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MapkoBckoe cemeiictBo. UHpUHUTEIUMAJIBLHBINA ONlEepaTop,
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BBenenne. OnuiieM KJIacC BEPOATHOCTHBIX 3a7ad, KOTOPHIE MBI
oynem paccmatpuBath. Ilycte  Ha  orpeske [0,1]  3amana
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IIOCJICAOBATCIIBHOCTD ILICIICHU MapKOBa Xt( ) C IJUCKPCTHBIM BPCMCHCM U

. (n)
HETIPEPBIBHBIM IIPOCTPAHCTBOM cocTOssHuM. e X, onpenenensl Ha
pemérke I3, UMEIOT HadanbHOe pactpeseneHue Sy, (), a BEpOATHOCTD
nepexo/ia 3a OJJMH 1Iar UMEET MIIOTHOCTh
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[Ipy >TOM yCIOBHH BEpOSITHOCTH IEpexoia 3a N IaroB TaKXKe
aOCOJIIOTHO HeTpephIBHA OTHOCUTENHHO Mephl Jlebera u wmmeer
mnotHocTh  p™(1,x4,2z). Hac MHTEpecyloT yCIOBHSA, IPH KOTOPBIX
motHOcTh P ™ (1, X, Z) MOKHO aIMPOKCHMHPOBATH IIIOTHOCTHIO

1
PO, x,A) = P <X§f} €A

n



3

HexkoToporo auddysuonnoro mporecca p(1,xy,z), TO €CTh yCIIOBUS,
IIPY KOTOPBIX CIIpaBeINBA JOKaIbHas MpeenbHas Teopema. Creayer
CKa3aTh, YTO HMMEETCS 3HAYMTEIBPHOE YHCIO0 pabOT, B KOTOPBIX IS
paccMaTpruBaeMoOil  CXEMbI u3yueHa cJjgabdasi CXOJUMOCTb Mep
(mepexoIHbIX  BEPOSTHOCTEM) P™M(1,xy5,A) x mnepexogHOil
BepositHocTH  P(1, X, A) HEKOTOPOro TMpeAeabHOro AU QPY3HOHHOTO
npoiiecca. IlepBpie oOmue pe3ynbTarbl O ClIa00N CXOIUMOCTH OBLIM
nonydeHsl A.B. Ckopoxomom (1961). Pesyasrater A.B. Ckopoxoma
MO3BOJISUTA pacCMaTPHUBATh TAKXKe MPOIECCHI U LENU co ckaukamu. J{is
Henpepvignou nudpdy3un Haubojee o0Iue pe3yabTarhl O Ciadoit
CXOAUMOCTH ObUIM TOJydeHbl B MoHorpagum  D. Stroock and
S.Varadhan (1979). imu Obu1 pa3BUT 1OJIX0]I, OCHOBAaHHBIN Ha PEIICHUH
TaK Ha3bIBa€MOU «IpoOJIeMbl MapTUHTAIOBY. CleayeT cKa3aTh, 4YTO KaK
A. B. Cxopoxon, Tak u D. Stroock and S.Varadhan mist monyuenus
CBOMX PE3YyJbTAaTOB HCIIOJIb30BAaId BEPOSTHOCTHBbIE MeTOAbl. [l
TIOJIYUCHUS JIOKANIbHBIX NpedelbHblX meopem Mbl OyJIeM HCIIO0Ib30BaTh
AHAJTUTHYECKUI MeETO/, OCHOBAaHHBIM Ha CIEIMAJIbHOM BapHUaHTE
METoJa «ImapamMeTpukc». MeToa mapaMeTpukca B €ro KIacCHUYeCKOM
Bune, npeayoxeHHoMm E. E. JleBu, usBecten ¢ 1907 roga. OgHako ajis
HaIMX IIeJICM 3TOT BapHaHT METOJla IMapaMeTpuKca HeNpurojcH. B
1967 romy Mak Kun u 3uHTep NMpetoKIWIN BApUAaHT METOIa, KOTOPHIH,
KaK  OKa3ajoch, JIONMyCKaeT JHUCKPETHBIM  aHaJoOr, IIPEKPacHO
MPUCTIOCOOJIEHHBIN JUISl HW3Y4YEHUs AaNIpOKCHMAIMK U IOJTYy4YeHUS
YIOOMSIHYTBIX  BBIIIE€ JIOKAJIBHBIX TpPEAENbHBIX TeopeMm. llenbio
HACTOSIIIIETO Kypca SBJISCTCS BBEACHHE CiymIaTtelied B METOJ
napamMeTpukca, 0030p 3aaad, MOJIAIONINXCS PEIICHUIO 3TUM METOIOM, a
Takke POPMYTUPOBKA HEKOTOPHIX HEPEIIEHHBIX 3a]1a4.

