I'maBa 2

Anrebpanmieckass He3aBICHMOCTD
3naveHunii E-dpynkmomii.

Jlekmnua 2

DkcnonennmasbHasg GyHknusa e ecrb pemenne jauddepeHnuajbHOr0 ypaBaenus y' = .
OcHOBHOIT pe3y/abTar BTOpO#l TyaBbl 0600maer teopemy Jlmugemana - Beitepmrpacca Ha 1e-
qbie (DYHKIHUW, YIOBIETBOPSIONINE TTPOU3BOJBLHBIM JUHEHHBIM udbepeHImaibHbiM Y paBHe-
HusiM ¢ Kodddurmenramu u3 C(z). JonosHurenpHo, paccMaTpuBaeMbie (DYHKIUH JIOJKHBL
001a/1aTh HEKOTOPHIMH apudMeTHIeCKUMI CBONCTBAMH, YTO JIEJAIOT MX MOXOXKHMH B OTIpe-
JIEJIEHHOM CMBICJIe Ha €°. DTOoT Kjaacc (PYHKIMA, oHE HocAT HaszBaHue E-yHKIuu, ObLT BBe-
nen B 1929r. K.3uresem, KOTOPOMY yIaJI0Ch HCCJIEI0BATH 3HaYeHus E-(QyHKINA, yI0BIETBO-
PAIAX JTHHEHHBIM AudpepeHrnaaIbHbIM yPABHEHUSAM BTOPOTO TOPSIKA, WJIH COBOKYITHOCTSIM
TaKWX ypaBHeHUi. B momHOIT OOITHOCTH COOTBETCTBYIONIUi pe3ysbTaT OBLI J0Ka3aH B 1955r.
A.B.IITunnoBckum.

2.1 E-dyHKIIUU 1 UX OCHOBHBIE CBOIICTBA.

Caemytorniee onpejiesenne 0bLI0 Ipeiozkeno B 1929r. K.3urenem.

Onpenenenue 1. Anarumuveckan Gyrruus

00 o
f(Z) = Z Cnm (21)
n=0
HA3BLBAEINCA E—gﬁgﬂmuueﬁ, ecAU

1. sce Koapuyuernmuos c, codepotcamesa 6 Hekomopom noase anzebpauveckur wuces K, ume-
0WEM KOHEYHYIO CMENEeHD;

2. npu a0b60m € >0 un — 00 CNPaBEdIUBH OUEHKA
|cn] = O(n™"),

2de, xax u 6 Lnase 1, cumeon |a| obosnauwaem marcumym mooyrets wucen, CONPANCEHHHL
c a;



3. npu mobom € > 0 cywecmeyem nocaedosamesvbHOCMb HAMYPAAOHULET YUCEA (1,2, - - -
qn = O(n°"), maxas, wmo npu 6cex N UMEem Mecmo BKAOUEHUE

QTLCjGZK7 OS]S”

DKcIoHeHnHaaIbHag MYHKIUA €°, KOHeUHO, aBisdercs E-pynkmueii. JIroboit MHOrodwIeH ¢ aJ-
rebpanydeckuMu Ko3pduimenTaMn Tak:ke IpuHaIIeKUT K Kiaaccy E-dyukmmit. UyTh mo3ke Mbl
npuseeM u apyrue npumMepsl. Ceffgac ke OTMETHM HEKOTOPBIE CBOCTBA Kiiacca E-dynkimii,
[0JIe3HbIe, B YaCTHOCTH, W JJisi KOHCTPYKIIMA HOBBIX HpuMepoB. 3 ompesenenus cpasy zxe
caeayerT, 94To Kaxjaasg E-pynknus apisercs mesoi pyHKIUEN.

Jlemma 1. 1. Cosoxynnocmv E-pynkuud obpasyem Koabyo 0mHOCUmMesbHo
00BIYHBLT ONEPAUUT CAONHCERUA U YMHONMCERUA. OHo 6 darvHelwem bydem 0003HA4AMBCA
byxeoti E.

2. Koavuo E samxnymo omuocumenvho onepayuti dud@eperyuposatus u uHmezpuposaHus
6 npedeaax om 0 do z.

3. Ecau dynryua (2.1) npunadaescum x koavyy E-dynkuyud u nocaedosamenvrocms 7y, €
K,n > 0, ydosaemsopsem ycrosusam 2 u 8 onpedesenus E-pynxuyuu, mo dynxyus

oo Zn
g(Z) = chfynﬁ
n=0 ’

maxorce aeasemca E-dynkuuetd. B wacmmuocmu, npu A1000M aA2e0DAUNECKOM O UMEEM

f(az) € E.

