u (), ume-

N

| /f )dz —5,(T, 7, )| < | / f(2)dz = f(v(7a)) (v(ta) = Y (ta1)) | =

=Ly (1) ()]

< (2O)) o) = )] < 0 (20)) 1AT) < g5 1) = 5

JlemMma soKazaHa. ]
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8. Jlekiua 8. Teopema Kol 11 oHOCBSA3HOIM 00J1acTH.
Cy1iecTBoBaHME IIePBOOOPa3HOIl B OIHOCBA3HON obJiacTu. @opmysia
HrbroTona-Jleitonuiia. Uurerpanbuas Teopema Koimm fajiss gomycTuMbIx
obJiacreii.

Teopema Koinm njiss oqHOCBsi3HOI 00J1acTH.

TEOPEMA 8.1. ITycmov D — odnoceasran obaacmo 6 C u nycmo dynrkyua f ydo-
saemeopaem 6 D ycaosuro mpeyeosvrura. Tozda das 1100600 3aMEHRYMOT CNPAMAA-
emoti kpueot I' ¢ yeaosuem [I'] C D svinoansemes paserncmeo:

/f(z) dz = 0.

JIOKABATEJILCTBO. 1. Ilo yciioBuio, yTBep:kK/ieHne TeopeMbl BepHO, eciau [’ —
OpHMEHTHPOBaHHAsI TPAHUIA HEKOTOPOro Tpeyrosibhuka A C D (u3 ogaocssazHoctn D
U TEOPEeMBbI cJieJlyeT, 9YTO U BHYTPEHHOCTH TpeyrojbHuka A jexut B D).

2. Eciim I' — rpanuna BeIyKJIOoro MHOroyrosbauka (G C D, TO 9TOT MHOIOYTOJIb-
HUK MOYKHO pas30HUTh €ro JuaroHajsMy Ha TPEyTOJbHUKH, U CBECTH HYXKHOE yTBEp-
JKJICHHE K CIydaro TPeyroJbHUKA.

3. Ternepsb mpoBepuM HYKHOE YTBEPXKJEHUE JIJIs IPOU3BOJIbHON (OpHEHTUPOBaH-
HOIT) 3aMKHYTOI otcopdanosoti omanoit I' B D. TlockosbKy obacts D 0JHOCBsI3HA,
JKOPJIAHOB (OTKPBITHIN) MHOrOYTOJbHUK (7, orpanmdeHHblii Jomanoit [I'], memmkom se-
x®ut B D (cM. Teopemy 1 JI0OKa3aTeIbCTBO TeopeMbl 2Kop/ana s MHOTOYTOJIb-
kOB B pasjene "Crenkypce"). [Tosromy, mo anamoruu co ciydaem 2., JOCTATOYHO
YCTAHOBUTD CJIEYIONIEE YTBEPXKICHUE U 3aTEM BOCIIOIB30BATHCA METOIOM WHLY KITHH.

JIEMMA 8.1. B ykaszannoix 0603HAUEHUAT, cywecmeyem Jua2oHasb MHO20Y204b-
nuxa G (omrpumul unmepsan, coedunsrouyull necocedrnue eepuunv, 6 T ), yeaurom
seacauan 6 G.

JTOKABATENBLCTBO. Ilo unmykiuu. Ilycrs siemma jokasana Jijisi BCeX KOPJIAHO-
BBIX JIOMAHBIX C 9UCJIOM Bepru# MeabimmM, deM N. [lycrs Ay, ..., Ay — nociemo-
BaTesibHBIE BeprnHbl gomanoil I' (N > 4), npudeM HuKakme cocenaue pebpa 5Toit
JIOMaHOM He SIBJISTIOTCS TIPOJIOJIZKEHUSIMU JIPYT pyTa (T.e. BCe BHYTPEHHUE yTJIbI MHO-
royrosibHuKa (G OTJIMYIHBI OT 7 PAJI.), HHAYE Mbl MOYKEM CUUTATh, YTO IHCJIO BEPIIUH
JIoMaHOi Ha camoMm Jejie paBuHo N — 1, u Bcé mokazano. [lenas mpu HEOOXOINMO-
CTHU TIapaJUICJBHBIN EPEHOC U MEPEHYMEPAIINIO BEPIINH, Mbl MOYKEM IIPE/IOIOKATS,
qr0 Ay = 0 — 910 BepmmHa Jomanoil I ¢ MuHEMasbHOl opauHaroit (T.e. Im(z) > 0
st Beex z € [I]). Caenosaresnbho, enympennut yron £A; Ag Az muaOroyrosnbauka G
(¢ BepmmuOit Ay) mMeeT BesmunHy, MeHbIIyI0 7. Ecam narepsan (A, A3) HequKOM
naexutr B G, To BCE pokazano. [lycTs 910 He Tak.

B srom ciyuae na (Aj, A3) uim BHyTpHu Tpeyrosbauka A A Ay Az 0JKHA HAXO-
qurest xors Obr oma Touka Muoxkectsa [ = [T\ ([A1, A2] U [A3A3]). 13 coobpazke-
HU HEIPEPBIBHOCTH HAyTCs TOYKM a1 U a3 Ha nosyuHTepBasiax (Ax, A;] u (Ag, As
COOTBETCTBEHHO TAKHe, 9TO HHTEPBAJILI (a1, a3) u (Ay, As) mapaiesabubl, BHyTPH Tpe-
yrombuuka Aay Asaz ner touek u3 [ (orkyna BayTpennocts Aaj Asag nexur B G),
a Ha (a1, ag) ecrb Toukn u3 [[']" (xors 661 oqHa TouKa a). Eciu a — oxHa u3 Bepiun
Ay, >3, 1o (Ag, Ap) — ucKOMast Juaronasib. Eciin ToUKa a He sIBJISIETCS BEPIIMHON
aoMaHoii I, To OHa JieXKUT BHYTPH HEKOTOpPOro pebpa [A,, A,i1], KoTopoe H0JIZKHO
coJiepzKaThCsl B MHTEpBase (aq,as), orkyaa cHoBa A, € (a1, a3) u (Az, A,) — nckomast
JIaroHAaJb.

U
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4. Ilycre, nakonern, [' — mpousBo/ibHag 3aMKHyTas HEXKOP/JIAHOBa JioMaHas B D.
Y HeE eCTh MPeJICTABUTENb — 3aMKHYTHIH KyCOUHO-TMHENH b myTh v @ |, f] — C,
JUIst KOTOpOro Haiiyercs varypaabHoe N > 1 u pasbuenune T = {o = tg, ..., txy = B}
orpeska [«, 3] mopsiaka N rtakoe, uro npu kKaxjom n € {1,..., N} umeem (t) =
cnt + dp, Ha [t,_1,t,] (¢, 1 d,, — KOMILIEKCHBIE IOCTOSIHHBIE).

JIEMMA 8.2. Cnpasedauso xomas 6w 00HO U3 cAedyowus ymeepo*c(?enufl

(1) dna moboti dywsyuu f € C([I']) ewnoanaemea pasencmeso [, f(z)dz = 0
(caywati, ko2da I' ne umeem samrmnymoix swcopdarnosor "wacmei");
(2) cywecmeyrom samrrymoie stcopdanosov somanvie Iy, ... Ty (J > 1) makue,

ymo |I';] C [I'] dasa ecex 7 € {1,...,J} u daa mobot pynxuyuu f € C(|I']) umeem
051 <[] j yHRy

/f dz—Z/f

.711"

JIOKABATEJIbCTBO. /lokazameabcmeo amoti AeMMbL JIETKO CBECTH K CJIY YAk, KO-
rJla BCe yKasaHHbIe Bbile KoM UIuenTs! ¢, # 0, 1 N — MUHUMAJIbHO BO3MOXKHOE B
TakoM Ipejicrasiaernn jjomanoii I'. Torya 6yjem ropoputh, uro I' nmeer nopsijiok N.

[Ipumennm mapykmmio o N. IlycTh jiemma Jiokazana Jjisi BCeX YKa3aHHBIX JIO-
MaHbIX mopgjika He Boime N — 1, u [' — jiomanas nopsiyika N ¢ IpejicTaBUTEIEM Y
(1 BBeZieHHBIMU BbIIe 0603HadYeHusiMT ). Moxkem cuntars N > 3. Ilycrs A, = v(t,)
(n € {1,...,N}) — nocienoBaresnbuble BepimHbl JoManoi I'. Ecin kakue-aubyip
cocednue pebpa 9TOH JIOMAHON JieXKaT Ha OIHOM MPsIMOii, TO IHar WHIYKINHA CIeIaTh
coBceM Jierko. [lasee mosaraeM, 9To Takmx cocegHux pedbep HeT. [Iycrs E — coBo-
KynHOCTh Tex t' € (a, ], U KOTOPBIX IyThb |a,p] ABISETCS YKOPJAHOBBIM (He3a-
MrHYTBIM). Torma F = («, 1) — oTKpbIThIE uaTEpBal, $1 € (o, 3). Ilpu sTOoM Haii-
JIeTCs €JTMHCTBEHHAsT TOUKa o € [a, [f1) ycaoBueM Y(oy) = (51). Jlomanas I'y ¢
IIPEJICTABUTETIEM 7|[,,3,] — 3AMKHYyTasl KopJaHosa. IIpu sToM 3aMKHyTas JoMaHas
I = {V|ja,a11} U {718,891} umeer nopsyiox menbimmit, wem N, [I'y] C [I], [I'] C [I'], n
vV f e C(]I']) Bomosneno

/f(z) dz:/f(z) dz+/f(z) i

Hagee sicHo. O

Taxkum obpaszom, 11 TPOU3BOJILHON 3aMKHYTOH JIOMAHOI YTBEPKJICHUE TEOPEMBI
1] rakke crpase/ymBso.
5. B obmiem cirydae ocraercst BOCIIOIb30BATHCs JIeMMOi [7.3] o npubimkennun. [

CHEACTBUE 8.1. Ilycmwv D — odnoceasnan obaacmo ¢ C u nycmv dynkuyus f
ydosaemsopaem 6 D ycaosuro mpeyzorvrura. Tozda s A10661 CNPAMAAEMOIT KPU-
evoix 'y ul'y 6 D ¢ 00unaxosvimu HAYAAAMU U KOHUGMU BBINOAHAECTCA PAGEHCNEO:

/f(z) dz:/f(z) dz.

JTOKABATEJNBCTBO. Coracho Teopeme [8

/f dz—/f dz+/f dz—/f dz—/f

rury
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Cy1iiecTBOoBaHNe 1€PBOOOPA3HOI B OJHOCBs3HOMI obsactu. Popmysia
Herorona-Jleitouuna (H-JI).

ONPEJEIEHUE 8.1. ITycrs D — npoussosbhag obnacts 8 C, F € A(D)u F'(z2) =

f(2) B D. Torma F uasbiBaercst komniexchol nepsoobpaznoti (/o) mis dyukiun f
B D.

YHOPAYKHEHUE 8.1. Eciin Fy u Fy — aBe n/o miusg dyukuuu f 8 D, o Fy — Fy =
const B D.

TEOPEMA 8.2. (O cymecrBoBannu 11/0 B ofHOCBsi3HOH obaactn). Ilyems D —
odnoceasnas obaacms 6 C, u nycmov [ ydosasemeopsem 6 D ycaosuro mpeyzosvhuka.
Jas moboz0 durcuposannozo a € D onpedeaum dynruuto

&@%i/ﬂO%,

ede 'y, — mo0bas cnpamasemas kpueas 6 D ¢ Hauaiom 6 mouke a u KONYOM 6 MOUKe
z (no caedcmeuno anaverus Fo(2) ne saasucam om ewbopa xpusot Iy, ).
Tozda pynryus F,(z) asasemea n/o das pynkyuu f 6 D.

JIOKA3ATEJILCTBO. @urcupyeMm mpousBojbHoe 29 € D u 6y > 0 ¢ ycioBueM
B(z9,00) C D. Hoxaxkem, aro Fl(zy) = f(20). llycts € > 0 npoussosbno. B cuiy
nenpepsisHoctn f B D maiigercs § = 6(¢) < &y Takoe, aro |f(z) — f(zo)| < € upu
|z — 20| < 0. dna z € B(zp,0) npoBeseM OIEHKY:

‘Fa(z)_Fa(ZO)—f<Zo)‘:‘ 1 (/f(g)dg—/f(OCK)‘f(Zo)‘:

2= 20 zZ— 2y
Tazo
| [ r0a- == [ rea]=| == [ (0 - ) dq] <
[20,2] [20,2] [20,2]

< ||f - f(20)||[zo,z} < €.
N3 sT0i1 onieHKN CJieryeT, 9To

R ]
Z—20 Z— 20

re. F!(z) = f(2o0). O

TEOPEMA 8.3. (@opmyna H-JI). ITycmv D — npouseoavrasn obaacmo 6 C, dhymx-
yua [ nenpepwiena 6 D u das nee cywecmeyem n/o F' e D. Tozda dasn 11060t cnpam-
aaemot kpueot L'y, 6 D ¢ navanom a u konuom b cnpasedausa gopmyaa (Hvromona-
Jletioruya):

/ﬂ@M:F@—F@. (8.1)

JIOKABATEJILCTBO. U3 jiemmbl [7.3] 0 npubimKkeHuu cjiejyer, 9To JOCTATOTHO
YCTAHOBUTH PABEHCTBO i JoManbix B D. Kpome Toro, oueBmjno, 9To pa-
BEHCTBO JUIST JIOMAHOM CJIelyeT U3 aHaJOMMYHOIO PABEHCTBA IS KasKIOro W3
eé 1ocsIeIoBaTeIbHbIX OTPe3KOB. T.e. octaercst ycranoButh (8.1) st corydast, Korma
Loy = [a,b] — orpesok B D ¢ mapamerpusarnmeii o, (t) = y(t) = a+t-(b—a), t € [0, 1].
ITo reopewme [7.1] mosryaaem:

[ 5= [ Gy = [ (Fao)d=P6)-FOO) = FO-Fo).
[a,b] 0 0
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B 570it cepun paBeHCTB IIPIMEHEHA TeopeMa O [IPOU3BOIHOM CIIOKHON (DyHKITH (CM.
aemmy [4.1)) u dopmyna H-JI Ha orpeske (mposeputs!). O

VIPAYKHEHUE 8.2. Ilycte D — npoussosbaas obsacts B C u pyukius f Hempe-
peieaa B D. Torga f wmeer 1m/o B D eciim u TOJBKO ecyu Jijisi JIIOOO 3aMKHYTO
crpamisgeMoit kpusoii I' B D cripaBeijInBO paBeHCTBO

/ f(2)dz = 0.

1
[TPUMEP 8.1. Oynkiusa f(z) = — ne umeer 11/0 B C,, MOCKOIBKY
2

/ f(z)dz=2mi #0, n(t) = 6#‘[0,274 .
7

Nurerpanbaas treopema Komu (UTK) nist qomyctumbix obJiacreii.

[IycTh 3aMKHYTBII KOPJAHOB MYTh Y. (C HAYAIOM B TOYKE ), OrpAHUINBAIONIUIL
JKOPIAHOBY 00s1acTh G, SIBJISETCS TIOJIOKUTEIHLHO OPUEHTHPOBAHHBIM OTHOCUTEIHLHO
G. Ecu v — UpOM3BOJILHBIN IIyTh ¢ TAKUMHE K€ YCJIOBUSIMU, TO IIYTH Y U Y. SKBUBa-
nentbl. [Tyers 0F G = {v.} — KpuBasi, onpejessieMas myTeM .

Eciu reneps b — npoussosbaas Touka Ha OG u vy, € 9, G, To 1yig moboit (orpanu-
gennoit) dbynkmuu f wa D umeem f% f(z2)dz = f% f(2) dz (uarerpannl cymecTByioT

WJIN HEeT OJIHOBPEMEHHO).

ONPEAEJEHUE 8.2. IToaootcumenvrio opuenmuposannoti eparnuuet OTG xopia-
HoBoll obsact G B C HasblBaeTCs COBOKYIHOCTH BCeX KpuBbix {07 G : ¢ € 0G}.
Taxum 06pa3oM, KOPPEKTHO OLpeJesieH |, st (2)dz.

Cwmbicst obo3nadenuss 0~ G odyeBujieH 63 JIONOTHUTEIHLHOIO OACHEHNS.

OnPEAEJNEHUE 8.3. Ilycts Dy, ..., Dg — x)opmanossl obnactu B C (S € N) co
CNPAMAAEMBLMY TIOJIOKATEILHO OPUEHTUPOBAHHLIMK I'parutamu 0Dy, ..., 0T Dg
coorBercTBenHo. [Ipu S = 1 nomoxxkum D = Dy, a upu S > 2 OperiosoKuM, ITo

3amuikanus odbnacreir Doy, ..., Dg IoapHO He TIEPECEKAIOTCs U TEJIMKOM COAEPIKATCS
5

sayTpu D;. IIpu S > 2 kpome Toro nmorpebyem, arober MmaozkecTBo D = Dy \ (|J D)

s=2
OBbLIIO CBSI3HO, T.€. SIBJISLIIOCH 0044cMb10 (TO, ITO 3TO BEPHO BCETJIA, MbI JOKAYKEM I103-
JKe, KaK CJIeJICTBUE U3 TeopeMbl PuMaHa 0 KOHGOPMHOM OTOOPAsKEHNH ).

Taxue muO)KecTBa D Oy/ieM HasbiBaTh donycmumovimu obaacmamu (/10) panea S.

ONPEAEIEHUE 8.4. [Toroocumenvro opuenmuposannot epanutets 10IyCTUMOI
obactu D panra S > 2 Ha3BIBAETCS COBOKYIHOCTD (II€Ib) MPAMHIL:

6+D - {6+D1, a_Dg, ce ,(9_D5} .

Husa f: 0D — C nnrerpas or f nmo 07D oupenensgerca 1o gopMyJie:

[ sera= [ e =3 [ e

o+D o+t Dy 5=2 54D,
ecJim yKaBaHHbIe CHpaBa I/IHTeraﬂbI CyLLLeCTByIOT.

