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Îòðèöàòåëüíî áèíîìèàëüíîå ðàñïðåäåëåíèå.
1. Îáîçíà÷åíèå ñåìåéñòâà ðàñïðåäåëåíèé.

NBIN (1)

2. Ïàðàìåòðè÷åñêîå ïðîñòðàíñòâî.

Θ = {θ = (ν, τ)T , ν > 0, 0 < τ < 1} (2)

3. Îáîçíà÷åíèå è îáëàñòü çíà÷åíèé ñëó÷àéíîé âåëè÷èíû.

NBIN(ν, τ) ∈ N0. (3)

4. Ôóíêöèÿ ðàñïðåäåëåíèÿ è ïëîòíîñòü ðàñïðåäåëåíèÿ.

4.1. Ôóíêöèÿ ðàñïðåäåëåíèÿ è ñâÿçàííûå ñ íåé õàðàêòåðèñòèêè.

L(NBIN(ν, τ)) = NBIN (r; ν, τ), r ∈ N0, (4)

NBIN (r; ν, τ) =
r∑

j=0

nbin(j; ν, τ), r ≥ 0, r − öåëîå. (5)

4.1.1. Åñëè îáîçíà÷èòü

NBIN (r; ν, τ) = 1−NBIN (r; ν, τ) =
∞∑

j=r+1

nbin(j, ν, τ), (6)

òî ïîëó÷èì ïðåäñòàâëåíèå ôóíêöèè íàäåæíîñòè NBIN � ðàñïðåäåëåíèé ÷åðåç ôóíê-
öèè ðàñïðåäåëåíèÿ ñåìåéñòâà áåòà-ðàñïðåäåëåíèé è ôóíêöèè íàäåæíîñòè áèíîìèàëü-
íîãî ñåìåéñòâà ðàñïðåäåëåíèé:

NBIN (r − 1; ν, τ) = BET A(1− τ ; r, ν) = (7)
= 1− BIN (r − 1; ν + r − 1, 1− τ).

4.1.2.

NBIN = (r; ν, τ) = BET A(τ ; ν, r + 1) (8)

4.1.3. Àïïðîêñèìàöèè äëÿ ôóíêöèè îòðèöàòåëüíî áèíîìèàëüíîãî ðàñïðåäåëåíèÿ ïðîâîäÿòñÿ
íà îñíîâå ñóùåñòâóþùåé ñâÿçè ìåæäó ñåìåéñòâàìè ðàñïðåäåëåíèé NBIN , BIN è
BET A (ñì. 4.1.1, 4.1.2, à òàêæå ñïðàâî÷íèê [1]).

4.2. Ïëîòíîñòü ðàñïðåäåëåíèÿ è ñâÿçàííûå ñ íåé õàðàêòåðèñòèêè.

L′(NBIN(ν, τ)) = nbin(r; ν, τ), (9)

ãäå

nbin(r; ν, τ) =
Γ(ν + r)

Γ(ν)r!
τ ν(1− τ)r, r = 0, 1, 2 . . . . (10)

Åñëè ν � öåëîå, òî

nbin(r; ν, τ) = Cr
ν+r−1τ

ν(1− τ)r, r = 0, 1, 2, . . . . (11)

ò.å.
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4.2.1. Ðåêóððåíòíîå ñîîòíîøåíèå.
nbin(r + 1; ν; τ)

nbin(r; ν, τ)
=

(ν + r)

(r + 1)
(1− τ), r = 0, 1, . . . (12)

èñïîëüçóåòñÿ äëÿ ïîñëåäîâàòåëüíîãî âû÷èñëåíèÿ âåðîÿòíîñòåé nbin(r; ν, τ) .
4.2.2. Ìîäàëüíîå çíà÷åíèå.

rmod =





[
(ν − 1) 1−τ

τ

]
, åñëè (ν − 1)1−τ

τ
íå öåëîå ÷èñëî[

(ν − 1)1−τ
τ

]
ν(1−τ)−1

τ

}
äâå ìîäû, åñëè(ν − 1)1−τ

τ
− öåëîå ÷èñëî

0, åñëè ν 1−τ
τ

< 1
τ
.

