
Weak convergence and statistics

Weak convergence of e.c.d.f.

Consider 𝐹𝑛(𝑥) =
1
𝑛

∑︀𝑛
𝑖=1 𝐼𝑋𝑖≤𝑥. Let’s prove the following result.

Theorem 1. 1. Let 𝑋𝑖 be 𝑅[0, 1]. Then

√
𝑛(𝐹𝑛(𝑥)− 𝑥)

𝑑→ 𝑊 0
𝑥

in 𝐷[0, 1].

2. Let 𝑋𝑖 ∼ 𝐹 , where 𝐹 is continuous d.f. Then

√
𝑛(𝐹𝑛(𝑥)− 𝐹 (𝑥))

𝑑→ 𝑊 0
𝐹−1

in 𝐷(R).

Proof. 1. Let 𝑋𝑖 ∼ 𝑅[0, 1].

(a) The finite-dimensional convergence of 𝑌𝑛(𝑡) to 𝑊 0
𝑡 has been proved at the end of the previous lection

(b) To prove the tightness of {P(𝑌𝑛 ∈ ·), 𝑛 ≥ 1} we need to estimate E(𝑌𝑛(𝑡)−𝑌𝑛(𝑠))
2(𝑌𝑛(𝑟)−𝑌𝑛(𝑡))

2,
𝑠 < 𝑡 < 𝑟, since

P(|𝑌𝑛(𝑡)− 𝑌𝑛(𝑠)| > 𝜀, |𝑌𝑛(𝑟)− 𝑌𝑛(𝑡)| > 𝜀) ≤ E(𝑌𝑛(𝑡)− 𝑌𝑛(𝑠))
2(𝑌𝑛(𝑟)− 𝑌𝑛(𝑡))

2

𝜀2

Let 𝜉𝑖 = 𝐼𝑋𝑖∈(𝑠,𝑡] − (𝑡− 𝑠), 𝜂𝑖 = 𝐼𝑋𝑖∈(𝑡,𝑟] − (𝑟 − 𝑡). Then

E(𝑌𝑛(𝑡)− 𝑌𝑛(𝑠))
2(𝑌𝑛(𝑟)− 𝑌𝑛(𝑡))

2 =
1

𝑛2
E(𝜉1 + ...+ 𝜉𝑛)

2(𝜂1 + ...+ 𝜂𝑛)
2 =

1

𝑛2

∑︁
𝑖,𝑗,𝑘,𝑙

E𝜉𝑖𝜉𝑗𝜂𝑘𝜂𝑙.

If 𝑖 ̸∈ {𝑗, 𝑘, 𝑙}, then E𝜉𝑖𝜉𝑗𝜂𝑘𝜂𝑙 = E𝜉𝑖E𝜉𝑗𝜂𝑘𝜂𝑙 = 0. Therefore,∑︁
𝑖,𝑗,𝑘,𝑙

E𝜉𝑖𝜉𝑗𝜂𝑘𝜂𝑙 = 4
∑︁
𝑖<𝑗

E (𝜉𝑖𝜂𝑖)E (𝜉𝑗𝜂𝑗) +
∑︁
𝑖 ̸=𝑗

E𝜉2𝑖E𝜂
2
𝑗 +

∑︁
𝑖

E𝜉2𝑖 𝜂
2
𝑖 =

2𝑛(𝑛− 1) (E𝜉1𝜂1)
2 + 𝑛(𝑛− 1)E𝜉21E𝜂

2
1 + 𝑛E𝜉21𝜂

2
1.

Obviously,

E𝜉1𝜂1 = E𝐼𝑋1∈(𝑠,𝑡]𝐼𝑋1∈(𝑡,𝑟] − (𝑡− 𝑠)(𝑟 − 𝑡) = −(𝑡− 𝑠)(𝑟 − 𝑡), (E𝜉1𝜂1)
2 ≤ (𝑡− 𝑠)(𝑟 − 𝑡)

E𝜉21 = E𝐼𝑋1∈(𝑠,𝑡] − (𝑡− 𝑠)2 = (𝑡− 𝑠)(1− (𝑡− 𝑠)), E𝜂21 = (𝑟 − 𝑡)(1− (𝑟 − 𝑡)),

E𝜉21E𝜂
2
1 ≤ (𝑡− 𝑠)(𝑟 − 𝑡), E𝜉21𝜂

2
1 = (1− (𝑡− 𝑠))2(𝑟 − 𝑡)2(𝑡− 𝑠) +

(𝑡− 𝑠)2(1− (𝑟 − 𝑡))2(𝑟 − 𝑡) + (𝑡− 𝑠)2(𝑟 − 𝑡)2(1− 𝑟 − 𝑠) ≤ 3(𝑡− 𝑠)(𝑟 − 𝑡).

Thus,
E(𝑌𝑛(𝑡)− 𝑌𝑛(𝑠))

2(𝑌𝑛(𝑟)− 𝑌𝑛(𝑡))
2 ≤ 6(𝑡− 𝑠)(𝑟 − 𝑡) ≤ 6(𝑟 − 𝑠)2.

