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1. ÎÁÛÊÍÎÂÅÍÍÛÅ ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÅ ÓÐÀÂÍÅÍÈß ÏÅÐÂÎÃÎ
ÏÎÐßÄÊÀ

Îáûêíîâåííûì äèôôåðåíöèàëüíûì óðàâíåíèåì ïåðâîãî ïîðÿäêà èëè ïðîñòî äèôôåðåíöèàëü-
íûì óðàâíåíèåì ïåðâîãî ïîðÿäêà íàçûâàåòñÿ óðàâíåíèå âèäà

F (x, y, y′) = 0, (1)

ãäå x � íåçàâèñèìàÿ ïåðåìåííàÿ, y = y(x) � íåèçâåñòíàÿ ôóíêöèÿ àðãóìåíòà x, F (x, y, y′) �

çàäàííàÿ ôóíêöèÿ ïåðåìåííûõ x, y, y′ =
dy

dx
.

Óðàâíåíèå
y′ = G(x, y) (2)

íàçûâàåòñÿ óðàâíåíèåì, ðàçðåøåííûì îòíîñèòåëüíî ïåðâîé ïðîèçâîäíîé.
Ðåøåíèåì äèôôåðåíöèàëüíîãî óðàâíåíèÿ íà èíòåðâàëå I íàçûâàåòñÿ äèôôåðåíöèðóåìàÿ

ôóíêöèÿ y = ϕ(x), ïðåâðàùàþùàÿ ýòî óðàâíåíèå â òîæäåñòâî íà I.
Ãðàôèê ðåøåíèÿ y = ϕ(x) íàçûâàåòñÿ èíòåãðàëüíîé êðèâîé.
Äëÿ óðàâíåíèé (1) è (2) ìîæíî ïîñòàâèòü ñëåäóþùóþ çàäà÷ó: íàéòè ðåøåíèå óðàâíåíèÿ,

óäîâëåòâîðÿþùåå íà÷àëüíîìó óñëîâèþ:
y(x0) = y0. (3)

Çàäà÷à (1), (3) (çàäà÷à (2), (3)) íàçûâàåòñÿ çàäà÷åé Êîøè.
Îáùèì ðåøåíèåì óðàâíåíèÿ (1) (óðàâíåíèÿ (2)) íàçûâàåòñÿ ôóíêöèÿ

y = ϕ(x,C), (4)

çàâèñÿùàÿ îò îäíîé ïðîèçâîëüíîé ïîñòîÿííîé C, è òàêàÿ, ÷òî

1. îíà óäîâëåòâîðÿåò óðàâíåíèþ (1) (óðàâíåíèþ (2)) ïðè ëþáûõ äîïóñòèìûõ çíà÷åíèÿõ
ïîñòîÿííîé C;

2. êàêîâî áû íè áûëî íà÷àëüíîå óñëîâèå (3), ìîæíî ïîäîáðàòü òàêîå çíà÷åíèå C0 ïîñòîÿííîé
C, ÷òî ðåøåíèå y = ϕ(x,C0) áóäåò óäîâëåòâîðÿòü çàäàííîìó íà÷àëüíîìó óñëîâèþ (3). Ïðè
ýòîì ïðåäïîëàãàåòñÿ, ÷òî òî÷êà (x0, y0) ïðèíàäëåæèò îáëàñòè, ãäå âûïîëíÿþòñÿ óñëîâèÿ
ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ.

×àñòíûì ðåøåíèåì óðàâíåíèÿ (1) (óðàâíåíèÿ (2)) íàçûâàåòñÿ ðåøåíèå, ïîëó÷àåìîå èç îáùåãî
ðåøåíèÿ (4) ïðè êàêîì-ëèáî îïðåäåëåííîì çíà÷åíèè ïðîèçâîëüíîé ïîñòîÿííîé C.

Ïåðâûì èíòåãðàëîì (îáùèì èíòåãðàëîì) óðàâíåíèÿ (1) (óðàâíåíèÿ (2)) íàçûâàåòñÿ ôóíêöèÿ

Φ(x, y) = C èëè Ψ(x, y, C) = 0, (5)

ïðè êàæäîì C îïðåäåëÿþùàÿ ðåøåíèå y óðàâíåíèÿ (1) (óðàâíåíèÿ (2)) êàê ôóíêöèþ îò x.
Ñîîòíîøåíèÿ (4)�(5) îïðåäåëÿþò ñåìåéñòâî èíòåãðàëüíûõ êðèâûõ óðàâíåíèÿ (1) (óðàâíåíèÿ

(2)).
Çàäà÷à ðåøåíèÿ èëè èíòåãðèðîâàíèÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ ñîñòîèò â íàõîæäåíèè

îáùåãî ðåøåíèÿ èëè îáùåãî èíòåãðàëà äàííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ. Åñëè
äîïîëíèòåëüíî çàäàíî íà÷àëüíîå óñëîâèå, òî òðåáóåòñÿ âûäåëèòü ÷àñòíîå ðåøåíèå èëè ÷àñòíûé
èíòåãðàë, óäîâëåòâîðÿþùèå ïîñòàâëåííîìó íà÷àëüíîìó óñëîâèþ.

Òàê êàê ñ ãåîìåòðè÷åñêîé òî÷êè çðåíèÿ êîîðäèíàòû x è y ðàâíîïðàâíû, òî íàðÿäó ñ óðàâíåíèåì
dy

dx
= f(x, y) ìîæíî ðàññìàòðèâàòü óðàâíåíèå

dx

dy
=

1
f(x, y)

è ñ÷èòàòü, ÷òî åãî ðåøåíèÿ òàêæå

îïðåäåëÿþò èíòåãðàëüíûå êðèâûå óðàâíåíèé (1) èëè (2). Òàêèì îáðàçîì, ôóíêöèè x = const, x =
ψ(y) òàêæå ìîæíî ñ÷èòàòü ðåøåíèÿìè óðàâíåíèé (1), (2).
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1.1. Óðàâíåíèÿ ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè

Äèôôåðåíöèàëüíûå óðàâíåíèÿ ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè ìîãóò áûòü çàïèñàíû â âèäå

y′ = f(x)g(y). (6)

Óìíîæàÿ óðàâíåíèå (6) íà dx
g(y) , ïîëó÷àåì äèôôåðåíöèàëüíîå óðàâíåíèå âèäà

dy

g(y)
= f(x) dx, (7)

òàê ÷òî êîýôôèöèåíò ïðè dx áóäåò çàâèñåòü òîëüêî îò x, à êîýôôèöèåíò ïðè dy � òîëüêî îò y.
Óðàâíåíèå (7) íàçûâàåòñÿ äèôôåðåíöèàëüíûì óðàâíåíèåì ñ ðàçäåëåííûìè ïåðåìåííûìè, à ñïîñîá
ïðèâåäåíèÿ óðàâíåíèÿ (6) ê âèäó (7) íàçûâàåòñÿ ðàçäåëåíèåì (îòäåëåíèåì) ïåðåìåííûõ. Îáùèì
èíòåãðàëîì äèôôåðåíöèàëüíîãî óðàâíåíèÿ (7) ÿâëÿåòñÿ ðàâåíñòâî∫

dy

g(y)
=
∫
f(x) dx. (8)

Åñëè â óðàâíåíèè (8) âû÷èñëèì èíòåãðàëû, òî îáùåå ðåøåíèå áóäåò èìåòü âèä Φ(x, y, C) =
0. Åñëè ìû ðåøèì ýòî óðàâíåíèå îòíîñèòåëüíî y (èëè x), òî ïîëó÷èì óðàâíåíèå ñåìåéñòâà
èíòåãðàëüíûõ êðèâûõ â ÿâíîé ôîðìå:

y = ϕ(x,C), (èëè x = ψ(y, C)) ,

ãäå C � ïðîèçâîëüíàÿ ïîñòîÿííàÿ.
Ïðè äåëåíèè îáåèõ ÷àñòåé óðàâíåíèÿ íà âûðàæåíèå, ñîäåðæàùåå y, âîçìîæíà ïîòåðÿ ðåøåíèé,

îáðàùàþùèõ ýòî âûðàæåíèå â íóëü.
Óðàâíåíèå âèäà y′ = f(ax + by) ïðèâîäèòñÿ ê óðàâíåíèþ ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè

çàìåíîé z = ax+ by (èëè z = ax+ by + C, ãäå C � ïðîèçâîëüíàÿ ïîñòîÿííàÿ).

Ï ð è ì å ð. Ðåøèòü óðàâíåíèå

x3yy′ − 1 = x2y + x2 + y. (9)

Ð å ø å í è å. Ïðèâîäèì óðàâíåíèå (9) ê âèäó (7):

x3y
dy

dx
= (x2 + 1)(y + 1), x3y dy = (x2 + 1)(y + 1) dx,

äåëèì îáå ÷àñòè óðàâíåíèÿ íà x3(y + 1):

y

y + 1
dy =

x2 + 1
x3

dx.

Ïåðåìåííûå ðàçäåëåíû. Èíòåãðèðóåì îáå ÷àñòè óðàâíåíèÿ:∫
y

y + 1
dy =

∫
x2 + 1
x3

dx; y − ln |y + 1| = ln |x| − 1
2x2

+ C.

Ïðè äåëåíèè íà x3(y+ 1) ìîãëè áûòü ïîòåðÿíû ðåøåíèÿ y = −1 è x = 0. Ïåðâîå èç íèõ ÿâëÿåòñÿ
ðåøåíèåì óðàâíåíèÿ (9), à âòîðîå íåò. Äîáàâèì y = −1 ê ïîëó÷åííîìó îáùåìó ðåøåíèþ

Î ò â å ò: y − ln |y + 1| = ln |x| − 1
2x2 + C, y = −1.
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Êîíòðîëüíîå çàäàíèå 1

Â êàæäîì âàðèàíòå íàéòè îáùèé èíòåãðàë äèôôåðåíöèàëüíîãî óðàâíåíèÿ:

1. dy =
√

4− y2 dx− x dy.

2. x2 dy = 2x
√
y2 + 4 dx− dy.

3. 2xy2 dx− dy = x2 dy − 8x dx.

4. y dy +
√
y2 + 4 dx = 2x2y dy.

5. y2 dx− 2y dy = 2xy dy − 4 dx.

6. dy =
√
y2 + 4 dx− x dy.

7.
√
x2 + 4 dy − dx = y dx.

8. y2 dx− 2xy dy = 4y dy − dx.

9. 2x
√

4− y2 dx− dy = x2 dy.

10. x2 dy =
√
y2 + 1 dx− 4 dy.

11. 2x
√
y2 + 1 dx− x2 dy = 4 dy.

12. 4 dy − y dx = 2 dx− x2 dy.

13. 9 dx− x dy = dy − y2 dx.

14. 18x dx− x2 dy = 4 dy − 2xy2 dx.

15. 9 dy =
√

4− y2 dx− x2 dy.

16.
√

9− y2 dx− 4 dy = x2 dy.

17.
√
y2 + 1 dx− 2 dy = x dy.

18. 2x2y dy =
√
y2 + 1 dx+ 8y dy.

19. 4 dy = 2x
√

9− y2 dx− x2 dy.

20.
√
y2 + 4 dx− 9 dy = x2 dy.

21. 2 dx =
√

9− x2 dy − y dx.

22. dy − 2xy dx = 4x dx− x2 dy.

23. 4 dx =
√

9− x2 dy − y2 dx.

24. y2 dx− x dy = 2 dy − 4 dx.

25. 2xy2 dx =
√
x2 + 4 dy + x dx.

26. dx = 2y
√
x2 + 4 dy − y2 dx.

27. 8y dy − dx = y2 dx− 2x2y dy.

28. dx = 2y
√

4− x2 dy − y2 dx.

29. −y2 dx+
√
x2 + 1 dy = 4 dx.

30.
√

9− y2 dx− 2 dy = x dy.
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1.2. Îäíîðîäíûå óðàâíåíèÿ

Îäíîðîäíûì äèôôåðåíöèàëüíûì óðàâíåíèåì íàçûâàåòñÿ óðàâíåíèå âèäà F (x, y, y′) = 0, åñëè äëÿ
âñåõ k èìååì

F (kx, ky, y′) ≡ kpF (x, y, y′). (10)

Ýòî óðàâíåíèå ìîæåò áûòü ïðèâåäåíî ê âèäó

y′ = f
(y
x

)
. (11)

Äèôôåðåíöèàëüíîå óðàâíåíèå (11) èëè (10) áóäåì ðåøàòü ìåòîäîì çàìåíû ïåðåìåííûõ. Èìåííî,
âìåñòî íåèçâåñòíîé ôóíêöèè y ââåäåì íåèçâåñòíóþ ôóíêöèþ z, ïîëîæèâ z = y

x .
Ïîäñòàâëÿÿ â óðàâíåíèå (11) y = zx, ñ ó÷åòîì òîãî, ÷òî ïî ïðàâèëó äèôôåðåíöèðîâàíèÿ

ïðîèçâåäåíèÿ y′ = z′x+zx′ = z′x+z, äëÿ íîâîé íåèçâåñòíîé ôóíêöèè z ïîëó÷èì äèôôåðåíöèàëüíîå
óðàâíåíèå

z′x+ z = f(z),

êîòîðîå ÿâëÿåòñÿ óðàâíåíèåì ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè.

Óðàâíåíèå âèäà y′ = f
(
a1x+b1y+c1
ax+by+c

)
ïðèâîäèòñÿ ê îäíîðîäíîìó ñ ïîìîùüþ çàìåíû x = ξ+α, y =

η + β, ãäå ξ, η � íîâûå ïåðåìåííûå, (α, β) � òî÷êà ïåðåñå÷åíèÿ ïðÿìûõ a1x + b1y + c1 = 0 è
ax + by + c = 0. Åñëè ýòè ïðÿìûå íå ïåðåñåêàþòñÿ, òî a1x + b1y = k(ax + by); ñëåäîâàòåëüíî,
óðàâíåíèå èìååò âèä y′ = f(ax+ by), êîòîðîå ðàññìàòðèâàëîñü â ïðåäûäóùåì ïóíêòå.

Íåêîòîðûå óðàâíåíèÿ ìîæíî ïðèâåñòè ê îäíîðîäíûì çàìåíîé y = zm. ×òîáû íàéòè ÷èñëî m,
íàäî â óðàâíåíèè ñäåëàòü çàìåíó y = zm. Ïîñëå çàìåíû íàéäåì m, ïðè êîòîðîì âûïîëíÿåòñÿ
óðàâíåíèå (10). Åñëè òàêîãî ÷èñëà m íå ñóùåñòâóåò, òî óðàâíåíèå íå ïðèâîäèòñÿ ê îäíîðîäíîìó
ýòèì ñïîñîáîì.

Ï ð è ì å ð. Íàéòè ðåøåíèå óðàâíåíèÿ

x(x2 + y2) dy = y(y2 − xy + x2) dx,

óäîâëåòâîðÿþùåå íà÷àëüíîìó óñëîâèþ
y(1) = 1.

Ð å ø å í è å. Ýòî óðàâíåíèå � îäíîðîäíîå. Ïîëàãàåì z = y
x , y = xz. Òîãäà dy = x dz + z dx.

Ïîäñòàâëÿÿ â èñõîäíîå óðàâíåíèå, ïîëó÷èì

x(x2 + x2z2)(x dz + z dx) = xz(x2z2 − x2z + x2) dx; (1 + z2)x dz = −z2dx.

Ðàçäåëèâ îáå ÷àñòè óðàâíåíèÿ íà xz3, ïîëó÷èì óðàâíåíèå ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè:

1 + z2

z2
dz = −dx

x
; z − 1

z
= − ln |x|+ C.

Çàìåòèì, ÷òî ïðè äåëåíèè ìîãëè áûòü ïîòåðÿíû ðåøåíèÿ z = 0 è x = 0. Íî íè îäíî èç íèõ íå
óäîâëåòâîðÿåò íà÷àëüíîìó óñëîâèþ, òàê êàê z(1) = 1. Âîçâðàùàÿñü ê ïåðåìåííîé y, ïîëó÷èì

y2 − x2 = −xy(ln |x| − C).

Èç íà÷àëüíîãî óñëîâèÿ èìååì
1− 1 = − ln 1 + C,

îòêóäà C = 0.
Î ò â å ò: y2 − x2 = −xy ln |x|.
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Êîíòðîëüíîå çàäàíèå 2

Â êàæäîì âàðèàíòå íàéòè îáùèé èíòåãðàë äèôôåðåíöèàëüíîãî óðàâíåíèÿ:

1. (2y2 − xy) dx = (x2 − xy + y2) dy.

2. (4x2 + 4xy + 5y2) dx = 4x(x+ y) dy.

3. (6y3 + 2x2y) dx = (5xy2 + x3) dy.

4. (x+ 3y) dx = (3x− y) dy.

5. (4x2 + 4xy + 3y2) dx = (4x2 + 2xy) dy.

6. y(x− y) dx− x2 dy = 0.

7. (6y3 + 4x2y) dx = (5xy2 + 2x3) dy.

8. xy′ = y + (2x+ y)(ln (2x+ y)− lnx).

9. (2x2 + 4xy) dy = (x2 + 2xy + 5y2) dx.

10. 2x2y′ = y2 + 5xy + 2x2.

11. 6y(x2 + y2) dx = (5xy2 + 3x3) dy.

12. y′ = xy−y2

x2−2xy .

13. (4x2 + 6xy + 3y2) dx = (6x2 + 2xy) dy.

14. y′ = y
x + e

y
x .

15. (3x2 + 2xy) dy = (x2 + 3xy + 3y2) dx.

16. 2x2 dy = (x2 + y2) dx.

17. x(3y2 + x2) dy = (4y3 + 2x2y) dx.

18. xy′ = y + (x+ 2y)(ln (x+ 2y)− lnx).

19. (4x− y) dy = (x+ 4y) dx.

20. (6x− y) dy = (x+ 6y) dx.

21. 2xy′ = 2y + x tg 2y
x .

22. x(3y2 + 2x2) dy = 4y(y2 + x2) dx.

23. x2y′ − xy + y2y′ = 0.

24. (x2 + 2xy) dx+ xy dy = 0.

25. (3x2 + 4xy) dy = (x2 + 3xy + 5y2) dx.

26. y2 + x2 dy
dx = xy dydx .

27. (x2 + 2xy + 3y2) dx = 2x(x+ y) dy.

28. 3x(y2 + x2) dy = (4y3 + 6x2y) dx.

29. xy′ =
√

4x2 − y2 + y.

30. (4x2 + 6xy + 5y2) dx = (6x2 + 4xy) dy.
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1.3. Ëèíåéíûå óðàâíåíèÿ, óðàâíåíèå Áåðíóëëè

Ëèíåéíûì äèôôåðåíöèàëüíûì óðàâíåíèåì ïåðâîãî ïîðÿäêà íàçûâàåòñÿ óðàâíåíèå âèäà

y′ + p(x)y = q(x), (12)

ãäå p(x), q(x) � çàäàííûå íåïðåðûâíûå ôóíêöèè.
×òîáû åãî ðåøèòü, íàäî ñíà÷àëà íàéòè ðåøåíèå óðàâíåíèÿ

y′ + p(x)y = 0

(ýòî äåëàåòñÿ ïóòåì ðàçäåëåíèÿ ïåðåìåííûõ, ñì. ïóíêò 1.1 íàñòîÿùåãî ïàðàãðàôà) è â îáùåì
ðåøåíèè ïîñëåäíåãî çàìåíèòü ïðîèçâîëüíóþ ïîñòîÿííóþ C íà íåèçâåñòíóþ ôóíêöèþ C(x). Çàòåì
âûðàæåíèå, ïîëó÷åííîå äëÿ y, ïîäñòàâèòü â óðàâíåíèå (12) è íàéòè ôóíêöèþ C(x). Äàííûé ìåòîä
ðåøåíèÿ óðàâíåíèÿ (12) íàçûâàåòñÿ ìåòîäîì âàðèàöèè ïðîèçâîëüíîé ïîñòîÿííîé.

Îáîáùåíèåì ëèíåéíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ (12) ÿâëÿåòñÿ óðàâíåíèå Áåðíóëëè:

y′ + p(x)y = q(x)ym, (m 6= 1). (13)

×òîáû ðåøèòü óðàâíåíèå (13), íåîáõîäèìî îáå åãî ÷àñòè ðàçäåëèòü íà ym è ñäåëàòü çàìåíó z = y1−m.
Òàê êàê z′ = (1−m)y−my′, òî óðàâíåíèå (13) ïðåîáðàçîâûâàåòñÿ ê óðàâíåíèþ âèäà (12).

Ï ð è ì å ð 1. Íàéòè îáùåå ðåøåíèå äèôôåðåíöèàëüíîãî óðàâíåíèÿ

y′ + 2y = y2ex. (14)

Ð å ø å í è å. Ýòî óðàâíåíèå Áåðíóëëè. Ïîäåëèì îáå ÷àñòè óðàâíåíèÿ íà y2 è ñäåëàåì çàìåíó
z = 1/y. Òîãäà ïîëó÷èì ñëåäóþùåå óðàâíåíèå:

−z′ + 2z = ex. (15)

Ðåøèì ýòî óðàâíåíèå ìåòîäîì âàðèàöèè ïðîèçâîëüíîé ïîñòîÿííîé. Ñíà÷àëà ðåøèì îäíîðîäíîå
óðàâíåíèå −z′ + 2z = 0, ÿâëÿþùååñÿ óðàâíåíèåì ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè. Åãî ðåøåíèå �
z = Ce2x. Áóäåì èñêàòü ðåøåíèå óðàâíåíèÿ (15) â âèäå: z = C(x)e2x. Ïîäñòàâèì ýòî âûðàæåíèå â
óðàâíåíèå (15):

−C ′(x)e2x − 2C(x)e2x + 2C(x)e2x = ex,

îòêóäà C(x) = e−x + C1. Òàêèì îáðàçîì, îáùåå ðåøåíèå óðàâíåíèÿ (15) åñòü

z = ex + C1e
2x.

Âîçâðàùàÿñü ê ïåðåìåííîé y, ïîëó÷èì ðåøåíèå èñõîäíîãî óðàâíåíèÿ:

y · (ex + C1e
2x) = 1.

Êðîìå òîãî, ôóíêöèÿ y = 0 òàêæå ÿâëÿåòñÿ ðåøåíèåì èñõîäíîãî óðàâíåíèÿ.
Î ò â å ò: y · (ex + C1e

2x) = 1, y = 0.

Äëÿ ðåøåíèÿ ëèíåéíûõ óðàâíåíèé è óðàâíåíèÿ Áåðíóëëè ìîæíî èñïîëüçîâàòü òàêæå ìåòîä
Áåðíóëëè. Îí çàêëþ÷àåòñÿ â ñëåäóþùåì. Ðåøåíèå èñõîäíîãî óðàâíåíèÿ (12) èùåòñÿ â âèäå
ïðîèçâåäåíèÿ äâóõ íåèçâåñòíûõ ôóíêöèé îò x:

y = uv. (16)

Ïîäñòàâèì âûðàæåíèå (16) è åãî ïðîèçâîäíóþ y′ = u′v + uv′ â óðàâíåíèå (12):

u′v + uv′ + p(x)uv = q(x),

u′v + u (v′ + p(x)v) = q(x).

Òàê êàê ôóíêöèè u è v ìû ìîæåì âûáðàòü ïðîèçâîëüíûìè (ëèøü áû ïðîèçâåäåíèå uv
óäîâëåòâîðÿëî èñõîäíîìó óðàâíåíèþ), âûáåðåì ôóíêöèþ v òàêèì îáðàçîì, ÷òîáû

v′ + p(x)v = 0. (17)
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Óðàâíåíèå (17) ÿâëÿåòñÿ óðàâíåíèåì ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè. Âîçüìåì åãî ÷àñòíîå
ðåøåíèå v = c0e

∫
p(x) dx (ãäå c0 6= 0 � ïðîèçâîëüíîå ÷èñëî, ïðè êîòîðîì v èìååò ìàêñèìàëüíî

ïðîñòîé âèä). Ïðè òàêîì âûáîðå v ïîëó÷èì óðàâíåíèå äëÿ ôóíêöèè u âèäà

du

dx
v(x) = q(x),

îòêóäà

du =
q(x)
v(x)

dx. (18)

Îñòàëîñü íàéòè u è ïîäñòàâèòü u è v â ñîîòíîøåíèå (16).
Ï ð è ì å ð 2. Íàéòè îáùåå ðåøåíèå äèôôåðåíöèàëüíîãî óðàâíåíèÿ

y′ + 2xy = 2xe−x
2
.

Ð å ø å í è å. Ðåøèì óðàâíåíèå ìåòîäîì Áåðíóëëè. Ñäåëàåì çàìåíó y(x) = u(x)v(x) è ïîëó÷èì

u′v + uv′ + 2xuv = 2xe−x
2
. (19)

Çà ôóíêöèþ v ïðèìåì êàêîå-íèáóäü ÷àñòíîå ðåøåíèå äèôôåðåíöèàëüíîãî óðàâíåíèÿ

v′ + 2xv = 0. (20)

Ïðè òàêîì âûáîðå v âòîðîå è òðåòüå ñëàãàåìûå â ëåâîé ÷àñòè (19) èñ÷åçàþò. Äëÿ ôóíêöèè u
èìååì äèôôåðåíöèàëüíîå óðàâíåíèå:

u′v = 2xe−x
2
. (21)

Óðàâíåíèå (20) ÿâëÿåòñÿ óðàâíåíèåì ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè è åãî èíòåãðàë ðàâåí

ln |v|+ x2 = C1.

Çäåñü ìîæíî ïîëîæèòü C1 = 0 è âçÿòü ÷àñòíîå ðåøåíèå v = e−x
2
. Äàëåå ïîäñòàâëÿåì íàéäåííîå

v(x) â óðàâíåíèå (21): u′ = 2x, è íàõîäèì u = x2 + C. Ïðîèçâîäÿ îáðàòíóþ ïîäñòàíîâêó, ïîëó÷èì
îáùåå ðåøåíèå èñõîäíîãî óðàâíåíèÿ:

y = (x2 + C)e−x
2
.

Î ò â å ò: y = (x2 + C)e−x
2
.
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Êîíòðîëüíîå çàäàíèå 3

Â êàæäîì âàðèàíòå íàéòè îáùåå ðåøåíèå äèôôåðåíöèàëüíîãî óðàâíåíèÿ ïåðâîãî ïîðÿäêà:

1. y′x lnx− y = 2y−1 ln6 x.

2. y′ + 1−2x
x2 y − 1 = 0.

3. e2y dy = 3x dy + dx.

4. y′ − 3y tg x = 3y−2 tg8 x.

5. y′ − y ctg x = 2x sinx.

6. y′ − 2xy = 2xex
2
.

7. y′ tg x− y = 3y−1 sin8 x.

8. y′x lnx− y = 3x3 ln2 x.

9. y′ + xexy = e(1−x)e
x

.

10. y′x lnx− y = 6y2 ln−7 x.

11. xy′ = y
x+1 + x.

12. dy
dx = 1

x cos y+a sin 2y .

13. xy′ − y = 2x9y−2.

14. y′ + y
x = sin x

x .

15. xy′ − 2y = x−1y2 ctg x cosecx.

16. y′ − y thx = ch2 x.

17. y = xy′ + y′ ln y.

18. xy′ − y = 2x3e4xy−1.

19. e−y dx− (2y + xe−y) dy = 0.

20. (y2 + 1) dx = (1− 4xy) dy.

21. ex
2
dy − xyex2

dx+ y3 dx = 0.

22. x2y2y′ + xy3 = 1.

23. xy′ + y = y2 lnx.

24. y′ tg x− y = y−1 sin4 x.

25. 3y′ − 2y = x3

y2 .

26. y′x− 4y = x2√y.

27. xy′ − y = x6y−2.

28. y′ + y
x = x2y4.

29. y′ − xy = −y3e−x
2
.

30. xy′ − y = 3x3e6xy−1.
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1.4. Óðàâíåíèÿ â ïîëíûõ äèôôåðåíöèàëàõ.

Óðàâíåíèå
P (x, y) dx+Q(x, y) dy = 0 (22)

íàçûâàåòñÿ óðàâíåíèåì â ïîëíûõ äèôôåðåíöèàëàõ, åñëè åãî ëåâàÿ ÷àñòü ÿâëÿåòñÿ ïîëíûì
äèôôåðåíöèàëîì íåêîòîðîé ôóíêöèè U(x, y). Ýòî èìååò ìåñòî â îäíîñâÿçíîé îáëàñòè, åñëè

∂P

∂y
≡ ∂Q

∂x
.

×òîáû ðåøèòü óðàâíåíèå (22), íàäî íàéòè ôóíêöèþ U(x, y), ïîëíûé äèôôåðåíöèàë îò êîòîðîé
dU = U ′x dx + U ′y dy ðàâåí ëåâîé ÷àñòè óðàâíåíèÿ (22). Ò.ê. dU = 0, òî ïåðâûé èíòåãðàë óðàâíåíèÿ
(22) ìîæíî çàïèñàòü â âèäå

U(x, y) = C, ãäå C � ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

Ï ð è ì å ð. Èç ñåìåéñòâà èíòåãðàëüíûõ êðèâûõ äèôôåðåíöèàëüíîãî óðàâíåíèÿ

2x cos2 y dx+ (2y − x2 sin 2y) dy = 0

âûáðàòü òó, êîòîðàÿ ïðîõîäèò ÷åðåç òî÷êó (1, 0).
Ð å ø å í è å. Çäåñü P (x, y) = 2x cos2 y, Q(x, y) = 2y − x2 sin 2y è çàäàííîå äèôôåðåíöèàëüíîå

óðàâíåíèå ÿâëÿåòñÿ óðàâíåíèåì â ïîëíûõ äèôôåðåíöèàëàõ âèäà:

P (x, y) dx+Q(x, y) dy = 0,

òàê êàê
∂Q(x, y)
∂x

=
∂P (x, y)
∂y

= −2x sin 2y.

Èç ðàâåíñòâà ÷àñòíûõ ïðîèçâîäíûõ ñëåäóåò, ÷òî ñóùåñòâóåò òàêàÿ ôóíêöèÿ U(x, y), ÷òî

dU(x, y) = 2x cos2 y dx+ (2y − x2 sin 2y) dy.

Ò. ê. U ′y = Q(x, y), ìîæåì íàéòè U(x, y) ñ òî÷íîñòüþ äî ïðîèçâîëüíîé ôóíêöèè îò x:

U(x, y) =
∫
Q(x, y) dy =

∫
(2y − x2 sin 2y) dy + f(x),

U(x, y) = y2 +
x2 cos 2y

2
+ f(x).

×òîáû íàéòè f(x), ïðîäèôôåðåíöèðóåì íàéäåííóþ ôóíêöèþ U(x, y) ïî x: U ′x = x cos 2y + f ′(x) è
ïðèðàâíÿåì ê èçâåñòíîìó çíà÷åíèþ U ′x = 2x cos2 y, ò. å. 2x cos2 y = x cos 2y + f ′(x) èëè, 2x cos2 y =
x(2 cos2 y−1) +f ′(x). Îòñþäà f ′(x) = x. Ïðîèíòåãðèðîâàâ, íàéäåì f(x) = x2/2 + c1. Òàêèì îáðàçîì,

U(x, y) = y2 +
x2 cos 2y

2
+
x2

2
+ c1.

Óðàâíåíèå ñåìåéñòâà èíòåãðàëüíûõ êðèâûõ èìååò âèä

y2 +
x2 cos 2y

2
+
x2

2
= c.

Èç ýòîãî ñåìåéñòâà êðèâûõ âûäåëèì òó, êîòîðàÿ ïðîõîäèò ÷åðåç íà÷àëî êîîðäèíàò. Ïîëàãàÿ x = 1,
y = 0, ïîëó÷èì c = 1.

Óðàâíåíèå èñêîìîé êðèâîé

2y2 + x2 cos 2y + x2 = 2 èëè y2 + x2 cos2 y = 1.

Î ò â å ò: y2 + x2 cos2 y = 1.
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Êîíòðîëüíîå çàäàíèå 4

Â êàæäîì âàðèàíòå íàéòè îáùåå ðåøåíèå äèôôåðåíöèàëüíîãî óðàâíåíèÿ:

1. (x3 + xy2) dx+ (x2y + y3) dy = 0.

2. (2x−y) dx+(2y+x) dy
x2+y2 = 0.

3. 4(x3 − xy3) dx+ 6(y5 − x2y2) dy = 0.

4. (x− y + 2) dx− (x− y − 3) dy = 0.

5. (sinxy + xy cosxy) dx+ x2 cosxy dy = 0.

6. 3x2+y2

y2 dx− 2x3+5y
y3 dy = 0.

7. ex(2xy + x2y + y3

3 ) dx+ ex(x2 + y2) dy = 0.

8. (2x+ 3x2y) dx+ (x3 − 3y2) dy = 0.

9. (3x2 + 2xy + 2xy6) dx+ (x2 + 6x2y5) dy = 0.

10. (x− 2y)y′ + x2 + y = 0.

11. (ex + y + sin y) dx+ (ey + x+ x cos y) dy = 0.

12. 3x2(1 + y5) dx+ y2(3 + 5x3y2) dy = 0.

13. (x+ y − 1) dx+ (ey + x) dy = 0.

14. (3x2 + y2 + 6x5y2) dx+ (2xy + 2x6y) dy = 0.

15. 2xy dx+ (x2 − y2) dy = 0.

16. (2− 9xy2)x dx+ (4y2 − 6x3)y dy = 0.

17. (y2 + 6x5y2) dx+ (2xy + 3y2 + 2x6y) dy = 0.

18. (y3 − 2xy) dx+ (3xy2 − x2) dy = 0.

19. x(x+ 2y) dx+ (x2 − y2) dy = 0.

20. 2(xy + xy6) dx+ (x2 + 3y2 + 6x2y5) dy = 0.

21. (x3 + y) dx+ (x− y) dy = 0.

22. (2xy + y2 + 4x3y4) dx+ (x2 + 2xy + 4x4y3) dy = 0.

23. (x− y) dx+
(

1
y2 − x

)
dy = 0.

24.
(

x
sin y + 2

)
dx+ (x2+y) cos y

cos 2y−1 dy = 0.

25. (2x3 − xy2) dx+ (2y3 − x2y) dy = 0.

26. (2x+ ex/y) dx+ ex/y
(

1− x
y

)
dy = 0.

27. (2xy − 1) dx+ (x2 + 1) dy = 0.

28. (sin y + y2 sinx) dx+ (x cos y − 2y cosx) dy = 0.

29. (2x+ 1)y′ + 4x+ 2y = 0.

30. (3x2 sin y + y sinx) dx+ (x3 cos y − cosx) dy = 0.
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2. ÎÁÛÊÍÎÂÅÍÍÛÅ ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÅ ÓÐÀÂÍÅÍÈß,
ÄÎÏÓÑÊÀÞÙÈÅ ÏÎÍÈÆÅÍÈÅ ÏÎÐßÄÊÀ

Ìåòîä ðåøåíèÿ òàêèõ óðàâíåíèé ñîñòîèò â òîì, ÷òî â èñõîäíîì óðàâíåíèè ïîðÿäêà n, n ≥ 2,
äåëàåòñÿ òàêàÿ çàìåíà z(x) èëè p(y), îòíîñèòåëüíî êîòîðîé ïîëó÷àåòñÿ óðàâíåíèå áîëåå íèçêîãî
ïîðÿäêà m < n.

Ïðè íàõîæäåíèè ÷àñòíîãî ðåøåíèÿ y(x) èñõîäíîãî óðàâíåíèÿ ïîðÿäêà n ñ çàäàííûìè
íà÷àëüíûìè óñëîâèÿìè y(x0) = y0, y

′(x0) = y1, . . ., y
(n−1)(x0) = yn−1, óäîáíî êîíñòàíòû

èíòåãðèðîâàíèÿ c1, c2, . . . , cn (n ≥ 2), âîçíèêàþùèå â ïðîöåññå íàõîæäåíèÿ ñíà÷àëà z(x) (èëè
p(y)), çàòåì y(x), îïðåäåëÿòü ïðè ïîìîùè íà÷àëüíûõ óñëîâèé íå èç îáùåãî ðåøåíèÿ, à ïî ìåðå èõ
ïîÿâëåíèÿ.

Óêàæåì íåñêîëüêî íàèáîëåå ðàñïðîñòðàíåííûõ ñëó÷àåâ:

1. Â óðàâíåíèå íå âõîäèò èñêîìàÿ ôóíêöèÿ y, ò.å. óðàâíåíèå èìååò âèä

F (x, y(k), y(k+1), . . . , y(n)) = 0.

Òîãäà ïîðÿäîê óðàâíåíèÿ ìîæíî ïîíèçèòü ñ ïîìîùüþ çàìåíû y(k) = z(x).

2. Â óðàâíåíèå íå âõîäèò íåçàâèñèìàÿ ïåðåìåííàÿ x, ò.å. óðàâíåíèå èìååò âèä

F (y, y′, y′′, . . . , y(n)) = 0.

Òîãäà ïîðÿäîê óðàâíåíèÿ ïîíèæàåòñÿ ñ ïîìîùüþ çàìåíû y′ = p(y).

3. Óðàâíåíèå îäíîðîäíî îòíîñèòåëüíî y è åãî ïðîèçâîäíûõ, ò.å.

F (x, ky, ky′, ky′′, . . . , ky(n)) = kmF (x, y, y′, y′′, . . . , y(n)).

Òîãäà ïîðÿäîê óðàâíåíèÿ ïîíèæàåòñÿ ïîäñòàíîâêîé y′ = yz, ãäå z � íîâàÿ íåèçâåñòíàÿ
ôóíêöèÿ.

4. Óðàâíåíèå îäíîðîäíî îòíîñèòåëüíî x è y â îáîáùåííîì ñìûñëå, ò.å.

F (kx, kmy, km−1y′, km−2y′′, . . . , km−ny(n)) = kmF (x, y, y′, y′′, . . . , y(n)).

Äëÿ ýòîãî óðàâíåíèÿ äåëàåòñÿ çàìåíà x = et, y = zemt, ãäå z = z(t) � íîâàÿ íåèçâåñòíàÿ
ôóíêöèÿ, à t � íîâàÿ íåçàâèñèìàÿ ïåðåìåííàÿ. Äàííàÿ çàìåíà ïðèâîäèò ê óðàâíåíèþ, íå
ñîäåðæàùåìó íåçàâèñèìóþ ïåðåìåííóþ t. Ïîðÿäîê òàêîãî óðàâíåíèÿ ïîíèæàåòñÿ îäíèì èç
ðàíåå ðàññìîòðåííûõ ñïîñîáîâ.

Ï ð è ì å ð. Ðåøèòü óðàâíåíèå

y4 − y3y′′ = 1 ïðè óñëîâèè y(0) =
√

2, y′(0) =

√
5
2
.

Ð å ø å í è å. Ïóñòü y′ = p(y), y′′ =
dp

dy
y′ =

dp

dy
p. Òîãäà èñõîäíîå óðàâíåíèå ïðèìåò âèä:

y4 − y3p
dp

dy
= 1, p(

√
2) =

√
5
2

;∫
p dp =

∫
y4 − 1
y3

dy,
p2

2
=
y2

2
+

1
2y2

+ c1, c1 = 0.

Èòàê,

p2 = y2 +
1
y2
, p = ±

√
y4 + 1
y

.

