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Jlexkuus 3.
IHocTpoenue pyHaameHTANBHOTO pemneHus MmeToaomM Mak Kuna u
3unrepa.

Jlurepartypa:
- V. Konakov and E. Mammen. Local limit theorems for
transition densities of Markov chains converging to
diffusions. Prob. Th. Rel. Fields, 117:551-587, 2000.
McKean, H.P., Singer, I.M.: Curvature and the eigenvalues of the
Laplacian. J. Differential Geometry 1, 43-69, 1967.

Mgl Bo3BpaiaeMcss K 0003HAUCHUSIM TEpBOW JeKIMU. PaccMmorpum
nuby3noHHBIN rporecc X(t), SABIISIFOIUICS peleHueEM
croxactuueckoro auddepennuanpHoro ypapaenus (CHY)

dX(t) = b(X(©))dt + o(X(t))dW (£),X(0) = x,t € [0,1],

rae W (t) — cranmaptHblii d — MEpHBIA BHHEPOBCKHIA TIporiecc, g(z) —
CMMMETpHUYeCKass MaTpuila Takas, uro Matpunia a(z) = o(z) - 0" (2)
YIOBJICTBOPSIET YCIIOBUIO PABHOMEPHOM 3JUTUIITUYHOCTH.
[peanonoxum, uro ¢yHkuud b(z) ua(z) OrpaHWYeHBl H
yIIOBJICTBOPSIOT yClIOBHIO [ '€nabaepa, KpoMe TOro,  CYIIECTBYIOT
da;; 0%a;j db;
0zj ' 0z0z;’ 0z; '
yaoBieTBopstone  yciaouto  ['€mpaepa.  Torma CYIIECTBYET
nepexoaHas  miotHocte  p(t —sS,X,y),  KoTopas ABJISICTCS
(GyHIAMEHTAIBHBIM pEIICHUEM TMPSMOTO W OOpaTHOTO YpaBHEHUUH
KonMmoroposa

OI'PaHUYCHHBLIC W HCIIPCPBIBHBIC IIPOHU3BOIHBIC

op(t —s,x,y)
h ds =L =
1 %p(t —s,x,y) op(t —s,x,y)
b N b. 1
50, =5 e + ) i) (1)
L] l

u
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dp(t —s,x,y) Iy =
at — P
lz 0*[a; (Wt —s,x,9)] z LT O G 3 D) B
22 dy;dy; : dy; '
J i
Hama Omwxkaiimas 1efib - MOJIYYUTh MPEACTABICHHUE TMEPEXOJTHOU

mwiotHoctd  p(t —s,x,y) B BUAE OECKOHEUHOTO psAlla, YICHAMHU
KOTOPOTO  SIBJISIIOTCSL  TayCCOBCKME  IUIOTHOCTH, CBEPHYTHIE C
CUHTYJIAPHBIM siipoM.  OmuiieM COOTBETCTBYIOUIYIO KOHCTPYKIIHIO.
Hna xkaxmoro 0<s<1wumx,y € R4 OIPEHCIIUM  JOIOJHUTEIbHBIN
mbdysnonnsiii npounece X = X;,,. DTOT mpouecc omnpenenéH Ha
WHTEpBaJe s<t<1 wu sBAAETCI pEIICHUEM CIEIYIOIIETO
croxacTuueckoro auddepeniuanbaoro ypapaenus (CAY):

dX(t) = b(y)dt + a(y)dW (t),X(s) = x,t € [s, 1].
[Ipoueccsl X'S’x,y OylleM Ha3bIBaTh 3aMOPOKeHHbIMHU UG dy3usimmn
(mockonpky kodpdumuenter CIHY «3aMOpPOXKEHBI» B TOYKE V).
OTMeTUM, 4YTO «3aMopaxkuBaHue» kodpduimentos CHY mia X
NPOU3BOJUTCS B KoHeunoti Toduke y. IlepexomHas miotHocth P~ (t —
S, x,y) Takou nuddy3uu - rayccoBckas

d d 1
pY(t —s,x,y) = 2n) 2(t —s) 2(deta(y)) 2

1
x exp - TRl I Ol

- b - )

Baxuo OTMCTHUTB, YTO ICPCMCHHAA Y BXOAWUT B BBIPAXKCHHUC JIA
IUIOTHOCTH JBOSIKO: KaK apryMEHT IUIOTHOCTH M KaK TOYKa, B KOTOPOM
3amoposkeHbl kodhpuumenter CIY.