HamoMHEM HEKOTOpbIE HEOOXOAUMbBIC HaM B JTaJIbHEHUIIIEM TTOHSTHS.

JIst mpocTOTHI HM3J0KEHHS MBI OyJeM paccMaTpUBaTh  TOJBKO
OJTHOPOJIHBIE =~ MApKOBCKHE TIPOIECChI, XOTS BCE  HU3I0KEHHOE
IIEPEHOCUTCS M HA HEOJHOPOIAHBIN CITyYau.
Onpenenenne 1. Msl rosopum, uto ¢yskius P(t, x, ), onpeneiaéHnas
mis t€[0,T,,x ERL,ITe B (BY—0g — amrebpa OOpeneBCKUX
MHOXKecTB B R%) sBHseTcs nepexoonoii yHKuueii MapKoeckozo
npouecca &;, €CIIN:

a) [Ipu ¢uKCUpOBaHHBIX t,x  ¢yukaus P(t,x,”) saBisgeTcs

BEPOSATHOCTHOH Mepoii Ha o — anrebpe BY,
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b) Tlpu durcupoBanusix t,I°  dynkuus P(t,,I) wusMmepuma
OTHOCHUTENBHO 0 — anredpsl BY.

c) P(0,x,I) = 6,,(I).

d) st mo6b1x s < t,I” € B nMeeT MeCTO paBEHCTBO MOUTH
HaBEPHOE

P{Et € Flfs} = P(t - S, ESJF)-

3ameTuM, 4TO TpeOOBaHUS ) — C) HAJArarTCs TOJBKO Ha MEPEXOTHYIO
byukuuto P(-;,+) u He KacaloTcs ciaydaiHoro mporecca &;(w), Torma
Kak TpeOoBaHue () TOBOPUT O CBS3U MEXIy CO0O0M 3THX ABYX OOBEKTOR.
B nanpHeleM Mbl HCTIOJIB3YeM 0003HAYEHUE

Fr=o0{é,t €T}

Omnpenenenne 2. Mbl roBopuM, 9T0 Hab0p 31eMeHTOB (& (W), Py)
ABJISIETCS OOHOPOOHBIM MAPKOGCKUM CEMEUCMEOM ¢ NePexoOHOu
¢yukuyuen P(t,x,[), ecau npu JTIOOBIX X

1. Caoyuaitaenii  mporiecc & (w),t € [0,T], Ha BepOATHOCTHOM

npoctpanctBe  (Q, Fsg, P.) - MapKOBCKHM, TO €CTh JJIs JIIOOBIX
x,A € T[O,t]: B € F.; 10JKHO OBITh
P (AB|§) = P (AlS) P (Bl§r)

P, — noudtu HaBEepHOE; 3TO CBOMCTBO MHOTJA BHIPAXKAIOT CJIIOBAMU KakK

HE3aBHCUMOCTD «IIPOILIOT0» OT «OyAylIero» mnpu (PUKCUPOBAHHOM

«HACTOSIIEM.

2. DTOT MapKOBCKHUH TpoIlecc 00JialaeT yKa3aHHOW MEePEeXOqHOMN

byHKIMEH;

3. P& =x}= L.
3aMeTuM, uTO T1. 2 O3HAyYaeT, uyTo i t < u, ;s moooro x € R u I’
3 B¢ P, — MOYTH HABEPHOE CIIPABEINBO PABEHCTBO

Py €NF} =Pu—1t,§,1)

(3aMeTuM, 4TO BBIpOKEHHE B MPABOM YAaCTH HE 3aBHUCHUT HE TOJBKO OT
MoBeJIeHU mpoliecca Ha oTpeske oT 0 110 t, 3a UCKIIFOUEHUEM TOCTIeAHEH
TOYKH, HO TaKXKe U OT X).