Òîãäà
dy

dx
= ±

√
y4 + 1
y

;
∫

y dy√
y4 + 1

= ±
∫
dx;

1
2

ln (y2 +
√
y4 + 1) = ±x+ c2.

c2 = ln (
√

2 +
√

5).

Î ò â å ò: ln (y2 +
√
y4 + 1) = ±2x+ ln (2 +

√
5).

15



Êîíòðîëüíîå çàäàíèå 5

Â âàðèàíòàõ 1�23 íàéòè îáùåå ðåøåíèå äèôôåðåíöèàëüíîãî óðàâíåíèÿ, â âàðèàíòàõ 24�30 íàéòè
÷àñòíîå ðåøåíèå äèôôåðåíöèàëüíîãî óðàâíåíèÿ

1. x(y′′ − x) = y′.

2. y3y′′ + 1 = 0.

3. y′′(x2 + 1)− 2xy′ = 0.

4. (y′)2 = y′′(y − 1).

5. (y′)2

y′′ = y−1
2 .

6. yy′′ − (y′)2 = y4.

7. y′′′ + y′′ tg x = sin 2x.

8. y′′′ = 24
(x+2)5 .

9. yy′′ = (y′)2 − (y′)3.

10. xyV − yIV = 0.

11. y′′(ex + 1) + y′ = 0.

12. xy′′ + x(y′)2 − y′ = 0.

13. 2yy′′ = (y′)2 + 1.

14. xy′′ + y′ − 3 = 0.

15. x2y′′′ = (y′′)2.

16. y′′′ − y′′ = 2(1− x).

17. y′′ cosx+ y′ sinx = 1.

18. xyy′′ + x(y′)2 − yy′ = 0.

19. y′′ = ae−y
′
.

20. yy′′ = (y′)2 + y′
√
y2 + (y′)2.

21. yy′′ = (y′)2.

22. y′′yIV + (y′′′)2 = 0.

23. yy′′′ − y′y′′ = 0.

24. y′′ = y′

x

(
1 + ln y′

x

)
, y(1) = 1

2 , y
′(1) = 1.

25. y′′ = 2x(y′)2, y(2) = 3, y′(2) = − 1
4 .

26. y′y2 + yy′′ − (y′)2 = 0, y(0) = 1, y′(0) = 2.

27. 2y′ +
(
(y′)2 − 6x

)
y′′ = 0, y(1) =

√
2, y′(1) =

√
2.

28. y′′ =
√

1 + (y′)2, y(0) = 1, y′(0) = 0.

29. y′′ = y′

x + x2

y′ , y(2) = 0, y′(2) = 2
√

2.

30. xy′′ =
√

1 + (y′)2, y(1) = 0; y(e2) = 1.
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3. ÎÁÛÊÍÎÂÅÍÍÛÅ ËÈÍÅÉÍÛÅ ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÅ ÓÐÀÂÍÅÍÈß
ÂÛÑØÈÕ ÏÎÐßÄÊÎÂ Ñ ÏÎÑÒÎßÍÍÛÌÈ ÊÎÝÔÔÈÖÈÅÍÒÀÌÈ

3.1. Ëèíåéíûå îäíîðîäíûå äèôôåðåíöèàëüíûå óðàâíåíèÿ âûñøèõ ïîðÿäêîâ ñ
ïîñòîÿííûìè êîýôôèöèåíòàìè

Ëèíåéíîå îäíîðîäíîå óðàâíåíèå ñ ïîñòîÿííûìè êîýôôèöèåíòàìè ïîðÿäêà n èìååò âèä:

a0y
(n) + a1y

(n−1) + . . .+ an−1y
′ + any = 0, ãäå aj = const, (j = 0, . . . , n). (23)

×òîáû åãî ðåøèòü, íåîáõîäèìî ñîñòàâèòü õàðàêòåðèñòè÷åñêîå óðàâíåíèå

a0λ
n + a1λ

n−1 + . . .+ an−1λ+ an = 0 (24)

è íàéòè âñå åãî êîðíè: λ1, . . . , λn.
Îáùåå ðåøåíèå óðàâíåíèÿ (23) åñòü ñóììà, ñîñòîÿùàÿ èç ñëàãàåìûõ âèäà Cje

λjx äëÿ êàæäîãî
ïðîñòîãî êîðíÿ λj óðàâíåíèÿ (24) è ñëàãàåìûõ âèäà

(C1 + C2x+ C3x
2 + . . .+ Ckx

k−1)eλx

äëÿ êàæäîãî êðàòíîãî êîðíÿ λ êðàòíîñòè k óðàâíåíèÿ (24). Çäåñü âñå Cj � ïðîèçâîëüíûå
ïîñòîÿííûå.

Åñëè âñå êîýôôèöèåíòû aj óðàâíåíèÿ (23) âåùåñòâåííûå, òî ñëàãàåìûå, îòâå÷àþùèå
êîìïëåêñíûì êîðíÿì λ = α± iβ óðàâíåíèÿ (24), ìîæíî çàïèñàòü â âåùåñòâåííîé ôîðìå:

C1e
αx cosβx+ C2e

αx sinβx,

åñëè ýòè êîðíè ïðîñòûå, è
Pk−1e

αx cosβx+Qk−1e
αx sinβx,

åñëè êàæäûé èç êîðíåé α + iβ, α − iβ èìååò êðàòíîñòü k. Çäåñü Pk−1, Qk−1 � ìíîãî÷ëåíû îò x
ñòåïåíè k − 1. Èõ êîýôôèöèåíòû � ïðîèçâîëüíûå ïîñòîÿííûå.

Ï ð è ì å ð. Íàéòè ÷àñòíîå ðåøåíèå äèôôåðåíöèàëüíîãî óðàâíåíèÿ y′′′ − 4y′′ + 5y′ = 0,
óäîâëåòâîðÿþùåå ñëåäóþùèì íà÷àëüíûì óñëîâèÿì: y(0) = 5, y′(0) = 7, y′′(0) = 13.

Ð å ø å í è å. Ýòî ëèíåéíîå îäíîðîäíîå äèôôåðåíöèàëüíîå óðàâíåíèå ñ ïîñòîÿííûìè
êîýôôèöèåíòàìè. Äëÿ åãî ðåøåíèÿ ñîñòàâèì õàðàêòåðèñòè÷åñêîå óðàâíåíèå:

λ3 − 4λ2 + 5λ = 0.

Íàéäåì åãî êîðíè: λ(λ2 − 4λ + 5) = 0, λ1 = 0, λ2,3 = 2 ± i. Îáùåå ðåøåíèå äèôôåðåíöèàëüíîãî
óðàâíåíèÿ

y = c1 + c2e
2x cosx+ c3e

2x sinx.

Äëÿ òîãî, ÷òîáû âîñïîëüçîâàòüñÿ íà÷àëüíûìè óñëîâèÿìè, íàéäåì y′ è y′′:

y′ = 2c2e2x cosx− c2e2x sinx+ 2c3e2x sinx+ c3e
2x cosx,

y′′ = 3c2e2x cosx− 4c2e2x sinx+ 3c3e2x sinx+ 4c3e2x cosx.

Ïîäñòàâèì â îáùåå ðåøåíèå y, â y′ è â y′′ íà÷àëüíûå óñëîâèÿ è ðåøèì ïîëó÷åííóþ ñèñòåìó: c1 + c2 = 5,
2c2 + c3 = 7,
3c2 + 4c3 = 13.

îòêóäà

 c1 = 2,
c2 = 3,
c3 = 1.

Ïîäñòàâèâ â îáùåå ðåøåíèå ïîëó÷åííûå çíà÷åíèÿ ïîñòîÿííûõ, ïîëó÷èì ÷àñòíîå ðåøåíèå

y = 2 + 3e2x cosx+ e2x sinx.

Î ò â å ò: y = 2 + 3e2x cosx+ e2x sinx.
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Êîíòðîëüíîå çàäàíèå 6

Â êàæäîì âàðèàíòå íàéòè ÷àñòíîå ðåøåíèå ëèíåéíîãî îäíîðîäíîãî óðàâíåíèÿ ñ çàäàííûìè
íà÷àëüíûìè óñëîâèÿìè:

1. y′′′ + y′ = 0, y(0) = 1, y′(0) = −1, y′′(0) = 0.

2. y′′′ − 5y′′ + 8y′ − 4y = 0, y(0) = 0, y′(0) = −1, y′′(0) = −3.

3. y′′′ − 5y′′ = 0, y(0) = 5, y′(0) = 28, y′′(0) = 125.

4. y′′′ + 4y′ = 0, y(0) = 3, y′(0) = −2, y′′(0) = −4.

5. y′′′ − 3y′′ + 3y′ − y = 0, y(0) = 1, y′(0) = 0, y′′(0) = 3.

6. y′′′ + 9y′ = 0, y(0) = 2, y′(0) = 3, y′′(0) = 0.

7. y′′′ − 3y′ + 2y = 0, y(0) = 0, y′(0) = 5, y′′(0) = 1.

8. y′′′ + 7y′′ + 11y′ + 5y = 0, y(0) = 2, y′(0) = 1, y′′(0) = −4.

9. y′′′ + 3y′′ = 0, y(0) = 6, y′(0) = −15, y′′(0) = 36.

10. y′′′ + 3y′ = 0, y(0) = 6, y′(0) = 0, y′′(0) = −3.

11. y′′′ + 4y′′ + y′ − 6y = 0, y(0) = 9, y′(0) = −13, y′′(0) = 47.

12. y′′′ + 2y′′ = 0, y(0) = 6, y′(0) = −7, y′′(0) = 20.

13. y′′′ + 2y′ = 0, y(0) = 8, y′(0) = 0, y′′(0) = −6.

14. y′′′ − y′′ − 16y′ − 20y = 0, y(0) = 5, y′(0) = −3, y′′(0) = 10.

15. y′′′ + y′′ + y′ + y = 0, y(0) = 3, y′(0) = −2, y′′(0) = 1.

16. y′′ − 5y′ + 6y = 0, y(0) = 1, y′(0) = 2.

17. y′′ − 2y′ + 2y = 0, y(0) = 0, y′(0) = 1.

18. y′′ − 2y′ + 3y = 0, y(0) = 1, y′(0) = 3.

19. y′′′ − 3y′′ + 3y′ − y = 0, y(0) = 1, y′(0) = 2, y′′(0) = 3.

20. y′′ − 4y′ + 3y = 0, y(0) = 6, y′(0) = 10.

21. y′′ + 2ay′ + a2y = 0, y(0) = a, y′(0) = 0.

22. y′′ + 2y′ + 2y = 0, y(0) = 1, y′(0) = 1.

23. y′′ + 4y′ + 5y = 0, y(0) = −3, y′(0) = 0.

24. y′′′ + 3y′′ + 3y′ + y = 0, y(0) = −1, y′(0) = 2, y′′(0) = 3.

25. y′′ − 2y′ + y = 0, y(0) = 4, y′(0) = 2.

26. y′′ − 4y′ + 4y = 0, y(0) = 3, y′(0) = −1.

27. y′′ + 4y′ + 29y = 0, y(0) = 0, y′(0) = 15.

28. y′′ − 4y′ + 3y = 0, y(0) = 2, y′(0) = 1.

29. y′′′ − y′ = 0, y(0) = 3, y′(0) = −1, y′′(0) = 1.

30. y′′ − 5y′ + 4y = 0, y(0) = 5, y′(0) = 8.
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3.2. Ëèíåéíûå íåîäíîðîäíûå äèôôåðåíöèàëüíûå óðàâíåíèÿ ñ ïîñòîÿííûìè
êîýôôèöèåíòàìè è ïðàâîé ÷àñòüþ ñïåöèàëüíîãî âèäà

Ëèíåéíîå íåîäíîðîäíîå äèôôåðåíöèàëüíîå óðàâíåíèå n-ãî ïîðÿäêà ñ ïîñòîÿííûìè
êîýôôèöèåíòàìè èìååò âèä:

a0y
(n) + a1y

(n−1) + . . .+ an−1y
′ + any = f(x), ãäå aj = const, (j = 0, . . . , n). (25)

Åñëè ïðàâàÿ ÷àñòü f(x) ñîñòîèò èç ñóìì è ïðîèçâåäåíèé ôóíêöèé âèäà b0 + b1x + . . . + bmx
m,

eax, cosβx, sinβx, ÷àñòíîå ðåøåíèå ìîæíî èñêàòü ìåòîäîì íåîïðåäåëåííûõ êîýôôèöèåíòîâ.
Äëÿ óðàâíåíèé ñ ïðàâîé ÷àñòüþ f(x) = Pm(x)eax, ãäå Pm(x) = b0 + b1x+ . . .+ bmx

m, ñóùåñòâóåò
÷àñòíîå ðåøåíèå âèäà

y1 = xrQm(x)eax, (26)

ãäå Qm(x) � ìíîãî÷ëåí ñ íåîïðåäåëåííûìè êîýôôèöèåíòàìè ñòåïåíè m. ×èñëî r = 0, åñëè a � íå
êîðåíü õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ (24), à åñëè a � êîðåíü, òî r ðàâíî êðàòíîñòè ýòîãî êîðíÿ.
×òîáû íàéòè êîýôôèöèåíòû ìíîãî÷ëåíà Qm(x), íàäî ðåøåíèå (26) ïîäñòàâèòü â äèôôåðåíöèàëüíîå
óðàâíåíèå è ïðèðàâíÿòü êîýôôèöèåíòû ïðè ïîäîáíûõ ÷ëåíàõ â ëåâîé è ïðàâîé ÷àñòÿõ óðàâíåíèÿ.

Åñëè â ïðàâóþ ÷àñòü óðàâíåíèÿ âõîäÿò cos bx è sin bx, òî èõ ìîæíî âûðàçèòü ÷åðåç ïîêàçàòåëüíóþ
ôóíêöèþ ïî ôîðìóëàì Ýéëåðà. Åñëè æå êîýôôèöèåíòû aj ëåâîé ÷àñòè óðàâíåíèÿ (25) âåùåñòâåííû,
òî äëÿ óðàâíåíèÿ ñ ïðàâîé ÷àñòüþ

eax(Pn(x) cos bx+Qm(x) sin bx) (27)

ìîæíî èñêàòü ÷àñòíîå ðåøåíèå â âèäå

y1 = xreax(Rl(x) cos bx+ Tl(x) sin bx), (28)

ãäå r = 0, åñëè a + ib íå êîðåíü õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ, è r ðàâíî êðàòíîñòè êîðíÿ a + ib
â ïðîòèâíîì ñëó÷àå, à Rl è Tl � ìíîãî÷ëåíû ñòåïåíè l, ðàâíîé íàèáîëüøåé èç ñòåïåíåé m è n
ìíîãî÷ëåíîâ P è Q. ×òîáû íàéòè êîýôôèöèåíòû ìíîãî÷ëåíîâ Rl è Tl, íàäî ïîäñòàâèòü ðåøåíèå
(28) â óðàâíåíèå (25) è ïðèðàâíÿòü êîýôôèöèåíòû ïðè ïîäîáíûõ ÷ëåíàõ.

Åñëè ïðàâàÿ ÷àñòü óðàâíåíèÿ ðàâíà ñóììå íåñêîëüêèõ ôóíêöèé âèäà (27), òî ÷àñòíîå ðåøåíèå
ëèíåéíîãî óðàâíåíèÿ ñ ïðàâîé ÷àñòüþ f1 + f2 + . . .+ fp ðàâíî ñóììå ÷àñòíûõ ðåøåíèé óðàâíåíèé ñ
òîé æå ëåâîé ÷àñòüþ è ïðàâûìè ÷àñòÿìè f1, . . . , fp.

Îáùåå ðåøåíèå ëèíåéíîãî íåîäíîðîäíîãî óðàâíåíèÿ âî âñåõ ñëó÷àÿõ ðàâíî ñóììå ÷àñòíîãî
ðåøåíèÿ ýòîãî óðàâíåíèÿ è îáùåãî ðåøåíèÿ îäíîðîäíîãî óðàâíåíèÿ ñ òîé æå ëåâîé ÷àñòüþ.

Ï ð è ì å ð 1. Íàéòè îáùåå ðåøåíèå ëèíåéíîãî íåîäíîðîäíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ

y′′ − 5y′ + 6y = 5xe2x.

Ð å ø å í è å. Îáùåå ðåøåíèå ëèíåéíîãî íåîäíîðîäíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ y åñòü
ñóììà îáùåãî ðåøåíèÿ ñîîòâåòñòâóþùåãî îäíîðîäíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ y1 è ÷àñòíîãî
ðåøåíèÿ íåîäíîðîäíîãî óðàâíåíèÿ y2:

y = y1 + y2.

Íàéäåì y1. Ñîñòàâèì ñîîòâåòñòâóþùåå îäíîðîäíîå óðàâíåíèå

y′′ − 5y′ + 6y = 0.

Êîðíè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ λ2 − 5λ+ 6 = 0: λ1 = 2, λ2 = 3. Îáùåå ðåøåíèå îäíîðîäíîãî
óðàâíåíèÿ áóäåò èìåòü âèä

y1 = c1e
2x + c2e

3x.

Íàéäåì ÷àñòíîå ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ â âèäå

y2 = xr(Ax+B)e2x.

Çäåñü r = 1, òàê êàê a = λ1 = 2 � êîðåíü õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ êðàòíîñòè 1. Äëÿ
íàõîæäåíèÿ íåèçâåñòíûõ êîýôôèöèåíòîâ A è B ïîäñòàâèì âûðàæåíèå ôóíêöèè y2 è åå ïðîèçâîäíûõ
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â óðàâíåíèå è, ñîêðàòèâ íà e2x, ñðàâíèì êîýôôèöèåíòû ïðè îäèíàêîâûõ ñòåïåíÿõ x ëåâîé è ïðàâîé
÷àñòåé. Ïîëó÷èì

6
−5

1

∣∣∣∣∣∣
y2 = (Ax2 +Bx)e2x

y′2 = 2(Ax2 +Bx)e2x + (2Ax+B)e2x

y′′2 = 4(Ax2 +Bx)e2x + 4(2Ax+B)e2x + 2Ae2x.

(6A− 10A+ 4A)x2 + (6B − 10B − 10A+ 4B + 8A)x+ (−5B + 4B + 2A) = 5x = 0x2 + 5x+ 0,

x2

x
x0

∣∣∣∣∣∣
(6A− 10A+ 4A) = 0
(6B − 10B − 10A+ 4B + 8A) = 5
(−5B + 4B + 2A) = 0.

Îòêóäà íàõîäèì A = − 5
2 ; B = −5, ò.å. y = x

(
− 5

2x− 5
)
e2x.

Î ò â å ò: Îáùåå ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ y = c1e
2x + c2e

3x + x
(
− 5

2x− 5
)
e2x.

Ï ð è ì å ð 2. Ðåøèòü óðàâíåíèå
y′′ + y = 4 sinx.

Ð å ø å í è å. Ðåøàåì ñîîòâåòñòâóþùåå îäíîðîäíîå óðàâíåíèå

y′′ + y = 0.

Êîðíè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ λ2 + 1 = 0, λ1,2 = ±i.
Îáùåå ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ èìååò âèä

y1 = c1 cosx+ c2 sinx.

Íàéäåì ÷àñòíîå ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ ñ ïðàâîé ÷àñòüþ

f(x) = 4 sinx = e0x(0 · cosx+ 4 · sinx).

Èìååì a = 0, b = 1, òîãäà r = 1, òàê êàê a± bi = 0± i � êîðíè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ
êðàòíîñòè 1; n = 0, m = 0, òîãäà l = 0, Rl(x) = A, Tl(x) = B.

Ïîýòîìó ÷àñòíîå ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ èùåì â âèäå

y2 = e0x · x1 · (A cosx+B sinx) = Ax cosx+Bx sinx.

Äëÿ íàõîæäåíèÿ êîýôôèöèåíòîâ A è B, ïîäñòàâèì y2 è åãî ïðîèçâîäíûå â èñõîäíîå óðàâíåíèå:

1
0
1

∣∣∣∣∣∣
y2 = Ax cosx+Bx sinx,
y′2 = A cosx−Ax sinx+B sinx+Bx cosx,
y′′2 = −A sinx−A sinx−Ax cosx+B cosx+B cosx−Bx sinx.

Ïðèðàâíèâàåì êîýôôèöèåíòû ïðè sinx è cosx â ëåâîé è ïðàâîé ÷àñòÿõ óðàâíåíèÿ:

sinx
cosx

∣∣∣∣ Bx− 2A−Bx = 4,
Ax−Ax+ 2B = 0,

îòêóäà, ïðèðàâíèâàÿ êîýôôèöèåíòû ïðè îäèíàêîâûõ ñòåïåíÿõ x â ëåâîé è ïðàâîé ÷àñòÿõ óðàâíåíèé
ñèñòåìû, íàõîäèì A = −2, B = 0, è, ïîäñòàâëÿÿ â ôîðìóëó äëÿ y2(x), ïîëó÷èì y2(x) = −2x cosx,
îòêóäà

y(x) = y1(x) + y2(x) = c1 cosx+ c2 sinx− 2x cosx.

Î ò â å ò: Îáùåå ðåøåíèå óðàâíåíèÿ: y(x) = c1 cosx+ c2 sinx− 2x cosx.
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Êîíòðîëüíîå çàäàíèå 7

Â êàæäîì âàðèàíòå íàéòè îáùåå ðåøåíèå ëèíåéíîãî íåîäíîðîäíîãî äèôôåðåíöèàëüíîãî
óðàâíåíèÿ:

1. y′′ − 3y′ + 2y = (x2 + x)e3x.

2. y′′ − 2y′ + y = 6xex.

3. y′′ + y = sinx.

4. y′′ + 7y′ + 10y = 2xe−2x.

5. y′′ + 6y′ + 9y = 5e−3x sinx.

6. y′′ + 2y′ + y = e−x cosx.

7. y′′ + 5y′ + 6y = −5e−2x cosx.

8. y′′′ + 4y′ = x2.

9. y′′ − 2y′ = x2 − x.

10. y′′ + 9y = 3 cos 3x.

11. y′′ + 2y′ + y = ex(x+ 3).

12. y′′ − 3y′ + 2y = e3x(3− 4x).

13. y′′ + 2y′ = 4x2 + 3.

14. y′′′ − y′′ + y′ − y = 2xex.

15. y′′ + 6y′ + 9y = 10 sinx.

16. y′′ − 5y′ + 4y = 4x2e2x.

17. y′′′ − 4y′′ + 5y′ − 2y = 2x+ 3.

18. y′′′ − y′′ − 6y′ = 6x+ 2.

19. y′′′ + y′′ = −x.

20. 4y′′′ + y′ = 2 sin x
2 .

21. y′′′ − 4y′ = x2.

22. y′′ − 3y′ + 2y = x cosx.

23. y′′ + 2y′ = 4x2 + 3.

24. y′′ + 2y′ = 2 sinx.

25. y′′′ − 4y′ = xe2x.

26. y′′ + y = −2e−x.

27. y′′′ − 4y′ = sinx.

28. y′′ + 2y′ + 5y = e−x sin 2x.

29. y′′ + 2y′ + 2y = xe−x.

30. y′′ + y′ = x2.
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Êîíòðîëüíîå çàäàíèå 8

Â êàæäîì âàðèàíòå íàéòè âèä îáùåãî ðåøåíèÿ ëèíåéíîãî íåîäíîðîäíîãî äèôôåðåíöèàëüíîãî
óðàâíåíèÿ (íå âû÷èñëÿÿ êîýôôèöèåíòîâ):

1. y′′′ + y′′ = 2 cos2 x
2 .

2. y′′′ − y′′ − 6y′ = ex − sin 3x.

3. y′′ + y′ = −4 sinx+ sin 4x.

4. y′′ − 3y′ = cosx+ e3x sinx.

5. y′′ + 4y = x sin 2x− x2.

6. y′′′ − 4y′ = sinx− (x2 + 5)e4x.

7. y′′ − 4y′ + 3y = xex + cos 2x.

8. y′′ + 2y′ + 5y = 2xe−x − x2 cosx.

9. y′′ + 2y′ + 2y = e−x cosx+ x3 − 2x2 + 10.

10. y′′ + y′ = cos2 x.

11. y′′ − 3y′ + 2y = cos 2x+ x3e−2x.

12. y′′′ + 4y′′ = x− 1 + cos 4x.

13. y′′ − 3y′ = x+ cosx.

14. y′′ − 8y′ + 20y = 5xe4x sin 2x− 2x2.

15. y′′ + 3y′ − 4y = e−4x + xe−x.

16. y′′ + y = x sinx+ cos 2xex.

17. y′′ + 4y = 2 sin 2x− 3 cos 2x+ 1.

18. y′′ + y = sinx− 2e−x.

19. y′′ − 3y′ + 2y = 3x+ 5 sin 2x.

20. y′′ − 2y′ − 8y = ex − 8 cos 2x.

21. y′′ + 9y = 2x sinx+ xe3x.

22. y′′ + 6y′ + 10y = 3xe−3x − 2e3x cosx.

23. y′′ − 9y = 3e3x − cosx.

24. y′′ − 2y′ + 5y = ex cosx− x2.

25. y′′ + y = 4 cosx+ (x2 + 1)ex.

26. y′′ − 4y′ + 8y = e2x + sin 2x.

27. yIV + 2y′′′ + 2y′′ + 2y′ + y = xex + 1
2 cosx.

28. y′′′ + 2y′′ + 5y′ = 4xe−x − 68 cos 2x+ x.

29. y′′′ − 4y′ = xe2x + sinx+ x2.

30. yV + 4y′′′ = ex + 3 sin 2x+ 1.
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3.3. Ëèíåéíûå íåîäíîðîäíûå äèôôåðåíöèàëüíûå óðàâíåíèÿ ñ ïîñòîÿííûìè
êîýôôèöèåíòàìè è ïðàâîé ÷àñòüþ ïðîèçâîëüíîãî âèäà

Ëèíåéíîå íåîäíîðîäíîå äèôôåðåíöèàëüíîå óðàâíåíèå (25) ñ íåïðåðûâíîé ïðàâîé ÷àñòüþ f(x)
ïðîèçâîëüíîãî âèäà ðåøàåòñÿ ìåòîäîì âàðèàöèè ïðîèçâîëüíûõ ïîñòîÿííûõ. Ïóñòü íàéäåíî îáùåå
ðåøåíèå

y = C1y1 + . . . Cnyn

ñîîòâåòñòâóþùåãî ëèíåéíîãî îäíîðîäíîãî óðàâíåíèÿ. Òîãäà ðåøåíèå óðàâíåíèÿ (25) èùåòñÿ â âèäå

y = C1(x)y1 + . . .+ Cn(x)yn.

Ôóíêöèè Ck(x) îïðåäåëÿþòñÿ èç ñèñòåìû

C ′1y1 + . . .+ C ′nyn = 0
C ′1y

′
1 + . . .+ C ′ny

′
n = 0

. . . . . . . . . . . . . . . . . . . . . . . .

C ′1y
(n−2)
1 + . . .+ C ′ny

(n−2)
n = 0

C ′1y
(n−1)
1 + . . .+ C ′ny

(n−1)
n =

f(x)
a0

,

ãäå a0 � êîýôôèöèåíò ïðè ñòàðøåé ïðîèçâîäíîé â óðàâíåíèè (25).
Ï ð è ì å ð. Ðåøèòü äèôôåðåíöèàëüíîå óðàâíåíèå

yIV − 2y′′′ + y′′ =
24 + 12x+ 2x2

x5
.

Ð å ø å í è å. Õàðàêòåðèñòè÷åñêîå óðàâíåíèå èìååò âèä:

λ4 − 2λ3 + λ2 = 0.

Åãî êîðíè: λ1 = λ2 = 0, λ3 = λ4 = 1. Ñëåäîâàòåëüíî, îáùåå ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ,
ñîîòâåòñòâóþùåãî èñõîäíîìó óðàâíåíèþ, åñòü

y1 = C1 + C2x+ (C3 + C4x)ex.

Èùåì îáùåå ðåøåíèå èñõîäíîãî óðàâíåíèÿ â âèäå:

y = C1(x) + C2(x)x+ (C3(x) + C4(x)x)ex. (29)

Äëÿ íàõîæäåíèÿ íåèçâåñòíûõ ôóíêöèé Ck çàïèøåì ñèñòåìó:
C ′1(x) + C ′2(x)x+ (C ′3(x) + C ′4(x)x)ex = 0,

C ′2(x) + (C ′3(x) + C ′4(x)(x+ 1))ex = 0,
(C ′3(x) + C ′4(x)(x+ 2))ex = 0,

(C ′3(x) + C ′4(x)(x+ 3))ex =
24 + 12x+ 2x2

x5
.

Ðåøàÿ ñèñòåìó, ïîëó÷àåì:

C ′4(x) =
24 + 12x+ 2x2

x5
e−x, C ′3(x) = −2x3 + 16x2 + 48x+ 48

x5
e−x,

C ′2(x) =
24 + 12x+ 2x2

x5
, C ′1(x) =

−2x3 − 8x2 + 48
x5

.

Èíòåãðèðóÿ ýòè âûðàæåíèÿ, ïîëó÷èì:

C1(x) =
2
x

+
4
x2
− 12
x4

+ C1, C2(x) = − 6
x4
− 4
x3
− 1
x2

+ C2,

C3(x) =
(

12
x4

+
12
x3

+
2
x2

)
e−x + C3, C4(x) =

(
− 6
x4
− 2
x3

)
e−x + C4.

(30)

Ïîäñòàâëÿÿ ýòè âûðàæåíèÿ â (29), ïîëó÷èì îáùåå ðåøåíèå èñõîäíîãî óðàâíåíèÿ:

y = C1 + C2x+ (C3 + C4x)ex + 1/x.

Î ò â å ò: y = C1 + C2x+ (C3 + C4x)ex + 1/x.
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Êîíòðîëüíîå çàäàíèå 9

Â êàæäîì âàðèàíòå íàéòè îáùåå ðåøåíèå ëèíåéíîãî íåîäíîðîäíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ:

1. yIV − y =
1

cosx
.

2. y′′′ − y′ =
1

π2 cos (x/π)
.

3. y′′′ − 4y′ =
1

2− e−x
.

4. y′′′ + y′ = 2 ctg x.

5. y′′′ + 4y′ =
16

cos 4x
.

6. yV + 4y′′′ =
9

sin 3x
.

7. yIV + y′′ =
ex

1 + e−x
.

8. yIV − 16y =
4

sin 3x
.

9. y′′′ + y =
9e−3x

3 + e−3x
.

10. y′′′ − y = (sinx)−1.

11. y′′′ + y′′ =
1

π2 sin (x/π)
.

12. y′′ + π2y =
π2

cosπx
.

13. y′′ + 3y′ =
9e3x

1 + e3x
.

14. y′′ + 4y = 8 ctg 2x.

15. y′′ − 6y′ + 8y =
4

1 + e−2x
.

16. y′′ − 9y′ + 18y =
9e3x

1 + e−3x
.

17. y′′ + π2y =
π2

sinπx
.

18. y′′ + 6y′ + 8y =
4e−2x

2 + e2x
.

19. y′′ − y′ =
e−x

2 + e−x
.

20. y′′ + 4y = 4 ctg 2x.

21. y′′ − 3y′ + 2y =
1

3 + e−x
.

22. y′′ + 16y =
16

sin 4x
.

23. y′′ +
y

4
=

1
4

ctg
x

2
.

24. y′′ + 3y′ + 2y =
e−x

2 + ex
.

25. y′′ − 3y′ + 2y =
1

1 + e−x
.

26. y′′ + 2y′ + y =
5e−x

3
√
x+ 1

.

27. y′′ + 2y′ + y = 2e−x 3
√
x.

28. y′′ + 2y′ + y = e−x
√
x+ 1.

29. y′′ − y =
1

5e−x − 1
.

30. y′′ + 5y′ + 6y =
e−2x

e2x + 1
.
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4. ÇÀÄÀ×À ØÒÓÐÌÀ�ËÈÓÂÈËËß

Ðàññìîòðèì çàäà÷ó

a0(x)y′′ + a1(x)y′ + a2(x)y = λy, x0 < x < x1, (31)

ãäå a0(x), a1(x), a2(x) � íåïðåðûâíûå ôóíêöèè,

αy′(x0) + βy(x0) = 0, (32)

γy′(x1) + δy(x1) = 0. (33)

Ñîáñòâåííûì çíà÷åíèåì ýòîé çàäà÷è íàçûâàåòñÿ òàêîå λ, ïðè êîòîðîì ñóùåñòâóåò
íåòðèâèàëüíîå ðåøåíèå çàäà÷è (31)�(33). Ýòî ðåøåíèå íàçûâàåòñÿ ñîáñòâåííîé ôóíêöèåé.

Çàäà÷à (31)�(33) íîñèò íàçâàíèå çàäà÷è Øòóðìà�Ëèóâèëëÿ.
Ðàññìîòðèì ÷àñòíûå ñëó÷àè çàäà÷è Øòóðìà�Ëèóâèëëÿ.{

y′′ = λy,
y(x0) = y(x1) = 0{
y′′ = λy,
y′(x0) = y(x1) = 0{
y′′ = λy,
y′(x0) = y′(x1) = 0{
y′′ = λy,
y(x0) = y′(x1) = 0

Êàæäàÿ èç ýòèõ çàäà÷ èìååò áåñêîíå÷íîå (äèñêðåòíîå) ìíîæåñòâî ñîáñòâåííûõ çíà÷åíèé λn è
áåñêîíå÷íîå ñåìåéñòâî ñîáñòâåííûõ ôóíêöèé yn(x).

Ï ð è ì å ð 1. Íàéòè ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå ôóíêöèè çàäà÷è Øòóðìà�Ëèóâèëëÿ

y′′ + λy = 0, (34)

y′(1/2) = 0, (35)

y(3/2) = 0. (36)

Ð å ø å í è å. Èùåì îáùåå ðåøåíèå óðàâíåíèÿ (34). Õàðàêòåðèñòè÷åñêîå óðàâíåíèå èìååò âèä
k2 + λ = 0, îòêóäà k2 = −λ, è k1,2 = ±

√
−λ.

Ïðè λ < 0 îáùåå ðåøåíèå óðàâíåíèÿ (34) èìååò âèä

y = C1e
√
−λx + C2e

−
√
−λx.

Ìîæíî ïðîâåðèòü, ÷òî îíî íå óäîâëåòâîðÿåò óñëîâèÿì (35)�(36) ïðè C2
1 + C2

2 > 0.
Ïðè λ = 0 îáùåå ðåøåíèå óðàâíåíèÿ (34) èìååò âèä

y = C1 + C2x

è òàêæå íå óäîâëåòâîðÿåò óñëîâèÿì (35)�(36) íè ïðè êàêèõ C1, C2, åñëè C
2
1 + C2

2 > 0.
Ïðè λ > 0 îáùåå ðåøåíèå óðàâíåíèÿ (34) èìååò âèä

y = C1 cos
√
λx+ C2 sin

√
λx. (37)

Òîãäà y′ = −C1

√
λ sin

√
λx + C2

√
λ cos

√
λx. Èç ãðàíè÷íûõ óñëîâèé (35)�(36) èìååì ñèñòåìó

óðàâíåíèé äëÿ îïðåäåëåíèÿ C1 è C2:

y′(1/2) = −C1

√
λ sin

√
λ

2
+ C2

√
λ cos

√
λ

2
= 0,

y(3/2) = C1 cos
3
√
λ

2
+ C2 sin

3
√
λ

2
= 0,
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èëè {
−C1 sin

√
λ

2 + C2 cos
√
λ

2 = 0,
C1 cos 3

√
λ

2 + C2 sin 3
√
λ

2 = 0.
(38)

Ñèñòåìà (38) èìååò íåíóëåâîå ðåøåíèå òîãäà è òîëüêî òîãäà, êîãäà åå ãëàâíûé îïðåäåëèòåëü
ðàâåí 0:

∆ =

∣∣∣∣∣∣∣
− sin

√
λ

2 cos
√
λ

2

cos 3
√
λ

2 sin 3
√
λ

2

∣∣∣∣∣∣∣ = − sin

√
λ

2
sin

3
√
λ

2
− cos

√
λ

2
cos

3
√
λ

2
= − cos

√
λ = 0.

Îòñþäà
√
λ =

π

2
+ πn, λ = λn =

(π
2

+ πn
)2

, n = 0, 1, 2, . . .

Òîãäà èç óðàâíåíèÿ (38)

C2 = C1 tg

√
λ

2
= C1 tg

(π
4

+
πn

2

)
.

Ïîäñòàâëÿÿ ýòî âûðàæåíèå â (37), ïîëó÷èì

y = yn = cos
(π

2
+ πn

)
x+ tg

(π
4

+
πn

2

)
sin
(π

2
+ πn

)
x = cos

(π
2

+ πn
)
x+ (−1)n sin

(π
2

+ πn
)
x.

Îòñþäà ïðè n = 2k:
y2k = cos

(π
2

+ 2πk
)
x+ sin

(π
2

+ 2πk
)
x, (39)

à ïðè n = 2k + 1:
y2k+1 = cos

(π
2

+ 2πk
)
x− sin

(π
2

+ 2πk
)
x. (40)

Î ò â å ò: Ñîáñòâåííûå ÷èñëà: λn =
(π

2
+ πn

)2

; ñîáñòâåííûå ôóíêöèè îïðåäåëÿþòñÿ

ñîîòíîøåíèÿìè (39) è (40).
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Êîíòðîëüíîå çàäàíèå 10

Â êàæäîì âàðèàíòå íàéòè â óêàçàííîé îáëàñòè îòëè÷íûå îò òîæäåñòâåííîãî íóëÿ ðåøåíèÿ y = y(x)
äèôôåðåíöèàëüíîãî óðàâíåíèÿ, óäîâëåòâîðÿþùèå çàäàííûì êðàåâûì óñëîâèÿì (çàäà÷à Øòóðìà-
Ëèóâèëëÿ):

1.

{
y′′ + λy = 0, 1 ≤ x ≤ 2,
y(1) = y′(2) = 0.

2.

{
y′′ + λy = 0, 3/2 ≤ x ≤ 2,
y(3/2) = y′(2) = 0.

3.

{
y′′ + λy = 0, π/2 ≤ x ≤ π,
y(π/2) = y′(π) = 0.

4.

{
y′′ + λy = 0, π/4 ≤ x ≤ π/2,
y(π/4) = y′(π/2) = 0.

5.

{
y′′ + λy = 0, 1/2 ≤ x ≤ 1,
y(1/2) = y′(1) = 0.

6.

{
y′′ + λy = 0, 3/4 ≤ x ≤ 1,
y(3/4) = y′(1) = 0.

7.

{
y′′ + λy = 0, π ≤ x ≤ 2π,
y(π) = y′(2π) = 0.

8.

{
y′′ + λy = 0, π/2 ≤ x ≤ 3π/4,
y(π/2) = y′(3π/4) = 0.

9.

{
y′′ + λy = 0, 1 ≤ x ≤ 3/2,
y(1) = y′(3/2) = 0.

10.

{
y′′ + λy = 0, 1/4 ≤ x ≤ 1/2,
y(1/4) = y′(1/2) = 0.

11.

{
y′′ + λy = 0, π/2 ≤ x ≤ 3π/2,
y(π/2) = y′(3π/2) = 0.

12.

{
y′′ + λy = 0, 3/4 ≤ x ≤ 5/4,
y(3/4) = y′(5/4) = 0.

13.

