
Ìåòîä ìîìåíòîâ äëÿ öåëî÷èñëåííûõ íåîòðèöàòåëüíûõ

ñëó÷àéíûõ âåëè÷èí

Ýêâèâàëåíòíîñòü ñõîäèìîñòè ïðîèçâîäÿùèõ ôóíêöèé è ñõîäèìîñòè
ðàñïðåäåëåíèé öåëî÷èñëåííûõ ñëó÷àéíûõ âåëè÷èí ïîçâîëÿåò ñôîðìó-
ëèðîâàòü óäîáíûå äëÿ ïðîâåðêè óñëîâèÿ íà ìîìåíòû ñëó÷àéíûõ âå-
ëè÷èí, äîñòàòî÷íûå äëÿ ñõîäèìîñòè ïîñëåäîâàòåëüíîñòåé ðàñïðåäåëå-
íèé.
Òåîðåìà (ìåòîä ìîìåíòîâ). Ïóñòü ν1, ν2, . . . � ïîñëåäîâàòåëü-

íîñòü íåîòðèöàòåëüíûõ öåëî÷èñëåííûõ ñëó÷àéíûõ âåëè÷èí, m
(n)
k =

Mν
[k]
n , n, k = 1, 2, . . . Åñëè ñóùåñòâóþò ïðåäåëû

mk = lim
n→∞

m
(n)
k , k = 1, 2, . . . , (1)

è

mk = O(k!) ïðè k →∞, (2)

òî ñóùåñòâóåò òàêàÿ ñëó÷àéíàÿ âåëè÷èíà ν, ÷òî

lim
n→∞

P{νn = j} = P{ν = j}, j = 0, 1, . . .

è Mν [k] = mk, k = 1, 2, . . .
Äîêàçàòåëüñòâî. Èç óñëîâèÿ mk = O(k!), k → ∞, ñëåäóåò, ÷òî ðÿä

f(s) = 1 +
∑∞

k=1
mk

k! (s − 1)k ñõîäèòñÿ ïðè ëþáîì s ∈ [0, 1); ïðè ýòîì
f (k)(1) = mk, k = 1, 2, . . .. Ïîêàæåì, ÷òî

fn(s) = Msνn → f(s), n→∞, ïðè ëþáîì s ∈ [0, 1].

Ôèêñèðóåì ïðîèçâîëüíûå s ∈ [0, 1) è ε > 0. Âûáåðåì N = N(ε) < ∞
òàê, ÷òîáû âûïîëíÿëîñü íåðàâåíñòâî

∑
k>N

mk

k! (1− s)
k < ε

3 . Òîãäà

f(s) = 1 +
N−1∑
k=1

mk

k!
(s− 1)k + θ

ε

3
, 0 < θ 6 1. (3)

Âûïèøåì ôîðìóëó Òåéëîðà äëÿ fn(s) ñ îñòàòî÷íûì ÷ëåíîì â ôîðìå
Ëàãðàíæà:

fn(s) = 1 +
N−1∑
k=1

m
(n)
k

k!
(s− 1)k + θn

m
(n)
N

N !
(s− 1)N , 0 < θn 6 1, (4)
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òàê êàê ïðîèçâîäíûå fn(s) ìîíîòîííî íå óáûâàþò íà îòðåçêå [0, 1] è

f
(k)
n (1) = m

(n)
k . Ïðè âñåõ äîñòàòî÷íî áîëüøèõ n

N−1∑
k=1

|m(n)
k −mk|
k!

(s− 1)k <
ε

3
è

m
(n)
N

N !
(s− 1)N <

ε

3
.

Èç ýòèõ îöåíîê (3), (4) è ïðîèçâîëüíîñòè âûáîðà s ∈ [0, 1) è ε > 0
ñëåäóåò, ÷òî fn(s) → f(s), n → ∞ ïðè ëþáîì s ∈ (0, 1]. Ñõîäèìîñòü
ïðè s = 0 � ñëåäñòâèå íåïðåðûâíîñòè è ìîíîòîííîñòè fn(s) íà [0, 1].

Îñòàåòñÿ çàìåòèòü, ÷òî íåïðåðûâíûì ïðåäåëîì ïîñëåäîâàòåëüíîñòè
ïðîèçâîäÿùèõ ôóíêöèé ìîæåò áûòü òîëüêî ïðîèçâîäÿùàÿ ôóíêöèÿ.
Ïîñëåäíåå óòâåðæäåíèå òåîðåìû ñëåäóåò èç ïîñòðîåíèÿ ïðîèçâîäÿùåé
ôóíêöèè f(s). Òåîðåìà äîêàçàíà.

