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Î êðèòåðèÿõ õè-êâàäðàò.
Ðàññìîòðèì ïîñëåäîâàòåëüíîñòü n íåçàâèñèìûõ èñïûòàíèé, â ðåçóëüòàòå êàæäîãî èç

êîòîðûõ ïðîèñõîäèò îäíî èç íåñîâìåñòíûõ ñîáûòèé A1, . . . , Ar : Ak ∩ Aj = 0 ïðè k 6= j ,
P

{
r⋃

i=1

Ai

}
= 1 . Îáîçíà÷èì Aij ñîáûòèå, ñîñòîÿùåå â òîì, ÷òî â i -îì èñïûòàíèè îñóùå-

ñòâèëîñü ñîáûòèå Aj . Òîãäà ñëó÷àéíûå âåëè÷èíû

νj =
n∑

i=1

bc′ (Aij)

ðàâíû ÷èñëó îñóùåñòâëåíèé ñîáûòèé Aj â n íåçàâèñèìûõ èñïûòàíèÿõ, j = 1, r .
Äàëåå, ïóñòü äàííûå ν = (ν1, . . . νr)

T ,
r∑

j=1

νj = n, θ = (π1, . . . , πr)
T , πj = P{Aij} , i = 1, n ,

r∑
j=1

πj = 1.

Âåêòîð äàííûõ ν èìååò ïîëèíîìèàëüíîå ðàñïðåäåëåíèå

P

{
r⋂

j=1

(νj = kj); θ

}
= n!

r∏
j=1

π
kj

j

kj!
. (1)

Ïðè ïðîâåðêå ïðîñòîé ãèïîòåçû Γ1 : θ0 = (π01, . . . , π0r) ïðîòèâ ñëîæíîé àëüòåðíàòèâû
Γ2 : θ0 6= (π01, . . . , π0r) , ãäå π0j � çàäàííûå ÷èñëà,

r∑
j=1

π0j = 1 , òðàäèöèîííî èñïîëüçóåòñÿ

êðèòåðèé õè-êâàäðàò. Åãî ñòàòèñòèêà êðèòåðèÿ èìååò âèä

T (y) =
r∑

j=1

(νj − nπ0j)
2

nπ0j

(2)

Äëÿ íàõîæäåíèÿ ôóíêöèè ðàñïðåäåëåíèÿ ñòàòèñòèêè T (y) ïðè ãèïîòåçå Γ1 íåîáõîäè-
ìî, â ñëó÷àå êîíå÷íûõ n , ïðîñóììèðîâàòü ñîîòâåòñòâóþùèå ïîëèíîìèàëüíûå âåðîÿòíîñòè
(1). Â ðåçóëüòàòå ïîëó÷èì î÷åíü ñëîæíîå âûðàæåíèå, ñóùåñòâåííî çàâèñÿùåå îò θ0 , r è
n .

Ýòî îáñòîÿòåëüñòâî èñêëþ÷àåò âîçìîæíîñòü òàáóëèðîâàíèÿ L(T (y)) èëè ñîñòàâëå-
íèÿ îáîçðèìîé êîìïüþòåðíîé ïðîãðàììû. Àñèìïòîòè÷åñêîå æå ðàñïðåäåëåíèå ñòàòèñòèêè
T (y) ïðè n → ∞ , â ñëó÷àå ñïðàâåäëèâîñòè ãèïîòåçû Γ1 , îáëàäàåò çàìå÷àòåëüíûì ñâîé-
ñòâîì íåçàâèñèìîñòè îò êîíêðåòíûõ çíà÷åíèé êîìïîíåíò âåêòîðà (π01, . . . , π0r)

T .
Ïðèâåäåì ïðåäâàðèòåëüíî ðÿä âñïîìîãàòåëüíûõ óòâåðæäåíèé. Íàïîìíèì, ÷òî êâàä-

ðàòíóþ ìàòðèöó B íàçûâàþò èäåìïîòåíòíîé, åñëè B2 = B . Ïóñòü dimB = k × k .
Ëåììà 1. Ïðåäïîëîæèì, ÷òî âåùåñòâåííàÿ ñèììåòðè÷åñêàÿ ìàòðèöà B ÿâëÿåòñÿ

