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B 1934 rony A.H. KonMoropoB omyOiauMKoBal CTaThio, B KOTOPOU
paccMOTpEI CIEAYIONYI0 ABYMEpHYI0 cuctemy CJ/Y
X270 = x 4 b(t —s) + CR)YZ(W, — W)
t

1
e — o 4 j X5E) gy D

t

S
(3mece b € Ru k € R, noctosiueie). HeTpynHo  BuaeTh, dYTO

s,(, s,(%, N
(Xt( Y ),Yt (xy )) — TayCCOBCKHMH MPOILECC, MEPEXOHAS IUIOTHOCTb
KOTOPOTO Jaétcst hOpMYyIIoi:
V3

ﬁ(sr t, (x;y); (x’:y’)) = Zﬂk(t — S)Z X

' 2
X

, +
l/ |x'—x—b(t—8)|2 B‘y—y— Zx(t_s) |
Pl T kt—s) k(t — 5)° /

(2)
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[Tpsimoii MPOBEPKOI HETPYAHO YOEIUTHCS, UTO P (S, t,(x,y), (x ; y))

ABJISIETCS PyHIAMEHTAIBHBIM PEIICHUEM OOpaTHOTO YpaBHEHUS
Komnmoroposa

aﬁ (S, t; (X, y)' (x" y'))
B ds
= [kaggx + bax + xay]f)' (S; t, (.X', y); (x” y,))

3agaya 6. BeINOJHUTH 3Ty IPOBEPKY.
3ameuanue 1. HerpyaHo Ttakke BHUAETh, 4TO dopmyrna (2) ocTtaércs

CIpaBEeJIUBOM U B Ciyyae: (Xf’(x’y),YtS’(x'y)) ERYxR%d>1. B
ATOM ClIydae MPOU3BOAIINN OTIEPATOP UMEET BUJ
Lx =k Z?Zl a)%ixi + 2?21 biaxl- + Zid=1xiayi'

OTMeTUM  HEKOTOpbIE  3amMeyaTelbHbIE  CBOHCTBA  CHCTEMBI
Konmoroposa (1). Bo-mepBbeiX, HECMOTpPsS Ha BBIPOKICHHOCTD
CHUCTEMBI (BTOpO€ YypaBHCHHE HE COJEPKHUT OpPOYHOBCKOM
KOMIIOHEHTBI),  TMEpexoAHas IUIOTHOCTb CYIIECTBYeT U JaéTcs
dbopmyroit (2). Bo-BTOPHIX, BBIPOKIACHHOCTh CHCTEMBI NMPUBOJIUT K
TOMY, 4YTO TIEpBas W BTOpas KOMIIOHEHTBHI <CKMBYT» B Pa3HBIX
BPEMEHHBIX IIKaJIaX: TEpBas KOMIOHEHTA «KUBET» B XapaKTEpHOUH
ms  GPOYHOBCKOTO mBWXeHms mkane (t—s)/?, a Bropas
KOMITOHEHTa, OyJAy4d WHTETPAJIOM OT MEPBON KOMITOHECHTHI, <GKHUBETY
B mkane (t— s)3/2. 1, HakoHell, TpeThe BaXXHOE CBOMCTBO COCTONT B
TOM, 4YTO W3-3a HEOTPAaHWYECHHOCTH KOIPDHUIIMEHTA MpH dy

(cmaraemoe X0, B IPOM3BOJIAIIEM ONEPATOPE) MPOUCXOIUT MEPEHOC

s,(x,
HAa4YaJIbHOI'O YCJ'IOBI/IH X BO BTOpYIO KOMHOHCHTy Yt ( y), TO €CThH

2
s,(xy) _ (t—s)

EY; —y+x(t—s)+bT

OKOHYATENBHOE BRIPAXKEHHE IS IIJIOTHOCTH ITOJTyYaeTCs ¢ YIETOM

TOXKIECTBA

4 ' x'+x t—S ,
y —EYS OV =y —y-— =9+ (x —EXtS'(x'y))_

CeMelicTBO TIOTHOCTEH (2) 00J1amaeT moqyrpyninoBbIM CBOHCTBOM:

ﬁ(sr U, (x' }’)» (W; Z)) = J ﬁ(S, L, (x, y), (x',y')) X

RAxR4
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p (t, v, (x,y), W, z)) dx'dy.
Pa6ora KommoropoBa mociayxuia TOJIYKOM K MHOTOYHCICHHBIM
UCCJICI0OBaHUAM, TaK Ha3bIBaEMbIX, ypaBHeHUN «Tuna Kommoroposay.
Haunbonee oOmiast Mojienib, KOTOpasi MO3BOJISIET OCTABATHCS B paMKax
rayCCOBCKUX TpaHUIl I TMEPEeXOJHOW IUIOTHOCTH, PAacCMOTpPEHA B
padore F. Delarue u S. Menozzi (2010). Ona umeeT BUA:

dXijil = Fl(t; Xi;l; ;th)dt + O-(t, Xt1, JXZ'I)th;
dX? = F,(t, X%, ..., X)dt,
dX3 = F;(t, X2, ..., X)dt,

dX! = E,(t, X1, XMdt
(3)
3nece W, - d - MmepHOE OpOYHOBCKOE ABMKEHUE, KOKABIM MPOIIECC
(th)t>0 , 1 < i < n, Takxke NpUHUMAECT 3HAYCHUS B R<, s

YHPOICHUS U3JIOKCHUSI MbI OI'PAaHUYNUMCS OAHOPOAHBIM ClIydacM
I N = 2, TO €CTb PACCMOTPUM OJHOPOAHYIO CHUCTCMY
t

t
X! =1+ f b(XL, X2) ds + f o (X1, X2) dW,
0

0
t

X2 =2, + j F(X1X2) ds. @

0
Cucrema (4) MmoxeT ObITh 3allMCaHa B CTAHIAPTHOM BHUJIE

dXt == F(Xt)dt + BO-(Xt)th,XO = X, (5)

I
rne F = (b,F)* € R?* B = <0d> — 2d X d matpunia. OTHOCUTEIHLHO
d

CUCTEMBI (D) cAenaeM CIEaYIONIHNe MTPEAIONI0KECHUS:

(R —n): ®yukiuu b, F  yIOBIETBOPSIOT IIOOATBHOMY YCIIOBHUIO
Jlunmuiia, a ¢QyHKUOUS o0 yAOBIETBOpsieT ycioBuio ['émpaepa c
nokazaresaeM 711 € (0,1] ¢ MOJIOKUTENBEHOM KOHCTAHTOM K.

(UE): CymectByer A > 1,V x € R?%,§ € R4, A7 1|§)%2 <

(a(x)§,§) < A[€1%, tre a(x) = o (x)a™ (x).
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(ND-n): Ortobpaxenne x' € R% w» F(x!,x?) € R? HenpepbIBHO
nudbepeHImpyeMo, ero MaTpyIla YaCTHBIX MIPOU3BOAHBIX X1 € R4 ws
D,1F(x!,x?) € R ® R ynopnerBopsieT (IIOIEMEHTHO) YCIOBHIO
I'énpaepa no nepemensoii x1 ¢ mokasarenem n € (0,1] u xKoHCTaHTOI
k. CymecTByeT samknymoe evinykioe MHOKeCTBO &€ C GLg4(R)
(GL4(R) - MHOXXECTBO BEIIECTBEHHO3HAYHBIX, oopamumbix d X d —
MaTpull) Takoe, 4To mis Bcex x1 € R?  wmarpuna D,1F(x1,x?)
NPUHAICKUT MHOKeCTBY €. Hampumep, € MokeT OBbITh 3aMKHYTHIM
mrapom B GL4(R).
[Mpexne yem o6cyxmath BiaekyT i runore3sl (R — 1), (UE) u (ND-n)
CYIIICCTBOBAHHE U €IUHCTBCHHOCTH pellicHus ypaBHeHus (5), HATOMHUM
HECKOJIBKO ~ OIPENCICHHUH, HEOOXOAMMBIX HaM JUIS JalibHEHIIero
U3JI0XKCHUS.
Onpenenenne 5. Peuenue ypasnenus (5)- omo napa aoanmuposanivix
npoyeccos (X;, W), onpedenénnvix na 6eposmmuocmmuom npocmpancmee
¢ punempayueti (2, F, (F;), P) u maxux, umo
(i) W, — cmanoapmnoe (F;) - bpoynosckoe osudicenue;
(i) X; nenpepwisen, u ons kaxcoozo t = 0
t t
X, =X, + j F(X,)ds + j Bo(X,)dW, P —n.n.