CrpaBemyBa ceyomas urmezpaivhas meopema Kowu.
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TEOPEMA 8.4. (UTK mist /IO). Hyemv D — donyecmuman obaacmo 6 C u f €
C(D) ydosaemeopsaem 6 D ycaosuro A. Tozda

/ f(z)dz = 0. (8.2)

Mpb1 1oKaxkeMm ocJiabJICHHBIH BapuaHT STON TeOpeMbl I Caydasd T.H. Npocmovla
obaacmedl.

ONPEAEJTEHUE 8.5. ZKopaanosa objacth G Ha3bIBaeTcs npocmediwed, ecan eé
MOJIOYKUTETbHO OPUEHTUPOBAHHAS I'PAHNIIA 38/1a€TCs CJIEJYIONIEH apaMeTpu3alueii:

Y(t) =a+r(t)e", t € a,a+ 27]
(re. {7} €90TG). Buecb a € C, a € [—m,m) ur: [, @ + 27| — (0, +00) — HENPEPHIB-

Has (YHKIMs ¢ OrpaHIYIeHHOl Bapuarmeii u yciaosueM 1(a) = r(a + 2m).

BaxkHO, 4TO B yKasaHHOM cjydae mongtue 0TG onpejensercs Hanpamyio (6e3
ucnosib3oBanmre Teopembl zZKopmana B obrmem Buze). Kpome Toro, oberauo Gepercs
a=—mum « = 0.

[IPENJIOZKEHUE 8.1. B ycaosuax npedudywezo onpedenerus:
(1) dasn v evinoansemecs meopema Xopdana;
(2) nymo v cnpamanem;

| d
(3) indv(zo)——/ L 1, VneG:
0

21 Jorq 2 — 20
1 dz
4) ind,(z0) = =—
@) ind o) =5 [

2T

:O, VZOE(C\E,

JIOKABATEJILCTBO. Caoiictsa (1) u (2) qocrarouno npoctsl (mposeputs!). CBoii-
crBa unjekca B (3) u (4) y:ke obCcyzKeHbl (IOIb3yeMcsl ero JIOKaIbHOH HOCTOSHHO-
CTBIO U HEJOYMCICHHOCTBIO, M BLIMMCIAEM YKa3aHHbIi MHICKC 110 ONpPEIeIeHHIO B
Touke a). Kak Mbl HE3aBHCHMO IOKaxKeM 9yTh HUKe (B Oojiee 0b6IeM KOHTEKCTe),
ast byskmun h(zg) = [, (2 — 20) 7' dz mveenm: B (z0) = [1o(2 — 20) 2 dz = 0 BHE
[v]. Tlocnennee paseHcTBO HyIO BhITeKaeT u3 dopmyabl Hbiorona-Jleitonuna (mpu
nepeMeHHoit z) g gyukmun (z — z9) 2 ¢ /o —(z — 29)~!. Ocraercst jokazaThb, 4T0
(2mi)7! [ o(z —a)"tdz = 1. Tlociennee joKa3bIBAETCS C IPEMEHEHHEM (hOPMYJIBI
H-JI 8 obsnactu C ¢ paspesom {a +t| t € (—o0,0]} mua dynxkuun (z —a)™t ¢ /o
In(z — a), mymn v = V|[—rter—e (cayuait a = —7), € € (0,7/2):

r(m—e¢)

+i(2m — 2¢)

d , ‘
/ys o _zzo = hl(’l"(ﬂ' — €)€Z(7r_€)) — hl(T(—Tr + 5)61(_7r+8)) =In m

1 TOCJIeYIOIIUM yCTPEMJIEHUEM € K HYJIIO. U
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9. Jlekmusa 9. lokazarenbctBo UTK njis mpocTeix obJsiacreii.
UNnrterpanvuas ¢dpopmyna Komm. Teopema o cpegaemM u mpuHIIAT
Makcumyma mojayis. @opmyna Ko ajia npousBogabix. Teopema
Mopepa.

HokazarenbctBo UTK nJjst mpocThix obJjacTeii.

IIPEAIOXKEHUE 9.1. Ymeeporcdenue UTK sepro daa npocmetiwur obaacmed.

JIOKABATEJIBCTBO. IlycTb B YyCIOBUSX TEOPEMbI U OlpeJIe/IeHUst D = G — upo-
creiimast 0bsiacte. [Ipu n € N nycrs Gy, — 06j1acTh, roMmoTeTndHasi 061act G OTHOCUTEIBHO
ToukH a ¢ Koadduimenrom (n + 1)/n, u nycrs

o= 1 (a1 229).

Ouesuano, uro G, ogHocBA3HA U [, yaoBaeTsopsieT B (7, YCIOBUIO TPEyTOJLHUKA (110
)
OIIPEJICJICHUIO, CDABHUTH COOTBETCTBYIOIIME MHTErpajibHble cyMMbl). Tak kak G C Gy, 110
Teopeme Komm st onHocBsA3HOM obnactu Gy, dyHKIMU f, 1 3aMKHyTO#l Kpuboit TG
UMeeM:
fn(z)dz=0.
otG
Terepb, TOCKOIBKY

[ f@d= [ @)d] < lfa - fllocl06),
otG ot+ta@

0CTaeTcst yCTAaHOBUTD, UTo f,, = f wa OG npu n — 4o00. B camom mene, npu sobom z € 0G

nMeeM:
< n(z — a)> ‘ _|z—a| _ diam(G)
z—\|a+ = < ,
n+1 n+1 n+1
OTKY/1a
50 = 5@ = 10) = 7 (a+ o) < (7, D)
opu n — +00. .

OnpPEIENEHUE 9.1. O6nacts D B C maspiBaercsa npocmot, ecin

(1) ona siBasteTcst gomycrumoii u Bce Dy n3 onpesenenust nnst D sIBASTIOTCST TIPOCTEii-
IUMHA 0DJIACTAMU;

(2) cymecrByer KoHedHOE 4mCIIO mpocreiimux obiacreit G, ..., G’y co crepyoommMu
CBOUCTBaMU.:
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(a) Bce G), C D un paznmunble (G, TONAPHO HE TIEPECEKAIOTCS;
(b) st Besikoit dyukipn f € C(D) nmeem:

/f(z)dz:fj /f(z)dz.

o+D =loiay

YIIPAKHEHUME 9.1. Besikoe orkpeiToe (KoHneHTpudeckoe) kousbiio Via,r, R) = {z €
Clr<|z—a|l <R} (0 <7< R < +00) sABJIsIeTCsI IIPOCTOIl 00JIACTDIO.

CHEOCTBUE 9.1. UTK cnpasedausa das 10001 npocmoti obaacmu.

N __
YHOPAXKHEHUE 9.2. B ycioBusIX ompe/iesieHns Beerma D = Gln. Kpowme Toro, D
n=1

Beerjia CBs3HO (6e3 JONOHUTEIbHOrO TpeboBaHus B onpeiesenun (8.3)).

YHUPAXKHEHUE 9.3. Haiitu npocreiintyio obiactu G ¢ "tiearpom" a = 0 Takyto, 4T0 1pu
BCEX JIOCTATOYHO MaJibix 1 > 0 obsacts G\ B(a,r) He siBjIsieTcst IIPOCTOIA.

Nurerpansaas popmyna Komm (UPK).

TEOPEMA 9.1. (U®K). IIycmv D — donycmuman obaacmy, f € A(D) N C(D). Toeda
das moboezo zg € D cnpasedausa gopmyaa:
1 f(z)dz
f(z0) = 27 z—2y
otD

JOKABATENBCTBO. (/aa npocmux obaacmett). Puxcupyem zg € D u myctb

FR - f)
o= 2oz o EPMEb
f/(ZO)v Z=Z0-

Torna g € C(D) u g ynosiersopsier B D ycjioBuio Tpeyrosibauka (npu zp € A paccmar-
pHUBaeMblil TpeyroJbHUK A pasbupBaercs Ha JBa TPEyroJbHUKA, K KayKJIOMY H3 KOTOPBIX
npuMeHsieTcs npejyiozkenue [9.1)).

Ilo UTK B D nmeewm:

o+tD
OTKYyIa
f(z)dz dz
2)dz _ f(z0) :
Z— 20 zZ— 20
o+tD otD
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Ocraercst 10Ka3aTh, 9TO

d
h(zo) = / z—zz() =2mi, 20 € D.
otD

[Tycts D — npocrast 06/1aCTh ¢ 0003HAYEHUSIME OIIPEIE/ICHUsT [MockomnbKy dyukunus h(z)
HerpepbiBHA B D, 10cTaTOYHO (HOJIB3YsICh ONPEJIe/ICHUeM u ynpaxkueuueM (9.2) ycraHo-

BUTb [IOCJIE/IHEE PABEHCTBO JyIst 2g € G, 1pu Jr060M (DUKCUPOBAHHOM 7, & 9TO BBITEKAET 13

IIPE/ITOZKEH U (cBoiicTB (3) u (4)). O
Hawm morpebGyrorest onpejiesiene u coiicrsa unTerpasa (1 poja) f7 f(2)|dz|.

OnPEAENEHUE 9.2. Ilyers v : [o, 8] = C — nyrs, f : [y] = C — nexkoropasi yHK-
must, T = {a = tg,...,tny = B} — pasbuenue |o, B]. llycts 7 = {11,...,7TN} — 6w100pKA,
nodvwunernnas pazbuenuro T, v.e. Ty € [tn—1,ty] Mt kaxkgoro n € {1,..., N}. Oupeennm
UHMELPANOHYIO CYMMY:

E:YF(T, T, f) = Z f(’Y(Tn)) |’7(tn) - ’Y(tn—l)| :

Ecnu cymecTByeT KOHEUHBIH MTpeIes

I™= lim X7(T,
Mﬁo¢ )

(r.e. Ve > 0 naitgercss § > 0 Takoe, 1to Jyisi Besikoro pasbuenust T ¢ yeaosuem A(T) < 6 u
JLJIsl BCAKOM BBIOODKHM T, HOZIHHEHHOU T, mMeeM ‘I + Z+(T T, f)| €), TO OH HA3BIBACTCSI
unmezpasom 1 poda om dynkyuu f no (juiuHe myTH) ¥ U 0603HAUAETCS

/f )ldz]

Cueyromniue CBOfCTBa 9TOr0 HHTErpaJia JOKa3bIBAIOTCS MOYTH TAKKE, KAK aHAJIOINIHbIE
(/tToKa3aHHBIE BBIIIE) CBOMCTBA MHTErPAJIa f7 f(z)dz.

IIPEAIOXKEHUE 9.2. B ycaosusx npe&w?yweeo onpedeserus:
(1) ecau nymov v cnpamasem u f € C([v]), mo f f(2)|dz| cywecmsyem u

|/ f(z)\dz|] < 1fllt)

(2) ecau nymv v — HenpepuieHO (9u96¢epeuuupyemuﬁ u feC([y]), mo

/f ) |dz] = /f (0)]dt.

BaskHo errie OTMETUTD, UTO B yKA3aHHBIX 0D03HAUCHUSIX BCET 1A fy_ f(2)|dz| = f f(2)|dz]
(oba mHTErpaJsia CymecTByIOT WK HET OJHOBPEMEHHO) U, CJIeJ0BATEIbHO, KODPEKTHO OIpe-
aener [n f(z)|dz| mns moGoii mormycrmmoit obmacti D.

TEOPEMA 9.2. (O cpeanem). Ilyemv R € (0,+00) u f € A(B(z0,R)) N C(B(20, R)).
Tozda

1

f(zo /fm+m%ﬁ
21R 8B(z0,R)

f(z)|dz] . (9.1)

JIOKABATEJILCTBO. [lo UDK:




Ocraercsi BBIYUCIIUTD TI0CIIeAHUI HHTerpast (1 nocieauii uarerpai B dpopmyde 9.1) ¢ mo-
MOIIBIO CTaHIAPTHOM mapamerpuzanuu {z = 2o + Re' |t € [—7, 7]} O

TEOPEMA 9.3. (OcnoBmasi Teopema asnreopsr). llyemv n € N u p(z) = apz™ + -+ +
a1z + ay — NPOU3EONLHBIT MHOLOYAEH CMENEHU N KOMNAEKCH020 Nepementozo z (a, # 0).
Tozda p umeem 6 C xomsa 6w 0dun Kopeno.

1
JIOKABATEJBLCTBO. Ilycrs, ot nporusHoro, p(z) # 0 npu Beex z. Torpa f(z) = — —

p(2)
nesast gyukisi. [Tockonbky [p(z)| — “+o00 npu z — 00, MbI TostydaeM, 9to | f(z)| — 0 npu
z — oo. IIpumensis Teopemy o cpemaem st f B kpyrax B(0, R) u CTaHIAPTHYIO OIEHKY
UHTErpaJa, IMoJIydaeM, ITo

1
’f( )‘ R_l)Iiloo ‘ 2R /83(207R)

[TpoTuBOpeune. O

< li =0.
F)1dzl| < tim1flasco.m =0

TEOPEMA 9.4. (IIpuurmm MAaKCHMyMa moayiist). ITyemv D — npouseoavran o2panuser-
nas obnacmv 6 C. Ecau f € A(D)NC(D), mo dan 06020 zg € D umeem

|f(z0)] < max|[f(2)] = [|f]lop- (9-2)

IIpu smom, ecau das nexomopozo zy € D nepaserncmso (9.2)) obpawaemcs 6 pasencmeo, mo
f nocmosanna 6 D.

JIOKABATE/JILCTBO. HamoMuuM, 9TO MAKCHUMyM BCIKOW HENPEPBHIBHON HA KOMIIAKTE
dbyukimn gocruraercst. Ham jrocrarodso jokasars, 4To ecau Haiijercs zo € D ¢ yciaoBuem
|f(z0)| > ||fllop, To f — mocrosiuna. ITycrs Takoe zp cyrmecrByer. Bes orpanudenust obIHO-
CTH MBI MOKEM IIpeonoxKuthb, uto M = | f(zo)| = || f||5. Honoxum E = {z € D||f(2)| =
M } Hcno, uro F # @ u E 3amkuyTo B D (1I0C/I€/iHEE BBITEKAET U3 HEIPEPHIBHOCTU f).
OtrkpeiTocTh F cilejyer U3 TeopeMbl 0 cpejiHeM (IIpoBecTH JoKasareabeTo!). 113 cesasHocTH
D nonyuaem, uto E = D. Urak, |f(z)] = M na D. Ocraercs nokaszath, uto f'(z) = 0
Beogy B D. Eciu, or nporusnoro, cymecrsyer 21 € D ¢ yenosuem f/(z1) # 0, To u3 ompe-
nesennst C-nudpdbepennupyemoctu noaygaeM, aro f(z) = f(z1)+ f'(z1)(z — 21) + o(z — 21),
z— 2z — 0, Tak uro |f(2)| He MOXKeT OLITH TOCTOAHHBIM HE B KAKOH OKPECTHOCTH TOUKH 21 .
[TporuBopeune. O

NOK ansa npousBoaabrx. Uurerpana tTuna Komu. Teopema Mopepa.

TEOPEMA 9.5. (UPK mns npomssonmpix). [lyemv D — donycmuman obaacmy 6 C,
f € A(D)NC(D). Tozda npu xascdom k € N dymxyus f*¥ € A(D), npuvem das a06ozo
zo € D cnpasedausa dopmyaa:

f(k)(ZO) _ L’ / f(Z) dz

271 (2 — zo)kt1 "
o+tD
Sra Teopema cpasy BbiTekaer u3z DK u ciieyromnero yrBepK eHus, MMEIOIIEro U JIpy-
rue BaxkKHbIE CJIeJICTBUs (HAnpuMep, B yacTHOM ciaydae k = 1 u f(z) = 1 oHO y2Ke uCHOJIb-
30BAJIOCh B JIOKA3ATEILCTBE MpeIoxKenust [8.1)).

[MPEMIOXKEHUE 9.3. [Tycmo I' — cnpamaseman kpusas ¢ C, f € C([T']). pu durcu-
posarrom k € N onpedesum Ppyrxyuro

f(¢)d¢
Fk(z):/, zeC\[I].
r(C—2)* M
Tozda Fy, zonomopgna ere [I'] u eepra gopmyaa: Fy(z) = kFy41(z), z € C\ [I].
BAMEYAHUE. Dyukuus Fi(z) B 9TOM IPEJIOKEHUN HA3BIBACTCS UHMEZPAAOM MUNG
Kowwu opsinka k ot dyuxknun f mo xpusoit .
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JTOKABATENBCTBO. Pukcupyem zg € C \ [I'] u mosoxum d = d(zg, [[']). Ilycrs BCroxy
nanee Az € B(0,d/2), Az # 0. Umeem:

Filfo + 82) = Fidz) /f Jgas(2) dz |

rme
1
9a(2 _z<z—zo—Az) _(z—zo)k>'
JokazkeM, 4To ga, = k(2 — 20) * ! ma [[] npm Az — 0. ,Z[ﬂﬂ 9TOr0 CHa4YaJIa HAIIOMHUM,
ato (110 3nemenTapuoii dbopmyne af — bF = (a — b)(a* 1 +aF 72 4 - F BETL))

k

1
9as(z ; (2 —20)0 (2 — 20 — Az)kt1=3 7

npudeM 1ipu z € [['] u |Az| < d/2 nveem:
1 < ale=a :
(z—20)7 (2 — 20 — Az)kH I (z—20)FH ] = di (2 — 29 — Az)FH1=0 (2 — zg)k+1-J

k —
1o 5 1 PESSIETE IS
-l (z — 20) (2 — 29 — Az)k+2-i-1 dk+2

npu Az — 0. Ocraercst Boctosb3oBaThest onenkoii (6. 1)) s byukuun f(2)ga.(z)—kf(2)/(z—
20)* 1 Bmecro f(2). O

CHEACTBUE 9.2. Ecau f umeem 6 D (komnaexcuyro) n/o, mo f € A(D).

TEOPEMA 9.6. (Mopepa). Ilycmov D — npouseoavnasn obaacmv 6 C u f ydosaemeopaem
6 D ycaosuro A. Tozda f € A(D).

