
Ñàìîñòîÿòåëüíàÿ ðàáîòà � 3

Çàäàíèå 1.Ìåòîä Ôóðüå äëÿ óðàâíåíèÿ Ëàïëàñà â êðóãå, âíå êðóãà, â êîëüöå
è â ñåêòîðå.
• Íàéòè ïðåäñòàâëåíèå ðåøåíèÿ äâóìåðíîãî óðàâíåíèÿ Ëàïëàñà uxx+uyy = 0
â çàäàííîé îáëàñòè â âèäå ðÿäà, âûïîëíèâ ðàçäåëåíèå ïåðåìåííûõ â ïîëÿð-
íûõ êîîðäèíàòàõ;

• ïðîñóììèðóéòå ðÿä, ïðåäñòàâüòå ðåøåíèå â èíòåãðàëüíîé ôîðìå;
• âû÷èñëèòå ðåøåíèå ïðè óêàçàííûõ â òàáëèöå ãðàíè÷íûõ çíà÷åíèÿõ.

Îáëàñòü Êðàåâûå óñëîâèÿ Ãðàíè÷íûå çíà÷åíèÿ
1. êðóã r ≤ R u|r=R = θ(φ) θ(φ) = sin2 2φ

2. êðóã r ≤ R ur|r=R = θ(φ) θ(φ) = cos3 φ

3. êðóã r ≤ R (ur − u)|r=R = θ(φ) θ(φ) = 1

4. âíå êðóãà r ≥ R u|r=R = θ(φ) θ(φ) = sin φ

5. âíå êðóãà r ≥ R ur|r=R = θ(φ) θ(φ) = cos2 φ

6. âíå êðóãà r ≥ R (ur − u)|r=R = θ(φ) θ(φ) = sin 2φ

7. ïîëóêðóã r ≤ R, 0 ≤ φ ≤ π u|r=R = θ(φ) θ(φ) = sin 3φ
u|φ=0 = u|φ=π = 0

8. ïîëóêðóã r ≤ R, 0 ≤ φ ≤ π u|r=R = θ(φ) θ(φ) = cos(2φ)− 1
uφ|φ=0 = u|φ=π = 0

9. ïîëóêðóã r ≤ R, 0 ≤ φ ≤ π ur|r=R = θ(φ) θ(φ) = 1
u|φ=0 = uφ|φ=π = 0

10. ïîëóêðóã r ≤ R, 0 ≤ φ ≤ π ur|r=R = θ(φ) θ(φ) = cos(φ/2)
uφ|φ=0 = uφ|φ=π = 0

11. ïîëóêðóã r ≤ R, u|r=R = θ(φ) θ(φ) = 1− sin2 φ

−π/2 ≤ φ ≤ π/2 u|φ=−π/2 = u|φ=π/2 = 0

12. ïîëóêðóã r ≤ R, ur|r=R = θ(φ) θ(φ) = cos φ

−π/2 ≤ φ ≤ π/2 u|φ=−π/2 = u|φ=π/2 = 0

13. ñåêòîð r ≤ R, 0 ≤ φ ≤ π/2 ur|r=R = θ(φ) θ(φ) = − sin 2φ
u|φ=0 = u|φ=π/2 = 0

14. ñåêòîð r ≤ R, 0 ≤ φ ≤ π/2 ur|r=R = θ(φ) θ(φ) = cos 3φ
uφ|φ=0 = u|φ=π/2 = 0

15. ñåêòîð r ≤ R, 0 ≤ φ ≤ π/2 u|r=R = θ(φ) θ(φ) = sin2 φ
u|φ=0 = uφ|φ=π/2 = 0

16. ñåêòîð r ≤ R, 0 ≤ φ ≤ π/2 u|r=R = θ(φ) θ(φ) = 1
uφ|φ=0 = uφ|φ=π/2 = 0



17. ñåêòîð r ≤ R, 0 ≤ φ ≤ π/3 u|r=R = θ(φ) θ(φ) = −2 sin 3φ
u|φ=0 = u|φ=π/3 = 0

18. ñåêòîð r ≤ R, 0 ≤ φ ≤ π/3 u|r=R = θ(φ) θ(φ) = 1
uφ|φ=0 = u|φ=π/3 = 0

19. ñåêòîð r ≤ R, 0 ≤ φ ≤ π/3 ur|r=R = θ(φ) θ(φ) = − cos φ

u|φ=0 = uφ|φ=π/3 = 0

20. ñåêòîð r ≤ R, 0 ≤ φ ≤ π/3 ur|r=R = θ(φ) θ(φ) = −1
uφ|φ=0 = uφ|φ=π/3 = 0

21. êîëüöî 1 ≤ r ≤ R, u|r=1 = γ(φ) γ(φ) = 0
u|r=R = θ(φ) θ(φ) = sin 2φ

22. êîëüöî 1 ≤ r ≤ R, ur|r=1 = γ(φ) γ(φ) = 0