èäåìïîòåíòíîé. Òîãäà âñå åå ñîáñòâåííûå ÷èñëà ðàâíû íóëþ èëè åäèíèöå.
Äîêàçàòåëüñòâî. Ïóñòü C � îðòîãîíàëüíàÿ ìàòðèöà, ïðèâîäÿùàÿ B ê äèàãîíàëüíî-

ìó âèäó

CTBC = diag(λ1, . . . , λk),
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ãäå λ1, . . . , λk � ñîáñòâåííûå ÷èñëà ìàòðèöû B . Èìååì

diag(λ1, . . . , λk) = CTBC = CTB2C = CTBBC = (3)
= CTBCCTBC = {diag(λ1, . . . , λk)}2 = diag{λ2

1, . . . , λ
2
k},

ò. å. λi = λ2
i , i = 1, k . Ëåììà äîêàçàíà.

Ëåììà 2. Ïóñòü Z
d
= Nk(0,V) , à λ1, . . . , λk � ñîáñòâåííûå ÷èñëà ìàòðèöû V .

Òîãäà äëÿ êâàäðàòè÷åñêîé ôîðìû ZTZ ñïðàâåäëèâî ñòîõàñòè÷åñêîå ïðåäñòàâëåíèå

ZTZ
d
=

k∑
i=1

λiN
2
i , (4)

ãäå N2
i � í.î.ð., Ni

d
= N(0, 1), i = 1, k.

Äîêàçàòåëüñòâî. Ïóñòü C � îðòîãîíàëüíàÿ ìàòðèöà, ïðèâîäÿùàÿ êîâàðèàöèîííóþ
ìàòðèöó V ê äèàãîíàëüíîìó âèäó, ò. å.

CTVC = diag(λ1, . . . , λk)
T . (5)

Ïîñêîëüêó V ≥ 0 , òî âñå λi ≥ 0, i = 1, k . Ïîëîæèì X = CTZ . Â ýòîì ñëó÷àå

X = CTZ
d
= Nk(0, diag(λ1, . . . , λk))

d
= diag(

√
λ1, . . . ,

√
λk)Nk(0, bc′ ). (6)

Èç (6), ïîñêîëüêó
CTC = bc′ , (7)

èìååì

ZTZ = (CX)T (CX) = XTCTCX = XTX =
d
= (Nk(0, bc′ ))T (diag(

√
λ1, . . . ,

√
λk))

T diag(
√

λ1, . . . ,
√

λk)Nk(0, bc′ ) = (8)
d
=

k∑
i=1

λiN
2
i ,

ò. å. èç (8) ñëåäóåò ñïðàâåäëèâîñòü (4).
Çàìå÷àíèå 1. Íàïîìíèì, ÷òî ñëåäîì êâàäðàòíîé ìàòðèöû

B = (bij; i, j = 1, k, j = 1, k)

íàçûâàþò âåëè÷èíó trB =
k∑

i=1

bii . Åñëè λi, i = 1, k � ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû
B , òî

trB =
k∑

i=1

λi. (9)

Ëåììà 3. Åñëè Z = Nk(0,V) , à V � èäåìïîòåíòíà, òî

ZTZ
d
= χ2

ν , ãäå ν = trV. (10)
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Äîêàçàòåëüñòâî. Ñïðàâåäëèâîñòü ïðåäñòàâëåíèÿ (10) âûòåêàåò èç Çàìå÷àíèÿ 1 è
ëåìì 1 è 2.

