Şŕàőéěŋŋőě őąőáŋőćăŋĺě ćěàőïâŋőáâŋőčő âěáâă Ňĺńńěàă-Řăąĺŋă ďńï ŕàőćěàłĺ ŕàőáâőâë çĺáěń

Ś.Ą.Čăèłőć

Ŕãáâì m - çĺáńő, ŕàőáâőâã łőâőàőčő ňë åőâĺň àăáŕőğŋăâì. Řăááňőâàĺň ňŋőęěáâćő Z^∗_m, áőáâőïéěě ĺğ ćáěå çĺáěń, ćğăĺňŋő ŕàőáâëå á m ĺ ńěęăéĺå ć ŕàěďěńăå őâ 1 ďő m. Łăł ĺğćěáâŋő, őŋő ĺňěěâ ňőéŋőáâì ϕ(m) (ϕ | íâő äãŋłæĺï İľńěàă) ĺ őąàăğãěâ čàãŕŕã őâŋőáĺâěńìŋő ãňŋőęěŋĺï ŕő mod m. Ůĺáńő s ∈ Z^∗_m ŋăğőćěň (łăł ĺ ć [1]) áćĺďěâěńěň ŕàőáâőâë çĺáńă m, ěáńĺ ŕőáńěďőćăâěńìŋőáâì áâěŕěŋěľ

s^{(m−1)2}

�i mod m, i = 0, 1, . . . , r, m − 1 = 2^rt, čďě t | ŋěçěâŋő, áőáâőĺâ âőńìłő ĺğ ěďĺŋĺæ, ńĺąő á ŋĺå ŋăçĺŋăěâáï, ŕőáńě çěčő ŕàőďőńęăěâáï ňĺŋãá ěďĺŋĺæěľ, ĺ ňőęěâ ąëâì, ďàãčĺňĺ çĺáńăňĺ. Ňŋőęěáâćő ćáěå áćĺďěâěńěľ ŕàőáâőâë çĺáńă m őąőğŋăçĺň S.

Ďőłăęěň áńěďãîéãî âěőàěňã, ńěęăéãî ć őáŋőćě ćěàőïâŋőáâŋőčő ăńčőàĺâňă Ňĺńńěàă-Řăąĺŋă àăáŕőğŋăćăŋĺï ŕàőáâőâë ([2],[3], [4]).

Šěőàěňă Řăąĺŋă. Ňŋőęěáâćő ćáěå áćĺďěâěńěľ ŕàőáâőâë áőáâăćŋőčő çĺáńă m ĺňěěâ ňőéŋőáâì ŋě ąőńěě ϕ(m)/4 .

Ďőłăğăâěńìáâćő.

Ąãďěň ŕàěďŕőńăčăâì, çâő m ŋě łàăâŋő âàěň ĺ őąőğŋăçăâì ąãłćăňĺ p, á ĺŋďěłáăňĺ ĺńĺ ąěğ ŋĺå, ŕàőáâëě çĺáńă. Śŕàăćěďńĺćă áńěďãîéăï ĺğćěáâŋăï ńěňňă.

Ńěňňă 1. Ŕãáâì m ďěńĺâáï ŋă p^2. Šőčďă ňŋőęěáâćő çĺáěń 1 + km/p, k = 0, . . . , p − 1, őąàăğãěâ ŕőďčàãŕŕã ć Z^∗_m ŕőàïďłă p ĺ ćáě ěñ ŋěěďĺŋĺçŋëě íńěňěŋâë ĺňěîâ ŕőàïďőł p.

Ďőłăğăâěńìáâćő ěñ őáŋőćăŋő ŋă âőęďěáâćě

(1 + km/p)(1 + k^′m/p) mod m = 1 + ((k + k^′) mod p)m/p mod m,

ĺğ łőâőàőčő ćëâěłăěâ ĺğőňőàäĺğň íâőľ čàãŕŕë á æĺłńĺçěáłőľ čàãŕŕőľ ŕőàïďłă p.