0 0
Onpenenenune 6. Pewenue (Xq, W;) nazvisaiom cunbnblm pewienuem,
eciu X; adanmuposan K puirvmpauuu (.‘7' '{V), mo ecmuv hurbmpayuu
W, nonoanennou omnocumenvho P.
Onpenenenne 7. Pewenue (X,W), ne sersoweecsi cCuibHbiM
peuteHuem, Ha3vl8aom CaadblmM peuieHuem.
Onpenenenue 8. [osopsam, umo 0a1 ypasHeHus (D) umeem mecmo
COUHCMBEHHOCHb no pacnpeoenenuio (unu craoasn
eouncmeennocms), eciu 0is nobvix 08yx peutenuti (X, W) u ()7, W)
(komopble  Mo2ym — Oblmb  OnpeoesieHbl  0adxce HA  PA3HbIX
seposimuocmuulx npocmpancmeax ¢ gurompayuimu (2, F, (F:), P) u
0, F (TL:), P")) ¢ oounakosvimu HawanvHviMu ycarosusamu Xg =
Xo = x 3axonuv pacnpedenenus X u X cosnadaiom.
Omnpenenenne 9. [osopsm, umo 0ns ypaeuenus (5) umeem mecmo
nompaekmopHasn €OUHCMBEHHOCM (unu CUIbHAA
eOuHCmeeHHocme), eciiu 01 atodwvlx 08yx peurernuii (X, W) u (f(, VT/'),
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ONpeoeNéHHbIX HA 0OHOM 8epPOSIMHOCHHOM NPOCMPAHCMEE U MAKUX,
umo Xog=Xo=x, X u X wuepazmuuumor (m.e. nompaexmopno
P — n.u. cosnaoarom).

[Mpu chopmymupoBanusix yeaoBussx (R —mn), (UE) u (ND-n)
ypaBHeHHE (5) MMeeT eIMHCTBEHHOe c¢Jabdoe pemieHue. OTOT
pe3yibTaT ObUT HEIaBHO J0Ka3aH B pabore S. Menozzi (2011). Hac
OyJleT MHTEpPECOBATh BOIIPOC O CYIIECTBOBAHUU TJIAIKON MEPEXOTHOM
IJIOTHOCTU y 3TOro pemieHus. B ciydae, koraa kod)PUIIMEHTHI
ypaBHeHus (5) OeckoHeuHo guddepeHIupyemMbl W UMEIOT
OTpaHWYEHHBIE TTPOU3BOJIHBIE BCEX MOPSAKOB, OTBET NAaETCS TEOpUEH
Xépmannmepa. Ha  kosdduimeHTsl  ypaBHEHHUS  NpPU  ITOM
HAKJIaJIbIBAIOTCS.  yCJIOBHS ~ HEBBIPOXKJICHHOCTHU XépMmangepa,
rapaHTUPYIOLIUE CYILIECTBOBAHUE TIJAAKOU IUIOTHOCTU. llepentu K
kodpdunmentam  kimacca C*  MOXHO, HalpuMep, CBEPHYB

2
K03 buueHTsl ¢ Qyukumein @, (x) = (Zﬂ)_d/zg_d/z exp (_ %)’

TO €CTh, MMEPEH/Is K CrIIaKEHHBIM KO3 QHIMeHTaM
bo(x) = j 0o (x — )b dy, F.(x) = j 0. (x — YF(dy,

0:(x) = [ @ (x —y)o(y)dy, x,y € R*?. (6)
N3 ycaosuit (R—n) wu (UE) cnemyer, uro criakeHHBIC
K03 dUIMeHTh TpuHaIIeKaT Kiaccy C” U MMEIOT OrpaHUYCHHBIC
IIPOM3BOJIHBIE BceX TopsakoB. [lokakeMm Termepsb, uto cuctema (5)
YAOBJIETBOPSAET «ciaabomy» ycinoBuro XépMmanaepa. Hamomuum
cHauaja ompeneneHue ckoOku IlyaccoHa AByX BEKTOPHBIX IOJIEH.