BeenéM  HeoOXomumMmble OIS AalbHEHIIEro  00O3HAYEHUS.
Cunryssipraoe sapo H(t — s, x,y) onpeaeiiuM CieIyroImM 00pa3om
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H(t — s, x,
( _y)l °p(t —s,x,y)
= Ez (aij (x) — aij()’)) axiax]-

+ E(bl(x) - bi()’)) % ;xsj, > y)

l

BBeaém Taxke OMHapHYyo onepanuio & Tuma CBEPTKU

(f ® 9)(s,t,x,y) = fst dt fRdf(S, 1,x,2)9(t,t,2,y)dz

Jlemma 1. /Jia 0<s<t<1 wumeem wmecmo -credywuee
npeocmaeiieHue

p(t -5, X, y) - Z;?:O(ﬁ ® H(T))(t -5, X, y)l (3)

20e, no onpedenenuio, P @ H® =p, § @ HM = (ﬁ @ H D) ® H)
Hokazamenbcmeo. VIMeeT MeCTO CIIEAYIONIEE TOXKIECTBO

p(t—S,X,y) —ﬁy(t—s,x,y) =

t
0

fdu—U p(u—s,x,2)pY(t —u,z,y)dz| =
ou | Jpa

S

t
d
jduj —[p(u—s5,%2)]p7({t—-uzy)+
rd OU
S

d
p(u — S, X, Z)% [ﬁ)’(t —Uu,z y)]dZ

t
zfduf [Lzp(u —s,x,2) pY(t —u,z,y) —
RdA
S

p(u—s,x2)[Lp7(t —uzy)|dz =
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j du.f pu—s,x,2) (L, — L})pY(t —u,zy)dz
Rd

=@ ®H)(t—-sxY).

[lepBoe paBeHCTBO cienyeT u3 o0ObuHOW (Gopmynsl  HbproToHa-
Jleitbuuna u toro, uro p(0,x,y) =p(0,x,y) =6(y —x). [amee
UCIIONIB3YIOTCS  TpssiMoe W oOpaTtHoe ypaBHeHHs Kommoropoga,
onpeneneHue saapa u onepauun ). [locnennee ypaBHEHUE MOXKET OBIThH
3aliCaHO KPaTKO clieayroumm obpazom: p =P +p @ H. Urepupys,
noayuum psix (3). Psag (3) OeicTpo cxoaures Kk dyukmuu p(t — s, x,y).
Jlemma 2. Cywecmsyiom C < ou c > 0 maxkue, umo npu ecex 0 < s <
t <T,x € R%y € R%, cnpaseonuswr oyenku

ﬁy(t - S,X,y) < Cpc(t - S,x,y),
1 r+1
I_' —_
|ﬁ®H(T)(t—S,X,y)| < CT+1(t —s)g%pc(t—s,x,y), (4)
r(1+x)

eoe

c d/2 — x|?

pc(t—s,x,y)=<2n(t )> exp(—c%),0<c<oo.
Tak xak I'(rA) = [rA—1]! s rAd > 2, To u3 oueHku (4) BEITEKAET
a0COJIIOTHAs ¥ paBHOMEpPHAs CXOJIUMOCTh psiia (3) mpu t > S, a Takxke
CIPaBeUTUBOCTD I GYHKIUU P (t — S, X,Y) OLICHKH
p(t _ S,X,y) = Cpc(t _ S,X,y)

Bamawa 1. VYOeautbcs TpsSIMOW BBIKIAIKOH, 4TOo GyHKIUA p(t —
S,X,Y), OIpeleneHHas psaaoMm (3), ABISIETCA PEIIEHUEM ypPaBHEHHM (1)

u (2).

JAMCKpeTHBIN aHAJOI METOAA MapaMeTpuKca A ueneii Mapkosa.