B wacrHOCTH, U3 3TOH JIEeMMBI CJIe/IyeT, 9T0 (PYHKIUN

) eiz - efiz eiz + efiz
smz —= —————, COSZ = ———
21 2

HPUHAIEKAT K KOJIbIY E-byHKImii.

Hoxasamenvcmeo. 1lyctnb

> n > n

2 2

u(z) = E an—, v(z) = E bn—
n! n!

- nBe E-dyukiuu. He ymenbImast 0OIIHOCTH MOXKHO CUMTATh, YTO KOHedIHOe pacimupenne K O Q
COJEPKUT KaK Bce KOIPMPUIIMEHTHI a,,, TaK u Bce Kodhpdunuentst b,. [lycts € - mpouspobnoe
HOJIOXKHUTEIbHOE YHCaI0. Torma cormacHo omnpeneneHnio E-QyHKIME cylmecTByeT MOCTOSHHAS
k1 = k1(ge) > 0 Takag, 4To

lan] < 10", [by] < Kan®, (2.2)

Kpome Toro cyImecTByoT MOCae0BaATENbHOCTD EIbIX YHCET ¢, W MOCTOSTHHAS Ko = Ka(g) > 0
C YCJIOBHEM

QHa‘kEZKu ankGZK; n2070§k§n;
0<q, < Kkon™



[Toab3ydch Tenepb OHEHKAMU JIJIs CYMMBbI CONPSAYKEHHBIX YHCeJI, HAXOMUM
la, £ b,] <2610, gulap £ bi) € Zx, 0<k<n.

DTO TOKA3BIBAET, YTO (DYHKIINH u( ) + v( ) TakxKe NPHHAJIENKAT K KIAcCy E-dyuxrmit.

n
Umeem upejcrasienue u(z ch o rae ¢, = Z I apbn_i. TlosTomy
k=0

2en 2 2 2€n
‘Cn’ < R3n ) q,Cn c ZK? qn < Ko

B cuity npou3BOIBHOCTH € TOCIeJHAEe HEPABEHCTBA 03HAYAIOT, 4TO DYyHKIM u(2)v(2) aBaseTcs
E-dyunknueit. 91um 3aBeprnaercs 10Ka3aTeTbCTBO MYHKTa 1 JeMMbl 2.1.

Jlist jokazareibCrBa MyHKTa 2 3aMeTuM, 410 jiist E-pyukuun f(z), onpepeseHHol psijom
(2.1), cupaBeIuBbI paBeHCTBA

OO [e.9]

e =Y ey [ o =3

n=0 =

Tenepb HyzKHOE YTBEPZKJICHUE MTOTYYAETCS C TOMOIIBIO TPUBUAIBHBIX OIECHOK.
JlokazaTeabCTBO IMYHKTA 3 TaKzKe ITPOBOJUTCS C IMTOMOIIBIO HECJIOKHBIX OIEHOK U OCTaBJIS-
eTCcd B Ka4eCTBe YIpPaKHEHUS. [

2.2 TI'mnepreomerpmyieckue E-dbyHKmnm.

J11s1 mocTpoernst HOBBIX mpuMepoB E-byHKimil Ha 1 moHAI00UTCS CIeIyIoNee BCIIOMOTaTeIbHOe
yrBepxkaenue. B ero dbopmMyauposke ucnosbdyercs obosnadenue (), = al(a+1) - (a+k—1),
k>1,u(a)=1.

Jlemma 2. ITyemo o, 5 € Q, 6 #0,—1,—-2,.... Oboznauum

_ ()
S=p), ket

ud, € Z,d, >0 - obwud snamenamennv wucea &1, --- ,&,. To2da cywecmesyrom nososcumens-
HOLE YUCAG Y1, Y2, 3ABUCAULUE TMOABKO OM & U B maKue, 4mo

1Ea] < e d, < e daa n> 1.