Ŋăğőćěň ńęěáćĺďěâěńěň ńîąőě çĺáńő a ĺğ ňŋőęěáâćă Z^∗_m âăłőě, çâő ńĺąő a^{m−1} mod m ≠ 1, ńĺąő a^k mod m ≠ −1 ďńï ńîąőčő æěńőčő k ĺ ďńï ŋěłőâőàőčő ŕàőáâőčő ďěńĺâěńï p çĺáńă m ŕőàïďőł a mod p àăćěŋ p − 1 (ŕőàïďőł | íâő ŋăĺňěŋìèăï ŋăâãàăńìŋăï áâěŕěŋì, ŕàĺ ćőğćěďěŋĺĺ ć łőâőàãî őáâăâőł ŕő mod m ąãďěâ àăćěŋ 1). Őąőğŋăçĺň çěàěğ A ňŋőęěáâćő ćáěå ńęěáćĺďěâěńěľ. Őáŋőćőľ ďőłăğăâěńìáâćă âěőàěňë ïćńïěâáï Ńěňňă 2. Ŕàőĺğćěďěŋĺě ńęěáćĺďěâěńï ĺ áćĺďěâěńï ŋě ïćńïěâáï áćĺďěâěńěň. Ďàãčĺňĺ áńőćăňĺ, ěáńĺ a ∈ A, ă s ∈ S, âő as mod m ŋě ŕàĺŋăďńěęĺâ S, âő ěáâì S ∩ aS = ∅ .

Ďőłăğăâěńìáâćő.

Ěáńĺ a^{m−1} mod m ≠ 1, âő (as)^{m−1} mod m ≠ s^{m−1} = 1 ŕàĺ s ∈ S, ğŋăçĺâ as mod m ŋě ŕàĺŋăďńěęĺâ S.

Ŕãáâì âěŕěàì a^{m−1} mod m = 1 ĺ ŕàĺ ŋěłőâőàőň ŕàőáâőň ďěńĺâěńě p çĺáńă m ŕőàïďőł çĺáńă a ŕő modp àăćěŋ p − 1 ĺ âăłęě a^k mod m ≠ −1 ŕàĺ ńîąőň æěńőň k. Ěáńĺ a^{(m−1)2}�^i mod m = 1, âő a^{(m−1)2}�^i mod p = 1, ğŋăçĺâ (m − 1)2^{−i} ďěńĺâáï ŋă p − 1, ŕőíâőňã i < r, âăł łăł t | ŋěçěâŋő, ă p − 1 | çěâŋő, ĺ ğŋăçĺâ a^t mod m ≠ 1, ĺ áőčńăáŋő ňăńőľ âěőàěňě Ťěàňă s^{(m−1)2}�^j mod p = 1, ĺ, ğŋăçĺâ, s^{(m−1)2}�^j mod m ≠ −1 ŕàĺ ćáěå j, 0 ≤ j ≤ i, ă âăł łăł s ∈ S, âő ĺğ ŕőáńěďŋěčő ãâćěàęďěŋĺï áńěďãěâ, çâő s^{(m−1)2}

�j mod m = 1, 0 ≤ j ≤ i, ĺ s^{(m−1)2}

�i�1 mod m = ±1.

Ňőęŋő ćëąàăâì i ≥ 0 âăł, çâő a^{(m−1)2}�^j mod m = 1 ŕàĺ ćáěå j, 0 ≤ j ≤ i, ŋő a^{(m−1)2}

�i�1 mod m ≠ 1. Šőčďă ĺňěěň, çâő (as)^{(m−1)2}

�j mod m = s^{(m−1)2}�^j mod m = 1 ŕàĺ ćáěå j, 0 ≤ j ≤ i, ŋő (as)^{(m−1)2}�^i�^1 mod m = ±a^{(m−1)2}�^i�^1 mod m ≠ ±1 âăł łăł a^{(m−1)2}�^i�^1 mod m ≠ 1 ĺ a^k mod m ≠ −1 ŕàĺ ćáěå k. Ďőłăğăŋŋőě őğŋăçăěâ, çâő as mod m ŋě ïćńïěâáï áćĺďěâěńěň.