{
y′′ + λy = 0, 1/2 ≤ x ≤ 3/2,
y(1/2) = y′(3/2) = 0.

14.

{
y′′ + λy = 0, π/2 ≤ x ≤ 5π/4,
y(π/2) = y′(5π/4) = 0.

15.

{
y′′ + λy = 0, π ≤ x ≤ 3π/2,
y(π) = y′(3π/2) = 0.

16.

{
y′′ + λy = 0, 3π/4 ≤ x ≤ 5π/4,
y(3π/4) = y′(5π/4) = 0.

17.

{
y′′ + λy = 0, 1 ≤ x ≤ 2,
y(2) = y′(1) = 0.

18.

{
y′′ + λy = 0, 3/2 ≤ x ≤ 2,
y(2) = y′(3/2) = 0.

19.

{
y′′ + λy = 0, π/2 ≤ x ≤ π,
y(π) = y′(π/2) = 0.

20.

{
y′′ + λy = 0, π/4 ≤ x ≤ π/2,
y(π/2) = y′(π/4) = 0.

21.

{
y′′ + λy = 0, 1/2 ≤ x ≤ 1,
y(1) = y′(1/2) = 0.

22.

{
y′′ + λy = 0, 3/4 ≤ x ≤ 1,
y(1) = y′(3/4) = 0.

23.

{
y′′ + λy = 0, π ≤ x ≤ 2π,
y(2π) = y′(π) = 0.

24.

{
y′′ + λy = 0, π/2 ≤ x ≤ 3π/4,
y(3π/4) = y′(π/2) = 0.

25.

{
y′′ + λy = 0, 1 ≤ x ≤ 3/2,
y(3/2) = y′(1) = 0.

26.

{
y′′ + λy = 0, 1/4 ≤ x ≤ 1/2,
y(1/2) = y′(1/4) = 0.

27.

{
y′′ + λy = 0, π/2 ≤ x ≤ 3π/2,
y(3π/2) = y′(π/2) = 0.

28.

{
y′′ + λy = 0, 3/4 ≤ x ≤ 5/4,
y(5/4) = y′(3/4) = 0.

29.

{
y′′ + λy = 0, π ≤ x ≤ 3π/2,
y(3π/2) = y′(π) = 0.

30.

{
y′′ + λy = 0, π/2 ≤ x ≤ 5π/2,
y(5π/2) = y′(π/2) = 0.
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5. ÐÅØÅÍÈÅ ÇÀÄÀ× Ñ ÏÎÌÎÙÜÞ ÎÁÛÊÍÎÂÅÍÍÛÕ
ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ ÓÐÀÂÍÅÍÈÉ

5.1. Ïðèìåðû íåêîòîðûõ ýêîíîìè÷åñêèõ çàäà÷

Ï ð è ì å ð 1. Ðîñò äåíåæíûõ âêëàäîâ. Ñóììà A ðóá. ïîëîæåíà â áàíê ïîä r % â ãîä. Íàéòè
çàêîí èçìåíåíèÿ ñóììû ïðè óñëîâèè, ÷òî ïðèðàùåíèå íà÷èñëÿåòñÿ íåïðåðûâíî.

Ð å ø å í è å. Îáùàÿ ñóììà P âêëàäà â ðåçóëüòàòå íà÷èñëåíèÿ ïðîöåíòîâ îäèí ðàç â êîíöå ãîäà
ñîñòàâèò

P = A
(

1 +
r

100

)
.

Åñëè ïðîöåíòû áóäóò íà÷èñëÿòüñÿ ïî èñòå÷åíèè ïîëóãîäà, òî

P = A
(

1 +
r

200

)2

,

åñëè ïîêâàðòàëüíî, òî

P = A
(

1 +
r

400

)4

,

è åñëè åæåìåñÿ÷íî, òî

P = A
(

1 +
r

1200

)12

.

Â îáùåì ñëó÷àå íàðàùåííàÿ ñóììà â êîíöå ãîäà ñîñòàâèò

P = A
(

1 +
r

100m

)m
ïðè r % ãîäîâûõ, íà÷èñëÿåìûõ m ðàç â ãîä (íàïðèìåð, 365 ðàç â ãîä, ò.å. åæåäíåâíî).

Ïî èñòå÷åíèè t ëåò îáùàÿ ñóììà ñîñòàâèò

P = A
((

1 +
r

100m

)m)t
.

Åñëè ÷èñëî m íà÷èñëåíèé ïðîöåíòîâ â ãîä áóäåò áåñïðåäåëüíî óâåëè÷èâàòüñÿ, òî

P = lim
m→+∞

A
((

1 +
r

100m

)m)r
= A lim

m→+∞

((
1 +

r

100m

) 100m
r

) tr
100

= Ae
tr
100 .

Â òå÷åíèå êîðîòêîãî ïðîìåæóòêà âðåìåíè dt ïðèðàùåíèå ñóììû P ñîñòàâèò

dP = d(Ae
tr
100 ) =

r

100
Ae

tr
100 dt =

r

100
Pdt.

Òàêèì îáðàçîì, äèôôåðåíöèàëüíîå óðàâíåíèå çàäà÷è èìååò âèä

dP

dt
=

r

100
P.

Ï ð è ì å ð 2. Ýôôåêòèâíîñòü ðåêëàìû. Ïðåäïîëîæèì, ÷òî òîðãîâûìè ó÷ðåæäåíèÿìè
ðåàëèçóåòñÿ ïðîäóêöèÿ B, î êîòîðîé â ìîìåíò âðåìåíè t = 0 èç ÷èñëà ïîòåíöèàëüíûõ ïîêóïàòåëåé
N çíàåò ëèøü x ÷åëîâåê. Ïðåäïîëîæèì äàëåå, ÷òî äëÿ óñêîðåíèÿ ñáûòà ïðîäóêöèè B áûëè
äàíû ðåêëàìíûå îáúÿâëåíèÿ ïî ðàäèî è òåëåâèäåíèþ. Ïîñëåäóþùàÿ èíôîðìàöèÿ î ïðîäóêöèè
ðàñïðîñòðàíÿåòñÿ ñðåäè ïîêóïàòåëåé ïîñðåäñòâîì îáùåíèÿ äðóã ñ äðóãîì. Ïîñòðîèòü çàêîí
èçìåíåíèÿ x(t).

Ð å ø å í è å. Ñ áîëüøîé ñòåïåíüþ äîñòîâåðíîñòè ìîæíî ñêàçàòü, ÷òî ïîñëå ðåêëàìíûõ
îáúÿâëåíèé ñêîðîñòü èçìåíåíèÿ ÷èñëà çíàþùèõ î ïðîäóêöèè B ïðîïîðöèîíàëüíà êàê ÷èñëó
çíàþùèõ î òîâàðå ïîêóïàòåëåé, òàê è ÷èñëó ïîêóïàòåëåé, î íåì åùå íå çíàþùèõ.

Åñëè óñëîâèòüñÿ, ÷òî âðåìÿ îòñ÷èòûâàåòñÿ ïîñëå ðåêëàìíûõ îáúÿâëåíèé, êîãäà î òîâàðå óçíàëî
N
γ ÷åëîâåê, òî ïðèõîäèì ê äèôôåðåíöèàëüíîìó óðàâíåíèþ

dx

dt
= kx(N − x) (41)
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ñ íà÷àëüíûì óñëîâèåì x = N
γ ïðè t = 0. Â óðàâíåíèè (41) êîýôôèöèåíò k � ýòî ïîëîæèòåëüíûé

êîýôôèöèåíò ïðîïîðöèîíàëüíîñòè. Èíòåãðèðóÿ óðàâíåíèå (41), íàõîäèì

1
N

ln
x

N − x
= kt+ C.

Ïîëàãàÿ C1 = eNC , ïðèõîäèì ê ðàâåíñòâó

x

N − x
= C1e

Nkt,

îòñþäà

x = N
C1e

Nkt

C1eNkt + 1
=

N

1 + Pe−Nkt
, (42)

ãäå P = 1
c1

= e−NC . Â ýêîíîìè÷åñêîé ëèòåðàòóðå óðàâíåíèå (42) îáû÷íî íàçûâàþò óðàâíåíèåì
ëîãèñòè÷åñêîé êðèâîé. Åñëè ó÷åñòü òåïåðü íà÷àëüíûå óñëîâèÿ, òî ðàâåíñòâî (42) ïåðåïèøåòñÿ â
âèäå

x =
N

1 + (γ − 1)e−Nkt
.

Ï ð è ì å ð 3. Ñïðîñ è ïðåäëîæåíèå. Ïóñòü â òå÷åíèå íåêîòîðîãî (äîñòàòî÷íî
ïðîäîëæèòåëüíîãî) âðåìåíè êðåñòüÿíèí ïðîäàåò íà ðûíêå ôðóêòû (íàïðèìåð, ÿáëîêè), ïðè÷åì
ïðîäàåò èõ ïîñëå óáîðêè óðîæàÿ ñ íåäåëüíûìè ïåðåðûâàìè. Òîãäà ïðè èìåþùèõñÿ ó êðåñòüÿíèíà
çàïàñàõ ôðóêòîâ íåäåëüíîå ïðåäëîæåíèå áóäåò çàâèñèòü êàê îò îæèäàåìîé öåíû â íàñòóïàþùåé
íåäåëå, òàê è îò ïðåäïîëàãàåìîãî èçìåíåíèÿ öåíû â ïîñëåäóþùèå íåäåëè. Åñëè â íàñòóïàþùåé
íåäåëå ïðåäïîëàãàåòñÿ, ÷òî öåíà óïàäåò, à â ïîñëåäóþùèå íåäåëè ïîâûñèòñÿ, òî ïðåäëîæåíèå áóäåò
ñäåðæèâàòüñÿ ïðè óñëîâèè ïðåâûøåíèÿ îæèäàåìîãî ïîâûøåíèÿ öåí íàä èçäåðæêàìè õðàíåíèÿ. Ïðè
ýòîì ïðåäëîæåíèå òîâàðà â áëèæàéøóþ íåäåëþ áóäåò òåì ìåíüøèì, ÷åì áîëüøèì ïðåäïîëàãàåòñÿ
â äàëüíåéøåì ïîâûøåíèå öåíû. È íàîáîðîò, åñëè â íàñòóïàþùåé íåäåëå öåíà áóäåò âûñîêîé, à
çàòåì îæèäàåòñÿ åå ïàäåíèå, òî ïðåäëîæåíèå óâåëè÷èòñÿ òåì áîëüøå, ÷åì áîëüøèì ïðåäïîëàãàåòñÿ
ïîíèæåíèå öåíû â äàëüíåéøåì. Ñîñòàâèòü äèôôåðåíöèàëüíîå óðàâíåíèå, îïèñûâàþùåå ïðîöåññ
ôîðìèðîâàíèÿ öåíû ïðè óñëîâèè ðàâíîâåñèÿ ìåæäó ñïðîñîì è ïðåäëîæåíèåì.

Ð å ø å í è å. Åñëè îáîçíà÷èòü ÷åðåç p öåíó íà ôðóêòû íà íàñòóïàþùåé íåäåëå, à ÷åðåç p′

� òàê íàçûâàåìóþ òåíäåíöèþ ôîðìèðîâàíèÿ öåíû (ïðîèçâîäíóþ öåíû ïî âðåìåíè), òî êàê ñïðîñ,
òàê è ïðåäëîæåíèå áóäóò ôóíêöèÿìè óêàçàííûõ âåëè÷èí. Ïðè ýòîì, êàê ïîêàçûâàåò ïðàêòèêà,
â çàâèñèìîñòè îò ðàçíûõ ôàêòîðîâ ñïðîñ è ïðåäëîæåíèå ìîãóò áûòü ðàçëè÷íûìè ôóíêöèÿìè
öåíû è òåíäåíöèè ôîðìèðîâàíèÿ öåíû. Â ÷àñòíîñòè, îäíà èç òàêèõ ôóíêöèé çàäàåòñÿ ëèíåéíîé
çàâèñèìîñòüþ, ìàòåìàòè÷åñêè îïèñûâàåìîé ñîîòíîøåíèåì

y = ap′ + bp+ c,

ãäå a, b è c � íåêîòîðûå âåùåñòâåííûå ïîñòîÿííûå. À òîãäà, åñëè, íàïðèìåð, â ðàññìàòðèâàåìîé
çàäà÷å öåíà íà ôðóêòû ñîñòàâëÿëà 1 óñëîâíóþ åäèíèöó çà 1 êã, ÷åðåç t íåäåëü îíà óæå áûëà p(t)
óñëîâíûõ åäèíèö çà 1 êã, à ñïðîñ q è ïðåäëîæåíèå s îïðåäåëÿëèñü ñîîòâåòñòâåííî ñîîòíîøåíèÿìè
q = a1p

′ + b1p + c1, s = a2p
′ + b2p + c2, òî äëÿ òîãî ÷òîáû ñïðîñ ñîîòâåòñòâîâàë ïðåäëîæåíèþ,

íåîáõîäèìî âûïîëíåíèå ðàâåíñòâà

a1p
′ + b1p+ c1 = a2p

′ + b2p+ c2,

èëè
αp′ + βp+ γ = 0,

ãäå α = a1 − a2, β = b1 − b2, γ = c1 − c2. Îòñþäà ïðèõîäèì ê äèôôåðåíöèàëüíîìó óðàâíåíèþ

αdp

βp+ γ
= −dt.

Èíòåãðèðóÿ, íàõîäèì

p = Ce
β
α t − γ

β
.
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Åñëè æå ó÷åñòü íà÷àëüíîå óñëîâèå p = 1 ïðè t = 0, òî îêîí÷àòåëüíî ïîëó÷àåì

p =
(

1 +
γ

β

)
e
β
α t − γ

β
. (43)

Òàêèì îáðàçîì, åñëè òðåáîâàòü, ÷òîáû ìåæäó ñïðîñîì è ïðåäëîæåíèåì âñå âðåìÿ ñîõðàíÿëîñü
ðàâíîâåñèå, íåîáõîäèìî, ÷òîáû öåíà èçìåíÿëàñü â ñîîòâåòñòâèè ñ ôîðìóëîé (43).

Åñëè β = 0 è α 6= 0, òî ïîëó÷àþùååñÿ äèôôåðåíöèàëüíîå óðàâíåíèå p′ = − γ
α èìååò ðåøåíèå,

âûðàæàþùååñÿ äðóãîé ôîðìóëîé: p = C− γ
α t èëè ñ ó÷åòîì íà÷àëüíîãî óñëîâèÿ p = 1− γ

α t. Â ñëó÷àå
β = 0, α 6= 0, γ 6= 0 è γ

α > 0 öåíà áóäåò óáûâàòü äî íóëÿ è ïðè t > α
γ ñòàíîâèòñÿ îòðèöàòåëüíîé, ÷åãî

íå ìîæåò áûòü â ðåàëüíîñòè. Ýòî ïðîòèâîðå÷èå ãîâîðèò î ïðèìåíèìîñòè äàííîé ìàòåìàòè÷åñêîé
ìîäåëè òîëüêî â óêàçàííîì ñëó÷àå ïðè ìàëûõ t.

Åñëè α = 0 è β 6= 0, òî èìååì àëãåáðàè÷åñêîå óðàâíåíèå βp+ γ, îòêóäà p = − γβ . Öåíà ïîñòîÿííà,
÷òî ïîëíîñòüþ ñîîòâåòñòâóåò îòñóòñòâèþ â óðàâíåíèè ôàêòîðà, èçìåíÿþùåãî öåíó. Ñòàâèòü êàêèå-
ëèáî íà÷àëüíûå óñëîâèÿ â ýòîì ñëó÷àå íåïðàâîìåðíî.

Ï ð è ì å ð 4. Ýêîíîìèêà. Ðàññìîòðèì ýêîíîìè÷åñêóþ ñèñòåìó, â êîòîðîé ïðàâèòåëüñòâåííûå
ðàñõîäû G0 ïîñòîÿííû. Â êàæäûé ìîìåíò t â ýêîíîìèêå ñóùåñòâóåò ñïðîñ D(t), îïðåäåëÿþùèé
æåëàåìûé óðîâåíü ïîòðåáëåíèÿ è êàïèòàëîâëîæåíèé. Çàäà÷à ñîñòîèò â òîì, ÷òîáû ñáàëàíñèðîâàòü
ýêîíîìèêó òàêèì îáðàçîì, ÷òîáû îáúåì ïðîèçâîäñòâà Y (t) ñîâïàäàë ñî ñïðîñîì, ò. å. D(t) ≡
Y (t). Îäíàêî íà ïðàêòèêå ïðîèçâîäñòâî íå ìîæåò ìãíîâåííî ðåàãèðîâàòü íà èçìåíåíèå ñïðîñà.
Ñóùåñòâóåò çàïàçäûâàíèå τ , êîòîðîå ñâÿçàíî ñî âðåìåíåì, íåîáõîäèìûì äëÿ ïîñòðîéêè íîâîãî
çàâîäà è ò. ï.

Ð å ø å í è å. ×òîáû ñáàëàíñèðîâàòü ýêîíîìèêó ïðè íàëè÷èè çàïàçäûâàíèÿ, íåîáõîäèìî
ñîñòàâëÿòü ïëàíû íà áóäóùåå è ñòðîèòü ïðîèçâîäñòâî òàê, ÷òîáû óäîâëåòâîðÿòü ïðîãíîçèðóåìûé
ñïðîñ, ïîëàãàÿ

D(t) = (1− s)Y (t− τ) + I(t) +G0, (44)

ãäå s > 0 � ïðåäåëüíàÿ ñêëîííîñòü ê ñáåðåæåíèþ, I(t) � óðîâåíü êàïèòàëîâëîæåíèé. Â óðàâíåíèè
(44) ñ÷èòàåì, ÷òî çà âðåìÿ τ êàïèòàëîâëîæåíèÿ ñóùåñòâåííî íå èçìåíÿþòñÿ, ò. å. I(t − τ) = I(t).
Òåïåðü, åñëè ó÷åñòü, ÷òî Y (t−τ) = Y (t)−τY ′(t)+α(τ)τ2, ãäå ôóíêöèÿ α(τ) îãðàíè÷åíà ïðè τ → 0, òî
óâèäèì, ÷òî óðàâíåíèå (44) îçíà÷àåò äîñòèæåíèå áàëàíñà ñ òî÷íîñòüþ äî âåëè÷èíû ïåðâîãî ïîðÿäêà
îòíîñèòåëüíî τ ïðè

(1− s)τY ′(t) = −sY (t) + I(t) +G0 (45)

äëÿ âñåõ t ∈ R.
Õîòÿ âåëè÷èíà I(t) çà âðåìÿ ïîðÿäêà τ ñóùåñòâåííî íå èçìåíÿåòñÿ, îíà íå ÿâëÿåòñÿ ïîñòîÿííîé.

Êàïèòàëîâëîæåíèÿ çàâèñÿò îò îáùåé òåíäåíöèè ðàçâèòèÿ ïðîèçâîäñòâà. Îäíà èç âîçìîæíûõ
ñòðàòåãèé â îáëàñòè êàïèòàëîâëîæåíèÿ � ¾ïðèíöèï àêñåëåðàòîðà¿, ñîãëàñíî êîòîðîìó æåëàòåëüíî
âûïîëíåíèå ñîîòíîøåíèÿ I(t) ≡ aY ′(t), a > 0. Ýòî ðàâåíñòâî íå ìîæåò òî÷íî âûïîëíÿòüñÿ ñ ñèëó
çàïàçäûâàíèÿ, íî ìîæíî ïðèáëèçèòüñÿ ê íåìó, åñëè âçÿòü

I ′(t) = b(aY ′(t)− I(t)), b > 0. (46)

Óðàâíåíèÿ (45) è (46) ñëóæàò îñíîâîé äèíàìè÷åñêîé ìîäåëè ýêîíîìèêè. Èõ ìîæíî ïðèâåñòè ê
áîëåå ïðèâû÷íîìó âèäó, íàéäÿ I ′ èç (45), ïîäñòàâèâ I èç (45) â (46) è ïðèðàâíÿâ I ′ èç (45) è èç (46):

(1− s)τy′′ + (s− ba+ (1− s)τb)y′ + sby = 0, (47)

ãäå y = Y −G0/s. Òàêèì îáðàçîì, ðàçíîñòü ìåæäó îáúåìîì ïðîèçâîäñòâà è ïîñòîÿííîé âåëè÷èíîé
G0/s óäîâëåòâîðÿåò óðàâíåíèþ

y′′ + 2ky′ + ω2
0y = 0,

ãäå k =
s− ba+ (1− s)τb

2τ(1− s)
, ω2

0 =
sb

τ(1− s)
.

Ï ð è ì å ð 5. Â êóëüòóðå ïèâíûõ äðîææåé áûñòðîòà ïðèðîñòà äåéñòâóþùåãî ôåðìåíòà
ïðîïîðöèîíàëüíà åãî ìàññå. Ñîñòàâèòü óðàâíåíèå, ïîçâîëÿþùåå îïðåäåëèòü, âî ñêîëüêî ðàç
óâåëè÷èòñÿ ýòà ìàññà â òå÷åíèå âðåìåíè t.
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Ð å ø å í è å. Ïðèìåì çà àðãóìåíò âðåìÿ t, à çà èñêîìóþ ôóíêöèþ N(t) � ìàññó äåéñòâóþùåãî
ôåðìåíòà â ìîìåíò âðåìåíè t. Ïóñòü N(0) = N0. Áûñòðîòà ïðèðîñòà äåéñòâóþùåãî ôåðìåíòà
ïðåäñòàâëÿåò ñîáîé ñêîðîñòü èçìåíåíèÿ ôóíêöèè N = N(t) ñî âðåìåíåì t. Ñ äðóãîé ñòîðîíû,
ïî óñëîâèþ çàäà÷è ñêîðîñòü èçìåíåíèÿ N(t), ò. å. dN/dt, ïðîïîðöèîíàëüíà ìàññå äåéñòâóþùåãî
ôåðìåíòà, à èìåííî,

dN

dt
= kN, ãäå k > 0 � êîýôôèöèåíò ïðîïîðöèîíàëüíîñòè.

Òàêèì ñïîñîáîì ïîëó÷àåòñÿ äèôôåðåíöèàëüíîå óðàâíåíèå, îïèñûâàþùåå ïðîöåññ.

Ï ð è ì å ð 6. Ìàêðîìîäåëü ðîñòà
Ê ÷èñëó ìàêðîìîäåëåé ðîñòà îòíîñÿòñÿ ìîäåëü ðîñòà Õàððîäà-Äîìàðà ñ ôèêñèðîâàííûìè

êîýôôèöèåíòàìè è íåîêëàññè÷åñêàÿ ìîäåëü, ïðåäïîëàãàþùàÿ ïåðåìåííûå êîýôôèöèåíòû
ïðîèçâîäñòâà.

Â êàæäîé èç ýòèõ ìîäåëåé ïðîèçâîäñòâåííàÿ ôóíêöèÿ Y = F (K,L), ãäå Y � íàöèîíàëüíûé
äîõîä, K � êàïèòàë, L � òðóä, õàðàêòåðèçóåòñÿ íåèçìåííûì ýôôåêòîì ìàñøòàáà, à â êà÷åñòâå
öåíòðàëüíîé ïåðåìåííîé âûñòóïàåò ñîîòíîøåíèå êàïèòàë/òðóä:

x = K/L (48)

Åñëè ìû ïðîëîãàðèôìèðóåì îáå ÷àñòè (48) ïî íàòóðàëüíîìó îñíîâàíèþ, òî ïîëó÷èì

lnx = lnK − lnL.

Ïîñëå ÷åãî ïðîäèôôåðåíöèðîâàâ ýòî âûðàæåíèå ïî t, ïðèõîäèì ê ñëåäóþùåìó ñîîòíîøåíèþ:

ẋ

x
=
K̇

K
− L̇

L
(49)

(çäåñü è äàëåå ẋ = dx/dt, K̇ = dK/dt, L̇ = dL/dt).
Ñíà÷àëà, ïîëîæèâ y = Y/L è èñõîäÿ èç ïðåäïîëîæåíèÿ î ëèíåéíîé îäíîðîäíîñòè

ïðîèçâîäñòâåííîé ôóíêöèè, ìû ìîæåì çàïèñàòü ïîñëåäíþþ êàê y = F (K/L, 1). Ïðåäñòàâèâ ïðàâóþ
÷àñòü ýòîãî óðàâíåíèÿ â âèäå f(x), ïîëó÷èì ïðîèçâîäñòâåííóþ ôóíêöèþ âèäà

y = f(x), (50)

ãäå y = Y/L � ïðîèçâîäèòåëüíîñòü òðóäà, x = K/L � êàïèòàëîâîîðóæåííîñòü (ôîíäîâîîðóæåí-
íîñòü). Òåïåðü ïðèìåì ñëåäóþùèå äîïóùåíèÿ:

1. Äëÿ êàæäîãî îòðåçêà âðåìåíè äîëÿ íåïîòðåáëåííîé ÷àñòè íàöèîíàëüíîãî äîõîäà, ò.å. íîðìà
íàêîïëåíèÿ, s = (Y −C)/Y , ÿâëÿåòñÿ ïîñòîÿííîé, è äëÿ êàæäîãî îòðåçêà âðåìåíè óâåëè÷åíèå
íàêîïëåííîãî êàïèòàëà ðàâíî íîâîìó èíâåñòèöèîííîìó ñïðîñó, ïðåäúÿâëåííîìó íà äàííîì
îòðåçêå âðåìåíè, à èìåííî

I = K̇. (51)

2. Ðîñò ïðåäëîæåíèÿ òðóäà ÿâëÿåòñÿ ïîñòîÿííîé âåëè÷èíîé, ðàâíîé n, ÷òî ôîðìàëüíî ìîæåò
áûòü çàïèñàíî êàê

L̇/L = n, (52)

äðóãèìè ñëîâàìè, n � òåìï ïðèðîñòà òðóäà.

Èñõîäÿ èç ñäåëàííûõ äîïóùåíèé, âûâåäåì îñíîâíîå óðàâíåíèå ðîñòà ìàêðîýêîíîìèêè. Ñ ó÷åòîì
äîïóùåíèÿ (2) óðàâíåíèå (49) ïåðåïèñûâàåòñÿ ñëåäóþùèì îáðàçîì:

ẋ = x
K̇

K
− nx.

Ïîñêîëüêó ñîñòàâëÿþùèå íàöèîíàëüíîãî äîõîäà � ïîòðåáëåíèå è íàêîïëåíèå, ò.å. Y = C + I, òî,
ïðèíèìàÿ âî âíèìàíèå (50), èìååì

x
K̇

K
= x

I

K
=
Y

L
· I
Y

= sf(x),
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îòêóäà ïîëó÷àåì
ẋ = sf(x)− nx. (53)

Ï ð è ì å ð 7. Ìîäåëü äëÿ îïèñàíèÿ ïðîñòåéøèõ ïðîöåññîâ ìàêðîýêîíîìè÷åñêîé
äèíàìèêè.

Ïóñòü y = y(t) � îáúåì ïðîèçâîäñòâà íåêîòîðîãî ïðîèçâîäèòåëÿ, ðåàëèçîâàííûé ê
ìîìåíòó âðåìåíè t. Ïðåäïîëîæèì, ÷òî öåíà íà äàííûé òîâàð îñòàåòñÿ ïîñòîÿííîé (â ïðåäåëàõ
ðàññìàòðèâàåìîãî ïðîìåæóòêà âðåìåíè). Òîãäà ôóíêöèÿ y(t) óäîâëåòâîðÿåò óðàâíåíèþ

y′ = ky, (54)

ãäå k = mpl, m � íîðìà èíâåñòèöèé, p � ïðîäàæíàÿ öåíà, l � êîýôôèöèåíò ïðîïîðöèîíàëüíîñòè
ìåæäó âåëè÷èíîé èíâåñòèöèé è ñêîðîñòüþ âûïóñêà ïðîäóêöèè.

Ï ð è ì å ð 8. Ôóíêöèè ñïðîñà è ïðåäëîæåíèÿ èìåþò âèä:

y = 25− 2p+ 3
dp

dt
, x = 15− p+ 4

dp

dt
.

Íàéòè çàâèñèìîñòü ðàâíîâåñíîé öåíû îò âðåìåíè, åñëè â íà÷àëüíûé ìîìåíò p = 9.
Ð å ø å í è å. Èç óñëîâèÿ ðàâåíñòâà ñïðîñà è ïðåäëîæåíèÿ èìååì:

25− 2p+ 3
dp

dt
= 15− p+ 4

dp

dt
,

îòêóäà
dp

dt
= 10− p,

ò.å. ïîëó÷àåì óðàâíåíèå ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè.

5.2. Ïðèìåðû íåêîòîðûõ ôèçè÷åñêèõ è ýêîëîãè÷åñêèõ çàäà÷

Äëÿ ðåøåíèÿ íåêîòîðûõ çàäà÷ ýëåêòðîòåõíèêè ìîæíî ïîëüçîâàòüñÿ ñëåäóþùèìè çàêîíàìè
òåîðèè ýëåêòðè÷åñêèõ öåïåé.

Äëÿ êàæäîãî óçëà öåïè ñóììà âñåõ ïðîòåêàþùèõ òîêîâ ðàâíà ñóììå âûòåêàþùèõ òîêîâ.
Àëãåáðàè÷åñêàÿ ñóììà íàïðÿæåíèé èñòî÷íèêîâ òîêà, ñîäåðæàùèõñÿ â ëþáîì çàìêíóòîì êîíòóðå

öåïè, ðàâíà àëãåáðàè÷åñêîé ñóììå ïàäåíèé íàïðÿæåíèé íà âñåõ îñòàëüíûõ ó÷àñòêàõ ýòîãî êîíòóðà.
Ïàäåíèå íàïðÿæåíèÿ íà ñîïðîòèâëåíèè R ðàâíî JR; ïàäåíèå íàïðÿæåíèÿ íà ñàìîèíäóêöèè

L ðàâíî LdJdt ; ïàäåíèå íàïðÿæåíèÿ íà êîíäåíñàòîðå åìêîñòè C ðàâíî q/C, ãäå q = q(t) çàðÿä

êîíäåíñàòîðà â ìîìåíò t; ïðè ýòîì dq
dt = J ; âî âñåõ òðåõ ñëó÷àÿõ J = J(t) � ñèëà òîêà, ïðîòåêàþùåãî

÷åðåç ðàññìàòðèâàåìûé ó÷àñòîê öåïè â äàííûé ìîìåíò âðåìåíè t. Â ýòèõ ôîðìóëàõ J âûðàæàåòñÿ
â àìïåðàõ, R � â îìàõ, L � â ãåíðè, q � â êóëîíàõ, C � â ôàðàäàõ, t � â ñåêóíäàõ, íàïðÿæåíèå �
â âîëüòàõ.

Ï ð è ì å ð 9. Ïîñëåäîâàòåëüíî âêëþ÷åíû: èñòî÷íèê òîêà, íàïðÿæåíèå êîòîðîãî ìåíÿåòñÿ ïî
çàêîíó E = V sinwt, ñîïðîòèâëåíèå R è åìêîñòü C. Íàéòè ñèëó òîêà â öåïè ïðè óñòàíîâèâøåìñÿ
ðåæèìå1.

Ð å ø å í è å. Ñèëà òîêà J = J(t) íà ëþáîì ó÷àñòêå öåïè îäíà è òà æå (ïî çàêîíó î
ïîñëåäîâàòåëüíîì ñîåäèíåíèè). Ïàäåíèå íàïðÿæåíèÿ íà ñîïðîòèâëåíèè ðàâíî RJ , à íà åìêîñòè
q/C. Ñëåäîâàòåëüíî,

RJ +
q

C
= V sinwt.

Äèôôåðåíöèðóÿ è ïîëüçóÿñü òåì, ÷òî dq
dt = J , ïîëó÷èì óðàâíåíèå

R
dJ

dt
+
J

C
= V w coswt. (55)

Ýòî ëèíåéíîå óðàâíåíèå ñ ïîñòîÿííûìè êîýôôèöèåíòàìè. Äëÿ îòûñêàíèÿ óñòàíîâèâøåãîñÿ ðåæèìà
íàéäåì ïåðèîäè÷åñêîå ÷àñòíîå ðåøåíèå ýòîãî óðàâíåíèÿ. Èñõîäÿ èç âèäà ïðàâîé ÷àñòè óðàâíåíèÿ,
èùåì ðåøåíèå â âèäå

J(t) = A1 coswt+B1 sinwt. (56)

1Óñòàíîâèâøèìñÿ ðåæèìîì íàçûâàåòñÿ òàêîé ðåæèì, ïðè êîòîðîì ñèëà òîêà ïîñòîÿííà èëè ìåíÿåòñÿ ïåðèîäè÷åñêè
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Ïîäñòàâëÿÿ J(t) è dJ
dt â (55) è ïðèðàâíèâàÿ êîýôôèöèåíòû ïðè ïîäîáíûõ ÷ëåíàõ, ïîëó÷èì ñèñòåìó

äâóõ óðàâíåíèé, èç êîòîðîé ìîæíî íàéòè êîýôôèöèåíòû A1 è B1. Íî â ýëåêòðîòåõíèêå âàæíåå çíàòü
íå êîýôôèöèåíòû A1 è B1, à àìïëèòóäó èçìåíåíèÿ òîêà. Ïîýòîìó âûðàæåíèå (56) ïåðåïèñûâàþò â
âèäå

J(t) = A sin (wt− ϕ). (57)

Ïîäñòàâëÿÿ (57) â (55), ïåðåõîäÿ ê òðèãîíîìåòðè÷åñêèì ôóíêöèÿì óãëîâ wt è ϕ, ïðèðàâíèâàÿ
êîýôôèöèåíòû ñíà÷àëà ïðè sinwt, à çàòåì ïðè coswt, ïîëó÷èì

RAw sinϕ+ A
C cosϕ = 0

RAw cosϕ− A
C sinϕ = V w

}
.

Îòñþäà íàéäåì

tgϕ = − 1
RCw

, A =
V√

R2 + (wC)−2
.

Ïîÿñíèì, ïî÷åìó íàéäåííîå ïåðèîäè÷åñêîå ðåøåíèå íàçûâàåòñÿ óñòàíîâèâøèìñÿ ðåæèìîì. Îáùåå
ðåøåíèå óðàâíåíèÿ (55) ðàâíî ñóììå íàéäåííîãî ÷àñòíîãî ðåøåíèÿ (57) è îáùåãî ðåøåíèÿ ëèíåéíîãî
îäíîðîäíîãî óðàâíåíèÿ

R
dJ

dt
+
J

C
= 0. (58)

Òàê êàê îáùåå ðåøåíèå óðàâíåíèÿ (58) J = ke−t/(RC) (k � ïðîèçâîëüíàÿ ïîñòîÿííàÿ) ñòðåìèòñÿ ê
íóëþ ïðè t → +∞, òî ëþáîå ðåøåíèå óðàâíåíèÿ (55) ïðè t → +∞ íåîãðàíè÷åííî ïðèáëèæàåòñÿ ê
íàéäåííîìó ïåðèîäè÷åñêîìó ÷àñòíîìó ðåøåíèþ (57).

Ï ð è ì å ð 10. Êîëåáàòåëüíûé êîíòóð, ïðåäñòàâëÿþùèé ñîáîé çàìêíóòóþ ýëåêòðè÷åñêóþ öåïü,
îáëàäàåò åìêîñòüþ C, èíäóêòèâíîñòüþ L è àêòèâíûì ñîïðîòèâëåíèåì R. Ïðè ïåðåõîäå ýíåðãèè
ýëåêòðè÷åñêîãî ïîëÿ êîíäåíñàòîðà â ýíåðãèþ ìàãíèòíîãî ïîëÿ êàòóøêè (è îáðàòíî) ÷àñòü ýíåðãèè
êîíòóðà çàòðà÷èâàåòñÿ íà àêòèâíûõ ñîïðîòèâëåíèÿõ, â ðåçóëüòàòå ÷åãî âåëè÷èíà íàïðÿæåíèÿ íà
êîíäåíñàòîðå ïîñòåïåííî óìåíüøàåòñÿ. Íàéòè çàêîí èçìåíåíèÿ çàðÿäà êîíäåíñàòîðà q (ðèñ.1).

Ðèñ. 1: ê ïðèìåðó 10

Ð å ø å í è å. Òîê â êîíòóðå îïðåäåëÿåòñÿ êàê ÷àñòíîå îò äåëåíèÿ ïàäåíèÿ íàïðÿæåíèÿ íà
ñîïðîòèâëåíèè íà âåëè÷èíó ýòîãî ñîïðîòèâëåíèÿ:

J =
VR
R

=
VC − VL

R
.

Çäåñü VC � íàïðÿæåíèå íà êîíäåíñàòîðå, VL � íàïðÿæåíèå íà êàòóøêå èíäóêòèâíîñòè, ò.å.

VL = L
dJ

dt
.

Ïðîâîäèì ýëåìåíòàðíûå àëãåáðàè÷åñêèå ïðåîáðàçîâàíèÿ è ïîëó÷èì èñõîäíîå äèôôåðåíöèàëüíîå
óðàâíåíèå öåïè:

L
dJ

dt
+RJ − VC = 0.
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Òîê â êîíòóðå J = −dq
dt
, ãäå q � çàðÿä êîíäåíñàòîðà;

dJ

dt
= −d

2q

dt2
; VC =

q

C
.

Òîãäà óðàâíåíèå öåïè ïðèìåò âèä:

−Ld
2q

dt2
−Rdq

dt
− q

C
= 0

èëè
d2q

dt2
+
R

L

dq

dt
+

q

LC
= 0. (59)

Äëÿ ðåøåíèÿ óðàâíåíèÿ (59) ñîñòàâèì õàðàêòåðèñòè÷åñêîå óðàâíåíèå

m2 +
R

L
m+

1
LC

= 0,

îòêóäà

m1,2 = − R

2L
±

√(
R

2L

)2

− 1
LC

.

Äëÿ êðàòêîñòè ââåäåì îáîçíà÷åíèÿ:

1
LC

= w2
v,

R

2L
= α.

Òîãäà
m1,2 = −α±

√
α2 − w2

v = −α± i
√
w2
v − α2.

Îáîçíà÷àÿ
√
w2
v − α2 = wp, ïîëó÷èì

m1 = −α+ wpi,
m2 = −α− wpi,

Çàðÿä êîíäåíñàòîðà âûðàçèòñÿ ôîðìóëîé:

q = e−αt(M coswpt+N sinwpt). (60)

Çíà÷åíèÿ M è N íàõîäÿòñÿ èç íà÷àëüíûõ óñëîâèé: ïðè t = 0, q = Qmax; ïðè t = 0, J = 0, òàê êàê
ïðè t = 0 ðàçðÿäà êîíäåíñàòîðà íåò.

Òàêèì îáðàçîì, ïðè t = 0 íà êîíäåíñàòîðå ìàêñèìàëüíûé çàðÿä q = Qmax, íî ïî óðàâíåíèþ (60)
ïðè t = 0, q = M .

Ñëåäîâàòåëüíî,
q = e−αt(Qmax coswpt+N sinwpt), (61)

J = −dq
dt

= −eαt [(wpN − αQmax) coswpt− (wpQmax + αN) sinwpt] . (62)

Èç âòîðîãî íà÷àëüíîãî óñëîâèÿ è óðàâíåíèÿ (62) ñëåäóåò

N = Qmax
α

wp
.