Joxazameavemeo. 1lyctb k > ng T11e ng - HaUMeHbIIIee TeI0e, YI0BJIeTBOPSIONee HEPABEHCTBY
no > |a| 4+ 2|5|. Torpa nis Beex k > ng cpapBejIiBbl HEPABEHCTBA

a+k
B+ k

€k+1

&k

DTO O3HAYAET, UTO JIJIsT BCEX N > Ny CIIPABEJINBHI HEPABEHCTBA

<2

[ &n | <| &y [ 2777,

JTOKA3BIBAIOIIIE BEPXHIOIO ONEHKY s | &, |.



Hycts a = ¢,8= 4, tae b>0,d > 0wu (a,b) = (c,d) = 1. Torna

d*a(a+0b)---(a+ (k—1)b)  d*M,
Vec(c4d)---(c+ (k—1)d) — bEN,’
rae Ny =c(c+d)---(c+ (k—1)d).

st kazkaoro menoro N 6yaem 0603HAIATh CEMBOJIOM 1, (IN) KPATHOCTB, ¢ KOTOPOIl HpocToe
YUCI0 P BXOIUT B pazioxkenue N Ha TPOCTbIE COMHOKUTETH. DTO 0003HAUEHNE €CTeCTBEHHBIM

&k =

CII0cODOM PACIIPOCTPAHSAECTCA Ha PalroOHAJIbHbIE dncaa N.
ITycte N = uy -+ -up,up € Z, 1 s, 00O3HAYAET KOJUYECTBO coMHOKuTeReit uj, 1 < j < F,
nensiiuxcst wHa p',r > 1. Torma

Vp(N) = (51— 52) +2(s2 — 53) +3(s3 —84) + - =851+ 53+ -~

Ecmu p 1 d, To mo6oe Muao)ecTBO U3 p mesbix guces v,v +d, ..., v+ (p" — 1)d comepxkur
eIMHCTBEHHOE UNCI0, nendmeecd Ha p'. [lostomy a1 Nj, copaBelnBLI HepaBeHCTBA

k k

" §5r§1+ _

P "
u s, =0, eciu p" > || + kd.

Orcrona umeem

1 kd

Nk<2[ } [M} k> 1. (2.3)
i>1 logp

DTO HEPABEHCTBO, KOHEYHO, BBHIIOIHACTCA U I IIPOCTBIX YHCEJ P, JEJSIIuX d.
Te xe coobpazkeHnus: MOKA3BIBAIOT, UTO TPU P { b CIIPaBEJINBO HEPABEHCTBO

(M) =) {q . k>1. (2.4)

i>1 LP '
PaccMorpuM oT/iesibHO JBa ciydasi. Eeau p | b, To
vp(&k) = —1p(0") — vp(Ny) >

Kk [log(] c| +kd) ok (b) — log(| ¢ | +kd)
—kuy(b) — ;pi [—bgp } > —2kw,(b) [—bgp } . (2.5)

Ecau e p 1 b, 1o coracno (2.3) u (2.4) nmeem

(2.6)

(60 2 (M) = (V) 2 — | PELEDERD,

log p

Obo3HaTIM
9 log(|c\+nd
— p2n H p oz p .
p<|el+nd
Torpma g, - HaTypaiabHOe 4ucyio, u u3 (2.5), (2.6) cuenyer, uro ¢,&, € Z. Tak Kak npu 3T0M
Gn | Gna1, 3axiouaem, uro ¢, € Z aus 0 < k < n. Teopema Hebblesa 06 OlEHKe KOJIMIECTBA
MPOCTHIX IUCES yTBEPZKAAET, UTO

m(z) = Zl = O(lozx)'



[TosTomy
G < B H (| c| +nd) < ",

p<|cl+nd

1 9TO 3aBepIIaeT J0Ka3aTebCcTBO JleMMbr 2.2. O

JIexkiuga 3

Chenytomag JiemMa Oblia jJoKa3aHa B KOHIE MPONLIOH Jeknuu. B eé dpopMmyaupoBke uc-
nosb3yercs obosuadenwe (o) = a(a+1)---(a+k—1),k>1,u (a)y = 1.