Śńěďãîéăï ăńčěąàăĺçěáłăï ńěňňă őąéěĺğćěáâŋă.

Ńěňňă 3. Ŕãáâì a ≠ b ∈ Z^∗_m. Šőčďă Sa ∩ Sb = ∅ ⇔ S ∩ Sab^{−1} = ∅. Ć çăáâŋőáâĺ, ďńï ńîąőľ ŕőďčàãŕŕë G čàãŕŕë Z^∗_m ňŋőęěáâćă Sg, čďě g ∈ G, ŕőŕăàŋő ŋě ŕěàěáěłăîâáï âőčďă ĺ âőńìłő âőčďă, łőčďă ŋě ŕěàěáěłăîâáï ňŋőęěáâćă S ĺ Sg ďńï ńîąőčő ŋěěďĺŋĺçŋőčő íńěňěŋâă g ∈ G. Ňŋőęěáâćă S ĺ Sa ŕàĺ ńîąőň a ∈ Z^∗_m àăćŋőňőéŋë ĺ æěńĺłőň áőďěàęăâáï ćő ňŋőęěáâćě Z^∗_m

Ďěľáâćĺâěńìŋő, ěáńĺ ąë c ∈ Sa ∩ Sb, âő cb^{−1} mod m ∈ Sab^{−1} ∩ S. Őâőąàăęěŋĺě x → xa ğăďăěâ ćğăĺňŋő őďŋőğŋăçŋőě áőőâćěâáâćĺě ňěęďã S ĺ Sa. Őáâăńìŋőě őçěćĺďŋő.

Ńěňňă 4. Ŕãáâì çĺáńő m ďěńĺâáï ŋă p^2. Šőčďă ňőéŋőáâì ňŋőęěáâćă

S ŋě ŕàěćőáåőďĺâ ϕ(m)/p.

Ďőłăğăâěńìáâćő.

Řăááňőâàĺň őŕàěďěńěŋŋãî ć ńěňňě 1 ŕőďčàãŕŕã G. Šăł łăł çĺáńő p ďěńĺâ m, âő őŋő ŋě ďěńĺâ m − 1, ĺ ğŋăçĺâ áőčńăáŋő ńěňňě 1 ĺ íńěňěŋâăàŋőňã ãâćěàęďěŋĺî âěőàĺĺ čàãŕŕ ďńï ńîąőčő ŋěěďĺŋĺçŋőčő íńěňěŋâă a ∈ G ĺňěěň a^{m−1} ≠ 1, ğŋăçĺâ a| ńęěáćĺďěâěńì ĺ áőčńăáŋő ńěňňě 2 ňŋőęěáâćő S ∩ Sa ŕãáâő. Ŕàĺňěŋïï ńěňňã 3, ćëćőďĺň őâáîďă, çâő ćáě ňŋőęěáâćă Sg, čďě g ∈ G, ŕőŕăàŋő ŋě ŕěàěáěłăîâáï, ĺ ŕőíâőňã ňőéŋőáâì ĺå őąêěďĺŋěŋĺï àăćŋă pn, čďě n | ňőéŋőáâì S, ă âăł łăł őŋő áőďěàęĺâáï ćő ňŋőęěáâćě Z^∗_m, âő n ≤ ϕ(m)/p.

Ńěňňă 5. Ŕãáâì m áćőąőďŋő őâ łćăďàăâőć. Šőčďă ňőéŋőáâì S ŋě ŕàěćőáåőďĺâ ϕ(m)/4.

Ďőłăğăâěńìáâćő.

