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Ââåäåíèå
Áóäåì îáîçíà÷àòü ãèïåðýëëèïòè÷åñêóþ êðèâóþ[1] C íàä ïîëåì K êàê

C/K. Îñíîâíîå ïîëå K = GF (q), q = pm. Ïîëå ôóíêöèé êðèâîé C íàä
ïîëåìK áóäåì îáîçíà÷àòüK(C)[1]. Ãðóïïó âñåõ äèâèçîðîâ íàä êðèâîé[1]
áóäåì îáîçíà÷àòü div(C). Ôàêòîð ãðóïïó äèâèçîðîâ ïî ïîäãðóïïå ãëàâ-
íûõ äèâèçîðîâ(äèâèçîðîâ ôóíêöèé[1]) áóäåì îáîçíà÷àòü Pic(C). Ôàêòîð
ãðóïïó äèâèçîðîâ ñòåïåíè 0 ïî ïîäãðóïïå ãëàâíûõ äèâèçîðîâ áóäåì îáî-
çíà÷àòü Pic0(C). Ìû áóäåì ñâîäèòü çàäà÷ó íàõîæäåíèÿ äèñêðåòíîãî ëî-
ãàðèôìèðîâàíèÿ â ãðóïïå Pic0(C) (èëè, â ñëó÷àå ýëëèïò÷åñêîé êðèâîé,
â ãðóïïå òî÷åê êðèâîé) ê àääèòèâíîé ãðóïïå â âåêòîðíîì ïðîñòðàíñòâå
èëè ê ìóëüòèêàòèâíîé ãðóïïå â êîíå÷íîì ïîëå.

1.Äèñêðåòíîå ëîãàðèôìèðîâàíèå â ïîäðóïïå p-êðó÷åíèÿ ãè-
ïåðýëëèïòè÷åñêîé êðèâîé

Îïðåäåëåíèå: ïðîñòðàíñòâîì äèôôåðåíöèàëîâ íàä êðèâîé C íàçû-
âàåòñÿ âåêòîðíîå ïðîñòðàíñòâî Ω íàä K(C) ïîðîæäåííîå ýëåìåíòàìè

âèäà dx, ãäå x ∈ K(C) â êîòîðîì âûïîëíÿþòñÿ ñëåäóþùèå ñâîéñòâà:
1)d(x+ y) = dx+ dy
2)d(xy) = xdy + ydx
3)d(const) = 0.
Óòâåðæäåíèå 1.1(äîêàçàòåëüñòâî â [7])
Ω åñòü îäíîìåðíîå âåêòîðíîå ïðîñòðàíñòâî íàä K(C).
Ïóñòü ω ∈ Ω, P ∈ C. Îïðåäåëèì ordP (ω), êàê ordP (f), ω = fdt, ãäå

f, t ∈ K(C), t - óíèôîðìèçàòîð â òî÷êå P .
Óòâåðæäåíèå 1.2(äîêàçàòåëüñòâî â [1])
Çíà÷åíèå ordP (ω) íå çàâèñèò îò âûáîðà óíèôîðìèçàòîðà t.
Îïðåäåëåíèå: div(ω) =

∑
P ordP (w)(P ).

Äèâèçîð íàçûâàåòñÿ ïîëîæèòåëüíûì, åñëè âñå åãî ÷ëåíû ≥ 0. Äèô-
ôåðåíöèàë ω íàçûâàåòñÿ ãîëîìîðôíûì, åñëè div(ω) - ïîëîæèòåëüíûé
äèâèçîð. Ïðîñòðàíñòâî ãîëîìîðôíûõ äèôôåðåíöèàëîâ îáîçíà÷àåòñÿ Ω0.