Jlemma 3. Ilycmo o, 5 € Q, 0 #0,—1,—-2,.... Oboznauum

(@)
b= k> 1
(B)x
ud, € Z,d, >0 - obwud snamenamenv wucen 1, --- ,&,. Toeda cywecmsyrom nososxcumens-

HOLE YUCAA Y1, Y2, 3GBUCAULUE MOALKO OM . U 3 MaKue, 4mo
€] < e d, < e daa n> 1.
PacemorpuMm teneps 0000IEHHYIO THIIEPreOMeTPHIECKYIO (DYHKIIHIO
oo

z) -y (a1),, - (ap), 2"

(b1), - (by),, !
rae ai,...,ap,b1,...,0 € C,b; #0,—-1,-2,... 10 < p < ¢. OTa QyHKIUA yIOBIETBOPLAET
nudepeHnuaIbHOMY yPaBHEHUIO

aq a
_ F ) ; Up
F(z) = ( e

q

O J[O+0b:—1) = 2] [0+ a))y =0,

i=1 i=1

e 6 = z ~. [eficrpurensio, ecim 0603HaInTh KoaddunuenTsl paia, ogpeengomero f(z),

OyKBaMu cn, T.e. TaK, 9To f(2) = D07 cuZy, TO

n

O+b,—1)f chn—irbl—l) (”+bq_1)m’

>
-
—

(0+a)f <z>=2cn<n+a1>---<n+aq>%.

.

Il
N

(2

Crenytoriee yTBepzKaenne npuHaaIekuT K.3ureo.
Jlemma 4. Ecau aq,...,ap, by,...,0,€Q, b; #0,—1,..., um=qg—p+12>0, mo pynrxyus

)

aq a
_ F ) )y Up
f(z) = ( Y

asasemes E-dynkuued.



Jloxazameavcmeo. Bocnonb3lyemcst, Kak 1 paHnee, 0003HaAYEHTAMUI

- (a1)n - (ap)n 2™" — "
f(Z) = = Cn—)

; (b1)n -+ (bg)n n! ; n!

rae
0,ecnu m 1 n,
o 9.
¢ {dk, ecan n = mk, (27)

IpHIeM

(a1)k - - (ap)s (KD (mk)!
(b -+ (bg )i (k)™

di, =

Bce oTtnomnenuns

" k)!
UMEIOT TAaKOi Ke BUJ, KaK 9HuCaa £ U3 JIEMMBI 2, & MHOKUTEIb % ecTh TeJioe YHUCJI0, Orpa-

HIYeHHOe cBepXy BemauHoil m™F. Ilo 3Toil JeMMe I IyHKTY 3 JeMMBI 1 MOXKHO yTBep:KIaTh,
[e.@] Zn
aro byukusa g(z) = E dn—‘ sapasercs E-dyukmueit. Bosee Toro, u3 geMMbl 2 caeayer, UTo
n!
n=0

C HEKOTOPOIi TIOJIOKUTENBHOM KOHCTAHTOW 1 BBINOJHAIOTCA HepaBeHeTBa |d,| < e n > 1, a

oOIIUil 3HAMEHATENb ¢, IJId ducen dy, . . ., d, TakyKe OIeHUBAETCS CBEPXY BEJHIHHOMN €72, n >
1,y > 0. U3 (2.7) cenyer Tenepn, 410 |¢,| < €M™, n > 1u g,¢; € Zg, n>1,0 < j <n. 10
3aBEPINAET JOKA3ATETHCTBO JIEMMBI. n

E-dynknun, onpenesnennbie B ieMMe 3, IPUHATO HA3BIBATH TUIepreoMerpudeckumu E-pyH-
KuusiMu. U3 joKazaresiberBa JieMMbl 3 cjejyer, uro Jyjis rakux yuxiuii onenku O(n") B
.. 2,3 oupenenennst E-byakiun MoryT 66Th 3aMerenbl Ha O(c") mpH A0CTATOYHO GOJIBINOM
IIOCTOAHHON ¢, 3aBUCHIIel OT a;, b;.

2.3 Teopema I1InajioBCKOTO M HEKOTOPHIE €€ CJIeJICTBUS.
OcHOBHOIT pe3yabrar 0 3HadYeHusX E-QyHKnmit maer caeayromas Teopema.

Teopema 1 (A.B. Hlumnosckwuit, 1955r.). ITycmo E-gynwyuu fi(2),. .., fm(z) cocmasasiom
pewenue cucmemot Aunelinuz Juddepenyuarvnos ypasrenul

Y = qro + Zijij ar;j € C(2), (2.8)
j=1

U aszebpauvecky He3asucumv, Had noaem pauuonaivnz Gynrkyut C(z). Tozda das aobozo an-
2e0PAUNECKO20 YUCAQ (v, OMAUYHOZ0 O HYAHL U 0CO0LT Mmovek cucmemst (2.8), 3Havenus

f1<04), c. 7fm(Oé)

anzebpauvecku Hesasucumbs Had Q.