Ìåòîä ìîìåíòîâ ÷àñòî èñïîëüçóåòñÿ ïðè äîêàçàòåëüñòâå ñõîäèìîñòè
ê ðàñïðåäåëåíèþ Ïóàññîíà, ïîñêîëüêó ôàêòîðèàëüíûå ìîìåíòû ñëó-
÷àéíîé âåëè÷èíû ν, èìåþùåé ðàñïðåäåëåíèå Ïóàññîíà ñ ïàðàìåòðîì
λ, èìåþò îñîáåííî ïðîñòîé âèä:

Mν [k] =
dk

dsk
Msν

∣∣∣∣
s=1

=
dk

dsk
eλ(s−1)

∣∣∣∣
s=1

= λkeλ(s−1)
∣∣∣
s=1

= λk.

Ñëåäñòâèå 3. Åñëè νn, n = 1, 2, . . ., � òàêàÿ ïîñëåäîâàòåëüíîñòü

öåëî÷èñëåííûõ íåîòðèöàòåëüíûõ ñëó÷àéíûõ âåëè÷èí, ÷òî Mν
[k]
n →

λk ïðè n → ∞ äëÿ ëþáîãî k = 1, 2, . . . , òî ðàñïðåäåëåíèÿ ñëó÷àéíûõ

âåëè÷èí νn ñõîäÿòñÿ ê ðàñïðåäåëåíèþ Ïóàññîíà ñ ïàðàìåòðîì λ:

lim
n→∞

P{νn = j} = λj

j!
e−λ, j = 0, 1, . . .

Äîêàçàòåëüñòâî. Ïðè óêàçàííûõ â ñëåäñòâèè óñëîâèÿõ

Msν =
∑
k>0

λk

k!
(s− 1)k = e−λ(s−1),

ò.å. ïðåäåëüíàÿ ñëó÷àéíàÿ âåëè÷èíà ν èìååò ðàñïðåäåëåíèå Ïóàññîíà
ñ ïàðàìåòðîì λ.
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Ôàêòîðèàëüíûå ìîìåíòû ñóììû èíäèêàòîðîâ.

Íåðàâåíñòâà Áîíôåððîíè äëÿ îáúåäèíåíèÿ ñîáûòèé

Äëÿ ïðèìåíåíèÿ ìåòîäà ìîìåíòîâ íóæíî âû÷èñëÿòü ôàêòîðèàëü-
íûå ìîìåíòû ñëó÷àéíûõ âåëè÷èí èëè íàõîäèòü èõ ïðåäåëüíûå çíà-
÷åíèÿ. Óäîáíûé ñïîñîá âû÷èñëåíèÿ ôàêòîðèàëüíûõ ìîìåíòîâ ñóìì
çàâèñèìûõ èíäèêàòîðîâ äàåò ñëåäóþùàÿ ëåììà.
Ëåììà î ôàêòîðèàëüíûõ ìîìåíòàõ. Åñëè ξ = I1 + . . . + In �

ñóììà ñëó÷àéíûõ èíäèêàòîðîâ, òî ïðè ëþáîì íàòóðàëüíîì k

Mξ[k] = k!
∑

16i1<...<ik6n

P{Ii1 = . . . = Iik = 1}. (5)

Äîêàçàòåëüñòâî. Ïî îïðåäåëåíèþ

Mξ[k] = Mk!
ξ(ξ − 1) . . . (ξ − k + 1)

k!
= k!MCk

ξ . (6)

Ïðåäñòàâèì òåïåðü ñóììó â ïðàâîé ÷àñòè (5) â âèäå∑
16i1<...<ik6n

P{Ii1 = . . . = Iik = 1} =
∑

16i1<...<ik6n

MI{Ii1 = . . . = Iik = 1} =

= M
∑

16i1<...<ik6n

I{Ii1 = . . . = Iik = 1} = MCk
ξ , (7)

ïîñëåäíåå ðàâåíñòâî ñëåäóåò èç òîãî, ÷òî ïðè ëþáîì ýëåìåíòàðíîì
ñîáûòèè ω ïîñëåäîâàòåëüíîñòü èíäèêàòîðîâ I1(ω), . . . , In(ω) ñîñòîèò
ðîâíî èç ξ(ω) åäèíèö è n− ξ(ω) íóëåé, çíà÷èò,∑

16i1<...<ik6n

I{Ii1(ω) = . . . = Iik(ω) = 1} = Ck
ξ(ω).