u|r=R = θ(φ) θ(φ) = cos2 φ

23. êîëüöî 1 ≤ r ≤ R, u|r=1 = γ(φ) γ(φ) = 0
ur|r=R = θ(φ) θ(φ) = − sin2 φ

24. êîëüöî 1 ≤ r ≤ R, ur|r=1 = γ(φ) γ(φ) = 0
ur|r=R = θ(φ) θ(φ) = 1

25. êîëüöî 1 ≤ r ≤ R, u|r=1 = γ(φ) γ(φ) = cos φ + 2
u|r=R = θ(φ) θ(φ) = 0

26. êîëüöî 1 ≤ r ≤ R, ur|r=1 = γ(φ) γ(φ) = − sin3 φ

u|r=R = θ(φ) θ(φ) = 0

27. êîëüöî 1 ≤ r ≤ R, u|r=1 = γ(φ) γ(φ) = 1− cos 3φ
ur|r=R = θ(φ) θ(φ) = 0

28. êîëüöî 1 ≤ r ≤ R, ur|r=1 = γ(φ) γ(φ) = 1
ur|r=R = θ(φ) θ(φ) = 0

29. êîëüöî ρ ≤ r ≤ 1, u|r=ρ = γ(φ) γ(φ) = 0
u|r=1 = θ(φ) θ(φ) = sin 2φ + 1

30. êîëüöî ρ ≤ r ≤ 1, u|r=ρ = γ(φ) γ(φ) = cos2 φ
u|r=1 = θ(φ) θ(φ) = 0



Çàäàíèå 2. Ìåòîä Ôóðüå äëÿ âîëíîâîãî óðàâíåíèÿ è äëÿ óðàâíåíèÿ òåï-
ëîïðîâîäíîñòè â êðóãå, âíå êðóãà è â ñåêòîðå. Óðàâíåíèå Áåññåëÿ è ôóíêöèè
Áåññåëÿ.
• Íàéòè ïðåäñòàâëåíèå ðåøåíèÿ îäíîðîäíîãî âîëíîâîãî óðàâíåíèÿ â âèäå ðÿ-
äà, âûïîëíèâ ðàçäåëåíèå ïåðåìåííûõ;

• íàéòè ñîîòâåòñòâóþùåå ñîîòíîøåíèå îðòîãîíàëüíîñòè ìåæäó ïîëó÷èâøè-
ìèñÿ ôóíêöèÿìè Áåññåëÿ;

• ñâåñòè íåîäíîðîäíîå óðàâíåíèå ê ñèñòåìå îáûêíîâåííûõ äèôôåðåíöèàëü-
íûõ óðàâíåíèé, ïðîèíòåãðèðîâàòü åå è ïðåäñòàâèòü ðåøåíèå â âèäå ðÿäà.

Óðàâíåíèå, Êðàåâûå Íà÷àëüíûå óñëîâèÿ
îáëàñòü óñëîâèÿ

1. utt = uxx + uyy + t(x2 + y2) u|r=2 = 0 u|t=0 = 0
r2 = x2 + y2 ≤ 4 ut|t=0 = 0

2. utt = uxx + uyy + 2txy u|r=3 = 0 u|t=0 = 0
r2 = x2 + y2 ≤ 9 ut|t=0 = 0

3. utt = uxx + uyy ur|r=2 = 0 u|t=0 = x2 + y2

r2 = x2 + y2 ≤ 4 ut|t=0 = 1

4. utt = uxx + uyy ur|r=3 = 0 u|t=0 = 1
r2 = x2 + y2 ≤ 9 ut|t=0 = 2xy

5. utt = uxx + uyy + t u|r=2 = 0 u|t=0 = 0
r2 = x2 + y2 ≥ 4 ut|t=0 = 1

6. utt = uxx + uyy + 1/(x2 + y2) u|r=2 = 0 u|t=0 = 0
r2 = x2 + y2 ≥ 4 ut|t=0 = 0

7. utt = uxx + uyy ur|r=2 = 0 u|t=0 = 2xy

r2 = x2 + y2 ≤ 4 ut|t=0 = x2 − y2

8. utt = uxx + uyy ur|r=2 = 0 u|t=0 = x2

r2 = x2 + y2 ≤ 4 ut|t=0 = y2

9. utt = 4(uxx + uyy) + tx u|r=1 = 0 u|t=0 = 1
r2 = x2 + y2 ≤ 1 ut|t=0 = 0

10. utt = 4(uxx + uyy)− t(x3 − 3xy2) ur|r=1 = 0 u|t=0 = 0
r2 = x2 + y2 ≤ 1 ut|t=0 = 0

