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Ñòàòèñòè÷åñêèé ïðàêòèêóì
Çàäàíèå N 6

Ñòàòèñòè÷åñêèå ìåòîäû âûáîðà ñåìåéñòâà ðàñïðåäåëåíèÿ äàííûõ

Ïóñòü y = (y1, . . . , yn)T , yi ∈ R1
+, yi � í.î.ð. ñëó÷àéíûå âåëè÷èíû, i = 1, n.

Îáîçíà÷èì

L(y1)− ôóíêöèþ ðàñïðåäåëåíèÿ ñëó÷àéíîé âåëè÷èíû y1;

L′(y1)− ïëîòíîñòü ðàñïðåäåëåíèÿ ñëó÷àéíîé âåëè÷èíû y1;

Fi − ñåìåéñòâî ïîðîæäàþùèõ ðàñïðåäåëåíèé ïðè ãèïîòåçå Γi, i = 1, 2;

Γi − ãèïîòåçó î òèïå ïîðîæäàþùåãî ðàñïðåäåëåíèÿ, i = 1, 2;

Si(y)− äîñòàòî÷íóþ ñòàòèñòèêó ïðè ãèïîòåçå Γi, i = 1, 2;

g(θ0)− ïàðàìåòðè÷åñêóþ ôóíêöèþ, ïîäëåæàùóþ
äîâåðèòåëüíîìó îöåíèâàíèþ;

T (y)− ñòàòèñòèêó êðèòåðèÿ ;

a1(θ0) = E{y1; θ0} − ñðåäíåå äëÿ y1 ïðè ïðèíÿòîé ãèïîòåçå ;

R(u; θ0) = 1− F0(u; θ0)− ôóíêöèþ íàäåæíîñòè (äîæèòèÿ)
ïðè ïðèíÿòîé ãèïîòåçå ;

ζq(θ0)− q − êâàíòèëü ôóíêöèè ðàñïðåäåëåíèÿ F0, ò.å. F0(ζq(θ0); θ0) = q.

6.1 Ðàçðàáîòàéòå àëãîðèòì ïîðîæäåíèÿ ñëó÷àéíûõ âåëè÷èí ñ ðàñïðåäåëåíèåì èç
Fi, i = 1, 2.

6.2 Ñîñòàâüòå ïðîãðàììó äëÿ êîìïüþòåðíîãî ïîðîæäåíèÿ âûáîðîê ñ ðàñïðåäåëå-
íèåì èç Fi, i = 1, 2.

6.3 Ïðîâåðüòå êà÷åñòâî ïîñòðîåííîãî äàò÷èêà íà îñíîâå ãðàôè÷åñêèõ è
êîìïüþòåðíî-àíàëèòè÷åñêèõ ìåòîäîâ.

6.4 Ñîçäàéòå êàòàëîã ãðàôèêîâ ïëîòíîñòåé ðàñïåðäåëåíèÿ L′(y1) ïðè ãèïîòåçàõ Γ1

è Γ2, âûáðàâ õàðàêòåðíûå çíà÷åíèÿ ïàðàìåòðîâ ýòèõ ïëîòíîñòåé.

Èñïîëüçóÿ äàííûå òàáëèöû B:

6.5 Íàéäèòå θ̌n � ÎÌÏ è θ̃n � ìîìåíòíûå îöåíêè äëÿ θ0 ïðè ãèïîòåçàõ Γ1 è Γ2.

6.6 Ïîñòðîéòå ãèñòîãðàìíûå è ÿäåðíûå (íà îñíîâå ÿäðà Ki) îöåíêè äëÿ L′(y1) è
íàíåñèòå íà ýòè ãðàôèêè ïàðàìåòðè÷åñêèå îöåíêè ïëîòíîñòåé ðàñïðåäåëåíèÿ
L′(y1) ïðè ãèïîòåçàõ Γ1 è Γ2, èñïîëüçóÿ îöåíêè èç ï.6.5.



6.7 Ïðè ãðàôè÷åñêîé ïðîâåðêå ãèïîòåçû Γ1 ïðîòèâ àëüòåðíàòèâû Γ2 ïîñòðîéòå ñî-
îòâåòñòâóþùèå "Ð-Ð"âåðîÿòíîñòíûå ãðàôèêè. Ïðåäâàðèòåëüíî âûÿâèòå ê êà-
êèì êðèâûì áóäóò ñòðåìèòüñÿ "Ð-Ð"âåðîÿòíîñòíûå ãðàôèêè êàê ïðè ñïðàâåä-
ëèâîñòè ãèïîòåçû Γ1, òàê è â ñëó÷àå ñïðàâåäëèâîñòè ãèïîòåçû Γ2.

6.8 Äëÿ âûáîðà ãèïîòåçû î òèïå ðàñïðåäåëåíèÿ äàííûõ èñïîëüçóéòå ñòàòèñòèêó
êðèòåðèÿ T . Íàéäèòå åå íàáëþäåííûé óðîâåíü çíà÷èìîñòè. Ñðàâíèòå åãî çíà-
÷åíèå ñ îøèáêîé ïåðâîãî ðîäà α1. Ïðèìåòå ëè Âû ãèïîòåçó Γ1 ?

