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Ðàñïðåäåëåíèå Õîôìàíà (îäíîìåðíîå).

1. Îáîçíà÷åíèå ñåìåéñòâà ðàñïðåäåëåíèé: HOFM.

2. Ïàðàìåòðè÷åñêîå ïðîñòðàíñòâî.

Θ = {θ = (α, β, γ)T , α > 0, β > 0, γ ≥ 0},

t � ôèêñèðîâàííûé ìîìåíò âðåìåíè.

3. Îáîçíà÷åíèå è îáëàñòü çíà÷åíèé ñëó÷àéíîé âåëè÷èíû.

HOFM(α, β, γ; t) ∈ N+.

Ïðè t = 1 ïîëîæèì HOFM(α, β, γ, 1) = HOFM(α, β, γ).

4. Î âåðîÿòíîñòÿõ ñåìåéñòâà ðàñïðåäåëåíèé

4.1. Ôóíêöèîíàëüíûé âèä âåðîÿòíîñòåé

P{HOFM(α, β, γ; t) = k} = hofman(k;α, β, γ; t), k ∈ N+,

îïðåäåëÿþòñÿ íà îñíîâå çíà÷åíèé ïðîèçâîäÿùåé ôóíêöèè (ñì.ï.7, ôîðìóëà
(36)). Ïðè t = 1

hofman(k;α, β, γ; 1) = hofman(k;α, β, γ), k ∈ N+.

Äàëåå,

hofman(0;α, β, γ; t) = exp{−ψ(t;α, β, γ)}, (1)

ãäå

ψ(t;α, β, γ) =





αt ïðè γ = 0,
α

β(1−γ)
((1 + βt)1−γ − 1) ïðè γ 6= 1,

α
β

ln(1 + βt) ïðè γ = 1.

(2)

Äëÿ k = 1, 2, . . .

hofman(k;α, β, γ; t) = (−1)k
tk

k!

dk

dtk
{exp{−ψ(t;α, β, γ)}}. (3)

Ïîëîæèì hofman(k;α, β, γ; t) = h(k). Ñïðàâåäëèâî ñëåäóþùåå ðåêóððåíòíîå
ñîîòíîøåíèå

(k + 1)h(k + 1) =
αt

(1 + βt)γ

k∑
i=0

Γ(i+ γ)

Γ(γ)i!

(
βt

1 + βt

)i
h(k − i) (4)

Çàìåòèì, ÷òî ïðåäñòàâëåíèå äëÿ ψ(t;α, β, γ) â ôîðìå (2) ñïðàâåäëèâî è â ôîðìå

ψ(t;α, β, γ) =
αt

βt(1− γ)
((1 + βt)1−γ − 1)γ, (5)



åñëè íåîïðåäåëåííîñòü ïðè γ = 1 â ñîîòíîøåíèè (5) äîîïðåäåëÿòü, â ñîîòâåò-
ñòâèè ñ ïðàâèëîì Ëåéáíèöà, êàê

ψ(t;α, β, 1) ≡ α

β
ln(1 + βt).

Èç ïðåäñòàâëåíèé (2) è (5) ñëåäóåò, ÷òî åñëè êàêàÿ ëèáî ôîðìóëà èëè óòâåð-
æäåíèå ïîëó÷åíî äëÿ t = 1 è (α, β, γ) , òî îíî àâòîìàòè÷åñêè ïåðåíîñèòñÿ íà
ïðîèçâîëüíîå t , åñëè ñäåëàòü ïðè ýòîì ïîäñòàíîâêó: ïàðàìåòð (α, β, γ) çàìå-
íèòü íà (αt, βt, γ).