11. utt = uxx + uyy u|r=1 = 0 u|t=0 = xy2

r2 = x2 + y2 ≤ 1 ut|t=0 = x2y

12. utt = uxx + uyy + 1 u|r=1 = 0 u|t=0 = 0
r2 = x2 + y2 ≥ 1 ut|t=0 = 0

13. ut = 4(uxx + uyy) + tx u|r=1 = 0 u|t=0 = 1
r2 = x2 + y2 ≤ 1

14. ut = 4(uxx + uyy)− t(x3 − 3xy2) ur|r=1 = 0 u|t=0 = 0
r2 = x2 + y2 ≤ 1



15. ut = uxx + uyy + t(x2 − y2) ur|r=2 = 0 u|t=0 = 2xy
r2 = x2 + y2 ≤ 4

16. ut = uxx + uyy + 2txy u|r=3 = 0 u|t=0 = 0
r2 = x2 + y2 ≤ 9

17. ut = uxx + uyy + y2 ur|r=2 = 0 u|t=0 = x2

r2 = x2 + y2 ≤ 4

18. ut = uxx + uyy + 1 ur|r=3 = 0 u|t=0 = 2xy

r2 = x2 + y2 ≤ 9

19. ut = uxx + uyy + t(x2 + y2) u|r=2 = 0 u|t=0 = 0
r2 = x2 + y2 ≤ 4

20. ut = uxx + uyy + 1/(x2 + y2) u|r=2 = 0 u|t=0 = 0
r2 = x2 + y2 ≥ 4

21. ut = uxx + uyy u|r=1 = 0 u|t=0 = xy2

r2 = x2 + y2 ≤ 1

22. ut = uxx + uyy ur|r=2 = 0 u|t=0 = x2 + y2

r2 = x2 + y2 ≤ 4

23. ut = uxx + uyy + t u|r=2 = 0 u|t=0 = 1
r2 = x2 + y2 ≥ 4 u|r→∞ < ∞

24. ut = uxx + uyy + 1 u|r=1 = 0 u|t=0 = 0
r2 = x2 + y2 ≥ 1

25. utt = uxx + uyy + 2t(x− y) u|r=1 = 0 u|t=0 = 0
r2 = x2 + y2 ≤ 1, 0 ≤ φ ≤ π u|φ=0 = u|φ=π = 0 ut|t=0 = 0

26. utt = uxx + uyy u|r=1 = 0 u|t=0 = x2 + y2

r2 = x2 + y2 ≤ 1, 0 ≤ φ ≤ π u|φ=0 = uφ|φ=π = 0 ut|t=0 = 0

27. utt = uxx + uyy u|r=1 = 0 u|t=0 = 0
r2 = x2 + y2 ≤ 1, 0 ≤ φ ≤ π uφ|φ=0 = u|φ=π = 0 ut|t=0 = 2xy

28. utt = uxx + uyy + t2 ur|r=1 = 0 u|t=0 = 0
r2 = x2 + y2 ≤ 1, 0 ≤ φ ≤ π u|φ=0 = u|φ=π = 0 ut|t=0 = 0

29. utt = uxx + uyy ur|r=1 = 0 u|t=0 = xy

r2 = x2 + y2 ≤ 1, 0 ≤ φ ≤ π u|φ=0 = uφ|φ=π = 0 ut|t=0 = 0

30. utt = uxx + uyy ur|r=0 = 0 u|t=0 = 0
r2 = x2 + y2 ≤ 1, 0 ≤ φ ≤ π uφ|φ=0 = u|φ=π = 0 ut|t=0 = 1− x− y



Çàäàíèå 3. Ôóíäàìåíòàëüíûå ðåøåíèÿ.
Íàéòè ôóíäàìåíòàëüíûå ðåøåíèÿ ñëåäóþùèõ äèôôåðåíöèàëüíûõ îïåðàòîðîâ.
Ïðîâåðèòü, ÷òî îíè óäîâëåòâîðÿþò (âíå îñîáåííîñòåé) îäíîðîäíîìó óðàâíåíèþ
ïî îñíîâíûì ïåðåìåííûì è ñîïðÿæåííîìó � ïî äâîéñòâåííûì.
Óêàçàíèå. Ïîïðîáóéòå çàìåíàìè íåçàâèñèìûõ ïåðåìåííûõ è óìíîæåíèåì ôóíêöèè íà ìíîæèòåëü èçáàâèòüñÿ
îò ìëàäøèõ ÷ëåíîâ è ïðèâåñòè óðàâíåíèå ê èçâåñòíîìó Âàì ñ èçâåñòíûì ôóíäàìåíòàëüíûì ðåøåíèåì.