6.9 Îöåíèòå ìîùíîñòü êðèòåðèÿ íà îñíîâå ñòàòèñòèêè T .

6.10 Ñ÷èòàÿ, ÷òî n→∞, ãäå n îáúåì äàííûõ, â ðàìêàõ ïðèíÿòîé ãèïîòåçû ïîñòðîé-
òå g - àñèìïòîòè÷åñêóþ íèæíþþ γ-äîâåðèòåëüíóþ ãðàíèöó äëÿ g(θ0) íà îñíîâå
θ̌n � ÎÌÏ ïàðàìåòðà θ0. Â êà÷åñòâå çíà÷åíèÿ u âîçüìèòå îöåíêó q-êâàíòèëÿ
ïîðîæäàþùåé ôóíêöèè ðàñïðåäåëåíèÿ â ðàìêàõ ïðèíÿòîé Âàìè ãèïîòåçû.

6.11 Êàêîâà àñèìïòîòè÷åñêàÿ îòíîñèòåëüíàÿ îøèáêà g åñëè ïðèíÿòàÿ Âàìè ãèïîòåçà
îøèáî÷íà?

Ïàðàìåòðû çàäàíèÿ N 6 ñòàòèñòè÷åñêîãî ïðàêòèêóìà

6.1 Ñåìåéñòâà ðàñïðåäåëåíèé G1, îáðàçóþùèõ ãèïîòåçó Γ1.
Ïóñòü y = (y1, . . . , yn)T , yi ∈ R1

+, yi � í.î.ð. ñëó÷àéíûå âåëè÷èíû, i = 1, n.

6.1.1 Ñåìåéñòâî ðàñïðåäåëåíèé Áèðíáàóìà-Ñîíäåðñà (BS).
Îáîçíà÷åíèå ñëó÷àéíîé âåëè÷èíû è ïðèíÿòàÿ ïàðàìåòðèçàöèÿ ñåìåéñòâà
îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì:

y1
d
= BS(α0, σ0),

L(y1) = BS(u;α0, σ0) = Φ(α−1ε(u/σ0)), u > 0,

ãäå

ξ(u) = u1/2 − u−1/2, u > 0,

θ0 = (α0, σ0)T , α0 > 0, σ0 > 0, α0 − ïàðàìåòð ôîðìû,
σ0 − ïàðàìåòð ìàñøòàáà.

Îòíîñèòåëüíî ñâîéñòâ ñåìåéñòâà BS ñì. [2] - [5], à òàêæå ïðèëîæåíèå ???.
6.1.2 Ñåìåéñòâî ëîãíîðìàëüíûõ ðàñïðåäåëåíèé (LOGN ).

Îáîçíà÷åíèå ñëó÷àéíîé âåëè÷èíû è ïðèíÿòàÿ ïàðàìåòðèçàöèÿ ñåìåéñòâà
îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì:

y1
d
= LOGN(µ0, σ0),



ò.å.
y1

d
= exp{N(µ0, σ

2
0)},

L′(y1) =
1√

2πσ0u
exp

{
−1

2

(
ln u− µ0

σ0

)2
}
,

u > 0, θ0 = (µ0, σ
2
0), −∞ < µ0 <∞, σ2

0 > 0.

6.1.3 Ñåìåéñòâî îáðàòíî-ãàóññîâñêèõ ðàñïðåäåëåíèé (INVG).
Îáîçíà÷åíèå ñëó÷àéíîé âåëè÷èíû è ïðèíÿòàÿ ïàðàìåòðèçàöèÿ ñåìåéñòâà
îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì:

y1
d
= INV G(α0, σ0),

L′(y1) = invg(u;α0, σ0) =
1

σ 0

√
α0

2π
(
u
σ 0

)3 · exp

{
−α0

(
u
σ 0
− 1
)2

2u
σ 0

}
, u > 0,

L(yi) = INVG(u;α0, σ0) = Φ

(√
α0σ0

u

(u
σ 0
− 1
))

+ e2α0Φ

(
−
√
α0σ0

u

(u
σ 0

+ 1
))

, u > 0,

ãäå θ0 = (α0, σ0)T , α0 > 0, α0 � ïàðàìåòð ôîðìû, σ0 > 0, σ0 � ïàðàìåòð
ìàñøòàáà.

6.1.4 Ñåìåéñòâî ãàììà ðàñïðåäåëåíèé (G).
Îáîçíà÷åíèå ñëó÷àéíîé âåëè÷èíû è ïðèíÿòàÿ ïàðàìåòðèçàöèÿ ñåìåéñòâà
îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì:

y1
d
= G(α0, σ0),

L′(y1) =
uα0−1 exp{−u/σ0}

σα0
0 Γ(α0)

, u > 0,

θ0 = (α0, σ0)T , α0 > 0, σ0 > 0.