Ñðàâíåíèå (7) è (6) çàâåðøàåò äîêàçàòåëüñòâî ëåììû.

Â êà÷åñòâå ïðèìåðà ïðèìåíèì ýòó ëåììó ê ñëåäóþùåé ñõåìå: ïóñòü
ïî N ÿ÷åéêàì ñëó÷àéíî ðàçìåùàþòñÿ T ÷àñòèö, òàê ÷òî êàæäàÿ ÷à-
ñòèöà íåçàâèñèìî îò îñòàëüíûõ ïîïàäàåò â ëþáóþ èç N ÿ÷ååê ñ âåðî-
ÿòíîñòüþ 1

N . Îáîçíà÷èì ÷åðåç µ0(T,N) ñëó÷àéíóþ âåëè÷èíó, ðàâíóþ
÷èñëó ïóñòûõ ÿ÷ååê (ò. å. òàêèõ, â êîòîðûå íå ïîïàëî íè îäíîé ÷àñòè-
öû).
Ñëåäñòâèå 1. Ïðè ëþáîì íàòóðàëüíîì k

Mµ
[k]
0 (T,N) = k!Ck

N

(
1− k

N

)T
. (8)
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Äîêàçàòåëüñòâî. Ïóñòü ξ1, ξ2, . . . , ξT � íîìåðà ÿ÷ååê, â êîòîðûå
ïîïàëè 1-ÿ, 2-ÿ,..., T -ÿ ÷àñòèöû; ýòè ñëó÷àéíûå âåëè÷èíû íåçàâèñèìû
è èìåþò ðàâíîìåðíîå ðàñïðåäåëåíèå íà ìíîæåñòâå {1, . . . , N}. Îáî-
çíà÷èì ÷åðåç ηj =

∑T
t=1 I{ξt = j} � ÷èñëî ÷àñòèö, ïîïàâøèõ â j-þ

ÿ÷åéêó. Òîãäà

µ0(T,N) = I{η1(T ) = 0}+ . . .+ I{ηN(T ) = 0},

è ñîãëàñíî ëåììå î ôàêòîðèàëüíûõ ìîìåíòàõ

Mµ
[k]
0 (T,N) = k!

∑
16i1<...<ik6N

P{ηij(T ) = 1, j = 1, . . . , k}.

Îñòàåòñÿ çàìåòèòü, ÷òî ïðè ëþáûõ ïîïàðíî ðàçëè÷íûõ i1, . . . , ik ∈
{1, . . . , N}

P{I{ηij(T ) = 1}, j = 1, . . . , k} = P{ηij(T ) = 0, j = 1, . . . , k} =

= P{ξt /∈ {i1, . . . , ik}, t = 1, . . . , T} =
(
1− k

N

)T
.

Ïîëó÷åííûå ôîðìóëû ìîæíî èñïîëüçîâàòü äëÿ äîêàçàòåëüñòâà ïðå-
äåëüíîé òåîðåìû äëÿ ÷èñëà µ0(T,N) ïóñòûõ ÿ÷ååê â ðàâíîâåðîÿòíîé
ñõåìå íåçàâèñèìîãî ðàçìåùåíèÿ T ÷àñòèö ïî N ÿ÷åéêàì.

Òåîðåìà 2. Åñëè T,N →∞ òàê, ÷òî T = N lnN +N lnλ+ o(N),
òî

lim
n→∞

P{µ0(T,N) = k} = λk

k!
e−λ, k = 0, 1, . . .

Äîêàçàòåëüñòâî. Ñîãëàñíî (8)

Mµ
[m]
0 (T,N) = N [m]

(
1− m

N

)T
= N [m] exp

{
T ln

(
1− m

N

)}
.

Ïðè óêàçàííûõ â òåîðåìå óñëîâèÿõ äëÿ êàæäîãî ôèêñèðîâàííîãî m

lnN [m] = ln

(
Nm

m∏
j=0

(
1− j

N

))
= m lnN +O

(
1

N

)
,

ln exp
(
T ln

(
1− m

N

))
= −

(
m

N
+O

(
1

N 2

))
(N lnN +N lnλ+ o(N)) =

= −
(
1 +O

(
1

N

))
m(lnN + lnλ+ o(1)),
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îòêóäà ñëåäóåò, ÷òî

lnMµ
[m]
0 (T,N) = −m lnλ+ o(N−1 lnN) = −m lnλ+ o(1),

ò.å.
lim

N,T→∞
Mµ

[m]
0 (T,N) = λm, m = 1, 2, . . .