ITycte ©Ha otpe3ke [0,1] 3amaHa mociaemoBaTENbHOCTh pa3OHEHUI
1 2 . n
I, = {O,;,;,...,l} Y TOCJIEeN0BATEILHOCTh lierien MapkoBa Xt() C

JIVACKPETHBIM BPEMEHEM U HENPEPBIBHBIM MPOCTPAHCTBOM COCTOSTHUM.
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enu X,fn)onpez[eneHH Ha pewmerke [, = {0,;,;,...,1}, UMEIOT

HavaabHOE pacnpesesnenue Sy, (+), a AMHaMHUKa 3TOH LENH ONUCHIBAETCS
CIICAYIOIIMM PEKYPPEHTHBIM COOTHOIICHHEM

1 1
m) _ y(m) (n) e
X; X;7+=b|X;" | +— ) 5
=X+ (X )+ ey (5)

. n
0<i<sn—-1,x"=x
PaccMOTpUM — CeMEHCTBO IUIOTHOCTEH ¢, (+), MapaMeTpu30BaHHOE

TOYKaMU  €BKJIMOBA TIPOCTpaHCTBA X € R%, u ymoBieTBOpsOIIEe
CJIIEAYIOIIUM YCIOBHSIM:

1. [,42qx(2)dz = 0, Vx € R?,
2. [oa2i2jqx(2)dz = a;j(x).
(n)

C):[enaeM «MApPKOBCKHC» IIPCAIIOJIOKCHUA OTHOCHUTCIIbHO OIIIMOOK EH_l )
n
d UIMCHHO: NIPCAIIOJIONKNUM, YTO YCJIIOBHOC PACIIPCUACIICHUC

L 1(-1:1 XV = x, X0 = xio, e
m n n

3aBUCUT TOJIBKO OT MOCJIEIHEro 3HAYEHUS X; U HUMEET IUIOTHOCTH
qx; (), TO ecTb  sABIAeTCA  dJEMEHTOM  ceMedcTBa Gy (*),
COOTBETCTBYIOLIMM 3HAYEHUIO I1apaMerpa X = X;. DB  ycloBusx
PaBHOMEPHOM JJUIMIITUYHOCTH MATPULIbI ||al- ]|| st moboro t > s, s €

I, t €I, cymecTByeT NepexoiHas ILIOTHOCT pn(t —s,x,:). Tlo
aHAJIOTUU C CEMEHUCTBOM «3aMOPOXEHHBIX»  AudPy3uil, BBeIEM
ceMeHCTBo «3aMOpPOKEeHHBIX» Henmed MapkoBa. {1 Kaxzgoro

0<s== < 1 u x,y € R? onmpenenum nens Mapkosa X( ) = g

S,Xy"
Ora 1enp ONpeleieHa Ha pPemeTKe {] ! ;1, ..,1} cnemyromum
PEKYPPEHTHBIM COOTHOLLIEHUEM
s _ () L o
Xip1 =X+~ b(y)+ Eivi (6)

n n \/% n
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j<i<n—-1,% ) = X, TJE YCIIOBHOE paclnpeesicHre

1
n
() | g(n) 7 (n)
( €it1 |X _xl'Xl 1 = Xj—1) -
TL n n
MMEET IUIOTHOCTh  (y(+), He 3aBuCAIyl0 OT ycioBusa. Herpynuo
g _ ()
BUJIETh, YTO MPHU ITUX NPEANOIOKECHUSAX mpupameHus X;,; — X;
n n
: g _ ()
HE3aBUCUMBI IIPY PaA3sHBIX [ M IIOJIHOE IpHpaIieHue X, X, Ha

orpeske [0,1] sBasercas cyMMOol N HE3aBHUCHUMBIX, OJIWHAKOBO

o (n .
pacipenen€HHbIX CIy4alHbIX BEKTOPOB Xl(ﬂ) X f ),l =01,..,n—1.
n n
O0o3HaYUM uepes t —S,Xx,) DepeXoJHyl0 MJIOTHOCTb JTOH IICIIH.
Tl

BBeném wHeoOxommmble mid OajdbHEWInero ooOo3Hauenusa. CHayana
OmpeIeIuM AUCKpeTHBIN aHnanor H, sapa H, rae