Çàìåòèì, ÷òî íåïîñðåäñòâåííî äîêàçûâàþòñÿ ñëåäóþùèå ñîîòíîøåíèÿ
{

tr(B1 + B2) = trB1 + trB2,

tr(B1B2) = tr(B2B1)
(11)

äëÿ ëþáûõ êâàäðàòíûõ ìàòðèö Bi, i = 1, 2 (ñì. Âîåâîäèí è Êóçíåöîâ (1984)).
Òåîðåìà 1. Ïóñòü ãèïîòåçà Γ1 òàêîâà, ÷òî π0j > 0, j = 1, r,

r∑
j=1

π0j = 1. Òîãäà ïðè
n →∞

r∑
j=1

(νj − nπ0j)
2

nπ0j

d
= χ2

r−1 + 0d(1). (12)

Äîêàçàòåëüñòâî. Îáîçíà÷èì

Zj =
√

n




νj

n
− π0j

√
π0j


 , j = 1, r,

Z = (Z1, . . . , Zr)
T ,

L = (l1, . . . , lr)
T , lj =

√
π0j, j = 1, r,

Èìååì, EZ = 0 . Ïîêàæåì, ÷òî

COV(Z,Z) = 1− LLT . (13)

DZj =
Dνj

nπ0j

=
nπ0j(1− π0j)

nπ0j

= 1− π0j = 1− ljlj, (14)

à âíåäèàãîíàëüíûé (j, k) -ûé ýëåìåíò

cov{Zj, Zk} =
cov{νj, νk}
n
√

π0jπ0k

=
ncov{1(Aik), 1(Aik)}

n
√

π0jπ0k

= −√π0jπ0k = −ljlk. (15)

Âîñïîëüçóåìñÿ öåíòðàëüíîé ïðåäåëüíîé òåîðåìîé äëÿ ïîëèíîìèàëüíîãî ðàñïðåäåëåíèÿ
ïðè n →∞ ïîëó÷àåì

Z
d
= Nr(0,1− LLT ) + 0d(1). (16)

Îñòàëîñü ïîêàçàòü èäåìïîòåíòíîñòü êîâàðèàöèîííîé ìàòðèöû âåêòîðà Z :

(COV(Z,Z))2 = (1− LLT )2 = 1− LLT − LLT + LLTLLT = 1− LLT = COV(Z,Z)

Äàëåå, èç (11) âûòåêàåò, ÷òî tr(1 − LLT ) = tr1 − trLLT = r −
e∑

i=1

π0j = r − 1. Èñïîëüçóÿ
ïðåäñòàâëåíèå (16), à òàêæå óòâåðæäåíèå ëåììû 3, óáåæäàåìñÿ â ñïðàâåäëèâîñòè òåîðå-
ìû 1.

Çàìå÷àíèå 2. Ñîîòíîøåíèå (12) áûëî ïîëó÷åíî Áåíüÿìå åùå â 1838 ãîäó (ñì. Äæîí-
ñîí, Êîòö è Áàëàêðèøíàí (1997)). Íî ëèøü Ê. Ïèðñîí â 1900 ãîäó ïðåäëîæèë åãî èñïîëü-
çîâàòü äëÿ ðàñ÷åòà óðîâíåé çíà÷èìîñòè êðèòåðèåâ òèïà õè-êâàäðàò.
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Çàìå÷àíèå 3. Êðèòè÷åñêàÿ îáëàñòü êðèòåðèÿ õè-êâàäðàò îïðåäåëÿåòñÿ êàê

{y : T (y) > C}.

Ïîñòîÿííàÿ C = C(α1) âûáèðàåòñÿ òàê, ÷òîáû êðèòåðèé èìåë àñèìïòîòè÷åñêóþ
îøèáêó ïåðâîãî ðîäà α1 :

α1 = 1−KHI(C(α1); r − 1). (17)

Àñèìïòîòè÷åñêèé íàáëþäåííûé óðîâåíü çíà÷èìîñòè îïðåäåëÿåòñÿ êàê

αíàáë = 1−KHI(T (y); r − 1). (18)