1. ∂
∂t − ∂2

∂x2 − ∂2

∂y2 − ∂2

∂z2 − 2 ∂2

∂x∂y − 2 ∂2

∂x∂z − 2 ∂2

∂y∂z

2. ∂2

∂t2 + 2 ∂
∂t − ∂2

∂x2 − ∂2

∂y2 − ∂2

∂z2 + 2 ∂2

∂x∂y + 2 ∂2

∂x∂z − 2 ∂2

∂y∂z

3. ∂2

∂t2 − ∂
∂t − ∂2

∂x2 − ∂2

∂y2 + 2 ∂2

∂x∂y − ∂2

∂z2

4. ∂2

∂t2 − ∂2

∂x2 − ∂2

∂y2 + 2 ∂
∂y − ∂2

∂z2 + 2I

5. ∂
∂t − ∂2

∂x2 + 2 ∂
∂x − ∂2

∂y2

6. ∂
∂t − ∂2

∂x2 + 2 ∂
∂x + 3 ∂

∂y − ∂2

∂y2

7. ∂
∂t − ∂2

∂x2 − ∂2

∂y2 + 2 ∂
∂y − ∂2

∂z2

8. ∂
∂t − ∂2

∂x2 + 2 ∂2

∂x∂y − ∂2

∂y2

9. ∂2

∂t2 + 2 ∂
∂t − ∂2

∂x2 + 2 ∂
∂x − ∂2

∂y2

10. ∂2

∂t2 − 3 ∂
∂t − ∂2

∂x2 + 3 ∂
∂y − ∂2

∂y2

11. ∂2

∂t2 + ∂
∂t − ∂2

∂x2 − 2 ∂2

∂x∂y − ∂2

∂y2

12. ∂
∂t − ∂2

∂x2 − ∂2

∂y2 + 2 ∂2

∂x∂y − ∂2

∂z2

13. − ∂2

∂x2 − 2 ∂
∂x − 2 ∂2

∂y2 + 4 ∂
∂y − 3I

14. − ∂2

∂x2 − 2 ∂2

∂x∂y − 2 ∂2

∂y2 − ∂2

∂z2

15. ∂2

∂t2 − 2 ∂2

∂x∂t − ∂2

∂x2 − 2 ∂2

∂y2

16. ∂
∂t − ∂2

∂x2 − ∂2

∂y2 − 2I

17. ∂
∂t − 2 ∂2

∂x2 + 2 ∂2

∂x∂y − ∂2

∂y2

18. ∂
∂t − ∂2

∂x2 − ∂2

∂y2 + 2 ∂
∂z

19. ∂
∂t − ∂2

∂x2 + 2 ∂
∂y + 3 ∂

∂z

20. ∂2

∂t2 − 2 ∂2

∂x2 + 2 ∂2

∂x∂y − ∂2

∂y2

21. ∂2

∂t2 − ∂2

∂x2 − ∂2

∂y2 + 2 ∂2

∂z∂t

22. ∂2

∂t2 − ∂2

∂x2 + 2 ∂2

∂y∂t + 2 ∂2

∂z∂t − 2 ∂2

∂y∂z

23. − ∂2

∂x2 − 2 ∂2

∂x∂y − ∂2

∂y2

24. − ∂2

∂x2 − 2 ∂2

∂x∂y − 2 ∂2

∂y2

25. − ∂2

∂x2 − 9 ∂2

∂y2 − 5 ∂2

∂z2 − 2 ∂2

∂x∂z

26. − ∂2

∂x2 − 2 ∂2

∂x∂y − ∂2

∂z2

27. − ∂2

∂x2 − 2 ∂2

∂x∂y − 2 ∂2

∂x∂z − 2 ∂2

∂y∂z

28. − ∂2

∂x∂y − ∂2

∂z2



Çàäàíèå 4. Âàðèàöèîííûå çàäà÷è.
Íàéòè óðàâíåíèå è êðàåâûå óñëîâèÿ äëÿ ôóíêöèè, êîòîðàÿ äîñòàâëÿåò ìèíè-

ìóì ôóíêöèîíàëó; ðåøèòü ñîîòâåòñòâóþùóþ çàäà÷ó:
1. J =

∫
|x|<1,|y|<1

(u2
x + u2

y + 2xyu) dxdy ïðè óñëîâèÿõ u(x,±1) = 0;

2. J =
∫

|x|<1,|y|<1
(u2

x + u2
y − 2 sin πx sin πy u) dxdy ïðè óñëîâèÿõ u(±1, y) = 0;

3. J =
∫

|x|<1,|y|<1
(u2

x + u2
y − ux) dxdy ïðè óñëîâèÿõ u(x,±1) = 0;

4. J =
∫

|x|<1,|y|<1
(u2

x + u2
y − 2uy) dxdy ïðè óñëîâèÿõ u(x,±1) = u(±1, y) = 0;

5. J =
∫

|x|<1,|y|<1
(u2

x + u2
y) dxdy ïðè óñëîâèÿõ u(x, 1) = u(x,−1), u(1, y) =

u(−1, y);
6. J =

∫
x2+y2<1

(u2
x + u2

y + u) dxdy ïðè óñëîâèè u|x2+y2=1 = 0;

7. J =
∫

x2+y2<1
(u2

x + u2
y − (x2 + y2)u) dxdy;

8. J =
∫

x2+y2<1
(u2

x + u2
y) dxdy ïðè óñëîâèè u|x2+y2=1 = 1;

9. J =
∫

|x|<1,|y|<1
(u2

x + u2
y + 2xux + 2yuy) dxdy ïðè óñëîâèÿõ uy(x,±1) = 0;

10. J =
∫

|x|<1,|y|<1
(u2

x + u2
y + ex+yu) dxdy ïðè óñëîâèÿõ ux(±1, y) = 0;

11. J =
∫

|x|<1,|y|<1
(u2

x + u2
y − uux) dxdy ïðè óñëîâèÿõ u(±1, y) = 0;

12. J =
∫

|x|<1,|y|<1
(u2

x + u2
y + 2uxuy) dxdy ïðè óñëîâèÿõ u(x,±1) = u(±1, y) = 0;

13. J =
∫

x2+y2<1
uxuydxdy ïðè óñëîâèè u|x2+y2=1 = 0;

14. J =
∫

x2+y2<1
(u2

x + 2uxuy + u2
y) dxdy ïðè óñëîâèè u|x2+y2=1 = 0;

15. J =
∫

x2+y2<1
(u2

xx + u2
yy + 2uxxuyy) dxdy;

16. J =
∫

|x|<1,|y|<1,|z|<1
(u2

x + u2
y + u2

z − u) dxdydz ïðè óñëîâèÿõ u(x, y,±1) =

uy(x,±1, z) = 0;
17. J =

∫
|x|<1,|y|<1,|z|<1

(u2
x+u2

y+u2
z−2u sin πz) dxdydz ïðè óñëîâèÿõ u(±1, y, z) = 0;