Îáîçíà÷èì KC - îáðàç div(ω) â Pic(C) âñåõ íåíóëåâûõ äèôôåðåíöèà-
ëîâ ω ∈ Ω. (òî åñòü äèâèçîðû âèäà div(ω) + div(f), ãäå ω ∈ Ω, f ∈ K(C))

Ïóñòü D ∈ div(C).
Ðàññìîòðèì ìíîæåñòâî:L(D) = {f ∈ K(C) : div(f) ≥ −D} ∪ {0}.
Ýòî áóäåò êîíå÷íîìåðíîå âåêòîðíîå ïðîñòðàíñòâî. l(D) = dimL(D)
Óòâåðæäåíèå 1.3(òåîðåìà Ðèìàíà-Ðîõà, äîêàçàòåëüñòâî â [2]).
l(D)− l(KC −D) = deg(D)− g + 1. g íàçûâàåòñÿ ðîäîì êðèâîé C.
Ñëåäñòâèå 1:
1) l(KC) = g.
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Ñëåäñòâèå 2:
2) deg(KC) = 2g − 2.
Çàìå÷àíèå:
Òàê êàê KC ñîñòîèò èç äèâèçîðîâ âèäà div(ω) + div(f), ãäå ω ∈ Ω, f ∈

K(C), òî ïîëîæèâ f = 0 ïîëó÷àåì, ÷òî òåîðåìîé Ðèìàíà-Ðîõà ìîæíî
ïîëüçîâàòüñÿ äëÿ ëþáîãî íåíóëåâîãî äèôôåðåíöèàëà.

Îïðåäåëèì ïðîèçâîäíóþ ∆ íà K(C) êàê K-ëèíåéíîå îòîáðàæåíèå:
K(C)→ K(C), òàêîå ÷òî: ∆(fg) = ∆(f)g + ∆(g)f.

Óòâåðæäåíèå 1.4(äîêàçàòåëüñòâî â [3])
Åñëè x ∈ K(C) è K(C) êîíå÷íîå ðàñøèðåíèå K(x), òî ñóùåñòâóåò

åäèíñòâåííàÿ ïðîèçâîäíàÿ D òàêàÿ, ÷òî D(x) = 1. Îáðàç f ∈ K(C) ýòîé
ïðîèçâîäíîé D îáîçíà÷àåòñÿ êàê ∂f/∂x.

Óòâåðæäåíèå 1.5(äîêàçàòåëüñòâî â [4])
Ïóñòü f ∈ K(C). Òîãäà df = (∂f/∂x)dx.
Óòâåðæäåíèå 1.6(äîêàçàòåëüñòâî â [1])
Ïóñòü t - óíèôîðìèçàòîð â íåêîòîðîé íå îñîáîé òî÷êå P . Òîãäà K(C)

åñòü êîíå÷íîå ðàñøèðåíèå K(t)
Óòâåðæäåíèå 1.7(äîêàçàòåëüñòâî â [5])
Ïóñòü f ∈ K(C), f ðåãóëÿðíà â òî÷êå P, t - óíèôîðìèçàòîð â òî÷êå

P . Òîãäà (∂f/∂t) òàêæå ðåãóëÿðíà â òî÷êå P .
Îáîçíà÷èì ïîäãðóïïó p-êðó÷åíèÿ â ãðóïïå Pic0C êàê Pic0C [p].
Ðàññìîòðèì D ∈ Pic0C [p]. Òîãäà pD = div(f), f ∈ K(C)
Óòâåðæäåíèå 1.8
df/f ∈ Ω0.
Äîêàçàòåëüñòâî:
Çàïèøåì, â íåêîòîðîé òî÷êå P : f = tnu, ãäå ordP (u) = 0.
Òàê êàê pD = div(f), òî p|n.
df/f = ntn−1udt/tnu + tndu/tnu = (∂u/∂t)dt

u
. Èñïîëüçóÿ Óòâåðæäåíèå

1.7 äëÿ u ïîëó÷àåì, ÷òî (∂u/∂t) ðåãóëÿðíà â P , îòêóäà ordP (df/f) ≥ 0.
Óòâåðæäåíèå 1.9
∃ ìîíîìîðôèçì(èíúåêòèâíûé ãîìîìîðôèçì) Pic0C [p]→ K2g−1.
Äîêàçàòåëüñòâî:
Çàôèêñèðóåì ïðîèçâîëüíóþ òî÷êó P ∈ C è óíèôîðìèçàòîð t äëÿ