4.2. Ïðèâåäåì ÿâíûå âûðàæåíèÿ äëÿ h(k) (k = 0, 7) . Â ñëó÷àå γ 6= 1 è t = 1 èìååì:

h(0) = exp

{
− α

β(1− γ)
((1 + β)1−γ − 1)

}
,

(6)

h(1) =
α

(1 + β)γ
h(0),

(7)

h(2) =

{
α2 + αγβ(1 + β)γ−1

2!(1 + β)2γ

}
h(0),

(8)

h(3) =

{
α3 + 3α2γβ(1 + β)γ−1 + αγ(γ + 1)β2(1 + β)2(γ−1)

3!(1 + β)3γ

}
h(0),

(9)

h(4) =

{
α4 + 3α3γβ(1 + β)γ−1 + 3α3γβ(1 + β)2(γ−1) + 4α2γ(γ + 1)β2(1 + β)2(γ−1)

4!(1 + β)4γ
+

+
3α2γ2β2(1 + β)2(γ−1) + αγ(γ + 1)(γ + 2)β3(1 + β)3(γ−1)

4!(1 + β)4γ

}
h(0),

(10)

h(5) =

{
α5 + 7α4γβ(1 + β)γ−1 + 3α4γβ(1 + β)2(γ−1) + 10α3γ(γ + 1)β2(1 + β)2(γ−1)

5!(1 + β)5γ
+

+
15α3γ2β2(1 + β)2(γ−1) + 5α2γ(γ + 1)(γ + 2)β3(1 + β)3(γ−1)

5!(1 + β)5γ
+

+
10α2γ2(γ + 1)β3(1 + β)3(γ−1) + αγ(γ + 1)(γ + 2)(γ + 3)β4(1 + β)4(γ−1)

5!(1 + β)5γ

}
h(0),

(11)



h(6) =

{
α6 + 3α5γβ(1 + β)2(γ−1) + 12α5γβ(1 + β)γ−1 + 20α4γ(γ + 1)β2(1 + β)2(γ−1)

6!(1 + β)6γ
+

+
15α4γ2β2(1 + β)3(γ−1) + 30α4γ2β2(1 + β)2(γ−1)

6!(1 + β)6γ
+

+
15α3γ(γ + 1)(γ + 2)β3(1 + β)3(γ−1) + 60α3γ2(γ + 1)β3(1 + β)3(γ−1)

6!(1 + β)6γ
+

+
15α3γ3β3(1 + β)3(γ−1) + 6α2γ(γ + 1)(γ + 2)(γ + 3)β4(1 + β)4(γ−1)

6!(1 + β)6γ
+

+
15α2γ2(γ + 1)(γ + 2)β4(1 + β)4(γ−1) + 10α2γ2(γ + 1)2β4(1 + β)4(γ−1)

6!(1 + β)6γ
+

+
αγ(γ + 1)(γ + 2)(γ + 3)(γ + 4)β5(1 + β)5(γ−1)

6!(1 + β)6γ

}
h(0),

(12)

h(7) =

=

{
α7 + 3α6γβ(1 + β)2(γ−1) + 18α6γβ(1 + β)γ−1 + 35α5γ(γ + 1)β2(1 + β)2(γ−1)

7!(1 + β)7γ
+

+
33α5γ2β2(1 + β)3(γ−1) + 72α5γ2β2(1 + β)2(γ−1)

7!(1 + β)7γ
+

+
35α4γ(γ + 1)(γ + 2)β3(1 + β)3(γ−1) + 45α4γ2(γ + 1)β3(1 + β)4(γ−1)

7!(1 + β)7γ
+

+
165α4γ2(γ + 1)β3(1 + β)3(γ−1) + 105α4γ3β3(1 + β)3(γ−1)

7!(1 + β)7γ
+

+
21α3γ(γ + 1)(γ + 2)(γ + 3)β4(1 + β)4(γ−1)

7!(1 + β)7γ
+

+
105α3γ2(γ + 1)(γ + 2)β4(1 + β)4(γ−1) + 70α3γ2(γ + 1)2β4(1 + β)4(γ−1)

7!(1 + β)7γ
+

+
105α3γ3(γ + 1)β4(1 + β)4(γ−1) + 7α2γ(γ + 1)(γ + 2)(γ + 3)(γ + 4)β5(1 + β)5(γ−1)

7!(1 + β)7γ
+

+
21α2γ2(γ + 1)(γ + 2)(γ + 3)β5(1 + β)5(γ−1)

7!(1 + β)7γ
+

+
35α2γ2(γ + 1)2(γ + 2)β5(1 + β)5(γ−1)

7!(1 + β)7γ
+

+
αγ(γ + 1)(γ + 2)(γ + 3)(γ + 4)(γ + 5)β6(1 + β)6(γ−1)

7!(1 + β)7γ

}
h(0).