(13)

4.2.3. Ïðè ôèêñèðîâàííûõ r è ν

nbin(r; ν, τ) ↓ τ ; (14)

ïðè ôèêñèðîâàííûõ r è τ

nbin(r; ν, τ) ↑ ν. (15)

5. Èíòåðïðåòàöèÿ è îáëàñòè ïðèìåíåíèÿ.
Ýòî ðàñïðåäåëåíèå èíîãäà íàçûâàþò åùå ðàñïðåäåëåíèåì Ïîéà. Åñëè ν �öåëîå, òî ñåìåéñòâî
ðàñïðåäåëåíèé NBIN èçâåñòíî òàêæå ïîä íàçâàíèåì ñåìåéñòâà ðàñïðåäåëåíèé Ïàñêàëÿ. Â
ýòîì ñëó÷àå âåëè÷èíà ν+NBIN(ν, τ) èíòåðïðåòèðóåòñÿ êàê ÷èñëî èñïûòàíèé Áåðíóëëè ñ âåðî-
ÿòíîñòüþ óñïåõà â îòäåëüíîì èñïûòàíèè ðàâíîì τ äî ïîÿâëåíèÿ ν -ãî óñïåõà, èëè NBIN(ν, τ)

� ÷èñëî îñóùåñòâëåíèÿ íåóäà÷ äî ïîÿâëåíèÿ ν -ãî óñïåõà. Åñëè ν = 1 , òî èìååì äåëî ñ ñåìåé-
ñòâîì ãåîìåòðè÷åñêèõ ðàñïðåäåëåíèé. Â ñòðàõîâîé ñôåðå (è â ÷àñòíîñòè, â àâòîñòðàõîâàíèè)
ñåìåéñòâî NBIN èñïîëüçóåòñÿ äëÿ ìîäåëèðîâàíèÿ ÷èñëà ñòðàõîâûõ ñëó÷àåâ.

6. Ñòîõàñòè÷åñêèå ïðåäñòàâëåíèÿ è òîæäåñòâà.

6.1. Åñëè NBIN(ν1, τ) è NBIN(ν2, τ) íåçàâèñèìû, òî

NBIN(ν1, τ) + NBIN(ν2, τ)
d
= NBIN(ν1 + ν2, τ). (16)

6.1.1. Åñëè ν � öåëîå ïîëîæèòåëüíîå ÷èñëî, à Z1, . . . Zν � í.î.ð. ñëó÷àéíûå âåëè÷èíû,

Z1
d
= GEOM(τ), (17)

òî

NBIN(ν, τ)
d
=

ν∑
i=1

Zi (18)

6.2. Ìîäåëü ñìåøàííîãî ðàñïðåäåëåíèÿ. Ïóñòü η è λ � ñëó÷àéíûå âåëè÷èíû,

η/λ
d
= POIS(λt), (19)

λ
d
= G(α, σ). (20)

Òîãäà

η
d
= NBIN(ν, τ), (21)

ãäå

ν = α, (22)

τ =
1

1 + σt
. (23)
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6.3. Ìîäåëü ñîñòàâíîãî ðàñïðåäåëåíèÿ. Ïóñòü y1, . . . , yν � í.î.ð. ñëó÷àéíûå âåëè÷èíû,

y1
d
= LOG(κ), 0 < κ < 1, (24)

íåçàâèñÿùèå îò ñëó÷àéíîé âåëè÷èíû ν , ãäå

ν = POIS(λ). (25)

Òîãäà
ν∑

i=1

y1
d
= NBIN

(
− λ

ln(1− κ)
, 1− κ

)
. (26)

6.4. Åñëè ν →∞ , òî

NBIN(ν, τ)− ν 1−τ
τ√

ν 1−τ
τ2

d
= N(0, 1) + 0d(1) (27)

6.5. Åñëè ν →∞ , 1−τ
τ
→ 0 , à ν 1−τ

τ
→ λ < ∞ , òî

NBIN(ν, τ) = POIS(λ) + 0p(1). (28)

7. Õàðàêòåðèñòè÷åñêèå ïðåîáðàçîâàíèÿ ðàñïðåäåëåíèé.

7.1. Õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ.

χ(t) =

(
τ

1− (1− τ) exp{it}
)ν

. (29)

7.2. Ïðîèçâîäÿùàÿ ôóíêöèÿ ìîìåíòîâ.

µ(t) =

(
τ

1− (1− τ)et

)ν

, t < ln
1

1− τ
. (30)

7.3. Ïðîèçâîäÿùàÿ ôóíêöèÿ.

g(t) =

(
τ

1− (1− τ)z

)ν

, |z| < 1

1− τ
. (31)

7.4. Ïðåîáðàçîâàíèå Ëàïëàñà.

λ(t) =

(
τ

1− (1− τ)e−t

)ν

, t ≥ 0. (32)

7.5. Äðóãèå õàðàêòåðèñòè÷åñêèå ïðåîáðàçîâàíèÿ.