íå¼. Äëÿ D ∈ Pic0C [p] íàéä¼ì f ∈ K(C) : pD = div(f)([8],ñòð.77, 389-403).
df/f ∈ Ω0 â òî÷êå P çàïèñûâàåòñÿ ñëåäóþùèì îáðàçîì:

df/f = a0 + a1t+ ...
Îïðåäåëèì îòîáðàæåíèå Pic0C [p]→ K2g−1 : D → (a0, ..., a2g−2).
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Ïóñòü ðàçëè÷íûå D1, D2 êîòîðûì ñîîòâåòñâóþò ôóíêöèè f1 è f2 îòîá-
ðàçèëèñü â îäíó òî÷êó ∈ K2g−1. Èñïîëüçóÿ óòâåðæäåíèå 1.8 ïîëó÷àåì,
÷òî dfi/fi ∈ Ω0(i = 1, 2). Òàê êàê Ω0 - âåêòîðíîå ïðîñòðàíñòâî ïîëó÷àåì,
÷òî df1/f1 − df2/f2 ∈ Ω0. Òîãäà ó íåíóëåâîãî ãîëîìîðôíîãî äèôôåðåí-
öèàëà df1/f1 − df2/f2 â ðàçëîæåíèè ïî óíèôîðìèçàòîðó t ïåðâûå 2g − 1
êîîðäèíàò áóäóò íóëåâûìè(ò. ê. df1/f1 è df2/f2 ïî ïðåäïîëîæåíèþ èìåþò
îäèíàêîâûå ïåðâûå 2g − 1 êîîðäèíàò). Íî òîãäà ñòåïåíü ýòîãî äèôôå-
ðåíöèàëà áóäåò > 2g− 2, ò. ê. ëþáîé íåíóëåâîé ÷ëåí â ðàçëîæåíèè áóäåò
èìåòü ñòåïåíü õîòÿ áû 2g−1. Òàêèì îáðàçîì ìû ïîëó÷èëè ãîëîìîðôíûé
äèôôåðåíöèàë ó êîòîðîãî ñòåïåíü â òî÷êå > 2g − 2. Òàê êàê ó äèâèçîðà
ãîëîìîðôíîãî äèôôåðåíöèàëà âñå ÷ëåíû ≥ 0 ïîëó÷àì, ÷òî ó äèâèçîðà
ýòîãî äèôôåðåíöèàëà ñòåïåíü > 2g − 2. Ýòî ïðîòèâîðå÷èò ñëåäñòâèþ 2
òåîðåìû Ðèìàíà-Ðîõà(ýòîé òåîðåìîé ìîæíî âîñïîëüçîâàòüñÿ ïî çàìå÷à-
íèþ íàõîäÿùåìóñÿ ïîñëå ýòîãî ñëåäñòâèÿ).

2.Ñïàðèâàíèå Âåéëÿ Â ýòîì è ïîñëåäóþùèõ ðàçäåëàõ C - ýëëèï-
òè÷åñêàÿ êðèâàÿ.n - íàòóðàëüíîå ÷èñëî âçàèìíî ïðîñòîå c p. C[n] - ïîä-
ãðóïïà n-êðó÷åíèÿ ãðóïïû òî÷åê C(GF (q)).

Ñïàðèâàíèåì Âåéëÿ íàçûâàåòñÿ îòîáðàæåíèå en : C[n]×C[n]→ µn(êîðíè
èç åäèíèöû ñòåïåíè n) ñî ñëåäóþùèìè ñâîéñòâàìè(çäåñü P,Q,R ∈ C[n]):

1) en(P +Q,R) = en(P,R)en(Q,R), en(P,Q+R) = en(P,Q)en(P,R)
2) en(P, P ) = 1
3) Åñëè P 6= O, ∃Q òàêîå, ÷òî en(P,Q) 6= 1, åñëè Q 6= O, ∃P òàêîå,

÷òî en(P,Q) 6= 1
Ïóñòü D =

∑
nP (P ) ∈ Div(C).