(13)

Ïðè γ = 0

L′(HOFM(α, β, 0; t)) = L′(POIS(αt)), (14)

ïðè γ = 1

L′(HOFM(α, β, 1; t)) = L′
(
NBIN

(
α

β
,

1

1 + βt

))
, (15)



ïðè γ = 1
2

L′(HOFM(α, β,
1

2
; t)) = L′

(
POIS/INV G

(
2α

β
, βt

))
, (16)

ïðè γ = 2

L′(HOFM(α, β, 2; t)) = L′
(
POLAEP

(
α

β
,

βt

1 + βt

))
. (17)

5. Èíòåðïðåòàöèÿ è îáëàñòè ïðèìåíåíèÿ.
Ñåìåéñòâî ðàñïðåäåëåíèé Õîôìàíà ([1], [2]) èñïîëüçóþòñÿ ïðè ìîäåëèðîâàíèè ÷à-
ñòîòû ñòðàõîâûõ ñëó÷àåâ â àâòîñòðàõîâàíèè [3] è â äðóãèõ âèäàõ ñòðàõîâàíèÿ �íå
- æèçíè� , [4]. Ýòî áîãàòîå ñåìåéñòâî ðàñïðåäåëåíèé â êà÷åñòâå ÷àñòíûõ ñëó÷à-
åâ âêëþ÷àåò â ñåáÿ ïóàññîíîâñêîå (ïðè γ = 0) , îòðèöàòåëüíî áèíîìèíàëüíîå
(ïðè γ = 1) , ïóàññîí-îáðàòíî ãàóññîâñêîå (ïðè γ = 0.5) , ðàñïðåäåëåíèÿ Ïîéà-
Àýïëè (ïðè γ = 2) , ñîîòâåòñòâóþùàÿ ïàðàìåòðèçàöèÿ ïðåäñòàâëåíà â (14), (15),
(16) è (17). Ïðè γ →∞, β → 0, γβ → const îíî ñõîäèòñÿ ê ðàñïðåäåëåíèþ Íåéìàíà
òèïà À. Ðàñïðåäåëåíèÿ ñåìåéñòâà Õîôìàíà ÿâëÿþòñÿ áåñêîíå÷íî äåëèìûìè. Îíè
äîïóñêàþò ïðåäñòàâëåíèÿ, ñ îäíîé ñòîðîíû, êàê ñìåñè ðàñïðåäåëåíèé ïóàññîíîâñêèõ
ñëó÷àéíûõ âåëè÷èí, à ñ äðóãîé êàê ðàñïðåäåëåíèÿ ñîñòàâíîãî ïóàññîíîâñêîãî ïðî-
öåññà.

6. Ñòîõàñòè÷åñêèå ïðåäñòàâëåíèÿ è òîæäåñòâà.

6.1. Ïðåäñòàâëåíèå â âèäå ñîñòàâíîãî ðàñïðåäåëåíèÿ (â âèäå ñëó÷àéíîãî ÷èñëà ñëó-
÷àéíûõ ñëàãàåìûõ)
Ïóñòü t � ôèêñèðîâàííûé ìîìåíò âðåìåíè,

ν(t)
d
= POIS(ψ(t;α, β, γ)).

Ðàññìîòðèì ïîñëåäîâàòåëüíîñòü í.î.ð. ñëó÷àéíûõ âåëè÷èí ξ1, ξ2, . . . òàêîâà, ÷òî
P{ξ1 = 0} = 0 ,

P{ξ1 = r}
P{ξ1 = r − 1} = a+

b

r
, r > 1, r − öåëûå, (18)

ò.å. ξi ∈ D(a, b, 1) . Ïîëîæèì

a =
βt

1 + βt
, b = (γ − 2)

βt

1 + βt
. (19)

Ïðåäïîëîæèì, ÷òî ïóàññîíîâñêèé ïðîöåññ ν(t) è ñëó÷àéíûå âåëè÷èíû

ξi, i = 1, 2, . . . , íåçàâèñèìû. Òîãäà HOFM(α, β, γ; t)
d
=

ν(t)∑
i=1

ξi , ïðè÷åì
HOFM(α, β, γ; t) = 0 ïðè ν(t) = 0 . Îáðàòèì âíèìàíèå, ÷òî íà ñàìîì äåëå
ξi = ξi(t)! Ïðè γ = 0 âåðîÿòíîñòè