JIOKABATEJIbCTBO. [oCTaTOYHO BOCIIOJIL30BATLCS TEOPeMOil 0 TepBOOOpa3HOIl B
ozHOCBsI3HOI obsactu (a1t Kpyros u3 D) u ciencrsuem O

YIHPAYXKHEHUE 9.4. Ilycte D — omuocestsnast obsacts B C, dyaknust f rogomopdHa B
D (B wacTHOCTH, [ y/IOBIETBOpPSIET yCJIOBUIO TpeyrosbHuKa B D), n nycrs f He obpaiaercs
B HOJIb Betogy B D. Torma cymecrsyer rojomopdnasi BeTBb ¢(z) MHOro3Ha4HON (byHKIUM
Ln f(z) 8 D (r.e. cymecryer g € A(D) ¢ ycnosusimu g(z) € Ln f(2) mis Becex z € D, uim

we f(z) = exp(g(2))).

CneactBUE 9.0.1. IMyemv n € {2,3,...}. B ycaosuszr npedvidywezo ynpartcHenus
dyrxyua hy(z) = exp(g(z)/n) asasemcs eanomopdiﬁozi 6EMEBI0 MHO203HANHOT PYHKUUL

Vf(z) 6 D (m.e. h, € A(D), npuwem hy,(z) € ¥/ f(z) dan 6cex z € D, m.e. f(z) =
(hn(2))").
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10. Jlexkmusa 10. Teopema Beitepmirpacca. Crenennbie psabl. Teopema
Kommu-Teitsiopa u e€ caeactBud.

Teopema Beiiepiurpacca.

OnpPeAEAEHUE 10.1. Iycts D — obmacts B C. Iocmemosarensrocets {fn} = {fu}t25
byuxmuit f, : D — C cxomurcs pasnomepro enympu D kK dyskuuu f npu n — —+00
(koporko: f, =% f BH. D upu m — +00), eciu 3ra MOCJIEJI0BATEILHOCTb CXOIUTCH K f
paBHOMepHO Ha BestkoM Komnakre K u3 D (re. || f — fu|lxk — 0 upu n — +00).

ITpuMEP 10.1. TlocmemoBarenbnocts pyurimit 2z = 0 euympu Bi, HO He CXOAUTCs
paBHOMEpHO Ha Bi mpu n — +o0.

oo
OnpeEAENEHUE 10.2. Ilycte D — obmacts B C. Pan Y f, dyskmumit f, : D — C
n=1

+oo

CXOIUTCSL pasHomepHo enympu D K cBoeit cymme S, eciu mocienoBareabHocTh { Sy} %

YACTUIHBIX CyMM 3TOTO Psifia CXOJIUTCS K S paBHOMEpPHO BHyTpu D mipu n — 400.

TrOPEMA 10.1. (Beiiepmrpacca). ITycms nocaedosamenviocmo { fo} 125 dymnyuts us
A(D) pasnomepro enympu D cxodumes x dynruyuu f npu n — +oo. Toeda f € A(D) u
)}—i—oo

n=1

das wascdozo k € N nocaedosamenvrocmsv { fék cxooumes x %) pasnomepro enympu

D npun — +o0.

JTOKA3ATENBLCTBO. Caoiicteo f € A(D) caemyer u3 gemmbl ['ypea, coiictBa coxpa-
HEeHUs1 yCJIOBHs A IPHU PABHOMEPHON CXOMMOCTU BHYTpH [ M TE€OpEMbI (Mopepa). I3
co00pazkeHn it NHYKIMI U KOMIAKTHOCTH HAM JOCTATOYHO yCTaHOBUTD, uTo || f) — f/||kx — 0

upu n — 400, rye K — npousBosibHbIi samknymod kpye B D. Ilycre K = B(a,r) u d > 0
takogo, uto B(a,r + d) C D. Honoxum I'" = 0T B(a,r +d) (' = 0B(a,r + d) — xommnakT
B D) u BOCHOJIB3yeMCsl TEOPeMOii mst fp, u f B obmactu B(a,r + d) nupu k = 1. Ecom
zp € K, To

) = 1ol = o | [2EEED ) < L flea 2etr @) 0
T+

mpu n — +00, MOCKOAbKY fr, = f na I (|

Creneunbie psaapl. Jlemma Abensi. @opmyna Komm-A gamapa.

OnPEAEJEHUE 10.3. Cmenernvim padom Ha3bBaeTCs (PyHKINOHAJIBHBINA PsiJL

+oo
ch(z—zo)":co—f—cl(z—zO)—}—cQ(z—zo)Q—l—... (10.1)

n=0

ITocrositubie ¢, € C HaspBatoTCs koapduyuenmanmu, a Touka zg € C — yenmpom cre-
nennoro psiza (10.1)). st Beskoro N € N nosmaoM

N
Sn(z) = Z cn(z — 20)"
n=0

Ha3bIBaeTCst Yacmuyhol cymmot nopadka N psaa ((10.1]).
MuozkecTBO Touek cxogumocTu psiyia ((10.1) obosnaunm wepes E; zg € E # .

JIEMMA 10.1. (A6ess). Ecau pad (10.1) cxodumesa 6 mouke z1 # zp, mo on cxodumcs
pasromepro enympu kpyea B(zo, |21 — 20]).
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JIOKABATE/ILCTBO. JlocTaTovuHo 10Ka3aTh, 9TO UMEET MECTO PAaBHOMEPHAsI CXOJIUMOCTh
Ha JI000M 3aMKHyTOM Kpyre B(zo,r), rme r < |21 — 20|

+oo
Monoxum g = r/|z1 — 29| Hockombky g < 1, psim > ¢" cxopuresi. HamomuuM, aro
n=1

HeO6XO,HI/IMbIM ycJI0BUEM CXOAHMMOCTH (‘{I/ICJIOBOFO) paaa

+o0
Z Cn(zl - ZO)n
n=0

SIBJISICTCSL YCJIOBHE € (21 — 20)" — 0, U3 KOTOPOro Jjisi BCEX M CJIEyeT OlEHKa, ‘cn(zl —
n—-+o00

zg)"| < M npu nekoropom M > 0.

“+o00o
[TokazkeM, 4TO CXOISNIMACH YUCIOBON sty » , Mq™ siBjisieTcsi paBHOMEPHON MayKOpaH-
n=1
Toit jyist psiza (10.1) mpu z € B(zp,7):
zZ—20 ™
len(z — 20)"| = |en(21 — 20)"] ‘ < Mgt
21 = 20
CuietoBarenibHo, 110 pusHaky Beitepirpacca, psj (10.1]) cxomures pasaomepno Ha
B(zp, 1), 9T0 1 TpebOBAIOCH. O

CneacTBUE 10.1.1. Eeau pad (10.1)) pacrodumcea e nexomopoti mowke zo # zg, mo ok
paczodumcesa 6¢100y eHe 3amrnymozo kpyea B(zo, |22 — 2o).

CneacTBuE 10.1.2. Jas awbozo psada suda ((10.1) onpedeseno wucao R € [0, +00] u
(npu R > 0) xpye B = B(zy, R) co caedyrougum ceoticmeom: psad (10.1) cxodumea pasrio-
mepro suympu B u pacrodumes ene B.

OnPEAEJEHUE 10.4. Yucno R HazbIBaeTCs paduycom crodumocmu, a KpyT
B = B(zp, R) = E° — obaacmuio (xpyeom) crodumocmu psiga (10.1)).

—+00

CneacTBue 10.1.3. IIyemov S(z) = Y. cn(z — 20)" — cymma pada (10.1) v R > 0.

Toz0a ynruyua S(z) 2onomopdra 6 kpyee crodumocmu B (20, R).

JIOKABATEJIBCTBO. Ilonb3ysich memmoit Abeiist, mpuMensieM TeopeMy Beiiepirpacca K
nocsegoBareapHoctu { Sy} gacruanbix cymm psiga ((10.1)). O

VrpAKHEHUE 10.1. Tokasars gopmyay Kowu Adamapa nias pajmyca CXOAUMOCTH
paza (10.1):
1 [
R = 7 tae = lim {/|cy| € [0, +o0].

n—-+00

ITo pamxy (10.1) onpemenmm ere OAWH CTEEHHON PSiT:

400 oo
Z can(z — 29)" L = Z cn+1(n+1)(z — 2z9)".
n=1 n=0

On HasbIBaeTcst nousenno npoduddeperyuposantivm padom s psiga ((10.1)).
O6o3HauMM ero pajuyc cxogumocT depes R

TEOPEMA 10.2. ITycmv R > 0 — paduyc cxodumocmu pada (10.1), S(z) — ezo cymma.
Tozda R' = R uV z € B = B(zp, R) evnoaneno pasercmeo

+00
S'(2) =) enpr(n+1)(z - 2)" (10.2)

n=0

JOKA3ATENBLCTBO. Pasencrso ((10.2) niast z € B crenyer u3 Teopemb! Beiteprirpacca,
IPUMEHEHHOH K mocsenoBareabHocT { Sy} qactuanbix cymm. OTCioa ke ciejyer oneHKa
R’ > R. Pasencrso R = R’ moxnO nostyunThb 13 dpopmyisl Kommu-A namapa. O
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ChneacTBUE 10.1. Pad (10.1) wmoorcno nounernno duddepernyuposams ckorvko y200Ho
pas.

Paccmorpum renepsb nouaenno npounmezpuposartoiil pad mis psiga (10.1):

+o00 c 00 c

—1
g - _: 1 (z — 20)" ! = g nn (z — z0)". (10.3)
n=0 n=1

O6osnarmm wepes R ero paauyc cxopumoctn. Ciiejtyioniee yTBEpzK/ICHIE JIETKO BLITEKALT
U3 TEOPEMBI U JI0Ka3aHHOI panee Teopembl Hplorona-Jleiibuumna.

CneacTBUE 10.2. ITyecmo R > 0 — paduyc cxodumocmu pada (10.1)). Tozda Rf=Ru

Vz € B = B(20, R) svnoanaemeca pasencmeo

/S ¢)d¢ = chlz—zo,

onz

2de nocaednut unmezpas (nepeoobpasnas pynryuu S(z)) bepemes no 410607 cnpamasemot
xkpueol I';,, 6 B ¢ Havuarom 2o U KORYOM 2.

Teopema Komm-Teitsiopa (TKT) u ee ciencrsus.

], B =

TeEOPEMA 10.3. (TKT, o pasnoxenun B psig Teiinopa). [ycmo r € (0,4
=T o(2), eoe

B(zo,7), u nyemo f € A(B). Tozda V z € B svnoanaemcs paserncmeo f(z)

Z f(n ZO (2 — zo)" (10.4)

- pad Tetinopa pyrxuyuu f ¢ uenmpom 6 mouke zg. B wacmuocmu, das paduyca crodumocmai
Ry pada Tetinopa TZ]; cnpasedausa ouernka Rp > r.

JIOKA3ATEJILCTBO. YcranoBum pasenctsBo (|10.4) B npoussosibHOit Touke z € B. Ilo-
JMOXKUM O = |z — 29| < r u 3aduxcupyem p € (6,7).
Bocmnosbayemcst narerpasibhoit opmystoit Ko B kpyre B, = B(zo, p):

o1 (©)d¢
)_2771'/ C—z

o+B,

zZ— z )
Bamernm, uro V¢ € 9B, Bepro ‘( 0‘ =gq, Toe ¢ = — < 1, mostomy
— 20 P

k

1 1 1 z":o z — 2)
(—z (C—z)—(2—2) (-2 ;_~Z"% (¢ —z0)h+1"
C — 20
IMocoeqamit psit cxomuTest aOCOIOTHO U paBHOMEPHO Ha MHOkecTBe {( € 0B, }, HOCKOIBKY

+ 1 o\ k

OH MaXkKOPUPYETCsl YUCIIOBBIM DPSJIOM » | — <7) .
k=0 P \P

Hawm nonamoburcs ciemyioriee IpocToe yTBEPKICHUE.

YTIPAX>KHEHUE 10.2. Ilycts I' — cipamasgemast kpusas, {Fn};{i% — I10CJIETOBATEIBHOCTD
dbyuxmmit, HenpepsiBubx Ha [I'], ¢ yenosuem F,, = F ua [I'], u mycrs g € C([I']). Torma

n—+o0o
[0~ [s@r©d. (105)
r Tr
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Bocnosbsyemcst srum yreepxaenuem upu I' = 07 B, F,(() = © == u g(¢)
k=0 & — 20
f(€):
1 (€)d¢ / ~ (z- Zo) (103
- = i d
/) 2mi / (—=z n—>too 21ri f(¢ (¢ — zp)F+1 ¢
o+ B, o+ B, 0
o 1
_ 1 ko - _ k
o nEI-‘:l:loo Z(Z N ZO) 27Ti / ( — ZO k+1 Z . Z ZO) ’
k=0 o+B,
IJie B IOCJIEIHEM PaBEHCTBE Mbl BOCIO/b30Bauch VOK 1j1s Npou3BOIHbIX.
Teopema [10.3| mokazana. U

CnencTBUE 10.3. (EAMHCTBEHHOCTH pa3JIoKeHHsI B cTeneHHoi psir). ycmo r > 0,

+oo
B = B(z0,7) u das ecex z € B cnpasedauso pasencmeo f(z) = Y an(z — 20)". Tozda
n=0
(n)
an = f =) (ZO).
n!

JIOKABATE/ILCTBO. 3aMeTHM, YTO yKA3aHHBLH 3/1€Ch PsiJ| ABTOMATHYCCKH MMEET PaJii-
yc cxopumoctu He Menee r. Ocraercss Bocosb3oBarbest Teopemoii [10.2] o nmounennom jud-
depeHIITPOBAHNN CTEIIEHHOTO PSIA. O

CnenctBUE 10.4. (Hepasencra Ko st kosppunmentos Teiimopa). B ycaosusx
meopemoi [10.5, npu p € (0,7) noroocum M, = Cmgg{ |f(C)]. Tozda dan wospduyuenmos
€05y

f(”)(zo)
n!

Tetinopa ¢, = CNPABEdAUBH OUEHKA:

M
len| € =£. (10.6)
pTL
JIOKABATE/IBLCTBO. Hyxuas onenka ciaeayer u3z UPK g mpousBoHbix:
1 d 1 M M

(C—2o) 1| = 2g " prdd TP

O

CnenctBUE 10.5. (Teopema JIuysuiist). Iycmo f € A(C) — yearas dynryus, u nycmo
natidemes p € [0,400) ¢ yeaosuem f(z) = O(|z|P) npu |z| — +oo. Tozda f aeasemcs
MHO20UAEHOM CTNENEHU He Gbiwe [p).

B wacmmocmu, ecau yenas gynkyus foepanuvena, mo f = const.

JOKA3ATENBLCTBO. Ilockonbky f € A(C), mo Teopeme seiony B C dyuxknus f

+oo
npejicTaBisiercst cBouM psijiom Teisiopa ¢ neaTpoM B Hydie, T.e. f(z) = Y. ¢,2". [onoxkum
n=0
M, = max‘f ‘ ITo ycnosuto, Haitnercs koucranta C' > 0 Takas, 1yro M, < C(p? +1).

ICl=p
C(p? +1)

[To mpeipLayIeMy CJIEJICTBUIO UMeeM OIEHKY: |c,| < —

, CIIPABEJJIUBYIO JIJIS

Bcex p > 0. Eciiu B 91011 o11eHKe (bukcupoBaTsh j1000€ 12 > p U yCTPEMUTD P K OECKOHEUIHOCTH,
TO TOJIyIuM ¢, = 0, 9T0 1 TpebOoBaIOCh JI0KA3ATh. U
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Tabumuanble pasnoxkenus B psig Teitmopa (zp = 0). .

13 Teopembl dopmysier Komm-Atamapa u cjeacTBust m (st J10Ka3aTeILCTBA
(7)) BoITEKAOT Ciepyromue (TabaudHbie) passiokenus B psij Teitiopa:

1 Z_l Z2 _+Oozn .
(1) e*=l+z+4+ =) |2 < +oo;
n=0
23 L5 +00 . »2m+1
(2) Sinz =z ?‘f’g = (*) m,‘2|<+00,
m=0
52 4 +oo mZQm
(3) cosz:1—2|+@ --~:Z(—1) W,]z\<+oo;
m=0
1 =
f— 2 DR n .
(4) 1_2—1—{—z—|—z + Zz , 2] < 15
n=0
2,2 23 +oo (_1)n—lzn
(5) Wm(+2)=z-2+72 > k<
—-1)...(p—m+1
(6)(1+Z)€0):1+p2++p(p ) nfp i )Zn+"'7|Z’<1ap¢{071727"'};
23 5 +00 »2m+1
tgz=2——+——--- = - — <1.
(1) arctgz=z-2+2 X DG
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11. Jlekmusa 11. Teopema o Hy/asxX U TeopeMa eJMHCTBeHHOCTU nJjist I'D.
IIpocrpancrBa Beprmana AP(D) u npocrpanctso A(D). O606menHbIe
creneHHbie psajbl. Teopema Jlopana. Cssize psizoB Jlopana u Pypse.

Teopema o0 HyIaX U TeopeMa eJUHCTBeHHOCTU AJisi ['D.

OnpeAENEHUE 11.1. Ilycrs gansl Touka a € C u dyskmus f € A(a). Ecau f(a) = 0,
TO TOYKA @ HA3BIBACTCA HYAEM 2040MOPPHOT dynkuuu f.

Ecimm 3p € N ¢ yenosuem 0 = f(a) = --- = f®V(a) # f®)(a), To rosopsr, uro a —
HYAb nopadka p oan Pynryuu f.

IIpu p = 1 ToUKa a HA3BIBAETCA NPOCMbLM HYyAeMm Pyrruuy f.

Ecin f(a) # 0, To (st 0BIIHOCTH) TOYKA @ HA3bIBaeTCs Hyaem dynkyuu f nopsadka 0.