Îïðåäåëåíèå:íîñèòåëåì D(support(D)) íàçûâàåòñÿ ìíîæåñòâî òî-
÷åê êðèâîé, òàêèõ ÷òî nP 6= 0. Ïóñòü f ∈ K(C). Åñëè support(D) ∩
support(div(f)) ∈ {O}, òî ìîæíî îïðåäåëèòü f(D) ñëåäóþùèì îáðàçîì:

f(D) =
∏

P∈C f(P )nP

Óòâåðæäåíèå 2.1(äîêàçàòåëüñòâî â [5])
Äèâèçîð D =

∑
nP (P ) ÿâëÿåòñÿ äèâèçîðîì ôóíêöèè ⇔

∑
nP = 0 è∑

(nPP ) = O.
Ïóñòü P ∈ C[n]. Îáîçíà÷èì ÷åðåç fP òàêóþ ôóíêöèþ, ÷òî div(fP ) =

n(P )−n(O). Îáîçíà÷èìDP = (P )−(O). Îïðåäåëèì en(P,Q) = fP (DQ)/fQ(DP ).
Óòâåðæäåíèå 2.2(äîêàçàòåëüñòâî â [5])
Îïðåäåëåííàÿ òàêèì îáðàçîì en(, ) äåéñòâèòåëüíî ÿâëÿåòñÿ ñïàðèâà-

íèåì Âåéëÿ.
3.Âû÷èñëåíèå ñïàðèâàíèÿ Âåéëÿ Ïóñòü P è Q ∈ C[n]. Äëÿ âû-

÷èñëåíèÿ ñïàðèâàíèÿ Âåéëÿ íóæíî âû÷èñëèòü ôóíêöèè fP è fQ.
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Âîçüì¼ì òî÷êó R ∈ C, òàêóþ, ÷òî P, P +R 6= Q.
Çàìåòèì, ÷òî ∀ íàòóðàëüíîãî k ∃fk ∈ K(C), òàêîå ÷òî: div(fk) =

k(P +R)− k(R)− (kP ) + (O). Ïðè n = k : div(fn) = n(P +R)− n(R).
Ðàññìîòðèì ôóíêöèþ r òàêóþ, ÷òî div(r) = (P )+(R)− (P +R)− (O).
Ìû ìîæåì îïðåäåëèòü fP êàê fP = rnfn(ìû âûáèðàëè R ñïåöèàëü-

íûì îáðàçîì ÷òîáû support(r) ∩ support(fP ) ∈ {O}).
Îñòàëîñü íàó÷èòüñÿ ýôôåêòèâíî âû÷èñëÿòü fn.
Ðàññìîòðèì ñëåäóþùèå ôóíêöèè:
gP,Q - óðàâíåíèå ïðÿìîé ïðîõîäÿùåé ÷åðåç P è Q.
Óòâåðæäåíèå 3.1(äîêàçàòåëüñòâî â [5])
div(gP,Q) = (P ) + (Q) + (−(P +Q))− 3(O)
Îáîçíà÷èì gP - óðàâíåíèå ïðÿìîé ïðîõîäÿùåé ÷åðåç P è −P .
Óòâåðæäåíèå 3.2
div(fk1+k2) = div(fk1fk2gk1P,k2P/g(k1+k2)P )∀ íàòóðàëüíûõ k1 è k2.
Äîêàçàòåëüñòâî:
div(fk1+k2)−div(fk1)−div(fk2) = (k1+k2)(P +R)−(k1+k2)(R)−((k1+

k2)P )+(O)−k1(P +R)+k1(R)+(k1P )− (O)−k2(P +R)+k2(R)+(k2P )−
(O) = (k1P ) + (k2P )− ((k1 + k2)P )− (O) = div(gk1P,k2P/g(k1+k2)P )

Òàêèì îáðàçîì ìîæíî ýôôåêòèâíî âû÷èñëèòü fP è ñëåäîâàòåëüíî
en(P,Q).