6.1.5 Ñåìåéñòâî ðàñïðåäåëåíèé Âåéáóëëà (W).
Îáîçíà÷åíèå ñëó÷àéíîé âåëè÷èíû è ïðèíÿòàÿ ïàðàìåòðèçàöèÿ ñåìåéñòâà
îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì:

y1
d
= W (α0, σ0),

L′(y1) =
α0

σ0

(
u

σ0

)α0−1

exp{−
(
u

σ0

)α0

}, u > 0,

L(y1) = 1− exp{−
(
u

σ0

)α0

}, u > 0,

θ0 = (α0, σ0)T , α0 > 0, σ0 > 0.

6.1.6 Ñåìåéñòâî ðàñïðåäåëåíèé Ïàðåòî ïåðâîãî ðîäà (PAR1).
Îáîçíà÷åíèå ñëó÷àéíîé âåëè÷èíû è ïðèíÿòàÿ ïàðàìåòðèçàöèÿ ñåìåéñòâà
îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì:

L′(y1) = α0
σα0

0

uα0+1
1II(u > σ0),

L(y1) = 1−
(σ0

u

)α0

,



θ0 = (α0, σ0)T , α0 > 0, α0 � ïàðàìåòð ôîðìû, σ0 > 0, σ0 � îäíîâðåìåííî è
ïàðàìåòð ìàñøòàáà, è ïîðîãîâûé ïàðàìåòð íîñèòåëÿ ìåðû.

6.1.7 Ñåìåéñòâî ëîãëîãèñòè÷åñêèõ ðàñïðåäåëåíèé (LLOGIST ).
Îáîçíà÷åíèå ñëó÷àéíîé âåëè÷èíû è ïðèíÿòàÿ ïàðàìåòðèçàöèÿ ñåìåéñòâà
îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì:

L′(y1) =
α0( u

σ0
)α0−1

σ0(1 + ( u
σ0

)α0)2
,

u > 0, θ0 = (α0, σ0), α0 > 0, σ0 > 0,

6.2 Ñåìåéñòâà ðàñïðåäåëåíèé G2, îáðàçóþùèõ ãèïîòåçó Γ2.

6.2.1 Ñåìåéñòâî ðàñïðåäåëåíèé Áèðíáàóìà-Ñîíäåðñà (BS).
Îáîçíà÷åíèå ñëó÷àéíîé âåëè÷èíû è ïðèíÿòàÿ ïàðàìåòðèçàöèÿ ñåìåéñòâà
îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì:

y1
d
= BS(α0, σ0),

L(y1) = BS(u;α0, σ0) = Φ(α−1ε(u/σ0)), u > 0,

ãäå
ξ(u) = u1/2 − u−1/2, u > 0,

θ0 = (α0, σ0)T , α0 > 0, σ0 > 0, α0 − ïàðàìåòð ôîðìû,
σ0 − ïàðàìåòð ìàñøòàáà.

Îòíîñèòåëüíî ñâîéñòâ ñåìåéñòâà BS ñì. [2] - [5], à òàêæå ïðèëîæåíèå ???.
6.2.2 Ñåìåéñòâî ëîãíîðìàëüíûõ ðàñïðåäåëåíèé (LOGN ).

Îáîçíà÷åíèå ñëó÷àéíîé âåëè÷èíû è ïðèíÿòàÿ ïàðàìåòðèçàöèÿ ñåìåéñòâà
îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì:

y1
d
= LOGN(µ0, σ0),

ò.å.
y1

d
= exp{N(µ0, σ

2
0)},

L′(y1) =
1√

2πσ0u
exp

{
−1

2

(
ln u− µ0

σ0

)2
}
,

u > 0, θ0 = (µ0, σ
2
0), −∞ < µ0 <∞, σ2

0 > 0.

6.2.3 Ñåìåéñòâî îáðàòíî-ãàóññîâñêèõ ðàñïðåäåëåíèé (INVG).
Îáîçíà÷åíèå ñëó÷àéíîé âåëè÷èíû è ïðèíÿòàÿ ïàðàìåòðèçàöèÿ ñåìåéñòâà
îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì:

y1
d
= INV G(α0, σ0),

L′(y1) = invg(u;α0, σ0) =
1

σ 0

√
α0

2π
(
u
σ 0

)3 · exp

{
−α0

(
u
σ 0
− 1
)2

2u
σ 0

}
, u > 0,

L(yi) = INVG(u;α0, σ0) = Φ

(√
α0σ0

u

(u
σ 0
− 1
))

+ e2α0Φ

(
−
√
α0σ0

u

(u
σ 0

+ 1
))

, u > 0,



ãäå θ0 = (α0, σ0)T , α0 > 0, α0 � ïàðàìåòð ôîðìû, σ0 > 0, σ0 � ïàðàìåòð
ìàñøòàáà.

6.2.4 Ñåìåéñòâî ãàììà ðàñïðåäåëåíèé (G).
Îáîçíà÷åíèå ñëó÷àéíîé âåëè÷èíû è ïðèíÿòàÿ ïàðàìåòðèçàöèÿ ñåìåéñòâà
îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì:

y1
d
= G(α0, σ0),

L′(y1) =
uα0−1 exp{−u/σ0}

σα0
0 Γ(α0)

, u > 0,

θ0 = (α0, σ0)T , α0 > 0, σ0 > 0.