Ecsim HE oroBopeHo IIPOTHUBHOTO, MMOPSIIOK HYJIS JIajlee CUNTAEeTCA HATYPAJIbHBIM.
)

OnPEAEJEHUE 11.2. Ilycre a € C —myab dyukiun f. [oBOPSAT, 9T0 OH U30AUPOSAHHBI,
ecsm 36 > 0 rakoe, uro f(z) # 0 B B'(a,d) = B(a,d) \ {a}.

TEOPEMA 11.1. (O mynsax I'®). ITycmo a — nyav 20a0mopdrots pyrryuu f. Caedyrougue
YCAOBUA IKBUBAACHINHDL:
(1) a — usoauposarnvil nyav gyrnkyuy f;
(2) a umeem nexomopwii Kornewnwil nopadox p € N ;
(3) 3g € A(a) ¢ yeaosuamu g(a) # 0 u 6 HEKOMOPOUT, OKPECTIHOCTIU TMOYWKY A UMEEM
mecmo pasencemeo f(z) = (z — a)Pg(z).

JOKA3ATENBLCTBO. Ilo ycnosuio, f € A(a), T.e. cymecrBytor 6 > 0 ukpyr B = B(a, )
takoii, uro f € A(B).

Jokazem (1) = (2) or nporusmoro. Eci a — nyits Geckonesroro nopsxka, to f™ (a) =
0 upu Beex n € Zy. Hosromy T4 = 0. Ho f(z) = T({c(z) B B, cneposarenvro, f =08 B u
TOYKA @ He sIBJISICTCS M30JIMPOBAHHBIM HyJieM. [IporuBopetne.

Yeranosum (2) = (3). Iycrs p € N — nopsijiok mysst a gist ['® f. Torna f(a) = -+ =
fP () = 0, no f®P)(a) # 0. Cremosaremsno, mis kosdbbumentos {c, )29 psma T
BEpHO ¢y = - -+ = ¢p—1 = 0, HO ¢, # 0. B xpyre B crnpaBe/InBO PaBEHCTBO

+oo
f(z) = Tg(z) = ch(Z —a)" =cp(z—a)l + cpp1(z — a)p—i—l N —
n=0
=(z—a)l(cp+cpri(z—a)+...) = (z—a)y(z),

“+o00
rae dyukims g(2) = Y ¢pn(z — a)" rosomopdua B kpyre B u g(a) = ¢, # 0.
n=0
Ocragsiocs jokazars (3) = (1). Ilockonsky g € A(B) u g(a) # 0, dyukius g(z) # 0 B
HEKOTOPOM (BO3MOXKHO, MeHbIeM, yeM B) kpyre By = B(a,d1), d1 > 0. @yukuus (z — a)P
He obpalraercsi B HOJIb B IIPOKOJIOTOi okpectHOCTH Touku a. Crenosarensho, f(z) = (z —
a)Pg(z) # 0 B B{, T.e. a — u30/MpoOBaHHbIii HyIb GyHKIMHA f. O

TEOPEMA 11.2. (Eamacrsennocru). ITycmv D — obaacms 6 C u gynxyua f € A(D).
ITycmo Zy = {z eD ‘ f(z) = ()} — mmodicecmeo ryaeti f 6 D. Ecau Zy umeem 6 D xomasa
6w, 001y npedeavryro mouky, mo Zy =D, m.e. f =0 6 D.

JOKABATEJILCTBO. Ilycts a € D — npenenbHas Touka Z¢. B cuiy nenpepblBHOCTH
dbynxmun f, a € Zy. Crepobarenbno, a — Hemsoupobanubiil nyab '@ f. Obosnauum yepes

Z§ MHOXKECTBO BCeX HEH30IMPOBaHHLIX Hyneil dynkmm f 8 D, Zy C Zy C D. Mpr ycrano-
BUJIM, 9TO Z ¢ # @. Hokaxewm, 91O Z  OJIHOBPEMEHHO OTKPBLITO 1 3aMKHyTO B D). Torma B
cty cBasHoctu D OyzneMm mMeTh Z =D, orkysa caeayer yTBepXKJIeHue TEOPEMEL.

IIycts 2o € Z ¢. Torga no reopeme TOYKA 2 — HYJIb OECKOHETHOT'O TIOPSIIKA JIJIs
f. Cuenosaresbho, f(z) = Tzfo(z) = 0 B Hekoropoit okpecrroctu U(zp) € D Tourn zp.
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fAcno, aro U(zg) C Zy, T.e. mobast TOUKa BXOIHUT B Z¢ BMECTe ¢ HEKOTOPOi OKPECTHOCTBHIO.

3aMKHyTOCTh MHOXKeCTBa Z ¢ B D cemyeT us HempepbIBHOCTH f. O

ITpuMEP 11.1. OTMeTuM, 9TO MPSIMOTO AHAJIOra TEOPEMBI st PYyHKINHN 1eficTBH-
TeJIbHOrO mepemeHHoro Her naxke B kiaacce C°°(R). B kadecTBe mpummepa MOXKHO B3SITh
byHKIHIIO

fla) = sin(1/z), @ #0,

f£(0) = 0. Buech Touka x = 0 — He U30JUPOBAHHBIN HYJIb st f.

TeopeMma 06 0coboii ToOUke Ha IpaHHIle KPpyTra CXOAWMOCTHU CTEIEeHHOI'o psaja.
Paccmorpum cTenenHoit psisi ¢ IEHTPOM B TOUKE Z(:

+oo
> enlz—20)". (11.1)
n=0

I[Tycrs pajauyc cxoaumoctu 1oro psiyia pasen R € (0, 4+00), B = B(zp, R) — coorBercTByIO-
muiit Kpyr cxogumocru, u S € A(B) — ero cymma.

OnPEAEJEHUE 11.3. HasoseM TouKy a € OB Heocoboti das S, ecou 36, > 0 u QyHKITHS
fa € A(B(a,8,)) rakas, uro fo(z) = S(z) ans Beex z € BN B(a, dy).

B nporuBHOM citydae Touka a € 0B Ha3biBaeTcs 0cobol s S.

TEOPEMA 11.3. B onucannoix sviue yeaosusax wa OB cyuwecmsyem xomsa 6vl 00HG 0CO-
bas mouka dan S.

JIOKABATEJILCTBO. Ilpeamonokum nporuBHOoe — Bce Touku OB Heocobble. Ilokpoem

KasKJ1ylo TOUKy a Kommnakra 0B kpyrom B, = B(a,d,) U3 onpejienenusi Heocoboil TOYKN 1
N

BbIOEpEM KOHeuHoe mojokpeitue: 0B C | B, .
n=1

[Iycrs B,, N By, # @. Torna usz oupenenennst B, u f, cienyer, 910 fq, = fq,, =S Ha
MHOXKecTBe B, N B, N B. Ho Torma n3 Teopemsl caenyer, 9To f,, = fq,, BCIOLY HaA
B,, N B,

DTO0 paccyX)JeHre MOKAa3bIBAeT, YTO PYHKIINIO S MOXKHO IIPOJOJIKUATE JI0 TOJIOMOPMHOI

B obsractu D = B U ( U Ban) dbyHKIIUN S. Tlo IIOCTPOEHUIO, HalijeTcs € > 0 Takoe, 4TO

B(zy, R+¢) C D. Ho Torga, pazmaras dyuknuio S B psiz Teitsopa ¢ eHTPOM 2 1 TIOJIb3YICh
€ro eJIMHCTBEHHOCTBIO, MbI HIOJIy4aeM, 9To pajauyc cxogumoctu psaa ((11.1) ve menbine, dem
R + . IIporusopeune. (]

IIpocrpancrBa Beprmana AP(D) u npocrpascrso A(D) .

ONPEAENEHUE 11.4. s npoussosibHOil obactu D B C u p € [1,+00| onpeznennm
cJIeIyIoIKe p-TpocTpaHcTBa Bepamara roaoMopdHBIX YHKIMH B D!
(1) mpu p = 400 nonaraem A (D) = A(D) N L*>(D) ¢ Hopmoit
HﬂhD—ﬂmﬂﬂ)l
z€D
9TH MPOCTPAHCTBA SIBJISIIOTCA GaHAXOBLIMU 110 TeopeMe Belieprurpacca;
(2) mpu p € [1,400) oupenennm AP(D) = A(D) N LP(D) ¢ nopmoii

11l / / )P dady) 7

9TH IPOCTPAHCTBA SBJISIIOTCST OAHAXOBBIMU 110 TeopeMe Beiiepirpacca ¢ JIOMOJTHUTEIBHBIM
IPUMEHEHUEM TeOPEMBbI O CPEeJIHEM 0 KpyraMm U HepaBeHCTBa lesbiepa (IIpoBEpUTH); mpo-
crpancrsa A%(D) aBIIOTCS THABGEPTOBLIMI C SPMUTOBBIM TTPOH3BEICHIEM

f,D—//f g(2) dzdy .



OnPEAEJEHUE 11.5. s npoussosbHoii objaactu D B C, D # C, npu n € N myctb
K,={z€D]||z|<n, d(z,0D) > 1/n}
1 ny — nepBbiit HoMep n, Juig Koroporo K, # (). Toraa { K}, 7, HA3BIBACTCA CINAHIAPTIHYILM
ucwepnaruem obmactn D (ykaszaHHOI BO3pacTalomeil Mocjae10BaTeIbHOCTHI0 KOMIIAKTOB).

IIpu D = C nonaraem K, = {z € C| |z| < n}.
B npocrpancrse A(D) BBeseM cireyioniyio (GUHAPHYIO) BEJTHIHHY:

Z o-n_|f —gllrn
= T+ 1f—9gllx,
YIPAKHEHUE 11.1. (a) nosb3ysick BozpacranueM dbyukimn ¢(t) = t/(1+t) na [0, +00)
u eé csoiictBoM @(t1 + t2) < @(t1) + @(t2) upu t; > 0 u ty > 0, nokasars, 410 pA(f,9)
ABJIACTCA METPUKOIA;
(6) yCTaHOBHUTB, YTO CXOMMOCTH IIOCJIEIOBATEIHLHOCTE B 9TOII METPUKE SKBUBAJICHTHA
PaBHOMEPHOIT CXOMMOCTH BHYTpH D, OTKy/la cpa3y BbITeKaeT noaroma merpuku pA(f, g);
(B)* mokasarb, uTO Ta Merprka HeHopMupyema (Teopema I1.C. ¥YpbicoHa).

O06obGiiennbie creneHdbie psigbl. Teopema Jlopana.

ONPEAENEHUE 11.6. O6obwenrvim cmenennvim padom HasbiBaercst (popMasibHBIN)
psin BUIIA

+00 oo
ch(z—zo)” = Z cn(z — 20)" Zc, z—2p) ”—1—20”(2—2:0)”. (11.2)
=0

neL n=-—00 n=
(%) (a) (b)
Kak u B ciiydae cTeneHHbIX psIoB, Touka zg € C Ha3bIBaeTCA UeHMPOM, a TIOCTOTHHBIC
{cn}nez — Koapduyuenmamu 06OOIEHHOIO CTELEHHOIO Psijia .
T'oBopsT, 4TO psij cxodumes 6 mouke z1 € C, eciim B 9TOIi TOYKE OJHOBPEMEHHO
cxoggrest psipl (a) u (D).

st psana (b) mycers Ry € [0, +00] — ero paauyc cxomumoctu, T.e. psag (b) cxomurest

abCoOMIOTHO 1 paBHOMEepPHO BHYTpH By = B(z, Ra) n pacxomurca B C \ Bs.
400
Conocrasus ¢ momomnipbio 3aMensl w = 1/(z — 2g) paay (a) crenennoit psig Y c_pw”,
n=1
JIEKO HOKa3aThb, 4To cymecrtsyer Ry € [0,4-00] Takoe, uro psaj (a) pacxomurcs B By =

B(z0, R1) u cxopurcst abeostorao u pasHomepro saytpu C\ By.
YIPAXKHEHUE 11.2. ITo dopmyse Komu-A amapa naiitu Ry u R uepes {c¢, bnez -

ONPEJENEHUE 11.7. Ipu Ry < Ry muoxkecrso Vi = {z € C ‘ Ry < |z— 2| < Ry }

HA3BIBAETCsT KOAbUOM crodumocmu psada (11.2). Tlo mokazannomy, psiz (11.2) cxomurcst a6-
COMOMHO U PAGHOMEPHO 6HYMPU V.

(Ilpr Ry > Ry umeem Vi, = 2.)
TEOPEMA 11.4. (Jlopana). Ilyemo V = {z € C|r < |z2—2| < R} - xomuo ¢ yenmpom
20 € C (0 <r < R< +00) u pynrxyus f € AV).
Tozda ecrody ¢ V' ynryua f paszsazaemes 6 obobusertviti cmenennoti pad
+oo

fz)= > calz—2)" (11.3)

n=-—oo
¢ Koappuyuenmamu, Cp, n € Z, 00H03HAYHO ONPEICAAIOUUMUCT NO HOPMYAAM:

-1 _fl9dc
Cn = — / < (11.4)

2mi — zo)" 1’
97 B(20,p)

2de p € (r, R) — npoussosvro Purcuposanoe.
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JIOKABATEJILCTBO. 3adukcupyeM IIPOU3BOJIBHYIO TOUKY z € V u BeIOepeMm 19 1 Ry ¢
yenoBusaMu 1 < 1o < |z — 20| < Ro < R. O6o0znaunm 't = 01 B(20, Ry) n ’y{f = 01 B(z0,70)-
B xombre Vo = {( e C ! ro < |¢ — 20| < Rg} BOCITOJIb3YEMCsl MHTErpaIbHOl (hopMyIoit

Korm:
1) =5 [1E% - L [TO%  p) 4 oo
Ty T

rae

1 [ f(¢)d¢ 1 /f(C)dC
F = = —— .
0(2) 27ri/ . o PR =g TS
r+ 'yaL
[Ipencrapmenne ais Fy mosrygaercs Kak B oKa3aTenbcTBe Teopembl Komm-Teitopa:

+00
Fg(z):ch(z—zo)" , cn—l/@{(i)oc;il , ne{0,1,...}. (11.5)
n=0

2
Ty
Pacemorpum nojgpobuee fo(z). B cusy Bbibopa rg, st Touek ¢ € [yo] BbIOIHEHO HEpa-
BeHCTBO |( — zp| < |z — 20|, mO3TOMY

1 1 11 :i"(g—zo)"

(=2 (z—a)-((—w) z-z 1- <= (2 —20)" 1"

Z2—2z0 n=0

pUYeM IIOCJIeHUI PsiJl CXOAUTCst abCOIOTHO U paBHOMEPHO (110 ) Ha [yg]. Cresnas 3ameHy

m = —n — 1, MOXKHO 3aIIUCATb MPEIBIIYIIYIO IIEIOYKY PABEHCTB B BUJE
1
I Z (z — zp)™
(—z = (C—z)m™t

TloBTopsiss obocHOBaHUE CMEHBI MOPSIKA CYMMUPOBAHUS U WHTETPUPOBAHUS B JIOKA3a-
TesabcTBe TeopeMbl Komu-Teitsiopa, mosytuaemM paBeHCTBO:

-1

fo(z) = Z em(z—20)™ , em = 1 f(Q)d¢

C2mi ) (¢ —zo)m
+
Yo

me{-1,-2,...}. (11.6)

m=—0oQ

Tenepb BaxKHO OTMETUTH, UTO MPU KaXKJIOM (DUKCUPOBAHHOM 7 HHTETPAJIbI B SISt
Bcex p € (r, R) coBHmajaloT: J0CTATOYHO HpHU JOOLIX p1 < p u3 (r, R) npuMeHUTH MHTE-
rpasbHyio Teopemy Komm jyis konbua {p1 < |¢ — 20| < p2} u dynkuun f(¢)/(¢ — z0)" .

O6bequuss (11.5) u (11.6), nomywaem npeacrasiaenne st f(z), mMeromee Buy c

koaddurmenramu (11.4)). TIpu srom psix (11.3]) cxomurest pasaomepro BHyTpH V.
JlokazkeM eIMHCTBEHHOCTh. Ilycrh jyist f B V' clpaBeInBO Kakoe-TO IpeCTaB/IeHue

Buga (11.3). Torma psim > ep(z — 20)" cxomurcs pasHomepro BHyTpu V. Ilosromy mpu
nez
dburcupoBanubix p € Z u p € (r, R) noxyaaem

1 f(¢)d¢ 1 n—p— _
2mi / €= 2~ 2mi / (X enlc ==y} dc =,
9+ B(z0,p) 0+ B(z0,0) "L

110 CBO¥MICTBY OPTOrOHAJILHOCTHU CcTeleneii. Teopema jokasaHa. O

CnenctBUE 11.1. (Hepasencrsa Kommm st koagpdumuentos Jlopana). B ycaosusx

u obosnauenuar meopemo, Jlopana, npu p € (r, R) onpedeaum M, = ||f||ap(z,p)- To2da
CNPABEDAUBHL OUEHKU
M
p

JIOKABATEJIbCTBO. AHAJIOrMYHO JOKa3aTelIbCTBY HepaBeHcTB Kommm mist koadgduru-
eHToB Teitmopa. O
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Caazb pagoB Jlopana ¢ pggamu Pypoe.

Hyers Vo = {r < |2] < R} — xommo npn 0 < r < 1 < R < +oo. B wacrnocrn,
okpyxknocts 'y = {|z| = 1} C V. Ilpu f € A(V) bynkuusa g(t) = f(e?) apaserca
27-niepuoueckoii beckoneuno-mubddepentupyemoii dyukimeii na R. Torga, ecom f(z) =

+oo

T2 oo CnZ" — pasioxenne dynkimn f B pag Jlopama B V, To ¢(t) = :{ZO_OO cpe—

pazsioxkenne GyHkun g B psajn Pypbe Ha orpeske [—7, w] (B KoMILIEKCHOM hopme).

VIIPAYKHEHUE 11.3. Pasmoxurs dbyuxmmio g(t) = 1/(2 — cos(t)) B pax Pypose na
[—m, 7.

Vrasanue. Iyers 2z = €, torma cos(t) = (z 4+ 1/2)/2 u B KadecTBe f cieayeT B3ATH
bynxmmo f(z) = (2—(2+1/2)/2) "t = —22/(22—42+1), romomopdyio B Komblie {2—1v/3 <
|2| <2+ +/3}.