{
P{ξ1 = 1} = 1,

P{ξ1 = r} = 0 äëÿ r = 2, 3, . . . ;
(20)



ïðè γ > 0





P{ξ1 = 1} = (γ−1)βt
(1+βt)γ−(1+βt)

,

P{ξ1 = r} = (γ−1)(βt)r

{(1+βt)γ−(1+βt)}(1+βt)r−1

r∏
j=2

(1 + γ−2
j

) äëÿ r = 2, 3, . . . .
(21)

6.2. Ïðåäñòàâëåíèå â âèäå ñìåñè ïóàññîíîâñêèõ ðàñïðåäåëåíèé
6.2.1. Ïðåäïîëîæèì, ÷òî K � ñëó÷àéíàÿ âåëè÷èíà ñ ôóíêöèåé ðàñïðåäåëåíèÿ

L(K) = V (κ), κ > 0. (22)

Ïóñòü ïðè K = κ óñëîâíîå ðàñïðåäåëåíèå ñëó÷àéíîé âåëè÷èíû N(t) èìååò
âèä

{N(t)|K = κ} = N(t;κ)
d
= POIS(κt). (23)

Åñëè ïðåîáðàçîâàíèåì Ëàïëàñà ôóíêöèè ðàñïðåäåëåíèÿ V (κ) ÿâëÿåòñÿ

λ(s;K) = exp{−ψ(s;α, β, γ)}, (24)

ò.å.
λ(s;K) = hofm(0;α, β, γ; s), (24′)

òî ñëó÷àéíàÿ âåëè÷èíà N(t) , áåçóñëîâíûå âåðîÿòíîñòè êîòîðîé ïðåäñòàâ-
ëÿþòñÿ â âèäå

P{N(t) = k} =

∞∫

0

(κt)ke−{t

k!
dV (κ), k = 0, 1, 2, . . . (25)

ÿâëÿåòñÿ ñëó÷àéíîé âåëè÷èíîé Õîôìàíà, [4].
6.2.2. Ñâîéñòâà ñìåøèâàþùåé ôóíêöèè V (κ)

Èç ñîîòíîøåíèÿ (21) ïîëó÷àåì{
E{K; θ} = α,

D{K; θ} = αβγ.
(26)

Ïðîèçâîäÿùàÿ ôóíêöèÿ ñåìèíâàðèàíòîâ äëÿ ñëó÷àéíîé âåëè÷èíû K îïðå-
ëÿåòñÿ êàê

lnE{esK; θ} = lnh(0;α, β, γ;−s) = −ψ(−s;α, β, γ). (27)

Èç ðàâåíñòâà (27) ïîëó÷àåì ïàðàìåòðè÷åñêîå ïðåäñòàâëåíèå äëÿ ñåìèíâà-
ðèàíòîâ

k1 = αt,

kr = αt(βtγ)r−1

(
1 +

1

γ

)(
1 +

2

γ

)
. . .

(
1 +

r − 2

γ

)
äëÿ r ≥ 2. (28)

Ðàâåíñòâî (24) ìîæíî ðàññìàòðèâàòü êàê èíòåãðàëüíîå óðàâíåíèå îòíîñè-
òåëüíî V (·), à èìåííî

∞∫

0

e−s{dV (κ) = exp{−ψ(s;α, β, γ)}. (29)



Êàê ïîêàçàíî â ðàáîòå [5]
V (κ) = V (κ;α, β, γ) =

=
1

π

{∫

0

1

α

(
β(1− γ)

α

)1−γ {
exp

(
α

β(1− γ)
− x

βt

)}
× (30)

×
∞∑
r=1

Γ(r(1− a)− 1)

r!
(−1)r−1

(
x

βt

(
β(1− γ)

α

)1−γ)−(r(1−γ)−1)

×

× sin((1− γ)rπ)dx.