6.2.5 Ñåìåéñòâî ðàñïðåäåëåíèé Âåéáóëëà (W).
Îáîçíà÷åíèå ñëó÷àéíîé âåëè÷èíû è ïðèíÿòàÿ ïàðàìåòðèçàöèÿ ñåìåéñòâà
îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì:

y1
d
= W (α0, σ0),

L′(y1) =
α0

σ0

(
u

σ0

)α0−1

exp{−
(
u

σ0

)α0

}, u > 0,

L(y1) = 1− exp{−
(
u

σ0

)α0

}, u > 0,

θ0 = (α0, σ0)T , α0 > 0, σ0 > 0.

6.2.6 Ñåìåéñòâî ðàñïðåäåëåíèé Ïàðåòî ïåðâîãî ðîäà (PAR1).
Îáîçíà÷åíèå ñëó÷àéíîé âåëè÷èíû è ïðèíÿòàÿ ïàðàìåòðèçàöèÿ ñåìåéñòâà
îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì:

L′(y1) = α0
σα0

0

uα0+1
1II(u > σ0),

L(y1) = 1−
(σ0

u

)α0

,

θ0 = (α0, σ0)T , α0 > 0, α0 � ïàðàìåòð ôîðìû, σ0 > 0, σ0 � îäíîâðåìåííî è
ïàðàìåòð ìàñøòàáà, è ïîðîãîâûé ïàðàìåòð íîñèòåëÿ ìåðû.

6.2.7 Ñåìåéñòâî ëîãëîãèñòè÷åñêèõ ðàñïðåäåëåíèé (LLOGIST ).
Îáîçíà÷åíèå ñëó÷àéíîé âåëè÷èíû è ïðèíÿòàÿ ïàðàìåòðèçàöèÿ ñåìåéñòâà
îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì:

L′(y1) =
α0( u

σ0
)α0−1

σ0(1 + ( u
σ0

)α0)2
,

u > 0, θ0 = (α0, σ0), α0 > 0, σ0 > 0,



6.3 Íàáîð ñòàòèñòèê êðèòåðèåâ T(y).
Ïóñòü y = (y1, . . . , yn), y1 ∈ R1, yi � í.î.ð. ñëó÷àéíûå âåëè÷èíû, i = 1, n,

L(y1) = F0(u, θ0), θ0 ∈ Θ.

Ïðè Γi ôóíêöèÿ ðàñïðåäåëåíèÿ F0(u, θ0) ∈ Fi, i = 1, 2.
Äëÿ ñåìåéñòâ ðàñïðåäåëåíèé BS, W è LLOGIST íàáëþäåííûå óðîâíè çíà-
÷èìîñòè (ìîäèôèöèðîâàííûõ) ñòàòèñòèê Êîëìîãîðîâà, Êðàìåðà-ôîí Ìèçåñà,
Àíäåðñîíà-Äàðëèíãà è �îñòàòî÷íîãî ñðåäíåãî âðåìåíè æèçíè� îöåíèâàþòñÿ íà
îñíîâå ìåòîäà áóòñòðåïà (ñì. ïðèëîæåíèå 5.2), à äëÿ ñåìåéñòâ ðàñïðåäåëåíèÿ
LOGN, INVG, G, PAR1 � íà îñíîâå ìåòîäà äîñòàòî÷íîãî ýìïèðè÷åñêîãî óñðåä-
íåíèÿ (ñì. ïðèëîæåíèå 5.3). Äëÿ îñòàëüíûõ ñòàòèñòèê (îòíîøåíèÿ ìàêñèìóìîâ
ïðàâäîïîäîáèé è êðèòåðèåâ òèïà õè-êâàäðàò) ïðèáëèæåííûå óðîâíè çíà÷èìî-
ñòè âû÷èñëÿþòñÿ ïî òàáëèöàì ðàñïðåäåëåíèÿ õè-êâàäðàò.

6.3.1 Ñòàòèñòèêà Êîëìîãîðîâà

T1(y) =
√
n sup

u
| F̂n(u)− F0(u; θ̂(y)) |,

ãäå θ̂(y) � �ïîäõîäÿùàÿ� îöåíêà äëÿ ïàðàìåòðà θ0.
Ïîêàæèòå, ÷òî

T1(y) = max
1≤i≤n

(
max

((
i

n
− Z(i)

)
,

(
Z(i) − i− 1

n

)))
,

ãäå Z(i) = F0

(
y(i); θ̂(y)

)
.

6.3.2 Ñòàòèñòèêà Êðàìåðà-ôîí Ìèçåñà

T2(y) = n

∫ ∞
−∞

(
F̂n(u)− F0(u; θ̂(y))

)2

dF0(u; θ̂(y)),

ãäå θ̂(y) � �ïîäõîäÿùàÿ� îöåíêà äëÿ ïàðàìåòðà θ0.
Ïîêàæèòå, ÷òî

T2(y) =
n∑
i=1

(
Z(i) − 2i− 1

2n

)2

+
1

12n
,

ãäå Z(i) = F0

(
y(i); θ̂(y)

)
.