4



Çàìå÷àíèå 4. Ïóñòü y = (y1, . . . yr) , yi � í.î.ð. ñëó÷àéíûå âåëè÷èíû, yi ∈ R1 .
Äëÿ ïðîâåðêè ïðîñòîé ãèïîòåçû Γ1 : L(yi) = F0(u) ïðîòèâ ñëîæíîé àëüòåðíàòèâû
Γ2 : L(yi) 6= F0(u) êðèòåðèé ñîãëàñèÿ ñ Γ1 ÷àñòî ñòðîèòñÿ íà îñíîâå èñïîëüçîâàíèÿ
ñòàòèñòèêè (2) èëè åé ýêâèâàëåíòíûõ ñòàòèñòèê. Äëÿ ýòîãî ïðÿìàÿ R1 ðàçáèâàåòñÿ
íà r èíòåðâàëîâ:

(−∞, a1), [a1, a2), . . . , [aj, aj+1), . . . , [ar−1,∞),

ãäå aj , j = 1, r − 1 , � çàäàþòñÿ çàðàíåå, äî ïîëó÷åíèÿ y0 . Çàòåì

a) ïîäñ÷èòûâàþòñÿ ÷àñòîòû ïîïàäàíèÿ íàáëþäåíèé â îòäåëüíûå èíòåðâàëû
νj = n

(
F̂n(aj+1)− F̂n(aj)

)
, ãäå F̂n(u) =

1

n

n∑
i=1

bc′ (yi < u) � ýìïèðè÷åñêàÿ ôóíêöèÿ
ðàñïðåäåëåíèÿ,

b) âû÷èñëÿþòñÿ âåðîÿòíîñòè

π0j = F0(aj+1)− F0(aj), (19)

ãäå a0 = −∞, ar = +∞, j = 0, r.

Âåêòîð x = (ν1, . . . , νr)
T íàçûâàþò ãðóïïèðîâàííûìè äàííûìè. Èíîãäà äàííûå èçíà-

÷àëüíî ìîæíî ïîëó÷èòü ëèøü â ãðóïïèðîâàííîì âèäå. Â ïðèíÿòûõ îáîçíà÷åíèÿõ äëÿ
ïðîâåðêè ãèïîòåçû Γ1 ïðèìåíÿåòñÿ ñòàòèñòèêà (2), ñ åñòåñòâåííîé çàìåíîé ñèìâîëà
y íà x .

Ñîîòâåòñòâóþùèé ýòîé ñòàòèñòèêå àñèìïòîòè÷åñêèé íàáëþäåííûé óðîâåíü çíà-
÷èìîñòè âû÷èñëÿåòñÿ íà îñíîâå ïðèáëèæåíèÿ (12) ïî ôîðìóëå (18).

Îáðàòèì âíèìàíèå, ÷òî èñïîëüçîâàíèå êðèòåðèÿ õè-êâàäðàò äëÿ ïðîâåðêè ïðîñòîé
ãèïîòåçû Γ1 : L(yi) = F0(u) ïðîòèâ ñëîæíîé àëüòåðíàòèâû Γ2 : L(yi) 6= F0(u) íà
îñíîâå íåãðóïïèðîâàííûõ îäíîìåðíûõ äàííûõ òèïà íåçàâèñèìîé âûáîðêè öåëåñîîáðàçíî
ëèøü äëÿ äèñêðåòíûõ äàííûõ.

Äåëî â òîì, ÷òî äëÿ ïðîâåðêè ãèïîòåçû Γ1 ïðîòèâ àëüòåðíàòèâû Γ2 äëÿ íåïðåðûâ-
íûõ äàííûõ åñòåñòâåííî èñïîëüçîâàòü áîëåå ìîùíûé êðèòåðèé Êîëìîãîðîâà (ñì. ðàçäåë
"Êðèòåðèé Êîëìîãîðîâà").