18. J =
∫

|x|<1,|y|<1,|z|<1
(u2

x + u2
y + u2

z − ux) dxdydz ïðè óñëîâèÿõ u(x,±1, z) = 0;

19. J =
∫

|x|<1,|y|<1,|z|<1
(u2

x + u2
y + u2

z − 2uy) dxdydz ïðè óñëîâèÿõ u(x, y,±1) =

u(x,±1, y) = u(±1, y, z) = 0;
20. J =

∫
|x|<1,|y|<1,|z|<1

(u2
x + u2

y + u2
z) dxdydz ïðè óñëîâèÿõ u(x, y, 1) = u(x, y,−1),

u(1, y, z) = u(−1, y, z);
21. J =

∫
x2+y2+z2<1

(u2
x + u2

y + u2
z + u) dxdydz ïðè óñëîâèè u|x2+y2+z2=1 = 0;

22. J =
∫

x2+y2+z2<1
(u2

x + u2
y + u2

z − (x2 + y2 + z2)u) dxdydz;

23. J =
∫

x2+y2+z2<1
(u2

x + u2
y + u2

z) dxdydz ïðè óñëîâèè u|x2+y2+z2=1 = 1;

24. J =
∫

|x|<1,|y|<1,|z|<1
(u2

x + u2
y + u2

z + 2xux + 2yuy + 2zuz) dxdydz ïðè óñëîâèÿõ

u(±1, y, z) = uy(x,±1, z) = 0;
25. J =

∫
|x|<1,|y|<1,|z|<1

(u2
x + u2

y + u2
z + ex+yu) dxdydz ïðè óñëîâèÿõ ux(±1, y, z) =

u(x, y,±1) = 0;
26. J =

∫
|x|<1,|y|<1,|z|<1

(u2
x + u2

y + u2
z − uux) dxdydz ïðè óñëîâèÿõ u(±1, y, z) =

u(x,±1, z) = 0;
27. J =

∫
|x|<1,|y|<1,|z|<1

(u2
x + u2

y + u2
z + 2uxuy) dxdydz ïðè óñëîâèÿõ u(x, y,±1) =

u(x,±1, y) = u(±1, y, z) = 0;
28. J =

∫
x2+y2+z2<1

(uxuy + uxuz + uyuz) dxdydz ïðè óñëîâèè u|x2+y2+z2=1 = 0;

29. J =
∫

x2+y2+z2<1
(u2

x + 2uxuy + u2
y + u2

z) dxdydz ïðè óñëîâèÿõ u|x2+y2+z2=1 = 0;

30. J =
∫

x2+y2+z2<1
(u2

xx + u2
yy + u2

zz + 2uxxuyy + 2uxxuzz + 2uyyuzz) dxdydz.



Çàäàíèå 5.
1. Ïóñòü u(x, t) � ðåøåíèå â R+ × R+ çàäà÷è:

utt = uxx, ux

∣∣
x=0 = 0,

u
∣∣
t=0 =

{
sin3 x, π < x < 2π,

0, x /∈ (π, 2π),
ut

∣∣
t=0 = 0.

à) Íàðèñîâàòü ãðàôèê u(x, 2π).
á) Òîò æå âîïðîñ äëÿ ñëó÷àÿ, êîãäà óðàâíåíèå ðàññìàòðèâàåòñÿ äëÿ x ∈
[0, 2π], t ∈ R+ è ñòàâèòñÿ äîïîëíèòåëüíîå óñëîâèå u

∣∣
x=2π = 0.

â) Òîò æå âîïðîñ äëÿ ñëó÷àÿ, êîãäà ïîñëåäíåå óñëîâèå çàìåíÿåòñÿ óñëîâèåì
ux

∣∣
x=2π = 0.

2. Óêàçàòü âñå çíà÷åíèÿ ïîñòîÿííûõ α, β è γ, ïðè êîòîðûõ ñóùåñòâóåò ðåøåíèå
u ∈ C2(Q) ñìåøàííîé çàäà÷è

utt = uxx, u
∣∣
x=0 = u

∣∣
x=π

= 0,

u
∣∣
t=0 = αx4 + βx3 + sin x, ut

∣∣
t=0 = γ cos x

â êâàäðàòå Q = [0, π]× [0, π]. Íàéòè ýòî ðåøåíèå.
3. Ïóñòü u(x, t) � ðåøåíèå â [0, 1]× R+ ñìåøàííîé çàäà÷è

utt = 4uxx, u
∣∣
x=0 = u

∣∣
x=1 = 0,

u
∣∣
t=0 = 4 sin3 πx, ut

∣∣
t=0 = 30x(1− x).

à) Íàéòè f(1
3), ãäå f(t) =

∫ 1

0

[
u2

t (x, t) + 4u2
x(x, t)

]
dx.

á) Íàéòè u(x, 2).
4. Ïóñòü u(x, t) � ðåøåíèå â [0, π]× R+ ñìåøàííîé çàäà÷è

utt = uxx, u
∣∣
x=0 = u

∣∣
x=π

= 0, u
∣∣
t=0 = sin100 x, ut

∣∣
t=0 = 0.

Âåðíî ëè, ÷òî |ut(x, π
2 )| > 100 íà ìíîæåñòâå, ìåðà êîòîðîãî áîëüøå 1?