6.3.3 Ñòàòèñòèêà Àíäåðñîíà-Äàðëèíãà

T3(y) = n

∫ ∞
−∞

(
F̂n(u)− F0(u; θ̂(y))

)2

·
(
F0(u; θ̂(y))(1− F0(u; θ̂(y)))

)−1

dF0(u; θ̂(y)),

ãäå θ̂(y) � �ïîäõîäÿùàÿ� îöåíêà äëÿ ïàðàìåòðà θ0.
Ïîêàæèòå, ÷òî

T3(y) = − 1

n

n∑
i=1

(2i− 1) ln
(
Z(i)(1− Z(i))

)− n,

ãäå Z(i) = F0

(
y(i); θ̂(y)

)
.



6.3.4 Ñòàòèñòèêà îòíîøåíèÿ ìàêñèìóìîâ ïðàâäîïîäîáèé

T4(y) = 2 ln
maxθ∈Γ1∪Γ2 p(y, θ)

maxθ∈Γ1 p(y, θ)
.

Ïðè âûïîëíåíèè óñëîâèé òåîðåìû îá îòíîøåíèè ìàêñèìóìîâ ïðàâäîïî-
äîáèé (ñì. Ïðèëîæåíèå ...) è n→∞

T4(y)
d
= χ2

dim Γ1∪Γ2−dim Γ1
+ od(1),

ñì. ïðèëîæåíèå 5.3.
6.3.5 Ñòàòèñòèêà �îñòàòî÷íîãî ñðåäíåãî âðåìåíè æèçíè�

Ïóñòü
r(u, θ) =

∫∞
u

(1− F0(v, θ0) dv

1− F0(u, θ0)
,

rn(u) =

∑n
i=1(yi − u)1II(yi ≥ u)∑n

i=1 1II(yi ≥ u)
− u .

Ñòàòèñòèêó êðèòåðèÿ ìîæíî âçÿòü â ñëåäóþùåì âèäå

T5(y) =
√
n sup

u
| rn(u)− r(u; θ̂(y)) |,

ãäå θ̂(y) � �ïîäõîäÿùàÿ� îöåíêà äëÿ ïàðàìåòðà θ.
6.3.6 Ñòàòèñòèêà õè-êâàäðàò Ïèðñîíà äëÿ ïðîâåðêè ñëîæíîé ãèïîòåçû

Ïóñòü
a0 = −∞ < a1 < a2 < . . . < ar−1 < ar =∞,

νj =
n∑
i=1

1II(aj+1 < yi < aj),
r∑
j=1

νj = n,

pj(θ0) = F0(aj+1; θ0)− F0(aj; θ0),

pj(θ0) > 0 äëÿ âñåõ i = 1, r, dim θ0 = m,

r∑
j=1

pj(θ0) = 1.

Ñòàòèñòèêà õè-êâàäðàò êðèòåðèÿ Ïèðñîíà èìååò âèä

X2(θ̃n) =
r∑
j=1

(νj − npj(θ̃n))2

npj(θ̃n)
,

ãäå
θ̃n = Argmin

θ∈Θ
X2(θ)

èëè
θ̃n = Argmax

θ∈Θ

r∏
j=1

(pj(θ))
νj

νj!
.

Ïðè âûïîëíåíèè óñëîâèé òåîðåìû î ñâîéñòâàõ õè-êâàäðàò ñòàòèñòèêè Ïèð-
ñîíà ïðè ïðîâåðêå ñëîæíîé ãèïîòåçû (ñì. Ïðèëîæåíèå ...) è n→∞

X2(θ̃n)
d
= χ2

r−1−m + od(1),

ñì. ïðèëîæåíèå 5.2.



6.3.7 Ñòàòèñòèêà õè-êâàäðàò â ôîðìå Íèêóëèíà-Äæàïàðèäçå, ñì. ([ ])
Ïóñòü

a0 = −∞ < a1 < a2 < . . . < ar−1 < ar =∞,

νj =
∑
i=1

1II(aj+1 < yi < aj),
r∑
j=1

νj = n,

pj(θ0) = F0(aj+1; θ0)− F0(aj; θ0),

pj(θ0) > 0 äëÿ âñåõ i = 1, r, dim θ0 = m,

r∑
j=1

pj(θ0) = 1,

X2(θ̃n) =
r∑
j=1

(νj − npj(θ̃n))2

npj(θ̃n)
.

Äàëåå ïðåäïîëîæèì, ÷òî äëÿ âñåõ θ ∈ Θ, θ = (θ1, . . . , θm)T , âûïîëíåíû
òàêæå ñëåäóþùèå óñëîâèÿ

Y1 :
∂2pj(θ)

∂θk∂θs
− íåïðåðûâíûå ôóíêöèè äëÿ k, s = 1,m;

Y2 : ìàòðèöà A(θ) =

(
∂pj(θ)

∂θk
; j = 1, r, k = 1,m

)
èìååò ðàíã m.