B npanbHeiimiem Hac OyIyT UWHTEpPECOBaTh CHEIHUAIbHBIE KJIACCHI
MapKOBCKHX CEMEHCTB, a MMEHHO, Ouggysuonnsvie npoueccot ¢ R<.
HanmomHuM cHavana omnpenesieHue WH()PUHUTE3UMAIBHOTO OIepaTopa.
[Ilyctb B 0OaHaxoBoM mOpocTpaHcTBe E  3amana monyrpymnna
OrpaHUYEHHBIX JIMHEHHBIX onepaTopoB P, 0 < t < oo, PO =1,
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NupunutesumManbHbiii onmepatop A 3TOM NOJAYTPynmbl — 3TO
JUHEWHBIM, BOOOIE TOBOpPS, HEOTPAHUYCHHBIN oreparop,
ONPENCIEHHBIN HAa HEKOTOPOM JIMHEMHOM NOANPOCTPaHCTBE Dy
npoctpanctBa E. 3nHauenue omepatopa A Ha anemente f € Dy ecTh
CJIEAYIOLIMI MPEJIEIT 10 HOPpME MpocTpaHcTBa E
Af =lime ., t7H(P'f = )
[Tonyrpynna onepaTopoB Pt, coomeemcmesyrowan nepexoonol
¢yuxyuu P(t,x,I"), umeeT BUI
PUf(x) = [ fF0)P(t,x,d).
ITepeuncinM OCHOBHBIE CBOMCTBA 3TUX OIIEPATOPOB:
1. P! - nuHeliHBIE ONEPATOPHI B COOTBETCTBYIOMIEM OAHAXOBOM
IPOCTPAHCTBE;
2. P'1 = 1;
3. PY =1
4. Pt+5 = P'PS (momyrpymnmnoBoe CBOMCTBO).
Onpenenenne 3. Mapkosckoe cemeiictBo (&:(w), P,) Ha da3zoBom
MPOCTPAHCTBE (R4, B%) M OyaeM Ha3bIBaTh Oup@y3uoHHbIM
npoyeccom ¢ R%, ecm
a) ero WHQPUHUTE3UMAIBHBIM  OmepaTop OmpeneiéH Ha  Bcex
(UHUTHBIX JABaXKJbl HENPEPBIBHO U epeHInpyeMbIX (HYHKIUIX
U CYIIECTBYIOT HempepbiBHbIe BekTopHas ¢yHkims (b;(x)) wu

MaTpudHas (QyHKITUS (aij(x)) (mpuyéM MaTpHIa (aij(x)) npu
a1000M X JOJDKHA OBITH CHMMETPUYHA W HEOTPUIIATEIIBHO

ON

omnpejeacHa) Takue, yto st f € C pun ~ MHOIKECTBO JIBAKIBI

HEIPEPBIBHO ):[ch(bepeHquyeMblx (1)I/IHI/ITHBIX byHKITHIN)
0% (x) of (%)
Af() = Lf () = 350y () 550 + 50 7

b) Bce ero TpaeKTOpPUHM HETPEPHIBHBI.

JMuddepennmanbHblii oriepatop BTOporo nopsigka L OyaeM Ha3bIBaTh

RPOU3BOOAUWUM ONEPAMOPOM OUPPy3uonnozo npoyecca.

Iycts Ha R? 3amaHbl HempephIBHBIE QYHKIMH @; j(x), bi(x),1,j =
1,2,...,d; mnycte L — cooTBercTByronmidi wum auddepeHmanbHbIi
oriepaTop:

_0*f af
f Zl] 1 9x:0x: .0x +2ibia_xi



Chopmynupyem 0e3 J0KazaTelbCTBa JBE TEOPEMbI, KOTOpHIC
MOHAM00SATCI HaM B JajdbHeWmeMm. JlokazaTenbCTBa JTHX TEOPEM
coaepxarcs B ['maBe 11 ynomsanyTon Beiie kHUru A.J[. BenTuens.
Teopema 1. ITycms (&,(w), P,) - maproseckoe cemeiicmeo na (R%, B?)
makoe, umo npu modbom € > 0 credyrowue yciosus GbINOIHEHbL NPU
t >0 pasnomepHo no Xx 6 npedenax KaMo020 O0PAHUYEHHO20
MHOXMCECMBA

1. P(t,x, Ug(x)) = o(t).
2. ng(x)(yi - xi)P(tl X, dy) = bi(x)t + O(t)'

3. fUS(x)(yi - xi)()’j - xj)P(t» x,dy) = a;;(x)t + o(t).
U 0 Kadxncoo2o o2panudennozo mmodcecmea K - cywecmeyem
oepanuuennoe muoxcecmeo K' D K maxoe, umo
P(t,x,K) = o(t)

npu t —» 0 pasnomepno no x € RE\ K'. Toeda unpunumesumanvuiii
(2)

onepamop onpeoenén na eécex Qynkyusax f € C, "