Orser: g(t) = 1/v3 + 3.25(2/V/3)(2 — V/3)" cos(nt) .

t

57



12. Jleknus 12. Kitaccudukanus n3oampoBaHHbIX 0cobbix Todyek (V1OT) I'd.
Teopema Coxonkoro. JIemma IlIBapua u eé caeacrsue. MOT oco. Beruersr B
NOT.

Kutaccudukanus n3onmpoBaHHbix 0cobbix Ttouyek (V1OT) I'd.

OnpPEAENEHUE 12.1. Ilycrs a € C, § > 0 u dyuknus f € A(B'(a,0)), no f ¢ A(a)
wn f(a) He onpeenena. Torga ToMKa a HA3BIBAETCH U30AUPOBaHHOT 0c0b0T moukot (UOT)
OnPEAEJNEHUE 12.2. TOT a nst dyukiuu f Ha3bBaeTCsH
— yempanumod, ecau cymecrsyer lim f(z) € C;
zZ—a
— nomocom, ecau cyimecrsyer lim f(z) = oo
zZ—a

— cywecmeenno 0coboli moukol, ecau He cymectsyer lim f(z).
zZ—a

TEOPEMA 12.1. (O6 ycrpanumoii ocoboii Toure). /Jaa UOT a dynxuyuu f caedyrousue
YCAOBUA IKGUBAACHIMH DL

(1) mouxa a yemparuma ;

(2) pynryua f ozpanuuena 6 nexomopoti npokosomoti okpecmmnocmu B'(a,01), d1 < §;

(3) paod Jlopana dynruuu f 6 xoavue B'(a,d) ne codeporcum ompuyamenvhur cmene-
netd (m.e. ¢, =0 npun < 0). B amom caywae 2080pam, 4mo 2A66HAA HACTD PAIG
Jlopara omcymemeyem.

JJOKABATENBLCTBO. (1) = (2). Us cymecrBoBanus lim f(z) € C ciemyer orpamnten-
zZ—a

HOCTH f B HEKOTODPOIi MpoKoIoTOi okpectHOCTH B'(a,d1) Toukn a (41 < J), T.e.
sup{|f(2)| : = € B'(a,01)} = M < +o0.

(2) = (3). Bocmonbzyemcst nepasercrBamu Kormmn ([11.7)). ITockonbky
M, = max |f(z)| < M upu p € (0,61), npu n < 0 nmeenm:

|z—al=p
len| S Mpp™™ < Mp™ — 0 npu p — 0,

orkyaa ¢, = 0 npu n < 0.
(3) = (1). OueBuuHO, uTO li_1>n f(z) =co € C. O
z

a
CHEACTBUE 12.1. Ecau a — yempanumas ocobas mowka, mo, onpedeass f(a) = lim f(z),
z—a
noayvaem | € A(B(a,é)).

IMTpuMEP 12.1. Tonoxxum f(z) = (sinz)/z upn z # 0 u f(0) = 1. Torma f — menas
dyHKIWHS.

TEOPEMA 12.2. (O nomocax). IIycmv a € C — HOT dan gynxyuu f € A(B'(a,d)).
Caedyrowgue Yyeaosus sKEUSAAECHMHDL.
(1) a — noaroc;
(2) pao Jlopana dynrxuuu f 6 B'(a,d) codeporcum xonewnoe (nenyaesoe) wucio ompu-
yamenavHoir cmenenel (€20 2aashas wacmo konewna), m.e. Ip € N :
C_p C_1

G-ap T a

+o0
+ ch(z —a)", c_p#0.

n=0

f(z) =
B amom caywae 206opam, wmo a — noawoc gynwkyuu f nopadka p. Ipu p = 1 noaroc

HA3vL60A10M NPOCTNOIM.

JJOKABATEJBLCTBO. (1) = (2). Ilo yciosuio, liin f(z) = oo, mosromy 347 € (0,0)

takoe, aro f(z) # 0 npu z € B'(a, d1). Pacemorpum dyuxmumio g(z) = , TOIOMOPQHYIO

1
f(z)
B B'(a,d1). dcuo, uro cymecrByer li_r>n g(z) = 0, mosromy, nosoxkue g(a) = 0, moIyIUM

zZ—a
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dbyukumo g € A(B(a,d1)) (no crencreuo [12.1)). Touka a — n3oimpoBasHbIil Hylb GyHKIUI
g Hekoroporo (koneunoro) nopsiaka p € N. Ilo Teopeme o mymsx I'®, cymecrsyer h €
A(B(a,61)) makas, uro g(z) = (z — a)Ph(z), npuaem h(a) # 0, orkyma h(z) # 0 npu

~ 1
z € B(a, 61). CnenoBarensho, onpenenena gynxmus h(z) = — € A(B(a,d1)).

h(z)
~ ~ +o0
Pazsoxum dyukuuio h B B(a, 1) B psxg Teiopa: h(z) = Y an(z — a)”, tae ag # 0.
n=0
Torpa nis dbyukuuu f B B'(a, 1) nmeem:
1 1 - ao a1
o R Er e A ) L e L

B cuy equncrsennocru psga Jlopana, 3To e passoxkenue sepuo u B B'(a, ).
(2) = (1). OueBuHO. O

VIPAYKHEHUE 12.1. s f(z) = sin(z) /2% Touka z = 0 — mpocToit moJtoc.

SAMEYAHUE. B obo3HadyeHUsIX H0Ka3aTEILCTBA TEOPEMbI CIIPaBEJIJINBO CJIETYIOIIee
yreepxkenne: MOT a — mosroc nopsiaka p > 1 jyist GyHKImu f, ecjin ¥ TOJIBKO €CJId a —
HyJIb Topsiyika p 1 dynaknuu g(z) = 1/f(2) nupu z € B'(a, d1), g(a) = 0.

HanomuuMm, aro npu f € A(a) u f(a) # 0 Touka a HasbiBaercs HyjaeM (GyHKIuU f
nopsiyika 0.

ITPEOTOXKEHUE 12.1. ITycmo danwt gyrxyuy f1, fo € .A(B(a, 5)) U NYCMB MOUKA @ —
HYAb nopadka pj € L oas pynkyuu f;, j € {1,2}.

Honoorcum f = f1/ fa. Toeda npu py = p2 mouka a — yempanumasn ocobas mouxa oas f
(npu pa = 0 6 amotli mouke nem ocobennocmu), a NP P > P1 MOYKE G — NOAIOC NOPAJKA
(p2 —p1) dan f.

JTOKABATEJLCTBO. ITo Teopeme o mynsax I'®, cymecrsyer uuciao & € (0,0) Takoe,
aro B okpectHoctu B(a,d') cupasemyussl npeacrasienus f1(z) = (z — a)Prhi(z), f2(z) =
(z —a)P2ho(z), upuuem dyuxiuu hy u hy rosomopdubl u He obpammaiorcs B Houb B B(a, d'),

h
T.e. dynkus h(z) = h;gz; Toxke ronomopdua B B(a, ).

IIpu p1 > po dyukuusa f mmeer Bug f(z) = (2 — a)Pr P2h(z), moITOMY CyIIECTBYET
koneunblii lim f(z), Tak 9T0 TOUKa @ — ycrpanuma s f.
zZ—a

h(z)

IIpu p1 < po byskuus f umeer Buy f(z) =

2z —a)P2—P1 ’
nopsika (pe — p1) Juist f 10 JI0OKA3aHHOMY B TeOpeMe O
CHEACTBUE 12.2. UOT a ¢ynxuyuu f € .A(B’(a, 5)) ABAACNCA CYULLCNEEHHO 00601,
ecau u moavko ecau psad Jopana gynwyuu f 6 B'(a,d) codeporcum eckoneuroe wucao rneny-

AEBVT CAGRAEMBIT 6 24a6M0T wacmu (m.e. cywecmeyem beckoneurno mmozo n < 0 maxuz,
wmo ¢, # 0).

VIPAYKHEHUE 12.2. st f(2) = e'/# touxa z = 0 — cymecTsenno ocobast.

OTKYy/la TOYKa a — IIOJIIOC

TEOPEMA 12.3. (Coxornkoro). ITycmov a € C — cywecmeernno ocobas mowka
ons pynrkyuu f € A(B’(a, 5)) . Tozda ¥b € C! natdemea nocaedosamervrocmo

+ : _ : _
{an}, 25 € B'(a,d) ¢ ycaosuamu ngrfoo an =a u ngrfoo f(a,) =0.

JIOKABATEJILCTBO. Ilo Teopeme dyHkus f He MOXKET ObITH OIPAHUYEHHOI HU B
Kakoii mpokosioToit okpecraoctu B (a,r), r € (0,6) (unaue a 6buia 661 yerpanumoii jayis f).
Tax 4TO B yCJIOBUSIX Haleil TeopeMbl caydail b = 0o oYeBUIeH.

Badukcupyem renepn npoussosibhoe b € C. Eciau Vr € (0,0) naiigercs takoe z, €
B'(a,r), ato f(zy) = b, T0 BCE n0Ka3aHO.

[Tycrs Teneps dr9 € (0,0) Takoe, uro f(z) # b B B'(a,rg). Pacemorpum dynknuio
9(z) = 1/(f(z) = b) € A(B'(a,r0)), ast KOTOPOIi TOUKA @ — CYIIECTBEHHO 0cobast (IIpoBe-
puts!). ITo nokazannomy, Haitneres {a,} % C B'(a,ry) C B'(a,d) ¢ ycnosusvu a, — a u
g(ayn) — oo npu n — +oo. Orryna f(a,) — b upu n — +oo. O
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Jlemma ITIBapiia. Kondopmubie nzoMmopdpu3aMbl KPYroBbIX 00JIacTeii.

TEOPEMA 12.4. (Jlemma IlIapua). Ilycmo By = { z € C||z| < 1} — edunuunwiii xpye
u f € A(By). IIyemw f(0) =0 u |f(2)| < 1 npu ecex z € By. Tozda |f(z)| < |z| dan ecex
z € By u, caedosamenvno, |f'(0)] < 1.

Ecau natidemes z € By makoe, wmo z1 # 0 u |f(z1)| = |z1|, mo natdemes 0 € (—m, 7]
¢ yeaosuem f(z) = ez dna ecex z € By.

JTOKABATENBCTBO. Oupenenum byskmuo ¢(z) = f(z)/z, uMeolLy0 yCTpaHUMYTO
ocobyto Touky z = 0. Iomaras ¢g(0) = f(0), noxyuaem g € A(By).

®ukcupyem € € (0,1), u B kpyre B(0,1 — ¢) K QyHKIMU g IPUMEHUM IPUHIIUI MAKCH-
MyMa MOJLYJIS:

9] < llgllopo1-e) < == =€ BO,1-¢).

Qukcupyst z € By u yerpemiisisi € K HYJII0, ostydaeM, 91o |g(z)| < 1 mus Beex z € Bj.
CuenoBarenbho, |f(z)| < |z| npu Bcex z € Bj.

Ecmn xe naiinerca z; € By \ {0} ¢ yciosuem |f(21)| = |21], To |g(21)| = 1. Bross npn-
MeHsIsI IPUHINI MaKCUMyMa MOZy/Ist B Kpyrax B(0,1—¢) u ycTpemiiss € K HyJIio, IOJIydaeM,
aro g(z) = g(z1) = €® B By (n1a mexoroporo 6 € (—m,7]). Orciona f(z) = €z npn Beex
z € By. O

CJEACTBUE 12.3. ITycms Dy u Dy — xpyeoswvie obracmu 6 C (m.e. omkpumuie Kpyau
UAU NOAYNAOCKOCTIU, UAU GHEWHOCTIU 3aMKHYMOE Kpy206 6 C ). Ecau gynryus f acas-
emea KonPopmrvim uzomoppusmom D1 wa Do, mo f — JJI0.

JOKABATENLCTBO. Ilycrs a; € Dy, j € {1,2}, upuuem az = f(a1). CymecrByior
HJIO A - By = Dj co coiictBom Aj(0) =aj, j =1,2.

Paccmorpum romomopduyio dyskmmio g = Ay lofoAi: By =% By (BocmosIb30BaTHCS €6
HEINPEPBIBHOCTHIO U TEOPEMOI 00 yCTPAHUMOI 0CO0O0IH TOqu). OHa yIOBJIETBOPSIET YCJIOBUSM
sevmnr 1IBapna, mostomy |g(2)| < |z| aa Beex z € By. Ananormano, g~ ! rosomopdna u
yaoBeTsopster yeaosusam jemmbl Hsapra, mostomy |g71(2)| < |2| npu Beex 2z € By, uro

SKBUBaJIEHTHO ycsoBusaM |z| < |g(2)| npu Bcex z € By. CrenosarensHo, |g(2)| = |z|, u Trorga
9(2) = e?2 st nexoroporo 6 € (—m, ). B wacriocru, g — JIJTO. Ho torma f = AgogoA;!
— roxke 1JIO, uro u TpeboBasoch. O

NzonupoBanHasi ocobasi Touka z = 00 .

Hasosem o6macth By (00,0) = {z € C||z — 2| > 1/6} U {00} (coorsercrsento,
Bl (00,8) = {z € C||z— 20| > 1/6 }) — 6-oxpecmmocmuvio rouku 0o B C* (coorsercrsenHo,
npoKkoaomoti §-0KPECHOCTNBIO TOUKH 00) C AaHTUIIEHTPOM Z(.

OnPpPEAENEHUE 12.3. Ilycrs dynknus f ompeesena B OKpecTHOCTH B (00, d) TouKn
0O ¥ TIPU 9TOM CYIECTBYET KOHEUHBIH lim z( flz)—f (oo)) =: f/(c0). Torma sror npejen
zZ—00

Ha3BIBAETCS KOMNAEKCHOU Npouseodnotl gyrxuuu f 6 mouke oo.

ONPEAENEHUE 12.4. Ecim f € A(B;O(oo,é)), TO TOYKA 00 6Ce20a No onpedeseHuo
aeasemca IOT nus f (naxe ecam cymecrsyer f/(00)). MOT oo s dysknun f HaspiBaeTcst

— yempanumod, ecin 3 lim f(z) € C;
Z—00

— nomocom, eci 3 lim f(z) = oo}
Z—00

— cywecmeento ocoboti mouxoti, ecrm  lim f(z).
Z—00

ITPEAJTOXKEHUE 12.2. Teopemui|12.1],|12.4,|12.5 ¢ ecmecmeennbimu USMEREHUAMU OCTNA-
HMCA CNPABEIAUBHIMU U OAA CAYHAA G = OO HAJ0 MOABKO HA3BIBAMND 2AAEHOT YACTBIO PAJQ
Jlopana -, 7 cn(z — 20)" das [ 6 B, (00,0) cymmy e2o namyparvrvix cmenened.

VIPAXKHEHUE 12.3. [arb ompejeserne nopsadka noaoce B TOYKE 00 U J0KA3aTb €ro
HE3aBUCUMOCTb OT AHTUIIEHTPA 2(.
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Beruer B TOT.

ONPENENEHUE 12.5. Ilycts a € C — MOT dynkuun f € A(B'(a,R)), R > 0. Ilpn

p € (0, R) momnoxum T'F = {ze€ (C‘ |z —a| = p}+ = 07 B(a, p). Torga evuemom dynryuu
f 6 mouke a Ha3LIBAETCSI BEJIMIMHA,

rgsf: 217rz/p+ f(z)dz.

[TPEMUIOXKEHUE 12.3. ITyems (x) = Y. ep(z — a)™ — pad Jlopana gynrkyuu f 6 B'(a, R).
nez
Tozda res f = c_1.

JTOKABATEJILCTBO. Psu (x) cxomurest pasaomepno suytpu B'(a, R), B qacTHOCTH, Ha
0B(a, p) mis Besikoro p € (0, R). UaTerpupyst mo4uaeHHO U MOJIB3YsCh CBOWCTBOM OPTOrO-
HAJBLHOCTHU CTEIleHel, TTorydaeM Tpebyemoe. O

SAMEYAHUE. M3 sT0ro0 npejioxedns, B YaCTHOCTH, CJIEIyeT KOPPEKTHOCTb OIpeIeie-
HHS BblYeTa (DYHKINKA B TOYKE.

CaeaCcTBUE 12.3.1. Ecau a € C — yempanumasn oas f, mo res f = 0.
a

CaeacTBUE 12.3.2. Ilyecmov a € C — nomoc nopadka p oas pynxyuu f € A(B’(a, R))
1

: (r—1)
_ —a)?
Tozda rgzsf p=1) ;1_1()1(11 ((z—a)f(2)) :
+o00
JOKABATENBLCTBO. Ecim > ¢,(2 — a)” — pan Jlopana dbyuxknun f 8 B'(a, R), To
n=—p
+oo +o0
S culz—a) =3 o yfz - a)"
n=-—p n=0

— pag, Teitnopa mna dynkuun g(z) = (2 — a)? f(2) € A(B(a, R)) (noonpexnenennoii g(a) =
c—p). Juddepennupys mowieHno mocaeHuit psij, HOIydaeM:

(== f(2)) "™ = (p—1)le1 + (= a) - h(2), h(2) € A(B(a, R)).

[Tepexonst K mpejiesty npu z — a, jens Ha (p — 1)! u moss3ysacsk mpe/iozkeHneM OJTy-
qaeM Tpedyemoe. O

;;Ezi, 2de fi1, fo € .A(B(a?R)). ITycmo fi(a) # 0,
m.e. nopadox nyas dynkyuu fi 6 mouke a pasen 0. IIyemo fo(a) = 0, 1o fo(a) # 0, m.e.
nopadox nyas gynxuuu fo 6 mouke a pasen 1. Tozda

_ fila)
res f = ———.
a f3(a)
JIOKABATEJILCTBO. U3 ycioBuii BeiTekaet, uTo QYHKIHMS [ MMeeT B TOUKE @ IOJIIOC
nopsinka p = 1. ITonb3ysace ciaencreuem [12.3.2] nmeem:

8 _ p@ytim 270 N@
= fi( );—m fa(2) = f2la)  fi(a)

CHEACTBUE 12.3.3. Ilycmo f(z) =

res f = lim(z — a)f(z) = lim(z — a)

a z—a Z—a fQ(Z)

O

3AMEYAHUE. Ecina € C - cymecrsenno ocobas Touka yis f € A(B'(a, R)), To Kakoii-
TO CIIEIHUAIBLHON (POPMYJIBI /IS BBIYMCICHH BBIUETA B 9TOI TOUKE HET, OJHAKO CIPABEITHBO
CJIEYIONIEE YTBEPK ICHHE.

