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ITPEANCJIOBUE

XI Mexaynaponuein cemuHap «JIuCKpeTHas MaTeMaTWKa U €€
TMPUIOKEHUS», MOCBAMIEHHBIN 80-T€TUI0 CO OHA POXKICHUA AKAIEMUKA
O. B. Jlynanosa, npoxoIu1 Ha MEXaHUKO-MATEMATUIECKOM (PAKYIbTETE
MI'Y umenu M. B. Jlomonocora ¢ 18 mo 23 wmioms 2012 r. mpum moa-
nepxkke Poccuiickoro (GoHga GpyHIAMEHTATLHBIX UCCICNOBAHUN (IPO-
ext 12-01-06040-1).

OprxoMuTeTOM CEMUHAPA A0 HAYANA €ro PabOTH OBLLIM PA3O0CIAHBI
nH(POPMALXOHHBIE TUCHMA B BeyIINe HAy YHBIE IEHTPHI U YHUBEP CAUTETH
crpan CHI', oro6pausl Hambosiee MHTEpECHBIE TOKIAILI U COOOIIEHUS
IS 3ACJAYIMINBAHUS HA TUIEHAPHBIX W CEKIIMOHHBIX 3aCEIaHusAX.

Cemunap cobpaun 6osee 200 yaacTHukoB (B ToM [ucie Goaee 50 nok-
TopoB Hayk) u3 40 Hayuabix uentposB Poccum, Benapycu, Ykpauuer u
MouanoBHI.

Pabora cemunapa mpoxoaunaa B CEMU CEKIIMAX:

— CUHTE3, CJI0XKHOCTh U HAAEKHOCTH YIPABISIOMIAX CUCTEM,

— Teopus (PYHKIUOHATIHHBIX CUCTEM,

— KOMOWHATOPHBIN AHAINS,

— Teopusa rpados,

— MATEeMATUYIeCKAs TEOPUsA UHTEIEKTYAJbHBIX CUCTEM,

— [JUCKPETHAas reoMeTpus,

— Teopus KOAUPOBAHUA U MATEMATUIECKNE BOMPOCH TEOPUY 3AIIU-
THL THPOPMAIIAN.

Bceero 6b110 3acaymano 15 maeHapHBIX 1 165 CEKIIMOHHBIX TOKJIATO0B;
coaepkaHue OOJBIIMHCTBA U3 HUX OTPAXKEHO B HACTOAMIEM COOPHUKE.

TekcTel myOIUKYIOTCA B ABTOPCKOU PefaKuuy (MCIPABICHEL 3aMeTeH-
HBIE OTIEUATKN).



IIJIEHAPHBIE TJOKJIAABI

O HOBHBIX ITPUMEHEHUAX
APUDOMETUKU B KPUIITOT'PADUN

M. II. Munees, B. H. Yy6apukos (Mocksa)

Csemaoti namamu
dopozozo Oaeza Bopucosuua Jynanosa

Bgeaenue. B nocnennue mospexka KpunTorpadus nepexnia mepuos
CBOEro CyIIECTBEHHOT'O OOHOB/IEHNUA, CBA3AHHOI'O, B IIEPBYIO OYepeb, CO
caeayoomumna hakTOPaMU.

Bo-nepsrix, 6ypuoe pasButre B Hadame 60-x rogoB MPOILIOrO BeKa
SJEKTPOHHOU BEIYUCIUTENLHON TEXHUKH U €€ IMMUPOKOE UCTOIL30BAHUIE
MPUBEIO K TOCTAHOBKE 3a1a4W 3aIUTHI KOMIIBIOTEPHOU UH(MOPMAIIUH.

Bo-BTOpRIX, 3a1a9a 3aIUTH IEPENUCKN OT HECAHKIMOHUPOBAHHOI'O
IOCTYTA CTATa MACCOBOM, UTO OTPEOOBAIO pa3pabOTKMU HOBLIX METO OB
3amuTh nHpOpMaLINY.

MMudposanme mHpOpMAIUN pelIAeT OAHY U3 OCHOBHBIX 33139 KPU-
nrorpadun: obecnedeHne KOHQUIEHINAILHOCTH JAHHBEIX MDY Iepejade
HH(DOpMAIHAN.

B ocuoBe mmdpoBaHUA JEKAT KPHUOTOTPAPUICCKHE ATTOPUTMEL.
IIpuBegeM OCHOBHBIE UX TUIIHL.

OEeCK/II0YUEBLIE | OQHOKIIOYEBBIE IBYXKJIOYEBEBIE
ATTOPUTMBI AITOPUTMBI
CAMMETPUTIHOI'O ACIMMETPUIHOIO
mudpPOBAHUAA mudPOBAHUA
XOMI-(PYHKIINA | XOMI-(PYyHKIINAA AITOPUTMBI
DIEKTPOHHOU
OATINCH
reHepaToOphI reHepaTophI
CTyIauHBIX TICEB O CIY YAMHBIX
quCen quCen
AITOPUTMBI ANrOPUTMBI
ayTeHTU(PUKAIUA | ay TeHTU(PUKAIINA

HamomuuM, 9TO KII0YOM KPHUITOTPADHUIECKOTO aIrOPUTMA HA3BIBA-
€TCs1 KOHKPETHOE CEeKPETHOE COCTOSHUE HEKOTOPBIX [1apaMeTPOB aJro-
puTMa KpunTorpaduieckoro npeobpaszoBanus, 00ecrevInBaoee BEI6op



OHOTO IPEO6PA3OBAHNSA U3 COBOKYIHOCTY BO3MOXKHBIX IPE0OPA30OBAHNN
IJiA DaHHOrO anroputMa. Kioun OLIBalOT IBYX TUTIOB: CEKPETHHIE, W3-
BECTHBIE TONBKO 3aKOHHLIM TIOJb30BATEIAM, U OTKPHITHIE, OOLIYHO TIy-
OJUKYyEMBbIE B COOTBETCTBYIOMINX CIPABOYHUKAX U M3BECTHBIE JTIOOOMY
moJab30BaTeNo. TakikKe U KAHAJBL CBA3U MOTYT OBITh CEKPETHBIMU U OT-
KPBITHIMU.

lanee, xam-(hyHKIMEX HA3BLIBAIOT BLITIOJIHEHUE “CBEPTKM’ TaHHBIX
MEPEMEHHON [JUHBI B MOCAEJOBATEIBHOCTh 3HAKOB (DUKCHPOBAHHOTO
pasmepa.

B coBpemennon “rpaxmanckon”’ xkpunrtorpaduu pasandamT IBe Be-
TBU Pa3BUTHUA: KIACCAIECKYIO TPAIUIMOHHYIO KPUNTOrPadUio, CBA3AH-
HYyI0 ¢ “cuMMeTpuyYHBIM” MU POBAHUEM U “ACUMMETPUIHYI0’ KPUITO-
rpadmuio. [loraTre cuMMeTpUN 1 ACUMMETPUU CBSI3AHO C UCIOIB30BAHU-
eM KJIIYer PU MudpPOBaHUN U AemudpoBaHuy UHGHOPMAIUH.

1. Iudpsl k1accudeckon kpunrorpacdum. Kax mssectso, “pa-
060Ta CUMMETPUYHBIX IMU(POB BKIIOYaeT B cebsa IBa IpeoOpPa30OBaAHUA:
¢ = Ei(m) um = Dy(c), rge m — oTkpeITEIN TeKCT, F — mmdpyromasn
dbyuxuma, D — pacmmdposuiBaomas GyHKIusa, k — CeKPeTHLIN KO,
¢ — mmdpTexcT”.

Tun npeobpasosanus Ej(m) 0TKpBITOro TEKCTa UCIOIB3YeTCA B Ka-
YECTBE MEPBUYHOrO MPU3HAKA, IO KOTOPOMY IPOU3BOAUTCA Kiaccudu-
kanus mudpos. UmeroTcs caenyromme Tpu Kiaacca mmdpoBs:

o mu@pPHI 3aMEHHI;

e MUQPH MEPECTAHOBKMY;

® KOMIO3UIUOHHEBIE MU(PHI.