Ââåäåì òàêæå ñëåäóþùèå âåëè÷èíû:

âåêòîð L(θ) = (l1(θ), . . . , lm(θ))m,

lj(θ) =
r∑
i=1

νi
npi(θ)

∂pi(θ)

∂θj
, j = 1,m,

è ìàòðèöó J(θ) = (Jks(θ), ãäå k, s = 1,m), ãäå

Jks(θ) =
r∑
i=1

1

pi(θ)

∂pi(θ)

∂θk

∂pi(θ)

∂θs
, k, s = 1,m.

Èìååò ìåñòî ñëåäóþùåå óòâåðæäåíèå: åñëè îöåíêà θ̃n ÿâëÿåòñÿ √n-
ñîñòîÿòåëüíîé, òî W 2(θ̃n) � ñòàòèñòèêà õè-êâàäðàò â ôîðìå Íèêóëèíà-
Äæàïàðèäçå îáëàäàåò ñëåäóþùèì ñâîéñòâîì:

W 2(θ̃n) = X2(θ̃n)− nLT (θ̃n)J−1(θ̃n)L(θ̃n)
d
= χ2

r−1−m + od(1),

ñì.[...]

6.4 PAPKA_SP\ZADAN_6\tab_dan_w.txt

Íàáîð òàáëèö äàííûõ (òàáëèöû Â)

Òàáëèöû 6.1�6.3 ñîäåðæàò ýêñïåðèìåíòàëüíûå äàííûå î âðåìåíè æèçíè àëþ-
ìèíèåâûõ ïîëîñ, ïîäâåðæåíûõ èçãèáàþùèì (18 öèêëîâ èçãèáàíèé â ñåêóíäó)



íàãðóçêàì. Âðåìÿ æèçíè ïîëîñû èñ÷èñëÿåòñÿ â ÷èñëå öèêëîâ íàãðóçîê óìíî-
æåííîì íà 10−3 äî ïîÿâëåíèÿ â èñïûòóåìîì îáðàçöå òðåùèíû. Èñïûòàíèÿ ïðî-
âîäèëèñü ïðè ðàçëè÷íûõ àìïëèòóäàõ èçãèáàíèèÿ: 31 pci (òàáëèöà 6.1), 26 pci
(òàáëèöà 6.2) è 21 pci (òàáëèöà 6.3). Â òàáëèöå 6.4 ïðèâîäÿòñÿ äàííûå îá îáú-
åìàõ èñêîâ íà âûïëàòó óùåðáîâ ïðè ñòðàõîâàíèè îò ïîæàðîâ â Øâåöèè. Â
òàáëèöå 6.5 ïðèâîäèòñÿ ýìïèðè÷åñêàÿ ôóíêöèÿ ðàñïðåäåëåíèÿ îáúåìà óùåðáà
L â ñâÿçè ñ ïðè÷èíåíèåì âðåäà çäîðîâüþ.

Òàáëèöà 6.1

70 90 96 97 99 100 103 104
104 105 107 108 108 108 109 109
112 112 113 114 114 114 116 119
120 120 120 121 121 123 124 124
124 124 124 128 128 129 139 130
130 130 131 131 131 131 131 132
132 132 133 134 134 134 134 134
136 136 137 138 138 138 139 139
141 141 142 142 142 142 142 142
144 144 145 146 148 148 149 151
151 152 155 156 157 157 157 157
158 159 162 163 163 164 166 166
168 170 174 196 212

Òàáëèöà 6.2

233 258 268 276 290 310 312 315
318 321 321 329 335 336 338 338
342 342 342 344 349 350 350 351
351 352 352 356 358 358 358 362
363 366 367 370 370 372 372 374
375 376 379 379 380 382 382 389
395 396 400 400 400 403 403 406
408 408 410 412 414 416 416 416
420 422 423 426 428 432 432 433
433 437 438 439 439 443 445 445
452 456 456 460 464 466 468 470
470 473 474 476 476 486 488 489
490 491 503 517 540 560

Òàáëèöà 6.3



370 706 716 746 785
797 844 855 858 886
886 930 960 988 990

1000 1010 1016 1018 1020
1055 1085 1102 1102 1108
1115 1120 1134 1140 1199
1200 1200 1203 1222 1235
1238 1252 1258 1262 1269
1270 1290 1293 1300 1310
1313 1315 1330 1355 1390
1416 1419 1420 1420 1450
1452 1475 1478 1481 1485
1502 1505 1513 1522 1522
1530 1540 1560 1567 1578
1594 1602 1604 1608 1630
1642 1674 1730 1750 1750
1763 1768 1781 1782 1792
1820 1868 1881 1890 1893
1895 1910 1923 1940 1945
2023 2100 2130 2215 2268
2440