ITyctp
X—z 02 Y—Zb I
= . a;(x 9%, = _ j(x)ax]
L j

Tapa BeKTOPHBIX mouieii knacca C* Ha R%. Torma s rnamkoit
byHkIMM f uMeeMm:

db; 0
XYj = X(zb (x)—) - z laxl f aib; dx;0x; ax

Lj
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YXf = Y(E a;(x) —) - z bla_xl_ T Z bj ax]axl

[ToaTomy pazHocth XY f — YXf cHoOBa SBIs€TCS BEKTOPHBIM MOJIEM

~ ob;  da;\| of
XYf—YXf—Z Z( ¥ b"a_xl) o (7)

Omnpenenenne 10. Bekropuoe mone XY — YX Ha3zwsiBaeTcsa ckoOKot
Ilyaccona BekTopHBIX moneii X u Y u obosnavaercs [X,Y].
OueBuano, none [X,Y] Taxxke kmacca C*. B nanbHelmeMm, eciad He
OTOBOPEHO MIPOTHUBHOE, MBI OyJIeM paccMaTPUBATh CTIIAKCHHBIC MOJIA.
UTo0OBI HE YCIOXKHATH 0003HAUCHUS, HIDKHUM WHACKC & MBI Oyaem
onyckarb. IIpousBomsmuii oreparop, COOTBETCTBYIOLIUN CHUCTEME
(5), moxer 6BITL 3aIlicaH B BUJIC

L, ZZaU(x) 161+Zb(x) +iFi(x)aa—2,
i=1 '

i,j=1
roe x = (x,x?) € R% x R%.
3amauya /. [IpoBepuTh, 4TO ITOT K€ ONEPATOP MOXKHO 3aIUCATh B
dbopme XEpmaHaepa Kak «CyMMY KBaJIpaTOBY:

d
1 2
Jj=1

IJ1€ BEKTOPHBIE 110/ Aj M B OTIPEAENAIOTCA CIIEYIOIMM 00pa3oM
d

0 : 0
Aj = zaij(x)a_xil' B = be(x)a_}

i=1 =1 i=1
d

(Tr(a(x)Va (x)))

dx 1'
=

rae yepe3 Voj.(x) obosnayena d X d — marpuna, i — blii cTONOEN

KOTOpOil ~ paBeH BeKTopy rpammeHta ¢yHkmmn oj;(x',x%) 1o

MepeMEHHBIM X 1:
V0.0 = V103 (®) o Vy0a()].
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PaccMoTpuM BEKTOp - CTOJIOIBI, COOTBETCTBYIOIIME KOOpJAUHATAM
BBEJIEHHBIX BBIIIE BEKTOPHBIX 10JeH A; 1 B B 6asuce npocTpaHcTBa

y o 2 0 9]
R ) T.C. B 6aSI/ICe {axi_} =) axcli’ ax% [ axtzi} '
Oij(x)
O4i\X :
A](x) — d]( ) ,] = 1, ",’d, (8)

¥

( by (x) — %Tr(.a(x)Vq.(x))\

B(x) = | ba(®) =3 Tr(a(x)Vou.(x))
F (x)

\ R /

Ycenosust (UE) m (ND-1) BiekyT «cinaboe» (To eCTh HE coepiKaliee
cko0Ook Ilyaccona Buna [4;, A;] ) ycnosue Xépmanzepa:

(H,): Vx € R%@

Span {A; (x), ..., Aq(x), [A1(x), B(x)], ..., [Aq (x), B(x)]} = R*%,

rae [A;(x),B(x)],i=1,...,d, - ckooku ITyaccoHa BEKTOPHBIX IOJIEi
A;(x) u B(x).

Jlemma 9. Ilycmo evinonnenwvt yciosus (UE) wu (ND-n). Tocoa
guinoaneno «ciaboey ycarosue Xépmanoepa (Hy,).