Lf.
Teopema 2. Ilycmv ungunumesumanvusiii onepamop oughdy3uoHHo2o
npoyecca onpeoenén u cosnaoaem ¢ npouzsooauum onepamopom L na

gcex 08adcovl HenpepvleHo Oughpeperyupyemvix @OYHKYUAX f,

ObleAIOWUX 8Mecme C NPOU3BOOHIMU or _9°f
y w p 6xl- ! 6xi6xj

U HA HUX OH pa6eH

Ha beckoHeuHocmu

He meonennee, uyem nexomopas gyuxyus @ (x)(— 0 npu |x| = ).
IIpeononoowcum, umo nepexoouvie 6eposmHocmu OUP@y3UOHHO20

npoyecca 3adaiomcs niomuocmoio:  P(t,x, ) = fr p(t,x,y)dy, 2oe

pyuxyus p(t, x,y), onederénnas na (0,00) X R4 x R4, HenpepvleHa No
8CceM Mpém nepemeHHbIM eMecme ¢ Nepeoll YacmHOU NPou38o0HOU no t
U HACMHBIMU NPOU3EOOHBIMU NEPBbIX 08YX NOPAOKOE ho Xi, Xj. Ilycme,
HAKoOHeYy, UMelom Mecmo OYeHKU

dp| |9p| | 9°p
< C(t, )

atl’ [ox;|” |ax;0x;| = (&)ex)

20e C(t,y) — nenpepuisnas nonoscumenvtasn @yuxyus na (0,0) X R4,

Tocoa nepexoonas  NIOMHOCMb  YOOBIEMBOpsem  Cle0yuemy
VPABHEHUIO.!

2

Ipl,

) )




ap(t,x,y) aZ(t ) dp(t, x,y)
b ZZ i () —— Ebu” =2 W)

ot xl

uiu, Kopoue, Z—IZ = L,p.

HuwxHull MHIEKC X 03HAYaeT, 4TO ONEepaTop MPUMEHSIETCA K MIOTHOCTH
npu (QUKCHUPOBaHHBIX ¢,y Kak K (yHKIUU OT X. YpaBHeHue (1)
Ha3bIBaeTCs 0Opamnvim ypasuenuem Koamozoposa.

Beeném orpanuyenus Ha KOO(OGHUUMEHTBI @;j, b;: MycTh QyHKUMU Q;j
IBaXIbI, a b; oauH pa3 HempepblBHO nuddepenuupyembl. Torma mis
muddepeHimanbsHoro onepartopa L onpenenéH conpsiEHHBIN oniepaTop

L*
2 -
Lo = z 0%[a;j(x)g(x)] z 91bi(x)g ()]

dx;0x; : 0x;
l

Teopema 3. Hycmb (¢:;(w),P,) - oupgysuonnviii npoyecc c
npousgoosiuwum onepamopom L. [Ipednonosxcum, umo niomuocms
geposmHocmell  nepexooa 001a0aem  HeNnpepulBHLIMU — YACMHbIMU
NPOU3BOOHBLMU NEPEO20 NOPAOKA NO t U NEPEbIX O8YX NOPAOKILE NO Y, V;.
To20a nepexoouas nIOMHOCHb YOOBLEMBOPAEM YPAGHEHUIO:

ap(t,x,y) 0%[a;; (L, x, )]
ZZ

ot dy;0y;
[b Wp(t x,y)]
- Z . )
. Yi
op % l
un - = Lyp.

VYpaBHeHue (2) Ha3bIBaeTCsl mpsamwvim ypasHeHuem Konamozoposa unu
ypasnernuem Dokkepa-Ilhanka.