VYHOPAYKHEHUE 12.4. Eciu dbyuknus f — wemnas ornocurensio UOT a € C, re. f(a+
2) = f(a — z) npu Becex z € B'(0,R), o koadbdunumentor psina Jlopana f 8 B'(a,R) ¢
HedeTHbIME HoMepamu pasubl 0. B wactHocrn, res f = c_1 = 0.
a
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ONPEAENEHUE 12.6. ITycrs Touka oo sisiercss IOT mina dyukuuun f € A(V), rue
V = {r < |z — 29| < oo} — upokosiorasi okpecTHocTh ToUKu 00 (29 € C, r > 0). IIycrs
If = {2 —20| = p}* upn p € (r, +00). Torma svivem gynryuu f 6 mouke 0o oupesensercs

o dopmyiie
resf——m/f m/f

IIPENJIOXKEHUE 12.4. Ilycmo ZnEZ cn(z — 20)" — p,ﬂa Jlopara ¢pymnxuyuu f 6 xoavue
V ={r <|z— 2| < o0}. Tozda res f = —c_;.
o0

JIOKA3BATEJIbCTBO. AHAJIOIMYIHO JOKA3ATEJBCTBY IIPE/JIOKEHHsT O

YHIPAYKHEHUE 12.5. Haijitu dopmynsl (anamorndnbie ciaeacrsuio [12.3.2)) mis Bbrawc-
Jlenus res f B ciaydae, Kormga GYHKIUS f UMeeT B TOUKE 0O MOJOC mopsaka p € N.
o0

1
SBAMEYAHUE. Dyskius f(z) = — uMeeT B TOYKE 0O yCTPAHUMYIO OCOOYIO TOUKY, HO
z
res f = —1 # 0, mosTomy yTBepxkaenue ciaeactsus [12.3.1] meBepHO npm a = oo.
o0
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13. Jlekmusa 13. Teopema Koinm o Beruerax. Ilpumepbl BbIYUC/I€HUS
uHTerpaJioB. Jlemma 2Kop/sana u npeodpazoBanune Pypbe parmoHaAJIbHBIX
dbyukuuit. Conenuanbibie obiiactu n dyHkuus I1Isapia.

Teopema Koiu o BbIueTax.

TEOPEMA 13.1. (Teopema Konm o seraerax). Iycmo D — donycmumasn obaacmy 6 C,
A={ai,...,ay} C D, J € N. Ilycmov gynryusn f nenpepwsna na D\ A u f € A(D\ A).
Toz0a

SAMEYAHUE. MbI foKaxkeM 3Ty TeopeMy JJisi IPOCThIX 00JiacTeil, TOCKOJIBKY B JIOKa-
3aTeIbCTBE OYIET UCIOJIb30BATbCS MHTErpasibHas TeopeMa Koru, koTopast Oblia JoKa3aHa
HaMU TOJIBKO JIJIsE IPOCTBIX 00JIACTeil.

JOKABATENLCTBO. Hua j € {1,...,J} nycrs V; = {0 < |z — a;| < R;j} — Koublo,
aexaitee 8 D\ . Ilycrs ¥ = cﬂl(z — a;)" — pan Jlopana dysknun f B V; u mycrs
neL

fi(z) = > calz —a;)" — cymma raasnoii wactn X psya Jlopana X dynkuun f B V.
n=—oo
13 onpegenenust 06JIACTH CXOJUMOCTH OGOBIIEHHOIO CTENEHHONO Psiia Yj BBITEKAET, UTO

fi € A(C\ {a;}).
J _
Honoxkum fo(z) = f(z) — > fi(2). @ynkmus fy, odeBumno, HenpepsiBHa B D \ A u
i=1

rosomopdua B D \ . Ilpu stom B Toukax aj, j = 1,...,J, dyskuus fy nmeer ycrpa-
HUMbIe ocobbie Touku. CrenoBarenbho, fo Henpepbisaa B D u fo € A(D) (nocse "crupa-

nust"ocobennocreit). [Tostomy [ fo(z)dz = 0 mo unrerpamsHoit Teopeme Komm. B cuiy

o+tD
I IUTUBHOCTU UHTErpaJla,

/f dz—/fo dz+2/fj dz—Z/fj

o+D o+D i=latp lotp
HOSTOMy JJI BaBepLHeHI/IH JOKa3aTeJIbCTBa TeOpeMbI JOCTaTOYHO IIOKa3aTb, 9YTO

/ fi(2)dz = 2mic? 1—2mresf
otD "

TlockombKy psifz Ej_ cxomurcst pasaomepHo BHyTpu C\ {a;}, ero MokHO mO'WIeHHO HH-
rerpupoBathb Ha 0D. Ilonb3ysics dopmysoit (H-JI), mveen:

J
" c
/fJ dz-Z/ n(z—aj)” dz:/z_ajdz-%mc1

otD 8+D o+tD

[TocsemHee paBeHCTBO JJIsl IPOCTHLIX 00JIacTeil BhITEKAeT U3 IPe lJI0sKeHUs] Teopema, J10-
Kaz3aHa. U

TEOPEMA 13.2. (Teopema Komm o nosnoii cymme BbraeroB). ITyemv J € N, A =
{ai,...,a5} C C, u ¢pynruyus f € A(C\ ). Tozda

J
Zresf+resfz().
aj o0

J=1

JIOKABATEJILCTBO. JlocTaTouHo NPpUMEHHUTD IIpeIbLLyIiy o TeopeMy B obsactu B(0, R),
e R € (1maXJ laj|, +00), 1 BOCIIOIB30BATHCH OIpeIesIeHneM Tes f. O
<< 00
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HpI/IMepI:I BbIIMCJIEHUA MHTErpaJjioB.

I[TPUMEP 13.1. Borunciaum unrerpan [ = / ctg zdz. Bce UOT Qyuknun f(z) =
{lz]=4}+

— II0JTIOCA, TIEPBOTO MOPSIKa B TOUKAX ar = 7wk, k € Z. llonb3ysce ciaeacTBuemM

CoS 2

ctg 2z = —

sin 2z

12.3.3] maxomum resf = 1 js Beex k. B obmactu {|z| < 4} nexxar UOT a_1, ag, ai, mosromy
ag

I =2mi-3 = 6m.

d
I[TpuMmEP 13.2. Ilycrs I = / % B obnacrn {]z] < 1} dyskmus f(z) =

{Jz]=1y+ sin(1/z)
1/sin(1/z) umeer cuerHoe wmcso noswocoB z, = 1/(wk), k € Z, nosromy B Heii Teopema
Komm o Bbruerax nenpumennma. Ho tak xkak f € A({l/7m < |z| < +0o0}), T0 I MOxKHO

BbruncsuTh 1o dopmysne I = —2mires f. 3gech 0o — mpocroit nosoc st f (mposecTu
o0

OCTaBIIECCCdA BBIYHCJICHUE Ca,MOCTOHTeJIbHO) .

ITpuMEP 13.3. Ilycte R — pamnumonasibHast (QYyHKINSA JABYX IEPEMEHHDLIX, TaKas, YUTO
TK'

dbyukuus f(t) = R(cost,sint) nenpepeisua na R. Tpebyercs naitru [ = [ f(t) dt.

—T

. 1 1 1 1
[Tycrs z = e®. Torna cos(nt) = i(zn + —), sin(nt) = 2—(z” — —). Tloxcrapysas stu
2 i 2

BbIpazkeHus B R(cost,sint), moaydaeMm paroHAJIbHYIO (DYHKIUIO [IEPEMEHHOI Z, KOTOPYIO

~ z
obozHadnM depe3 R. Jlerko BumeTh, 9T0 dt = —, IIO9TOMY
iz

~, dz
I= / R(Z)f
{l=1=13+
Ioapiarerpanbruast GyHKIMs He uMeeT 0cobbix Todek Ha {|z| = 1}, a B obmactu {|z| < 1}
y Heé KOHEYHOE HHCJIO IOJIIOCOB, II09TOMY ITOT MHTErpasl MOKHO BBIUHCJIUTB, HCIOJIb3YsI
TeopeMy Kot o BeIveTax.

iz

I[TpuMmEP 13.4. Ilycrs P, u Q) — MHOTO'WIEHBI (OT KOMILIEKCHOII IIEPEMEHHOIT) cTereHn

P,z
7 W M COOTBETCTBEHHO, mpudeM m = n + 2 1 Qp,(x) # 0 npu x € R. Ilycrs f(2) = Qn(( ))
z
+o0 "
u Tpebyercs BoIYUCUTDL | = f f(z)dz. Ilycts ay,...,a; — Bce pazauunvie HyIn @Qp, B
—00

J
Iy ={Imz > 0}. Torma I =27i ) resf.
i=1 %
eitcTBuTebHo, mycth R > max la;|. Ilycts D = B(0, R) N1 — BepxHuii HOJIYKPYT,
SVAY

I'r ={|]z| = R} N {Imz > 0} — Bepxuss mosyokpyzkuocrs. Torma

I = / f(z)d,z:ff(a:)dm+/f(z)dzz[1+12.
A A

8+DR
J
ITo reopeme Komm o Bbruerax, unrerpas Iy pasen 27mi y | resf. IIpu srom unTerpan I
j=1 %
npu R — +oo crpemutcd K I, a uarerpaji I — K HYJIIO B CHUJIy TPUBUAJILHON OIEHKH

| /f(z) &2| = 0(1/B) xR = 0(1/R).
F+
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Jlemma 2Kopmana.

__JIemMmA 13.1. (2Kopnana). Ilyemv R € (0,+00), dynryua f nenpepviena 6
1L\ B(0, R), npuvem lim f(z) = 0. Tozda VA > 0 umeem:
zei

lim 2)e™Mdz=0
r—+00 / f( ) ’
2de CF = {z=re' |t €0,n] }+ ~ BEPTHAA NOAYOKPYHCHOCTIVD.

JOKA3ATENBLCTBO. Ilycrs w(r) = ||f|\[c+], Torjia 1o ycyiosuio w(r) — 0.

.T . T—+00 .

Ouxcupyem r > R. Ecrmm z = 2(t) = re® = r(cost + isint), To |[e??| = e~ 50t Ha
orpeske [0, 7/2] dynknus h(t) = sint BbIIyKIa BBEPX, I09TOMY BBIIOJIHSIETCS HEPABEHCTBO
sint > 2t/w. CienoBaresnbHo, Ha orpeske [0, 7/2] cupaBe/inBa OleHKa

e—)\rsint < B_AT%/TF. (131)

OrneHuM Terepb WHTEPECYIONUil HaC UHTEerpaJ:

(/f ) dz| =

w/2

™

_ ‘/f Z)\Z lT‘eztdt’ <w )/ez\rsintrdt:

0

i ([@31)
—2rw(r)/e_ rsint gr m 2r w(r)

0

et dt = gw(r)(l - e_’\r).

o\%

Tak kak A > 0, OKOHUATEILHO UMEeM:
z)\z d m
z - 0
| / (e <30, 52,0

9TO U TPEDOBAJIOCH JOKA3ATh. U

IIpeobpasoBanune @ypbe paliOHAJIBLHBIX (DYHKIUAA.

OnpPeEAENEHUE 13.1. Ilycre dbyuknus f € Li(R). Torma ee npeobpasosanue @ypve
OLIPEJIEIISIETCs] CIIELYOIIUM 06Pa3oM:

+0oo
fA) = \/12?_/ f(x)e ™ dz, AeR.

BAMEYAHUE. Ecim dyukius f — dernasi (Hedernasi), To dbyHKIus f — TOXKe deTHAs!
(COOTBETCTBEHHO, HEUETHAS ).

I[TPEATIOXKEHUE 13.1. ITycmo P u Qp, — MHO0204AEHDL OM 2 CMENEHU T U TN COOMEEM-
cmeenno, npuuem m = n+2 u Qm(z) # 0 npu z € R. Hyemsv ay, ... a7 — passusnsie Hyu

Qm 6 Il;. Onpedeaum F(z) = g ((Z)),

06020 Purcuposanmozo A < 0 umeem:

a ee cyocerue na R obosnavum wepes f. Toeda oan

. J
21

B V2 =

res (f(z)e_i)‘z) =1.
1 J
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JIOKABATEJILCTBO. 3adukcupyeM IpousBojibHOe R > magiJ\aj\ Hnst r > R onpene-

M obsacts Dy = B(0,r) NII4. Torma mo reopeme Kormmm o Bbraerax

7
/ f(z)e™™ dz = 2mi Zraes (f(z)e™) =V2r1.
oD, — Y

[Monoxum C, = { z=rel | te| } [Mockonbky 0D = [—r,r] U C), umeem:

400
_L —i\T _ fz)\:v _
f == / flaje o = lm / fe)e ™ d =

1 —Mz —z)\z _
G [ o o)

0t D,
:If— lim /f Je M dy =1,
271' r—+00
rJie MoCjIe/iHee PABEHCTBO CIPaBeJInBO B CUITY JieMMbl 2Kop/iaHa. O
1
ITpumMmEP 13.5. Ilycrs f(z) = 219 Torga npu A < 0 HAXOAUM:
z
) = 27 os ( 21 i) _ 2mi & _ \/2%63/\.
A 3z 24 +9 Vor 61 6

Uro6pt mafitn f(A) mp A > 0, Z0CTATOMHO 3aMeTHTD, 9To f derHas. OKomuaTeanuo, f(A) =

7\/62” o3I

"CroenuanbHbie" obgactu. Pyukrus IIIBapiia.

BBO,ZLI/IMOG HUZ>Ke IIOHATHEC CHeILHaHLHOﬁ 00J1aCTH II03BOJISIET 3HAYUTEJIHLHO PacIInpuThb
BO3MOXKHOCTHU TE€OPEMBbI Komnu o Boruerax.

OnpPEAEJNEHUE 13.2. 2Kopmanosa obsracte D B C Ha3bIiBaeTCst cneyuasbHol, ecjiu Haii-
JeTcsa KoHedHoe MHOecTBo ¥ C D m dbynkmua S € A(D \ X), nenpepeisaas #a D \ X,
Jist Kotopoit S(z) = Z upu Beex z € dD. Takas dyukiust S eIMHCTBEHHA U HA3BIBACTCSI
Ppynxyuets Hlsapua obnactu D.

SAMEYAHUE. Eguacrennocts Gyakiun [IIBapria Mbl JoOKaXKeM B CJIEIYIOIIEM CEMeCT-
pe, HaIpuMep, C IIOMOIIBLIO TeopeMbl PuMana.

ITpocreiimmm npuMepoM crenuanbHoil obracru cirykut Joboit kpyr B(a, r), mst Koto-
poro (z —a)(zZ — @) = r?, orkyna S(z) =r?/(z —a) + @, ¥ = {a}.

YHPAXKHEHUE 13.1. JlokazaTh, 9T0 BesKasi XKOPIAAHOBA 00JIACTD, COIEPIKAIIAsT OTPE30K
[IpSIMO#i Ha CBOEHl rpaHuIle, He MOYXKET ObITH CIIEIUATBHOI.

ITokazkem, kak ucnob3yercst pyukius [IBapiia npu BeMUC/IEHUN THTEMPAJIOB.

4
ITpuMEP 13.6. @Oynukiua S(z) = — sasisierca dyukrmeit [[IBapra obractn B(0,2),
IO3TOMY z
9 16
zZ9tgzdz = — tgzdz,
z
{lzl=2}+ {lzl=2}+

IJle MHTErpaJl CIpaBa JIETKO CIUTAETCs ¢ IOMOIIbIO TeopeMbl KoIu 0 BbIYeTax, B TO BpeMs
KaK CJIeBa I10J] MHTErPAJIOM CTOUT BCIOAY HerojgoMopdHas QyHKIIHA.
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YHOPAKHEHUE 13.2. Boraucgutb nHTErpaJib:

/ cos(z) dz | / 22 In(iz) dz

|z—i|=3 |z+i|=1

YHUPAXKHEHUE 13.3. Ilycte D — mpousBosibHast orpanudentasi obyiactb B C u f €
A(D)NC(D). Ecmu f(OD) C R, 1o f = const B D.

Ykazanue: ucnoJibzosars JJIO, npuniun makcumyma MotyJist u reopemy Kormm-Pumana.

W3 yupasxuenust [13.3| BBITEKAIOT JiBa BaXXHBIX (aKTa PO CHEIUAJbHBIE 00JIACTH.

I[TPEAIOXKEHUE 13.2. I[Iycmos D — cneyuaavhas obaacmos, u nycms dynrkyua [lseapya
S amoti obaacmu umeem ¢ D 00wy ocobyio mouky a — noatoc nepsozo nopadxa. Toeda D —
Kpye ¢ YENMPOM 8 MovKe Q.

JOKABATEJBLCTBO. Ilycrs S(z) = h(z) + ,tne h € A(D)NC(D), A € C. Toraa

mpu z € 0D umeem:

A
_
Hockombky dyrkmus H(z) = (h(z) —a)(z — a) + A € A(D) N C(D) upunumaer na 9D
BermecTBeHHbIe 3HadYenns, nvmeem H(z) = C > 08 D, otkyna |z —a| = /H(z) = VC na
9D u, cienosarenbro, D — Kpyr pajunyca /C' ¢ IEHTPOM B TOUKE a. O

0<|z—af>=(z—-a)(z—a) = (h(z) +

- —a)(z—a) = (h(z) —a)(z —a) + .

AHAIOTUYIHO JOKA3BIBAETCS CJIEIYIONIEE yTBEPKICHNUE.