Ht-wzy) = (L,— L))"t —uz7y).
[ycts ¢ € Cy(R%), paccMoTpuM HMH(QUHUTE3MMANBHBIE ONEPATOPHI

ueneit (5) u (6)
ol

Xcgn)=x>—<ﬂ(x)

E(so (X(")> x5 =x>—<p(x)
I o(x) = 1 '
n
Hns j' > j paccmoTpum
j' ) vy (J T+ 1
H — T T4 = LTl_ - y 4y 7
”(n n oY ( )b (n n Y (7)

Beeném auckperHelii ananor ), OnHapHO# onepanuu &)

8002 (Emti13) =517 L) o (L=t
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B srom onpez[eneHm/I MBI TPUHUMAaeM CJCAYIOIIee COTJaIlCHUuE: BCE

] f—
] :

o0pazom, p;[z[m an[a

an ®n HY (Lx,y) u Z(p ®n HO)(1L,,7),

KOTOpbIE MBI Ooynem paCCManI/IBaTB B JanbHEHIIEM, HA CaMOM JIeJie
COJIEPKAT TOJIBKO KOHEYHO YHUCIO WIEHOB, OTJIMYHBIX OT HYJS: MpHU
7 > 1 COOTBETCTBYIOILIHE CJIAra€MbI€ PaBHbI HYJIIO.

Crnenyromias JeMMa sIBISETCS JUCKPETHBIM aHasiorom Jlemmai 1.

Jlemma 3. [l 0 < j < j'< n uMeeT MECTO CIENYIONUIEE PA3TOKEHUE

0 JJ 0
] ] ~ ] ]
(= 5my) = 2 o @D (D= Lxy) ©)
r=0
Jlokazamenvcmeo. I1o onpeneneHnto
J'
H — T T4 =
n(n )
1 v J+1
o[ fon Gozo) -2 ool (- ) o

HCHOHLBYH MapKOBCKOe CBOI/ICTBO HOJIyLII/IM CJ'ICI[YIOHII/IC TOXKIACCTBA

]——i X ]:—— X, Z xz)
Pn o Yy pn y pn
1 1 1 [+ 1
) Lo
— 1 j i
il L j 2 A
an ( n'x'Z> "(n n'Z'y>dZ

j ]
=pn On n(E_g»x»y)

Wtepupys mocneaHee TOXASCTBO, morydanM (8).
Nrtak, Mbl IODy4YUIM Ba NpeacTaBieHus. s nepexoqHon MIOTHOCTH
mudPy3un - OECKOHEUHBIN psi

CYMMBI BUJa , rae j' < j MBI moJjlaraéM paBHBIMH HYIIO. TakuM
y
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p(t=5%y) = ) FOH)(E—5,%), 9)
a 71 IEPEXOTHOU HJIOTHOCTH nenyu MapkoBa — KOHEUHBIN Pl
] ]
(___xY) zpn@)nH(r)(__ExY) (10)

MBI XOTHUM OIICHUTH 6HHBOCTB p(L,x,y) u p,(1,x,y), mis 3toro
JIOCTaTOYHO CpPaBHUTh MpaBble YACTH PA3JIOKEHUH B PAI  ITUX
ioTHOCTeH. [l oreHKM OJM30CTH MPaBbIX YaCcTeW HYKHO HAYUUTHCS
KOHTPOJMPOBATH CJICAYIOLINE BETUYUHBIL:

1. «XBocTe» psanoB (9) u (10), T.e. cyMmbI ciiaraembixX nipu r© = N.

2. KoHTponupoBaTh OmMOKY, BOSHUKAIOIIYIO MPU 3aMEHE OIepaiuu
& e€ MUCKPETHBIM aHAIOTOM &), .

3. KontponupoBarh OmMMUOKY B  KJIACCHMYECKOM MHOTOMEpPHOMU
JOKAJIbHOW MpeleNbHON TeopeMe [l IUIOTHOCTeW (ommOka
3aMeHbI P Ha Py, ).

4. OueHuTh OKMOKY, BOSHUKAIOIIYIO OT 3aMEHBI HEMPEPHIBHOTO SI/Ipa
H nuckpetHsM sigpoM  H,,.