1.1. ITocTanoBKa 3aja4u UCKaXXEHUA IacTOT B mudpe Opo-
cTou 3aMeHBI. BosbImoe pacnpocTpaHeHne MOMyYiIn ITOTOYHLIC -
PBI TPOCTON 3aMEHBI. DTU MUMPHEI MOKHO PACCMATPUBATEH KAK MOACTA-
HOBKY, B KOTOPOU BEPXHASA CTPOKA ABIAETCA MHOXKECTBOM 3HAYEHUU
muPBEIUYUHLI, 8 HUXKHAA — MHOXECTBOM MmudpoOO3HAUEHUN. DTO
O3HAYAET, ITO L1 Aenm(pOBAHUI TEKCTA CAeAYeT 3HATH DTY MOACTA-
HOBKY. [Ipu 5TOM mpeamnosaraeTcs, 9To IPOUCXOTUT B3AUMHO O THO3HAY-
HOe oToOpaxenue andasuta A OTKPHITOro TekcTa B andasut B 3ammm-
($pPOBAHHOT'O TEKCTA.

3amada COCTOUT B TOM, KaK HE 3HAA MOJCTAHOBKH, IO IMU(PPTEKCTY
BOCCTAHOBUTH OTKPBITBHIH TEKCT? YxKe B 1-M THICAYENIETUM HAIIEH 3P
apabbl 3aMEeTWIN, YTO AJIA OJHOTO U TOTO JKe A3BIKA 9aCTOTa BCTpedae-
MOCTH GYKB B PA3IMYHBIX TEKCTaX OyAeT IPUMEPHO OqHA U Ta Xe. Toraa
pellleHre 330291 MOXKET ObITh C(OOPMYIUPOBAHO B CIACAYIOIMIEM BUIE.

Ecin B mudprexkcre HEKOTOPLIM 3HAK A MOABIAETCA C TOU Ke da-
CTOTOU, KaK 1 OYKBA (¢ OTKPBITOT'O TEKCTA, TO 3TO O3HAYAET, UTO OYKBa,
@ OTKPHITOTO TeKCTa 3ammudpoBana 3HakoM A.



CorsacHO 3aKOHY GOMBIINX YUCEJT YACTOTA MOABICHUA JIOO0U OYKBBI
B JOCTATOYHO IIUHHOM TEKCTE HEKOTOPOU CIEeNU(PUKALNN TIPU TOTOJHY-
TEILHOU TUMOTE3€ O HE3ABUCUMOCTY TOSABICHUA KAXK 10U OYKBHI ABIACTCSA
YCTOUYMBOU XapaKTePUCTUKOU. OUBIT MOKA3LIBAET, 9TO C ONMPEIEJEHHON
TOYHOCTBIO ATOT 3AKOH CIPABEIJIUB A PEATBHBIX OTKPBITHIX TEKCTOB
(HampuMep, TEKCTOB JUTEPATYPHBLIX NPOU3BEICHUN TPO3bl). IlosTOMY
COCTABJEHBI TAOIUIBI 9aCTOT MOABJICHUsA OYKB B TEKCTAX [JsA PA3HBIX
SA3BIKOB MUPA.

Kax 6b110 0TMedeHO paHee, 60m€e CYIIECTBEHHO TO, UTO B Iu(pe
MPOCTON 3aMEHBI YaCTOTHBIE XaPAKTEPUCTUKHU TOABJICHUsA OYKB MEPBO-
HAYAJIBHOIO TEKCTA COBMNAAIOT C YaCTOTHBIMUA XAPAKTEPUCTUKAMU 3a-
pPOBAHHOIO TEKCTA. JTO 0O6CTOATEALCTBO MO3BO/SIET MPOU3BOLUTH
ux pacmndpoBKy 6€3 3HAHUS KJI0Ya.

Ileproe, normeamiee 10 HaC, ONKUCAHUE TOAOOHOTO YACTOTHOIO METO 1A,
kpunToanaausa orHocurcsa K 1X sexy [27, ¢. 30-32]. Ono npunagiexur
m3secTHOMY “mnocody apadbekoro mupa” Aoy FOcyd Axy6 ubum Mexax
ubH ac-Cabax ubn Ympan ubu Ucmawnn ans-Kuuau. Ero smamenuToin
TpakTar “Pykomuch mo AemmdpoBaHNI0 KPUNTOrPAPUIECKUX COOOIIIe-
uuu” Obu1 OTKpHIT B 1987 r. B Crambymne B orromanckom apxuse Cy-
JanMaHuna.

Eme Ha 01HO 06CTOATEIBCTBO OOPAIEHO BHUMAHUE B yueGHUKE [2,
c. 106], 9T0 4711 OTKPBITHIX TEKCTOB € “IOYTH PABHOMEPHBIM” PACIpene-
JIEHUEM 9aCTOT MOABICHUS 3HAKOB, 3AIM(PPOBAHHBIX C MOMOIILIO g pa
IPOCTOU 3AMEHHI, 321344 00 UX PacCIA(POBKE CTAHOBATCS IPAKTUYIECKA
He pemaeMon. TaMm ke ykaszaHo, 9TO MEeTOALl “pangoMmu3anun’ u “cxa-
TuA” OTKPBITHIX TEKCTOB MO3BOJNAKT 3HAMUTENHHO YCJIOKHUTL 3309y
BCKPBHITHA MU(PPA IPOCTOU 3aMEHHI.

Tem cambiM, Tam cHOPMYIUPOBAHA 31398 O MPEOOPAZOBAHUH TEK-
CTOB, 3aIMUGDPOBAHHBIX ¢ MOMOIINBIO MHAGPa IPOCTON 3aMEHBI, TaK, ITO-
OBI U3MEHUIACH YACTOTA MOABJICHUA OYKB B 3aIU(POBAHHOM TEKCTE.

1.2. MeTo McKaXXeHHUs 3HAKOB B mudpe MPOCTON 3aMeHBI C
MOMOIIbIO BO3BeleHNUs B KBagpaT. [lajee uznaraercs noaxo, mpes-
JIOXKEHHBIN aBTOpamMu 5>Toro coobmenus [18]. IlycTh 3a1aH OTKPHITHIR
TekcT T, pycckum andasurom Asq, cocrosamem n3 31 6ykeer. O603HA-
guM OyKBOU 0 mudpPYIONUIYO MOACTAHOBKY, IEPEBOIAILYI0 TeKCT T, B 3a-
npPOBAHHBIN TEKCT Tipy.

[anee 6yKBBI pycCKOro anhaBUTa 3aMEHAIOTCSI HATYPATbHBIMY HUC-
aamu ot 0 1o 30 mo caegyomeMy mpaBuay. JTHU YKUCIA PACCMATPUBAEM
Kak BHIUETH 10 Monyaio 31 m pacmpegensem ux B ABa kiaacca. B mep-
BEIN KJAACC Ky OTHOCUM KBaIPATUIHBEIE HEBHIYETHI IO MOy 0 31, a BO
BTOpOU Kaacc Kp — KBaApATUYHBLIE BLIYETH U HYJIb.

3arem pacnonaraeMm OykBol andaButa A B mopsake yOBIBAHUS 9ac-



TOT UX NOABJIeHUA B TekcTe. [lepBbiM 15 OykBaM npucBanBaeM 3HAUEHUA
KBAIPATUIHLIX HEBBIUETOB U3 Ky, a ocTanbHBIM 16 OyKBaM — 3HAYEHUA
KBAIPATUIHBIX BEIYETOB U HyJsa u3 Kp. 3anucwiBaem TekcT 1, ¢ mMOMO-
IIBI0 3aMEHBI PYCCKOro aad)aBUTA HA YKA3aHHBIE BHIMIE dncia. [lomxyanm
mudprexcT Ti.

s pacimdpoBaHus HAM MOHAZOOUTCSI JBOMYIHOE TUCJIO 1M, KOTOPOE
COCTaBIAETCA caeayomuM oopasoM. B Tekcte T HA MecTe KBaApPaTUI-
HOT'O HeBBIUETa cTaBuM nudpy 1, a Ha OCTAIBHBIX MecTax — udpy 0.

Haxomer, kax bt KBaIPATUIHBIA HEBLIYET & Ty 3aMEHsIeM KBaApa-
TOoM 110 Moayao 31 w3 mpomexyTka ot Hyas 10 30. Takum obpaszom mo-

v !
JydeH HOBbIM mudpTekcT T, andaBuT KOTOPOro cocrout u3 16 6yks.
OTO 3HAYAT, YTO CTATUCTUKA IACTOT TMOABICHUSA CAMBOJOB M3MEHEHA.

o v !
Hannennrm mudprexct Ti; ¥ IuCI0 M NepefanTcsa abOHEHTY, IpUIeM
[UIs TIepefadu 9uCaa M 0 OTKPBITOMY KAHAMY CBA3M MOXKHO, HATIPUMED,
KCIob30BaThL anroputMm Mlamupa.

