ITporpamma kypca "Teopus ciy4aitHbIX mporeccoB”
aektop - npod. E.B.Bynunckas, 2017 /18 roxa, Becennuii cemectp

1. OcHOBHBIE STallbl PA3BUTUSA TEOPUH CAYUAXHBIX IPOIeccoB. Kiacehl ¢aydaifiHbIX MPOIECcCoB.

2. CirydailHbI{ 9JIEMEHT CO 3HAYEHHSIMH B U3MEPUMOM HPOCTPAaHCTBE. Pacupeenenue ciydaii-
HOI'O 9JIEMEHTA.

3. TTpocTpaHCTBO BeIlECTBEHHO3HAYHBIX (DYHKIHMIA, MuanHIpudecKas (6opeeBcKkas) curMa-
aareobpa.

4. Oupeenenns CIy9ailHOrO IpoIecca Kak ceMeiicTBa CIydaiHbIX BeJIMUUH U KaK OJHOTO CJIy-
YanHOI'O dJIeMeHTa, UX IKBUBAJICHTHOCTb.

5. Koneunomephbie pacupejesenust ciaydaiiHoro nponecca. CBoiicTBa CUMMETPUH M COIJIACO-
BaHHOCTH.

6. Pacupenesenne caydailHOro mpouecca OJHO3HAYHO OLpejesisercd Ha OOpeJeBCKOi curma-
anrebpe KOHEYHOMEPHBIME pacipejeenusivu. Teopema Kapareonopu (bopmyanpoBka).

7. Teopema Kosimoropona o cyiiecTBoBaHUM CJIyYaiiHOI'O HPOILECCa € 3a/laHHbIM CEeMeHCTBOM
KOHEYHO-MEpHbBIX pacipejesienuii. HeobxoauMocTh yeioBuil u ujes 10Ka3aTe/bCcTBa JOCTATOYHO-
CTH.

8. IIponecchl ¢ He3aBUCUMbIME 3HaYeHUAMHU. CyIIeCTBOBaHUE IIPOIECCA ¢ HE3aBUCHMMbIMU 3HAa-
qeHusiMU (TpoBepKa yeaosuii T. Kosamoroposa). IlocsienoBaTelbHOCTh HE3ABUCHMBIX OJHHAKOBO
paclpeseIeHHbIX CIYYARHBIX BeJInInH.

9. IIpormecchl BOCCTAHOBJICHUS, UX IPUMEHEHUE B TEOPUU CTPAXOBAHMUSI.

10. Teopema 0 CyUIECTBOBAHUN I'ayCCOBCKOIO MPOIECCa € 3a/JaHHBIM CPEJIHUM U KOBAPHAIUOH-
Hoil (pyHKIIHEi.

11. CymiecTBoBaHHE II0C/IEI0BATENLHOCTH HE3ABUCUMBIX OJMHAKOBO PACIHPEIEJEHHBIX I'ayCCOB-
CKUX CJYYalHBIX BEJIHYNH.

12. CymecrBoBanue rayccobckoro mnporecca ¢ EX(t) = 0, cov(X(t); X(s)) = min(¢; s). Bee-
JIeHHBI{T mporiece 00raaeT He3aBUCHMBIME HpuparieHusivi, npupaiierne X (t) — X (s) HopMasabHO
¢ mapamerpamu 0 u t — s, s < t, X(0) = 0. Bepro n obpaTHOe yTBepKIeHHE.

13. Kakumu cBoiicTBamMu 00J1a/IaeT CIydaifHbIf TrayCcCOBCKHIT MPOIECC ¢ HYJEBBIM CPETHUM W
KoBapuanuei min(s,t). ByayT i y 3T0oro mporecca HenmpepbiBHbIE TPAEKTOPHU?

14. DxBUBaEHTHBIE TPOMECCHI. UTO 3TO O3HAYAET JJIsl MPOIECCOB C JUCKPETHBIM U HEIIPEPHIB-
HBIM BpeMeneM. [[puMep 3KBUBaJIEHTHBLIX MTPOIECCOB, OOIAMAIONINX PA3HBIMU CBOICTBAMIU.

15. Pasymuanbie onpeeeHust HEMPEPBIBHOCTH CJAYIAHBIX TPOINEccoB. COOTHONTEHUST MEKITY
HUMU.

16. HeoBxonuMble B JOCTATOUHBIE YCJIOBUSI CYIIECTBOBAHUS SKBUBAJEHTHOIO IIPOIECCA ¢ HEIIPe-
PBIBHBIMH TPACKTOPUSME Ha OTpe3ke [a, bl.