Hanpuwme armmn f(z) = e%% 1 < j < r upn anrebpandeckux [3; TPUHAIIEKAT K
) 7 ) J
o !/

knaccy E-pynkunit n ynosnersopsior cucreme quddepennmanbabix ypasaenne y; = (;y;. Ecan
nokaszaresau [3; suHeitno HesasucuMbl Hax Q, To dynkmmu f;(2) aarebpanvecku He3aBHCHMBI
uag C(z). U3 Teopemsr 2.1 cienyer, 9To 3uadenus dtux GYHKIHWHA B TOUKe 2z = 1, T.e. ducia
e’ ..., ePr anrebpanuecku mezasucumbl nag Q. Do moxaspiBaer Teopemy 1.4. Takum obpasom,
teopema 2.1 obobmtaer Teopemy Jlungemana - Beiiepmirpacca.

B 1929r. K.3urenn ncciaegoBan anredpandeckyo He3aBUCHUMOCTh 3HaUeHHH (DYyHKINN

00 (_1)n Z\ 2n
Ki(z) = Zn!(/\+ 1) (Afn) (5)

n=0

u ee npousBoauoit K4 (z), A € Q, B anrebpamdeckux Toukax. DTa HyHKIUA cBa3ana ¢ GyHKIueit
Beccena Jy(z) cooTHOIIEHIEM

Ji(z) = ﬁ (%)/\KA(Z)

U yJI0B/JIeTBOPAeT MudpepeHnuaIbHOMY yPaBHEHUTO

220 +1
z

y' + Yy +y=0. (2.9)

CrpaBeInBo TOKIECTBO

. 2
1 12
K)\(Z) =1 F2 1.\ + 1 ‘ (5) ;

U3 KOTOPOro B cuity JjiemMm 2.3 u 2.1 cesyer, 9To npu paruoHaabHbix A # —1, —2, ... dpyskus
K (z) asaserca E-byuximeii.
Crenytomas Teopema, gokazannas B 1929r., mpunagiexxkut K.3uremro.

Teopema 2. Fcau A - payuonasvroe 4ucio, 0mauvHoe 0m OMPUUAMEAbHOLT UEABLT, U KPOME
mo2o YodosaemaopAIULEE YCAOBUIO \ — % ¢ 7, a o - OMmAUNHOE O HYAA GA2EOPAUYECKOE YUCAO,
Mo “UCAA

K)\(a)v K;\(CY)
anzebpauvecky Hesasucumv, Had Q.

3uresib goKazaJl Teopemy 2.2 HermocpeacTBeHHO. COOTBETCTBYIONIUM 00PA30M PA3BUTHIM, €ro
meto 1 mo3omt A.B.IuamoBeckoMy moKasaTh u o0UIyi0 TeopeMy 2.1, comepzKaIiyio, B 4acT-
Hoctu, yreepxkaenue Teopembl 2.2. Mbl ceityac nokazkem, kakum oopasom Teopema 2.2 mozxer
ObITh BBIBeAeHA U3 Teopemsr 2.1. O6osznaunm st storo fi(z) = Ki(z), fa(z) = Ki(2). Tax
kak (yuknua K, (z) ects permenne ypasrenus (2.9), To onpesesenusie Boime (hyaknun f;(2)
COCTABJIAIOT Pellienne cucreMbl auddepeHmaabHbIX ypaBHenuii Buja (2.8) nopsijaka 2 ¢ e1uH-
CTBEHHOI 0cOoBeHHOCTDIO B Touke 2 = (. Huzke B maparpade 2.6 (cm. Teopemy 2.4) MbI JOKazKeM,
uro dyuknnn f;(z) anredpandeckn mezasucumsl Hag C(z). BocnoapsoBasuucs srum daxtom,
HEMeJIJIEHHO BBIBOIUM yTBepzKaenue Teopembr 2.2 u3 Teopembr 2.1.

CnencrBuem Teopembl 2.2 gBiageTcsd, HAIPUMeED, TPAHCIEHIEHTHOCTD HEIPEPBIBHON TpOOH

1
1
3+

E=1+
2+




K((24)
MozkHo j0Ka3aTh, 9T0 £ = 1————.
K0(2’L)

Crenyromas JeMMa TIOKa3bIBaeT, UTO YCJIOBHUE aaredbpamdeckoil HE3aBUCHUMOCTH (DYHKITHH

fi(2) B Teopeme 2.1 HeobxonuMO JIJIs €€ yTBEPIKICHUS.