Â îáùåì ñëó÷àå ôóíêöèÿ ðàñïðåäåëåíèÿ (30) âåñüìà ñëîæíà. Îäíàêî, åñëè
γ = 1, òî

L(K) = L
(
G

(
α

β
, β

))
, (31)

ò.å. àïðèîðíîå ðàñïðåäåëåíèå ïðèíàäëåæèò ñåìåéñòâó ãàììà ðàñïðåäåëåíèé.
Äàëåå, åñëè, íàïðèìåð, γ = 1

2
, òî

L(K) = L
(
INV G

(
2α

β
, α

))
, (32)

ò.å. àïðèîðíîå ðàñïðåäåëåíèå V (κ) ïðèíàäëåæèò ñåìåéñòâó îáðàòíî-
ãàóññîâñêèõ ðàñïðåäåëåíèé.

6.3. Ïóñòü HOFM(α, β, γ; t) íåçàâèñèìû, αi > 0 , i = 1, 2 .
Òîãäà HOFM(α1, β, γ; t) +HOFM(α2, β, γ; t)

d
= HOFM(α1 + α2, β, γ; t) .

7. Õàðàêòåðèñòè÷åñêèå ïðåîáðàçîâàíèÿ ðàñïðåäåëåíèé

7.1. Ïðîèçâîäÿùàÿ ôóíêöèÿ
Ïóñòü N(t)

d
= HOFM(α, β, γ; t)

π(z) = π(z;N(t);α, β, γ; t) =

= E{zN(t);α, β, γ; t} = exp{−ψ(t(1− z);α, β, γ)}. (33)

Â ÷àñòíîñòè, ïðè γ = 0 (ïóàññîíîâñêèé ñëó÷àé)

π(z) = exp{−αt(1− z)}, (34)

ïðè γ = 1 (îòðèöàòåëüíî - áèíîìèíàëüíûé ñëó÷àé)

π(z) =

(
1

1 + βt(1− z)

)α
β

, (35)

ïðè γ = 2 (ñëó÷àé Ïîéà - Èïïëè ðàñïðåäåëåííîñòè)

π(z) = exp

{
α

β

(
1

1 + βt(1− z)
− 1

)}
, (36)

ïðè γ = 1
2
(ñëó÷àé Ïóàññîí/îáðàòíîãàóññîâñêîé ðàñïðåäåëåííîñòè)

π(z) = exp

{
2α

β

(
1−

√
1 + βt(1− z)

)}
, (37)



ïðè γ → ∞, β → ∞, γβ → ∞ (ñëó÷àé ñõîäèìîñòè ê ðàñïðåäåëåíèþ Íåéìàíà
òèïà À)

π(z)→ exp
{
−α
ν

(1− exp νt(1− z))
}
. (38)

7.2. Ïðîèçâîäÿùàÿ ôóíêöèÿ ìîìåíòîâ

M(s) = M(s;N(t)) = E exp{sN(t)} = exp{−ψ(t(1− es);α, β, γ)}. (39)

8. Ìîìåíòíûå õàðàêòåðèñòèêè ñëó÷àéíîé âåëè÷èíû Õîôìàíà ïðè γ 6= 1 1

8.1. Íà÷àëüíûå ìîìåíòû

a1 = αt,

a2 = α2t2 + αβγt2 + αt,

a3 = α3t3 + 3α2βγt3 + 2β2γ(γ + 1)t3 + 3α2t2 + 3αβγt2 + αt. (40)

8.2. Öåíòðàëüíûå ìîìåíòû

m2 = αβγt2 + αt (41)

8.3. Ôàêòîðèàëüíûå ìîìåíòû.

f1 = αt,

f2 = α2t2 + αβγt2,

f3 = α3t3 + 3α2βγt3 + αβ2γ(γ + 1)t3. (42)

9. Èíôîðìàöèîííûå ôóíêöèè

10. Àíàëèòè÷åñêèå ñâîéñòâà ñåìåéñòâà ðàñïðåäåëåíèé

10.1. Áåñêîíå÷íàÿ äåëèìîñòü
Èç ñîîòíîøåíèÿ (33) ñëåäóåò, ÷òî ïðè öåëûõ n > 0

(
π
(
z;N(t);

α

n
, β, γ; t

))n
= π(z;N(t);α, β, γ; t), (43)

ò.å. ñåìåéñòâî HOFM ïðèíàäëåæèò êëàññó áåñêîíå÷íî äåëèìûõ ðàñïðåäåëå-
íèé.