[ns pacimiudpoBKU TEKCTA, TI:H 7 TOJydeHusA TekcTa I Ha MecTax
B YHUCJIE M, OTMEYEHHBIX 1, COOTBETCTBYIOIINU KBAAPATUYHLIL BBIYET
U3BJEYEHUEM KBATPATHOI'O KOPHS 3aMEHs €M KBaJPDATUIHBIM HEBEIYETOM
o moayJaio 31.

Tak xax mpoctoe umcao 31 cpaBHumo ¢ 3 mo moaymaio 4, To mpu
M3BJIEYEHUN KBAAPATHOTO KODHS TOJYYUUM [BA PEIICHUA: OOHO OyIeT
KBAIPATUIHLIM HEBBIUETOM IO MOAYJIO 31, a ApPyroe KBaIpaTUIHBIM

BeraeToM. Pemernma cpasmenma z2 = t (mod 31) 6yayT mmeTs Bug

r = £48 (mod 31), a HEBEITET OIPEAETACTCA € TOMONTHLIO KPUTEPU Jii-
zepa (£) = 2 (mod 31).

2. AcummeTpuynbie mm@psl. [Ipu cummeTpudnoM g poBAHTT
A0OHEHTHI TPU MEPENUCKe [OJKHBI UMETh KOMUIO OOIIEr0 CEeKPEeTHOrO
kmo4a. [Ipy OTKPBHITOM ACHMMETPUYIHOM IMUMPOBAHUM UCHOIB3YIOTCA
nBa kiaova. OIUH U3 KOTOPHIX ABMACTCA OTKPHITHIM, & BTOPOU — Ce-
KpeTHBIM KI0I0M. OTKPBITHIN KA a00HeHTa A MOXKeT ObITh Oy m-
KOBAH U BCAKWUU, KTO XOUET MOCAATH CEKPETHOE COO0Imenne aGoHeHTy A
MOXKET 3amudpoBaTh €ro € MOMOIMIbI0 ONyOJIMKOBAHHOTO KJIHOYA, B TO
BpeMs, KAK MPOYUTATH €r0 MOXKET TOJbKO abOHEeHT A ¢ momombio ce-
KPETHOrO KJIKYa, U3BECTHOTO TOJbKO emy. IlepBoe coobumenue o mmwm-
bpoBaHUM C OTKPHITHIM KJIIOUOM TOSBUIOCHL B 1976 1. B padore Nuddu
u Xemivana “HoBwie Hanpasienus B kpunrorpadpuu” .

Nnes xpunrorpaduu ¢ OTKPBLITHIM KJIOYOM TECHO CBA3AHA C MOHA-
TUEM OIHOHATIPABJICHHOU (0AHOCTOpPOHHEN) dyHkuuu. CTPOro oaHOHA-
MPABJEHHON (DYHKIIMEN HA3LIBAIOT B3AMMHO-OJIHO3HAYHOE OTOOpAKEHUE
f: X =Y c ycaoBueMm, uro cymecTtByeT “>{pPeKTUBHEIN’ METO[ BEHI-
gucnenus 3Hadenusa f(x) aaa Bcex x € X, HO HE CymeCTBYeT “>hdek-



TUBHOIO” METOHa A HAXOXKIEHWA & U3 COOTHOmeHus y = f(x) mua
aroboro y € f(X).

OrmeTuM, 9TO mepeas 1 HAmOOJee yCHeNHAaa KPUITOCUCTEMA C OT-
KpBITHIM KaiodoM — RSA, nossuaacs 8 1977 1.

OCHOBHEBIE MPEMMYIIECTBA ACHMMETPUIHOTO IMU(PPOBAHUA COCTOAT
B TOM, 9TO €0 MOXKHO HCIOJBb30BATH A GOJBIIONO YUCIa A0OHEHTOB
(baHKOBCKUE U (PUHAHCOBHIE IOPYYeHUs, UU(GPOBLIE HOANUCA 1 3aKA3H ),
1Jis pemeHus: npobaemel pacupegeienus kimoden. H. Cmapt [28] orme-
9AeT TAKKE, 9TO B OCHOBE AITOPATMOB MEU(PPOBAHUA C OTKPLITHIM KJIHO-
YOM JIEXKUT HA YIUBJICHUE MAJIO uaen. Manoe KomudecTBo Uaer CBA3aHO C
TPYAHOCTBIO IIOCTPOEHUA OAHOCTOPOHHEN pynkuuu. K Takum yHkim-
AM OTHOCATCS T€, KOTOPHIE BO3HUKAIOT B 3a1a9aX O PA3JIOKEHUN HATY-
PATBHBIX YUCEJT HA MPOCTHIE COMHOKUTEIN, O BEIYUCICHUN JUCKPETHOTO
aorapudmMa (MHAEKCA BBIYETA [0 HEKOTOPOMY MOMYJIO) U HAXOXK IEHUE
KOpHE! KBAIPATHBIX MO COCTABHBIM MOIYJIAM.

Ha maim B3ruiag 0 MeCcTe aCuMMETPUIHOTO UG POBAHNSA JOCTATOYHO
ONPENENEHHO CKA3aHO B CAEAYIOMEN NUTaTe: “ACMMMETPAIHEIE CUCTEMEL
mmdPOBaHUA 0GECIEIMBAIOT 3HAYUTENILHO MEHBINNE CKOPOCTH IUpPO-
BAHUA, HEXKEIU CAMMETPUYHBIE, B CIIY Y€r0 OHU OOBIYHO UCTIOIB3YHOTCA
HE CTOJIBKO MIA Mu(pPOBAHMA COOOMEHUN, CKOIBLKO A MHA(PPOBAHUA
MEePEeCHIAeMbIX MEX Iy KOPPECTIOHIEHTAMI KJIKYeH, KOTOPhIE 3aTEM UC-
HOAB3YIOTCS B CAMMETPUYHBIX cucTeMax” [2].

2.1. PasjoxeHue Ha MPOCTHIE COMHOXWTENIM. 3a0a9a O pas-
JIOXKEHUY HA MPOCTHLIE COMHOXKMUTENN HATYPAIBHOT'O YHUCAA JOCTABIACT
IOCTATOYHO CJAOKHYIO OTHOCTOPOHHIOW (YyHKITHIO.

B xpunrtorpadum mcnoab3yioTCA, HATIPUMEDP, HATYPATLHLIE IHCIA,
UMEIOIINE BCErO [BA PA3INIHBIX MPOCTHX cOMHOkUTeas. Haunbonee ua-
BECTHBIMU CIIOCOOAMY PA3IOKEHUA TAKAX TUCET HA TPOCTHIE COMHOKU-
TeIU ABIATCA CAEIYIOIINE.

IIpo6roe gerenme, pemero Spatocgena. lIposepsaeTca aasa Bcex mpo-
CTEHIX P, HE MPEBOCXOAAMMX KOPHA KBAIPATHOT'O PA3/JaraeMoro Ha mpo-
cTeie coMHOXKUTEnn dnciaa N, 910 N/p ABIAETCA UETBIM IUCIOM.

Metoa samunTudeckon KpuBor. DPHEKTUBEH [ CATBLHO OTIMIA0-
MMXCA APYT OT APYTa MPOCTHIX COMHOXKHUTENEN.

2.2. KBagpaTu4Hble BEIYETHI 10 COCTaBHOMY Mo 1ya0. RSA.
Muckperusm Jgorapudm. C zagater o pasnoxerun N = pq, Tae p u
¢ — TPOCTHIE YUCIA TECHO CBA3AHBI CICAYIOIINE 33 Ta4N.

3agaga RSA. Nanw uucaa N,C,E, rae (E,p(N)) =1, E < ¢(N),
C < N, mpuyeMm HEU3BECTHO pa3ioxkenue ducia N HA TPOCTHIE COMHOXKU-
tern. Hairtu matypamsaoe wucao m < N raxoe, aro m” = C' (mod N).

IIpoBepka ducia Ha KBaAPATUIHBIA BEIYET. IlyCTh HEM3BECTHO Pa3-
aoxkenue aucaa N Ha IpOCTEIE COMHOXKUTEM. [IpoBepuTs, Gy et 1u nan-



HOe umcia0 A KBaApaTUYHBIM BhIYeTOM mo monyao N. B ciydae momo-
KUTEIBHONO OTBETa PEMITh KBaIpaTHoe cpapHerne 2 = A (mod N).