Òàáëèöà 6.4

1,335 0,630 3,460 0,900 5,325 0,690 0,979 0,800
0,565 1,000 0,839 6,100 1,250 0,500 4,708 0,000
0,799 5,193 1,401 2,500 1,060 0,600 1,326 0,750
1,486 2,800 1,997 1,000 14,400 2,000 0,675 5,093
0,625 0,510 0,830 0,000 0,564 0,696 0,350 0,875
3,860 10,194 1,265 1,600 3,100 0,225 1,050 0,537
8,967 0,548 0,110 2,858 0,320 0,628 20,049 1,625
0,687 0,544 2,890 1,377 0,510 1,382 0,550 1,500
6,970 4,000 0,800 3,000 1,300 2,000 0,530 1,692
0,400 4,595 0,550 9,627 0,932 5,979 2,500 0,560
3,085 0,505 0,466 0,508 3,553 3,258 1,127 2,300
5,250 1,220 1,500 0,500 0,690 0,716 0,790 1,880
4,000 0,927 1,000 0,750 0,450 1,000 0,721 0,898
4,800 0,768 0,740 0,610 1,125 1,000 0,600 0,654
1,500 0,474 1,300 5,478 1,430 0,680 0,500 1,192
0,169 3,185 0,529 2,000 0,800 0,700 2,500 1,215
0,575 1,188 11,641 2,784 7,354 0,500 1,439 0,586
3,000 0,572 31,050 2,550 0,699 1,435 0,800 0,494
0,814 0,650 1,057 0,725 0,900 0,210 0,485 0,900
0,787 1,280 0,588 4,200 2,151 0,837 1,289 0,785
0,670 1,500 19,200 0,615 1,544 0,815 0,400 3,800
4,400 1,000 1,400 0,665 0,850 0,500 0,565 1,900
0,500 2,544 0,995 2,600 1,400 1,050 3,500 0,580
0,576 1,035 1,305 0,000 1,688 1,180 0,500 1,400
0,500 0,700 1,000 0,445 19,107 0,800 1,800 1,146
0,678 0,800 0,600 3,500 0,366 1,100 13,000 0,500
0,600 0,930 3,500 0,088 1,200 1,000 0,594 34,000
3,440 1,535

PAPKA_SP\ZADAN_6\tabl_6_5_w.txt

Òàáëèöà 6.5
Ýìïèðè÷åñêàÿ ôóíêöèÿ ðàñïðåäåëåíèÿ óùåðáîâ L

â ñâÿçè ñ ïðè÷èíåíèåì âðåäà çäîðîâüþ

Èíòåðâàëû Ïðåäåëû óäåðæàíèÿ
ãðóïïèðîâêè 5000 10000 25000 50000 100000
250 0.31857 0.32524 0.30137 0.30488 0.25407
500 0.47708 0.47179 0.42374 0.44095 0.38034
1000 0.61849 0.57837 0.56575 0.56194 0.50561

ñì. ïðîäîëæåíèå íà ñëåä. ñòð.



Èíòåðâàëû Ïðåäåëû óäåðæàíèÿ
ãðóïïèðîâêè 5000 10000 25000 50000 100000
2000 0.74463 0.70611 0.69452 0.68549 0.63509
3000 0.81430 0.77900 0.77215 0.75610 0.71780
4000 0.85366 0.82367 0.81507 0.80745 0.77073
6000 0.87283 0.89028 0.86986 0.86425 0.83531
7000 0.90674 0.88402 0.87644 0.85245
8000 0.92006 0.90502 0.89730 0.87244
9000 0.93025 0.91735 0.90725 0.88348
11000 0.93966 0.93196 0.92908 0.90371
12000 0.93516 0.93261 0.90970
14000 0.94703 0.93806 0.91944
16000 0.95525 0.94961 0.92981
19000 0.95982 0.95764 0.93782
21000 0.96484 0.96502 0.94436
23000 0.96849 0.96727 0.94640
30000 0.97123 0.97593 0.96120
35000 0.97818 0.96558
40000 0.98042 0.96928
45000 0.98267 0.97212
55000 0.98556 0.97952
60000 0.98168
70000 0.98409
80000 0.98723
100000 0.99143

n=3861 n=1276 n=2190 n=3116 n=16212

PAPKA_SP\ZADAN_6\tabl_6_6_w.txt

Òàáëèöà 6.6
Ãðóïïèðîâàííûå äàííûå îá óùåðáàõ L

â ñâÿçè ñ ïðè÷èíåíèåì âðåäà çäîðîâüþ (ïðåäåëû óäåðæàíèÿ 25.000)

Èíòåðâàëû ãðóïïèðîâêè ×àñòîòû Çíà÷åíèå
1-250 660 75,420
251-500 268 101,558
501-1,000 311 236,068
1,001-2,000 282 425,042
2,001-3,000 170 437,265
3,001-4,000 94 333,232
4,001-4,999 49 220,878

ñì. ïðîäîëæåíèå íà ñëåä. ñòð.