7.5.1. Ïðîèçâîäÿùàÿ ôóíêöèÿ ñåìèèíâàðèàíòîâ.

k(t) = ν ln τ − ν ln(1− (1− τ) exp t). (33)
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8. Ìîìåíòíûå õàðàêòåðèñòèêè ñëó÷àéíîé âåëè÷èíû.
Ìîìåíòíûå õàðàêòåðèñòèêè îòðèöàòåëüíî áèíîìèàëüíîãî ðàñïðåäåëåíèÿ ëåãêî ïîëó÷èòü èç
ñîîòâåòñòâóþùèõ õàðàêòåðèñòèê áèíîìèàëüíîãî ðàñïðåäåëåíèÿ, îñóùåñòâëÿÿ ïîäñòàíîâêó

{
n = −ν

θ = 1− 1
τ
.

(34)

8.1. Íà÷àëüíûå ìîìåíòû.

a1 = ν
1− τ

τ
, (35)

a2 =
ν(1− τ)

τ 2
{1 + ν(1− τ)}, (36)

a3 =
ν(1− τ)

τ 3
{1 + (1 + 3ν)(1− τ) + ν2(1− τ)2}, (37)

a4 =
ν(1− τ)

τ 4
{1 + (4 + 7ν)(1− τ) + (38)

+ (1 + 4ν + 6ν2)(1− τ)2 + ν3(1− τ)3}.

8.2. Öåíòðàëüíûå ìîìåíòû.

m2 =
ν(1− τ)

τ 2
, (39)

m3 =
ν(1− τ)

τ 3
(2− τ), (40)

m4 =
ν(1− τ)

τ 4
{1 + (4 + 3ν)(1− τ) + (1− τ)2}. (41)

8.3. Ôàêòîðèàëüíûå ìîìåíòû.

f1 = ν
1− τ

τ
, (42)

f2 = ν(ν + 1)

(
1− τ

τ

)2

, (43)

f3 = ν(ν + 1)(ν + 2)

(
1− τ

τ

)3

. (44)

f4 = ν(ν + 1)(ν + 2)(ν + 3)

(
1− τ

τ

)4

, (45)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

fk = ν(ν + 1) · · · (ν + k − 1)

(
1− τ

τ

)k

, k = 1, 2 . . . . (46)

4



8.4. Ñåìèèíâàðèàíòû.

k1 = ν
1− τ

τ
, (47)

k2 =
ν(1− τ)

τ 2
, (48)

k3 =
ν(1− τ)

τ 3
(2− τ), (49)

k4 =
ν(1− τ)

τ 4
{1 + 4(1− τ) + (1− τ)2}, (50)

kr+1(γ,0) = (1− τ)
∂kr(ν, τ)

∂(1− τ)
. (51)

8.5. Êîýôôèöèåíò âàðèàöèè.

γ0 =
√

ν(1− τ). (52)

8.6. Êîýôôèöèåíò àññèìåòðèè.

γ1 =
2− τ√
ν(1− τ)

. (53)

8.7. Êîýôôèöèåíò ýêñöåññà.

γ2 =
τ 2 + 6(1− τ)

ν(1− τ)
. (54)

8.8. Äðóãèå ìîìåíòíûå õàðàêòåðèñòèêè.
8.8.1. Ñðåäíåå óêëîíåíèå.

b1 = E|NBIN(ν, τ)− ENBIN(ν, τ)| = 2m(ν + m− 1)!τ ν−1(1− τ)m

m!(ν − 1)!
, (55)

ãäå m =
[

ν(1−τ)
τ1

+ 1
]

= [a1 + 1].

8.8.2. Èíäåêñ ðàññåÿíèÿ.

ν2 =
m2

a1

=
1

τ
. (56)

9. Èíôîðìàöèîííûå ôóíêöèè.

9.1. Èíôîðìàöèîííàÿ ôóíêöèÿ Ôèøåðà.
9.1.1. Ïóñòü ν � èçâåñòíàÿ âåëè÷èíà, ò.å. åäèíñòâåííûì íåèçâåñòíûì ïàðàìåòðîì ÿâëÿåòñÿ

τ . Òîãäà

I0(τ) =
ν

τ 2(1− τ)
. (57)

9.1.2. Åñëè îáà ïàðàìåòðà è ν , è τ íå èçâåñòíû, òîãäà I0(τ, ν) èìååò âåñüìà ñëîæíûé âèä

10. Àíàëèòè÷åñêèå ñâîéñòâà ðàñïðåäåëåíèé.