10.2. Èç ðàçäåëà 6.1 ñëåäóåò, ÷òî ñåìåéñòâî HOFM ïðèíàäëåæèò êëàññó ñåìåéñòâ
ðàñïðåäåëåíèé, ïîðîæäàåìûõ ñòîõàñòè÷åñêîé ìîäåëüþ "ñëó÷àéíîãî ÷èñëà ñëó-
÷àéíûõ âåëè÷èí".

10.3. Èç ðàçäåëà 6.2 ñëåäóåò, ÷òî ñåìåéñòâî HOFM ïðèíàäëåæèò êëàññó ñìåøàííûõ
ñåìåéñòâ ðàñïðåäåëåíèé.

1Ìîìåíòû ðàñïðåäåëåíèÿ Õîôìàíà ïðè γ = 1 â ñîîòâåòñòâèè ñ ðàâåíñòâîì (15) ìîæíî ïîëó÷èòü íà
îñíîâå ï. 8 ðàçäåëà "Îòðèöàòåëüíî áèíîìèíàëüíîå ðàñïðåäåëåíèå."



11. Ìîäåëèðîâàíèå ñëó÷àéíîé âåëè÷èíû Õîôìàíà
Àëãîðèòì H1 .
Îí îñíîâàí íà ïðåäñòàâëåíèè ñëó÷àéíîé âåëè÷èíû HOFM(α, β, γ; t) â âèäå ñëó÷àé-
íîãî ÷èñëà ñëó÷àéíûõ âåëè÷èí (ñì. ïóíêò 6.1), ò.å.

HOFM(α, β, γ; t)
d
=





ν(t)∑
i=1

ξi, åñëè ν(t) > 0,

0, åñëè ν(t) = 0,

(44)

â ïðåäïîëîæåíèè, ÷òî γ > 0 .
Â ñîîòíîøåíèè (44)

ν(t)
d
= POIS(ψ(t;α, β, γ)). (45)

Ïîñëå ðåàëèçàöèè çíà÷åíèÿ ν(t) (ñì.[6] ðàçäåë 11 ïàðàãðàôà "Ïóàññîíîâñêîå ðàñ-
ïðåäåëåíèå") ïîðîæäàþòñÿ ν(t) íåçàâèñèìûõ ðåàëèçàöèé ñëó÷àéíûõ âåëè÷èí ξi ,
ïðèíèìàþùèõ çíà÷åíèÿ èç N ñ âåðîÿòíîñòÿìè





P{ξ1 = 1} = (γ−1)βt
(1+βt)γ−(1+βt)

,

P{ξ1 = r} = (γ−1)(βt)r

{(1+βt)γ−(1+βt)}(1+βt)r−1

r∏
j=2

(1 + γ−2
j

) äëÿ r = 2, 3, . . . .
(46)

Ïðè γ = 0 âåðîÿòíîñòè
{

P{ξ1 = 1} = 1,

P{ξ1 = r} = 0 äëÿ r = 2, 3, . . . ,
(47)

ò.å. ðå÷ü èäåò î ìîäåëèðîâàíèè ïóàññîíîâñêîé ñëó÷àéíîé âåëè÷èíû ñ ïàðàìåòðîì
αt .
Àëãîðèòì H2 .
Ïóñòü





P{N(α, β, γ; t) ≤ r} = HOFM(r;α, β, ν; t) =

=
r∑
i=0

hofm(i;α, β, γ; t) =
r∑
i=0

h(i), r = 0, 1, 2, . . .
(48)

Ïîëîæèì

U
d
= U(0, 1). (49)

Òîãäà

HOFM(α, β, γ; t) =





0, åñëè U ≤ h(0),

r, åñëè HOFM(r − 1;α, β, γ; t) < U ≤
≤ HOFM(r;α, β, γ; t),

r = 1, 2, 3, . . .

(50)



12. Ñòàòèñòè÷åñêèå âûâîäû
Ïóñòü y = (yi, . . . , yn)T , yi ∈ N+, yi � í.î.ð. ñëó÷àéíûå âåëè÷èíû,

y1
d
= HOFM(α, β, γ).