Jns HeomHOpOAHOTO 1O BpeMeHu npouecca (&, P ;) MOXKHO J10Ka3aTh
ananoru teopem 2 u 3. YpaBHenus (1) u (2) npu 3TOM NPUHUMAIOT
CIEIYIOIINN BUJL;



op(s,t,x,y)
- ds
1 0%p(s,t,x,y)
- Ez @ij(s,x) 0x;0x;
+Zb (5. x ap(s t,x, y) (1)
op(s,t,x,y)
ot
262 [a;j(t, Y)p(s, t,x,¥)]
2 dy;0y;
_ Z [b (&, yp(s,t,x,y)] 2"
dy;

i
C Touku 3peHus teopuu auddepeHInaIbHbIX YpaBHEHUM ypaBHEHUE
(1') o3Hawaer, 4YTO IJIOTHOCTH BEPOSITHOCTEM TEpexoJa €cCTh

dynoamenmanvnoe pewrenue napadOINYECKOr0 YPaBHEHUS

ou(s,t,x, 1 2%u(s,t,x, au s, t, X,
( y) N Ez ai; (5, %) ( y) z bi(s,x ( y)
i,j

ds dx;0x; 0x;

=0
Onpenenenune 4. dyHaaMeHTaATbHBIM penieHUEM  ypaBHeHus (1')
Ha30BEéM GyHKIMIO P(S,t,%,y),s < t,x € R,y € R%, co cnemyrommmu
CBOMCTBAMU:
1. ®ynkmus p(s,t,x,y) B obmactu {0 <s<t<T,x € R%y € R}
HEeTMpephIBHA 10 COBOKYIHOCTU TEPEMEHHBIX S, t, X,V BMECTe C
I U I'
Gxox, At yAOBJIETBOpsAET ypaBHeHuto (1') mo
NepeMEeHHbIM X, S TIpu (uKcupoBaHHBIX t,y. [Ipu 3TOM GyHKIHSA
p(s,t,x,y) orpaHuueHa BO BCSKOH obOmacth t—s+ |y —x| =6,
rae 6 > 0.
2. Jlna moGoii HempephlBHON 1 orpanmdenHoil B RY gynkmn ¢(y) n

uIs MoObIX xeR® |t € [0, T] BBIMOTHSACTCS COOTHOIIICHUE

IMPON3BOAHBIMHA



limseo [ PG.6% YWY = 960,
Rd
NpUYEM CTPEMJIEHHE K NPEAETy PaBHOMEPHO OTHOCHUTEIBHO X BO
BCSIKOM OrpaHMYEHHOM 00aCTH €ro H3MeHeH s B pocTpaHcTee R,
[IpocTeitmmii npumep GyHAAMEHTATBLHOTO PEIICHUS

1 _ly—x]?
p(s,t,x,y) = e 2(t-s),
V2m(t —s)
BaXHOCTh MOHATHS (PYHIAMEHTAILHOTO PEILIEHUsT OOYCIOBIIEHA TEM,

YTO C €ro MOMOIIBbI0 MOXXHO TMPEICTaBUTh pelieHue 3anaun Ko as
paccMaTpuBaeMOro napadboaInyecKoro ypaBHEHUsI, @ UMEHHO:

u(s,x) = fp(s, t,x,y)f(y)dy,s <t,

CIMHCTBEHHOE OTpaHWYEHHOE pemieHne 3amadn Ko TSI
paccMaTpruBaeMoOro mapaboIMYecKOro ypaBHEHUS C «KOHCUYHBIMY
ycaoeueM  u(t_,x) = f(x). Kpome Toro, Haiitu ¢yHIaMeHTAIbHOE
pelieHne - 3HaYUT HAWTH MEePEeXOJAHYI0 TUIOTHOCTh COOTBETCTBYIOIIETO
mudy3noHHOTO mMpolrecca. B 3ToOM Kypce MBI pacCMOTPUM — METOJT
HaXOXJICHUsI (PyHIAMEHTAJIBLHOTO PEIICHUS, TIPEIIOKEHHBIN 0oee cTa
ner Ha3azn E.E. Levi (2007, pycckuii nmepeBoa: YMH, seim. VIII, 1940,
249-292). Msl paccMOTpUM CHadalla KJIACCUYECKUN BapHaHT 3TOTO
METOJa B TOM BHJIE, Kak ero npemioxun cam E. JleBu, 3arem
paccMOTpuUM MOAMGHUKAIIMIO 3TOT0 METOoJa, MpPeIIoKEeHHYI0 Mak
Kunom u 3unrepom (1967). Merox mapamerpukca B popme Mak Kuna u
3uHTepa 3aMeuaresieH TEeM, YTO JONMyCKaeT JHCKPETHYIO BEPCHIO H
MO3BOJIICT Pa3BUTh HOBBIM METOJ MOYUYCHUS JIOKATBHBIX MPEISTbHBIX
TEOPEM O CXOAUMOCTH TOCIEI0BATEILHOCTH MAapKOBCKUX IIEMed K

nudby3noHHOMY TIPOIIECCY.