Ïîäñòàâëÿÿ çíà÷åíèÿ N â óðàâíåíèÿ (61), (62), ïîëó÷èì:

q = Qmaxe
−αt(coswpt+

α

wp
sinwpt). (63)

Óðàâíåíèå (63) åñòü óðàâíåíèå çàòóõàþùèõ êîëåáàíèé.

Ï ð è ì å ð 11. Ìîäåëü ”õèùíèêè è æåðòâû”.
Ïðèâåäåì ïðèìåð ìîäåëè, êîòîðàÿ îïèñûâàåòñÿ ñèñòåìîé äèôôåðåíöèàëüíûõ óðàâíåíèé.
Ïðè ñîñòàâëåíèè óðàâíåíèé, îïèñûâàþùèõ ïðîöåññ áèîöåíîçà â æèâîòíîì ìèðå, áóäåì

ó÷èòûâàòü âïîëíå ðåàëüíûå äîïóùåíèÿ:
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• ïèùà ”æåðòâû” íå îãðàíè÷åíà ñðåäîé îáèòàíèÿ;

• ”õèùíèê” ïèòàåòñÿ òîëüêî ”æåðòâîé”;

• ïðèðîñò ”æåðòâ” ïðîïîðöèîíàëåí èõ ÷èñëåííîñòè;

• óáûëü ”æåðòâ” ïðîïîðöèîíàëüíà ïðîèçâåäåíèþ ÷èñëà ”æåðòâ” è ”õèùíèêîâ”;

• ïðèðîñò ”õèùíèêîâ” ïðîïîðöèîíàëåí ïðîèçâåäåíèþ ÷èñëà ”õèùíèêîâ” è ”æåðòâ”;

• óáûëü ”õèùíèêîâ” ïðîïîðöèîíàëüíà ïðîèçâåäåíèþ ÷èñëà ”õèùíèêîâ” è ”æåðòâ”.

Ìîäåëü òàêîãî áèîöåíîçà ñ ó÷åòîì ââåäåííûõ äîïóùåíèé îïðåäåëÿåòñÿ ñëåäóþùåé ñèñòåìîé èç
äâóõ íåëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé:

dN1

dt
= α1N1 − β2N1N2,

dN2

dt
= −α2N2 + β1N1N2,

(64)

ãäå � N1 ÷èñëî îñîáåé ”æåðòâ”; N2 � ÷èñëî îñîáåé ”õèùíèêîâ”; α1 � êîýôôèöèåíò åñòåñòâåí-
íîãî ïðèðîñòà ”æåðòâ”; α2 � êîýôôèöèåíò åñòåñòâåííîé óáûëè ”õèùíèêîâ”; β1 � êîýôôèöèåíò
óíè÷òîæåíèÿ ”õèùíèêàìè” ñâîèõ ”æåðòâ”; β2 � êîýôôèöèåíò çàùèòû ”æåðòâ” îò ”õèùíèêîâ”.

Ïðèâåäåì óðàâíåíèÿ (64) ê íîðìèðîâàííîìó âèäó:
dx

dτ
= Bx(1− y),

dy

dτ
= y(x− 1),

(65)

ãäå x = N1β1/α2 � îòíîñèòåëüíîå ÷èñëî ”æåðòâ”; y = N2β2/α1 � îòíîñèòåëüíîå ÷èñëî ”õèùíèêîâ”;
τ = tα2 � íîðìèðîâàííîå âðåìÿ; B = α1/α2 � êîýôôèöèåíò.
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Êîíòðîëüíîå çàäàíèå 11

Â êàæäîì âàðèàíòå ñîñòàâèòü äèôôåðåíöèàëüíîå óðàâíåíèå è ðåøèòü çàäà÷ó:

1. Öåïü ñ ñîïðîòèâëåíèåì R è èíäóêòèâíîñòüþ L âíåçàïíî çàìûêàåòñÿ íàêîðîòêî. Íàéòè çàêîí
èçìåíåíèÿ òîêà J(t) â êàòóøêå, åñëè äî çàìûêàíèÿ ïî öåïè ïðîòåêàë ïîñòîÿííûé òîê J0.

2. Íàñåëåíèå Ðîñòîâà-íà-Äîíó íà 1 ÿíâàðÿ 1995 ã. ñîñòàâèëî 1 ìëí 23 òûñ. ÷åëîâåê. Êàêóþ
÷èñëåííîñòü ãîðîäà ìîæíî îæèäàòü â 2000 ã., åñëè ãîäîâîé ïðèðîñò çà 1994 ãîä ñîñòàâèë
0,22%? (Ñîñòàâèòü äèôôåðåíöèàëüíîå óðàâíåíèå.)

3. Íàéòè çàêîí óñòàíîâëåíèÿ òîêà â öåïè ñ ñîïðîòèâëåíèåì R, èíäóêòèâíîñòüþ L, âêëþ÷åííîé
ê èñòî÷íèêó ñèíóñîèäàëüíîãî íàïðÿæåíèÿ V = V0 sin (wt+ ϕ).

4. Ðàçíîñòü ïîòåíöèàëîâ íà çàæèìàõ êàòóøêè ðàâíîìåðíî ïàäàåò îò V0 = 2 Â äî V1 = 1 Â â
òå÷åíèå 10 ñ. Êàêîâ áóäåò òîê â êîíöå äåñÿòîé ñåêóíäû, åñëè â íà÷àëå îïûòà îí áûë 16 2

3A?
Ñîïðîòèâëåíèå êàòóøêè 0.12 Îì, êîýôôèöèåíò èíäóêòèâíîñòè 0.1 Ãí.

5. Â ýëåêòðè÷åñêóþ öåïü ñ ñîïðîòèâëåíèåì R = 1.5 Îì â òå÷åíèå 2 ìèí ðàâíîìåðíî ââîäèòñÿ
íàïðÿæåíèå (îò íóëÿ äî 120 Â). Êðîìå òîãî, àâòîìàòè÷åñêè ââîäèòñÿ èíäóêòèâíîñòü, òàê ÷òî
÷èñëî ãåíðè â öåïè ðàâíî ÷èñëó, âûðàæàþùåìó òîê â àìïåðàõ. Íàéòè çàâèñèìîñòü òîêà îò
âðåìåíè â òå÷åíèå ïåðâûõ äâóõ ìèíóò îïûòà.

6. Ñèëà òîêà J â öåïè ñ ñîïðîòèâëåíèåì R, èíäóêòèâíîñòüþ L è íàïðÿæåíèåì V óäîâëåòâîðÿåò
äèôôåðåíöèàëüíîìó óðàâíåíèþ

L
dJ

dt
+RJ = kt,

ãäå k, L è R � ïîñòîÿííûå. Íàéòè J ïðè íà÷àëüíûõ óñëîâèÿõ J |t=0 = J0.

7. Èçîëèðîâàííîìó ïðîâîäíèêó ñîîáùåí çàðÿä q0 = 1000 CGSE åäèíèö. Âñëåäñòâèå
íåñîâåðøåíñòâà èçîëÿöèè ïðîâîäíèê ïîñòåïåííî òåðÿåò ñâîé çàðÿä. Ñêîðîñòü ïîòåðè çàðÿäà
â äàííûé ìîìåíò ïðîïîðöèîíàëüíà íàëè÷íîìó çàðÿäó ïðîâîäíèêà. Êàêîé çàðÿä îñòàíåòñÿ íà
ïðîâîäíèêå ïî èñòå÷åíèè âðåìåíè t = 10 ìèí, åñëè çà ïåðâóþ ìèíóòó ïîòåðÿíî 100 CGSE
åäèíèö?

8. Ðîñò, âûæèâàíèå è äåëåíèå êëåòîê îïðåäåëÿþòñÿ ïîòîêîì ïèòàòåëüíûõ âåùåñòâ ÷åðåç
îáîëî÷êó êëåòêè. Ýòî îçíà÷àåò, ÷òî íà ðàííèõ ñòàäèÿõ êëåòî÷íîãî ðîñòà óâåëè÷åíèå ìàññû
êëåòêè â ìîìåíò âðåìåíè t ïðîïîðöèîíàëüíî êâàäðàòó ðàäèóñà êëåòêè, à ìàññà êëåòêè
ïðîïîðöèîíàëüíà åãî êóáó. Âûâåñòè äèôôåðåíöèàëüíîå óðàâíåíèå, îïèñûâàþùåå èçìåíåíèå
ìàññû êëåòêè â çàâèñèìîñòè îò âðåìåíè t, åñëè íà÷àëüíàÿ ìàññà êëåòêè ðàâíà a.

9. Â öåïè ïîääåðæèâàåòñÿ íàïðÿæåíèå V = 300 Â. Ñîïðîòèâëåíèå öåïè R = 150 Îì.
Êîýôôèöèåíò ñàìîèíäóêöèè L = 30 Ãí. Çà êàêîå âðåìÿ ñ ìîìåíòà çàìûêàíèÿ öåïè
âîçíèêàþùèé â íåé òîê J äîñòèãíåò 99% ñâîåé ïðåäåëüíîé âåëè÷èíû?

10. Êîíäåíñàòîð åìêîñòüþ C âêëþ÷àåòñÿ â öåïü ñ íàïðÿæåíèåì V è ñîïðîòèâëåíèåì R.
Îïðåäåëèòü çàðÿä q êîíäåíñàòîðà â ìîìåíò t ïîñëå âêëþ÷åíèÿ.

11. Ýëåêòðè÷åñêàÿ öåïü ñîñòîèò èç ïîñëåäîâàòåëüíî âêëþ÷åííîãî èñòî÷íèêà òîêà, äàþùåãî
íàïðÿæåíèå V , ñîïðîòèâëåíèÿ R, êîíäåíñàòîðà åìêîñòè C è âûêëþ÷àòåëÿ, êîòîðûé
âêëþ÷àåòñÿ ïðè t = 0. Êîíäåíñàòîð äî çàìûêàíèÿ öåïè íå çàðÿæåí. Íàéòè çàâèñèìîñòü ñèëû
òîêà îò âðåìåíè (ïðè t > 0).

12. Ïîñëåäîâàòåëüíî âêëþ÷åíû ñîïðîòèâëåíèå R è êîíäåíñàòîð åìêîñòè C, çàðÿä êîòîðîãî ïðè
t = 0 ðàâåí q. Öåïü çàìûêàåòñÿ ïðè t = 0. Íàéòè ñèëó òîêà â öåïè ïðè t > 0.

13. Ïîñëåäîâàòåëüíî âêëþ÷åíû èñòî÷íèê òîêà, íàïðÿæåíèå êîòîðîãî ìåíÿåòñÿ ïî çàêîíó V (t) =
V0 sinwt, ñîïðîòèâëåíèå R è ñàìîèíäóêöèÿ L. Íàéòè ñèëó òîêà â öåïè (óñòàíîâèâøèéñÿ
ðåæèì).
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14. Êîëåáàòåëüíûé êîíòóð, ïðåäñòàâëÿþùèé ñîáîé çàìêíóòóþ ýëåêòðè÷åñêóþ öåïü, îáëàäàåò
åìêîñòüþ C, èíäóêòèâíîñòüþ L, àêòèâíûì ñîïðîòèâëåíèåì R è èñòî÷íèêîì ñàìîèíäóêöèè
E = E(t). Íàéòè äèôôåðåíöèàëüíûå óðàâíåíèÿ, îïèñûâàþùèå çàêîíû èçìåíåíèÿ ñèëû òîêà
è íàïðÿæåíèÿ â öåïè.

15. Ýëåêòðè÷åñêàÿ öåïü ñîñòîèò èç ïîñëåäîâàòåëüíî ñîåäèíåííûõ èñòî÷íèêîâ òîêà ñ ý.ä.ñ. E(t) =
E0 sinwt, èíäóêòèâíîñòè L, ñîïðîòèâëåíèÿ R è åìêîñòè C, ïðè÷åì R2C − 4L < 0, w 6=√

1
LC −

R2

4L2 . Íàéòè òîê J â öåïè êàê ôóíêöèþ t, åñëè J |t=0 = dJ
dt |t=0 = 0.

16. Äðîææè â ðàñòâîðå ñàõàðà ðàñòóò òàêèì îáðàçîì, ÷òî èõ ìàññà óâåëè÷èâàåòñÿ ñî ñêîðîñòüþ
1, 03t ln 1, 03, ãäå t � âðåìÿ â ÷àñàõ. Ïóñòü íà÷àëüíàÿ ìàññà äðîææåé ðàâíà 1 ã. Ñîñòàâèòü
ìàòåìàòè÷åñêóþ ìîäåëü ïðîöåññà è íàéòè ìàññó äðîææåé ïî èñòå÷åíèè âðåìåíè t = 0, 1 ÷.

17. Ýëåêòðè÷åñêàÿ öåïü ñîñòîèò èç ïîñëåäîâàòåëüíî ñîåäèíåííûõ èñòî÷íèêà òîêà ñ ý.ä.ñ. E(t) =
E0 sin (wt+ ϕ), èíäóêòèâíîñòè L è åìêîñòè C, ïðè÷åì w = 1/

√
LC (ñëó÷àé ðåçîíàíñà). Íàéòè

òîê J â öåïè êàê ôóíêöèþ âðåìåíè t, åñëè J |t=0 = dJ
dt |t=0 = 0.

18. Êîëåáàòåëüíûé êîíòóð, ïðåäñòàâëÿþùèé ñîáîé çàìêíóòóþ ýëåêòðè÷åñêóþ öåïü, îáëàäàåò
åìêîñòüþ C, èíäóêòèâíîñòüþ L è àêòèâíûì ñîïðîòèâëåíèåì R. Ïðè ïåðåõîäå ýíåðãèè
ýëåêòðè÷åñêîãî ïîëÿ êîíäåíñàòîðà â ýíåðãèþ ìàãíèòíîãî ïîëÿ êàòóøêè (è îáðàòíî) ÷àñòü
ýíåðãèè êîíòóðà çàòðà÷èâàåòñÿ íà àêòèâíîì ñîïðîòèâëåíèè, â ðåçóëüòàòå ÷åãî âåëè÷èíà
íàïðÿæåíèÿ íà êîíäåíñàòîðå ïîñòåïåííî óìåíüøàåòñÿ. Íàéòè çàêîí èçìåíåíèÿ òîêà â êîíòóðå
J .

19. Ïîñëåäîâàòåëüíî âêëþ÷åíû ñàìîèíäóêöèÿ L, ñîïðîòèâëåíèå R è êîíäåíñàòîð åìêîñòè C,
çàðÿä êîòîðîãî ïðè t = 0 ðàâåí q. Öåïü çàìûêàåòñÿ ïðè t = 0. Íàéòè ñèëó òîêà â öåïè è
÷àñòîòó êîëåáàíèé â òîì ñëó÷àå, êîãäà ðàçðÿä íîñèò êîëåáàòåëüíûé õàðàêòåð.

20. Ïîñëåäîâàòåëüíî âêëþ÷åíû: èñòî÷íèê òîêà, íàïðÿæåíèå êîòîðîãî ìåíÿåòñÿ ïî çàêîíó
E = E0 sinwt, ñîïðîòèâëåíèå R, ñàìîèíäóêöèÿ L è åìêîñòü C. Íàéòè ñèëó òîêà â öåïè
(óñòàíîâèâøèéñÿ ðåæèì). Ïðè êàêîé ÷àñòîòå w ñèëà òîêà íàèáîëüøàÿ.

21. Ñêîðîñòü ðîñòà ïîïóëÿöèè íàñåêîìûõ â ìîìåíò âðåìåíè t (âðåìÿ âûðàæåíî â äíÿõ) çàäàåòñÿ
âåëè÷èíîé 9000/(1 + t)2. Ñîñòàâèòü ìàòåìàòè÷åñêóþ ìîäåëü ïðîöåññà. Íàéòè ÷èñëåííîñòü
ïîïóëÿöèè íàñåêîìûõ â ìîìåíò t = 3, åñëè íà÷àëüíàÿ ïîïóëÿöèÿ ñîñòîÿëà èç 1000 íàñåêîìûõ.

22. Ñòàëüíàÿ øàðîâàÿ îáîëî÷êà ñ âíóòðåííèì ðàäèóñîì 6 ñì è âíåøèì 10 ñì íàõîäèòñÿ â
ñòàöèîíàðíîì òåïëîâîì ñîñòîÿíèè. Òåìïåðàòóðà íà âíóòðåííåé åå ïîâåðõíîñòè ðàâíà 2000

Ñ, à íà âíåøíåé 200 C. Íàéòè òåìïåðàòóðó íà ðàññòîÿíèè r îò öåíòðà è êîëè÷åñòâî òåïëîòû,
êîòîðîå â 1 ñ øàð îòäàåò íàðóæó (òåïëîïðîâîäíîñòü ñòàëè k = 0, 14).

23. Ñêîðîñòü ðàñïàäà ðàäèÿ â êàæäûé ìîìåíò âðåìåíè ïðÿìî ïðîïîðöèîíàëüíà íàëè÷íîé åãî
ìàññå. Îïðåäåëèòü, êàêîé ïðîöåíò ìàññû m0 ðàäèÿ ðàñïàäåòñÿ ÷åðåç 200 ëåò, åñëè èçâåñòíî,
÷òî ïåðèîä ïîëóðàñïàäà ðàäèÿ ðàâåí 1590 ëåò.

24. Ìîòîðíàÿ ëîäêà äâèæåòñÿ â ñïîêîéíîé âîäå ñî ñêîðîñòüþ v0 = 20 êì/÷. Íà ïîëíîì õîäó
åå ìîòîð âûêëþ÷àåòñÿ è ÷åðåç 40 c ïîñëå ýòîãî ñêîðîñòü ëîäêè óìåíüøàåòñÿ äî v1 = 8 êì/÷.
Ñîïðîòèâëåíèå âîäû ïðîïîðöèîíàëüíî ñêîðîñòè äâèæåíèÿ ëîäêè. Îïðåäåëèòü ñêîðîñòü ëîäêè
÷åðåç 2 ìèí ïîñëå îñòàíîâêè ìîòîðà.

25. Ñóäíî âîäîèçìåùåíèåì 12000 òîíí äâèæåòñÿ ïðÿìîëèíåéíî ñî ñêîðîñòüþ v0 = 20 ì/c.
Ñîïðîòèâëåíèå âîäû ïðîïîðöèîíàëüíî êâàäðàòó ñêîðîñòè ñóäíà è ðàâíî 36 òîííàì ïðè
ñêîðîñòè 1 ì/ñ. Êàêîå ðàññòîÿíèå ïðîéäåò ñóäíî ïîñëå îñòàíîâêè äâèãàòåëÿ, ïðåæäå ÷åì
ñêîðîñòü ñòàíåò ðàâíîé 5 ì/ñ? Â êàêîå âðåìÿ ñóäíî ïðîéäåò ýòî ðàññòîÿíèå?

26. Ðàêåòà âûñòðåëåíà âåðòèêàëüíî ââåðõ ñ íà÷àëüíîé ñêîðîñòüþ v0 = 100 ì/ñ. Ñîïðîòèâëåíèå
âîçäóõà çàìåäëÿåò åå äâèæåíèå, ñîîáùàÿ ðàêåòå îòðèöàòåëüíîå óñêîðåíèå, ðàâíîå −kv2 (ãäå
v � ìãíîâåííàÿ ñêîðîñòü ðàêåòû, à k � àýðîäèíàìè÷åñêèé êîýôôèöèåíò). Îïðåäåëèòü âðåìÿ
äîñòèæåíèÿ ðàêåòîé íàèâûñøåãî ïîëîæåíèÿ.
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Ðèñ. 2: ê çàäà÷å 27

27. Ñóäíî âûõîäèò èç òî÷êè O è ñ ïîñòîÿííîé ñêîðîñòüþ ïëûâåò ïî íàïðàâëåíèþ îñè OY (ðèñ.2).
Â òîò æå ìîìåíò âðåìåíè (t=0) èç òî÷êè A, ðàñïîëîæåííîé íà ðàññòîÿíèè OA = a îò ñóäíà,
âûõîäèò âäîãîíêó íà ïåðåñå÷åíèå êàòåð, ïëûâóùèé ñî ñêîðîñòüþ, äâàæäû ïðåâûøàþùåé
ñêîðîñòü ñóäíà. Íàéòè óðàâíåíèå îïèñàííîé êàòåðîì êðèâîé ïîãîíè è ìèíèìàëüíîå âðåìÿ,
íåîáõîäèìîå åìó äëÿ äîñòèæåíèÿ ñóäíà.

28. Öåïü äëèíîé l = 4 ì ñîñêàëüçûâàåò ñ ãëàäêîãî ãîðèçîíòàëüíîãî ñòîëà. Â íà÷àëüíûé ìîìåíò
äâèæåíèÿ ñî ñòîëà ñâèñàë êîíåö öåïè äëèíîé a = 0.5 ì. Ïðåíåáðåãàÿ òðåíèåì, íàéòè âðåìÿ
ñîñêàëüçûâàíèÿ âñåé öåïè ñî ñòîëà.

29. Ïóëÿ âõîäèò â áðóñ òîëùèíîé 12 ñì ñî ñêîðîñòüþ 200 ì/ñ, à âûëåòàåò èç íåãî, ïðîáèâ
åãî, ñî ñêîðîñòüþ 60 ì/ñ. Áðóñ çàäåðæèâàåò äâèæåíèå ïóëè, ñèëà ñîïðîòèâëåíèÿ êîòîðîãî
ïðîïîðöèîíàëüíà êâàäðàòó ñêîðîñòè äâèæåíèÿ. Íàéòè âðåìÿ äâèæåíèÿ ïóëè ÷åðåç áðóñ.

30. Â ñîñóä, ñîäåðæàùèé 10 ë âîäû, íåïðåðûâíî ïîñòóïàåò ñî ñêîðîñòüþ 2 ë â ìèíóòó ðàñòâîð, â
êàæäîì ëèòðå êîòîðîãî ñîäåðæèòñÿ 0,3 êã ñîëè. Ïîñòóïàþùèé â ñîñóä ðàñòâîð ïåðåìåøèâàåòñÿ
ñ âîäîé, è ñìåñü âûòåêàåò èç ñîñóäà ñ òîé æå ñêîðîñòüþ. Ñêîëüêî ñîëè áóäåò â ñîñóäå ÷åðåç 5
ìèíóò?
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6. ÑÈÑÒÅÌÛ ÎÁÛÊÍÎÂÅÍÍÛÕ ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ ÓÐÀÂÍÅÍÈÉ

6.1. Ðåøåíèå ñèñòåì ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé

Ñèñòåìà îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé

dxi
dt

= fi(t, x1, x2, . . . , xn), (i = 1, . . . , n) (66)

íàçûâàåòñÿ ñèñòåìîé â íîðìàëüíîé ôîðìå èëè ñèñòåìîé, ðàçðåøåííîé îòíîñèòåëüíî ïðîèçâîäíûõ
îò íåèçâåñòíûõ ôóíêöèé xi = xi(t).

Ðåøåíèåì ñèñòåìû óðàâíåíèé (66) íà èíòåðâàëå I íàçûâàåòñÿ ñîâîêóïíîñòü
äèôôåðåíöèðóåìûõ íà I ôóíêöèé xi = ϕi(t), i = 1, . . . , n, òàêèõ ÷òî âñå óðàâíåíèÿ ñèñòåìû
(66) îáðàùàþòñÿ â òîæäåñòâà ïðè ëþáîì çíà÷åíèè t.

Ñèñòåìà

Ẋ(t) = AX(t), ãäå Ẋ(t) =
dX

dt
(67)

ãäå X = (x1, . . . , xn) � n-ìåðíûé âåêòîð, A � ïîñòîÿííàÿ êâàäðàòíàÿ ìàòðèöà ðàçìåðà n × n,
íàçûâàåòñÿ ëèíåéíîé îäíîðîäíîé ñèñòåìîé äèôôåðåíöèàëüíûõ óðàâíåíèé.

Ñèñòåìà
Ẋ(t) = AX(t) + f(t), (68)

ãäå X = (x1, . . . , xn) � n-ìåðíûé âåêòîð, A � ïîñòîÿííàÿ êâàäðàòíàÿ ìàòðèöà ðàçìåðà n ×
n, f(t) � âåêòîð-ôóíêöèÿ ñ êîìïîíåíòàìè fi(t), íàçûâàåòñÿ ëèíåéíîé íåîäíîðîäíîé ñèñòåìîé
äèôôåðåíöèàëüíûõ óðàâíåíèé.

6.1.1. Ðåøåíèå ñèñòåì ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ìåòîäîì èñêëþ÷åíèÿ

Ñàìûì ïðîñòûì ìåòîäîì èíòåãðèðîâàíèÿ ñèñòåì ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ÿâ-
ëÿåòñÿ ìåòîä ñâåäåíèÿ ñèñòåìû ê îäíîìó óðàâíåíèþ. Ýòîò ìåòîä íàçûâàåòñÿ ìåòîäîì èñêëþ÷åíèÿ.

Ï ð è ì å ð. Íàéòè îáùåå ðåøåíèå ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé
x′ = dx

dt = −4x+ 2y + 5z,
y′ = dy

dt = 6x− y − 6z,
z′ = dz

dt = −8x+ 3y + 9z.
(69)

Ð å ø å í è å. Âûðàæàÿ z èç ïåðâîãî óðàâíåíèÿ

z =
1
5

(x′ + 4x− 2y) (70)

è äèôôåðåíöèðóÿ åãî

z′ =
1
5

(x′′ + 4x′ − 2y′),

ïîäñòàâëÿåì ýòè âûðàæåíèÿ âî âòîðîå è òðåòüå óðàâíåíèÿ ñèñòåìû:{
y′ = 1

5 (−6x′ + 6x+ 7y),
x′′ = 5x′ + 2y′ − 4x− 3y. (71)

Èñêëþ÷èì îòñþäà y′ è âûðàçèì y:

x′′ = 5x′ +
2
5

(−6x′ + 6x+ 7y)− 4x− 3y,

y = −5x′′ + 13x′ − 8x. (72)

Äèôôåðåíöèðóåì (72):
y′ = −5x′′′ + 13x′′ − 8x′, (73)

è ïîäñòàâëÿåì (72) è (73) â ïåðâîå óðàâíåíèå (71):

x′′′ − 4x′′ + 5x′ − 2x = 0.
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Ýòî îäíîðîäíîå óðàâíåíèå ñ ïîñòîÿííûìè êîýôôèöèåíòàìè. Åãî îáùåå ðåøåíèå èìååò âèä

x = (C1 + C2t)et + C3e
2t.

Îòñþäà, ó÷èòûâàÿ óðàâíåíèå (72), ïîëó÷àåì

y = 3C2e
t − 2C3e

2t.

Íàêîíåö, ïîäñòàâëÿÿ âûðàæåíèÿ x è y â óðàâíåíèå (70), íàõîäèì

z = (C1 − C2 + C2t)et + 2C3e
2t.

Î ò â å ò: Èòàê, îáùåå ðåøåíèå ñèñòåìû (69) x = (C1 + C2t)et + C3e
2t,

y = 3C2e
t − 2C3e

2t,
z = (C1 − C2 + C2t)et + 2C3e

2t.
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Êîíòðîëüíîå çàäàíèå 12

Â êàæäîì âàðèàíòå ðåøèòü ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé ìåòîäîì èñêëþ÷åíèÿ:

1.

{
ẋ = 3x+ 2y,
ẏ = 3x+ 4y.

2.

{
ẋ = 3x− 4y,
ẏ = x− 2y.

3.

{
ẋ = 2x− y,
ẏ = 5x− 2y.

4.

{
ẋ = x− 2y,
ẏ = 7x− 8y.

5.

{
ẋ = 3x− 2y,
ẏ = 2x− y.

6.

{
ẋ = 4x− 2y,
ẏ = x+ 2y.

7.

{
ẋ = 5x+ 3y,
ẏ = x+ 3y.

8.

{
ẋ = 2x− y,
ẏ = 5x− 4y.

9.

{
ẋ = 3x− y,
ẏ = 13x− 3y.

10.

{
ẋ = x− 3y,
ẏ = 7x− 9y.

11.

{
ẋ = 5x− 3y,
ẏ = 3x− y.

12.

{
ẋ = x− 9y,
ẏ = x+ y.

13.

{
ẋ = 4x+ y,
ẏ = 2x+ 5y.

14.

{
ẋ = 5x− 3y,
ẏ = 4x− 3y.

15.

{
ẋ = x− 2y,
ẏ = 13x− y.

16.

{
ẋ = −5x+ y,
ẏ = 2x− 4y.

17.

{
ẋ = 6x− y,
ẏ = x+ 4y.

18.

{
ẋ = x− 2y,
ẏ = x+ 3y.

19.

{
ẋ = x− 3y,
ẏ = 5x+ 9y.

20.

{
ẋ = 2x− y,
ẏ = 4x− 3y.

21.

{
ẋ = 4x− 5y,
ẏ = 5x− 4y.

22.

{
ẋ = −7x+ 3y,
ẏ = −x− 3y.

23.

{
ẋ = 9x− 5y,
ẏ = 5x− y.

24.

{
ẋ = x− 2y,
ẏ = 2x+ y.

25.

{
ẋ = 8x− 3y,
ẏ = 2x+ 3y.

26.

{
ẋ = 2x+ y,
ẏ = 4x− y.

27.

{
ẋ = 2x− 5y,
ẏ = 4x− 2y.

28.

{
ẋ = −2x− 3y,
ẏ = 4x− 9y.

29.

{
ẋ = 7x− 4y,
ẏ = 4x− y.

30.

{
ẋ = x− y,
ẏ = x+ y.
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6.1.2. Ðåøåíèå ñèñòåì ëèíåéíûõ îäíîðîäíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ïîñòîÿííûìè
êîýôôèöèåíòàìè ìåòîäîì Ýéëåðà

Îäíîðîäíàÿ ñèñòåìà óðàâíåíèé ñ ïîñòîÿííûìè êîýôôèöèåíòàìè èìååò âèä: ẋ1 = a11x1 + . . . + a1nxn,
· · · · · · · · · · · ·

ẋn = an1x1 + . . . + annxn,
(74)

èëè Ẋ(t) = AX(t) (ìàòðè÷íàÿ ôîðìà çàïèñè ñèñòåìû (74)). Çäåñü ẋ îçíà÷àåò
dx

dt
.

Ýòó ñèñòåìó ìîæíî ðåøèòü ìåòîäîì Ýéëåðà, ò. å. ñâåäÿ çàäà÷ó ê îòûñêàíèþ ñîáñòâåííûõ ÷èñåë
λj è ñîáñòâåííûõ âåêòîðîâ ξj ìàòðèöû A. Îáùåå ðåøåíèå X(t) ñèñòåìû (74) åñòü ñóììà ÷àñòíûõ
ðåøåíèé Xj(t), ñîîòâåòñòâóþùèõ ðàçëè÷íûì ñîáñòâåííûì ÷èñëàì λj .

1. Ñîáñòâåííîå ÷èñëî λj ÿâëÿåòñÿ ïðîñòûì êîðíåì õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ
ìàòðèöû A. Òîãäà ýòîìó λj ñîîòâåòñòâóåò îäèí ëèíåéíî íåçàâèñèìûé ñîáñòâåííûé âåêòîð ξj
è ÷àñòíîå ðåøåíèå áóäåò èìåòü âèä

Xj(t) = cjξje
λjt, (75)

ãäå cj � ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

Åñëè λj = α + βi � êîìïëåêñíîå ÷èñëî, à âñå êîýôôèöèåíòû ñèñòåìû (74) âåùåñòâåííû,
òî λj = α − βi òàêæå áóäåò ÿâëÿòüñÿ ñîáñòâåííûì ÷èñëîì è ÷àñòíîå ðåøåíèå Xj(t) ìîæíî
âûðàçèòü ÷åðåç âåùåñòâåííûå ôóíêöèè:

Xj(t) = cj1 Re
(
ξje

λjt
)

+ cj2 Im
(
ξje

λjt
)
. (76)

2. Ñîáñòâåííîå ÷èñëî λj èìååò êðàòíîñòü k.

(a) Åñëè ñîáñòâåííîìó ÷èñëó λj ñîîòâåòñòâóåò k ëèíåéíî íåçàâèñèìûõ ñîáñòâåííûõ âåêòîðîâ

ξ
(1)
j , . . . , ξ

(k)
j , òî ñîîòâåòñòâóþùåå åìó ÷àñòíîå ðåøåíèå áóäåò èìåòü âèä:

Xj(t) = cj1ξ
(1)
j eλjt + . . . + cjkξ

(k)
j eλjt. (77)

Ïðè ýòîì êîìïëåêñíî-ñîïðÿæåííîé ïàðå ñîáñòâåííûõ ÷èñåë êðàòíîñòè k ñîîòâåòñòâóåò
÷àñòíîå ðåøåíèå

Xj(t) = cj1 Re
(
ξ
(1)
j eλjt

)
+ . . . + cjk Re

(
ξ
(k)
j eλjt

)
+

+cj(k+1) Im
(
ξ
(1)
j eλjt

)
+ . . . + cj2k Im

(
ξ
(k)
j eλjt

)
.

(78)

(b) Åñëè ñîáñòâåííîìó ÷èñëó λj ñîîòâåòñòâóåò m < k ëèíåéíî íåçàâèñèìûõ ñîáñòâåííûõ
âåêòîðîâ, òî ñîîòâåòñòâóþùåå ÷àñòíîå ðåøåíèå ìîæíî èñêàòü â âèäå

Xj(t) =

 c10 + c11t+ . . . + c1,k−mt
k−m

· · · · · · · · · · · ·
cn0 + cn1t+ . . . + cn,k−mt

k−m

 eλjt, (79)

ãäå cij � íåêîòîðûå ïîñòîÿííûå, êîòîðûå ìîæíî îïðåäåëèòü, ïîäñòàâèâ ñîîòíîøåíèå (79)
â (74).

Ï ð è ì å ð 1. Íàéòè ðåøåíèÿ ñèñòåìû ẋ = x− y + z,
ẏ = x+ y − z,
ż = 2x− y.

(80)

Ð å ø å í è å. Ìàòðèöà A ñèñòåìû (80) èìååò âèä: 1 −1 1
1 1 −1
2 −1 0

 .
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Ñîñòàâëÿåì è ðåøàåì õàðàêòåðèñòè÷åñêîå óðàâíåíèå:∣∣∣∣∣∣
1− λ −1 1

1 1− λ −1
2 −1 −λ

∣∣∣∣∣∣ = 0, (1− λ)(λ2 − λ− 2) = 0.

Îòñþäà íàõîäèì ñîáñòâåííûå ÷èñëà ìàòðèöû A: λ1 = −1, λ2 = 1, λ3 = 2. Âñå îíè ÿâëÿþòñÿ
âåùåñòâåííûìè è ïðîñòûìè, ïîýòîìó âñå ÷àñòíûå ðåøåíèÿ áóäóò èìåòü âèä (75).

Äëÿ êàæäîãî λj íàéäåì ñîáñòâåííûé âåêòîð ξj =

 ξj1
ξj2
ξj3

, ÿâëÿþùèéñÿ ðåøåíèåì ñèñòåìû

(A− λjE)ξj = 0 èëè

 (1− λj)ξj1 − ξj2 + ξj3 = 0,
ξj1 + (1− λj)ξj2 − ξj3 = 0,
2ξj1 − ξj2 − λjξj3 = 0.

Íàéäåì âåêòîð ξ1, ñîîòâåòñòâóþùèé ñîáñòâåííîìó ÷èñëó λ1 = −1. Ïîëó÷èì ñèñòåìó 2ξ11 − ξ12 + ξ13 = 0
ξ11 + 2ξ12 − ξ13 = 0
2ξ11 − ξ12 + ξ13 = 0

, îòêóäà ξ1 =

 ξ11
ξ12
ξ13

 =

 1
−3
−5

 .

Ïîëó÷èëè ÷àñòíîå ðåøåíèå, ñîîòâåòñòâóþùåå λ1: X1 = C1

 1
−3
−5

 e−t. Àíàëîãè÷íî íàõîäèì

ξ2 =

 1
1
1

 è ξ3 =

 1
0
1

,
îòêóäà

X2(t) =

 1
1
1

 et, X3(t) =

 1
0
1

 e2t.

Ñëåäîâàòåëüíî, îáùåå ðåøåíèå ñèñòåìû (80) áóäåò èìåòü âèä

X(t) = C1X1(t) + C2X2(t) + C3X3(t) = C1

 1
−3
−5

 e−t + C2

 1
1
1

 et + C3

 1
0
1

 e2t.

Î ò â å ò: Îáùåå ðåøåíèå ñèñòåìû (80): x = C1e
−t + C2e

t + C3e
2t,

y = −3C1e
−t + C2e

t,
z = −5C1e

−t + C2e
t + C3e

2t.

Ï ð è ì å ð 2. Ðåøèòü ñèñòåìó óðàâíåíèé{
ẋ = 3x+ 2y,
ẏ = −x+ y.

Ð å ø å í è å. Íàõîäèì êîðíè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ:∣∣∣∣ 3− λ 2
−1 1− λ

∣∣∣∣ = 0, îòêóäà λ1,2 = 2± i.
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Êîðíè ïðîñòûå êîìïëåêñíûå, ïîýòîìó ðåøåíèå, ñîîòâåòñòâóþùåå λ1 è λ2 = λ1 áóäåò èìåòü âèä (76).
Íàéäåì îäèí ñîáñòâåííûé âåêòîð äëÿ ëþáîãî ñîáñòâåííîãî ÷èñëà, íàïðèìåð, ξ2 äëÿ λ2 = 2− i:

(A− λ2E)ξ2 = 0,
{

(1 + i)ξ21 + 2ξ22 = 0,
−ξ21 + (−1 + i)ξ22 = 0.

Îòñþäà ïîëó÷èì ξ2 =
(

1− i
−1

)
. Ïî ôîðìóëå (76) íàõîäèì ÷àñòíîå ðåøåíèå äëÿ λ2:

X2(t) =
(

1− i
−1

)
e(2−i)t =

(
1− i
−1

)
(cos t− i sin t)e2t =

(
cos t− sin t+ i(− cos t− sin t)

− cos t+ i sin t

)
e2t

Âûäåëÿåì âåùåñòâåííóþ è ìíèìûå ÷àñòè:

X2(t) =
(

cos t− sin t
− cos t

)
e2t + i

(
− cos t− sin t

sin t

)
e2t.

Òîãäà îáùåå ðåøåíèå ñèñòåìû èìååò âèä:

X(t) = C1 ReX2(t) + C2 ImX2(t) = C1

(
cos t− sin t
− cos t

)
e2t + C2

(
cos t+ sin t

sin t

)
e2t.

Î ò â å ò:

{
x = C1(cos t− sin t)e2t + C2(cos t+ sin t)e2t,
y = −C1 cos te2t + C2 sin te2t.

Ï ð è ì å ð 3. Íàéòè ðåøåíèÿ ñèñòåìû ẋ = y − 2x− 2z,
ẏ = x− 2y + 2z,
ż = 5z − 3y + 3x.

(81)

Ð å ø å í è å. Ìàòðèöà A ñèñòåìû (81) èìååò âèä: −2 1 −2
1 −2 2
3 −3 5

 .

Ðåøàÿ õàðàêòåðèñòè÷åñêîå óðàâíåíèå∣∣∣∣∣∣
−2− λ 1 −2

1 −2− λ 2
3 −3 5− λ

∣∣∣∣∣∣ = 0,

íàõîäèì ñîáñòâåííûå ÷èñëà ìàòðèöû A: λ1,2 = −1, λ3 = 3. Îíè ÿâëÿþòñÿ âåùåñòâåííûìè è λ = −1
èìååò êðàòíîñòü 2.