Èíòåðâàëû ãðóïïèðîâêè ×àñòîòû Çíà÷åíèå
5,000-5,000 25 125,000
5,001-6,000 46 256,168
6,001-7,000 31 204,257
7,001-8,000 46 332,649
8,001-9,000 27 233,143
9,001-9,999 9 85,411
10,000-10,000 18 180,000
10,001-11,000 5 53,475
11,001-12,000 7 80,838
12,001-14,000 26 340,215
14,001-15,000 13 194,393
15,001-16,000 5 77,756
16,001-17,000 3 49,576
17,001-18,000 5 88,431
18,001-19,000 2 37,000
19,001-19,999 3 58,629
20,000-20,000 5 100,000
20,001-21,000 3 62,651
21,001-22,000 6 128,055
22,001-23,000 2 45,000
23,001-24,000 2 48,000
24,001-24,999 4 97,864
25,000-25,000 34 850,000
25,001- 29 1,491,943
Âñåãî 2,190 7,049,917

6.5 PAPKA_SP\ZADAN_6\yadra_w.txt

ßäåðíûå ôóíêöèè

6.5.1 K1. ßäðî Åïàíå÷íèêîâà

K(u) =

{
3(1− u2)/4, |u| ≤ 1

0, |u| > 1.

∞∫

−∞

K2(u)du = 3/5,

∞∫

−∞

u2K(u)du = 1/5.



6.5.2 K2. Ðàâíîáåäåðåííîå òðåóãîëüíîå

K(u) =

{
1− |u|, u ≤ 1

0, u > 1.

6.5.3 K3. ßäðî Êîøè
K(u) = π−1(1 + u2)−1.

6.5.4 K4. ßäðî Ôåæå-Âàëëå-Ïóññåíà (Fejer-de la Val�ee Poussen)

K(x) = π−1

(
sinx

x

)2

.

6.5.5 K5. ßäðî Âåéåðøòðàññà (Weierstrasse)

K(x) = π−1/2e−x
2

.

6.5.6 K6. ßäðî Ïèêàðà (Picard)
K(x) =

1

2
e−|x|.

6.5.7 K7. ßäðî Äæåêñîíà-Âàëëå-Ïóññåíà (Jackson-de la Val�ee Poussen)

K(x) = 3π−1(sin /x)4.

6.5.8 K8. ßäðî ñêîëüçÿùåãî ñðåäíåãî

K(x) =

{
1
2
, |x| ≤ 1

0, |x| > 1.

6.5.9 K9. ßäðî Ôóðüå
K(x) = (πx)−1 sinx.

6.6



Ñòàòèñòè÷åñêèé ïðàêòèêóì, 3-èé êóðñ.
Ïàðàìåòðû èíäèâèäóàëüíûõ âàðèàíòîâ çàäàíèé äëÿ ïðàêòèêóìà N 6

PAPKA_SP\ZADAN_6\z6_var_w.txt

Âàðèàíò Γ1 Γ2 B T α1 γ1 q Ôàìèëèÿ g(θ0) ßäðî
6.1 1 2 1 7 0.04 0.99 0.01 a1(θ0) K1

6.2 1 3 2 6 0.05 0.956 0.02 R(u; θ0) K2

6.3 1 4 3 5 0.03 0.963 0.03 ζq(θ0) K3

6.4 1 5 4 5 0.02 0.968 0.94 a1(θ0) K4

6.5 1 2 1 3 0.045 0.991 0.011 R(u; θ0) K5

6.6 1 3 2 7 0.048 0.993 0.012 ζq(θ0) K6

6.7 1 4 3 6 0.031 0.994 0.013 a1(θ0) K7

6.8 4 1 4 7 0.029 0.923 0.914 R(u; θ0) K8

6.9 4 2 1 6 0.03 0.991 0.015 a1(θ0) K9

6.10 4 3 2 7 0.04 0.992 0.021 R(u; θ0) K1

6.11 4 1 3 2 0.07 0.993 0.022 ζq(θ0) K2

6.12 4 2 4 3 0.08 0.997 0.031 ζq(θ0) K3

6.13 2 5 1 6 0.1 0.998 0.032 ζq(θ0) K4

6.14 2 5 2 5 0.03 0.954 0.033 ζq(θ0) K5

6.15 3 2 3 6 0.04 0.956 0.041 ζq(θ0) K6

6.16 3 2 4 7 0.06 0.963 0.942 ζq(θ0) K7

6.17 2 3 4 6 0.03 0.935 0.91 a1(θ0) K8

6.18 2 3 3 6 0.02 0.948 0.05 ζq(θ0) K9

6.19 3 4 2 5 0.1 0.955 0.95 a1(θ0) K8

6.20 3 4 1 5 0.08 0.96 0.05 ζq(θ0) K7

6.21 4 5 1 6 0.09 0.97 0.05 a1(θ0) K6

6.22 4 5 2 6 0.06 0.98 0.01 ζq(θ0) K5

6.23 1 2 3 3 0.05 0.99 0.05 a1(θ0) K4

6.24 1 3 4 3 0.04 0.98 0.95 ζq(θ0) K3

6.25 1 5 3 2 0.03 0.97 0.95 a1(θ0) K2

6.26 2 6 2 2 0.02 0.91 0.02 R(u; θ0) K1

6.27 3 7 1 1 0.03 0.92 ζq(θ0) K1

6.28 4 6 2 6 0.02 0.93 0.04 a1(θ0) K2

6.29 5 2 3 2 0.03 0.95 0.05 R(u; θ0) K2

6.30 6 4 4 3 0.04 0.96 0.99 ζq(θ0) K3

Âàðèàíò Γ1 Γ2 B T α1 γ1 q g(θ0) ßäðî