5. Ïóñòü u(x, t) � ðåøåíèå â [0, 1]× R+ ñìåøàííîé çàäà÷è
utt = uxx, u

∣∣
x=0 = u

∣∣
x=1 = 0, u

∣∣
t=0 = 0, ut

∣∣
t=0 = x2(1− x).

Íàéòè lim
t→+∞

∫ 1

0

[
u2

t (x, t) + u2
x(x, t)

]
dx.

6. Ïóñòü u(x, t) � ðåøåíèå â [0, 1]× R+ ñìåøàííîé çàäà÷è
utt = uxx, u

∣∣
x=0 = u

∣∣
x=1 = 0, u

∣∣
t=0 = 0, ut

∣∣
t=0 = x2(1− x)2.

Íàéòè lim
t→+∞

∫ 1/2

0

[
u2

t (x, t) + u2
x(x, t)

]
dx.



7. Ïóñòü u(x, t) � ðåøåíèå â [0, π]× R+ ñìåøàííîé çàäà÷è

utt = uxx + sin x cos 5x sin ωt,

u
∣∣
x=0 = u

∣∣
x=π

= 0, u
∣∣
t=0 = ut

∣∣
t=0 = 0.

Íàéòè âñå ω, äëÿ êîòîðûõ sup
Q

|u(x, t)| < +∞.

8. Ïóñòü u(x, t) � ðåøåíèå â [0, 1]× R+ ñìåøàííîé çàäà÷è

utt = uxx, u
∣∣
x=0 = 0, u

∣∣
x=1 = sin αt, u

∣∣
t=0 = 0, ut

∣∣
t=0 = αx,

Íàéòè âñå α, äëÿ êîòîðûõ sup
Q

|u(x, t)| < +∞.

9. à) Íàéòè âñå k > 0, äëÿ êîòîðûõ ïðè íåêîòîðîé ôóíêöèè ϕ(x) ∈ C∞(
(0, π)

)
ñóùåñòâóåò íåîãðàíè÷åííîå ðåøåíèå â [0, π]× R+ çàäà÷è

utt = 9uxx , u
∣∣
x=0 = (ux − ku)

∣∣
x=π

= 0,

u
∣∣
t=0 = 0, ut

∣∣
t=0 = ϕ(x).

á) Äëÿ k = 1 îïèñàòü âñå ôóíêöèè ϕ(x) ∈ C∞(
(0, l)

)
, äëÿ êîòîðûõ ðåøåíèå

u(x, t) ýòîé çàäà÷è îãðàíè÷åíî.
10. Ïóñòü u(x, t) ∈ C2

(
(0, π) × (0, +∞)

) ∩ C1
(
[0, π] × [0, +∞)

)
� ðåøåíèå â

[0, π]× R+ êðàåâîé çàäà÷è:

utt = uxx, u
∣∣
x=0 = f(t), u

∣∣
x=π

= 0, u
∣∣
t=0 = ut

∣∣
t=0 = 0,

f(t) � ãëàäêàÿ ôóíêöèÿ è f(t) → 0 ïðè t → ∞. Ìîæåò ëè ðåøåíèå ýòîé
çàäà÷è íåîãðàíè÷åííî âîçðàñòàòü ïî âðåìåíè, òî åñòü ïî ïåðåìåííîé t?

11. Ïîêàçàòü, ÷òî äëÿ áåññåëåâûõ ôóíêöèé

Jn(x) =
∞∑

k=1

(−1)k xn+2k

2n+2kk!(n + k)!
, n = 1, 2, . . .

èìåþò ìåñòî òîæäåñòâà Jn−1(x) + Jn+1(x) = 2
nJn(x), Jn−1(x) − Jn+1(x) =

2J ′n(x), xJ ′n(x) = −xJn+1(x) + nJn(x).
12. Ïðîâåðèòü ñïðàâåäëèâîñòü èíòåãðàëüíîãî òîæäåñòâà

J0(x) =
2

π

∫ 1

0

cos tx√
1− t2

dt

äëÿ áåññåëåâîé ôóíêöèè J0(x), ãäå

Jn(x) =
∞∑

k=1

(−1)k xn+2k

2n+2kk!(n + k)!
, n = 1, 2, . . .



13. Ïîêàçàòü, ÷òî J ′0(x) = −J1(x), J ′′0 (x) = 1
2 [J2(x) − J0(x)] äëÿ áåññåëåâûõ

ôóíêöèé

Jn(x) =
∞∑

k=1

(−1)k xn+2k

2n+2kk!(n + k)!
, n = 1, 2, . . .

14. Ïðîâåðèòü ñïðàâåäëèâîñòü òîæäåñòâ (α è β � ïîñòîÿííûå, n ≥ 0)

(α2 − β2)xJn(αx)Jn(βx) =
d

dx

[
xJn(αx)

d

dx
Jn(βx)− xJn(βx)

d

dx
Jn(αx)

]
,

2α2xJ2
n(αx) =

d

dx

{
(α2x2 − n2)J2

n(αx) +

[
x

d

dx
Jn(αx)

]2
}

äëÿ áåññåëåâûõ ôóíêöèé

Jn(x) =
∞∑

k=1

(−1)k xn+2k

2n+2kk!(n + k)!
, n = 1, 2, . . .