Îòñþäà è èç ñëåäñòâèÿ 3 âûòåêàåò óòâåðæäåíèå òåîðåìû 2.

Ëåììà î ñâÿçè âåðîÿòíîñòåé è ôàêòîðèàëüíûõ ìîìåíòîâ.

Äëÿ ëþáîé öåëî÷èñëåííîé íåîòðèöàòåëüíîé ñëó÷àéíîé âåëè÷èíû ξ è
ëþáîãî öåëîãî r > 1 ïðè íåêîòîðîì θr ∈ [0, 1] ñïðàâåäëèâî ñîîòíîøå-
íèå

P{ξ = 0} = 1 +
r−1∑
k=1

(−1)k

k!
Mξ[k] +

(−1)r

r!
θMξ[r], θ ∈ [0, 1]. (9)

Äîêàçàòåëüñòâî. Ðàçëîæèì ïðîèçâîäÿùóþ ôóíêöèþ f(s) = Msξ ïî
ôîðìóëå Òåéëîðà â òî÷êå s = 1:

f(s) = f(1) +
r−1∑
k=1

1

k!
f (k)(1)(s− 1)k +

1

r!
f (r)(us)(s− 1)r, (10)

ãäå us ∈ [s, 1]. Ïîëàãàÿ â ýòîì ðàâåíñòâå s = 0 è çàìå÷àÿ, ÷òî

f(0) = Msξ|s=0 = P{ξ = 0}, 0 6 f (k)(u) 6 f (k)(1) = Mξ[k], u ∈ [0, 1],

òàê êàê âñå ïðîèçâîäíûå ïðîèçâîäÿùåé ôóíêöèè ìîíîòîííî âîçðàñòà-
þò íà îòðåçêå [0, 1], ïîëó÷àåì ðàâåíñòâî (9), ÷òî è òðåáîâàëîñü äîêà-
çàòü.

Ñëåäñòâèå 2 (Ôîðìóëà âêëþ÷åíèÿ-èñêëþ÷åíèÿ è íåðàâåíñòâà Áîí-
ôåððîíè). Åñëè A1, . . . , AN � ñîáûòèÿ, îïðåäåëåííûå íà îäíîì è òîì

æå âåðîÿòíîñòíîì ïðîñòðàíñòâå, è ξ =
N∑
k=1

I{Ak} � ÷èñëî îäíîâðå-

ìåííî ïðîèñõîäÿùèõ ñîáûòèé, à Sk =
∑

16i1<...<ik6N
P{Ai1 ∩ Ai2 ∩ . . . ∩

Aik} = 1
k! Mξ[k], òî

P{A1 ∪ . . . ∪ AN} = 1−P{ξ = 0} =
N∑
k=1

(−1)k+1Sk, (11)
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è ïðè ëþáîì r = 1, 2, . . .

2r∑
k=1

(−1)k+1Sk 6 P{A1 ∪ . . . ∪ AN} = P{ξ > 0} 6
2r+1∑
k=1

(−1)k+1Sk. (12)

Äîêàçàòåëüñòâî. Â íàøåì ñëó÷àå ïðîèçâîäÿùàÿ ôóíêöèÿ
Msξ ÿâëÿåòñÿ ìíîãî÷ëåíîì ñòåïåíè íå âûøå N . Ïîýòîìó ôîðìóëà
âêëþ÷åíèÿ-èñêëþ÷åíèÿ (11) cëåäóåò èç (9) ïðè r = N è òîãî, ÷òî â
ñèëó ëåììû Mξ[k] = k!Sk, à íåðàâåíñòâà Áîíôåððîíè (12) ñëåäóþò èç
(9) è èç òîãî, ÷òî â ñèëó íåîòðèöàòåëüíîñòè âñåõ ïðîèçâîäíûõ ïðîèç-
âîäÿùåé ôóíêöèè íà îòðåçêå [0,1] çíàêè îñòàòî÷íûõ ÷ëåíîâ çàâèñÿò
òîëüêî îò ÷åòíîñòè r.
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