2. Suppose that 𝑋𝑖 ∼ 𝐹 (𝑥), where 𝐹 is continuous. Then

𝐹𝑛(𝑡) =
1

𝑛

𝑛∑︁
𝑖=1

𝐼𝑋𝑖≤𝑡 =
1

𝑛

𝑛∑︁
𝑖=1

𝐼𝑌𝑖≤𝐹−1(𝑡), 𝐹 (𝑡) = P(𝑋 ≤ 𝑡) = P(𝑅 ≤ 𝐹−1(𝑡)),

where 𝑅 ∼ 𝑅[0, 1]. Therefore, 𝑌𝑛(𝑡) = 𝑌𝑛(𝐹 (𝑡)), where 𝑌𝑛(𝑡) is defined as in Part 1). Consider the
functional 𝑓(𝐺) = 𝐺(𝐹 (𝑡)). If 𝐺𝑛 → 𝐺 in (𝐷[0, 1], 𝜌2), where 𝐺 ∈ 𝐶[0, 1], then 𝑓(𝐺𝑛) → 𝑓(𝐺).
Therefore

𝑌𝑛(𝑡)
𝑑→ 𝑊 0

𝐹 (𝑡), 𝑛 → ∞.



It’s interesting that the theorem is true for discontinuous 𝐹 too.

Theorem 2 (Skorohod Representation Theorem). Suppose that P𝑛
𝑑→ P, where P are measures on 𝑆,𝒮,

where 𝑆 is a separable space, 𝒮 = ℬ(𝑆). Then there exist random elements 𝑋𝑛, 𝑋, defined on a common
probability space (Ω,ℱ , P̃), such that P̃(𝑋𝑛 ∈ 𝐴) = P𝑛(𝐴), P̃(𝑋 ∈ 𝐴) = P(𝐴), 𝑋𝑛 → 𝑋 a.s.

We left it without the proof.

Delta method 2.0

Theorem 3 (Delta Method 2.0). Let 𝑋𝑛, 𝑌 be random elements, 𝑋𝑛 : Ω → 𝑆, where 𝑆 is a separable metric

space with Borel 𝜎-algebra, 𝐹 ∈ 𝑆, 𝑟𝑛 → ∞ and suppose that 𝑟𝑛(𝑋𝑛 − 𝐹 )
𝑑→ 𝑌 . Let 𝑓 be an Hadamard

differentiable functional. Then

𝑟𝑛(𝑓(𝑋𝑛)− 𝑓(𝐹 ))
𝑑→ 𝑓 ′

𝐹 (𝑌 ),

where 𝑓 ′
𝐹 (𝑌 ) is a Gateuax derivative of 𝑓 at 𝐹 in the direction 𝑌 .

Proof. Due to the Representation Theorem there exist �̃�𝑛
𝑑
= 𝑋𝑛, 𝑌

𝑑
= 𝑌 :

𝑟𝑛(�̃�𝑛 − 𝐹 )
𝑎.𝑠.→ 𝑌 .

Then

𝑟𝑛(𝑓(�̃�𝑛)− 𝑓(𝐹 )) =
𝑓(𝐹 + 𝑟𝑛(�̃�𝑛 − 𝐹 )/𝑟𝑛)− 𝑓(𝐹 )

𝑟−1
𝑛

𝑎.𝑠→ 𝑓 ′
𝐹 (𝑌 )

due to the definition of Hadamard differentiability. Therefore,

𝑟𝑛(𝑓(𝑋𝑛)− 𝑓(𝐹 ))
𝑑→ 𝑌

Particularly, √
𝑛(𝑓(𝐹𝑛)− 𝑓(𝐹 )

𝑑→ 𝑓 ′
𝐹 (𝑊

0
𝐹 (𝑡)).

Similarly, √
𝑛(𝑓(𝐹𝑛, �̂�𝑚)− 𝑓(𝐹,𝐺))

𝑑→ 𝑓 ′
𝐹,𝐺(𝑊

0
1,𝐹 (𝑡),

√
𝛼𝑊 0

2,𝐺(𝑡)),

as 𝑛,𝑚 → ∞, 𝑛/𝑚 → 𝛼 ∈ (0, 1), 𝑊 0
1 , 𝑊

0
2 are independent Brownian Bridges.

Delta Method and Delta Method 2.0

This subsection is not necessary for the exams
Why 𝑓 ′

𝐹 (𝑊
0
𝐹 (𝑡)) ∼ 𝒩 (0, 𝜎2(𝐹 ))? Nonformally,

𝑓 ′
𝐹 (𝑊

0
𝐹 (𝑡)) =

∫︁
R
𝑓 ′
𝐹 (𝛿𝑥)𝑑𝑊

0
𝐹 (𝑥).