17. Teopema KoJimoroposa o cyIiecTrBOBaHIH 3KBUBAJIEHTHOIO POIECCA C HENPEPbIBHBIME TPar-
CKTOPpUAMHU Ha KOHEYHOM OTPE3KeE.

18. CuresictBue TeopeMbl KoJMOropoBa jijist rayCCOBCKOIO IPOLECCa.

19. $IBHAZ KOHCTPYKIMs BUHEPOBCKOIO Mpolecca B BuIe paia no dyakuuaM [layaepa.

20. JIemMa 0 OBeICHUT TTOCIEI0BATETbHOCTH HOpMaAbHbIX (0,1) cayvaiiubix Beqnann, P(|€,] =
O(vVInn)) = 1. JToka3aTeabCcTBO ¢ TOMOIIBIO JeMMbl Bopersa-Kamre .

21. Onpenenenne dpyukuit [[ayrepa. 9tn dyHrnum 06pas3yoT MOJTHYI0 OPTOHOPMHUPOBAHHY IO
cucremy Ha orpeske [0,1]. @ynknun Xaapa S, (t).

22. Jlemma o ToM, 90 psag S(t) = Y00 1 a,Sy(t) cxomuTest aBCOMIOTHO U PABHOMEPHO HA OTPE3KE
[0,1], ecou |ay| = O(k®), € < 1/2. A, cnegoBarenbuo, dbyukuus S(t) HenmpepbIBHA.

23. Pag W(t,w) = 0% & (w)Sn(t), tme {&n}n>0 - mOCTEA0BATENBHOCTD HE3ABUCUMBIX HOD-
MAaJIbHO PACTpe/IeJIeHHBIX CIyYaiiHbix Beanans ¢ napamerpamu (0,1), 3a1aeT BUHEPOBCKHH MPOTIECE
ma orpeske [0,1].



24. [locTpoenne BUHEPOBCKOTO MPOIECCA HA MOJTYIPAMOI.

25. Teopema IIsau-Burepa-3urmyHga o ToM, 9TO MOYTH BCe TPAEKTOPUU BUHEPOBCKOTO TPO-
necca Hurae He audepeHnupyeMol.

26. Heobxommmoe u JOCTaTOIHOE YCJIOBUE CYIIECTBOBAHUS MPOIECCA C HE3ABHCHUMBIMU TPUPA-
IEHUSTMU.

27. OnpeneseHne MyacCOHOBCKOTO MPOTECCA W €ro siBHAs KOHCTPYKIUS KAaK IMPOIEeCca BOCCTA-
HOBJIEHHS, IIOCTPOEHHOTO IO H.0.p. HOKA3aTEeJIbHBIM CJIYYARHBIM BEJTUIHHAM.

28. IlyacconoBcknuil mporece ¢ 3aaaHHoil Beaymieit Mepoii. [Tapagoke BpeMeHn 0XKUIAHUL.

29. Omnpejesienne MapKOBCKOIO mporecca (popMaiusanys yTBEpKIEHUs 0 TOM, 9TO IpU (DHUK-
CHPOBAHHOM HACTOSINEM HpoILIoe u Oymayinee HesaBucuMbl). Ouiabrparus (uan HeyObIBAOIHIT
noTok o-anre6p). IIporeccst, coracoBannbie ¢ dbuabrpammeii (Min afanTHpoBaHHble K Heit). Map-
KOBCKHH IPOIECC OTHOCUTEIHLHO (PUIHTPAIUN.

30. DKBUBAJIEHTHBIE OIpe/IeeHUs] MAPKOBOCTH OTHOCUTEJIBHO (DUIBTPAIINN.

31. Usmepumsble ciaydaiinbie nporeccel, onpeenenue. Cenapabesbrnocrs nponecca X = { X (t),t €
T} (oTHOCHTETHHO KJIAcCa 3aMKHYTHIX MHOKeCTB). Teopema 0 CyIecTBOBAHHH SKBHBAJIEHTHOIO
u3MeprMoro (1o mape mepeMeHHBIX) MpoTecca y cenapabebHOro MPOIecca, KOTOPBI HelpephiBeH
¢ BepOATHOCTBIO 1 B Kax0i# Touke mHOxkectBa 1\ 11, a mepa JleGera muoxkectBa T) pasHa 1.
BunepoBckuii mporecc u3aMepuM.