Íàéäåì ñîáñòâåííûå âåêòîðû ξ1 =

 ξ11
ξ12
ξ13

 äëÿ λ1,2 = −1. Ïîëó÷èì ñèñòåìó

(A− λ1E)ξ1 = 0,

 −ξ11 + ξ12 − 2ξ13 = 0,
ξ11 − ξ12 + 2ξ13 = 0,
3ξ11 − 3ξ12 + 6ξ13 = 0,

îòêóäà ïîëó÷àåì óðàâíåíèå ξ11 = ξ12 − 2ξ13.

1. Ïðè ξ12 = 0, ξ13 = 1 èìååì ξ
(1)
1 =

 −2
0
1

.
2. Ïðè ξ12 = 1, ξ13 = 0 èìååì ξ

(2)
1 =

 1
1
0

.
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ξ
(1)
1 è ξ

(2)
1 ëèíåéíî íåçàâèñèìû, ñëåäîâàòåëüíî, ÷àñòíîå ðåøåíèå äëÿ λ12 áóäåò èìåòü âèä (77):

X1 = C1

 −2
0
1

 e−t + C2

 1
1
0

 e−t.

Ñîáñòâåííûé âåêòîð ξ3, ñîîòâåòñòâóþùèé λ3 = 3 ïîëó÷åí òàê æå, êàê è ïðèìåðå 1: ξ3 =

 1
−1
−3

.
Î ò â å ò: Îáùåå ðåøåíèå ñèñòåìû (80): x = −2C1e

−t + C2e
−t + C3e

3t,
y = C2e

−t − C3e
3t,

z = C1e
−t − 3C3e

3t.
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Ï ð è ì å ð 4. Ðåøèòü ñèñòåìó ëèíåéíûõ óðàâíåíèé ẋ = 2x− y − z,
ẏ = 2x− y − 2z,
ż = 2z − x+ y.

(82)

Ð å ø å í è å. Âûïèøåì ìàòðèöó êîýôôèöèåíòîâ ïðàâîé ÷àñòè ñèñòåìû (82)

A =

 2 −1 −1
2 −1 −2
−1 1 2

 .

Ðåøèì õàðàêòåðèñòè÷åñêîå óðàâíåíèå∣∣∣∣∣∣
2− λ −1 −1

2 −1− λ −2
−1 1 2− λ

∣∣∣∣∣∣ = 0. Ïîëó÷èì λ1 = λ2 = λ3 = 1.

Òàêèì îáðàçîì, ñîáñòâåííûå ÷èñëà âåùåñòâåííûå êðàòíûå, êðàòíîñòè k = 3.
Áóäåì èñêàòü ñîáñòâåííûå âåêòîðà ξ(j), ñîîòâåòñòâóþùèå ñîáñòâåííîìó çíà÷åíèþ λ = 1.

(A− λE)ξ(j) =

 1 −1 −1
2 −2 −2
−1 1 1


 ξ

(j)
1

ξ
(j)
2

ξ
(j)
3

 = 0

Ðåøàÿ ýòó ñèñòåìó ëèíåéíûõ óðàâíåíèé ïîëó÷àåì, ÷òî

ξ(j) =

 ξ
(j)
1

ξ
(j)
2

ξ
(j)
3

 =

 c1 + c2
c1
c2

 = c1

 1
1
0

+ c2

 1
0
1

 .

Ìû ïîëó÷èëè

ξ(1) =

 1
1
0

 , ξ(2) =

 1
0
1

 ,

ò. å. m = 2, ãäå m � êîëè÷åñòâî ëèíåéíî íåçàâèñèìûõ ñîáñòâåííûõ âåêòîðîâ.
Ðåøåíèå ñèñòåìû (82) áóäåì èñêàòü â âèäå ïðîèçâåäåíèÿ ìíîãî÷ëåíà ñòåïåíè k −m = 1 íà eλt,

ò. å. â âèäå

X(t) =

 a0 + a1t
b0 + b1t
c0 + c1t

 et. (83)

Òðåáóåòñÿ íàéòè êîýôôèöèåíòû a0, . . . , c1. Äëÿ ýòîãî ïîäñòàâèì ðåøåíèå (83) â ñèñòåìó (82): a0e
t + a1e

t + a1te
t = 2(a0 + a1t)et − (b0 + b1t)et − (c0 + c1t)et,

b0e
t + b1e

t + b1te
t = 2(a0 + a1t)et − (b0 + b1t)et − 2(c0 + c1t)et,

c0e
t + c1e

t + c1te
t = −(a0 + a1t)et + (b0 + b1t)et + 2(c0 + c1t)et.

(84)

Ïåðåíåñåì ïðàâóþ ÷àñòü ñèñòåìû (84) â ëåâóþ è ðàçäåëèì îáå ÷àñòè íà et, òàêèì îáðàçîì
ïîëó÷èì ñèñòåìó  −a0 + a1 + b0 + c0 + (−a1 + b1 + c1)t = 0,

−2a1 + b1 + 2b0 + 2c0 + (−2a1 + 2b1 + 2c1)t = 0,
a0 − b0 − c0 + c1 + (a1 − b1 − c1)t = 0.

(85)

Èç ñèñòåìû (85) ñëåäóåò, ÷òî 

−a0 + a1 + b0 + c0 = 0,
−a1 + b1 + c1 = 0,
−2a0 + b1 + 2b0 + 2c0 = 0,
−2a1 + 2b1 + 2c1 = 0,
a0 − b0 − c0 + c1 = 0,
a1 − b1 − c1 = 0.
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Ðåøåíèå ýòîé ñèñòåìû åñòü
a0

a1

b0
b1
c0
c1

 =


C1 + C2 + C3

C1

C3

2C1

C2

−C1

 , ãäå C1, C2, C3 � ïðîèçâîëüíûå ïîñòîÿííûå.

Ïîäñòàâèâ íàéäåííûå çíà÷åíèÿ a0, . . . , c1 â ðåøåíèå (83), ïîëó÷èì

Î ò â å ò:  x = (C1 + C2 + C3 + C1t)et,
y = (C3 + 2C1t)et,
z = (C2 − C1t)et.

47



Êîíòðîëüíîå çàäàíèå 13

Â êàæäîì âàðèàíòå ðåøèòü ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé ìåòîäîì Ýéëåðà:

1.

 ẋ = 2x− y + z,
ẏ = x+ 2y − z,
ż = x− y + 2z.

2.

 ẋ = 8y,
ẏ = −2z,
ż = 2x+ 8y − 2z.

3.

 ẋ = −x+ y + z,
ẏ = x− y + z,
ż = x+ y − z.

4.

 ẋ = 2x− y + z,
ẏ = x+ z,
ż = y − 2z − 3x.

5.

 ẋ = −x− 2y,
ẏ = −y − z,
ż = −z.

6.

 ẋ = 2x+ y − 2z,
ẏ = −x,
ż = x+ y − z.

7.

 ẋ = 4y + z,
ẏ = z,
ż = 4y.

8.

 ẋ = −x+ y + 5z,
ẏ = −2y + z,
ż = −3z.

9.

 ẋ = x+ y,
ẏ = y + z,
ż = z + x.

10.

 ẋ = x,
ẏ = 2x− y,
ż = x+ y − z.

11.

 ẋ = −x+ z,
ẏ = −2y + z,
ż = y − 3z.

12.

 ẋ = −2x− y,
ẏ = x− 2y,
ż = x+ 3y − z.

13.

 ẋ = −x+ z,
ẏ = −2y − z,
ż = y − z.

14.

 ẋ = 4x− 2y − z,
ẏ = −x+ 3y − z,
ż = x− 2y + 2z.

15.

 ẋ = 2x− y,
ẏ = −x+ 2y,
ż = x− y + z.

16.

 ẋ = 3x− y − z,
ẏ = 2y − z,
ż = −y + 2z.

17.

 ẋ = 5x− y − z,
ẏ = 4y − z,
ż = −y + 4z.

18.

 ẋ = 6x− 2y − z,
ẏ = −x+ 5y − z,
ż = x− 2y + 4z.

19.

 ẋ = 3x+ y − z,
ẏ = 2x+ 2y − z,
ż = −2x+ y + 4z.

20.

 ẋ = 2x− z,
ẏ = x+ y − z,
ż = −x+ 2z.

21.

 ẋ = 5x+ y − z,
ẏ = 2x+ 4y − z,
ż = −2x+ y + 6z.

22.

 ẋ = 3x− 2y + 2z,
ẏ = 3y,
ż = 2y + z.

23.

 ẋ = 7x+ 2y − 2z,
ẏ = 4x+ 5y − 2z,
ż = 3z.

24.

 ẋ = 9x− 6y − 6z,
ẏ = −2x+ 5y − 2z,
ż = −2x+ 2y − 13z.

25.

 ẋ = 5x− 2y − 4z,
ẏ = 3y,
ż = −2x+ 2y + 7z.

26.

 ẋ = 7x− 4y − 2z,
ẏ = −2x+ 5y − 2z,
ż = 9z.

27.

 ẋ = 9x,
ẏ = 2x+ 7y − 4z,
ż = 2x− 2y + 5z.

28.

 ẋ = 13x+ 2y − 2z,
ẏ = 6x+ 9y − 6z,
ż = 2x− 2y + 5z.
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29.

 ẋ = 2x+ y − z,
ẏ = x+ 2y − z,
ż = z.

30.

 ẋ = 3x− 2y + 2z,
ẏ = 2x− y + 2z,
ż = 2x− 2y + 3z.
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6.1.3. Ðåøåíèå ëèíåéíûõ íåîäíîðîäíûõ ñèñòåì ñ ïîñòîÿííûìè êîýôôèöèåíòàìè è ïðàâîé ÷àñòüþ
ñïåöèàëüíîãî âèäà

Îáùåå ðåøåíèå X(t) =

 x1(t)
. . .
xn(t)

 ñèñòåìû

 ẋ1 = a11x1 + . . . + a1nxn + f1(t),
· · · · · · · · · · · ·

ẋn = an1x1 + . . . + annxn + fn(t),
(86)

íàõîäèòñÿ â âèäå ñóììû
X(t) = X1(t) +X2(t), (87)

ãäå X1(t) � îáùåå ðåøåíèå îäíîðîäíîé ñèñòåìû ẋ1 = a11x1 + . . . + a1nxn,
· · · · · · · · · · · ·

ẋn = an1x1 + . . . + annxn,
(88)

à X2(t) � ÷àñòíîå ðåøåíèå íåîäíîðîäíîé ñèñòåìû (86).
Åñëè ôóíêöèè f1(t), . . . , fn(t) ñîñòîÿò èç ñóìì è ïðîèçâåäåíèé ìíîãî÷ëåíîâ Pm(t) = b0 + b1t +

. . . + bmt
m è eαt, cosβt, sinβt, òî ÷àñòíîå ðåøåíèå X2(t) ñèñòåìû (86) ìîæíî èñêàòü ìåòîäîì

íåîïðåäåëåííûõ êîýôôèöèåíòîâ, ïîäîáíî òîìó, êàê ýòî äåëàëîñü äëÿ ëèíåéíîãî íåîäíîðîäíîãî
äèôôåðåíöèàëüíîãî óðàâíåíèÿ (ñì. 3.2).

Åñëè fj(t) = Pmj (t)e
γt, ãäå Pmj (t) � ìíîãî÷ëåí ñòåïåíè mj , òî ÷àñòíîå ðåøåíèå X2(t) ñèñòåìû

(86) èùåòñÿ â âèäå

X2(t) =

 Q1
m+r(t)e

γt

. . .
Qnm+r(t)e

γt

 , (89)

ãäå Qjm+r(t) � ìíîãî÷ëåí ñòåïåíè m + r ñ íåîïðåäåëåííûìè êîýôôèöèåíòàìè, m = max
j
mj , r = 0,

åñëè γ íå ÿâëÿåòñÿ êîðíåì õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ∣∣∣∣∣∣
a11 − λ . . . a1n

. . .
an1 . . . ann − λ

∣∣∣∣∣∣ = 0,

à åñëè γ � êîðåíü, òî r ðàâíî êðàòíîñòè ýòîãî êîðíÿ.
Íåèçâåñòíûå êîýôôèöèåíòû ìíîãî÷ëåíîâ îïðåäåëÿþòñÿ ïóòåì ïîäñòàíîâêè ðåøåíèÿ (89) â

ñèñòåìó (86) è ïðèðàâíèâàíèÿ êîýôôèöèåíòîâ ïîäîáíûõ ÷ëåíîâ.
Àíàëîãè÷íî îïðåäåëÿþòñÿ ñòåïåíè ìíîãî÷ëåíîâ è â ñëó÷àå, êîãäà fj(t) ñîäåðæèò ïðîèçâåäåíèå

ìíîãî÷ëåíîâ P jmj (t) è e
αt cosβt è eαt sinβt.

Ï ð è ì å ð 5. Ðåøèòü ëèíåéíóþ íåîäíîðîäíóþ ñèñòåìó{
ẋ = 2x− 4y + 4e−2t,
ẏ = 2x− 2y.

Ð å ø å í è å. Ðåøàåì ñíà÷àëà îäíîðîäíóþ ñèñòåìó{
ẋ = 2x− 4y,
ẏ = 2x− 2y.

Õàðàêòåðèñòè÷åñêîå óðàâíåíèå ∣∣∣∣ 2− λ −4
2 −2− λ

∣∣∣∣ = 0

èìååò êîðíè λ1,2 = ±2i.
Äëÿ êîðíÿ λ = 2i íàõîäèì ñîáñòâåííûé âåêòîð ξ:(

2− 2i −4
2 −2− 2i

)(
ξ1
ξ2

)
= 0,
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ò.å. {
(2− 2i)ξ1 − 4ξ2 = 0,
2ξ1 − (2 + 2i)ξ2 = 0,

÷òî ðàâíîñèëüíî (1− i)ξ1 = 2ξ2, èëè ξ2 =
1− i

2
ξ1.

Ïîëîæèâ ξ1 = 2, ïîëó÷èì

ξ =
(
ξ1
ξ2

)
=
(

2
1− i

)
.

Ïîëó÷èì ÷àñòíîå ðåøåíèå

X(t) =
(

2
1− i

)
e2it. (90)

Òàê êàê êîýôôèöèåíòû ñèñòåìû âåùåñòâåííû, âòîðîå ðåøåíèå, ñîîòâåòñòâóþùåå êîðíþ λ = −2i,
ìîæíî íå èñêàòü, îíî áóäåò êîìïëåêñíî ñîïðÿæåííûì ñ ïåðâûì.

Âûäåëÿÿ â (90) äåéñòâèòåëüíóþ è ìíèìóþ ÷àñòü, ïîëó÷èì äâà ëèíåéíî íåçàâèñèìûõ ðåøåíèÿ:

X(t) =
(

2
1− i

)
(cos 2t+ i sin 2t) =

=
(

2 cos 2t+ 2i sin 2t
cos 2t+ sin 2t+ i(sin 2t− cos 2t)

)
=
(

2 cos 2t
cos 2t+ sin 2t

)
+ i

(
2 sin 2t

sin 2t− cos 2t

)
.

Òîãäà

X1(t) = C1 ReX(t) + C2 ImX(t) = C1

(
2 cos 2t

cos 2t+ sin 2t

)
+ C2

(
2 sin 2t

sin 2t− cos 2t

)
.

Ïåðåõîäèì ê íàõîæäåíèþ ÷àñòíîãî ðåøåíèÿ èñõîäíîé ñèñòåìû. Èìååì

F (t) =
(
f1(t)
f2(t)

)
=
(

4e−2t

0

)
.

Òàêèì îáðàçîì γ = −2; Pm1(t) = 4 � ìíîãî÷ëåí íóëåâîé ñòåïåíè, îòêóäà m1 = 0, Pm2(t) = 0 �
òàêæå ìíîãî÷ëåí íóëåâîé ñòåïåíè, îòêóäà m2 = 0.

Òîãäà m = 0, è ÷àñòíîå ðåøåíèå X2(t) ñèñòåìû èùåì â âèäå

X2(t) =
(
Ae−2t

Be−2t

)
.

Òîãäà Ẋ2(t) =
(
−2Ae−2t

−2Be−2t

)
, è, ïîäñòàâëÿÿ â èñõîäíóþ ñèñòåìó íàéäåííîå ðåøåíèå, ïîëó÷àåì:

{
−2Ae−2t = 2Ae−2t − 4Be−2t + 4e−2t,
−2Be−2t = 2Ae−2t − 2Be−2t.

4B − 4A = 4, A = 0, B = 1. Òîãäà

X2(t) =
(

0
e−2t

)
è èç ôîðìóëû (88) ïîëó÷èì

X(t) = X1(t) +X2(t) = C1

(
2 cos 2t

cos 2t+ sin 2t

)
+ C2

(
2 sin 2t

sin 2t− cos 2t

)
+
(

0
e−2t

)
.

Î ò â å ò:

{
x = 2C1 cos 2t+ 2C2 sin 2t,
y = C1(cos 2t+ sin 2t) + C2(sin 2t− cos 2t) + e−2t.
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Êîíòðîëüíîå çàäàíèå 14

Â êàæäîì âàðèàíòå ðåøèòü ñèñòåìó íåîäíîðîäíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé:

1.

{
ẋ = 2x+ y + et,
ẏ = 3x+ 4y.

2.

{
ẋ = x− y,
ẏ = −4x+ y + e−t.

3.

{
ẋ = −x+ 8y,
ẏ = x+ y + e3t.

4.

{
ẋ = x+ y + e2t cos t,
ẏ = −2x+ 3y.

5.

{
ẋ = x− 3y + 2et cos 3t,
ẏ = 3x+ y.

6.

{
ẋ = −x− 5y + 3 sin 2t,
ẏ = x+ y.

7.

{
ẋ = 2x+ y + 3e3t,
ẏ = −x+ 4y.

8.

{
ẋ = 3x− y + 2et,
ẏ = 4x− y.

9.

{
ẋ = −3x+ 2y + te−t,
ẏ = −2x+ y.

10.

{
ẋ = 5x+ 3y + 4e2t,
ẏ = −3x− y.

11.

{
ẋ = 2x+ y + te−2t,
ẏ = 3x+ 4y − 3e−2t.

12.

{
ẋ = x− y + 3et,
ẏ = −4x+ y − 4tet.

13.

{
ẋ = −x+ 8y + e2t,
ẏ = x+ y + te2t.

14.

{
ẋ = −x− 5y + cos 2t,
ẏ = x+ y − 2 sin 2t.

15.

{
ẋ = 2x+ y,
ẏ = 3x+ 4y + e5t.

16.

{
ẋ = x− y + 4e3t,
ẏ = −4x+ y.

17.

{
ẋ = −x+ 8y + e−3t,
ẏ = x+ y.

18.

{
ẋ = x+ y,
ẏ = −2x+ 3y − 3e2t sin t.

19.

{
ẋ = x− 3y,
ẏ = 3x+ y − et sin 3t.

20.

{
ẋ = −x− 5y,
ẏ = x+ y − 5 cos 2t.

21.

{
ẋ = 2x+ y,
ẏ = −x+ 4y − e3t.

22.

{
ẋ = 3x− y,
ẏ = 4x− y − 4et.

23.

{
ẋ = −3x+ 2y,
ẏ = −2x+ y + 2te−t.

24.

{
ẋ = 5x+ 3y,
ẏ = −3x− y − e2t.

25.

{
ẋ = 2x+ y + e−3t,
ẏ = 3x+ 4y − te−3t.

26.

{
ẋ = x− y + tet,
ẏ = −4x+ y − et.

27.

{
ẋ = x+ y + cos t,
ẏ = −2x+ 3y + sin t.

28.

{
ẋ = x+ y + e2t cos t,
ẏ = −2x+ 3y − 3e2t sin t.

29.

{
ẋ = 2x+ y + cos t,
ẏ = −x+ 4y + sin t.

30.

{
ẋ = −x− 5y + cos 2t,
ẏ = x+ y + t sin 2t.
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6.1.4. Ðåøåíèå ëèíåéíûõ íåîäíîðîäíûõ ñèñòåì ìåòîäîì âàðèàöèè ïðîèçâîëüíûõ ïîñòîÿííûõ

Ðåøåíèå ñèñòåìû  ẋ1 = a11(t)x1 + a12(t)x2 + . . .+ a1n(t)xn + f1(t),
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
ẋn = an1(t)x1 + an2(t)x2 + . . .+ ann(t)xn + fn(t),

(91)

ìîæíî íàéòè ìåòîäîì âàðèàöèè ïðîèçâîëüíûõ ïîñòîÿííûõ.
Îïðåäåëèì ñíà÷àëà îáùåå ðåøåíèå îäíîðîäíîé ñèñòåìû ẋ1 = a11(t)x1 + a12(t)x2 + . . .+ a1n(t)xn,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
ẋn = an1(t)x1 + an2(t)x2 + . . .+ ann(t)xn.

Çàòåì, êàê è â ñëó÷àå îäíîãî ëèíåéíîãî íåîäíîðîäíîãî óðàâíåíèÿ (ñì. ï. 3.3), çàïèñûâàåì âìåñòî
ïîñòîÿííûõ c1, . . . , cn â ôîðìóëå îáùåãî ðåøåíèÿ îäíîðîäíîé ñèñòåìû ôóíêöèè c1(t), . . ., cn(t) è
äëÿ îïðåäåëåíèÿ ýòèõ ôóíêöèé ïîäñòàâëÿåì X(t) â ñèñòåìó (91).

Ï ð è ì å ð. Ðåøèòü ñèñòåìó {
ẋ = 2y − x,
ẏ = 4y − 3x+ e3t/(e2t + 1). (92)

Ð å ø å í è å. Ðåøàåì îäíîðîäíóþ ñèñòåìó{
ẋ = −x+ 2y,
ẏ = −3x+ 4y. (93)

Õàðàêòåðèñòè÷åñêîå óðàâíåíèå: ∣∣∣∣ −1− λ 2
−3 4− λ

∣∣∣∣ = 0.

Åãî êîðíè λ1 = 2, λ2 = 1.
Íàéäåì ñîáñòâåííûå âåêòîðû.

Äëÿ λ1 = 2 èìååì (
−3 2
−3 2

)(
ξ11
ξ12

)
= 0,

{
−3ξ11 + 2ξ12 = 0,
−3ξ11 + 2ξ12 = 0,

îòêóäà

ξ1 =
(

2
3

)
.

Äëÿ λ2 = 1 èìååì (
−2 2
−3 3

)(
ξ21
ξ22

)
= 0,

{
−2ξ21 + 2ξ22 = 0,
−3ξ21 + 3ξ22 = 0,

òîãäà

ξ2 =
(

1
1

)
.

Îáùåå ðåøåíèå ñèñòåìû (93) áóäåò èìåòü âèä

X1(t) = c1ξ1e
λ1t + c2ξ2e

λ2t = c1

(
2
3

)
e2t + c2

(
1
1

)
et.

Èùåì îáùåå ðåøåíèå ñèñòåìû (91) â âèäå

X(t) = c1(t)
(

2
3

)
e2t + c2(t)

(
1
1

)
et.
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Èìååì {
x(t) = 2c1(t)e2t + c2(t)et,
y(t) = 3c1(t)e2t + c2(t)et. (94)

Îòêóäà ïîëó÷èì {
ẋ(t) = 2c′1(t)e2t + 4c1(t)e2t + c′2(t)et + c2(t)et,
ẏ(t) = 3c′1(t)e2t + 6c1(t)e2t + c′2(t)et + c2(t)et.

Ïîäñòàâèì x(t) è y(t), îïðåäåëÿåìûå ôîðìóëàìè (94), â ñèñòåìó (91) 2c′1(t)e2t + 4c1(t)e2t + c′2(t)et + c2(t)et = 6c1(t)e2t + 2c2(t)et − 2c1(t)e2t − c2(t)et,
3c′1(t)e2t + 6c1(t)e2t + c′2(t)et + c2(t)et = 12c1(t)e2t + 4c2(t)et − 6c1(t)e2t − 3c2(t)et+

+e3t/(e2t + 1),

{
2c′1(t)e2t + c′2(t)et = 0,
3c′1(t)e2t + c′2(t)et = e3t/(e2t + 1),

{
c′2(t) = −2c′1(t)et,
c′1(t) = et/(e2t + 1),

{
c1(t) = arctg et + C1,
c2(t) = − ln(e2t + 1) + C2.

Òîãäà

X(t) =
(
x(t)
y(t)

)
=
(

2(arctg et + C1)e2t + (− ln(e2t + 1) + C2)et

3(arctg et + C1)e2t + (− ln(e2t + 1) + C2)et

)
.

Î ò â å ò: îáùåå ðåøåíèå ñèñòåìû (91) åñòü{
x = 2(arctg et + C1)e2t + (− ln(e2t + 1) + C2)et,
y = 3(arctg et + C1)e2t + (− ln(e2t + 1) + C2)et.
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Êîíòðîëüíîå çàäàíèå 15

Â êàæäîì âàðèàíòå íàéòè îáùåå ðåøåíèå ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé:

1.

{
ẋ = −2x− 4y + 1 + 4t,
ẏ = −x+ y + 3t2/2.

2.

{
ẋ = y + tg2 t− 1,
ẏ = −x+ tg t.

3.

{
ẋ = y,
ẏ = −x+ 1/ cos t.

4.

{
ẋ = x+ y − cos t,
ẏ = −2x− y + cos t+ sin t.

5.

{
ẋ = −4x− 2y + 2/(et − 1),
ẏ = 6x+ 3y − 3/(et − 1).

6.

{
ẋ = y,
ẏ = −5x+ 4y + e2t/cos t.

7.

{
ẋ = y,
ẏ = x+ 1/t2 + ln t.

8.

{
ẋ = 3x+ y + 1/t− 4 ln t,
ẏ = −x+ y + 1/t.

9.

{
ẋ = x− y − 1/ cos t,
ẏ = 2x− y.

10.

{
ẋ = y,
ẏ = −π2x+ π2/ cosπt.

11.

{
ẋ = y,
ẏ = −8x+ 6y + 4/(1 + e−2t).

12.

{
ẋ = y,
ẏ = −4x+ 8 ctg2 t.

13.

{
ẋ = y,
ẏ = −18x+ 9y + 9e3t/(1 + e−3t).

14.

{
ẋ = y,
ẏ = −x/π2 + 1/(π2 cos(t/π)).

15.

{
ẋ = y,
ẏ = −8x+ 6y + 4/(2 + e−2t).

16.

{
ẋ = y,
ẏ = −16x+ 16/cos 4t.

17.

{
ẋ = y,
ẏ = −9x+ 9/cos 3t.

18.

{
ẋ = 3x− 2y,
ẏ = 2x− y + 15et

√
t.

19.

{
ẋ = y,
ẏ = −x/4− 1/4 ctg(t/2).

20.

{
ẋ = y,
ẏ = −2x+ 3y + 1/(2 + e−t).

21.

{
ẋ = y,
ẏ = −2x− 3y + e−t/(1 + et).

22.

{
ẋ = y,
ẏ = −2x+ 3y + et/(1 + e−t).

23.

{
ẋ = y,
ẏ = −x+ 1/ sin t.

24.

{
ẋ = y,
ẏ = −8x− 6y + 4e−2t/(2 + e2t).

25.

{
ẋ = y,
ẏ = −1x+ 2 ctg t.

26.

{
ẋ = y,
ẏ = 2y + 4e−2t/(1 + e−2t).

27.

{
ẋ = y,
ẏ = 16x+ 16/ sin 4t.

28.

{
ẋ = y,
ẏ = y + e−t/(2 + e−t).

29.

{
ẋ = y,
ẏ = −y + et/(2 + et).

30.

{
ẋ = y,
ẏ = −4x+ 4/ cos 2t.
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6.2. Èññëåäîâàíèå ïîëîæåíèÿ ðàâíîâåñèÿ ëèíåéíîé îäíîðîäíîé ñèñòåìû ñ
ïîñòîÿííûìè êîýôôèöèåíòàìè

Ïîëîæåíèåì ðàâíîâåñèÿ ñèñòåìû {
ẋ = P (x, y),
ẏ = Q(x, y),

ãäå ôóíêöèè P è Q íåïðåðûâíûå, íàçûâàåòñÿ òàêàÿ òî÷êà (x, y), â êîòîðîé
P (x, y) = 0 è Q(x, y) = 0.

Äëÿ îäíîðîäíûõ ñèñòåì ñ ïîñòîÿííûìè êîýôôèöèåíòàìè{
ẋ = ax+ by,
ẏ = cx+ gy,

(95)

òî÷êà (0,0) âñåãäà ÿâëÿåòñÿ ïîëîæåíèåì ðàâíîâåñèÿ (íî ìîãóò áûòü è äðóãèå ïîëîæåíèÿ ðàâíîâåñèÿ,
ñì. [8]). Íèæå â ýòîì ïóíêòå ðàññìàòðèâàåòñÿ òî÷êà (0,0). Äëÿ èññëåäîâàíèÿ ïîëîæåíèÿ ðàâíîâåñèÿ
ñèñòåìû (95) ñëåäóåò íàéòè êîðíè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ∣∣∣∣ a− λ b

c g − λ

∣∣∣∣ = 0. (96)

Â çàâèñèìîñòè îò çíà÷åíèé êîðíåé óðàâíåíèÿ (96), ïîëîæåíèå ðàâíîâåñèÿ èìååò ðàçíûå òèïû
(ñì. òàáëèöó íà ñòð. 58).

×òîáû ïîñòðîèòü òðàåêòîðèè (ôàçîâûå êðèâûå) {(x(t), y(t)), t ∈ I ⊂ R} ñèñòåìû (95) íà
ïëîñêîñòè XOY â ñëó÷àå ñåäëà, óçëà è âûðîæäåííîãî óçëà, íóæíî ñíà÷àëà íàéòè òå ôàçîâûå
êðèâûå, êîòîðûå ëåæàò íà ïðÿìûõ, ïðîõîäÿùèõ ÷åðåç íà÷àëî êîîðäèíàò. Ýòè ïðÿìûå âñåãäà
íàïðàâëåíû âäîëü ñîáñòâåííûõ âåêòîðîâ ìàòðèöû A ñèñòåìû. Â ñëó÷àå óçëà îñòàëüíûå ôàçîâûå
êðèâûå êàñàþòñÿ òîé ïðÿìîé, êîòîðàÿ íàïðàâëåíà âäîëü ñîáñòâåííîãî âåêòîðà, ñîîòâåòñòâóþùåãî
ìåíüøåìó ïî àáñîëþòíîé âåëè÷èíå çíà÷åíèþ λ.

Äëÿ îïðåäåëåíèÿ íàïðàâëåíèÿ äâèæåíèÿ ïî òðàåêòîðèÿì â îêðåñòíîñòè îñîáûõ òî÷åê ñëåäóåò
îïðåäåëèòü íàïðàâëåíèå êàñàòåëüíîãî âåêòîðà ê òðàåêòîðèè â íåêîòîðîé òî÷êå, äîñòàòî÷íî áëèçêîé
ê îñîáîé òî÷êå, ïîäñòàâèâ åå êîîðäèíàòû â ñèñòåìó (95), è äàëåå (ïî íåïðåðûâíîñòè) îïðåäåëèòü
íàïðàâëåíèå äâèæåíèÿ ïî äðóãèì òðàåêòîðèÿì. Ïðè ýòîì äâèæåíèå ïî ôàçîâûì òðàåêòîðèÿì
ïðîèñõîäèò â íàïðàâëåíèè ê óñòîé÷èâûì ïîëîæåíèÿì ðàâíîâåñèÿ è îò íåóñòîé÷èâûõ ïîëîæåíèé
ðàâíîâåñèÿ.

Ï ð è ì å ð 6. Èññëåäîâàòü ïîëîæåíèå ðàâíîâåñèÿ x = 0, y = 0 ñèñòåìû äèôôåðåíöèàëüíûõ
óðàâíåíèé {

ẋ = x,
ẏ = 2x+ y.

Ð å ø å í è å. Íàõîäèì ñîáñòâåííûå çíà÷åíèÿ:∣∣∣∣ 1− λ 0
2 1− λ

∣∣∣∣ = 0, λ1,2 = 1.

×èñëà λ1, λ2 îäèíàêîâûå è ïîëîæèòåëüíûå, ïîýòîìó ïîëîæåíèå ðàâíîâåñèÿ � íåóñòîé÷èâûé
âûðîæäåííûé óçåë (ñì. òàáëèöó íà ñòð. 58, ï. 7).

Î ò â å ò: Ïîëîæåíèå ðàâíîâåñèÿ (0,0) èñõîäíîé ñèñòåìû � íåóñòîé÷èâûé âûðîæäåííûé óçåë.

Ï ð è ì å ð 7. Èññëåäîâàòü ïîëîæåíèå ðàâíîâåñèÿ x = 0, y = 0 ñèñòåìû äèôôåðåíöèàëüíûõ
óðàâíåíèé {

ẋ = x− 2y,
ẏ = 4x− 3y.

Ð å ø å í è å. Íàéäåì ñîáñòâåííûå çíà÷åíèÿ:∣∣∣∣ 1− λ −2
4 −3− λ

∣∣∣∣ = 0, λ1,2 = −1± 2i.

×èñëà λ1, λ2 êîìïëåêñíî-ñîïðÿæåííûå è èõ äåéñòâèòåëüíûå ÷àñòè ìåíüøå íóëÿ. Ñëåäîâàòåëüíî
ïîëîæåíèå ðàâíîâåñèÿ � óñòîé÷èâûé ôîêóñ (ñì. òàáëèöó íà ñòð. 58, ï. 6).
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Î ò â å ò: Ïîëîæåíèå ðàâíîâåñèÿ (0,0) èñõîäíîé ñèñòåìû � óñòîé÷èâûé ôîêóñ.

Ï ð è ì å ð 8. Èññëåäîâàòü ïîëîæåíèå ðàâíîâåñèÿ x = 0, y = 0 ñèñòåìû äèôôåðåíöèàëüíûõ
óðàâíåíèé {

ẋ = 5x,
ẏ = 5y.

Ð å ø å í è å. Ñîãëàñíî ï. 7à òàáëèöû íà ñòð. 58 ïîëîæåíèå ðàâíîâåñèÿ � íåóñòîé÷èâûé
äèêðèòè÷åñêèé óçåë.

Î ò â å ò: Ïîëîæåíèå ðàâíîâåñèÿ (0,0) èñõîäíîé ñèñòåìû � íåóñòîé÷èâûé äèêðèòè÷åñêèé óçåë.
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Òàáëèöà. Ôàçîâûå òðàåêòîðèè ïîëîæåíèÿ ðàâíîâåñèÿ ëèíåéíîé îäíîðîäíîé
ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ïîñòîÿííûìè êîýôôèöèåíòàìè
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Êîíòðîëüíîå çàäàíèå 16

Â êàæäîì âàðèàíòå èññëåäîâàòü ïîëîæåíèå ðàâíîâåñèÿ äàííîé ñèñòåìû äèôôåðåíöèàëüíûõ
óðàâíåíèé è èçîáðàçèòü åå ôàçîâûå òðàåêòîðèè íà ïëîñêîñòè XOY

1.

{
ẋ = 3x− y,
ẏ = 13x− 3y.

2.

{
ẋ = x− 3y,
ẏ = 7x− 9y.

3.

{
ẋ = 5x− 3y,
ẏ = 3x− y.

4.

{
ẋ = x− 9y,
ẏ = x+ y.

5.

{
ẋ = 4x+ y,
ẏ = 2x+ 5y.

6.

{
ẋ = 5x− 3y,
ẏ = 4x− 3y.

7.

{
ẋ = x− 2y,
ẏ = 13x− y.

8.

{
ẋ = −5x+ y,
ẏ = 2x− 4y.

9.

{
ẋ = 6x− y,
ẏ = x+ 4y.

10.

{
ẋ = x− 2y,
ẏ = x+ 3y.

11.

{
ẋ = x− 3y,
ẏ = 5x+ 9y.

12.

{
ẋ = 2x− y,
ẏ = 4x− 3y.

13.

{
ẋ = 4x− 5y,
ẏ = 5x− 4y.

14.

{
ẋ = −7x+ 3y,
ẏ = −x− 3y.

15.

{
ẋ = 9x− 5y,
ẏ = 5x− y.

16.

{
ẋ = x− 2y,
ẏ = 2x+ y.

17.

{
ẋ = 8x− 3y,
ẏ = 2x+ 3y.

18.

{
ẋ = 2x+ y,
ẏ = 4x− y.

19.

{
ẋ = 2x− 5y,
ẏ = 4x− 2y.

20.

{
ẋ = −2x− 3y,
ẏ = 4x− 9y.

21.

{
ẋ = 7x− 4y,
ẏ = 4x− y.

22.

{
ẋ = x− y,
ẏ = x+ y.

23.

{
ẋ = 3x+ 2y,
ẏ = 3x+ 4y.

24.

{
ẋ = 3x− 4y,
ẏ = x− 2y.

25.

{
ẋ = 2x− y,
ẏ = 5x− 2y.

26.

{
ẋ = x− 2y,
ẏ = 7x− 8y.

27.

{
ẋ = 3x− 2y,
ẏ = 2x− y.

28.

{
ẋ = 4x− 2y,
ẏ = x+ 2y.

29.

{
ẋ = 5x+ 3y,
ẏ = x+ 3y.

30.

{
ẋ = 2x− y,
ẏ = 5x− 4y.
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6.3. Ïîñòðîåíèå ôàçîâîãî ïîðòðåòà äèíàìè÷åñêîé ñèñòåìû

Ñèñòåìà {
ẋ = P (x, y),
ẏ = Q(x, y), (97)

ãäå P (x, y), Q(x, y) � íåïðåðûâíî äèôôåðåíöèðóåìûå ôóíêöèè â íåêîòîðîé îáëàñòè D ⊆ R2
,

íàçûâàåòñÿ äèíàìè÷åñêîé ñèñòåìîé, à ñîâîêóïíîñòü åå òðàåêòîðèé � ôàçîâûì ïîðòðåòîì ñèñòåìû.
Òðàåêòîðèÿìè ñèñòåìû (97) � ôàçîâûìè êðèâûìè � ìîãóò ÿâëÿòüñÿ òî÷êà (ïîëîæåíèå

ðàâíîâåñèÿ), çàìêíóòàÿ êðèâàÿ (ïåðèîäè÷åñêîå ðåøåíèå), íåçàìêíóòàÿ êðèâàÿ (íåïåðèîäè÷åñêîå
ðåøåíèå). Íàïðàâëåíèå äâèæåíèÿ íà ôàçîâîé êðèâîé L � ýòî íàïðàâëåíèå äâèæåíèÿ òî÷êè
(x(t),y(t)) ïî L â ñòîðîíó âîçðàñòàíèÿ t.

Ïîñòðîèòü ôàçîâûé ïîðòðåò ñèñòåìû � ýòî çíà÷èò âûÿñíèòü êà÷åñòâåííóþ êàðòèíó ðàçáèåíèÿ
ôàçîâîé ïëîñêîñòè íà òðàåêòîðèè, äëÿ ÷åãî íàäî íàéòè îñîáûå òî÷êè (ïîëîæåíèÿ ðàâíîâåñèÿ),
ïðåäåëüíûå öèêëû (åñëè îíè èìåþòñÿ) è èçîáðàçèòü òðàåêòîðèè â îêðåñòíîñòè ýòèõ òî÷åê, à çàòåì
"ñêëåèòü" òðàåêòîðèè ïî íåïðåðûâíîñòè.