Ïóñòü åñòü òî÷êàP ∈ C[n] ïîðÿäêà n è òî÷êà Q = lP . Äëÿ âû÷ñëåíèÿ
l ïðèìåíÿåòñÿ ñëåäóþùàÿ àòàêà:

Íàõîäèòñÿ ìèíèìàëüíîå k, òàêîå, ÷òî n | qk−1. Â C/GF (qk) íàõîäèòñÿ
òàêàÿ òî÷êà R, ÷òî en(P,R) = α èìååò ïîðÿäîê n. Äàëåå âû÷èñëÿåòñÿ
en(Q,R) = β. Â ìóëüòèïëèêàòèâíîé ãðóïïå GF (qk)∗ âû÷èñëÿåòñÿ òàêîå
t, ÷òî αt = β. Â ñèëó ñâîéñòâ ñïàðèâàíèÿ Âåéëÿ, t = l.

4.Íàõîæäåíèå äèñêðåòíîãî ëîãàðèôìà â ãðóïïå òî÷åê ñóïåð-
ñèíãóëÿðíîé ýëëèïòè÷åñêîé êðèâîé

Îáîçíà÷èì êîëè÷åñòâî òî÷åê íà êðèâîé C : #C(GF (q)) = q+ 1− t. C
ÿâëÿåòñÿ ñóïåðñèíãóëÿðíîé êðèâîé åñëè p | t.

Óòâåðæäåíèå 4.1(äîêàçàòåëüñòâî â [6])
Êðèâàÿ C ÿâëÿåòñÿ ñóïåðñèíãóëÿðíîé åñëè:
1) t2 = q, 2q èëè 3q. Â ýòîì ñëó÷àå ãðóïïà C(GF (q)) öèêëè÷åñêàÿ.
2) t2 = 4q. Â ýòîì ñëó÷àå C(GF (q)) ∼= Z√q−1 ⊕Z√q−1 ïðè t = 2

√
q èëè

C(GF (q)) ∼= Z√q+1 ⊕ Z√q+1 ïðè t = −2
√
q.

3) t = 0. Â ýòîì ñëó÷àå C(GF (q)) öèêëè÷åñêàÿ èëè, ÷òî âîçìîæíî
òîëüêî ïðè q ≡ 3 (mod 4), C(GF (q)) ∼= Z(q+1)/2 ⊕ Z2.

Óòâåðæäåíèå 4.2(äîêàçàòåëüñòâî â [1])
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Ïóñòü, êàê ïðåæäå t = q + 1 − #C(GF (q)), GF (qk) - ðàñøèðåíèÿ
ïîëÿ GF (q) ñòåïåíè k. Òîãäà #C(GF (qk)) = qk + 1 − αk − βk, ãäå α è β
êîìïëåêñíûå êîðíè ìíîãî÷ëåíà 1− tT + qT 2.

Óòâåðæäåíèå 4.3(äîêàçàòåëüñâî â [1])
Åñëè n è q âçàèìíî ïðîñòû, òî C[n] ∼= Zn ⊕ Zn.
Óòâåðæäåíèå 4.4
Ïóñòü C(GF (q)) ýëëèïòè÷åñêàÿ êðèâàÿ, òàêàÿ, ÷òî C[n] ⊆ C(GF (q)).

en(, ) - ñïàðèâàíèå Âåéëÿ. Òîãäà ∀P1, P2 ∈ C[n] ðàâíîñèëüíî:
1) P1 = P2 + kP
2) en(P, P1) = en(P, P2)
Äîêàçàòåëüñòâî:
1) ⇒ 2)
en(P, P1) = en(P, P2)en(P, P )k = en(P, P2)
2) ⇒ 1)
Ïóñòü òî÷êè P è Q ïîðîæäàþò ãðóïïó C[n]. Òîãäà P1−P2 = aP + bQ.