Çàìå÷àíèå 5. Ïóñòü y = (y1, . . . ,yn) , yi � í.î.ð. ñëó÷àéíûå âåëè÷èíû, yi ∈ Rk . Â
ýòîì ñëó÷àå äëÿ ïðîâåðêè ïðîñòîé ãèïîòåçû

Γ1 : L(y1) = F0(u), u ∈ Rk, (20)

ïðîòèâ àëüòåðíàòèâû
Γ2 : L(y1) 6= F0(u), u ∈ Rk,

òàêæå ìîæíî ïîñòðîèòü êðèòåðèé òèïà õè-êâàäðàò. Äëÿ ýòîãî ðàññìàòðèâàþò êî-
íå÷íîå ðàçáèåíèå ïðîñòðàíñòâà Rk :

B =

{
B1, B2, . . . , Br;

r⋃
i=1

Bi = Rk, Bi

⋂
Bj = ® ïðè i 6= j, i, j = 1, r

}
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ïðîñòðàíñòâà ìíîæåñòâà çíà÷åíèé ñëó÷àéíîé âåëè÷èíû y1 , äëÿ êîòîðîãî

π0i = P{Bi} > 0 äëÿ i = 1, r.

Ïîñëå ýòîãî, äëÿ ïðîâåðêè ãèïîòåçû Γ1 ìîæíî èñïîëüçîâàòü òåîðåìó 1.
Îòìåòèì, ÷òî F0(u) îäíîçíà÷íî îïðåäåëÿåò P0{Bi}, i = 1, r . Âû÷èñëåíèå âåðîÿòíî-

ñòåé P0{Bi} , êàê ïðàâèëî, ñëîæíàÿ ïðîáëåìà äàæå äëÿ äîñòàòî÷íî ïðîñòûõ Bi . Â ÷àñò-
íîñòè, ïóñòü B =

{
k⋂

i=1

{ai ≤ ui < bi}
}

� r -ìåðíûé ïðÿìîóãîëüíèê, u = (u1, . . . , uk)
T ∈ Rk .

Òîãäà

P0(B) = F0(b1, . . . , bk)−
k∑

i=1

qi +
∑
i<j

qij ∓ · · ·+ (−1)kF0(a1, . . . , ak), (21)

ãäå qij...t îáîçíà÷åíî çíà÷åíèå F0(u1, . . . , uk) ïðè ui = ai ,
uj = aj . . . , ut = at è ïðè îñòàëüíûõ us , ðàâíûõ bs (ñì. Ãíåäåíêî (1988), ñòð. 128).
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Çàäà÷à 1. Äîêàæèòå, ÷òî ñòàòèñòèêà

T̃ (y) =
r∑

j=1

(νj − nπ0j)
2

νj

ýêâèâàëåíòíà ïðè n →∞ ñòàòèñòèêå (2), ò. å.

T̃ (y) = T (y) + op(1)

Çàäà÷à 2. Äîêàæèòå, ÷òî ïðè ôèêñèðîâàííîé àëüòåðíàòèâå ê Γ1 îøèáêà âòîðîãî ðîäà
äëÿ êðèòåðèÿ ñ àñèìïòîòè÷åñêîé îøèáêîé ïåðâîãî ðîäà, ðàññ÷èòàííîé ïî ôîðìóëå (17),
ýêñïîíåíöèàëüíî ïî n óáûâàåò ïðè n →∞ .
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Çàäà÷à 3. Ðàññìîòðèì èñïîëüçîâàíèå êðèòåðèÿ õè-êâàäðàò äëÿ ïðîâåðêè áëèçêîé ê
Γ1 ãèïîòåçû

Γ2 : θ0 = (π01 +
b1

nq
, . . . , π0r +

br

nq
), q > 0.

Îáîçíà÷èì
α2(n; T (y)) = P{T (y) < C(α1); Γ2}

Äîêàæèòå, ÷òî

lim
n→∞

α2(n, T (y)) =





1− α1,
1

2
< q

CHI (C(α1); r − 1, δ2) , q =
1

2

0, q <
1

2

,

ãäå δ2 = b2
1 + · · ·+ b2

r .
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