Ïðåäåëüíûì öèêëîì ñèñòåìû íàçûâàåòñÿ çàìêíóòàÿ ôàçîâàÿ êðèâàÿ, ó êîòîðîé ñóùåñòâóåò
îêðåñòíîñòü, öåëèêîì çàïîëíåííàÿ òðàåêòîðèÿìè, ïî êîòîðûì òî÷êà íåîãðàíè÷åííî ïðèáëèæàåòñÿ
ê ýòîé çàìêíóòîé êðèâîé ïðè t→ +∞ èëè t→ −∞.

Ïðè âûÿñíåíèè âîïðîñà î ñóùåñòâîâàíèè ïðåäåëüíûõ öèêëîâ ñèñòåìû (97) ìîæíî
âîñïîëüçîâàòüñÿ, íàïðèìåð, ïðèíöèïîì êîëüöà: åñëè íà ôàçîâîé ïëîñêîñòè ìîæíî óêàçàòü òàêîå
êîëüöî r2 ≤ (x − x0)2 + (y − y0)2 ≤ R2, ÷òî âñå ðåøåíèÿ ñèñòåìû (97), íà÷èíàþùèåñÿ íà ãðàíèöå
êîëüöà, âõîäÿò âíóòðü êîëüöà èëè âñå âûõîäÿò èç êîëüöà, òî âíóòðè êîëüöà èìååòñÿ ïðåäåëüíûé
öèêë ñèñòåìû.

Êîîðäèíàòû îñîáûõ òî÷åê ñèñòåìû (97) íàõîäèì èç ðåøåíèÿ ñèñòåìû{
P (x, y) = 0,
Q(x, y) = 0. (98)

Äëÿ èññëåäîâàíèÿ õàðàêòåðà îñîáûõ òî÷åê íåëèíåéíîé ñèñòåìû (97) íàäî ñäåëàòü çàìåíó
ïåðåìåííûõ è ïåðåíåñòè íà÷àëî êîîðäèíàò â ðàññìàòðèâàåìóþ òî÷êó.

Òàêèì îáðàçîì, äëÿ îñîáîé òî÷êè M0(x0, y0) äåëàåì çàìåíó{
x− x0 = u,
y − y0 = v,

(99)

îòêóäà {
x = u+ x0,
y = v + y0,

è ñèñòåìà (97) ïðåîáðàçóåòñÿ â ïåðåìåííûõ u è v ê âèäó{
u̇ = P1(u, v),
v̇ = Q1(u, v). (100)

Äàëåå ôóíêöèè P1(u, v) è Q1(u, v) ñëåäóåò ðàçëîæèòü â îêðåñòíîñòè íóëÿ ïî ôîðìóëå Òåéëîðà,
îãðàíè÷èâàÿñü ÷ëåíàìè ïåðâîãî ïîðÿäêà.

Òîãäà ñèñòåìà (100) çàïèøåòñÿ â âèäå{
u̇ = au+ bv + ϕ(u, v),
v̇ = cu+ dv + ψ(u, v). (101)

Çàïèøåì ëèíåéíóþ ñèñòåìó {
u̇ = au+ bv,
v̇ = cu+ dv,

(102)

ïîëó÷àåìóþ èç ñèñòåìû (101) ïðè ϕ(u, v) = ψ(u, v) = 0.
Åñëè âåùåñòâåííûå ÷àñòè êîðíåé õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ∣∣∣∣ a− λ b

c d− λ

∣∣∣∣ = 0
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îòëè÷íû îò íóëÿ, òî ïîëîæåíèå ðàâíîâåñèÿ x = x0, y = y0 ñèñòåìû (97) èìååò òîò æå òèï, ÷òî è
ïîëîæåíèå ðàâíîâåñèÿ u = 0, v = 0 ñèñòåìû (102).

Åñëè æå äëÿ ñèñòåìû (102) îñîáàÿ òî÷êà (0, 0) ÿâëÿåòñÿ öåíòðîì, äëÿ ñèñòåìû (101) îíà
ìîæåò áûòü ôîêóñîì èëè öåíòðîì. Äëÿ íàëè÷èÿ öåíòðà äîñòàòî÷íî, ÷òîáû ôàçîâûå êðèâûå èìåëè
îñü ñèììåòðèè, ïðîõîäÿùóþ ÷åðåç èññëåäóåìîå ïîëîæåíèå ðàâíîâåñèÿ. Î÷åâèäíî, îñü ñèììåòðèè
ñóùåñòâóåò, åñëè óðàâíåíèå

dy

dx
=
Q(x, y)
P (x, y)

íå ìåíÿåòñÿ ïðè çàìåíå x íà −x (èëè y íà −y). Äëÿ íàëè÷èÿ ôîêóñà íåîáõîäèìî è äîñòàòî÷íî,
÷òîáû ïîëîæåíèå ðàâíîâåñèÿ áûëî àñèìïòîòè÷åñêè óñòîé÷èâî ïðè t→ +∞ èëè ïðè t→ −∞.

Äëÿ îïðåäåëåíèÿ íàïðàâëåíèÿ äâèæåíèÿ ïî òðàåêòîðèÿì â îêðåñòíîñòè îñîáûõ òî÷åê ñëåäóåò
îïðåäåëèòü íàïðàâëåíèå êàñàòåëüíîãî âåêòîðà ê òðàåêòîðèè â íåêîòîðîé òî÷êå, äîñòàòî÷íî áëèçêîé
ê îñîáîé òî÷êå, ïîäñòàâèâ åå êîîðäèíàòû â ôîðìóëó (97), è äàëåå (ïî íåïðåðûâíîñòè) îïðåäåëèòü
íàïðàâëåíèå äâèæåíèÿ ïî äðóãèì òðàåêòîðèÿì. Ïðè ýòîì äâèæåíèå ïî ôàçîâûì òðàåêòîðèÿì
ïðîèñõîäèò â íàïðàâëåíèè ê óñòîé÷èâûì ïîëîæåíèÿì ðàâíîâåñèÿ è îò íåóñòîé÷èâûõ ïîëîæåíèé
ðàâíîâåñèÿ.

Ï ð è ì å ð 9. Ïîñòðîèòü ôàçîâûé ïîðòðåò ñèñòåìû{
ẋ = ln (1− y + y2),
ẏ = 3−

√
x2 + 8y.

(103)

Ð å ø å í è å. Íàéäåì îñîáûå òî÷êè ñèñòåìû:{
ln (1− y + y2) = 0,
3−

√
x2 + 8y = 0,

{
1− y + y2 = 1,
3 =

√
x2 + 8y,

{
y2 − y = 0,
9 = x2 + 8y.

Èç ïåðâîãî óðàâíåíèÿ èìååì 2 êîðíÿ: y1 = 0, y2 = 1. Ïîäñòàâèì ýòè çíà÷åíèÿ âî âòîðîå
óðàâíåíèå è íàéäåì ñîîòâåòñòâóþùèå çíà÷åíèÿ x:

a) ïðè y = 0 : x2 = 9, x1 = 3, x2 = −3;
á) ïðè y = 1 : x2 = 1, x1 = 1, x2 = −1.
Óáåäèâøèñü, ÷òî âñå êîðíè óäîâëåòâîðÿþò íàøåé ñèñòåìå, ïîëó÷èëè ÷åòûðå îñîáûå òî÷êè:

A(3, 0), B(−3, 0), C(1, 1), D(−1, 1).

Èññëåäóåì îñîáûå òî÷êè íà óñòîé÷èâîñòü è îïðåäåëèì èõ òèï.

1. Òî÷êà A(3, 0).
Ñäåëàåì çàìåíó ïåðåìåííûõ:{

u = x− 3,
v = y,

îòêóäà

{
x = u+ 3,
y = v.

Òîãäà ñèñòåìà (103) ïðèìåò âèä:{
u̇ = ln (1− v + v2),
v̇ = 3−

√
(u+ 3)2 + 8v.

Ðàçëîæèì ïðàâûå ÷àñòè óðàâíåíèé ïîëó÷åííîé ñèñòåìû â ðÿä Òåéëîðà 2.{
u̇ = −v + v2 + ...,
v̇ = −u− 4

3v + 4uv9 + ...

Îòáðàñûâàÿ íåëèíåéíûå ñëàãàåìûå, ïîëó÷èì ñëåäóþùóþ ñèñòåìó:{
u̇ = −v,
v̇ = −u− 4

3v.

2Ðàçëîæåíèå ïî ôîðìóëå Òåéëîðà ôóíêöèè f(u, v) â îêðåñòíîñòè òî÷êè (u0, v0) ñëåäóåò èñêàòü â âèäå f(u, v) =
f(u0, v0) + f ′

u(u0, v0)(u− u0) + f ′
v(u0, v0)(v − v0) + ...
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Íàéäåì ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå âåêòîðû ìàòðèöû A ñèñòåìû (103):

|A− λE| =
∣∣∣∣ −λ −1
−1 − 4

3 − λ

∣∣∣∣ = 0, λ2 +
4
3
λ− 1 = 0, 3λ2 + 4λ− 3 = 0,

λ1 =
−2 +

√
13

3
> 0, λ2 =

−2−
√

13
3

< 0,

ñëåäîâàòåëüíî, òî÷êà A(3, 0) � ñåäëî.

Ñîáñòâåííûå âåêòîðû: ~v1 =
(

3
2−
√

13

)
, ~v2 =

(
3

2 +
√

13

)
.

2. Òî÷êà B(−3, 0).
Çàìåíà ïåðåìåííûõ {

u = x+ 3,
v = y,

îòêóäà

{
x = u− 3,
y = v,

ïðèâîäèò ñèñòåìó (103) ê âèäó {
u̇ = ln (1− v + v2),
v̇ = 3−

√
(u− 3)2 + 8v,{

u̇ = −v + v2 + ...,
v̇ = −u− 4

3v + 4uv9 + ...

È ñîîòâåòñòâóþùàÿ ëèíåéíàÿ ñèñòåìà èìååò âèä{
u̇ = −v,
v̇ = u− 4

3v.

Ðåøàÿ õàðàêòåðèñòè÷åñêîå óðàâíåíèå

|A− λE| =
∣∣∣∣ −λ −1

1 − 4
3 − λ

∣∣∣∣ = 0,

íàõîäèì êîðíè

λ1 = −1
3

(2−
√

5i), λ2 = −1
3

(2 +
√

5i).

Ò.ê. Reλ1 < 0, Reλ2 < 0, òî÷êà B(−3, 0) � óñòîé÷èâûé ôîêóñ.
3. Òî÷êà C(1, 1).
Çàìåíà ïåðåìåííûõ{

u = x− 1,
v = y − 1,

{
x = u+ 1,
y = v + 1,

{
u̇ = ln (1− (v + 1) + (v + 1)2),
v̇ = 3−

√
(u+ 1)2 + 8(v + 1),{

u̇ = ln (1 + v + v2),
v̇ = 3−

√
(u+ 1)2 + 8(v + 1)

.

Ðàçëîæèì ïðàâûå ÷àñòè óðàâíåíèé ñèñòåìû â ðÿä Òåéëîðà{
u̇ = v + v2 + ...,
v̇ = −u3 −

4
3v + 4uv

27 + ...,

òîãäà ñîîòâåòñòâóþùàÿ ëèíåéíàÿ ñèñòåìà èìååò âèä{
u̇ = v,
v̇ = −u3 −

4
3v.

Ðåøàÿ õàðàêòåðèñòè÷åñêîå óðàâíåíèå

|A− λE| =
∣∣∣∣ −λ 1
− 1

3 − 4
3 − λ

∣∣∣∣ = 0,

íàõîäèì êîðíè

λ1 = −1
3
, λ2 = −1.
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Ò.ê. λ1 < 0 è λ2 < 0, òî÷êà C(1, 1) � óñòîé÷èâûé óçåë.

Ñîáñòâåííûå âåêòîðû: ~v1 =
(
−3
1

)
, ~v2 =

(
1
−1

)
.

4. Òî÷êà D(−1, 1).
Ñäåëàåì ñëåäóþùóþ çàìåíó ïåðåìåííûõ{

u = x+ 1,
v = y − 1,

{
x = u− 1,
y = v + 1,

{
u̇ = ln (1 + v + v2),
v̇ = 3−

√
(u− 1)2 + 8(v + 1),

ïðè ðàçëîæåíèè ïðàâûõ ÷àñòåé óðàâíåíèé ñèñòåìû â ðÿä Òåéëîðà ïîëó÷èì{
u̇ = v + v2 + ...,
v̇ = u

3 −
4
3v + 4vu

27 + ...

Òîãäà ñîîòâåòñòâóþùàÿ ëèíåéíàÿ ñèñòåìà èìååò âèä{
u̇ = v,
v̇ = u

3 −
4
3v,

|A− λE| =
∣∣∣∣ −λ 1

1
3 − 4

3 − λ

∣∣∣∣ = 0,

λ1 = −2
3

+
√

7
3

> 0, λ2 = −2
3
−
√

7
3

< 0,

ñëåäîâàòåëüíî, òî÷êà D(−1, 1) � ñåäëî.

Ñîáñòâåííûå âåêòîðû: ~v1 =
(

3
−2 +

√
7

)
, ~v2 =

(
3

−2−
√

7

)
.

Íà ðèñ. 3 ïîêàçàíû ôàçîâûå ïîðòðåòû â îêðåñòíîñòÿõ îñîáûõ òî÷åê èñõîäíîé ñèñòåìû, îáùèé
ôàçîâûé ïîðòðåò ïîêàçàí íà ðèñ. 4.

Ç à ì å ÷ à í è å: Äëÿ ïîñòðîåíèÿ ôàçîâîãî ïîðòðåòà ñèñòåìû (97) ìîæíî íàïèñàòü ïðîãðàììó.
Ïðèâåäåì åå àëãîðèòì. Ïóñòü òðåáóåòñÿ ïîñòðîèòü ôàçîâûé ïîðòðåò ñèñòåìû (97) â îáëàñòè

xmin < x < xmax,
ymin < y < ymax.

(104)

Â êàæäîé òî÷êå (x0, y0) ïëîñêîñòè âåêòîð

(
ẋ
ẏ

)
=
(
P (x0, y0)
Q(x0, y0)

)
îïðåäåëÿåò êàñàòåëüíûé

âåêòîð ξ ê èíòåãðàëüíîé êðèâîé, ïðîõîäÿùåé ÷åðåç ýòó òî÷êó. Ïðèëîæèì íà÷àëî âåêòîðà ξ ê
òî÷êå (x0, y0), à êîíåö ξ îáîçíà÷èì ÷åðåç (x1, y1). Äëÿ òî÷êè (x1, y1) ñíîâà âû÷èñëèì âåêòîð(
ẋ
ẏ

)
=
(
P (x1, y1)
Q(x1, y1)

)
è ïðèëîæèì íà÷àëî ïîëó÷åííîãî âåêòîðà ê òî÷êå (x1, y1). Ïðîäîëæàÿ ýòîò

ïðîöåññ, ìû ïîëó÷èì, ÷òî ëèáî ïîñòðîåííàÿ ëîìàíàÿ ïðèäåò ê óñòîé÷èâîé îñîáîé òî÷êå, ëèáî âûéäåò
èç ðàññìàòðèâàåìîé îáëàñòè.

×åì ìåíüøå ìû âûáåðåì äëèíó êàñàòåëüíîãî âåêòîðà, òåì òî÷íåå ïîñòðîåííàÿ èç êàñàòåëüíûõ
âåêòîðîâ ëîìàíàÿ áóäåò ïðèáëèæàòü èíòåãðàëüíóþ êðèâóþ.

Åñëè âíóòðè îáëàñòè âñå îñîáûå òî÷êè óñòîé÷èâûå èëè ñåäëà, òî ôàçîâûé ïîðòðåò ñèñòåìû
ìîæíî ïîñòðîèòü, âûáèðàÿ íà÷àëüíûå òî÷êè (x0, y0), ëåæàùèìè íà ãðàíèöå îáëàñòè (ñì. ðèñ. 5
ñëåâà ).

Åñëè æå âíóòðè îáëàñòè (104) åñòü íåóñòîé÷èâûå òî÷êè, òî âíóòðè îáëàñòè ñëåäóåò ðàññìîòðåòü
ïðîèçâîëüíûé ïðÿìîóãîëüíèê è íà÷àëüíûå òî÷êè âûáèðàòü íà åãî ãðàíèöå. Ïðè ïîñòðîåíèè
ôàçîâîãî ïîðòðåòà â ýòîì ñëó÷àå íàðÿäó ñ âåêòîðîì ξ ñëåäóåò ñòðîèòü âåêòîð −ξ (ñì. ðèñ. 5 ñïðàâà).
Ïðîãðàììû ïîñòðîåíèÿ ôàçîâîãî ïîðòðåòà ìîæíî íàéòè íà ñàéòå:

http://portret.googlecode.com/�les/Portret.rar
http://portret.googlecode.com/�les/Portret_demo.rar
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Ðèñ. 3: ê ïðèìåðó 9. Ôàçîâûå ïîðòðåòû â îêðåñòíîñòè îñîáûõ òî÷åê ñèñòåìû (103)

64



Ðèñ. 4: ê ïðèìåðó 9. Îáùàÿ êàðòèíà ôàçîâîãî ïîðòðåòà ñèñòåìû (103)

Ðèñ. 5: ê îïèñàíèþ àëãîðèòìà ïîñòðîåíèÿ ôàçîâîãî ïîðòðåòà ñèñòåìû (97)
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Êîíòðîëüíîå çàäàíèå 17

Â êàæäîì âàðèàíòå ïîñòðîèòü ôàçîâûé ïîðòðåò äèíàìè÷åñêîé ñèñòåìû:

1.

{
ẋ = (x+ y)2 − 1,
ẏ = −y2 − x+ 1.

2.

{
ẋ = −2y − x3,
ẏ = 3x− 4y3.

3.

{
ẋ = x+ y + 1,
ẏ = y +

√
1 + 2x2.

4.

{
ẋ = x2 − y,
ẏ = (x− y)(x− y + 2).

5.

{
ẋ = ln y2−y+1

3 ,
ẏ = x2 − y2.

6.

{
ẋ = 2xy − 4y − 8,
ẏ = 4y2 − x2.

7.

{
ẋ = 4− 4x− 2y,
ẏ = xy.

8.

{
ẋ = y2 − 4x2,
ẏ = 4y − 8.

9.

{
ẋ = (2x− y)(x− 3),
ẏ = xy − 3.

10.

{
ẋ = x2 + y2 − 6x− 8y,
ẏ = x(2y − x+ 5).

11.

{
ẋ =

√
x2 − y + 2− 2,

ẏ = arctg (x2 + xy).

12.

{
ẋ =

√
(x− y)2 + 3− 2,

ẏ = ey
2−x − e.

13.

{
ẋ = 3−

√
4− x2 + y,

ẏ = ln (x2 − 3).

14.

{
ẋ = 2x+ y2 − 1,
ẏ = 6x− y2 + 1.

15.

{
ẋ = (2x− y)2 − 9,
ẏ = 9− (x− 2y)2.

16.

{
ẋ = ey − ex,
ẏ =

√
3x+ y2 − 2.

17.

{
ẋ = 2x+ y2 − 1,
ẏ = 6x− y2 + 1.

18.

{
ẋ = x2 − y2 − 1,
ẏ = 2y.

19.

{
ẋ = 1− x2 − y2,
ẏ = 2x.

20.

{
ẋ = x2 + y,
ẏ = x2 − (y + 1)2.

21.

{
ẋ = xy − 4,
ẏ = (x− 4)(y − x).

22.

{
ẋ = x2 − y,
ẏ = ln 1− x+ x2 − ln 3.

23.

{
ẋ = y,
ẏ = sin (x+ y).

24.

{
ẋ = ln (y2 − x),
ẏ = x− y − 1.

25.

{
ẋ = (x− y)(x+ 3),
ẏ = y − 1.

26.

{
ẋ = y2 − 1,
ẏ = (x− 1)(x− 2y).

27.

{
ẋ = (y − 1)(y − x),
ẏ = x2 + 3y + 2.

28.

{
ẋ = xy − 4y − 3x2 + 12x,
ẏ = x2 − 1.

29.

{
ẋ = xy − y − 2x2 + 2x,
ẏ = (y − 1)(x+ 3).

30.

{
ẋ = (x+ y)(y − 2),
ẏ = x− 1.
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7. ËÈÍÅÉÍÛÅ ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÅ ÓÐÀÂÍÅÍÈß Â ×ÀÑÒÍÛÕ
ÏÐÎÈÇÂÎÄÍÛÕ

7.1. Ïðèâåäåíèå ê êàíîíè÷åñêîìó âèäó ëèíåéíûõ óðàâíåíèé ñ ÷àñòíûìè
ïðîèçâîäíûìè âòîðîãî ïîðÿäêà ñ äâóìÿ íåçàâèñèìûìè ïåðåìåííûìè

Ëèíåéíîå óðàâíåíèå ñ ÷àñòíûìè ïðîèçâîäíûìè âòîðîãî ïîðÿäêà ñ äâóìÿ íåçàâèñèìûìè
ïåðåìåííûìè èìååò âèä

a11uxx + 2a12uxy + a22uyy + aux + buy + cu+ f = 0, (105)

ãäå a11, a12, a22, a, b, c, f � çàäàííûå ôóíêöèè ïåðåìåííûõ x, y.
Ôóíêöèÿ u(x, y), äâàæäû äèôôåðåíöèðóåìàÿ â íåêîòîðîé îáëàñòè D ⊂ R2

, îáðàùàþùàÿ
ðàâåíñòâî (105) â òîæäåñòâî, íàçûâàåòñÿ ðåøåíèåì óðàâíåíèÿ (105) â îáëàñòè D.

Èìååò ìåñòî ñëåäóþùàÿ êëàññèôèêàöèÿ. Óðàâíåíèå (105) èìååò

1. ãèïåðáîëè÷åñêèé òèï, åñëè a2
12 − a11a22 > 0,

2. ýëëèïòè÷åñêèé òèï, åñëè a2
12 − a11a22 < 0,

3. ïàðàáîëè÷åñêèé òèï, åñëè a2
12 − a11a22 = 0.

Óðàâíåíèå
a11dy

2 − 2a12dxdy + a22dx
2 = 0 (106)

íàçûâàåòñÿ óðàâíåíèåì õàðàêòåðèñòèê äëÿ óðàâíåíèÿ (105), à êðèâûå, îïðåäåëÿåìûå îáùèìè
èíòåãðàëàìè ϕ(x, y) = C1 è ψ(x, y) = C2 óðàâíåíèÿ (106), íàçûâàþòñÿ õàðàêòåðèñòèêàìè
óðàâíåíèÿ (105). Â êàæäîì èç ýòèõ òðåõ ñëó÷àåâ óðàâíåíèå (105) çàìåíîé íåçàâèñèìûõ ïåðåìåííûõ
ìîæíî ïðèâåñòè ê êàíîíè÷åñêîìó âèäó. Ïðèâåäåì çàìåíó ïåðåìåííûõ è êàíîíè÷åñêèé âèä â êàæäîì
ñëó÷àå:

1. Äëÿ ãèïåðáîëè÷åñêîãî òèïà çàìåíà ξ = ϕ(x, y), η = ψ(x, y) ïðèâîäèò óðàâíåíèå (105) ê
êàíîíè÷åñêîìó âèäó

uξη + F (uξ, uη, u, ξ, η) = 0.

2. Äëÿ ýëëèïòè÷åñêîãî òèïà çàìåíà ξ = Reϕ(x, y), η = Imϕ(x, y) (ò. ê. îáùèå èíòåãðàëû
óðàâíåíèÿ (106) áóäóò êîìïëåêñíî-ñîïðÿæåííûìè) ïðèâîäèò óðàâíåíèå (105) ê êàíîíè÷åñêîìó
âèäó

uξξ + uηη + F (uξ, uη, u, ξ, η) = 0.

3. Äëÿ ïàðàáîëè÷åñêîãî òèïà çàìåíà ξ = ϕ(x, y), η � ëþáàÿ ôóíêöèÿ, äëÿ êîòîðîé ξxηy−ξyηx 6= 0,
ò.å. ëèíåéíî íåçàâèñèìàÿ ñ ôóíêöèåé ξ (ò. ê. â äàííîì ñëó÷àå èìååòñÿ òîëüêî îäèí íåçàâèñèìûé
îáùèé èíòåãðàë ϕ(x, y) = C) ïðèâîäèò óðàâíåíèå (105) ê êàíîíè÷åñêîìó âèäó

uηη + F (uξ, uη, u, ξ, η) = 0.

Äàííûé ìåòîä íàçûâàåòñÿ ìåòîäîì õàðàêòåðèñòèê.
Ï ð è ì å ð 1. Îïðåäåëèòü òèï óðàâíåíèÿ

9uxx + 6uxy + uyy − 9ux − 3uy = 0 (107)

è ìåòîäîì õàðàêòåðèñòèê ïðèâåñòè åãî ê êàíîíè÷åñêîìó âèäó.
Ð å ø å í è å. a12 = 3, a11 = 9, a22 = 1. a2

12 − a11a22 = 0, ñëåäîâàòåëüíî, óðàâíåíèå (107) èìååò
ïàðàáîëè÷åñêèé òèï. Óðàâíåíèå õàðàêòåðèñòèê

9dy2 − 6dxdy + dx2 = 0

ïðèâîäèòñÿ ê âèäó (3dy−dx)2 = 0 èëè 3dy = dx. Îáùèé èíòåãðàë ýòîãî óðàâíåíèÿ áóäåò 3y−x = C.
Âîçüìåì ξ = 3y − x, à η ìîæåò áûòü ëþáîé ôóíêöèåé, óäîâëåòâîðÿþùåé óñëîâèþ 3ηy + ηx 6= 0.
Ïðèíèìàÿ η = x, íàõîäèì

ux = uξξx + uηηx = −uξ + uη, uy = uξξy + uηηy = 3uξ,
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uxx = uξξ − 2uξη + uηη, uxy = −3uξξ + 3uξη, uyy = 9uξξ.

Ïîäñòàâëÿÿ â (107), ïîëó÷àåì êàíîíè÷åñêèé âèä:

uηη − uη = 0.

Î ò â å ò: Ïàðàáîëè÷åñêèé òèï, uηη − uη = 0.

Ï ð è ì å ð 2. Îïðåäåëèòü òèï óðàâíåíèÿ è ìåòîäîì õàðàêòåðèñòèê ïðèâåñòè åãî ê êàíîíè÷åñêîìó
âèäó.

uxx + 4uxy + 5uyy + ux + 2uy = 0. (108)

Ð å ø å í è å. a12 = 2, a11 = 1, a22 = 5. a2
12 − a11a22 = −1 < 0, ñëåäîâàòåëüíî, óðàâíåíèå (108)

ïðèíàäëåæèò ê ýëëèïòè÷åñêîìó òèïó. Ðàçäåëèì óðàâíåíèå õàðàêòåðèñòèê dy2 − 4dxdy + 5dx2 = 0
íà dx2 è ðåøèì ïîëó÷åííîå êâàäðàòíîå óðàâíåíèå:(

dy

dx

)2

− 4
dy

dx
+ 5 = 0,

dy

dx
= 2± i.

Îòñþäà îáùèå èíòåãðàëû óðàâíåíèÿ õàðàêòåðèñòèê áóäóò èìåòü âèä y − 2x± ix = C. Âûáèðàåì çà
íîâûå êîîðäèíàòû ξ = Re (y − 2x+ ix) = y − 2x, η = Im (y − 2x+ ix) = x, òîãäà

ux = −2uξ + uη, uy = uξ,

uxx = 4uξξ − 4uξη + uηη, uxy = −2uξξ + uξη, uyy = uξξ.

Ïîäñòàâëÿÿ â (108), ïîëó÷àåì êàíîíè÷åñêèé âèä:

uξξ + uηη + uη = 0.

Î ò â å ò: Ýëëèïòè÷åñêèé òèï, uξξ + uηη + uη = 0.

Ï ð è ì å ð 3. Îïðåäåëèòü òèï óðàâíåíèÿ è ìåòîäîì õàðàêòåðèñòèê ïðèâåñòè åãî ê êàíîíè÷åñêîìó
âèäó.

uxx − 2uxy − 3uyy + 2ux + 6uy = 0. (109)

Ð å ø å í è å. a12 = −1, a11 = 1, a22 = −3. a2
12 − a11a22 = 4 > 0, ñëåäîâàòåëüíî, óðàâíåíèå (109)

ïðèíàäëåæèò ê ãèïåðáîëè÷åñêîìó òèïó. Ðàçäåëèì óðàâíåíèå õàðàêòåðèñòèê dy2 + 2dxdy− 3dx2 = 0
íà dx2 è ðåøèì ïîëó÷åííîå êâàäðàòíîå óðàâíåíèå:(

dy

dx

)2

+ 2
dy

dx
− 3 = 0,

{
dy/dx = −3,
dy/dx = 1.

Â êà÷åñòâå íîâûõ ïåðåìåííûõ ξ è η âîçüìåì îáùèå èíòåãðàëû óðàâíåíèÿ õàðàêòåðèñòèê:{
ξ = y + 3x,
η = y − x.

Îòñþäà
ux = 3uξ − uη, uy = uξ + uη,

uxx = 9uξξ − 6uξη + uηη, uxy = 3uξξ + 2uξη − uηη, uyy = uξξ + 2uξη + uηη.

Ïîäñòàâëÿÿ â (109), ïîëó÷àåì êàíîíè÷åñêèé âèä:

uξη −
3
4
uξ −

1
4
uη = 0.

Î ò â å ò: Ãèïåðáîëè÷åñêèé òèï, uξη −
3
4
uξ −

1
4
uη = 0.
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Âî âñåõ âàðèàíòàõ îïðåäåëèòü òèï äàííîãî óðàâíåíèÿ è ìåòîäîì õàðàêòåðèñòèê ïðèâåñòè åãî ê
êàíîíè÷åñêîìó âèäó:

1. uxx + 2uxy + uyy − 3ux + 5uy + u = 0.

2. uxx + 2uxy + 2uyy + 3ux + 4uy − u = 0.

3. 2uxx − 3uxy + uyy − ux + 4uy + 2u = 0.

4. uxx − 4uxy + 4uyy + 2ux + uy + u = 0.

5. 2uxx − 2uxy + uyy + ux − 2uy − 2u = 0.

6. uxx + 6uxy + 9uyy − 8ux + 2uy − 3u = 0.

7. 3uxx − 4uxy + uyy + 2ux + uy − 3u = 0.

8. uxx − 4uxy + 5uyy − ux − uy − u = 0.

9. 16uxx − 8uxy + uyy + 3ux + 7uy + u = 0.

10. uxx − uxy − 6uyy + 2ux + 5uy + u = 0.

11. uxx − 2uxy + uyy − 5ux + 3uy + 3u = 0.

12. uxx − uxy − 2uyy − ux + 3uy − 9u = 0.

13. uxx + 2uxy + 5uyy − 3ux + 13uy + 7u = 0.

14. 4uxx + 4uxy + uyy + 20ux − 11uy + u = 0.

15. uxx + uxy − 6uyy + 13ux + uy + 6u = 0.

16. 8uxx − 4uxy + uyy + 10ux + 17uy − 2u = 0.

17. uxx − 6uxy + 9uyy + 8ux − 11uy + 9u = 0.

18. uxx + 2uxy − 3uyy + 17ux + 4uy − 19u = 0.

19. 5uxx + uxy + uyy − 5ux + 10uy − 16u = 0.

20. uxx + 8uxy + 16uyy + 13ux − 14uy + 10u = 0.

21. uxx + 5uxy + 6uyy + 8ux − 9uy + 3u = 0.

22. 5uxx + 4uxy + uyy − ux + 3uy + 2u = 0.

23. uxx + 10uxy + 25uyy − 7ux + 5uy + 6u = 0.

24. uxx + 3uxy + 2uyy − 6ux + 5uy − u = 0.

25. 10uxx + 6uxy + uyy − 5ux − uy − 15u = 0.

26. uxx + 4uxy + 3uyy + 15ux + uy + 2u = 0.

27. uxx − 2uxy + 2uyy − 4ux − 9uy − u = 0.

28. 25uxx − 10uxy + uyy − 12ux + 3uy + 16u = 0.

29. uxx + 3uxy − 4uyy + 3ux + 33uy − 5u = 0.

30. uxx − 2uxy + 5uyy − 9ux + 10uy + u = 0.
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7.2. Ìåòîä Äàëàìáåðà

7.2.1. Çàäà÷à Êîøè äëÿ áåñêîíå÷íîé ñòðóíû. Ôîðìóëà Äàëàìáåðà

Çàäà÷à Êîøè äëÿ áåñêîíå÷íîé ñòðóíû, íå ïîäâåðãàþùåéñÿ âîçäåéñòâèþ âíåøíèõ ñèë, ñòàâèòñÿ
ñëåäóþùèì îáðàçîì: íàéòè ðåøåíèå óðàâíåíèÿ

utt = a2uxx, −∞ < x < +∞, t > 0, (110)

óäîâëåòâîðÿþùåå íà÷àëüíûì óñëîâèÿì

u(x, 0) = ϕ(x), ut(x, 0) = ψ(x). (111)

Ðåøåíèå ýòîé çàäà÷è âûðàæàåòñÿ ôîðìóëîé Äàëàìáåðà

u(x, t) =
ϕ(x− at) + ϕ(x+ at)

2
+

1
2a

x+at∫
x−at

ψ(s)ds. (112)

Ï ð è ì å ð 4. Ïóñòü a = 1, ϕ(x) =


0, x < 0,
x, x ∈ [0, 1],

1− x, x ∈ [1, 2],
0, x > 2,

ψ(x) = 0. Èçîáðàçèòü ïðîôèëè ñòðóíû

ïðè t = 1/2, t = 1, t = 2.
Ð å ø å í è å. Ïî ôîðìóëå (112)

u(x, t) =
1
2
ϕ(x− t) +

1
2
ϕ(x+ t).

Ýòî îçíà÷àåò, ÷òî äëÿ òîãî, ÷òîáû èçîáðàçèòü ïðîôèëü ñòðóíû ïðè t = t0, ãðàôèê ϕ(x) íàäî ñíà÷àëà
ñæàòü â 2 ðàçà ê îñè Ox, çàòåì ñäâèíóòü âïðàâî íà t0, âëåâî íà t0 è ðåçóëüòàòû ñäâèãîâ ñëîæèòü.
Ïðîôèëü ñòðóíû ïðè ðàçëè÷íûõ çíà÷åíèÿõ t ïîêàçàí íà ðèñ. 6.

Ðèñ. 6: ê ïðèìåðó 4
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7.2.2. Ñìåøàííàÿ çàäà÷à äëÿ ïîëóîãðàíè÷åííîé ñòðóíû ñ îäíîðîäíûìè ãðàíè÷íûìè óñëîâèÿìè

Ñìåøàííàÿ çàäà÷à äëÿ ïîëóîãðàíè÷åííîé ñòðóíû ñ îäíîðîäíûìè ãðàíè÷íûìè óñëîâèÿìè
ñòàâèòñÿ ñëåäóþùèì îáðàçîì: íàéòè ðåøåíèå óðàâíåíèÿ

utt = a2uxx, x > 0, t > 0, (113)

óäîâëåòâîðÿþùåå íà÷àëüíûì óñëîâèÿì

u(x, 0) = ϕ(x), ut(x, 0) = ψ(x) (114)

è ãðàíè÷íîìó óñëîâèþ
u(0, t) = 0, (ò.å. êîíåö ñòðóíû çàêðåïëåí) (115)

èëè
ux(0, t) = 0 (ò.å. ñòðóíà ñî ñâîáîäíûì êîíöîì). (116)

Ýòà çàäà÷à ðåøàåòñÿ ìåòîäîì ÷åòíîãî (íå÷åòíîãî) ïðîäîëæåíèÿ (ñì. ïðèìåðû 5, 6).

Ï ð è ì å ð 5. Äëÿ óðàâíåíèÿ (113) ïðè a = 1 ñ íà÷àëüíûìè óñëîâèÿìè (114) ïðè

ϕ(x) =


0 ïðè 0 ≤ x < 1,

x− 1 ïðè 1 ≤ x < 2,
3− x ïðè 2 ≤ x < 3,

0 ïðè 3 ≤ x,

ψ(x) ≡ 0, (117)

è ãðàíè÷íûì óñëîâèåì (115) íà÷åðòèòü ïðîôèëü ïîëóîãðàíè÷åííîé ñòðóíû (x ≥ 0) äëÿ îòðåçêà

âðåìåíè [0; 2, 5] ñ øàãîì ∆t =
1
2
.

Ð å ø å í è å. Áóäåì ðåøàòü äàííóþ çàäà÷ó ìåòîäîì íå÷åòíîãî ïðîäîëæåíèÿ. Ðàññìîòðèì
ðåøåíèå u1(x, t) çàäà÷è Êîøè (110)-(111), (117) íà âñåé îñè ñ íå÷åòíî ïðîäîëæåííîé ôóíêöèåé
ϕ(x):

u1(x, 0) = ϕ1(x) =
{
ϕ(x), x ≥ 0,
−ϕ(−x), x < 0,

è ïóñòü u1t(x, 0) = ψ1(x) ≡ 0, −∞ < x < +∞.
Ïîëîæèì

u(x, t) ≡ u1(x, t) ïðè x ≥ 0.

Î÷åâèäíî, u óäîâëåòâîðÿåò óðàâíåíèþ (113) è íà÷àëüíûì óñëîâèÿì (114), (117). Ôóíêöèÿ u(x, t)
ÿâëÿåòñÿ íå÷åòíîé ôóíêöèåé x: u(−x, t) = −u(x, t) ïðè t ≥ 0, ñëåäîâàòåëüíî, óäîâëåòâîðÿåò
ãðàíè÷íîìó óñëîâèþ. Îáëàñòü x < 0 áóäåì íàçûâàòü ôèêòèâíîé èëè íåôèçè÷åñêîé. Ôîðìà ñòðóíû
ïðè t = 0 ïîêàçàíà íà ðèñ. (7).

Ðèñ. 7: ê ïðèìåðó 5

Ïîñòðîèì u1(x, t) â îñòàëüíûå ìîìåíòû âðåìåíè. Ïî ôîðìóëå Äàëàìáåðà

u1(x, t) =
ϕ1(x− t)

2
+
ϕ1(x+ t)

2
, (118)
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Ðèñ. 8: ê ïðèìåðó 5

ò.å. íóæíî ϕ1(x) ðàçäåëèòü ïîïîëàì, ñäâèíóòü íà t âïðàâî, íà t âëåâî è ðåçóëüòàòû ñëîæèòü.
Ïîëó÷åííóþ êàðòèíó ñì. íà ðèñ. 8.

Ï ð è ì å ð 6. Äëÿ óðàâíåíèÿ (113) ïðè a = 2 ñ íà÷àëüíûìè óñëîâèÿìè (114) ïðè

ϕ(x) ≡ 0, ψ(x) =

 0 ïðè 0 ≤ x ≤ 1,
1 ïðè 1 < x ≤ 3,
0 ïðè 3 < x,

(119)

è ãðàíè÷íûì óñëîâèåì (115) íà÷åðòèòü ïðîôèëü ïîëóîãðàíè÷åííîé ñòðóíû (x ≥ 0) ïðè t = 1, 2.
Ð å ø å í è å. Ðàññìîòðèì ðåøåíèå u1(x, t) çàäà÷è Êîøè (110)-(111), (119) íà âñåé îñè ñ íå÷åòíî

ïðîäîëæåííîé ôóíêöèåé ψ(x):

u1t(x, 0) = ψ1(x) =
{
ψ(x), x ≥ 0,
−ψ(−x), x < 0,

è ïóñòü u1(x, 0) = ϕ1(x) ≡ 0, −∞ < x < +∞. Ïîëîæèì

u(x, t) ≡ u1(x, t) ïðè x ≥ 0.