15. Ïðè n ≥ 0 ïîêàçàòü, ÷òî äëÿ áåññåëåâûõ ôóíêöèé

Jn(x) =
∞∑

k=1

(−1)k xn+2k

2n+2kk!(n + k)!
, n = 1, 2, . . . ,

• åñëè Jn(α) = Jn(β) = 0, òî
∫ 1

0
xJn(αx)Jn(βx) dx = 0, åñëè α 6= β,

∫ 1

0
xJ2

n(αx) dx =
1

2
J2

n+1(α);

• åñëè Jn+1(α) = 0, òî
∫ 1

0
xJ2

n(αx) dx =
1

2
J2

n(α).

16. Îïðåäåëÿÿ áåññåëåâó ôóíêöèþ Jn(x) äëÿ ëþáîãî n (íå îáÿçàòåëüíî öåëîãî)
êàê ñóììó ðÿäà

Jn(x) =
∞∑

k=1

(−1)k xn+2k

2n+2kk!Γ(n + k + 1)
,

âûâåñòè ôîðìóëû

J1/2(x) =

√
2

πx
sin x, J−1/2(x) =

√
2

πx
cos x.

17. Ôóíêöèÿ u(t, x) ÿâëÿåòñÿ ðåøåíèåì êðàåâîé çàäà÷è
utt + ut = uxx, u(t, 0) = u(t, π) = 0, u|t=0 = φ(x), ut|t=0 = ψ(x),

ïðè (t, x) ∈ [0, +∞)× [0, π]. Âåðíî ëè, ÷òî u(t, x) → 0 ïðè t → +∞?



18. Ïóñòü ôóíêöèè uk(x, t) ∈ C2,1
x,t (Qk) ∩ C(Qk), k = 1, 2, ÿâëÿþòñÿ ðåøåíèÿìè

â Qk := QT
(−k,k) êðàåâûõ çàäà÷

(uk)t = (uk)xx, uk

∣∣
x=±k

= 0, uk

∣∣
t=0 = φ(x), |x| ≤ k.

Çäåñü φ ∈ C1([−2, 2]); φ(x) ≥ 0 ïðè |x| ≤ 1 è φ(x) = 0 ïðè 1 ≤ |x| ≤ 2;
φ 6≡ 0.
Äîêàçàòü, ÷òî u1(x, t) < u2(x, t) ∀(x, t) ∈ [−1, 1]× (0, T ].

19. Ïðè êàêèõ óñëîâèÿõ íà ôóíêöèþ φ ∈ C∞
0

(
(0, 1)

)
ëþáîå ðåøåíèå u(x, t) â

ïîëóïîëîñå Q∞
(0,1) çàäà÷è

à) ut = uxx, u
∣∣
x=0 = ux

∣∣
x=1 = 0, u

∣∣
t=0 = φ(x);

á) ut = uxx, ux

∣∣
x=0 = ux

∣∣
x=1 = 0, u

∣∣
t=0 = φ(x)

îáëàäàåò ñâîéñòâîì u(x, t) → 0 ïðè t → +∞?
20. Ïóñòü u ∈ C2,1

x,t (Q) ∩ C(Q) � ðåøåíèå â Q := Q∞
(0,1) çàäà÷è

ut = uxx + αu, u
∣∣
x=0 = u

∣∣
x=1 = 0, u

∣∣
t=0 = φ(x).

Íàéòè âñå òàêèå α ∈ R, ÷òî äëÿ ëþáîé íà÷àëüíîé ôóíêöèè φ ∈ C([0, 1]),
φ(0) = φ(1) = 0, âûïîëíåíî

lim
t→+∞

u(x, t) = 0 ∀x ∈ [0, 1].

21. Ïóñòü u(x, t) � ðåøåíèå â Q∞
(0,π) êðàåâîé çàäà÷è

ut = uxx, u
∣∣
x=0 = u

∣∣
x=π

= 0, u
∣∣
t=0 = φ(x),

ãäå φ ∈ C1([0, π]), φ(0) = φ(π) = 0. Óêàçàòü êëàññ âñåõ òàêèõ ôóíêöèé φ(x),
äëÿ êîòîðûõ

lim
t→+∞

etu(x, t) = 0 ∀x ∈ [0, π].

22. Ïóñòü u(x, t) � ðåøåíèå â ïîëóïîëîñå Q∞
(0,3π) çàäà÷è

ut = uxx, u
∣∣
x=0 = u

∣∣
x=3π = 0, u

∣∣
t=0 = φ(x),

ãäå φ ∈ C1([0, 3π]), φ(0) = φ(3π) = 0. Óêàçàòü êëàññ âñåõ òàêèõ ôóíêöèé
φ(x), äëÿ êîòîðûõ
à) ñóùåñòâóåò êîíå÷íûé lim

t→+∞
e
√

tu(x, t);

á) ñóùåñòâóåò êîíå÷íûé lim
t→+∞

etu(x, t);

â) ñóùåñòâóåò êîíå÷íûé lim
t→+∞

et2u(x, t).

23. Ïóñòü u(x, t) � ðåøåíèå â Q∞
(0,π/2) êðàåâîé çàäà÷è

ut = uxx, u
∣∣
x=0 = 1; u

∣∣
x=π/2 = 4, u(x, 0) = cos4 x + 4 sin5 x.

Íàéòè lim
t→+∞

u(x, t).



