Lection 7. Symmetrical distributions

Symmetrical Distributions

Let’s consider other estimators for 6 in our model.
It follows from the symmetry that

0= f(F) - 1_12a/ P e

for every o € [0,1/2). Therefore, it’s natural to use the estimator

é\i 1 1—a F—l L — X([an})([na] +1— nOz) + X([an]Jrl) + ...+ X(n,[an]) + X(n,[anHl)(nOz — [na])

B o w (@)de = (1-2a)n

Definition 1. The estimator

X(lanl+1) F - + X(n—fan)
n — 2[an]

X, =

Y

is called the a-trimmed mean.

The a-trimmed mean is similar to 6 above and has the same asymptotical distribution.

Example 1. Let’s find the asymptotic breakdown point for 0. Obviously, b(1) = oo. Moreover, b(a +¢) = oo
for every € > 0 since

1 1-a 1 1-a
/ F N x)dr = / F~Yx)dx — ne — oo, n — oo,
1—-2a J, 1 -2 [,

for Fio(2) = Fo(#) L5 gt (ae) T (@ +E) ey it (asey)- On the other hand, b(a —€) < oo, since Ve > 0 we have

Fla)>F ' (r—(a—¢)—a+e>F'(e) = 1> —o0
as x € [a,1 — a]. Therefore, e* = a.

For any o > 0 this estimator is robust. On the other hand, it’s an asymptotically normal estimator in
F= fsymm
Theorem 1. Asn — oo

Va(f(E) — F(F) % Z ~ N(0,02),

where
9 2

ot = (/:M(t — 02 F(t)dt + a1 — 9)2) |

lokxasamenavcmaeo. Let

Then
FN(x) = FH (=eD(F, '(z))) = F~(x) = (F~'(2))'eD(F, ' (2)) + o(e)
Therefore
BT (p @y (D(F (@) + 0() + ofe) =
1

—MD(F_ (x)) + o(g), e = 0.

Last equality holds as F'~!(z) is a continuity poinf of D, therefore it holds for a.s. z € [a, 1 — a]. Notice that
o(e) is uniformly small on x € [a, 1 — a]. Thus,

f(F+eD) — f(F) 1 / 1

Lp(D; f) = —



Therefore,

1 re oy 1 1o 1 .
IF(x):1_2a/a p(F_l(u)>du—1_2a/a i ) (1)

The first term in (1) equals to

/al—a m o= / ?((Z)) dF (v) = / F(v)dv = 551—042_—%

since F(v — ) — 1/2 is odd function. The second term of (1) is

o ! ! _ [ v)av
/a de(F (U))du—/ma 0z (v)dv.

As x > x1_, function 6,(v) equals to 0, as © < x, I.(v) equals to 1, as x, < x < xy, integral of ¢, equals to
T1—o — . Therefore

Tl—a Ta

~21-2a) T < Ta, 9 T1—a
Ir(f) = 28 2 € (Ta,11-0), OXF) = — / (t — 0 f(t)dt + a(w1_q —0)? ).
Tl—a—To > (1 - 2&) 0
2(—2a)’ T Z Tl-a
O
Problem 1. Prove that )
2 < 9
o F) s (1—2a)%’

where 02 = DX and the inequality becomes an equality for some F.

So, the a-trimmered mean is a good robust alternative to the sample mean. However, as the asymptotic
breakdown point of X, equals 1/3, 0?(F) can be 9 times larger than o2