32. IlepedopmynupoBka Teopembl OyOuHN Ha A3BIKE MATEMATHIECKHX OXKHUIAHII.

33. Oupenesrenne yCJI0BHOI'O MATEMATHIECKOTO OYKUIAHISA OTHOCUTE/THLHO HEKOTOPOi 0-are0ps
u ero croiictBa (6e3 T0K-Ba).

34. MapKoOBCKOe CBOHCTBO BHHEPOBCKOT'O ITPOTIECCA.

35. MapKoBcKHe MOMEHTBI U CTPOTO MapKOBCKOe CBOMCTBO BHHEPOBCKOTO MPOTIECCA.

36. MomeHT mocTuzKeHUsT HEKOTOPOTO YPOBHS BUHEPOBCKHUM TporieccoM. TeopeMa o pactpee-
JIEHUH MaKCHMyMa BHHEPOBCKOIO HpOIecca (MJIH IPUHITAIT OTPAYKEHNUS).

37. 3aKkoH MOBTOPHOTO Jorapudma JIjisi BAHEPOBCKOro mporecca. CreacTBue: Kak yroaHO Ja-
JIEKO HAiiJIyTCd HYJIM BUHEPOBCKOT'O IIPOIECCa.

38. MapTuHnramnbl, cyOMapTHHTAIB U CYyHEePMAapTHHTAIB OTHOCHTETHHO HEKOTOPOU (puiIbTpa-
muu. Be3obuabie (MapruHrai-pasHoCTH) U OJATONPHUITHBIE TOCTeI0BATEILHOCTH. MapKOoBCKue
MOMEHTBI 1 MOMEHTHI OCTAHOBKM.

39. Jlemma /ly6a o mpejcrapiennn cyOMapTUHTAIA B BUJIE CYMMbI MaPTUHTAJIA U HEyObIBatoIIeit
MOCIEIOBATEILHOCTH (THCKPETHOE BpPeMs).

40. JleMma o TOM, UTO /I HeyOBIBAIOIIElH MOCJIeI0BATETLHOCTH MapKOBCKUX MOMEHTOB T;,
i = 1, k, cayuaitabie Bemunnnt Y; = 372, X; o6pasyiorT MapTuHras (cyGMapTHHTA) OTHOCHTETHHO
HOC/IEIOBATE/IbHOCTH curMa-anredp F;', ecimu { X, } 17 Gesobunas (Graronpusthas) mocae10Ba-
TEJIbHOCTh OTHOCUTEIBHO MTOTOKA curMa-aiaredp Fi, s = 1,n.

41. HepaBerncTsa Jjisi MAKCHMyMa HEOTPHIIATEIHHOTO cyOMapTunrana { Zg, Fy.}.

42. Jlemma /ly6a o umciie nepecedeHuil MoJ0Chl CyOMapTUHTAJIOM € JUCKPETHBIM BpeMEHEM.
Pesynbrars! /118 cyOMapTUHTAJIOB ¢ HEPEPBIBHBIM BpeMEHEM.

43. BuHepoBCKUil HPOIECC sABJIIETCHd MAPTUHIAJIOM.

44. Tlponecc Yy = ¢ - Wy, npu t > 0, u Yy = 0, apjserca BuHepoBcKuM. JIoKaIbHbI 3aK0H
MMOBTOPHOTO Jiorapudma.

45. Jlemma: Y3y Wy, =Wy, || 2 00 mpu max (ty—tg_y) — 0, T.e. IpH H3MEILICHAN PA3CHCHM
O0=ty<ty <...<t,=T orpeska [0,T].

46. B ycqoBUSX TIPeABLIYIIeH JTeMMBI 16100y 00 Yopey (Wi, — Wi, )2 = T.

47. Tlouemy Hesb3sI ONIPEICIUTH HHTEIPAJI OT CJIyUYailHOl (DYHKIHUH 110 BAHEPOBCKOMY MPOIECCY
KaK Tpeje/l HHTerPpaJbHBIX CyMM B cpenneM kBajparwarHoMm?! [Ipumep: npm pazbuenun orpesxa



[0,T] Toukamu 0 =ty < t; < ... <t, =T umaxy(ty — txy_1) — 0 mpu n — 00 HOTyIUM

» n—1 1 . n—1 1
LiMnsoo O Wi A = §(W;% —T), LiMnsoo D Wiy A = i(W% + 1),
k=0 k=0

Buece {W;,t > 0} - Buneposckuii nponecc, a Ay = Wy, ., — Wi, . Uarerpan Crparonosuya.