Moxuo mokazaTh, 9TO 3agada RSA He croxuee 3anadum pasioxke-
HUs YUCIa Ha TPOCTHIE COMHOXKUTEMU. IIpeanonaramoT, 9TO MOCTeIHAA
3ajlada HA CAMOM [IeJie CJIOXKHEe.

OrpasuanMcsa TOIBKO MOCTAHOBKOU 3a1a4.

IMycts G — MyJAbTUMIMKATUBHASA TPYINA MOMA WM DLIUNTAYECKASA
KpuUBas HaJ KOHEIHBEIM mosieM. Torga 3anada IUCKPETHOTO JOrapudMu-
POBAHUA COCTOUT B TOM, 9TOOBI A1 JI060r0 i 13 G HANTYU HATYPATLHOE
YUCI0 T TAKOE, uTO g¥ = y, rae g — oOpasyromas rpynnst G.

Bamskon x men u He Oojee CI0KHOU sABasgerca 3anada dudpdpu —
XemrnMaHa, KOTOpas COCTOUT B TOM, YTOOBI O 3aJAHHBIM 3JIEMEHTAM
A,B=A* C = AY u3 G wautu D = A" u3 G.

2.3. BoIYMCINTENBHO-CIOXHBIE 3ajJadud TeOpUM ¢YuCcea B
kpunTorpadmun. K coxanenuio, Ha CeroAHAMHAN [eHb CTPOrOr0 MaTe-
MATHUYECKOTO [OKA3ATENbCTBA “CIOKHOCTU’ TOU WJIM MHOU TEOPETUKO-
YUCJAOBOU 3aJa4YU HE HaWJeHO. TeM He MeHee, CYyIIECTBYIOT HECKOJbKO
YTBEP¥K JEHUN, CPABHUBAOIIAX UX CI0KHOCTH MEX Iy COOOH, T. €. yTBep-
XKAEHUsA TUTA, YTO OQHA 331294 CJIOKHEE APYTOU.

31eck MBI He OygeM 0OCYyXKAaTh MPOOJEMY CJIOXKHOCTHU 3a0a49M, HO
TOJBKO MPUBEIEM CIUCOK “CJI0XKHBIX” 3a1a9 B BUIE TAOIUIIH.

3anaJa [lano Hanu
1 | Pasmma MH. HATYP.9UCIO N [Tp*=n
pn
2 RSA n(=pq),c € N, m:m® =c¢ (mod n)
e:(epm) =1
3 KB.BBI. a: (%) = a — kB.BeI4. (mod n)
4 KB.KODEHb a — kB.Be14. (mod n) r:z2=a (mod n)
5 IACKP.JIOT. g — TIepB.KOp.p, 4 z:9°=a (mod p)
6 | rp.guck.jor. (G — KOH.IIUKJ.TP. r:9"=a
7 Muddu- A=g¢* (mod p), C:C=g" (modp)
Xemrvan B=g" (mod p)
8 Mudpdpu- G — uuka.rp., C:C=g»
Xemnaman A=g* B=g
9 TMuddu- A=g*,B=g¢" (modp) g =C (mod p)
Xemnvan C =g° (mod p)
10 | O proxsake ai,...,an €N Yag, =n

3. 06 ogHOM IpUMEeHEeHNH KUTANCKON TeopeMbl 06 ocTaTKax
K mudpy Buxenepa. 3necoh gan apudmMeTndeckuit moaxon K KOHCTPY-



MPOBAHUIO U3BECTHONO MHOT0AI(paBUTHOTO mudpa Buxenepa, KoTOpsIn
MOXHO pacCMaTpPUBATL KaK 0000IIeHne 0qHOAM(PABATHOTO MM pPa MPO-
CTOU 3aMeHbl WU KaK mudp raMMUPOBAHUSA C MEPUOIMIECKON IaMMON
(cM., mampuwmep, [5, c. 151-152]).

IIycTes xommaecTBO CUMBOIOB anaBuTa PABHO COCTABHOMY JHUCIY N.
Kaxznomy cumBoay a,.,r = 1,...,n, andaBura OpucBanBaeTCsa HEKOTO-
PBIA BBIYET @, TIO MOAYJIO N, TIPUYEM PA3JUIHBIM CUMBOJAM OTBEYA-
0T Pa3iInyHbe BuIYETHL. [lycTh, Takke, YUCJIO 1 MPEICTABAMO B BUIE
n = dq,(d,q) = 1,d > 1,q > 1. Hanpumep, n = 35 = dg = 5 - 7 winm
n=3=4-9.

Torga MOXHO TPEAJIOKUTE CICAYIOMUN CIOCOO MUdPOBAHUS.

3.1. IIpeaBapuTeabHbie npeoGpa3oBanud. [IpencraBum kax noe
quciao 1 < a < n B BUIE

a=qb+de (modn), (1)

roe 1 < b <d,1 <e¢ <gq. Torga mo kuTanuckou Teopeme 00 OCTATKAX
BBIYET @ [0 MOIYJIIO 7 OJHO3HAYHO ONpPEAeIseT BBIUETHI b 110 MOLYI d
7 C IO MOJY.JII0 g U HA0OOpOT.

CocraBuMm aBe Tabauusl Buxkenepa, oTBedaroume BuMeTaM b u .
Ilycte by,...,by — MOMHAA CHCTEMA BBIYETOB IO MOIYJIO d, HAIPUMED,
1,2,...,d,ucy,...,c; — HOJHAA CUCTEMA BBIYETOB IO MOLYJIO (.

[na xaxgon usz >3Tux Tadbaul Buxkenepa mpu HEKOTOPBIX HATYPalb-
HBIX uucaax s,t ¢ yeaosuamu 1 < s < d,1 < t < ¢, BO3bMEM CBOHU
ko1 k = (bg,,bky,...,b,) ATA TEPBOM TAGIMIBI U COOTBETCTBEHHO
D= (Cpy;Cpss-- -+ Cp,) A1 BTOpor Tabmusl. Han Kask 1BIM BEIUETOM IEp-
BOU CTPOKU MEPBOU TAOJUIILI BLIMUCHIBAEM B CTPOKY CHMBOJBI KI04a k
caeayromuM 00pa3oM

by s Okgy - Oty Dy s Dby -

3

Anasorn4so BLIIUCLIBAEM KJIIOY P HA BTOPOU TAOIUIEN.

3.2. lIponeaypa mu@dpoBaHUsI OTKPLITOro TeKcTa. IlycTs 3a-
JaH OTKPBITHIN TEKCT Gp, Ap, - - - Gp, - 110 Gopmyae (1) npeobGpasyem ero
B ABa Tekcra. NIMeem

bh,bhy - bhy;  ChiChy - .- Ch,-

Ha nmepecedenun hi-ro cronbua u ki-U CTPOKM B MEPBOU TAOJUIE
HaXOAWM CHMBOJ I7, & Ha mepecedeHuu hi-ro croabua u pi-U CTPOKH
BTOPOU TAGJIUIIBI HAXOAWM CUMBOJ Y. IIOBTOPUM BTy TPOLEAYPY IId
CIeOYIOIIEr 0 CAMBOJIA Gp, U T. A. [loxyumm mmudpOBaHHBIA TEKCT

T1Y1T2Y2 . . - Ty Yu
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WM 0B MU(PPOBAHHBIX TEKCTA T1L2 - .. Ty A Y1UY2 - - - Yoy, WIA 2129 - . . Zy,
rae z¢ = qre +dy, 1 <t <.

3.3. IIpoueaypa pacmudposauus. [lo kiwouam k u p B IepBon
u BTOpoH Tabiunax Buikemepa mHaxoaum CTPOKK ¢ HOMepamu ki U P
cooTBeTCTBeHHO. Ha »TUX CTpOKax HAXOAUM DIEMEHTHI L1 B TIEPBOU Ta-
OJuIle U Y1 BO BTOPOU TAOMUIE, a 3ATEM IO DTUM DIEMEHTAM HAXOIUM,
OTBEYAOIINE UM CTOJIOLEL, U IOLYIaeM IeMEHTHL by, u Cp, . [lo Tomy xe
[IPaBWIY BOCCTAHABIMBAKTCS DAEMEHTHI by, U Cp, U T. 1.