10.1. Ñåìåéñòâî NBIN ÿâëÿåòñÿ áåçãðàíè÷íî äåëèìûì, ïîñêîëüêó äëÿ ëþáîãî n , n = 1, 2, . . . ,
(
χ

(
t; NBIN

(ν

n
, τ

)))n

= χ(t; NBIN(ν, τ)). (58)

5



10.2. Î ñâÿçè "õâîñòîâ"ðàñïðåäåëåíèÿ îòðèöàòåëüíî-áèíîìèàëüíûõ è áèíîìèàëüíûõ ðàñïðåäå-
ëåíèé äëÿ öåëûõ ν

P{NBIN(ν, τ) ≥ m} = P{BIN(m + ν − 1, τ) ≥ m}. (59)

10.2.1.

P{NBIN(ν, τ) ≥ m} =
ν+m−1∑

k=m

b(k; ν + m− 1, τ) = (60)

=
(ν + m− 1)!

(ν − 1)!(m− 1)!

τ∫

0

vm−1(1− v)ν−1αv.

10.3. Ñåìåéñòâî NBIN èìååò óáûâàþùóþ èíòåíñèâíîñòü îòêàçà ïðè ν < 1 , âîçðàñòàþùóþ
ïðè ν > 1 è ïîñòîÿííóþ (ñâîéñòâî îòñóòñòâèÿ ïàìÿòè) ïðè ν = 1 , ò.å. ïðè ãåîìåòðè÷åñêîì
ðàñïðåäåëåíèè.

10.4. Åñëè NBIN(ν1, τ) è NBIN(ν2, τ) íåçàâèñèìû, òî

NBIN(ν1, τ) + NBIN(ν2, τ)
d
= NBIN(ν1 + ν2, τ). (61)

10.5. Ïóñòü ν →∞ , τ → 1 , ν 1−τ
r
→ θ .

Òîãäà

NBIN(ν, τ)
d
= POIS(θ) + 0d(1). (62)

10.6. Ïóñòü τ → 1 , ν = const .
Òîãäà NBIN(ν, τ)

d
= 0d(1).

10.7. Íîðìàëèçóþùèå ïðåîáðàçîâàíèÿ.
Ïðèíèìàÿ îáîçíà÷åíèÿ Sh è Sh−1 äëÿ ïðÿìîé è îáðàòíîé ôóíêöèé ãèïåðáîëè÷åñêîãî
ñèíóñà ïîëó÷èì:

10.7.1. Ïðè ν →∞ (ñì. [1])

√
νsh−1

√
NBIN(ν, τ)

ν
d
= N(0, 1) + 0d(1). (63)

10.7.2. Ïðåîáðàçîâàíèå Anscomb (1948).

√
ν − 0.5sh−1

√
NBIN(ν, τ) + 3/8

ν − 3/4
d
= N(0, 1) + 0d(1). (64)

11. Ìîäåëèðîâàíèå ñëó÷àéíîé âåëè÷èíû.

12. Ñòàòèñòè÷åñêèå âûâîäû.

12.1. Äîñòàòî÷íûå ñòàòèñòèêè.
12.1.1. Ïàðàìåòð ν � èçâåñòíàÿ âåëè÷èíà.

Ïóñòü y = (y1, . . . , yn) , yi ∈ N , yi � í.î.ð. ñëó÷àéíûå âåëè÷èíû, i = 1, n ,

y1
d
= NBIN(ν, τ). (65)

Òîãäà S =
n∑

i=1

yi � ïîëíàÿ äîñòàòî÷íàÿ ñòàòèñòèêà,

S
d
= NBIN(nν, τ). (66)
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12.1.2. Îáà ïàðàìåòðà íå èçâåñòíû. Äîñòàòî÷íîé ñòàòèñòèêîé ÿâëÿåòñÿ âàðèàöèîí-
íûé ðÿä (y(1), . . . y(n)) .

12.2. Òî÷å÷íîå îöåíèâàíèå.
12.2.1. Ïàðàìåòð ν � èçâåñòíàÿ âåëè÷èíà.

ÎÌÏ èìååò âèä

τ̌n =
nν

S + nν
, (67)

à

τ̂ 0
n =

nν − 1

S + nν − 1
(68)

íåñìåùåííàÿ îöåíêà ñ ìèíèìàëüíîé äèñïåðñèåé.
Ñìåùåíèåì ÎÌÏ ÿâëÿåòñÿ

b(τ) = E{τ̌n − τ̂ 0
n} = E

{
S

(S + nν)(S + nν − 1)

}
> 0. (69)

Ñïèñîê ëèòåðàòóðû
[1] Äæîíñîí Í.Ë., Êîö Ñ., Êåìï À. Îäíîìåðíûå äèñêðåòíûå ðàñïðåäåëåíèÿ. ÁÈÍÎÌ, Ëàáîðàòîðèÿ

çíàíèé, Ì., 2010.

7