Jlemma 5. [ycmo E-ynxuyuu fi(2), ..., fm(z) € Al[z]] aneebpavuecku sasucumove nad noaem
C(2). Tozda dan 06020 o € A wucaa fr(a),. .., fm(a) aszebpavuecku zasucumos 1ad Q.

Jokasamesvemeo. Tyers P = Y azzfoaht ... akn € Clz, 2y, -+, 1,,] u BomOAHsETCH paBen-
ctBo P(z, f1(2), -+, fm(2)) =0. Tak xax f; € A[[z]], 3axm09aem, 9T0 YHCIA Qf YIOBIETBODS-
10T OECKOHEYHOfl cucTeMe JTUHEHHBIX OJHOPOIHBIX aaredpandeckKux ypaBHeHUH ¢ KOy puIimen-
taMH B A. DTa cucTeMa MMeeT HeTpuBHasIbHOe perenue by € A. CienoBarelbHO, CYIMIECTBYET
HETPHBHABHBIH MHOTOWICH Q(2, X1, ..., X)) = Y. bpzoah . abm € Alz,2,. .., 2, Takoii,
aro Q(z, f1(2)),. .., fm(2)) = 0. He ymenbimasg obGIHOCTH MOXKHO CYATaTh, 9TO () HEe MMeer
HEeTPUBHAJBHBIX Jeaureseil u3 kosbia Alz]. Tlosromy

R(xy,...,zn) = Qa,xq,. .., 2) # 0,80 R(fi(a),..., fm(a)) =0.

Taxkum obpasom, ducaa fi(a),..., fi(a) arrebpandeckn 3aBUCHMBL HAJ TToJeM A U, cieoBa-
reabHo, HaL Q. O

Mozkno nposeputs, aro npu A — £ € Z bynkuun K(z), K}(z) anrebpandecku 3aBncumbl
wan C(z). Hanpmwep, K%(z) = cosz, K| (z) = —sinz. Tak uro ycnosne X\ # 3+ k, k € Z
HEeOOXOIMMO JIJIsT CIIPaBEIINBOCTH Teopethl 2.2.

ITpobuiema noKazaTeabcTBa ajgrebpandeckoil Hesapucumoctu dyuknumii Hag C(z) ects uncro
dyHKIMOHAIbHAA TpobieMa. Eé HeobxoauMo peraTh Beaknii pa3 npuMensst Teopemy 2.1, Yare
BCEr0 OHA TPeOYeT JOCTATOYHO CJAOXKHBIX PACCyzKICHHI, HO 3Ta (DYHKIMOHAJIbHAS 9acTh, KaK
MOKa3bIBaeT JeMMa, 2.4, aDCOJTIOTHO HEOOXOANMA /s JOKA3aTeIbCTBA, THCAOBBIX PE3YIbTATOB.

Mui mpuBesem 371ech 6e3 JoKa3aTeabCTBa eIle OJHO NPHJIOKEeHWe TeopeMbl 2.1, mojyveH-
Hoe B 1990r. B.X.CanuxoBbiM. OCHOBHBIE TPYJIHOCTH OBLIH CBS3aHBI UMEHHO C HCCJIEIOBAHAEM
anredpandeckoil He3aBUCUMOCTH cOOTBeTcTBYIomHNX dyukmuii nax C(z).

Teopema 3. [lycmv p > 3 - HewemHoe 4ucao U

- 1
Plz) = Z()\l Fn Oy + D

n=0

Ey, N eQ, h#£ —1,-2,.. ..
P

Iyemo marorce &1, ..., &y € A, ? ¢ Q((), 2de ? = 1. Ilpu smux YcA08UAT HUCAG
J

P(&), 0<i<p—1,1<j<m
bydym anzebpaunecku 3asucumv, nad Q, ecau u moavko ecau pA\; € Z,5 = 1,...,p, u, 603-

MOXHCHO nocae nepecmanosky undexcos, pA; = j( mod p).