Loxazamenvcmeo. Ilpumensia popmyiy (7) 1Jist BBIMUCIEHUS CKOOKH
[A;(x), B(x)], moiy4um, 4T0 KOOPAMHATBI BEKTOPHOTO TIOJIS

[A;(x), B(x)] B 6a3uce { o o

T, -, =5 ( UMCIKOT B
ax}’ ’6x(21} a

*

[4;00, BG)] = ((Dxlp@) U_j>,j =1,..,d O
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3nech 3HAKOM % 0003HA4YEH BEKTOP MEPBBIX d KOOPIAWMHAT, TOYHOE
BBIPOKEHME HETPYIHO BBIITMCATh, HO OHO HaM HE NOHAN00MUTC, a 0. —

j —bliii cronben; MaTpuibl 0(x). YTBEpKACHUE JIEMMBI TEIEPh JIETKO
cienyet u3 yeaopuii (UE), (ND-n), (8) u (9).
Cy1miecTBOBaHHE | TJIAJAKOCTh TEPEXOJHOW IIJIOTHOCTH PEIISHUS
cucteMbl (4) co crnaxeHHbIMU Ko dunirieHTamu (6) ciaeayer Tenepb
u3 JleMMbl 9 1 ciienyroiei TeopeMBI.
Teopema (D. Nualart, 2006, Teopema 2.3.3, cTp. 133).
IIpeononoorcum, umo Xy = (Xg,th), t > 0, pewenue cucmemst (4) ¢
beckoneuno ouggepenyupyemvimu KO3 puyuenmamu, UMerouuUMU
O2panuueHHble NPoU3800Hble 8cex Nopsaokos. Ilycme 6b1noaHeHO
yenosue Xepmanoepa (Hy,). Tocoa ons moboeo t > 0 cruyuatinotii
gexmop (X}, X?) umeem 6eckoneuno oughgepenyupyemyro
NJIOMHOCHb.
CaencrBue. I[lycmo svinoanenst ycnosus (R —n), (UE) u (ND-n).
Tozoa pewenue (X, X?) — cucmemor (4) co cenascennvimu
Koagpuyuenmamu (6) umeem 6beckoneuno Ougghepenyupyemyio
nepexooHy10 NJIOMHOCMb.
Ba)kHbI YacTHBIHA caydail cucteMsl (4) — oto cnyuaii F(X1) = X1

t t
Xt =x, + j b(X1, X2)ds + f (X2, X2)dW,,
0

0
t

X2 =x,+ szlds. (10)
0

[IpuBenéM HECKOIBKO MPUMEPOB, B KOTOPHIX BO3HHUKAIOT CHCTEMBI
Buga (10). B ¢uHaHCOBON MaremaTWke, KOTJa paccMaTPHBAIOT
ONIIMOHBI A3WATCKOTO THIIA, TO €CTh OIIHMOHBI, II€Ha HMCIOJHCHHS
KOTOPBIX OMPEAEIAeTCsS CPETHEH CTOMMOCTBIO aKTUBOB Ha TIEPHO]T €TI0
neiictus, X; mpexacTaBiseT coboil AMHAMUKY 0a30BBIX aKTUBOB
(underlying assets), a unTerpan or HuX, X7 , BXOZUT B (YHKIHIO
Beimiat. K cucremam Buaa (10) oTHocsTCs Takke 0OOOIIEHUS
['aMUJIBTOHOBBIX CHUCTEM — TaK Ha3bIBaEMbIE cCmoXacmuieckue
L'amunomonosor cucmemur (V. Kolokoltsov, 1996). [Ins ¢yHkmn

2
lamuasTona H(x,y) sBuga H(x,y) = V(y) + %, rae V- norenmuan,
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|x|? . .
—,~ TKMHETHYeCKas OSHEPrHs 4YacTHIbl C eIMHMYHOH MAacCom,

COOTBETCTBYIOIIIAsl CTOXacTU4ueckas | aMHIBTOHOBA CHUCTEMa HMMEET
BUJI

oH
dX; = —@(th) — c(XH)aw,

oH(XH

t
dX} = ——=dt,

dx
TO €CTb SIBJIICTCS YaCTHBIM ciiydaeM cuctembl (10) ¢
1
1 y2) — 2 1 y2) — 2y OH(Xs) _ y1

b(Xs,Xs$) = _ayV(Xs ), 0(X5,X5) = —c(X$), P Xs.
Cucrembr Bujga (10) Bo3HHKAOT TaKX€ TpPU  ONHCAHUU
CTOXACTHYECKUX KMHEMATHYEeCKMX Mojeleil, IJe KOMIOHeHTa X
COOTBETCTBYET CKOPOCTH UacTUIIbl, a KOMIOHeHTa X7 — eé

ITOJIOKCHUIO.