Hanee, ncnonsays dopmyay (1), mo mape cumBoaos (b, , ¢q, ) HAX0 1AM
CUMBOI qg4,, t = 1,...,u. [Iponesypa pacmmdpoBanus 3aseplreHa.

Haxowren, magum o06006ImeHue NpegbIAyIien TPOUeaypsbl mudpoBa-
uus. IlycTs andaBuT COCTOUT W3 M CUMBOJOB, IPUIEM HUMEET MECTO
MPENCTABACHUE M = My ...MM, C MOMAPHO MPOCTHIMA MHOXUTEIIMU
my,Ma,. .., My, IpeBocxosammmu eguauny. Onpenennm qucia My u M

3

CJIeqYIUMHA YCIOBAAMU

mims...m, = Mgmg, M;M.=1 (mod ms),s=1,2,...,r.
ITonoxum
CLZMlM{bl +M2M£b2++MrM;,br (2)
" oycts by, by, ..., b, HE3aBUCHMO APYT OT APyra MIPOOEralT MOJHBIE
CUCTEMBI 110 MOIYJISAM 1M1, M3, . . . , My COOTBETCTBEHHO. Torga a mpobe-

raer NOJHYI0 CUCTEMY BBIYETOB IO MOAYJIO MiMs ... M, (CM., HAIpU-

mep, [10, ru. IV, § 3]).

IIycte, manpumep, m = 30,m = mimamsg = 2-3:5 = 215 =
310 =5-6. Torga MiM{ =15-1 =1 (mod 2), MsM} =10-1 =1
(mod 3), MsM} =6-1=1 (mod 5).

IMMosTomy umeem a = 1561 + 10b2 + 6b3 (mod 30).

IlycTs, Temeps, bis,b25,...,bm, s — TOTHAA cUCTEMa BLIYETOB MO
MOAya0 Mg, Hampumep, 1,2,....,ms, 1 < s < r. CocraBum r Tabaui
Buxenepa g1 xaxgoro u3 aadaBuToB by s, by s, ... b, s, 1 < s <.

[ns xaxI0U U3 NPUBEIEHHBIX BhIe Tabaui Buxkenepa mpu HEKO-
TOPOM HATYPaJbHOM uucie ts ¢ ycaoBuamu 1 < t; < myg, 3amaeM KI04
ks = (bk1787bk2,sa e bkt_;,S)? 1<s<r.

Ilycts, nanee, 3aaH OTKPBITHIN TEKCT Qp, Ap, - - - Gf, - 110 HOpMysIe
(2) mpeoGpasyeM ero B r TekcToB. NMeem

bhi,sbhos - bhys,5=1,2,...,1.

AHATOrUYIHO BHIMIEMPUBEIEHHOMY € MOMOIIIBIO TA0IUIL Buxkenepa ¢
HOMEpPOM $ 1 KIo4a ks mudpyem TexcT by, sbpys ... bp, s, =1,2,...,7.
PacmmdpoBanne npoBoAuTCA TAKKE AHAJIOTMYIHO BLIMIEN3/I0KEHHOMY.
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4. 06 oasON MU(POBON HMOAMKUCH U HOBOM 6J09HOM mIudpe.
31eCh MBI TaeM IPUIOKEHNE P-a TUIECKOT0 aHAIN3A K TOCTPOEHUIO mud-
poBou noanucy u 6aounoro mudpa (cMm. Takxke [2, 22, 25, 26]).

CoO6CTBEeHHOPYYHASA TOANNUCH KAXK,IOT0 IeJ0BEKA HA OYMAKHOM HOCH-
TeNe CBUAETEJbCTBYET O MPUHAIICKHOCTA €€ JAHHOMY JUIY, O HEBO3-
MOXKHOCTH OTKa3a dTOrO JUIA OT CBOEU MOAMNUCA U O IOITBEPK IEHUU
OAHHBIM JIMIIOM HEKOTOPOI'O TEKCTA WM COOOIIeHS.

Iudposas moanuchk NI COOOLIEHUS MPEACTABIAET COOOU HEKOTO-
POE THCJI0, NOMYCKAIIEe MPOBEPKY C MOMOLIBI0 OTKPBHITOrO KJII09a TOrO
(daxTa, 9TO OHO OTBEYAET TAHHOMY COOOIIEHWIO U HEKOTOPOMY CEKPEeT-
HOMY KJIIOYY, U3BECTHOMY TOJIBKO BJIAAEIBIY [I0AIICY, IPUYEM OHA TAET
BO3MOXKHOCTB PEIIUTDb Te XKe 330a49M, 9TO U COOCTBEHHODYIHAS 110 JIUCH
YETOBEKA.

OrMeTuM, 9TO UGPOBAA TOAMUACH 3ABUCAT OT KOHKPETHOr'O I10 [T~
CAHHOT'O COOOIIEHUs U OT CEKPETHOr'O KJKYA, BEPHA [ JIOOOU KOIUu
IAHHOTO COOOIIeHus, TpebyeT HAMUYIUs ONPeNEIeHHBIX BEIUACIUTEIbHBIX
CpeacTB, OBITH MOXKET DJEKTPOHHBIX, IJs €€ CO3MAHUSI U IPOBEPKH, a
TaKXKe CepTU(PUKALUN OTKPHITHIX KIYen. bomee TOro, npoBepky uu-
(bpoBOM MOATIUCH MOXKHO OCYLIECTBUTHL TPETHEN CTOPOHE 6€3 TOCTyma K
CEKPETHOMY KJIOUY, HO TOJIYYUTH CAMY MOANUCH 63 CEKPETHOO K1
HE IPEACTABIAETCA BO3MOXKHEBIM.

Hamn o606mmaercs mudposas noanuck M. O. Pabuna [25] (cMm. Tax-

e [22]). udposas moamucsh, MOCTPOEHHAS 3[4€Ch, CBA3AHA C PACCMO-
TPEHUEM YHUCEJ O MOMAYJII0, PABHOMY CTEMEHU MPOCTOrO YUCIA.

IMycts aGoment A cosgaeT mudpoByH MOANKUCHL U MEPENAECT €€ IO
OTKPLITOMY KaHaly cBsa3u aboueHTy B. B xadecTBe ceKpeTHOro Kamda
abouenT A BEIOUpAET HGOIBIINE HEYETHBIE IPOCTHIE YUCAA P U ¢, CDABHU-
MBIE ¢ 3 TI0 MOAYJIIO 4 U [BA HATYPAIbHLIX Iucaa @ U b. OTKPBITHIN KI0Y
coctonT um3 AByX umcen n = p® u r = p’. CeKpeTHHIH KI0Y M3BECTEH
TOIBKO aboHEHTY A.

lanee abouenTy A mpucBanBaeTCsa HEKOTOPAsA METKA () — HATYpaib-
HOE YUCJI0. 3aTeM BBIOMpaeTcs 4acTb L mepegaBaeMoro coOOUeHus m.
Yucaa L u () 06A3aHBI yIOBIETBOPATE CICAYIOMIMAM YCIOBUIAM

(L,p) =1,0< L <n, <§) =1,(Q,9)=1,0<Q <, <%) =1

Ecnu ana wucen L wnu () He BBITIOIHAETCA XOTA ObI OMHO U3 DTUX YCJIO-
Bui, TO aboueHT A 3amenser B caydae HeoOxoaumocTu uucao L va L+1
u MeTKy ) Ha @) £ 1. OH DOBTOpPAET 3Ty HPOUEAYPY A0 TEX MOP, MOKA HE
Hanget uuciaa L u (), yIOBIETBOPAIOIINE IPUBEIEHHBIM BEIIIE YCIOBUAM.

A6ouent A obpasyet mosoe coobmmenune Cq,Cs, rne 0 < C1 < n,0 <
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Cs < 1, BUIA
L=C? (modn),Q=C? (modr),

u nepegaer uncaa Cy,Cy u L, (), a Takxe Te BEJUYUHBI, HA KOTOPHIE
U3MEHWIUCHL amucaa L m (), o OTKPLITOMY KaHAILy CBsa3um abomenTy B.
Otu verwipe uuciaa Cy,Cy, L, Q) u 00pas3yrT nudpoByIO MOIIUCH.
Pemenus Cq,Cy cTposaTca aborenToM A, 06JaIar0MIM CEKPETHEI-
Mu Kmouamu p,q u a,b. Cpasmenua L = C} (modn) u Q = C3
(mod r) pemarnTca eUuHBIM aTrOPATMOM. [109TOMY PACCMOTPUM CPAB-
merme H = 22 (mod p*), rae saganer HaTypamsHble ucaa H, s, mpocToe
YUCJAO P, M BEAWYUMHA I ABIAETCA Hem3BeCcTHOU. [IpemrcTaBuMm mepeMeH-
Hyio B Bujge ¥ = u, (mod p*™1), rme u, =u, 1+z,p",v > 1,up = 70,
7 KOODAWHATHL g, T1,...,Ls—1 U3MEHAIOTCA B mpeneaax ot 0 go p — 1.
Pemum cuavana cpapHeHne

H =23 (mod p).