48. IlporpeccuBHO H3MepuMble (DYHKITUHT, TPOCThIe DYHKIHH, VIOBIETBOPSIONINE YCIOBHIO F fOT f2(s,w)
0o. Kmace M?2.

49. Unrerpas MTo or npoctsix pyHKIUN U €ro cBOMCTBA.

50. TIpoctere pynKmmu mwioTas B M2

51. Onpenenenne nnrerpasa ITo kak npesesra WHTETPAIOB OT MPOCTHIX (DYHKIHIA, ero JIMHEH-
HOCTh. UIHTerpas MTo ¢ mepeMeHHBIM BepXHUM IPeIEIOM SBISETCS MapTUHTAIOM.

48. Nurerpas UTo ¢ nepeMeHHBIM BEPXHUM HpeJeIOM — HelfpepbiBHas (DYHKITUS 3TOTO Ipeiesa.

49. Yro rakoe croxacrudeckuit juddepentnai. Popmysia 3amenbl nepemennbix Mro.

50. CuibHOE pelleHre CTOXacTHIecKoro audOepeHnaIbHOr0 ypaBHEHHS.

51. Teopema cymiecTBOBaHUS CUILHOTO PEIIEHUS CTOXACTUYECKOTO JinbdepeHImaIbHOro ypas-
HEeHUs.

52. TeopeMa e TMHCTBEHHOCTH.

53. CranumoHapHbIe TPONEcchl (B y3KOM M TMTHPOKOM cMbicie). Onpenenenne. Kak ¢Bs3aHbI
CTAIMOHAPHOCTD B Y3KOM W IITHPOKOM CMBICIE?

54. Heobxoammble 1 JOCTATOYHbBIE YCIOBHS st TOTO, 4T00b dbyHKIws R(t, s) Oblia Koppessi-
NUOHHOI (byHKIHelH c/iydaiiHoro mpoiecca.

55. JIeMMa 0 HENPEPHIBHOCTH CKAJMAPHOTO TPOM3BeIeHus B npoctpanctse H = {€ @ BE? < oo}
HeoOxomuMoe u gocTaTovHOE YCIOBHE CYNIECTBOBAHUS MPEIEIa B CPeTHEM KBAJIPATHIHOM.

56. YcoBusg HENPEPLIBHOCTH IIPOLECCA B CPEIHEM KBaPATUYIHOM.

57. luddepermpyemMocTsb mporecca B CpeHeM KBaIPATUIHOM.

58. NaTerpupyeMocThb Ipoliecca B CpefHeM KBaJpaTUIHOM 110 Mepe .Jlebera.

59. CymecTBOBaHIE SKBUBAJEHTHOTO MPOIECCA HHTETPHPYEMOTO MOTPAEKTOPHO B IIPEJIOJIO-
JKeHWH, 9TO BTOPas CMeITaHHasd MPOU3BOIHAS KOPPEISIUHOHHON (DYHKIINU HEpepbIBHA.

60. Cayuaitnas mepa - onpejesenne. OproroHasibHast ciaydaiinas mepa. CTpyKTypHast mMepa.
[Ipornecc ¢ OPTOrOHAILHBIMU TPUPATIICHUSIMH.

61. Teopema 0 B3aMMHO-OJIHOBHAYHOM COOTBETCTBUU MEYKJY OPTOTOHAJBLHBIMU CJIyYaHBIMU
MepaMHu U MPOIeccCaMy ¢ OPTOTOHAJTBHBIMU MPHUPAIIEHUIMH HelPePBIBHBIMEU CIIPaBa B CpeIHEM
KBaIPATHIHOM.

62. CroxacTu4yeckuit HHTErpaJl OT HeCAyIaliHbIX (DYHKIMI 110 OPTOTOHAJIBHON CJIydaiiHOl Mepe.

63. CuekTpajgbHOe IPeICTABICHNE CTAIIMOHAPHOTO B IMIHPOKOM CMBICJIE TIPOIecca (HCIOTb30Ba~
HIEe Pe3yJbTaToB (hYHKINOHAIBLHOTO AHAIN3A).

64. Ompenenenne nenu MapkoBa ¢ HepepbIBHBIM BpeMeHeM. Teopema O CyIIecTBOBAHWY IETN
MapkoBa ¢ 3a/JaHHBIM HaYaJbHBIM paclpe/ieJleHueM U ceMeilCTBOM MePeXOIHBIX MATPHII.