Åñëè bQ 6= O, òî, èç-çà ñâîéñòâà íåâûðîæäåííîñòè ñïàðèâàíèÿ Âåé-
ëÿ, en(P, bQ) 6= 1. Íî òîãäà en(P, P1) = en(P, P2)en(P, P )aen(P, bQ) 6=
en(P, P2). Ïðîòèâîðå÷èå.

Óòâåðæäåíèå 4.5
Ïóñòü P, P1 ⊆ C[n]. P1 = aP + bQ(Q - òîæå ñàìîå, ÷òî è â äîê-âå

óòâåðæäåíèÿ 4.4), òîãäà en(P, P1) èìååò ïîðÿäîê n⇔ b âçàèìíî ïðîñòî ñ
n.

Äîêàçàòåëüñòâî:
Ïóñòü d - ïîðÿäîê en(P, aP + bQ).
en(P, aP + bQ)d = 1 ⇔ en(P, daP + dbQ) = 1 ⇔ dbQ = O(èç óòâåð-

æäåíèÿ 4.4 è îïðåäåëåíèÿ òî÷êè Q). Òàê êàê Q èìååò ïîðÿäîê n, òî
ïîëó÷àåì, ÷òî d = n⇔ b âçàèìíî ïðîñòî ñ n.

Áóäåì ðàññìàòðèâàòü ñóïåðñèíãóëÿðíûå êðèâûå íàä ïîëåì GF (q) è
íàä GF (qk), ãäå k - òàêîå ìèíèìàëüíîå ÷èñëî, ÷òî #C(GF (q)) | qk − 1.
Ïðèìåíÿÿ ðåçóëüòàòû óòâåðæäåíèé 1 è 2 ïîëó÷àåì 6 ñëó÷àåâ:

1) t = 0,C(GF (q)) ∼= Zq+1. Òîãäà k = 2, C(GF (q2)) ∼= Zq+1 ⊕ Zq+1

2) t = 0,C(GF (q)) ∼= Z(q+1)/2 ⊕ Z2.k = 2, C(GF (q2)) ∼= Zq+1 ⊕ Zq+1

3) t = ±√q, C(GF (q)) ∼= Zq+1∓√q. k = 3, C(GF (q3)) ∼= Z√
q3±1⊕Z

√
q3±1

4) t = ±
√

2q, C(GF (q)) ∼= Zq+1∓
√
2q. k = 4, C(GF (q4)) ∼= Zq2+1 ⊕ Zq2+1

5) t = ±
√

3q, C(GF (q)) ∼= Zq+1∓
√
3q. k = 6, C(GF (q6)) ∼= Zq3+1 ⊕ Zq3+1

6) t = ±2
√
q. C(GF (q)) ∼= Z√q∓1 ⊕ Z√q∓1. k = 1.
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Îáîçíà÷èì n = #C(GF (q)). Òîãäà, çàìåòèì, ÷òî C(GF (qk)) ∼= Zcn ⊕
Zcn. Ïóñòü òî÷êà P ∈ C èìååò ïîðÿäîê n1. Ïóñòü òàêæå åñòü òî÷êà
R = lP . Äëÿ ñâåäåíèÿ äèñêðåòíîãî ëîãàðèôìèðîâàíèÿ â ýòîé ãðóïïå
ê äèñêðåòíîìó ëîãàðèôìèðîâàíèþ â êîíå÷íîì ïîëå íóæíî íàéòè òàêóþ
òî÷êó Q, ÷òî en(P,Q) èìååò ïîðÿäîê n1. Äëÿ íàõîæäåíèÿ òàêîé òî÷êè
âîçüì¼ì ñëó÷àéíóþ òî÷êó Q′ ∈ C(GF (qk)) è ïîëîæèì Q = (cn/n1)Q

′.
Âåðîÿòíîñòü òîãî, ÷òî en(P,Q) áóäåò èìåòü ïîðÿäîê n1 = ϕ(n1)/n1
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