Bce ero pemenns cyrs: 29 = +HP+D/4 (mod p). U3 1Byx HaiieHHEIX
3HAYEHUN BEJUIUHBI T BO3bMEM TO, KOTOPOE SABJIAETCSI KBAIPATHIHBIM
BBIYETOM TI0 MOIYJIIO P, U 0O03HAYUM €ro Yo, npudeMm 0 < yg < p. [anee,
[P EeIOJOKNM, YTO HAUAEHO U, 1 Opu v > 1, mpudem ug = yq. Haugem
3Ha4YeHue u, npu v > 1. ViMeeM 1emovUKy CpaBHEHUN

H = (uy,— -l—p"a:,,)2 (mod p”“),H = u?,_l +2p"uy_1z, (mod p”“),

oy = (H = uj_)(2uy—1)™"  (mod p),

2

nockoneky H = z3 (mod p), H = u?_

(mod p), 2z¢ Z 0 (mod p).

AbGouenT B u mpeacTaBuTeNh TPETHEU CTOPOHBI MOI'YT MPOBEPUTH
MOIMHHOCTD MOTKUCHU € TOMOIIBI0 OTKPBITOrO Kao4a n. [l 3Toro BeI-
aucastorcea 3navenus L' = CF (mod n) u Q' = C3 (mod r). JoctaTou-
HO yCTaHOBUTE, uT0 L' = L, Q' = Q.

Ilepennem Temepb K MOCTPOEHUIO GI0YHOrO mudpa.

IIycTs 3agaH OTKPBITHIN TEKCT, TPEACTABJICHHBIN B IUQPOBOM BUIE
YUCJAOM M, UMEIOIIUM B ABOMYHOU 3anucu k mudp. Bossmem mw060e Ha-
TypajabHOE YUCIIO T, yaoBaeTBopsiomee yeaosuaM 1 < 7 < k/2. Pazobpem
YUCTO 1 HA OJOKU, IPEICTABUB €r0 B BUIE

1 (mod p¥) u 2u,_1 = 2z

m=my +ma2" + -+ m,2" 17
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rne 0 <my,...,mpy <2"u (n—1r <k<nr.

Pacmooxum qucia mq,. .., My, B TOPAJKe BO3PACTAHWA, IPU DTOM
OTMETHM MECTa, e BCTPeYaloTCsa PaBHBLIC IHCIa Mg U TUCIA M, PaB-
Hele Hymo. [anee, BEIGPOCHM BCE Mg, PABHEIC HYJIIO U OCTABUM IO OJHO-

MY DK3EMILIAPY M3 HeHyJAeBBIX paBHBIX ducet. [loayaum 0 < my < --- <
mg < 2".
3arem Haugem cymmy mi + .-+ + mg = Ni. OueBugHO, UMeeM

d(d+1)/2 < N; < d2". BeibepeM npocToe 4uCJIO P, HAXOISALMIEECT B
npomexytke N1 < p < 2N;. llpeamonoxum, aro ms Z my (mod p)

o Beex s £ t,1 < s,t < d. Hakower, HaugeM CyMMBI BTOPHIX, ..., d-X
CTEeneHen 4uces my, ..., My, loayaum

M+ g = Ny

mi -+ +m3 =N,

’ (1)
mi + -+ md = Ny.

3ametum, 9Tto p > Ny > 1mg > - > my.

Yucna Ny, ..., Ng cocTaBsaT 4acTh MudGpPTEKCTA.
IMokaxkeMm, Kak 1O DTUM HUHCAAM MOXKHO BOCCTAHOBUTHL YHCIA
my,...,My. PaccMoTpuM cucremy cpaBHEHUN

Y

’ (2)

2+ +23=N; (mod p).

T+ -+ Ty =N (mOdp)
x%+...+a¢§ENQ (mOdp)

JTa cuCTeMa CPABHEHUU UMeeT eJuHCTBeHHOe pemerre 0 < vy o < -+ <
vao < p, mpuaeM vy g = My (mod p),...,vq0 = My (mod p).
Hencreurensuo, nycts npu 1 < s < d cumBort o5 = 04(21,...,24)

0003HAMAET S-10 DJEMEHTAPHYI0 CUMMETPUIECKY0 (hyHKIU0. Toraa mpu
p > d u3 popmya Heoorona—Bapunra (cm., manpumep, [9, c. 60-61])
Ny —Ng_ o1+ -+ (-1)°s05s, =0 (mod p)

Y

GyHKIUK 07, ...,04 OLHO3HAYHO BBIPAXKAIOTCA 9€PE3 CyMMBI CTENEeHEn
Ni,...,Ny4. C mpyrou CTOpPOHEI, B TIOJE W3 P DJEMEHTOB MHOTOUWICH
f(z) =21—0,29 1 + ... 4+ (=1)doy 01HOBHAYHO pa3IaraeTCa HA JTUHEN-
uele Muoxurenu f(z) = (z —x1)...(2 — z4). Tem cambiM, ¢ TOYHOCTBIO
IO NEePECTAHOBKU HAXOIATCA KOPHHU V1 g, . . ., Vg0 IPEIBIIYIIEH CUCTEMEL

CpaBHEHUN.
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Iycrs npu 1 < s < d HAWIEHBI PEIIEHAS U s—1, . - ., Ud,s—1 CHCTEMBI
CpaBHEHUN

U514+ +uss—1 =N;  (mod pT1),
u%,sfl +e+ ’U’Z,sfl = N2 (mOd ps—l)’

u(117s—1 +e+ UZ’S,1 = Nd (mOd p871)'

[anee 6ygeM HCKATH PELIEHUE U s, .. ., Uq,s CACTEMbl CDABHEHUH IO
mogaymio p°. Ilpm 1 < ¢, s < d MONMOKIM Ut s = Up 51 +ps_lajt7s. Nmeem
CUCTEMY CPaBHEHUN

ot b iae =Ny (mod p*),
u% 4+ +u3’s =N, (mOd ps),

(3)

u?s_‘_..._pug’sENd (mOd ps).

OTa CUCTeMa CPABHEHUU SKBUBAJICHTHA, CJAELYIOMIEN JUHEMHON OTHO-
CUTENTbHO HEM3BECTHHIX 1 5, ..., %q,s CACTEME CDABHEHNH BUIA

Tis+ -+ Td,s =N, (mod p),
Uy,5—1T1,s + -+ Ud,s—1%d,s = Né (mOd p)a
Ui_sl—ﬁl,s 4ot ugfsl_la:d,s = N; (mod p),
rae p’ N, =N -l — - uly ,—y (mod p*) mpu 1 <1 <d.
Hockomeky pas Beex t = 1,...,d umeeM uy s—1 = vyo (mod p), ompe-
IeIUTeNb CUCTEMBEl CPABHEHMA ABIACTCA OnpeaenuTeneM BammnepMmonga
C DIEMEHTAMHU Vi, .. .,V40, HE CPABHUMBIME MEXZAY COOGOU MO MOZY-
JI0 p, T. €. TOT ONpeJeTuTens oTandeH Hyad. ClenoBaTeapHo, Tpegbl-
Aymas CUCTEMA CPABHEHUV HMEET €NWHCTBEHHOE DEIIEHWE T1,s = Vi s
(mod p),...,2zqs =vq4s (mod p).

Taxum o6pasom, mpu § = d U3 MPEILIIYIIEN CUCTEMBI CPABHEHUU
TOJIYYUM €€ e[UHCTBEHHOE PEIIeHNe BUIA

Ut,d = Vo + PV + -0 +pd_1l/t,d = my (mOd pd), 1<t<d.

Kpowme Toro, Tak xak 0 < uz 4 < ptu 0 < m < Ny <p?, To Up,q = Nt
npu Bcex t =1,...,d.