Ŕàĺňěŋïï łĺâăľáłãî âěőàěňã őą őáâăâłăå ĺ âěőàěňã ő áãéěáâćőćăŋĺĺ ŕěàćőőąàăğŋőčő łőàŋï, ŋăåőďĺň âăłĺě çĺáńă a_i ∈ Z^∗_m, çâő a_i mod m/p_i = 1 ĺ ŕőàïďőł a_i mod p_i àăćěŋ p_i − 1, čďě p_i|ďěńĺâěńĺ çĺáńă m, i = 1, 2. Šőčďă ŕàĺ ńîąőň k ĺňěěň a^k_i mod m/p_i = 1 ĺ, áńěďőćăâěńìŋő, a^k_i mod m ≠ −1, ŕőíâőňã a_i ĺ a^{−1}_i , i = 1, 2 | çěâëàě ńęěáćĺďěâěńï.

Ŕàěďŕőńőęĺň, çâő m = p_1p_2, p_1 > p_2 ĺ ğăňěâĺň, çâő ďńï a = a_1a_2 mod m ĺğ àăćěŋáâćă a^k mod m = 1 áńěďãěâ, çâő a^k_1 mod p_1 = 1, ĺ ŕőíâőňã k ďěńĺâáï ŋă p_1 − 1. Ŋő m − 1 = p_2(p_1 − 1) + p_2 − 1 ŋě ďěńĺâáï ŋă p_1 − 1, âăł łăł 1 < p_2 < p_1, ğŋăçĺâ a^{m−1} mod m ≠ 1, ĺ ŕőíâőňã a ĺ ,ăŋăńőčĺçŋő, b = a_1a^{−1}_2 | ěéñ ďćă ńęěáćĺďěâěńï.

Ěáńĺ ęě m ďěńĺâáï ěéě ŋă âàěâìě ŕàőáâőě çĺáńő p_3, âő a_i mod p_3 = 1, ğŋăçĺâ a mod p_3 = 1, b mod p_3 = 1, ĺ a^k mod p_3 = 1, b^k mod p_3 = 1, ŕőíâőňã a^k mod m ≠ −1, b^k mod m ≠ −1 ŕàĺ ńîąőň k, ă âăłęě ŕőàïďőł çĺáěń a ĺ b ŕő mod p_1 âăłőľ ęě łăł ĺ ã a_1, â.ě. àăćěŋ p_1 − 1. Śńěďőćăâěńìŋő ĺ ć íâőň áńãçăě a, b| ńęěáćĺďěâěńĺ.

Ŕàĺňěŋïï ńěňňã 3 ł ňŋőęěáâćăň S, Sa_1, Sa_2, Sa, ğăňěçăěň, çâő őŋĺ ŕőŕăàŋő ŋě ŕěàěáěłăîâáï ĺ àăćŋőňőéŋë, ğŋăçĺâ łăęďőě ĺğ ŋĺå ĺňěěâ ňőéŋőáâì ŋě ąőńěě ϕ(m)/4.

Ďőłăğăâěńìáâćő âěőàěňë âěŕěàì ŋěŕőáàěďáâćěŋŋő áńěďãěâ ĺğ ŕőáńěďŋĺå ńěňň.

Řăąőâă ćëŕőńŋěŋă ŕàĺ äĺŋăŋáőćőľ ŕőďďěàęłě Řőááĺľáłőčő äőŋďă äãŋďăňěŋâăńìŋëå ĺááńěďőćăŋĺľ (łőď ŕàőěłâă 96-01-068).

Ńĺâěàăâãàă

[1] Śăńőňăă Ă. Łàĺŕâőčàăäĺï á őâłàëâëň łńîçőň.

Ĺğď.óŇĺàô,Ňőáłćă, 1996.

[2] Miller G.L. Riemann’s hypotesis and tests for primality. Journal of Computer and System Sciences v.13, 1976, pp. 300-317.

[3] Rabin M.O. Probabilistic algorithm for testing primality. Journal Number Theory,1980,v.12,No 1,pp.128-138.

[4] Knut D.E. The art of computer programming Vol. 2 Seminumerical Algorithms. Second Edition. Addison-Wesley Publishing Company, 1981.