12.1. Ñåìåéñòâî ðàñïðåäåëåíèé HOFM íå ïðèíàäëåæèò êëàññó ñåìåéñòâ ýêñïîíåí-
öèàëüíîãî òèïà. Äîñòàòî÷íîé ñòàòèñòèêîé äëÿ íåãî ÿâëÿåòñÿ âàðèàöèîííûé ðÿä
âûáîðêè.

12.2. Òî÷å÷íûå îöåíèâàíèÿ
12.2.1. Îöåíêè ìàêñèìóìà ïðàâäîïîäîáèÿ

Ïóñòü

l(α, β, γ; y) = ln
n∏
i=1

lnhofm(yi;α, β, γ) (51)

ôóíêöèÿ ïðàâäîïîäîáèÿ. Óðàâíåíèå ìàêñèìóìà ïðàâäîïîäîáèÿ
grad(α,β,γ)T l(α̌, β̌, γ̌; y) = 0 (52)

â ÿâíîì âèäå îòíîñèòåëüíî θ̌ = (α̌, β̌, γ̌)T íå ðàçðåøàåòñÿ. Ðåêîìåíäóåòñÿ
âîñïîëüçîâàòüñÿ äëÿ ïîëó÷åíèÿ ïðèáëèæåííîãî ðåøåíèÿ ñèñòåìû (52) ìå-
òîäîì Íüþòîíà-Ðàôñîíà. Â êà÷åñòâå íóëåâîãî ïðèáëèæåíèÿ ìîæíî âçÿòü
îöåíêè ïî ìåòîäó ôàêòîðèàëüíûõ ìîìåíòîâ.

12.2.2. Îöåíêè ìåòîäà ôàêòîðèàëüíûõ ìîìåíòîâ (ÎÌÔÌ)
Âåêòîð (f̂1, f̂2, f̂3)T èç ïåðâûõ òðåõ âûáîðî÷íûõ ôàêòîðèàëüíûõ ìîìåíòîâ





f̂1 = ȳn = 1
n

n∑
i=0

iνi,

f̂2 = 1
n

r∑
i=0

i(i− 1)νi,

f̂3 = 1
n

r∑
i=0

i(i− 1)(i− 2)νi,

(53)

ÿâëÿþòñÿ ñîñòîÿòåëüíîé è àñèìïòîòè÷åñêè íîðìàëüíîé îöåíêîé âåêòîðà èç
ñîîòâåòñòâóþùèõ òåîðåòè÷åñêèõ ôàêòîðèàëüíûõ ìîìåíòîâ, ñì. ïóíêòû 7 è
8: 




f̂1(α, β, γ) = π′z(1;α0, β0, γ0) = α0,

f̂2(α, β, γ) = π′′z (1;α0, β0, γ0) = α2
0 + α0β0γ0,

f̂3(α, β, γ) = π′′′z (1;α0, β0, γ0) = α3
0 + 3α2

0β0γ0 + α0β
2
0γ0(1 + γ).

(54)

Ñèñòåìà
(f1(α̂n, β̂n, γ̂n), f2(α̂n, β̂n, γ̂n), f3(α̂n, β̂n, γ̂n))T = (f̂1, f̂2, f̂3)T (55)

ðàçðåøèìà îòíîñèòåëüíî θ̂n = (α̂n, β̂n, γ̂n) :
α̂n = f̂1

β̂n =
f̂ 4

1 + f̂1f̂3 − f̂ 2
1 f̂2 − f̂ 2

2

f̂1(f̂2 − f̂ 2
1 )

(56)

γ̂n =
(f̂2 − f̂ 2

1 )2

f̂ 4
1 + f̂1f̂3 − f̂ 2

1 f̂2 − f̂ 2
2

.



Îöåíêà ÎÌÔÌ (α̂n, β̂n, γ̂n)T ÿâëÿåòñÿ ñîñòîÿòåëüíîé è àñèìïòîòè÷åñêè íîð-
ìàëüíîé îöåíêîé ïîðîæäàþùåãî ïàðàìåòðà (α0, β0, γ0)T .
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