24. Ïóñòü u ∈ C2,1
x,t (Q) ∩ C(Q) � ðåøåíèå â Q := Q∞

Ω , ãäå Ω = (0, 1) × (0, 1),
çàäà÷è

ut = ux1x1
+ ux2x2

,

u
∣∣
x1=0 = u

∣∣
x2=0 = 0, u

∣∣
x1=1 = x2, u

∣∣
x2=1 = x1.

Íàéòè lim
t→+∞

u(x1, x2, t).

25. Ïóñòü u(x, t) � ðåøåíèå â ïîëóïîëîñå Q∞
(0,l) çàäà÷è

ut = uxx, u
∣∣
x=0 = u

∣∣
x=l

= t, u
∣∣
t=0 = φ(x),

ãäå φ ∈ C1([0, l]), φ(0) = φ(l) = 0.
Íàéòè lim

t→+∞
t−1 u(x, t).

26. Ïóñòü ôóíêöèè u1 è u2 óäîâëåòâîðÿþò ñîîòíîøåíèÿì

(uk)t = (uk)xx, 0 ≤ x ≤ π, 0 ≤ t < +∞;

uk

∣∣
t=0 = sin2 x− α sin4 x (k = 1, 2);

u1
∣∣
x=0 = u1

∣∣
x=π

= 0, (u2)x

∣∣
x=0 = (u2)x

∣∣
x=π

= 0, 0 ≤ t < +∞.

Ïðè êàêèõ α ñïðàâåäëèâî íåðàâåíñòâî

lim
t→+∞

u1(x, t) < lim
t→+∞

u2(x, t) ∀x ∈ [0, π]?

27. Ïóñòü ôóíêöèÿ u(x, t) � ðåøåíèå â Q∞
(0,2) çàäà÷è

ut = uxx, ux

∣∣
x=0 = ux

∣∣
x=2 = 3, u

∣∣
t=0 = x3 − 3x2 + 3x.

Íàéòè lim
t→+∞

u(x, t).

28. Ïóñòü u(x, t) ∈ C2(Q)∩C1(Q) � êëàññè÷åñêîå ðåøåíèå â Q := Q∞
(0,1) êðàåâîé

çàäà÷è
ut = uxx + 3u, u

∣∣
x=0 = u

∣∣
x=1 = 0,

Äîêàçàòü, ÷òî äëÿ u(x, t) èìååò ìåñòî íåðàâåíñòâî
∣∣u(x, t)

∣∣ ≤ Ce−6t, C =const> 0.

29. Ïóñòü u(x, t) � ðåøåíèå â Q := Q∞
(0,1) çàäà÷è

ut = uxx, u
∣∣
x=0 = f(t), u

∣∣
x=1 = g(t), u

∣∣
t=0 = φ(x),

f, g, φ � ãëàäêèå ôóíêöèè, ïðè÷åì

f(t) → a ïðè t →∞, g(t) → b ïðè t →∞.

Êàêîé ïðåäåë ïðè t →∞ â ïðîñòðàíñòâå C[0, 1] (åñëè òàêîâîé âîîáùå åñòü)
èìååò ðåøåíèå u(x, t) ýòîé çàäà÷è?



30. à) Ïóñòü K =
{
1 < |x| < 2

}
� "êîëüöåâàÿ"îáëàñòü â R2. Åäèíñòâåííî ëè

ðåøåíèå u ∈ C2(K) ∩ C1(K) ñëåäóþùåé êðàåâîé çàäà÷è:

∆u = 0 â K,
∂

∂u
n

∣∣∣∣
|x|=1

= φ1(x1, x2), u
∣∣
|x|=2 = φ2(x1, x2),

φ1, φ2 � ïðîèçâîëüíûå íåïðåðûâíûå ôóíêöèè íà îêðóæíîñòÿõ
{|x| = 1

}
è{|x| = 2

}
ñîîòâåòñòâåííî?

á) Íàéäèòå ðåøåíèå ïîñòàâëåííîé â ï. (a) çàäà÷è, åñëè

φ1 = cos θ, φ2 = sin θ

(θ � ïîëÿðíûé óãîë íà ïëîñêîñòè).
31. à) Äîêàæèòå, ÷òî ðåøåíèå çàäà÷è Äèðèõëå â ïîëîñå Π =

{
(x, y) : 0 < x <

1, −∞ < y < +∞}

∆u = 0 â Π, u
∣∣
x=0 = φ1(y), u

∣∣
x=1 = φ2(y),

φ1, φ2 ∈ C(R1), íååäèíñòâåííî.
á) Åäèíñòâåííî ëè ðåøåíèå ïðåäûäóùåé çàäà÷è ñ äîïîëíèòåëüíûì óñëîâè-
åì

u(x, y) → 0 ïðè |y| → ∞?

32. Ïóñòü K = B2
1(0), u(x, y) � ðåøåíèå çàäà÷è

∆u = x2y, u
∣∣
∂K

= 0.

Íàéäèòå u(0, 0).

33. Ïðè êàêèõ a ∈ R1 êðàåâàÿ çàäà÷à

∆u + 2u = x− a â Ω, u
∣∣
∂Ω = 0,

Ω =
{
(0, π)× (0, π)

}
, èìååò õîòÿ áû îäíî ðåøåíèå?