TIIPELJIOXKEHUE 13.3. B yxasanuvx évie 0003HAUEHUAT OASL 6CAKOT CNEUUasbHot 00-
aacmu D mmoorcecmeo ¥ e nycmo.

OnPEAEJEHUE 13.3. Cueruasibaasi 00J1acTb [) HA3BIBACTCS HEBAHAUHHOBCKOU, €CIIA €€
dyuknus [IBapia He umeer B D 1pyrux 0cOOBIX TOYEK, KPOME IOJIFOCOB.

[MpuMeP 13.7. Ilycre B = B(a,r) — kpyr, rje a € (0,400) u 0 < r < a. Ilyers D —
obpas kpyra B npn orobpaykennn w = z2. OTmernM, 9To Ipu 1 = a obmacth D (kapanonal)
UMeeT HeIVIQJKyIo rpaHuily — Touky Bo3spara B 0. JlokaxeMm, uro D — HeBaHIMHHOBCKAas
obmactn. JeitcTuTenbro, ecm z € OB mw w = 2%, 10 z = s(w), z = s(w) (depes s(w) mMb1
obo3HaTaeM IVIaBHOe 3HAMeHHe /W, apsoneecs dbynknuneit knacca A(D)NC(D)). Orcrona
mpu w € 0D nmeem:

r2(s(w) + a))z 7

2 7y ——
) e w=(a+ a2

_ 2 _
s(w)—a)(s(w) —a)=7r" & w=(a+——
(s(w) - a)(s(w) — a) (04 Sy =
rie nocienuss dyukmus [[sapma (ams D) umeer B D TOIBKO OfHY OCOOYIO TOUKY W =
a? — mommoc Broporo nopsaaka. Amaormano (Vp € {3,4,...}) cTpouTca HeBaHIMHHOBCKAST

obstacte D ¢ oguuM mosocoM mopsaka p y eé dyukiun [IBapra.

VYTPAYKHEHUE 13.4. [IpuBectu npumep creruabaoit obactu D, y KoTopoit dyHKIHs
[MIBapia umeer B D TOJBKO OJIHY 0COOYIO TOUKY — CYIIIECTBEHHO OCOOYIO.

YTIPAXKHEHUE 13.5. * IlpuBectu npumep HEBAHJIMHHOBCKON objiactu ), y KOTOpOit
dyuxius [IBapia umeer B D 1Ba mMOJIIOCA TIEPBOTO MOPSIIKA.

YTPAYXKHEHUE 13.6. Ilyctb D — skopanosa obyacts B C ¢ Kycouno-ria Kot rpanurieit
u f € A(D)NCY (D). Hokasars, uro 2i [ [}, f(2)dady = [, f(2)Z dz. Jns nepanmunmos-

cKuX obsacteit D Takne MHTETrpPaJbl BCETIa MOYKHO BBIUUCISATH C IOMOIIBIO BBIYETOB.

B cnenyromem cemectpe ¢ momornbio dyHkiun I1IBapria Mbl Oy/ieM BBIYUC/IATH UHTE-
rpasbl Ilyaccona, 3amatomye pemrenns 3aia4dn Jdupuxie ajist rapMOHUYECKNX (PYHKIUNA B
KpyTrax.
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14. Jlekuusa 14. MluTerpaJj B cMbICJie TJIAaBHOTO 3HadeHUusi. Boruer byHKIuu B
TOYKe OTHOCUTEJbHO objactu. Teopema o Berderax ayst (vp) [. IIpumepst
BbrancJenus (vp) [.

Ounpenenenue (vp) |.

ITycts I'M — KycouHO ri1ajikasi KOp/laHOBa, UM 3aMKHYyTasl YKOp/laHOBa (OpUEHTHPOBaH-
nast) kpusas B C. Takue Kpusbie Mbl OyjieM JIjisi KpATKOCTH HasbiBaTh KI'-donycmumvimu 6
C. "O6pa3z" upousposibaOit KI'-momycrumoit B C kpusoii o peicrBueM kakoro-jmbo JIJ10
6yaem HazpBarh KI'-donycmumot kpueot 6 C!. Hanboree dacTbiil IpiMe]p — MOJIOKITEIHHO
OpHEHTUPOBAHHAS BelecTBeHHas och RF (momomnmennas ommoit Toukoit 0o) — KI'-momycru-
Mast kpusas B C!, mosydennast, HAIIpUMEp, U3 CTaHJAPTHO OPHEHTUPOBAHHON OKPYZKHOCTH

i
{|z| = 1} nox neitcreuem 1710 -3 (mposeputs!). C ApyToii CTOPOHBI, OPUEHTUPOBAH-
z—1

Hasl TPaHMIla KAKOH-JIMOO0 IIOJIOCKI, JONOJHEHHAsT TOYKON 00, He sBisiercss KI'-momycrumvoit
kpusoii B CE.

HanomunM, aro yepes B(a, d) (coorBercrsento, B’ (a, d)) 0603HaMaeTCsI OTKPBITHIHA KPYT
(coorBercTBEHHO, POKOIOTHIH Kpyr) ¢ merrpom a € C u pamuycom § > 0. Ilpun a = oo

1 1

nonaraem B(a,d) = {z € C*: |z| > 5} (coorsercrBenno, B'(a,0) = {z € C: |z| > 5})

ITycrs Ay = {ai,...,a;} — KoHeuHOE (BO3MOXKHO IrycToe) moamHoxkectso B [I'] (31ech
[[] — mocurens ', npuuem, ecim oo € [[], To oo € A, # & 1o onpesenenuio). [pu
A = {61,...,05} (rme Bce 6; € (0,400)) momoxkum |A| = max{di,...,0;}. IIpu Bcex A ¢
JIOCTATOYHO MAJIbIM |A| BbIpazKeHne

J
Tia=T"\[ ] Ba;4;) (14.1)
j=1

€CTEeCTBEHHO MHTEPIIPETHPYETCst Kak Ienb ((bopMaibHoe KoHeuHoe obbeaunenne) KI'-mnormy-
cruMbix KpubBbix B C.

B ykazanubix o6oznadenusx mycrs f : [\ A, — C menpepsisra. Besuauna
(vp) / f(2)dz = lim / f(z)dz
|A|—=0
r LEWA

(ecs yKasaHHBIH 1IpeJIeJl CYIIECTBYeT U KOHEYEH) HA3bIBAETCSl 2Aa6HuLM 3Hauenuem (value
principal) unmeepana or Gyuxuun f Baoab kpusoit I'T.

DTo0 ompejesieHre eCTECTBEHHO pacIpocTpaHsercs: Ha menn KI'-1omycTuMbIX KPUBBIX B
C! (maTh OmpeeIeHne CAMOCTOSITEIBHO).
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Tak, HEIOCPeJCTBEHHO 110 OIIPE/IE/IEHIIO IpoBepsieTcst, 9T0 (vp) [p:(1/2) dz = 0 (31ech
A, = {0, 00}).

Hammeit 1iesibio Oyzer mokas3aTesbeTBO aHasora Teopembl Komu o Bbraerax st (vp)-
MHTErPAJIOB 1, B YACTHOCTH, JIOKA3aTEIbCTBO TEOPEMBI CYIIECTBOBAHNUS 1Jisl (VP )-HHTErPAJIOB.
CHaLIa.Ha MBI BBE/IEeM aHaJIOT' ITIOHATHA BbIYeTa U yCTaHOBI/IM pAag ero CBOICTB.

Bpruer dyHKIIMM B TOYKE OTHOCUTEJIBHO 00JIACTH.

ycre D — obnacts B C, orpanndentas KOHEYHBIM YNUCJIOM [IOIIAPHO HEIIEPECEKAIOIINX-
cs1 3aMKHYTBIX KI'-momycrumpix (B C) kpubix. Takme obmactu Mbl 6ygem HasbiBath KI'-
nponycrumbiMu B C. O6pas npoussosbaoit KI'-momycrumoit 8 C objtactu mon geiicTBueM
karoro-m6o J1JIO 6ymem nassBars KI'-donycmumot obaacmoio 6 C Kak u panee, depes
aiD (coorsercTrenno, 9 D) 0603HAYAETCS OPHEHTHPOBAHHAA (COOTBETCTBEHHO, TOIOJIOI M-
JyecKasl) TPaAHUIA B C* KI'-gouycrumoii obinacru B CH Yepes !D o6osnauaercs samvikanue 6
C* o6nactu D (oTMeTHM, Y4TO TEPMUH Dt y2Ke 3aHAT JIIsI OJHOTOUETHON KOMIAKTU(DUKAIIIT
obiacru D).

Ipumeponm KI-momycrumoit obmactu B CF siBisieTcst OTKpbITast BEPXHSIsL TTOIYIIIIOCKOCTD.

dukcupyeM npoussosbayio KI-mnomycrumyio obmacts D B C! i rouky a € #D. TIpu Beex
socratouno Maibix 0 > 0 kpusas 75 (a) = 0% B(a,d) N *D upesacrasiser coboii CBA3HYIO
(opueHTHPOBAHHYO) Jyry OKpyxKHOCTH. Ilycrh npu HekoTopom 0y > 0 3ajana dyHKIMs
f: B'(a,60) N¥*D — C, nenpepeIBias Ha yKa3aHHON 06JACTH onpejie/ennsd. B sTux 0603Ha-
YEHUSAX, BBIPAYKEHNUE

res f=—— lim f(z
(a,D) 21 5—0 /
75 (a)
(ecJiu 110CIeIHUI TIPEJIeST CYIEeCTBYET U KOHEUeH ) Ha3bIBAeTCsl 8ui4emom dynkuuu f 6 mouke

a ommocumenvro obaacmu D.
HpI/IBeILeM pHIL yTBep}K,I[eHI/Iﬁ O BBIYUCJIECHUU TaKHNX BbBIYETOB.

JIEMMA 14.1. FEcau a € D u pynxuua f 2oa0mopdra 6 npoxoaomots oxpecmHocmu

moukyu a, mo res f =resf — obviunbill sviuem Pynkuuy f 6 mouke a.
(a7 a

1 _
JIEMMA 14.2. IIyems a # oo u f(z) :0( ) npu z — a (z € *D), uau a = 0o u
z—a

1 _
f(z)=o0 <;> npu z — 0o (z € ﬁD), Tozda (geg)f =0.

Zoxazamenvcmaea 3TUX ABYX JIEMM OYEBUTHBI.
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JIEMMA 14.3. ITyemov a € 9*D N C a6AsemcA TOTIOCOM HEPBOTO MOPSIIKA (PYHKUUL
f, u nyemo 0, — abcomomnas sesunura BHyTpeHHETO yriia obaacmu D 6 mouke a. Tozda
res f = —~res f.
(a,D) 21 a

JIOKA3ATEJILCTBO. B yKazaHHbIX yCIOBUAX, TPU MaJbIX § > 0 KPUBYIO vg(a) MOKHO
napaMeTpu3oBarh cieayomum obpasom: { z(t) = a + de’ |t € [a(0), B(6)] }, rae a(8) <
B(0) < a(d) + 2w, upuuem B(5) — a(d) — 6, upu & — 0.

Pazsoxkum dynknuio f B pag Jlopana B B'(a,dy) npu mekoropom dy > 0:

+0o0
f) =) ealz—a),
n=-—1
rme ¢, = res f. Torma
) B(9) o
. C-1 it - aC—1
1 ( . 1) it dt = .
((E?S)‘f 27 61—%/ dett +O(1) ) deti 27
a(d)
JlemMa moKaszaHa. O

st mostrocoB 60J1€€ BBICOKOTO TOPSIIKA IIOJIE3HO CJIeIyIoINee yTBEPXKIEHNEe, KOTOPOe
JIOKa3bIBAETCS aHAJIOTHIHO ITPEJIBIIYIIEN JTeMMe.

YHUPAXKHEHUE 14.1. Ilycts D = I} u Touka a € R aBisiercss noarocom nopadka p > 1
dyuknun f. Torma (res) f cymecrByer eciin U TOJIBKO €CJIM TJIaBHAs 4YacTb psja Jlopana
a,D

)

(byHKI_[I/H/I f B HpOKOﬂOTOﬁ OerCTHOCTI/I TOYKU a COﬂep}KI/IT TOJILKO HEYETHbIE CTEeIIeHU 2 — Q.
B ykazaHHOM ciiydae Bceria
f=Ltresy
res = —TIes .
(a,D) 2 a
Crnemytoree yTBepKICHNE SBISETC TIepeOPMYINPOBKON JTEMMBI m (?Kopnana).

JIEMMA 14.4. ITyemw R € (0,+00), dynwuusa f nenpepviena na I\ B(0, R)), npuuem
Zli)rgo f(z) = 0. Toeda dan aw0bozo purcuposanmozo X > 0 umeem
z€ll4
res (f(z)e™) =0.
(007H+)( (2) )

YIPAYKHEHUE 14.2. s obmactu D = (B(2,2) \ B(1,1)) N {Im(z) > 0} u dyuknun

1
f(2) = — BeramcimTs (M0 ONpeETEHNUIO) res f- Kax cnencrsue maiiru (vp) [54 p f(2) dz.
z 0

)
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Teopema o Beryerax ais (vp) [.

TrOPEMA 14.1. ITycmv D — KI-donycmumas obracmo ¢ CHu A = {ay,...,an} —
koneunoe (603mooicro, nycmoe) nodmmoscecmeo 6 *D (ecau oo € #D, mo oo € A # @ no
onpedenenuro). Iycmov f: ¥ D\ A — C, f € AD\A) u f nenpepwiena na *D \ A. Tozda
cnpasediusa Gopmyia:

N
(vp) / f(z)dz = 27r7jz ( re%) 1,
oD n=1

2de umeemces 6 sudy, wmo (vp) [ caesa cywecmeyem, ecau u MoALKO €cau KaxHcIb ebuem
CNPABAE CYWECNBYEM, U 6 IMOM CAYYAE GHINOAHAEMCA PAGEHCMBO.

(%, D)a.a

JTOKABATEIBLCTBO. TTomoxum 2, = AN *D. Ecom Ay = & (oTKysa, B 4ACTHOCTH,

0o ¢ 0 D), To yTBepIKIeHIe TEOPEMBI HEIOCPEICTBEHHO BBITEKACT I3 CTAHIAPTHOI Teope-

Mbl Kot o Beraerax (BO3MOXKHBIN 3/1€Ch ciydail 0o € D paccMoTperh OT/IeJIBbHO, CAMOCTO-

aresbio!). Iycrs naee 2y # @ (ecym 0o € 98D, o oo € 2Uy). Bes orpanumuenust oGHOCTH

6yzsem cunrars, uro A, = {ay,...,as}, tne J < N. Ilycrs, kak u panee, A = {d1,...,0;}.
J

st siroboro A ¢ mocrarodno masibiM |A| onperermm obmacts Dy, a = D\ || B(aj,0;).
Jj=1
HamomuumM, aTo obo3nadenme (83-1))91 A OIPEJIENIEHO BhIIIe B popmyite m
Hna dyuxnun f B obmactu Dy, A TpuMeHnMa CTaHIAPTHAS TeopeMa, Kormm o Beraerax:

J N
/ f(z)dz = / f(z)dz—z; / f(z)dz = 2mi zj;_lra%sf,
= n—=
(5. ) ©5).. e
rJie mocsenss cymma canraercs pasuoit 0 B ciyuae J = N. Ocraercs |A| yerpemuts K 0.
Teopema JoKazaHa. O
ITpumeps! Bbrauciaenus (vp) |.
a d
1-— 2
IIpuMEP 14.1. Beranciauts [ = / ( cos(2z)) d
x?(x? + 1)
—o
IMonoxum D = II,, f(2) = (1 — €*#)/(2%(2? + 1)). Torna (abcomoTHo cxomsITmiics)
unrerpan [ sisercs serecTsennoil wacrbio (vp)-unrerpama It = (vp) [y, f(2)dz. B
+
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0DO3HAYEHUSIX TEOPEMBbI mveeM A = {ay = 0,a = i, a3 = oo}. IIpumensist semmsr [14.2]
- 14.4) (a1 n ag — momroca nepBoro nopsizika Gyskmn f), HaxomuMm ] = 270 (2_1 res f +
ai

res f) = m(1+e?). Orkyma I = (1 +e2).
az

+oo

ITPUMEP 14.2. Boerauciuts [ = /

'—OO

Iycts D = I, f(z) = (iz — €%)/23. Torma ncxoambiit (aGCOMOTHO CXOMISATIMIICS) NH-

Terpast SBJIsIeTCst MHUMOH wacThio (vp)-nnrerpana It = (vp) [, f(2) dz. To Teopeme [14.1
+

(mpu A = {a; = 0, a2 = 00}), C HPUMEHEHHEM JIEMMBI JIEMMBI u ynpakraenus [14.1
(a1 — momoc opsaika 3 bynxuun f), noxydaem I; = 2mi 2 tres f = mi/2. Orkyna I = 7/2.
a1

(x — sin(z)) dx.

3

“+oo

1
ITpuMEP 14.3. Berauciurs I = / n(;c)dlx
l’ J—

0
[Iycrs f(z) = w

T 37T . .
BueM arg,(z) € (—5, 7) (T.e. ¢ paspe3oM 1O oTpHUIATeIbHO MHUMOI mosyocn). Ilyers D

, jie BeTBb Jorapudma In, (z) = In|z| + ¢ arg,(z) BoiOpana ¢ ycio-

— BepxHsis nosyiiockocTs. [Tpu A = {—1,0, 1,00}, npumensisi reopemy U JeMMBbI m

u [14.3], maxomum:

(vp) / f(z)dz = 2m’lresf = W—Q
2 -1 2
oL D
’ 2
YunrniBasg, 9o Re [(Up) / f(2) dz} = I, nonyuaem I = %

In(z) dz
(x—1)(22+4)"

VIIPAYKHEHUE 14.3. Borauciurs I = /

In.(z 2
(Z'ED((zrg)M B BepxHeil nosytockoctu Dy (byHK-
(z—1)(22+4)

B HyKHeil nosynockocrn Do (31aech In*(2) = In|z| +iarg*(z), roe arg*(z) € (z, —W), T.€. C

Yrazanue. Qs byuaknnu f1(z) =

st In, (2) onpezensiercst Kak B MpeJIblLyIeM npumepe) u byskiun fao(z) =

pa3pe30M 110 MOJIOZKUTEIHHON MHIMOI MOJIYOCH ) IIPUMEHSIEM TEOPEMY U JIEMMBI u

14.3). /lasee ckjajpiBaeM Oy YeHHbIE OTBETHI JIJIsT fi(z)dz u fo(2)dz u yun-
0% Dy 0% Do
TeIBaeM, UTo fi(2z) = f2(2z) B meBoil momynockoctn (B wacTHOCTH, Ha (—00,0)). Ocraercs
In(x)
(x — 1) (22 +4)

YHPAYKHEHUE 14.4. Jlokazarb, uTo mpeobpasoBanue ['mibbepra

poatw = e [ I

N

BOCIIONB30BaThCs paseHcrsoM Im (f1(z) — fao(z)) = —47 Ha (0, 400).