3
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Tem caMbIM, HOKa3aHO, ITO WO uucaaMm Ni, ..., Ny OTHO3HATHO BOC-

CTAHABIMBAKTCA YUCTA M, . .., Mq.
Takum o6paszoM, Bech MUQPpPOBAHHLIA TEKCT OyIeT COCTOATHL U3 Ha-
TypaiabHbIX ducen Ny, ..., Ny, yKa3aHus MeCT DPACIOJIOXKEHUs HYJIEBBIX

YUCeNT Mg, T. €. YKA3AHUA UHAEKCOB S JJIsA HYJEBLIX Mg, NATCE YKABAHUA
MHIEKCOB YHUCEI M; B MOPAIKe Bo3pacTanusi mg,l < s < d m mpocToro
qUCAA P.

BoccraHoBmeHTE OTKPBITOTO TEKCTA TI0 TPUBEICHHOMY UMD TEKCTY
MPOBENEM IO CASAYIOMINM IIaraMm.

1. Beraucaum o4 = 04(N1,...,Ng), rge o4 = my ... Mg.

2. Haugem 64 = o4 (mod p). Hockoasky mpu Beex t = 1,...,d cupa-
BEIJUBEL CDABHEHUA 1My = vy (mod p), umeeM G4 = g .. .1 (mod p).
ITocnennee 06CTOATENLCTRO YIIPOLIAET TepeOOP HAOOPOB MPU MOUCKE Pe-
[IEHUsl CUCTEMBI CPABHEHUN (2) mo MOy p.

3. llpm s = 1,...,d HAXOOUM pEIIEHUE Ui s, . .., Ud,s CACTEMBI CPAB-
Henun (3), pemas aunennyo cucremy cpasuenui (4). Tem cambim GyayT
HaWIEHEL My, . .., M.

4. Tak Kak UMEETCSA B3AVUMHO OJHO3HAYHOE COOTBETCTBUE MEXK Iy Ha-
60poM Mq,...,Myg 1 HAOOPOM M1, ..., My, TO OTKPLITLIN TEKCT OymeT
BOCCTAHOBJIEH.

3amerum, 4TO U36ABUTHCA OT yCJAOBUSA, ITO ducaa my, 1 < t < d, me
CPABHUMBI MEX 1y COOOU 110 MOAYJIIO P, MOXKHO TOOABIEHUEM K KAXK JOMY
U3 DTUX YUCET HATYPATHHBIX CIATA€MbIX, HE TPEBOCXOAAMNX d.

5. lepeBbsa Xya Jlo-keHa B Teopuu cpaBHeHUH. [[11 TOTHOTHI
U3JI0XKEHUS TPUBEEM MOJE3HYI0 [ NATBHEUIINX TPUWIOKEHUN B JUC-
KPETHOU MaTEMaTUKe CBA3bL TEOPUU P-aJUIECKUX UUCEJ C TEOPUEn T'pa-
dos.

OTMmeTuM, 9TO HA OOHOM U3 3aCEJAHUU CEMUHAPA MO AUCKPETHOU
MaTeMaTuke n Matematuieckon kubepueruke O. B. Jlymanos o6parua
BHUMAHNE OQHOTO U3 ABTOPOB HACTOAIIEN CTATHU HA MEPCIEKTUBHOCTH
PACCMOTPEHUS B3AaNMOCBA3YM MEXK Y PA3PEIIUMOCTHIO CPABHEHUN 110 MO-
IYJII0, PABHOMY CTENEHU MPOCTOr0 4ucia, u Teopuen rpadgos. Ha sTom
3acenanuu ob6Cyxkganachk TeopemMa Xya Jlo-keHa O MOCTPOEHUU p-aau-
49eckoro pemenus ypasaerus f(z) = 0 1 DpOU3BOJBHOIO MHOIOWIEHA
C LEJIBIMU PANUOHAIBHBIMU KOD(MPUIUEHTAME, JEXKAIMIAI B OCHOBE BhI-
BO/A OLEHKM MOJHOU DAIMOHAILHON TPUTCOHOMETPUIECKON CYMMEI [29,
c. 17-18].

IepBbie yTBep:KA€HUA O PABPENIUMOCTHU MOJUHOMUAIBHBIX yDPABHE-
HUU B LEIBIX P-aIUIeCKUX YUCIAX CBOIUINCH K HAXOXKIEHWIO YCJIOBUH,
TIPU KOTOPBIX PEIIEHNE COOTBETCTRYIOIIErO PEIeHNs CPABHEHUS TI0 He-
KOTOPOMY MOZYJIIO, PABHOMY CTENEHU IPOCTOrO YUCAA P, BOSMOXKHO ObI-
JO “mOAHATH” MO pEeIIeHus COOTBETCTBYIOMIETO YPABHEHUS B IENBIX p-
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aguueckux yuciaax. Kak mpaBuio, TakuMm cnoco6oM yaaBaaoCh moayvaThb
00600IIeHNA Yy TBEPK eHU 1/ O JHOKPATHLIX KOPHE CPABHEHUN U yPaB-
HEHUM.

B ocuoBy cBoen cxemer Xya JI0-KeH MOMOKNI Yy TBEPK ICHIE O B3AUMO-
CBA3M KPATHOCTEN KOPHEH COOTBETCTBYIOIUX P-aAUIECKUX CPABHEHUN
no mpoctoMy Monyawo (teopema /). B wacTHOCTH, B Caydae MHOTOWIE-
HOB OT OJHOHU IEPEMEHHON OH IOKa3aJ, YTO BCE PEIIEHUA CPABHEHUA
MOXKHO MHTEPIPETHPOBATE KAK HEKOTOPOE IEPERO.

5.1. Kpurepui1, Teopema I'eHzens u ee ciejcTBHUA /4 pas-
pelIMMOCTH YyPaBHEHUA B IeJLIX p-aJUYeCKUX UMcIax. Biammo-
CBA3L TEOPUU CPABHEHUU 1O MOAYJAM, PABHBIM CTENeHAM (PUKCUPOBAH-
HOI'O TIPOCTOTO YUCAA C TEOPUEN P-aTUIECKUX TUCET CONEPKUTCA B ClIe-
AyIOIIeM IPOCTOM KpuTepun [8].

Teopema A. [as muoeouaena F(x1,...,2.), 7 > 1 ¢ yeavimu payu-
OHAALHBIMU KOIPHUUUEHMAMY PA3PEWUMOCTIY YPGBHEHUA

F(a:l,...,a:r)zo

8 Yeabtr p—a&uuecwum YUCAAT IKBUBAAEHMHA PA3PEUWUMOCTNU NPU A1000M
HaAMYpaasbHOM YUCAE k CPABHEHUA

F(zy,...,z,) =0 (mod p").

IlepBei pesyabraTr 0 “mogbemMe” peIIeHNUs CPABHEHUA OO PeIIeHNs
COOTBETCTBYIOUIET0 YPABHEHUA B pP-aJUYECKUX UUCAAX U3BECTEH KaK
aemma [enzens [30].

Teopema B. IIycmo f(z) mnocousen ¢ yeavimu KodPPuyuenmamu

f(@) = go(x)ho(z) (mod p),

2de go(r) u ho(x) 63auMHO NPOCMbIE MHOR0UAEHDI, 020G CYULECTNEYIOT
dea mnozouaena g(x), h(x) ¢ yeavimu p-aduneckumy Kosdhuyuenmanu,

’ f(@) = g(x)h(a).

u

Becpma npocTOe IOCTATOYHOE YCIOBHME AJISA P-aAUIECKON Pa3perm-
MOCTH HOJIXHOMHAIBHOIO YyPABHEHHA B CIydae OLHOKPATHOIO KODHA C
UCTOJIB30BAHNEM BCErO JIWIIb KOHETHOTO UNCIA CDABHEHUN NaeT Cleny-
IOIIee yTBEPK IeHIE, OCHOBAHHOE 0 CYIIECTBY HA METOIE KACATEIbHBIX
HeroToHA A1 NPUGINKEHHOTO DEIeHNs] YPABHEHNA B IEMCTBUTEIbHBIX
uucaax [8].