An integral above is a limit of

𝑌𝑚 =
𝑚∑︁
𝑖=1

𝑓 ′
𝐹 (𝛿𝑥𝑖

)(𝑊 0
𝐹 (𝑥𝑖+1)

−𝑊 0
𝐹 (𝑥𝑖)

),

where 𝑥𝑖 = (𝑖− 1)/𝑚. Then E𝑌𝑚 = 0 and

𝑐𝑜𝑣(𝑌𝑚, 𝑌𝑚) =
𝑚∑︁
𝑖=1

𝑚∑︁
𝑗=1

𝑓 ′
𝐹 (𝛿𝑥𝑖

)𝑓 ′
𝐹 (𝛿𝑥𝑗

)E(Δ𝑖𝑊𝐹 −Δ𝑖 𝐹𝑊1)(Δ𝑗𝑊𝐹 −Δ𝑗 𝐹𝑊1) =
∑︁
𝑖,𝑗

𝐼𝐹 (𝑥𝑖)𝐼𝐹 (𝑥𝑗)𝑎𝑖,𝑗,

where Δ𝑖𝑓 = 𝑓(𝑥𝑖+1)− 𝑓(𝑥𝑖). Since

𝑎𝑖,𝑖 = E(Δ𝑖𝑊𝐹 −Δ𝑖𝐹 𝑊1)
2 = Δ𝑖𝐹 − (Δ𝑖𝐹 )2, 𝑎𝑖,𝑗 = E(Δ𝑖𝑊𝐹 −Δ𝑖𝐹 𝑊1)(Δ𝑗𝑊𝐹 −Δ𝑗𝐹 𝑊1) = −(Δ𝑖𝐹 )(Δ𝑗𝐹 ),

2



we have

𝑐𝑜𝑣(𝑌𝑚, 𝑌𝑚) =

(︃
𝑚∑︁
𝑖=1

(𝑓 ′
𝐹 (𝛿𝑥𝑖

))2Δ𝑖𝐹

)︃
−

(︃
𝑚∑︁
𝑖=1

𝑓 ′
𝐹 (𝛿𝑥𝑖

)Δ𝑖𝐹

)︃2

→
∫︁
R
(𝑓 ′

𝐹 (𝛿𝑥))
2𝑑𝐹 (𝑥)−

(︂∫︁
R
𝑓 ′
𝐹 (𝛿𝑥)𝑑𝐹 (𝑥)

)︂2

=∫︁
R
(𝑓 ′

𝐹 (𝛿𝑥)− 𝑓 ′(𝐹 )(𝐹 ))2𝑑𝐹 (𝑥) =

∫︁
R
(𝑓 ′

𝐹 (𝛿𝑥 − 𝐹 (𝑥)))2𝑑𝐹 (𝑥) =

∫︁
R
𝐼𝐹 (𝑥)

2𝑑𝐹 (𝑥) = 𝜎2(𝐹 ).

High Order Derivatives

Theorem 4 (Generalized Delta Method). Let 𝑆 be a separable metric space, 𝑋𝑛, 𝑌 — random elements in S,

𝐹 ∈ 𝑆, 𝑟𝑛 → ∞ and suppose that 𝑟𝑛(𝑋𝑛−𝐹 )
𝑑→ 𝑌 . Let 𝑓 be a functional, satisfying the following conditions:

1) 𝑓(𝐹 + 𝑡(𝐺− 𝐹 ))
(𝑗)
𝑡=0 = 0 as 𝑗 = 1, ..., 𝑘 for every 𝐺,

2) 𝑓(𝐹 + 𝑡𝐺𝑛)
(𝑘+1)
𝑡=𝑡𝑛 → 𝐼𝑘,𝐹 (𝐺) = 𝑓(𝐹 + 𝑡𝐺)

(𝑘+1)
𝑡=0 as 𝐺𝑛 → 𝐺, 𝑡𝑛 → 0.

Then

𝑟𝑘+1
𝑛 (𝑓(𝑋𝑛)− 𝑓(𝐹 ))

𝑑→ 𝐼𝑘,𝐹 (𝑌 )

(𝑘 + 1)!
.

Proof. Consider �̃�𝑛
𝑑
= 𝑋𝑛, 𝑌

𝑑
= 𝑌 :

𝑟𝑛(�̃�𝑛 − 𝐹 ) → 𝑌 , a.s.

Then

𝑟𝑘+1
𝑛 (𝑓(�̃�𝑛)− 𝑓(𝐹 )) = 𝑟𝑘+1

𝑛 · 𝑟−𝑘−1
𝑛

(𝑘 + 1)!
𝑓(𝐹 + 𝑡(�̃�𝑛 − 𝐹 ))

(𝑘+1)
𝑡=𝜉𝑛

→ 𝐼𝑘,𝐹 (𝑌 )

(𝑘 + 1)!

a.s. as 𝑛 → ∞, where 𝜉𝑛 ∈ [0, 𝑟−1
𝑛 ]. Therefore,

𝑟𝑘+1
𝑛 (𝑓(�̃�𝑛)− 𝑓(𝐹 ))

𝑑→ 𝐼𝑘,𝐹 (𝑌 )

(𝑘 + 1)!

3