Î÷åâèäíî, u óäîâëåòâîðÿåò óðàâíåíèþ (113) è íà÷àëüíûì óñëîâèÿì (114), (119). Ãðàôèê
ôóíêöèè ψ1(x) ïîêàçàí íà ðèñ. 9.

Ðèñ. 9: ê ïðèìåðó 6
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Ïîñòðîèì u1(x, t) â îñòàëüíûå ìîìåíòû âðåìåíè. Ïî ôîðìóëå Äàëàìáåðà

u1(x, t) =
1
4

x+2t∫
x−2t

ψ1(s)ds = φ1(x+ 2t)− φ1(x− 2t), ãäå φ1 ≡
1
4

x∫
−∞

ψ1(s)ds.

Ïîñòðîèì ôóíêöèþ φ1(x) (ñì. ðèñ. 10).

x ∈ (−∞, −3] : φ1(x) =
1
4

x∫
−∞

0ds = 0;

x ∈ (−3, −1] : φ1(x) =
1
4

 −3∫
−∞

0ds+

x∫
−3

(−1)ds

 = −x
4
− 3

4
;

x ∈ (−1, 1] : φ1(x) =
1
4

 −3∫
−∞

0ds+

−1∫
−3

(−1)ds+

x∫
−1

0ds

 = −1
2

;

x ∈ (1, 3] : φ1(x) =
1
4

 −3∫
−∞

0ds+

−1∫
−3

(−1)ds+

1∫
−1

0ds+

x∫
1

1ds

 =
x

4
− 3

4
;

x ∈ (3, +∞) : φ1(x) =
1
4

 −3∫
−∞

0ds+

−1∫
−3

(−1)ds+

1∫
−1

0ds+

3∫
1

1ds+

x∫
3

0ds

 = −2 + 2 = 0.

Ðèñ. 10: ê ïðèìåðó 6. Ãðàôèê ôóíêöèè φ1(x)

Äëÿ ïîëó÷åíèÿ u1(x, t) ãðàôèê φ1(x) íóæíî ñäâèãàòü âëåâî íà 2t, ãðàôèê −φ1(x) âïðàâî íà 2t
è ðåçóëüòàòû ñêëàäûâàòü (ðèñ. 11).

Ï ð è ì å ÷ à í è å 1: Ïðè ãðàíè÷íîì óñëîâèè (116) çàäà÷à ðåøàåòñÿ àíàëîãè÷íî ìåòîäîì ÷åòíîãî
ïðîäîëæåíèÿ. Â íåì ðàññìàòðèâàåòñÿ ðåøåíèå u1(x, t) çàäà÷è Êîøè (110)-(111) íà âñåé îñè ñ ÷åòíî
ïðîäîëæåííûìè ôóíêöèÿìè ϕ(x) è ψ(x):

u1(x, 0) = ϕ1(x) =
{
ϕ(x), x ≥ 0,
ϕ(−x), x < 0, u1t(x, 0) = ψ1(x) =

{
ψ(x), x ≥ 0,
ψ(−x), x < 0.
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Ðèñ. 11: ê ïðèìåðó 6. Ãðàôèê ôóíêöèè u1(x, t)

7.2.3. Ñìåøàííàÿ çàäà÷à äëÿ îãðàíè÷åííîé ñòðóíû ñ îäíîðîäíûìè ãðàíè÷íûìè óñëîâèÿìè

Ïðè ðåøåíèè ñìåøàííîé çàäà÷è äëÿ îãðàíè÷åííîé ñòðóíû ñ îäíîðîäíûìè ãðàíè÷íûìè
óñëîâèÿìè ïðèìåíÿþòñÿ ìåòîäû íå÷åòíîãî è ÷åòíîãî ïðîäîëæåíèÿ îòíîñèòåëüíî êîíöîâ îòðåçêà
â çàâèñèìîñòè îò òèïà ãðàíè÷íîãî óñëîâèÿ.

Äëÿ ãðàíè÷íûõ óñëîâèé {
u(0, t) = 0,
u(l, t) = 0

ïðèìåíÿåòñÿ ìåòîä íå÷åòíîãî ïðîäîëæåíèÿ îòíîñèòåëüíî ëåâîãî è ïðàâîãî êîíöîâ îòðåçêà.
Äëÿ ãðàíè÷íûõ óñëîâèé {

ux(0, t) = 0,
u(l, t) = 0

ïðèìåíÿåòñÿ ìåòîä ÷åòíîãî ïðîäîëæåíèÿ îòíîñèòåëüíî ëåâîãî è íå÷åòíîãî ïðîäîëæåíèÿ
îòíîñèòåëüíî ïðàâîãî êîíöîâ îòðåçêà.

Äëÿ ãðàíè÷íûõ óñëîâèé {
u(0, t) = 0,
ux(l, t) = 0

ïðèìåíÿåòñÿ ìåòîä íå÷åòíîãî ïðîäîëæåíèÿ îòíîñèòåëüíî ëåâîãî è ÷åòíîãî ïðîäîëæåíèÿ
îòíîñèòåëüíî ïðàâîãî êîíöîâ îòðåçêà.

Äëÿ ãðàíè÷íûõ óñëîâèé {
ux(0, t) = 0,
ux(l, t) = 0

ïðèìåíÿåòñÿ ìåòîä ÷åòíîãî ïðîäîëæåíèÿ îòíîñèòåëüíî ëåâîãî è ïðàâîãî êîíöîâ îòðåçêà.
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Êîíòðîëüíîå çàäàíèå 19

Ïóñòü

ϕ(x) =


0 ïðè 0 ≤ x ≤ c,

(2/c)x− 2 ïðè c < x ≤ 3c/2,
−(2/c)x+ 4 ïðè 3c/2 < x ≤ 2c,

0 ïðè 2c < x,

, ψ(x) =

 0 ïðè 0 ≤ x < c,
1 ïðè c ≤ x ≤ 2c,
0 ïðè 2c < x,

(120)

Äëÿ óðàâíåíèÿ utt = a2uxx íà÷åðòèòü ïðîôèëü ïîëóîãðàíè÷åííîé ñòðóíû (0 ≤ x < ∞) äëÿ

îòðåçêà âðåìåíè
[
0;

c

a

]
ñ øàãîì ∆t =

c

8a
â ñëåäóþùèõ ñëó÷àÿõ:

1. a = 1, c = 1, u(0, t) = 0, u(x, 0) = ϕ(x), ut(x, 0) = 0.

2. a = 1, c = 1, ux(0, t) = 0, u(x, 0) = ϕ(x), ut(x, 0) = 0.

3. a = 1, c = 1, u(0, t) = 0, u(x, 0) = 0, ut(x, 0) = ψ(x).

4. a = 1, c = 1, ux(0, t) = 0, u(x, 0) = 0, ut(x, 0) = ψ(x).

5. a = 4, c = 2, u(0, t) = 0, u(x, 0) = ϕ(x), ut(x, 0) = 0.

6. a = 4, c = 2, ux(0, t) = 0, u(x, 0) = ϕ(x), ut(x, 0) = 0.

7. a = 4, c = 2, u(0, t) = 0, u(x, 0) = 0, ut(x, 0) = ψ(x).

8. a = 4, c = 2, ux(0, t) = 0, u(x, 0) = 0, ut(x, 0) = ψ(x).

9. a = 2, c = 3, u(0, t) = 0, u(x, 0) = ϕ(x), ut(x, 0) = 0.

10. a = 2, c = 3, ux(0, t) = 0, u(x, 0) = ϕ(x), ut(x, 0) = 0.

11. a = 2, c = 3, u(0, t) = 0, u(x, 0) = 0, ut(x, 0) = ψ(x).

12. a = 2, c = 3, ux(0, t) = 0, u(x, 0) = 0, ut(x, 0) = ψ(x).

13. a = 3, c = 1, u(0, t) = 0, u(x, 0) = ϕ(x), ut(x, 0) = 0.

14. a = 3, c = 1, ux(0, t) = 0, u(x, 0) = ϕ(x), ut(x, 0) = 0.

15. a = 3, c = 1, u(0, t) = 0, u(x, 0) = 0, ut(x, 0) = ψ(x).

16. a = 3, c = 1, ux(0, t) = 0, u(x, 0) = 0, ut(x, 0) = ψ(x).

17. a = 1, c = 4, u(0, t) = 0, u(x, 0) = ϕ(x), ut(x, 0) = 0.

18. a = 1, c = 4, ux(0, t) = 0, u(x, 0) = ϕ(x), ut(x, 0) = 0.

19. a = 1, c = 4, u(0, t) = 0, u(x, 0) = 0, ut(x, 0) = ψ(x).

20. a = 1, c = 4, ux(0, t) = 0, u(x, 0) = 0, ut(x, 0) = ψ(x).

21. a = 2, c = 1, u(0, t) = 0, u(x, 0) = ϕ(x), ut(x, 0) = 0.

22. a = 2, c = 1, ux(0, t) = 0, u(x, 0) = ϕ(x), ut(x, 0) = 0.

23. a = 2, c = 1, u(0, t) = 0, u(x, 0) = 0, ut(x, 0) = ψ(x).

24. a = 2, c = 4, ux(0, t) = 0, u(x, 0) = 0, ut(x, 0) = ψ(x).

25. a = 1, c = 3, u(0, t) = 0, u(x, 0) = ϕ(x), ut(x, 0) = 0.

26. a = 1, c = 3, ux(0, t) = 0, u(x, 0) = ϕ(x), ut(x, 0) = 0.

27. a = 1, c = 3, u(0, t) = 0, u(x, 0) = 0, ut(x, 0) = ψ(x).

28. a = 1, c = 3, ux(0, t) = 0, u(x, 0) = 0, ut(x, 0) = ψ(x).

29. a = 3, c = 2, u(0, t) = 0, u(x, 0) = ϕ(x), ut(x, 0) = 0.

30. a = 3, c = 2, u(0, t) = 0, u(x, 0) = 0, ut(x, 0) = ψ(x).
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Êîíòðîëüíîå çàäàíèå 20

Ïóñòü ϕ(x) è ψ(x) îïðåäåëÿþòñÿ óðàâíåíèÿìè (120). Äëÿ óðàâíåíèÿ utt = a2uxx íà÷åðòèòü

ïðîôèëü îãðàíè÷åííîé ñòðóíû (0 ≤ x ≥ l) äëÿ îòðåçêà âðåìåíè

[
0;

4l
a

]
ñ øàãîì ∆t =

l

2a
â

ñëåäóþùèõ ñëó÷àÿõ:

1. a = 1, l = 6, c = 1, u(0, t) = ux(l, t) = u(x, 0) = 0, ut(x, 0) = ψ(x).

2. a = 1, l = 6, c = 1, u(0, t) = ux(l, t) = ut(x, 0) = 0, u(x, 0) = ϕ(x).

3. a = 1, l = 6, c = 1, ux(0, t) = u(l, t) = u(x, 0) = 0, ut(x, 0) = ψ(x).

4. a = 1, l = 6, c = 1, u(0, t) = u(l, t) = u(x, 0) = 0, ut(x, 0) = ψ(x).

5. a = 1, l = 6, c = 1, ux(0, t) = u(l, t) = ut(x, 0) = 0, u(x, 0) = ϕ(x).

6. a = 1, l = 6, c = 1, u(0, t) = u(l, t) = ut(x, 0) = 0, u(x, 0) = ϕ(x).

7. a = 1, l = 6, c = 1, ux(0, t) = u(l, t) = u(x, 0) = 0, u(x, 0) = ϕ(x).

8. a = 2, l = 6, c = 1, u(0, t) = ux(l, t) = u(x, 0) = 0, ut(x, 0) = ψ(x).

9. a = 2, l = 6, c = 1, u(0, t) = ux(l, t) = ut(x, 0) = 0, u(x, 0) = ϕ(x).

10. a = 2, l = 6, c = 1, ux(0, t) = u(l, t) = u(x, 0) = 0, ut(x, 0) = ψ(x).

11. a = 2, l = 6, c = 1, u(0, t) = u(l, t) = u(x, 0) = 0, ut(x, 0) = ψ(x).

12. a = 2, l = 6, c = 1, ux(0, t) = u(l, t) = ut(x, 0) = 0, u(x, 0) = ϕ(x).

13. a = 2, l = 6, c = 1, u(0, t) = u(l, t) = ut(x, 0) = 0, u(x, 0) = ϕ(x).

14. a = 2, l = 6, c = 1, ux(0, t) = u(l, t) = u(x, 0) = 0, u(x, 0) = ψ(x).

15. a = 1, l = 8, c = 1, u(0, t) = ux(l, t) = u(x, 0) = 0, ut(x, 0) = ψ(x).

16. a = 1, l = 8, c = 1, u(0, t) = ux(l, t) = ut(x, 0) = 0, u(x, 0) = ϕ(x).

17. a = 1, l = 8, c = 1, ux(0, t) = u(l, t) = u(x, 0) = 0, ut(x, 0) = ψ(x).

18. a = 1, l = 8, c = 1, u(0, t) = u(l, t) = u(x, 0) = 0, ut(x, 0) = ψ(x).

19. a = 1, l = 8, c = 1, ux(0, t) = u(l, t) = ut(x, 0) = 0, u(x, 0) = ϕ(x).

20. a = 1, l = 8, c = 1, u(0, t) = u(l, t) = ut(x, 0) = 0, u(x, 0) = ϕ(x).

21. a = 1, l = 8, c = 1, ux(0, t) = u(l, t) = u(x, 0) = 0, u(x, 0) = ϕ(x).

22. a = 1, l = 8, c = 2, u(0, t) = ux(l, t) = u(x, 0) = 0, ut(x, 0) = ψ(x).

23. a = 1, l = 8, c = 2, u(0, t) = ux(l, t) = ut(x, 0) = 0, u(x, 0) = ϕ(x).

24. a = 1, l = 8, c = 2, ux(0, t) = u(l, t) = u(x, 0) = 0, ut(x, 0) = ψ(x).

25. a = 1, l = 8, c = 2, u(0, t) = u(l, t) = u(x, 0) = 0, ut(x, 0) = ψ(x).

26. a = 1, l = 8, c = 2, ux(0, t) = u(l, t) = ut(x, 0) = 0, u(x, 0) = ϕ(x).

27. a = 1, l = 8, c = 2, u(0, t) = u(l, t) = ut(x, 0) = 0, u(x, 0) = ϕ(x).

28. a = 1, l = 8, c = 2, ux(0, t) = u(l, t) = u(x, 0) = 0, u(x, 0) = ψ(x).

29. a = 1, l = 10, c = 1, u(0, t) = u(l, t) = ut(x, 0) = 0, u(x, 0) = ϕ(x).

30. a = 1, l = 10, c = 1, u(0, t) = ux(l, t) = u(x, 0) = 0, u(x, 0) = ϕ(x).
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7.3. Ìåòîä Ôóðüå

7.3.1. Ðåøåíèå ñìåøàííîé çàäà÷è äëÿ âîëíîâîãî óðàâíåíèÿ

Ðàññìîòðèì çàäà÷ó:
utt = a2uxx + g(x, t), 0 < x < l, t > 0, (121)

u(x, 0) = ϕ(x), (122)

ut(x, 0) = ψ(x), (123)

u(0, t) = µ(t), (124)

u(l, t) = ν(t). (125)

Ðåøèì åå ìåòîäîì Ôóðüå, ïðåäâàðèòåëüíî ñâåäÿ ê çàäà÷å ñ îäíîðîäíûìè ãðàíè÷íûìè óñëîâèÿ-
ìè.

Ââåäåì âñïîìîãàòåëüíóþ ôóíêöèþ

w(x, t) = µ(t) + (ν(t)− µ(t))
x

l
. (126)

Òîãäà
w(0, t) = µ(t)
w(l, t) = ν(t). (127)

Ðåøåíèå çàäà÷è (121)-(125) èùåì â âèäå ñóììû äâóõ ôóíêöèé:

u = v + w,

ãäå w îïðåäåëÿåòñÿ ôîðìóëîé (126) è óäîâëåòâîðÿåò óñëîâèÿì (127), à v � íîâàÿ íåèçâåñòíàÿ
ôóíêöèÿ.

Ïîëó÷èì äëÿ íåå óðàâíåíèå, ãðàíè÷íûå è íà÷àëüíûå óñëîâèÿ, ïîäñòàâëÿÿ u â (121)�(125). Èìååì

utt = vtt + wtt = vtt + µ′′(t) + (ν′′(t)− µ′′(t))x
l
,

uxx = vxx + wxx = vxx,

vtt = a2vxx + g1(x, t),

ãäå

g1(x, t) = g(x, t)−
(
µ′′(t) + (ν′′(t)− µ′′(t))x

l

)
.

Íà÷àëüíûå óñëîâèÿ äëÿ v, êàê ñëåäóåò èç óñëîâèé (122), (123), (126), èìåþò âèä

v(x, 0) = u(x, 0)− w(x, 0) = ϕ(x)−
(
µ(0) + (ν(0)− µ(0))

x

l

)
= ϕ1(x),

vt(x, 0) = ut(x, 0)− wt(x, 0) = ψ(x)−
(
µ′(0) + (ν′(0)− µ′(0))

x

l

)
= ψ1(x).

Ãðàíè÷íûå óñëîâèÿ äëÿ v, êàê ñëåäóåò èç óñëîâèé (124), (125), (126), èìåþò âèä

v(0, t) = u(0, t)− w(0, t) = µ(t)− µ(t) = 0,

v(l, t) = u(l, t)− w(l, t) = ν(t)− ν(t) = 0.

Òàêèì îáðàçîì äëÿ ôóíêöèè v(x, t) èìååì çàäà÷ó

vtt = a2vxx + g1(x, t), (128)

v(x, 0) = ϕ1(x), (129)

vt(x, 0) = ψ1(x), (130)

v(0, t) = 0, (131)

77



v(l, t) = 0. (132)

Ðåøåíèå ýòîé çàäà÷è áóäåì èñêàòü â âèäå ñóììû

v = v(1) + v(2), ãäå

v(1) � ðåøåíèå çàäà÷è

v
(1)
tt = a2v(1)

xx + g1(x, t), (133)

v(1)(x, 0) = 0, (134)

v
(1)
t (x, 0) = 0, (135)

v(1)(0, t) = 0, (136)

v(1)(l, t) = 0, (137)

ò.å. óäîâëåòâîðÿåò íåîäíîðîäíîìó óðàâíåíèþ ñ íóëåâûìè íà÷àëüíûìè è ãðàíè÷íûìè óñëîâèÿìè, à
v(2) � ðåøåíèå çàäà÷è

v
(2)
tt = a2v(2)

xx , (138)

v(2)(x, 0) = ϕ1(x), (139)

v
(2)
t (x, 0) = ψ1(x), (140)

v(2)(0, t) = 0, (141)

v(2)(l, t) = 0. (142)

Ðåøåíèå çàäà÷è (138)�(142) èùåì ìåòîäîì Ôóðüå. Ðåøåíèå èùåòñÿ â âèäå

v(2)(x, t) = X(x)T (t).

Ïîäñòàâëÿÿ ýòó ôóíêöèþ â óðàâíåíèå (138) è, ðàçäåëÿÿ ïåðåìåííûå, ïîëó÷àåì

T ′′(t)
a2T (t)

=
X ′′(x)
X(x)

.

Ëåâàÿ ÷àñòü ýòîãî ðàâåíñòâà çàâèñèò òîëüêî îò t, çíà÷èò, íå çàâèñèò îò x, à ïðàâàÿ çàâèñèò òîëüêî
îò x, çíà÷èò, íå çàâèñèò îò t, à òàê êàê îíè ðàâíû ìåæäó ñîáîé, òî îáå îíè íå çàâèñÿò íè îò x, íè
îò t, è ìîæíî çàïèñàòü

T ′′(t)
a2T (t)

=
X ′′(x)
X(x)

= −λ, ãäå λ � êîíñòàíòà, íå çàâèñÿùàÿ îò x è t,

îòêóäà äëÿ ôóíêöèè X(x) ñ ó÷åòîì óñëîâèé (141)�(142) ïîëó÷àåì çàäà÷ó Øòóðìà�Ëèóâèëëÿ:{
X ′′(x) + λX(x) = 0
X(0) = X(l) = 0,

ðåøàÿ êîòîðóþ, íàõîäèì ñîáñòâåííûå çíà÷åíèÿ λ = λn =
(
πn
l

)2
, n = 1, 2, . . ., è ñîáñòâåííûå ôóíêöèè

X(x) = Xn(x) = An sin
πnx

l
, An � íåêîòîðàÿ ïîñòîÿííàÿ.

Äëÿ ôóíêöèè T (t) ïîëó÷èì óðàâíåíèå

T ′′(t) + a2λT (t) = 0,

îòêóäà

T (t) = Tn(t) = C̃n sin
πna

l
t+ D̃n cos

πna

l
t,

ãäå C̃n, D̃n � íåêîòîðûå ïîñòîÿííûå.
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Òîãäà v
(2)
n (x, t) = Tn(t)Xn(x) è

v(2)(x, t) =
∞∑
n=1

v(2)
n (x, t) =

∞∑
n=1

(
Cn sin

πna

l
t+Dn cos

πna

l
t
)

sin
πnx

l
, (143)

ãäå Cn = AnC̃n, Dn = AnD̃n.
Äëÿ îïðåäåëåíèÿ ïîñòîÿííûõ Cn, Dn èñïîëüçóåì óñëîâèÿ (139)�(140):

v(2)(x, 0) =
∞∑
n=1

Dn sin
πnx

l
= ϕ1(x),

v
(2)
t (x, 0) =

∞∑
n=1

Cn
πna

l
sin

πnx

l
= ψ1(x),

îòêóäà Dn è
πna
l Cn � êîýôôèöèåíòû Ôóðüå ðàçëîæåíèÿ ôóíêöèé ϕ1(x) è ψ1(x) ïî sin πnx

l :

Dn =
2
l

l∫
0

ϕ1(x) sin
πnx

l
dx, (144)

Cn =
2
πna

l∫
0

ψ1(x) sin
πnx

l
dx. (145)

Òàêèì îáðàçîì ðåøåíèå v(2) çàäà÷è (138)�(142) íàõîäèòñÿ ïî ôîðìóëå (143) ñ êîíñòàíòàìè Dn è
Cn, âû÷èñëåííûìè ïî ôîðìóëàì (144)�(145).

Äëÿ ðåøåíèÿ çàäà÷è (133)�(137) áóäåì èñïîëüçîâàòü ìåòîä íåîïðåäåëåííûõ êîýôôèöèåíòîâ è
èñêàòü ðåøåíèå â âèäå ðÿäà

v(1)(x, t) =
∞∑
n=1

Tn(t) sin
πnx

l
. (146)

Äëÿ îïðåäåëåíèÿ ôóíêöèé Tn(t) ïîäñòàâëÿåì ôóíêöèþ v(1)(x, t) â óðàâíåíèå (133). Ïîëó÷èì

∞∑
n=1

[
T ′′n (t) +

(πna
l

)2

Tn(t)
]

sin
πnx

l
= g1(x, t). (147)

Ðàçëîæèì ôóíêöèþ g1(x, t) êàê ôóíêöèþ îò x â ðÿä Ôóðüå ïî ñèíóñàì:

g1(x, t) =
∞∑
n=1

g̃n(t) sin
πnx

l
, ãäå (148)

g̃n(t) =
2
l

l∫
0

g1(ξ, t) sin
πnξ

l
dξ. (149)

Ïðèðàâíèâàÿ (147) è (148), ïîëó÷èì äëÿ Tn äèôôåðåíöèàëüíûå óðàâíåíèÿ:

T ′′n (t) + (πna/l)2 Tn(t) = g̃n(t), n = 1, 2, 3, . . . (150)

Èç óñëîâèé (134)�(135) èìååì íà÷àëüíûå óñëîâèÿ äëÿ Tn(t):

Tn(0) = 0, (151)

T ′n(0) = 0. (152)

Ðåøåíèå óðàâíåíèÿ (150) ïðè íà÷àëüíûõ óñëîâèÿõ (151)�(152) èìååò âèä:

Tn(t) =
l

πna

t∫
0

g̃n(τ) sin
πna

l
(t− τ)dτ,
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ãäå g̃n(t) îïðåäåëÿþòñÿ ôîðìóëîé (149). Òîãäà ôóíêöèÿ v(1)(x, t) îïðåäåëÿåòñÿ ôîðìóëîé (146).
Ç à ì å ÷ à í è å: Åñëè âìåñòî ãðàíè÷íûõ óñëîâèé (141)�(142) â çàäà÷å (138)�(142) è âìåñòî

ãðàíè÷íûõ óñëîâèé (136)�(137) â çàäà÷å (133)�(137) ðàññìîòðåòü ãðàíè÷íûå óñëîâèÿ{
vx(0, t) = 0,
v(l, t) = 0,

èëè óñëîâèÿ {
vx(0, t) = 0,
vx(l, t) = 0,

èëè óñëîâèÿ {
v(0, t) = 0,
vx(l, t) = 0,

ãäå v = v(1) äëÿ çàäà÷è (133)�(137) è v = v(2) äëÿ çàäà÷è (138)�(142), òî ðåøåíèå ñîîòâåòñòâóþùèõ
çàäà÷ áóäåò îòëè÷àòüñÿ òåì, ÷òî ñîîòâåòñòâóþùàÿ çàäà÷à Øòóðìà�Ëèóâèëëÿ äëÿ ôóíêöèè X(x)
áóäåò èìåòü äðóãîé íàáîð ñîáñòâåííûõ çíà÷åíèé λn è ñîáñòâåííûõ ôóíêöèé Xn(x), ïî êîòîðûì
ñëåäóåò ðàñêëàäûâàòü â ðÿä Ôóðüå ôóíêöèè ϕ1(x), ψ1(x) â çàäà÷å (138)�(142) è ôóíêöèþ g1(x, t) â
çàäà÷å (133)�(137).

Äëÿ çàäà÷è (121)�(123) ñ ãðàíè÷íûìè óñëîâèÿìè

ux(0, t) = µ(t),
u(l, t) = ν(t)

âñïîìîãàòåëüíàÿ ôóíêöèÿ w(x, t) ìîæåò áûòü íàéäåíà â âèäå

w(x, t) = (x− l)µ(t) +
x2

l2
ν(t).

Äëÿ çàäà÷è (121)�(123) ñ ãðàíè÷íûìè óñëîâèÿìè

u(0, t) = µ(t),
ux(l, t) = ν(t)

âñïîìîãàòåëüíàÿ ôóíêöèÿ w(x, t) ìîæåò áûòü íàéäåíà â âèäå

w(x, t) = µ(t) +
x2

2l
ν(t).

Äëÿ çàäà÷è (121)�(123) ñ ãðàíè÷íûìè óñëîâèÿìè

ux(0, t) = µ(t),
ux(l, t) = ν(t)

âñïîìîãàòåëüíàÿ ôóíêöèÿ w(x, t) ìîæåò áûòü íàéäåíà â âèäå

w(x, t) =
x2

2l
ν(t)− (x− l)2

2l
µ(t).

Ï ð è ì å ð 7. Ðåøèòü ñìåøàííóþ çàäà÷ó

utt = 49uxx, (153)

u(x, 0) = 0, (154)

ut(x, 0) = 28π cos 4πx, (155)

ux(0, t) = 0, (156)

ux(3, t) = 0. (157)

Ð å ø å í è å. Èùåì ðåøåíèå â âèäå

u(x, t) = X(x)T (t).
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Ïîäñòàâëÿåì â óðàâíåíèå è, ðàçäåëÿÿ ïåðåìåííûå, ïîëó÷àåì

X(x)T ′′(t) = 49X ′′(x)T (t),

T ′′(t)
49T (t)

=
X ′′(x)
X(x)

= −λ.

Äëÿ ôóíêöèè X(x) ñ ó÷åòîì ãðàíè÷íûõ óñëîâèé (156)-(157) èìååì ñëåäóþùóþ çàäà÷ó Øòóðìà�
Ëèóâèëëÿ:

X ′′(x) + λX(x) = 0,

X ′(0) = 0, (158)

X ′(3) = 0, (159)

Ðåøàåì çàäà÷ó Øòóðìà�Ëèóâèëëÿ:

1. ïðè λ > 0 ïîëó÷èì
X(x) = C1 cos

√
λx+ C2 sin

√
λx.

Òîãäà
X ′(x) = −C1

√
λ sin

√
λx+ C2

√
λ cos

√
λx,

è ñ ó÷åòîì ãðàíè÷íûõ óñëîâèé (158)�(159) èìååì

X ′(0) = C2

√
λ = 0, îòêóäà C2 = 0.

X ′(3) = −C1

√
λ sin (3

√
λ) = 0, îòêóäà sin (3

√
λ) = 0.

3
√
λ = πn,

√
λ =

πn

3
, λ = λn =

(πn
3

)2

, n = 1, 2, . . .

2. ïðè λ = 0 ïîëó÷èì X(x) = C1 + C2x, X
′(x) = C2 è ñ ó÷åòîì ãðàíè÷íûõ óñëîâèé (156)-(157)

èìååì X ′(0) = X ′(3) = C2 = 0 è òîãäà X(x) = C1.

Òàêèì îáðàçîì, ñîáñòâåííûå ôóíêöèè ìîæíî çàïèñàòü â âèäå

X(x) = Xn(x) = An cos
πn

3
x, ãäå An � ïðîèçâîëüíûå ïîñòîÿííûå, n = 0, 1, . . .

Ðàññìîòðèì ôóíêöèþ T (t):

1. ïðè λn =
(
πn
3

)2
, n = 1, 2, . . . , èìååì óðàâíåíèå

T ′′(t) + 49
(πn

3

)2

T (t) = 0, èëè

T ′′(t) +
(

7πn
3

)2

T (t) = 0.

Ðåøàÿ ýòî óðàâíåíèå, ïîëó÷èì T (t) = Tn(t) = C̃n sin 7πn
3 t+ D̃n cos 7πn

3 t, n = 1, 2, . . .

2. ïðè λ = 0 äëÿ ôóíêöèè T (t) èìååì óðàâíåíèå T ′′(t) = 0, îòêóäà T (t) = B1 +B2t.

Òîãäà

u(x, t) =
∞∑
n=0

un(x, t) =
∞∑
n=0

Xn(x)Tn(t) = B1 +B2t+
∞∑
n=1

(
Cn sin

7πn
3
t+Dn cos

7πn
3
t

)
cos

πn

3
x, (160)

ãäå Cn = AnC̃n, Dn = AnD̃n.
Âû÷èñëèì

ut(x, t) = B2 +
∞∑
n=1

(
7πn

3
Cn cos

7πn
3
t+

7πn
3
Dn sin

7πn
3
t

)
cos

πn

3
x. (161)
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Òîãäà, èñïîëüçóÿ íà÷àëüíûå óñëîâèÿ (154)�(155) è ïîäñòàâëÿÿ â (160)-(161) t = 0, ïîëó÷èì

u(x, 0) = B1 +
∞∑
n=1

Dn cos
πn

3
x = 0, îòêóäà B1 = 0, Dn = 0, n = 1, 2, . . .

ut(x, 0) = B2 +
∞∑
n=1

7πn
3
Cn cos

πn

3
x = 28π cos 4πx. (162)

Ðàçëîæèì ôóíêöèþ 28π cos 4πx â ðÿä Ôóðüå ïî cos πn3 x. Èìååì

28π cos 4πx =
∞∑
n=1

an cos
πn

3
x+ bn sin

πn

3
x,

îòêóäà ñðàçó âèäíî, ÷òî B2 = 0, bn = 0, n = 1, 2, . . ., an = 0 ïðè n 6= 12, à ïðè n = 12 èìååì
a12 = 28π.

Òîãäà èç âûðàæåíèÿ (162) ïîëó÷èì 28πC12 = a12 è C12 = 1.
È îêîí÷àòåëüíî ïîëó÷àåì
Î ò â å ò: u(x, t) = sin 28πt cos 4πx.

Ï ð è ì å ð 8. Ðåøèòü çàäà÷ó
utt = uxx + 26e−3t cosx, (163)

u(x, 0) = 0, (164)

ut(x, 0) = 0, (165)

ux(0, t) = 0, (166)

ux(π, t) = 0. (167)

Ð å ø å í è å. Ðåøàåì îäíîðîäíóþ çàäà÷ó

utt = uxx (168)

ñ îäíîðîäíûìè ãðàíè÷íûìè óñëîâèÿìè (166)�(167) ìåòîäîì Ôóðüå. Èùåì ðåøåíèå â âèäå

u(x, t) = X(x)T (t).

Ïîäñòàâëÿÿ â (168) è ðàçäåëÿÿ ïåðåìåííûå, ïîëó÷èì

X(x)T ′′(t) = X ′′(x)T (t),

X ′′(x)
X(x)

=
T ′′(t)
T (t)

= −λ,

îòêóäà ñ ó÷åòîì óñëîâèé (166)-(167) {
X ′′(x) + λX(x) = 0,
X ′(0) = 0, X ′(π) = 0.

Ðåøàÿ ýòó çàäà÷ó Øòóðìà�Ëèóâèëëÿ, íàõîäèì

1. ïðè λ > 0
X(x) = C1 cos

√
λx+ C2 sin

√
λx,

îòêóäà
X ′(x) = −C1

√
λ sin

√
λx+ C2

√
λ cos

√
λx,

X ′(0) = 0 = C2, X ′(π) = −C1

√
λ sin

√
λπ = 0,

îòêóäà sin
√
λπ = 0,

√
π = πn, λ = λn = n2 è X(x) = Xn(x) = Cn cosnx (n = 1, 2, . . .);

2. ïðè λ = 0 íàõîäèì X(x) = B1 + B2x, îòêóäà X
′(x) = B2. Òîãäà ñ ó÷åòîì ãðàíè÷íûõ óñëîâèé

(166)-(167) X ′(0) = X ′(π) = B2 = 0 è X(x) = X0(x) = B1.
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Â îáùåì ñëó÷àå ñîáñòâåííûå ôóíêöèè ìîæíî çàïèñàòü â âèäå:

X(x) = Xn(x) = Cn cosnx, n = 0, 1, . . .

Èùåì ðåøåíèå èñõîäíîé çàäà÷è u(x, t) â âèäå

u(x, t) =
∞∑
n=0

Tn(t) cosnx. (169)

Äëÿ îïðåäåëåíèÿ ôóíêöèé Tn(t) ïîäñòàâèì ôóíêöèþ u(x, t) â óðàâíåíèå (163):

∞∑
n=0

T ′′n (t) cosnx =
∞∑
n=0

−Tn(t)n2 cosnx+ 26e−3t cosx.

Ðàçëîæåíèå ôóíêöèè f(x, t) = 26e−3t cosx â ðÿä Ôóðüå ïî cosnx ñîñòîèò èç îäíîãî ÷ëåíà ñ n = 1,
à îñòàëüíûå ðàâíû 0. Îòêóäà äëÿ n = 1 ïîëó÷èì óðàâíåíèå

T ′′1 (t) + T1(t) = 26e−3t,

ðåøàÿ êîòîðîå, íàéäåì
T1(t) = a1 cos t+ b1 sin t+ 2, 6e−3t.

Äëÿ n = 2, 3, . . . èìååì óðàâíåíèå
T ′′n (t) + n2Tn(t) = 0,

ðåøåíèå êîòîðîãî èìååò âèä

Tn(t) = an cosnt+ bn sinnt, n = 2, 3, . . .

Äëÿ n = 0 (λ = 0) èìååì óðàâíåíèå
T ′′(t) = 0,

ðåøåíèå êîòîðîãî èìååò âèä
T0(t) = B1 +B2t.

Ïîäñòàâëÿåì íàéäåííûå Tn(t) â (169), ïîëó÷èì:

u(x, t) = B1 +B2t+ (a1 cos t+ b1 sin t+ 2,6e−3t) cosx+
∞∑
n=2

(an cosnt+ bn sinnt) cosnx, (170)

îòêóäà

ut(x, t) = B2 + (−a1 sin t+ b1 cos t− 7,8e−3t) cosx+
∞∑
n=2

(−ann sinnt+ bnn cosnt) cosnx.

Ïðè t = 0 ïîëó÷èì

u(x, 0) = B1 + (a1 + 2,6) cosx+
∞∑
n=2

an cosnx = 0, îòêóäà B1 = 0, a1 = −2,6, an = 0 (n ≥ 2);

ut(x, 0) = B2 + (b1 − 7,8) cosx+
∞∑
n=2

bnn cosnx = 0, îòêóäà B2 = 0, b1 = 7,8, bn = 0 (n ≥ 2).

Òàêèì îáðàçîì, èç (170) èìååì

u(x, t) = (−2,6 cos t+ 7,8 sin t+ 2,6e−3t) cosx.

Î ò â å ò: u(x, t) = (−2,6 cos t+ 7,8 sin t+ 2,6e−3t) cosx .

Ï ð è ì å ð 9. Ðåøèòü ñìåøàííóþ çàäà÷ó

utt = 81uxx, (171)
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u(x, 0) = 25 sin 3πx− 5 + 2x, (172)

ut(x, 0) = 0, (173)

u(0, t) = −5, (174)

u(3, t) = 1. (175)

Ð å ø å í è å. Â ýòîé çàäà÷å íåîäíîðîäíûå êðàåâûå óñëîâèÿ. Ïîýòîìó, ñîãëàñíî (126)�(127),
îïðåäåëÿåì ôóíêöèþ

w(x, t) = w(x) = −5 + 2x. (176)

Ðåøåíèå èñõîäíîé çàäà÷è èùåì â âèäå
u = v + w, (177)

ãäå w îïðåäåëÿåòñÿ ôîðìóëîé (176); òîãäà, ïîäñòàâëÿÿ

utt = vtt + (−5 + 2x)tt = vtt è uxx = vxx + (−5 + 2x)xx = vxx

â óðàâíåíèå (171), ïîëó÷èì
vtt = 81vxx.

Èç óñëîâèé (174)�(175) èìååì

u(0, t) = v(0, t) + (−5 + 2x)|x=0 = v(0, t)− 5 = −5,

u(3, t) = v(3, t) + (−5 + 2x)|x=3 = v(3, t) + 1 = 1,

îòêóäà v(0, t) = 0, v(3, t) = 0.
Èç íà÷àëüíûõ óñëîâèé (172)�(173) äëÿ v(x, t) ïîëó÷èì:

v(x, 0) = u(x, 0)− w(x, 0) = 25 sin 3πx,

vt(x, 0) = ut(x, 0)− wt(x, 0) = −(5− 2x)′t = 0.

Òàêèì îáðàçîì, ôóíêöèÿ v(x, t) ÿâëÿåòñÿ ðåøåíèåì çàäà÷è

vtt = 81vxx, (178)

v(x, 0) = 25 sin 3πx, (179)

vt(x, 0) = 0, (180)

v(0, t) = 0, (181)

v(3, t) = 0. (182)

Ðåøèì çàäà÷ó ìåòîäîì Ôóðüå. Èùåì ðåøåíèå â âèäå v(x, t) = X(x)T (t).