YJIOBJIETBOpsIET ycJioBUio H [H [ f]](:n) = —f(x) nyst BCsAKOl NPABUJIBHON pAIMOHAJIBHOMN
dyuknun f 6e3 BeIeCTBEHHBIX MTOJTIOCOB.

BAMEYAHUE. DopMaIbHO B HOCIEHEM HHTEIPAJIE CIICI0BAIO HHTErPHPOBaTh 10 RY, a
e 1o R, mockosbky R me sissiercss KI'-gomycermvoii kpusoit B CF.
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15. Jlekmua 15. N'apMmonnvyeckmne (pyHKIMM ABYyX IepeMeHHbIX. Ba3oBbie
cBoiictBa. 3amavya dupuxie. PazioxkeHue B ps/] IO OTHOPOIHBIM
rapMOHUYECKUM IMOJINHOMAaM.

Ba3zossie cBoiicrBa rapmonnveckux ¢pyskuuii (I'p®) nByx nepemMeHHbIX.

B s7oit neknnu C MeTpUYeCKU OTOXKIECTBJISETCH C R%w’y) (z=z+1iy).

ONPEAENEHUE 15.1. Iycrs D — obmacts 8 R2, b : D — R — dbynxmus knacca C2(D)
(r.e. h = h(x,y) umeer HenpepbIBHbIE YaCTHBIE HPOU3BOJHBIE B [) JI0 BTOPOIO HOPSIIKA
BKJIIOUUTEJILHO); €CJIU [IPU STOM
0’h  0°h
—+—-=08D,
ox2 0y

To h HasbBaeTcs zapmonuveckol gynrkyuet (I'p®@) 6 D.

Ah = gy + hy, =

Kurace Beex rakux dynkimii obosnadaercs H (D).
Sameuanue. Iycrs a € C. ToBopsrt, uro dyukius h asasemca eapmonuveckol 6 movke a,
ecom 36 > 0 Takoe, aro h € H(B(a,d)). OdeBunno, aro h € H(D) eciu u TOIBLKO ecin
Va € D dyuknusa h sBasgeTcs TapMOHUYIECKON B TOUKE a.

[PEAIOKEHUE 15.1. ITycres D — obaacts B C, f € A(D). Torna dynkmun u(z) =
Re f(z) n v(z) = Im f(z) sBasiorcs rapMonudeckumMu B D.

JOKABATEJ/ILCTBO. YTBep:KJieHNe BbITeKaeT U3 TeopeMbl Komm-Pumana n u3 pasen-
CTBa CMEIIaHHBIX YaCTHBIX IIPOU3BOJHBIX Ugy = Uyz B D. O

Clieyromuii IpuMep TI0Ka3biBaeT CyIMeCTBeHHOCTH Tpebosanus h € C2(D) B onpeede-
HUU Paccmorpum dyukmmio

h(@.9) = sy = Im( = 53) €M(T). € =C\ {0},

noonpesernentyio h.(0,0) = 0. [ockonbky hi = 0 Ha ocsax xoopamHat, umeeM Al | g) = 0.

Cnenosarensuo, Ah, = 0 Bo Bcem C. Onnako h, e siBiistercst rapmonnteckoii B rouke (0, 0),
IIOCKOJIbKY OHA& Pa3pbIBHA B 9TON TOUKE.

TEOPEMA 15.1. (Cssse rapmoruurocTd u rojomopgpuocru). ITycmo D — odnoceasras
obaacmv 6 C, h € H(D). Toeda 3 f € A(D) ¢ ycaosuem Re f = h. Qynxuus f onpedens-
emces eQUHCTMBEHHBIM 00PA30M C MOUHOCTBI0 J0 AdOUTMUBHOT YUCTNO MHUMOTE TLOCTOAHHOU.

JTOKABATENLCTBO. [losnoxkum g(z) = 2%]1 = hy —ihy € CY(D). Torna

2—g= (g +iaay)(hx—ihy) =Ah=08D.

ITo reopeme Kommu-Pumana, g € A(D).
[Mockonbky D — ogHOCBsi3HA, cymecTByeT 11/0 fo(z) dyukuuu g(z) B D. Ilyers fo(z) =
u(x,y) + iv(x,y), Torma

0
hy —ihy = g(2) = fi(z) = a—j;) = (ug + ivy).
— —
CrenoBaresbHo, hy = uy u hy = —v; = uy, .. Vu(x,y) = Vh(z,y) (B wacrnocru, h € C*,

nockoIbKy u € C). Orcroma caenyer, aro u(x,y) = h(x,y) + Co, tae Cy — BelecTBeHHAS
koHcTtanTa. B kadectse f(z) MoxknO B3sTh DyHKIHIO fo(2)—C). YTBEpKIACHIE O €MHCTBEH-
HOCTH TPUBHAJILHO.

Sameuanue 1. Dyukuust g(z) HA3BIBAETCSI conpatcennvim epaduenmom GyHkuuu h, mo-
CKOIBKY (%) = hy -1+ (—hy) i, a BexkTop (hy, —hy) Ha KOMIUIEKCHO{T INIOCKOCTH COIPSIZKEH
BeKTOPY rpajuenTa (hy, hy).
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Sameuarue 2. IlomyTHO JOKa3a/IHd, 9TO JJIsT IIPOU3BOJIBHOM BeIleCTBEHHOM dyHKINN h €

C?(D) mveem 4%]7, =AhsD. O

CHEACTBUE 15.0.1. s mobot (nwe obasameavro odnoceasroti) obaacmu D 6 C 6oi-
noanero exmovenue H(D) C C*(D).

JJOKABATEILCTBO. Mmeem: hy — ihy, = Q%h =ge€ AD) Cc C=(D). O

YIIPAYKHEHUE 15.1. Pacemorpnm h(z) = In |z| € H(C,) (uposepurs!). okazars, aro
He cymecrsyer dyukiun f € A(C,) Takoii, uro Re f = h.

YHOPAXKHEHUE 15.2. g h € H(D) B ogaocBsi3HON obsiactu D ji0oKa3aTh MOTEHIU-

AJbHOCTD TOJIS a (2, y) = (—hy, hy) n HaiiTu ero norenrman v. Torna dyskunua f(z) =
h(z,y) + iv(x,y) noxxonut B KauecTse uckoMoii B reopenme [15.1]

CnEACTBUE 15.0.2. (Buyrpennsisi teopema emuacrsenroctu it I'p®@). Hyemo D —

— —
obnacmv 6 C, h € H(D). Ilyemv Kj, = {a € D| Vh(a) = 0} — cosorynmocmo spumuvecrus
mouex pynxuyuu h ¢ D. Ecau Ky, umeem ¢ D xomv 00ny npedeavhyro mouxy, mo h = const
e D.

OKABATEJIbCTBO. PaccMmorpum byHKImio g = 22 h COIIPSI>KEHHDIA I'PaIuelT QPyHK-
0z
muu h. Torma
g(a) = hy(a) —ihy(a) =0, Ya € Kp,.

ITo Teopeme eauHCTBeHHOCTH (HpUMEHEHHON K rosioMopdHoil dbyHkuu g), ecin Kp
nMeeT mpesebHyio Touky B D, 0 g(2) =0 8 D. Ho Torna h, =0, hy =0 B D, u, 3Hatur,
h(z) = const B D. O

TEOPEMA 15.2. (Teopema o cpejmem st I'p®@). lyemo D = B(a,R) — omxpoimou
kpye (a € C, 0 < R < 4+00), h € H(D)NC(D). Tozda npu mobom r € (0, R| cnpasedaiuso
PaABEHcmMeo:

h(a)zl/ h(z) |dz| = /ha—{—re (15.1)

27y
0B(a,r)
JTOKA3ATENBLCTBO. Ilycrs cuagana r € (0, R). Haiinem f € A(D) c ycioBuem Re f =
h. Ilo Teopeme o cpemHeM st FOJIOMop(bHLIX GYHKINNT UMeeM:

) |d
(a) 2777‘ / 1(2) ldz].

OB(a,r)

OcraeTrcst B34TH BEIIECTBEHHYIO YaCTh OT 006X YacTell TOCTIEeTHEr0 PABEHCTBA.
Jns coygas v = R HyxKHO nepeiitu K upeaeny B pasenctse ((15.1) nmpu r — R—, uc-
IOJIb3Ysl PABHOMEPHYIO HEIIPEPBIBHOCTL h Ha D. U

TEOPEMA 15.3. (IIpunnmn MHUHHMYMa-MaKCUMyMa JILs I'p®). Iycmv D — ozparusen-
nas obaacmv 6 C, h € H(D) N C (D). Toeda ¥ zg € D cnpasedausvl oyenku:

inh(z) < h(z0) < h(z).
JEpH) < MG < g )

Ecau natidemes zg € D ¢ yceaosuem h(zg) = mé% h(z) (uau h(z) = max h(z)), mo h =
z€E z€

const 6 D.
JOKABATENLCTBO. Ilycrs 329 € D rakast, aro h(zp) > max h(z). Ionb3ysick KOM-
zE

HAaKTHOCTBIO [ M HEIpPepBIBHOCTBIO h Ha D, MBI MOKeM 6e3 OrpaHmueHs OGIIHOCTH JI0TIOJI-

HHUTEJILHO CIUTaTh, 910 h(20) = max h(z). Ilycte R = dist(zp,0D), rorna B = B(zg, R) C
zeD

D, B C D. llpumensist Teopemy o cpejneM i h B B, HeTpy/IHO moKa3aTh, 9To h(z) = h(zp)

_ - —
B B. llockonbky Vh = 0 B B, 1o caescrsuio [15.0.2 mosy4aem, uro h(z) = const 8 D (u 1o
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nenpepeisHOCTH, h(2) = const = h(z) B D). Tlostomy h(zy) He MoKeT GBITH CTPOTO 6O/Tb-
e, eM max h(z), a B cirydae ux paBeHcrBa uMeeM h(z) = const B D, uro u TpeboBaioch
z€0D

JIOKa3aTh.

Curyanust, B Koropoii Haiigercs zg € D c ycioBuem h(zp) < m})\n h(z), cBogurest K
z€0D

paccMOTpeHHOI Bbliiie 3aMeHoil h(z) Ha —h(z). O

CneacTBUE 15.0.3. (I'panmunas Teopema eauucrpennoctn g I'p®). Ilyemy D~
oepanusernnan obaacmo 6 C, a dynxuyuu hy u hy npunadaeorcam H(D)NC(D). Ecau hy = ho
na 0D, mo h1 = hy 6 D.

JIOKABATEJILCTBO. IIpumensiem Teopemy K dyukmun h(z) = hy(z) — ho(z). O

TEOPEMA 15.4. (MHBapHaHTHOCTH TADMOHHYHOCTH IIPH TOJOMOPQHOI 3aMeHe IIepeMeH-
meix). ITyemo D u Q — obnacmu 6 C, k: D — Q, k € A(D). IIycmv H = H(w) € H(Q).
Tozda h(z) = H(k(z)) € H(D).

JTOKABATEJBCTBO. PukcupyeM IpPOU3BOJIBHYIO TOUKY 2o € D, wy = k(zp) € Q. Bbl-
Gepem d > 0 u € > 0 Takue, uro B = B(z0,9) C D, k(B) C B(wp,e) C Q. Ilo TeopeMem
Haiijercs dbyuknus F(w) € A(B(wo,€)) ¢ yciosuem Re F' = H B B(wy,¢). Torma f(z) =
F(k(z)) € A(B) kak komnosunust roimomMopdubix dyukimii. Orcioga h = Re f € H(B). B
CHILy IIPOU3BOJIbHOCTH 29 € D noumy4aen, uro h(z) = H (k(z)) € H(D). O

Banaua Hupuxmae gasa I'p®d.

Iyemov D — ozpanuennan obaracmo 6 C, hy € C (0D) - sewecmeennosnaHan GYHKUUA.
Tpebyemes natimu gynkyuro h € H(D) N C (D) maxyro, wmo hlgp = hg.

Samevwanue. ChopmynmupoBannas 3ajada HasbBaeTcs sadavel Jupuxae (3/]) mus [pd.
ITo crepcruio [15.0.3, ecau 31 paspemuma st eparnuunot gynkuyuu hg € C(9D), To eé

pemenne e JMHCTBEHHO.

Pemtenue 3] meronom kKoHGMOPMHBIX OTOOPa>KEHMIA.

[Tycrs D — xxopmanosa obaacts B C, hg € C(9D). Tpebyercst pernurs 3/1.

IIycts 2 — apyras >kopjaHoBa 06J1acThb, k — KOHGOPMHBIA n3omopdusm D Ha §2, KOTO-
poiit o Teopeme Kapareomopu (6yzer joka3aHa B CJEYIONEM CeMeCTpe, a B KOHKPETHBIX
3a71a9aX IIPOBEPSIETCs HEIOCPEICTBEHHO) MOYKHO TIPOJOKATDL 0 roMeoMopdusMa D ma Q.
Onpenemnm Ho(w) = ho(k™'(w)) € C(09). Ipeanonoxum, 4r0 Mbl ymeem pemars 371
B obsactu Q s rpangnoil dbyukuuu Hy. Ilycrs H(w) — sro pemenune. Torna us Teope-
MBI caenyer, uro dyukuus h(z) = H (k(z)) sBJsieTcst pemrenreM ucxoanoit 31 B D.
VKa3aHHBI METOJI IPUMEHUM, HAllpUMep, eciu ) sBJIsIeTCsl KPYroM: JJIsi KPYTOB B CJIEy-
foreM ceMmectpe Oyner obocuoBaH meron Pyphe, a TakKe ycranosieHa gpopmysa [lyaccona
pemmenust 3/ npu 060 rpaHUIHON (DYHKIUH.
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Paznoxkenme I'p®@ B pajg 110 OJTHOPOIHBIM FAPMOHUYECKUM IMOJIMHOMAaM.
Beesiem obosnauenue B, = B(0,7), r > 0.
TEOPEMA 15.5. (O paszmoxkenuu I'p® B Kpyre B psiy 110 OJHOPOJHBIM FapMOHHUIECKUM

nommromanm). IIpu guxcuposarmvr R > 0, € > 0 nyemo h € H(Bg..). Toeda 6 Br dymx-
yus h mpedcmasasemes 6 caedyrowem sude:

. Ay T
h(re'¥) = 70 + Zr”(An cos(ny) + By sin(ny)), 0 <r <R, (15.2)
n=1
2de i
1 A
A, = 7 /h(Re’e) cos(nf)df , ne{0,1,...}; (15.3)
T
B, = ;n /h(Rei")sin(ne) do, ne{l,2,...}. (15.4)
T

-7
JIOKABATEJILCTBO. Ilo Teopeme cymiecTByer ejuHcTBerHast byukius f € A(Bprie)
¢ ycaosueM Re f = h, f(0) = h(0).
Pazyoxxum f B psin Teitopa ¢ nearpom zg = 0:

+oo
f(Z) =co+ chzn7
n=1

rie ¢, = an+iby, co = ag (Bce ay, u by, Bemecrsennsl). [lpu mobom r € (0, R+¢), noacrasiisist
B TOCJIeJIHEE pasJiokeHne z = re'¥, HaxoauM:

+o0
f(re®?) = ag + Z(an + iby, )" (cos(np) + isin(ny)) .
n=1

TeHepb IIpupaBHdAEM B IIOCJCIHEM Pa3J/IOKEHNHN BCIICCTBECHHbBIC TaCTH:
h(re'?) = ag + E " (an cos(ny) — by sin(ny)) .

Bce ykazaHHBIE PA3/IOKEHNs CXOIATCA abCOMIOTHO U paBHOMepHO Ha Bpr. Takum o6pazom,
YCTAHOBUJIU upu Ag = 2a9, An = ap, By, = —by,.
Bozbmewm Tenepn z = Re'?:
+oo
h(Re'%) = ag + ZR”(an cos(ng) — by sin(ny)) .

n=1
Cunesa 371ech croutr 2m-nepuojndeckas yHKIms (aprymenrta @) kinacca C°) a cupasa —
TPUTOHOMETPUYIECKUIT Psifl, KOTOPBI JOJKEH COBIAJAThL ¢ pagoM Pypbe 3Tol DyHKINN:
ap = (2m)~1 [7_h(Re") db,

™ K

anR" = 1 /h(Reie) cos(nf)dd , —b,R" = 1 /h(Rew) sin(nf)df , ne{1,2,...},

™ ™
-

-
orkyzma nosygaeM ([15.3)) u (15.4). O

Sameuarue. Besikasi BelieCTBEHHAs JIMHETHAsT KOMOMHAINST TADMOHUYIECKUX (DYHKITHI
Re ((z+iy)") = Re (2") = r" cos(ng) u Im ((z+iy)") = Im (2") = r" sin(ny) HaspiBaercs
00HOPOOHDBIM 2 PMONHUNECKUM NOAUHOMOM NopAdka n (IO TIePEMEHHBIM I, Y ).

YHOPAKHEHUE 15.3. Haiitu pa3MepHOCTD IPOCTPAHCTBA BCEX TAPMOHUYECKUX TTOJIIHO-
MOB (1o x,y) crenenn He Boime N, N € N.
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