2.3.1 JluneitHasg cxeMa MCKJIIOUEHUH MEPEMEHHBIX 10 3UTeJIIO0.

3uresib HEPBBIM HAIIEJ, YTO MOYKHO JOKa3bIBATh JIMHEHHYIO HE3aBUCHUMOCTH KAKHX-JIU0O0 UH-
cel Wi, ..., Wy, HE TOJIBKO C TOMOIIBIO COBMECTHBIX PAIIMOHAIbLHBIX IMPUOIUKEHUN K HUM, KaK



3TO Jies1al DPMHUT, HO MCIOJAb3yst Gosiee OOImMil MOAX0/1, OCHOBAHHBIA Ha KOHCTPYKIUHU TIOJTHO-
ro Habopa (unciao HopM paBHO YHCIY TIEPEMEHHBIX) JUHEHHO He3aBUCHMBIX JTMHEHHBIX (hopM
C HeIBIMH WK C IIeJBIMHA aarebpandecKuMu Ko3dpuiuenTaMu, J0CTaTOYHO MAJBIX B TOYKE
W= (w1,...,wy). ObmIasg cxemMa ero paccyKIeHU H3TATACTCS HUZKE.

[Iycrs popmbl

Li = LZ<T) = Zaijxj, 1= 1, NN IS (210)
7=0

nuHeitHo He3aBucuMel, max |a;;| < H;. Torma ¢ A = det ||a;;|| 1 mexoropsivu wncaamu Ay, (am-
1<j<m

rebpanyecKuMu JOMOTHEHHSIMA K COOTBETCTBYFONIMM JIeMEHTAM MATPHUIHI ||a;||) cipaBeinssl
TOXKIeCTBA

Az =" Ay Li(7). (2.11)
k=1
13 HEUX Ke, KaK JIEIKO IPOBEPUTH, s 000 Toukn W = (wy, . .., wy,) € C™ cremyer HepaBeH-
CTBO
o~ |Li(@)] A
> 2.12
; H; _COHl"'Hm’ (2:12)

rae co = (m!)™! max |w;j|. BykBaMu ¢ ¢ HHKHEMH HHIEKCAMH H B JajbHefimeM OyayT o603Ha-
qaTHCI KOHCTaHTEIJ,_glaBI/ICHH_[I/Ie TOJIBKO OT 1M U 9UCET W1, . . . , Wy,-

Mui Oyznem paborarh ¢ JjuHefHBbIME (DOPMAMU, UMEIOIIUMH TeJIble ajiredpandecKkue KOdh-
dbunumentsr. [Iycre K D Q anrebpandeckoe paciupenue koueunoit crenenn v = [K : Q], Zk -
KOJIBIIO Tesbix aucest nond K. g kazxmoro siaementa o € K, kak u panee, OygeM 0003Ha1aTh
|| - Makcumym u3 mopysel duces, coupsizkenubix ¢ . Torga s Jroboro a € Zk, o # 0,
BBITIOTHSIETCS .

jaf > Jal .

[Toceanee HepaBeHCTBO, 3aMeHsIolee coboit (byHIaMeHTaIbHOE CBOMCTBO IEJIbIX YHCEN - UX
JIMCKPETHOCTD, JIOKA3bIBALTCS CJIE/IYIONUM 00pa30M:

1< |N(@)| =]a® - a®| < |a| o] .

Jst kazkaoro Muoroutena P(T) € Z[xy, . . ., ] 6yaem 0603nauars |P| - MakCHMyM MOALy-
Jefl BCeX Umcest, COMpsizKeHHbIX ¢ Koaddunuenramu Muorowtena P(T).

B ocHoBy jmokazaresbcTBa JMHEHHOW HE3aBUCUMOCTH THCE/T 3UTEb TOJOKWII CJIeTyIONne
cOOOparKeHus.

IIpenoxxenune 1. I[Iycmo K D Q - xonewnoe pacwupenue, = (wy,...,Wn) - HEHYAEEOU
HAO0P KOMNAEKCHUT “UCen, cpedu KOmopur umeemca ne boaee, “em T AUHEUHO HE3G6UCU-
mor nad K. Cywecmeyem nososcumesvnas nOCMOAHHAA C1, 3GBUCAULAA MOALKO OM “UCEN
m,wi,...,wn 4 cmenenu v pacwupernus K O Q makaa, wmo das 0601 cosokynrocmu au-
netino nesasucumus Had K aunetdnox gopm (2.10) ¢ yeaosuem a;; € Zx u 106020 deticmeu-
meavrozo wucaa H ¢ yeaosuem

|LZ’§H, izl,...,m,

BUNOAHAIOTNCA HEPAGEHCINEA

max |L;(@)| > e H™™.
1<i<m
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