X(x)T ′′(t) = 81X ′′(x)T (t),

X ′′(x)
X(x)

=
T ′′(t)
81T (t)

= −λ.

Òîãäà äëÿ îïðåäåëåíèÿ ôóíêöèè X(x) ïîëó÷èì çàäà÷ó Øòóðìà�Ëèóâèëëÿ:

X ′′(x) + λX(x) = 0,

X(0) = 0,

X(3) = 0,

ñîáñòâåííûå çíà÷åíèÿ êîòîðîé λn =
(πn

3

)2

, à ñîáñòâåííûå ôóíêöèè Xn(x) = An sin
πnx

3
, n =

1, 2, . . ..
Òîãäà, ðåøàÿ óðàâíåíèå

T ′′(t) + 81λT (t) = 0,
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êîòîðîå ïðè λn =
(
πn
3

)2
ïðèíèìàåò âèä

T ′′(t) + 9(πn)2T (t) = 0,

è, çàïèñûâàÿ åãî ðåøåíèå â âèäå

Tn(t) = ãn cos 3πnt+ b̃n sin 3πnt,

ïîëó÷èì ôîðìóëó äëÿ v(x, t):

v(x, t) =
∞∑
n=1

Tn(t)Xn(x) =
∞∑
n=1

(cn cos 3πnt+ dn sin 3πnt) sin
πnx

3
. (183)

Òîãäà

vt(x, t) =
∞∑
n=1

(−3cnπn sin 3πnt+ 3dnπn cos 3πnt) sin
πnx

3

è èç íà÷àëüíûõ óñëîâèé (179)�(180) ïîëó÷èì

v(x, 0) =
∞∑
n=1

cn sin
πnx

3
= 25 sin 3πx, (184)

vt(x, 0) =
∞∑
n=1

3dnπn sin
πnx

3
= 0. (185)

Èç óñëîâèÿ (184) ñëåäóåò, ÷òî c9 = 25 è cn = 0 (n 6= 9), à èç óñëîâèÿ (185) íàõîäèì, ÷òî dn = 0,
n = 1, 2, . . .

Òîãäà, ïîäñòàâëÿÿ cn è dn â ôîðìóëó (183), ïîëó÷èì

v(x, t) = 25 cos 27πt sin 3πx. (186)

Ñ ó÷åòîì (176), (177) è (186) ïîëó÷èì

Î ò â å ò: u(x, t) = −5 + 2x+ 25 cos 27πt sin 3πx.
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7.3.2. Ðåøåíèå ñìåøàííîé çàäà÷è äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè

Ðàññìîòðèì çàäà÷ó:
ut = a2uxx + g(x, t), 0 < x < l, t > 0, (187)

u(x, 0) = ϕ(x), (188)

u(0, t) = µ(t), (189)

u(l, t) = ν(t). (190)

Ðåøèì åå ìåòîäîì Ôóðüå, ïðåäâàðèòåëüíî ñâåäÿ ê çàäà÷å ñ îäíîðîäíûìè ãðàíè÷íûìè
óñëîâèÿìè.

Ââåäåì âñïîìîãàòåëüíóþ ôóíêöèþ

w(x, t) = µ(t) + (ν(t)− µ(t))
x

l
. (191)

Òîãäà
w(0, t) = µ(t)
w(l, t) = ν(t). (192)

Ðåøåíèå çàäà÷è (187)-(190) èùåì â âèäå ñóììû äâóõ ôóíêöèé:

u = v + w,

ãäå w îïðåäåëÿåòñÿ ôîðìóëîé (191) è óäîâëåòâîðÿåò óñëîâèÿì (192), à v � íîâàÿ íåèçâåñòíàÿ
ôóíêöèÿ.

Ïîëó÷èì äëÿ íåå óðàâíåíèå, ãðàíè÷íûå è íà÷àëüíûå óñëîâèÿ, ïîäñòàâëÿÿ u â (187)�(190). Èìååì

ut = vt + wt = vt + µ′(t) + (ν′(t)− µ′(t))x
l
,

uxx = vxx + wxx = vxx.

Òîãäà v óäîâëåòâîðÿåò óðàâíåíèþ
vt = a2vxx + g1(x, t),

ãäå

g1(x, t) = g(x, t)−
(
µ′(t) + (ν′(t)− µ′(t))x

l

)
.

Íà÷àëüíîå óñëîâèå äëÿ v, êàê ñëåäóåò èç óñëîâèé (188), (191), èìååò âèä

v(x, 0) = u(x, 0)− w(x, 0) = ϕ(x)−
(
µ(0) + (ν(0)− µ(0))

x

l

)
= ϕ1(x).

Ãðàíè÷íûå óñëîâèÿ äëÿ v, êàê ñëåäóåò èç óñëîâèé (189), (190), (192), èìåþò âèä

v(0, t) = u(0, t)− w(0, t) = µ(t)− µ(t) = 0,

v(l, t) = u(l, t)− w(l, t) = ν(t)− ν(t) = 0.

Òàêèì îáðàçîì, äëÿ ôóíêöèè v(x, t) èìååì çàäà÷ó

vt = a2vxx + g1(x, t), (193)

v(x, 0) = ϕ1(x), (194)

v(0, t) = 0, (195)

v(l, t) = 0. (196)

Ðåøåíèå ýòîé çàäà÷è áóäåì èñêàòü â âèäå ñóììû

v = v(1) + v(2),

ãäå v(1) � ðåøåíèå çàäà÷è

v
(1)
t = a2v(1)

xx + g1(x, t), (197)
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v(1)(x, 0) = 0, (198)

v(1)(0, t) = 0, (199)

v(1)(l, t) = 0, (200)

ò.å. óäîâëåòâîðÿåò íåîäíîðîäíîìó óðàâíåíèþ ñ íóëåâûìè íà÷àëüíûìè è ãðàíè÷íûìè óñëîâèÿìè, à
v(2) � ðåøåíèå çàäà÷è

v
(2)
t = a2v(2)

xx , (201)

v(2)(x, 0) = ϕ1(x), (202)

v(2)(0, t) = 0, (203)

v(2)(l, t) = 0. (204)

Ðåøåíèå çàäà÷è (201)�(204) èùåì ìåòîäîì Ôóðüå. Ðåøåíèå èùåòñÿ â âèäå

v(2)(x, t) = X(x)T (t).

Ïîäñòàâëÿÿ ýòó ôóíêöèþ â óðàâíåíèå (201) è, ðàçäåëÿÿ ïåðåìåííûå, ïîëó÷àåì

T ′(t)
a2T (t)

=
X ′′(x)
X(x)

= −λ,

îòêóäà äëÿ ôóíêöèè X(x) ñ ó÷åòîì óñëîâèé (203)�(204) ïîëó÷àåì çàäà÷ó Øòóðìà�Ëèóâèëëÿ:{
X ′′(x) + λX(x) = 0
X(0) = X(l) = 0,

ðåøàÿ êîòîðóþ, ïîëó÷àåì ñîáñòâåííûå çíà÷åíèÿ λ = λn =
(
πn
l

)2
, n = 1, 2, . . ., è ñîáñòâåííûå

ôóíêöèè

X(x) = Xn(x) = An sin
πnx

l
, An � ïðîèçâîëüíûå ïîñòîÿííûå.

Äëÿ ôóíêöèè T (t) ïîëó÷èì óðàâíåíèå

T ′(t) + a2λT (t) = 0,

ðåøàÿ êîòîðîå, íàéäåì

T (t) = Tn(t) = C̃ne
−(πna/l)2t,

ãäå C̃n � ïðîèçâîëüíûå ïîñòîÿííûå.

Òîãäà v
(2)
n (x, t) = Tn(t)Xn(x) è

v(2)(x, t) =
∞∑
n=1

v(2)
n (x, t) =

∞∑
n=1

Cne
−(πna/l)2t sin

πnx

l
, (205)

ãäå Cn = AnC̃n � íåêîòîðûå ïîñòîÿííûå.
Äëÿ îïðåäåëåíèÿ ïîñòîÿííûõ èñïîëüçóåì óñëîâèÿ (202):

v(2)(x, 0) =
∞∑
n=1

Cn sin
πnx

l
= ϕ1(x),

îòêóäà Cn � êîýôôèöèåíòû Ôóðüå ðàçëîæåíèÿ ôóíêöèè ϕ1(x) ïî sin πnx
l :

Cn =
2
l

l∫
0

ϕ1(x) sin
πnx

l
dx, (206)

Òàêèì îáðàçîì ðåøåíèå v(2) çàäà÷è (201)�(204) íàõîäèòñÿ ïî ôîðìóëå (205) ñ êîíñòàíòàìè Cn,
âû÷èñëåííûìè ïî ôîðìóëå (206).
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Äëÿ ðåøåíèÿ çàäà÷è (197)�(200) áóäåì èñïîëüçîâàòü ìåòîä íåîïðåäåëåííûõ êîýôôèöèåíòîâ è
èñêàòü ðåøåíèå â âèäå ðÿäà

v(1)(x, t) =
∞∑
n=1

Tn(t) sin
πnx

l
. (207)

Äëÿ îïðåäåëåíèÿ ôóíêöèé Tn(t) ïîäñòàâëÿåì ôóíêöèþ v(1)(x, t) â óðàâíåíèå (197). Ïîëó÷èì

∞∑
n=1

[
T ′n(t) +

(πna
l

)2

Tn(t)
]

sin
πnx

l
= g1(x, t). (208)

Ðàçëîæèì ôóíêöèþ g1(x, t) â ðÿä Ôóðüå ïî ñèíóñàì:

g1(x, t) =
∞∑
n=1

g̃n(t) sin
πnx

l
, ãäå (209)

g̃n(t) =
2
l

l∫
0

g1(ξ, t) sin
πnξ

l
dξ. (210)

Ïðèðàâíèâàÿ (208) è (209), ïîëó÷èì äëÿ Tn äèôôåðåíöèàëüíûå óðàâíåíèÿ:

T ′n(t) +
(πna

l

)2

Tn(t) = g̃n(t), n = 1, 2, 3, . . . (211)

Èç óñëîâèÿ (198) èìååì íà÷àëüíûå óñëîâèÿ äëÿ Tn(t):

Tn(0) = 0. (212)

Ðåøåíèå óðàâíåíèÿ (211) ïðè íà÷àëüíîì óñëîâèè (212) èìååò âèä:

Tn(t) =

t∫
0

e−(πna/l)2(t−τ)g̃n(τ)dτ,

ãäå g̃n(t) îïðåäåëÿþòñÿ ôîðìóëîé (210). Òîãäà ôóíêöèÿ v(1)(x, t) îïðåäåëÿåòñÿ ôîðìóëîé (207).
Ç à ì å ÷ à í è å: Åñëè âìåñòî ãðàíè÷íûõ óñëîâèé (203)�(204) â çàäà÷å (201)�(204) è âìåñòî

ãðàíè÷íûõ óñëîâèé (199)�(200) â çàäà÷å (197)�(200) ðàññìîòðåòü ãðàíè÷íûå óñëîâèÿ{
vx(0, t) = 0,
v(l, t) = 0,

èëè óñëîâèÿ {
vx(0, t) = 0,
vx(l, t) = 0,

èëè óñëîâèÿ {
v(0, t) = 0,
vx(l, t) = 0,

ãäå v = v(1) äëÿ çàäà÷è (197)�(200) è v = v(2) äëÿ çàäà÷è (201)�(204), òî ðåøåíèå ñîîòâåòñòâóþùèõ
çàäà÷ áóäåò îòëè÷àòüñÿ òåì, ÷òî ñîîòâåòñòâóþùàÿ çàäà÷à Øòóðìà�Ëèóâèëëÿ äëÿ ôóíêöèè X(x)
áóäåò èìåòü äðóãîé íàáîð ñîáñòâåííûõ çíà÷åíèé λn è ñîáñòâåííûõ ôóíêöèé Xn(x), ïî êîòîðûì
ñëåäóåò ðàñêëàäûâàòü â ðÿä Ôóðüå ôóíêöèþ ϕ1(x) â çàäà÷å (201)�(204) è ôóíêöèþ g1(x, t) â çàäà÷å
(197)�(200).

Äëÿ çàäà÷è (187)�(188) ñ ãðàíè÷íûìè óñëîâèÿìè

ux(0, t) = µ(t),
u(l, t) = ν(t)

âñïîìîãàòåëüíàÿ ôóíêöèÿ w(x, t) ìîæåò áûòü íàéäåíà â âèäå

w(x, t) = (x− l)µ(t) +
x2

l2
ν(t).
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Äëÿ çàäà÷è (187)�(188) ñ ãðàíè÷íûìè óñëîâèÿìè

u(0, t) = µ(t),
ux(l, t) = ν(t)

âñïîìîãàòåëüíàÿ ôóíêöèÿ w(x, t) ìîæåò áûòü íàéäåíà â âèäå

w(x, t) = µ(t) +
x2

2l
ν(t).

Äëÿ çàäà÷è (187)�(188) ñ ãðàíè÷íûìè óñëîâèÿìè

ux(0, t) = µ(t),
ux(l, t) = ν(t)

âñïîìîãàòåëüíàÿ ôóíêöèÿ w(x, t) ìîæåò áûòü íàéäåíà â âèäå

w(x, t) =
x2

2l
ν(t)− (x− l)2

2l
µ(t).

Ï ð è ì å ð 10. Ðåøèòü ñìåøàííóþ çàäà÷ó

ut =
1
36
uxx + 10 sin 3t sin 6x, (213)

u(x, 0) = 31 sin 24x+ π + x, (214)

u(0, t) = π, (215)

u(π, t) = 2π. (216)

Ð å ø å í è å. Îïðåäåëèì ôóíêöèþ w(x, t) :

w(x, t) = π + (2π − π)
x

π
= π + x.

Òîãäà
w(0, t) = π,

w(π, t) = 2π.

Ðåøåíèå çàäà÷è (213)�(216) èùåì â âèäå u = v + w.
Ïîäñòàâëÿÿ ôóíêöèþ u â (213)�(216), ïîëó÷èì çàäà÷ó äëÿ v:

vt =
1
36
vxx + 10 sin 3t sin 6x,

v(x, 0) = 31 sin 24πx+ π + x− (π + x) = 31 sin 24x,

v(0, t) = 0,

v(π, t) = 0.

Ðåøåíèå ýòîé çàäà÷è èùåì â âèäå ñóììû äâóõ ôóíêöèé v = v(1) +v(2), ãäå v(1) � ðåøåíèå çàäà÷è

v
(1)
t =

1
36
v(1)
xx + 10 sin 3t sin 6x, (217)

v(1)(x, 0) = 0, (218)

v(1)(0, t) = 0, (219)

v(1)(π, t) = 0, (220)

à v(2) � ðåøåíèå çàäà÷è

v
(2)
t =

1
36
v(2)
xx , (221)
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v(2)(x, 0) = 31 sin 24x, (222)

v(2)(0, t) = 0, (223)

v(2)(π, t) = 0. (224)

Ðåøèì ñíà÷àëà çàäà÷ó (221)�(224) ìåòîäîì Ôóðüå. Ðåøåíèå èùåì â âèäå

v(2)(x, t) = X(x)T (t),

îòêóäà äëÿ ôóíêöèè X(x) ïîëó÷àåì çàäà÷ó Øòóðìà�Ëèóâèëëÿ

X ′′(x) + λX(x) = 0,

X(0) = 0, X(π) = 0,

ðåøàÿ êîòîðóþ, íàõîäèì ñîáñòâåííûå çíà÷åíèÿ λ = λn =
(
πn
π

)2 = n2, n = 1, 2, . . ., è
ñîîòâåòñòâóþùèå èì ñîáñòâåííûå ôóíêöèè

X(x) = Xn(x) = An sinnx.

Äëÿ ôóíêöèè T (t) ïîëó÷èì óðàâíåíèå

T ′(t) +
1
36
λT (t) = 0, ò. å.

T ′(t) +
n2

36
T (t) = 0,

ðåøàÿ êîòîðîå, íàéäåì

T (t) = Tn(t) = C̃ne
−n2t/36.

Òîãäà

v(2)(x, t) =
∞∑
n=1

v(2)
n (x, t) =

∞∑
n=1

Xn(x)Tn(t) =
∞∑
n=1

Cne
−n2t/36 sinnx, (225)

ãäå Cn = AnC̃n � íåêîòîðûå ïîñòîÿííûå. Äëÿ îïðåäåëåíèÿ Cn èñïîëüçóåì óðàâíåíèå (222)

v(2)(x, 0) =
∞∑
n=1

Cn sinnx = 31 sin 24x,

îòêóäà ñëåäóåò, ÷òî C24 = 31 è Cn = 0 ïðè n 6= 24.
Òàêèì îáðàçîì, èç ôîðìóëû (225) ïîëó÷èì

v(2)(x, t) = 31e−16t sin 24x.

Ðåøåíèå çàäà÷è (217)�(220) íàéäåì ìåòîäîì íåîïðåäåëåííûõ êîýôôèöèåíòîâ. Áóäåì èñêàòü
ðåøåíèå v(1) â âèäå ðÿäà

v(1)(x, t) =
∞∑
n=1

Tn(t) sinnx. (226)

Äëÿ ïîëó÷åíèÿ óðàâíåíèÿ äëÿ Tn(t) îïðåäåëèì êîýôôèöèåíòû Ôóðüå g̃n(t) ôóíêöèè 10 sin 3t sin 6x.
Èìååì g̃6(t) = 10 sin 3t, g̃n(t) = 0 ïðè n 6= 6. Òàêèì îáðàçîì, äëÿ ôóíêöèè Tn(t) ïîëó÷èì óðàâíåíèå:

T ′n(t) +
(n

6

)2

Tn(t) = 0, n 6= 6, (227)

T ′6(t) + T6(t) = 10 sin 3t ïðè n = 6. (228)

Ðåøàÿ óðàâíåíèå (227) êàê óðàâíåíèå ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè, ïîëó÷èì

Tn(t) = Cne
−n2t/36, n 6= 6.

Òàê êàê èç óñëîâèÿ (218) Tn(0) = 0, ïîëó÷èì Tn(t) = 0, n 6= 6.
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Ðåøàåì óðàâíåíèå (228) ìåòîäîì âàðèàöèè ïðîèçâîëüíîé ïîñòîÿííîé. Èùåì ðåøåíèå â âèäå

T6(t) = C(t)e−t (229)

Ïîäñòàâëÿÿ T6(t) â óðàâíåíèå (228), ïîëó÷èì

C ′(t) = 10et sin 3t,

îòêóäà ñ ïîìîùüþ èíòåãðèðîâàíèÿ ïî ÷àñòÿì3 ïîëó÷èì

C(t) = 10
∫
et sin 3tdt = et sin 3t− 3et cos 3t+ c1.

Òîãäà, ïîäñòàâëÿÿ â (229), ïîëó÷èì

T6(t) = sin 3t− 3 cos 3t+ c1e
−t.

Èñïîëüçóÿ óñëîâèå (218), èìååì T6(0) = 0, îòêóäà c1 = 3e0 cos 0 = 3, è

T6(t) = sin 3t− 3 cos 3t+ 3e−t.

Ïîäñòàâëÿÿ T6(t) â ôîðìóëó (226), ñ ó÷åòîì òîãî, ÷òî âñå Tn(t) = 0 ïðè n 6= 6, ïîëó÷èì

v(1)(x, t) = (sin 3t− 3 cos 3t+ 3e−t) sin 6x.

Òîãäà
v = v(1) + v(2) = (sin 3t− 3 cos 3t+ 3e−t) sin 6x+ 31e−16t sin 24x,

è, ñëåäîâàòåëüíî,

u = v + w = (sin 3t− 3 cos 3t+ 3e−t) sin 6x+ 31e−16t sin 24x+ π + x.

Î ò â å ò: u = (sin 3t− 3 cos 3t+ 3e−t) sin 6x+ 31e−16t sin 24x+ π + x.

3Âû÷èñëèì, èíòåãðèðóÿ ïî ÷àñòÿì, I =
∫

et sin 3t dt. Ïóñòü sin 3t = u, etdt = dv. Òîãäà du = 3 cos 3t dt, v = et.
Ïîýòîìó

I = et sin 3t− 3I2, ãäå I2 =
∫

et cos 3tdt.

Òàêæå, èíòåãðèðóÿ ïî ÷àñòÿì, âû÷èñëèì I2. Çäåñü ïîëîæèì cos 3t = u, et dt = dv. Òîãäà du = −3 sin 3t dt, v = et.
Ïîëó÷èì

I2 = et cos 3t + 3

∫
et sin 3t dt = et cos 3t + 3I.

Èç âûøå ïðèâåäåííûõ ðàññóæäåíèé ñëåäóåò

I = et sin 3t− 3et cos 3t− 9I, ò.å.

I =
1

10
(et sin 3t− 3et cos 3t) + C.
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Êîíòðîëüíîå çàäàíèå 21

Â êàæäîì âàðèàíòå ðåøèòü ñìåøàííóþ çàäà÷ó:

1. ut = 9uxx; u(x, 0) = 31 sin 3πx; u(0, t) = u(9, t) = 0.

2. ut = 4uxx; u(x, 0) = 28 sin 2πx+ 5 sin 3πx; u(0, t) = u(2, t) = 0.

3. ut = 6uxx; u(x, 0) = 25 sin 2πx; u(0, t) = u(6, t) = 0.

4. ut = 4uxx; u(x, 0) = 22 sin 3πx+ 5 sin 4πx; u(0, t) = u(5, t) = 0.

5. ut = 3uxx; u(x, 0) = 19 sin 3πx; u(0, t) = u(3, t) = 0.

6. ut = 4uxx; u(x, 0) = 16 sin 3πx+ 9 sin 4πx; u(0, t) = u(8, t) = 0.

7. ut = 8uxx; u(x, 0) = 13 sin 3πx; u(0, t) = u(2, t) = 0.

8. ut = 5uxx; u(x, 0) = 10 sin 2πx+ 3 sin 3πx; u(0, t) = u(5, t) = 0.

9. ut = 5uxx; u(x, 0) = 7 sin 2πx; u(0, t) = u(5, t) = 0.

10. ut = 2uxx; u(x, 0) = 4 sin 3πx+ 5 sin 4πx; u(0, t) = u(2, t) = 0.

11. ut = 3uxx; u(x, 0) = 30 cos 2πx; ux(0, t) = ux(3, t) = 0.

12. ut = 3uxx; u(x, 0) = 27 cos 2πx+ 28 cos 3πx; ux(0, t) = ux(7, t) = 0.

13. ut = 7uxx; u(x, 0) = 24 cos 2πx; ux(0, t) = ux(3, t) = 0.

14. ut = 6uxx; u(x, 0) = 21 cos 3πx+ 22 cos 4πx; ux(0, t) = ux(4, t) = 0.

15. ut = 4uxx; u(x, 0) = 18 cos 3πx; ux(0, t) = ux(6, t) = 0.

16. ut = 3uxx; u(x, 0) = 14 cos 5πx; ux(0, t) = 0; u(1.5, t) = 0.

17. ut = 6uxx; u(x, 0) = 7 sin 3πx; u(0, t) = 0; ux(4.5, t) = 0.

18. ut = uxx; u(x, 0) = 12 cos 7πx; ux(0, t) = 0; u(1.5, t) = 0.

19. ut = 4uxx; u(x, 0) = 5 sin 3πx; u(0, t) = 0; ux(2.5, t) = 0.

20. ut = 5uxx; u(x, 0) = 18 cos 3πx; ux(0, t) = 0; u(3.5, t) = 0.

21. ut = 5uxx; u(x, 0) = 7 sin 3πx− 4− 5x; u(0, t) = −4; ux(1, t) = −9.

22. ut = 3uxx; u(x, 0) = 4 sin 5πx+ 3− 2x; u(0, t) = 3; ux(2, t) = −1.

23. ut = 7uxx; u(x, 0) = 3 sin 2πx− 6 + 2x; u(0, t) = −6; ux(3, t) = 0.

24. ut = 8uxx; u(x, 0) = 6 sin 2πx+ 7− 5x; u(0, t) = 7; ux(2, t) = −3.

25. ut = 4uxx; u(x, 0) = 9 sin 3πx− 1− 2x; u(0, t) = −1; ux(1, t) = −3.

26. ut = 7uxx; u(x, 0) = 6 sin 3πx+ 3 + 2x; u(0, t) = 3; ux(2, t) = 7.

27. ut = 5uxx; u(x, 0) = 3 sin 3πx− 6 + 4x; u(0, t) = −6; ux(3, t) = 6.

28. ut = 3uxx; u(x, 0) = 4 sin 5πx+ 9− 4x; u(0, t) = 9; ux(3, t) = −3.

29. ut = 8uxx; u(x, 0) = 7 sin 2πx− 7 + 3x; u(0, t) = −7; ux(3, t) = 2.

30. ut = 6uxx; u(x, 0) = 8 sin 4πx+ 4− 5x; u(0, t) = 4; ux(2, t) = −6.
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Êîíòðîëüíîå çàäàíèå 22

Â êàæäîì âàðèàíòå ðåøèòü ñìåøàííóþ çàäà÷ó äëÿ äàííîãî íåîäíîðîäíîãî óðàâíåíèÿ
òåïëîïðîâîäíîñòè:

1. ut = 1
4uxx + 4e−5t sin 2x; u(x, 0) = 0; u(0, t) = 0; u(π, t) = 0.

2. ut = 1
16uxx + 3e−4t sin 4x; u(x, 0) = 0; u(0, t) = 0; u(π, t) = 0.

3. ut = 1
4uxx + e−2t sin 2x; u(x, 0) = 0; u(0, t) = 0; u(π, t) = 0.

4. ut = 1
9uxx + 3e−4t sin 3x; u(x, 0) = 0; u(0, t) = 0; u(π, t) = 0.

5. ut = 1
16uxx + e−2t sin 4x; u(x, 0) = 0; u(0, t) = 0; u(π, t) = 0.

6. ut = 1
9uxx + 5 sin 2t sin 3x; u(x, 0) = 0; u(0, t) = 0; u(π, t) = 0.

7. ut = 1
16uxx + 10 sin 3t sin 4x; u(x, 0) = 0; u(0, t) = 0; u(π, t) = 0.

8. ut = 1
4uxx + 5 sin 2t sin 2x; u(x, 0) = 0; u(0, t) = 0; u(π, t) = 0.

9. ut = 1
9uxx + 2 sin t sin 3x; u(x, 0) = 0; u(0, t) = 0; u(π, t) = 0.

10. ut = 1
16uxx + 2 sin t sin 4x; u(x, 0) = 0; u(0, t) = 0; u(π, t) = 0.

11. ut = 1
4uxx + 10 sin 3t sin 4x; u(x, 0) = 31 sin 8x; u(0, t) = u(π, t) = 0.

12. ut = 1
25uxx + 17 sin 4t sin 6x; u(x, 0) = 29 sin 18x; u(0, t) = u(π, t) = 0.

13. ut = 1
16uxx + 26 sin 5t sin 3x; u(x, 0) = 27 sin 12x; u(0, t) = u(π, t) = 0.

14. ut = 1
36uxx + 17 cos 4t sin 5x; u(x, 0) = 30 sin 20x; u(0, t) = u(π, t) = 0.

15. ut = 1
9uxx + 26 cos 5t sin 4x; u(x, 0) = 28 sin 8x; u(0, t) = u(π, t) = 0.

16. ut = 1
36uxx + 37 cos 6t sin 6x; u(x, 0) = 25 sin 12x; u(0, t) = u(π, t) = 0.

17. ut = 1
4uxx + 37 sin 6t sin 2x; u(x, 0) = 26 sin 6x; u(0, t) = u(π, t) = 0.

18. ut = 1
25uxx + 26 sin 5t sin 5x; u(x, 0) = 24 sin 20x; u(0, t) = u(π, t) = 0.

19. ut = 1
16uxx + 26 cos 5t sin 4x; u(x, 0) = 23 sin 12x; u(0, t) = u(π, t) = 0.

20. ut = 1
9uxx + 17 sin 4t sin 3x; u(x, 0) = 22 sin 6x; u(0, t) = u(π, t) = 0.

21. ut = 1
25uxx + 17 cos 4t sin 5x; u(x, 0) = 30 sin 20x− π + x; u(0, t) = −π; u(π, t) = 0.

22. ut = 1
9uxx + 26 cos 5t sin 3x; u(x, 0) = 28 sin 15x− 2π + 2x; u(0, t) = −2π; u(π, t) = 0.

23. ut = 1
36uxx + 37 cos 6t sin 6x; u(x, 0) = 26 sin 18x− 3π + 6x; u(0, t) = −3π; u(π, t) = 3π.

24. ut = 1
36uxx + 10 sin 3t sin 6x; u(x, 0) = 31 sin 24x+ π + x; u(0, t) = π; u(π, t) = 2π.

25. ut = 1
16uxx + 17 sin 4t sin 4x; u(x, 0) = 29 sin 20x+ π − x; u(0, t) = π; u(π, t) = 0.

26. ut = 1
4uxx + 26 sin 5t sin 2x; u(x, 0) = 27 sin 10x+ 2π − 6x; u(0, t) = 2π; u(π, t) = −4π.

27. ut = 1
36uxx + 5 sin 2t sin 6x; u(x, 0) = sin 12x+ π + 3x; u(0, t) = π; u(π, t) = 4π.

28. ut = 1
4uxx + 5 cos 2t sin 2x; u(x, 0) = 2 sin 6x− π + 2x; u(0, t) = −π; u(π, t) = π.

29. ut = 1
9uxx + 10 sin 3t sin 3x; u(x, 0) = 3 sin 12x+ 2π − x; u(0, t) = 2π; u(π, t) = π.

30. ut = 1
16uxx + 10 cos 3t sin 4x; u(x, 0) = 4 sin 8x− 2π + x; u(0, t) = −2π; u(π, t) = −π.
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Êîíòðîëüíîå çàäàíèå 23

Â êàæäîì âàðèàíòå ðåøèòü ñìåøàííóþ çàäà÷ó:

1. utt = 16uxx; u(x, 0) = 31 sinπx; ut(x, 0) = 0; u(0, t) = u(8, t) = 0.

2. utt = 4uxx; u(x, 0) = 29 sin 2πx; ut(x, 0) = 0; u(0, t) = u(7, t) = 0.

3. utt = 81uxx; u(x, 0) = 27 sin 3πx; ut(x, 0) = 0; u(0, t) = u(6, t) = 0.

4. utt = 49uxx; u(x, 0) = 25 sin 4πx; ut(x, 0) = 0; u(0, t) = u(5, t) = 0.

5. utt = 25uxx; u(x, 0) = 23 sin 5πx; ut(x, 0) = 0; u(0, t) = u(4, t) = 0.

6. utt = 4uxx; u(x, 0) = 0; ut(x, 0) = 14π sin 7πx; u(0, t) = u(1, t) = 0.

7. utt = 81uxx; u(x, 0) = 0; ut(x, 0) = 27π sin 3πx; u(0, t) = u(4, t) = 0.

8. utt = 49uxx; u(x, 0) = 0; ut(x, 0) = 28π sin 4πx; u(0, t) = u(3, t) = 0.

9. utt = 25uxx; u(x, 0) = 0; ut(x, 0) = 25π sin 5πx; u(0, t) = u(2, t) = 0.

10. utt = 9uxx; u(x, 0) = 0; ut(x, 0) = 18π sin 6πx; u(0, t) = u(1, t) = 0.

11. utt = 16uxx; u(x, 0) = 31 sinπx; ut(x, 0) = 4π sinπx; u(0, t) = u(8, t) = 0.

12. utt = uxx; u(x, 0) = 28 sin 3πx; ut(x, 0) = 3π sin 3πx; u(0, t) = u(5, t) = 0.

13. utt = 49uxx; u(x, 0) = 25 sin 4πx; ut(x, 0) = 28π sin 4πx; u(0, t) = u(5, t) = 0.

14. utt = 16uxx; u(x, 0) = 22 sin 6πx; ut(x, 0) = 24π sin 6πx; u(0, t) = u(2, t) = 0.

15. utt = 4uxx; u(x, 0) = 20 sin 7πx; ut(x, 0) = 14π sin 7πx; u(0, t) = u(1, t) = 0.

16. utt = 64uxx; u(x, 0) = 17 sin 3πx; ut(x, 0) = 24π sin 3πx; u(0, t) = u(5, t) = 0.

17. utt = 25uxx; u(x, 0) = 14 sin 5πx; ut(x, 0) = 25π sin 5πx; u(0, t) = u(2, t) = 0.

18. utt = 4uxx; u(x, 0) = 11 sin 6πx; ut(x, 0) = 12π sin 6πx; u(0, t) = u(2, t) = 0.

19. utt = 4uxx; u(x, 0) = 8 sin 4πx; ut(x, 0) = 8π sin 4πx; u(0, t) = u(3, t) = 0.

20. utt = 25uxx; u(x, 0) = 5 sin 3πx; ut(x, 0) = 20π sin 4πx; u(0, t) = u(3, t) = 0.

21. utt = 16uxx; u(x, 0) = 0; ut(x, 0) = 4π cosπx; ux(0, t) = ux(7, t) = 0.

22. utt = 81uxx; u(x, 0) = 28 cos 3πx; ut(x, 0) = 0; ux(0, t) = ux(6, t) = 0.

23. utt = uxx; u(x, 0) = 0; ut(x, 0) = 3π cosπx; ux(0, t) = ux(5, t) = 0.

24. utt = 49uxx; u(x, 0) = 26 cos 4πx; ut(x, 0) = 0; ux(0, t) = ux(5, t) = 0.

25. utt = 64uxx; u(x, 0) = 0; ut(x, 0) = 32π cos 4πx; ux(0, t) = ux(4, t) = 0.

26. utt = 25uxx; u(x, 0) = 24 cos 5πx; ut(x, 0) = 0; ux(0, t) = ux(4, t) = 0.

27. utt = 16uxx; u(x, 0) = 0; ut(x, 0) = 24π cos 6πx; ux(0, t) = ux(2, t) = 0.

28. utt = uxx; u(x, 0) = 20 cos 7πx; ut(x, 0) = 0; ux(0, t) = ux(2, t) = 0.

29. utt = uxx; u(x, 0) = 0; ut(x, 0) = 5π cos 5πx; ux(0, t) = ux(3, t) = 0.

30. utt = uxx; u(x, 0) = 10 cos 5πx; ut(x, 0) = 0; ux(0, t) = ux(1, t) = 0.
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Êîíòðîëüíîå çàäàíèå 24

Â êàæäîì âàðèàíòå ðåøèòü ñìåøàííóþ çàäà÷ó:

1. utt = 81uxx; u(x, 0) = 0; ut(x, 0) = 9π sinπx; u(0, t) = 0; ux(2.5, t) = 0.

2. utt = 81uxx; u(x, 0) = 30 cos 5πx; ut(x, 0) = 0; ux(0, t) = 0; u(1.5, t) = 0.

3. utt = 64uxx; u(x, 0) = 0; ut(x, 0) = 24π cos 3πx; ux(0, t) = 0; u(4.5, t) = 0.

4. utt = 64uxx; u(x, 0) = 26 cos 3πx; ut(x, 0) = 0; ux(0, t) = 0; u(3.5, t) = 0.

5. utt = 49uxx; u(x, 0) = 0; ut(x, 0) = 63π sin 9πx; u(0, t) = 0; ux(2.5, t) = 0.

6. utt = 36uxx; u(x, 0) = 0; ut(x, 0) = 42π cos 7πx; ux(0, t) = 0; u(4.5, t) = 0.

7. utt = 25uxx; u(x, 0) = 0; ut(x, 0) = 15π sin 3πx; ux(0, t) = 0; u(2.5, t) = 0.

8. utt = 25uxx; u(x, 0) = 0; ut(x, 0) = 25π sin 5πx; u(0, t) = 0; ux(2.5, t) = 0.

9. utt = 16uxx; u(x, 0) = 0; ut(x, 0) = 28π sin 7πx; ux(0, t) = 0; u(0.5, t) = 0.

10. utt = 9uxx; u(x, 0) = 0; ut(x, 0) = 15π sin 5πx; u(0, t) = 0; ux(3.5, t) = 0.

11. utt = 4uxx; u(0, t) = −1; u(2, t) = 5; u(x, 0) = 31 sin 2πx− 1 + 3x; ut(x, 0) = 0.

12. utt = 81uxx; u(0, t) = −7; u(3, t) = 2; u(x, 0) = 27 sin 2πx− 7 + 3x; ut(x, 0) = 0.

13. utt = 64uxx; u(0, t) = 2; u(3, t) = −7; u(x, 0) = 2− 3x; ut(x, 0) = 24π sin 3πx.

14. utt = 49uxx; u(0, t) = −2; u(3, t) = −5; u(x, 0) = 17 sin 3πx− 2− x; ut(x, 0) = 0.

15. utt = 36uxx; u(0, t) = 4t; u(4, t) = 8t; u(x, 0) = 0; ut(x, 0) = 24π sin 4πx+ 4 + x.

16. utt = 25uxx; u(0, t) = −5; u(1, t) = 1; u(x, 0) = 11 sin 3πx− 5 + 6x; ut(x, 0) = 0.

17. utt = 16uxx; u(0, t) = 3; u(2, t) = 7; u(x, 0) = 3 + 2x; ut(x, 0) = 12π sin 3πx.

18. utt = 9uxx; u(0, t) = −8; u(2, t) = 2; u(x, 0) = sin 6πx− 8 + 5x; ut(x, 0) = 0.

19. utt = 4uxx; u(0, t) = 9; u(3, t) = −3; u(x, 0) = 9− 4x; ut(x, 0) = 10π sin 5πx.

20. utt = 9uxx; u(0, t) = 7; u(1, t) = 2; u(x, 0) = 7− 5x; ut(x, 0) = 12π sin 4πx.

21. utt = 1
25uxx + 80 sin 9t sin 5x; u(x, 0) = ut(x, 0) = 0; u(0, t) = u(π, t) = 0.

22. utt = 1
16uxx + 2e−t sin 4x; u(x, 0) = ut(x, 0) = 0; u(0, t) = u(π, t) = 0.

23. utt = 1
9uxx + 63 cos 8t sin 3x; u(x, 0) = ut(x, 0) = 0; u(0, t) = u(π, t) = 0.

24. utt = 1
4uxx + 63 sin 8t sin 2x; u(x, 0) = ut(x, 0) = 0; u(0, t) = u(π, t) = 0.

25. utt = 1
49uxx + 10e−3t sin 7x; u(x, 0) = ut(x, 0) = 0; u(0, t) = u(π, t) = 0.

26. utt = 1
36uxx + 35 cos 6t sin 5x; u(x, 0) = ut(x, 0) = 0; u(0, t) = u(π, t) = 0.

27. utt = 1
25uxx + 35 sin 6t sin 5x; u(x, 0) = ut(x, 0) = 0; u(0, t) = u(π, t) = 0.

28. utt = 1
16uxx + 17e−4t sin 4x; u(x, 0) = ut(x, 0) = 0; u(0, t) = u(π, t) = 0.

29. utt = 1
9uxx + 24 cos 5t sin 3x; u(x, 0) = ut(x, 0) = 0; u(0, t) = u(π, t) = 0.

30. utt = 1
4uxx + 24 sin 5t sin 2x; u(x, 0) = ut(x, 0) = 0; u(0, t) = u(π, t) = 0.
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