17



Teopema B. Ilycmv F(xi,...,%,) — MHO20UMEH C YEADIMU P-

aduueckumu KodPduyuenmami, § — HEOMPUUAMEALHOE YEAOE PAUUO-
HAALHOE UUCAO U NYCMb CYWECMBYEM HAOOP YEAbIT P-aIUUECKUT YUCe
(Y1, --»7r) MaKuz, wmo npu wexomopom s, 1 < s < r, cnpasedausbl
COOMHOULEHUA
F(/Yl:'-'z’)/r) =0 (mOdp26+1)=
aF(’yla"'a’W) 3§
—————2=0 (mod p°),
oz, (mod p°),
OF e
(’717 a’yr‘) z 0 (mOd p(5+1)-
0x,
Toeda cywecmsyem wabop yeaviz p-aduveckur wuces (01,...,6,) ma-

Kotl, wmo

F(Gl,...,ﬁr) :0,
61 = (mod p’jl),...,ﬁr =7, (mod p’j”).

Cueqyommn KpuUTEpun p-afudeckor PaspemnMOCTd TUO(DAHTOBEIX
ypaeuenun Hamun B. [I. Bépu u K. Mak Koun [7]. Ouu onpeznemnin
a¢ddekTuBHO BhruUCAEMOE uuciao D, (F'), HazBaHHOE MU “IUCKPUMU-
mauToM” MuOorowiena F' = F(xq,...,%,) C HeILIMA PAIMOHATLHBIMEA KO-
s punuentamu. 1o ducao D, (F) HAXOIUTCA U3 caMOrO MHOIOWIEHA
F u Bcex ero gpopManIbHBIX YACTHBIX MPOUM3BOAHBIX. [lanee, ompemennm
HAMBBICUIYIO cTeneHb R uwmcaa p, Bxogauyio 8 D, (F).

Teopema I'. IIycmov F(x1,...,%,) — MHOZ0UAEH C UEABIMU DPAYU-
onaabnbimu Ko3Pduyuenmanmu, R — neompuyamenvroe yesoe payuo-
HAADHOE WUCAO, ONPEIEAEHHOE 8blULe, U NYCMb CYwecmeyem nabop uye-
ABIE PAYUOHAADHBIL UUCER (Y1, ..., Yy) MAKUT, YN0 CNPEBEIAUBO CPAB-
HENUE

F(vla'-'a’YT)EO (mOdpR)

Tozda cywecmeyem nabop yeavix p-aduveckus wucea (01,...,60,) ma-
Kotl, wmo

F(b,,...,8,) =0,

— R — R
1 =v (mod p™),..., 6, =7 (mod p™).
[Mocaenuas TeopemMa ABIACTCA MEHOTOMEPHEIM 0000IIeHreM JJeMMbI [eH-
3ens — Peranvka, onucansom B [1].
5.2. lepeBbsa Xya Jlo-KeHa A HOJIMHOMHUAILHLIX CPAaBHEHUN

OT OJHOM HepeMeHHOH II0 MOAYJII0, PABHOMY CTeIleHHM IPOCTO-
ro umciaa. HeobxogumocTs pa3paboTKu APYroro moaxoaa K MOHITHUIO
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Pa3PENIMMOCTY MNOJIUHOMUATBHBIX CPABHEHUU BO3HUKJIA B CBA3UM HAXO-
K IEHUEM OLEHOK TOJHBIX PAIMOHANBLHBIX TPUTOHOMETPUYECKUX CYMM
Xya Jlo-xena [29] npu HaXOXKAEHAU TOYHOIO 3HAUEHUS [OKAZATENA CXO-
IUMOCTU 0cob0ro pana B npobaeme Teppu.

IIycte p — dukcupoBarnHOe mpocToe Yucio u | > 1 — pukcupoBan-
HOe HaTypaabHOe yucao. Ilycts fi(x) = f(zr) — MHOrOWIeH cTeneHu n
¢ Ko GUIMEeHRTaMI U3 KOTBIIA BEIMeTOB 110 Moaymo p!. Ilycts 79 > 0 —
HAMOOJIBIIEE [EI0E TUCI0 TAKOE, ITO P™° neauT Bee KO3(DPUIUEHTH MHO-
rouanena fi(z). IlycTs 21 — pelneHne cpaBHEHUS

p Ofi(z)=0 (modp), 0<z <p.

TTonoxum
fa(x) = p™ fr(px + x1).

Pacemotpum fo(z) BMecto fi(x) u moxyas pl~T0 Bmecto moayas p'.
Torpga onpegeauM HAUBBICIIYIO CTENEHD T) 9UCIA P TAKYIO, YTO P! nequT
BCe KOd(ddunmenTs Muorouwiena fa(x). Umeem 71 > 1. Mycts, Teneps,
Xy — PeIIeHNe CPABHEHUs

p " f2(z) =0 (mod p), 0<Lza <p.

Anajormaso crpoutcea MEOrowie f3(z) u moayas p' 70T m T, o
Ilocne s maroB moay<auM 7o + «++ + Ts—1 > [, HO Tp + -+ + Ts—2 < I,
u Bee KoddummenTr g;(x) genarca ma p! (7ot HTe2),
CuMmBomMyuecku paccMOTpeHHOe pemeHue cpaBueHus f(x) = 0

(mod p') o603mamM wepes
21 +prs + -+ P s (1)
Iycte, Tenepn, k, 1 < k < s u g(z) = fr(z). Torga cupaseriuso
CJEIYIOIIee YTBEPK ICHUE.

Teopema . IIycmp g(z) — mHo20UAEN C YLABIMY DAYUOHAADHBIMU
KOIPPUYUEHMAMU U @ — KOPEHb KPAMHOCTU M CPABHEHUL

g(z) =0 (mod p).

IIycmy, dasee, u — HAUBBICULAA CTIENEHb WUCAG P, 0EAAUAAL 6CE KO-
afdpuyuenmuvr mnozousena h(x) = g(pzr + a). Tozda wucao xopued (c
YUEMOM UT KPATHOCTIY) CPABHEHUA

p “h(z) =0 (mod p),
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He npesocTodum m.

3aMeTuM, 9YTO BEAMYUHA MOKA3ATENA CTENEH! U HE TIPEBOCXOIUT 17

Mmuoxectso pemernit (1) cpaprerusa f(z) = 0 (mod p') mo Teope-
me [ GymeT mpeIcTaBIATb COBOKYNHOCTL NEPEBLEB B KOJMYECTBE, HE
npesocxogsmeM creneru n MuorowieHa f(z) = fi(x). Ilycrs xonude-
CTBO IepeBbeB paBHO N < n. Ux Bepmmuk a4, 1 < u < nj, oTBevaoT
DEIIeHuAM 1 = T, KPATHOCTH M, cpaBHenus fi(z) =0 (mod p). Hdua
TOr0, 9TOOB PACCMATPUBATEL OJHO IEPEBO BBEIEM BEPIIUHY ag. IIpoBe-
JeM um3 Hee nj peGep K BepmumHAM ai,, 1 < u < n;. Jaree u3 xaxmgon
BEPIINHH 41,4, 1 < u < ny, IpoBegeM He OoJee m,, KOTOPBIE OTBeYa-
0T PEMeHuAM T + PTo = Tiy + DTy, 1 S u < np, 1 < v < my,
KPATHOCTH My y < My

Takum o6paszoM mis kKaxgoro kopHa (1) cpaesmenusa f(xr) = 0
(mod p!) ogHO3HAYMHO OMpenenAeTCAa BETBb MOCTPOEHHOTO AePEeBa HEKO-
Topon gaunbl s. Konuaectso kopuen (1) me npesocxogut n.

CeaxeM ONUCAHHYIO CXeMy MOCTPOEHWS PEIIEHUsA CPABHEHUA MO MO-
[yJI0, PABHOMY CTEMNEHHU MPOCTOr0 YUCIa, C OUEHKON MOIYJA TPUTOHO-
METPUYIECKON CyMMEI.

Oycts (ap, . ..,a1,p) = 1ug(z) = apz™+- - -+a1x+ar — MHODOWIEH
C HeJBIMU PAIMOHAIBHBIMU KO (PUITUEHTAMUA.

Paccmorpum, caenys Xya Jlo-keny, pemenne xg + pz + --- + p ',
cpasrenns ¢'(z) = 0 (mod p'). Onpegennm mocre[0BaTELHOCTH MHOTO-
“WIeHOB g1 (), ..., gr(z) ¥ HAGOD MOKa3ATENeN U1, . . ., U, U3 CACAYIOUINX
COOTHOIIIEHUYT

p" g1(x) = g(wo + pz) — g(20),
rae K03 PUINEeHTH MHOTOWIEHA g1 (Z) B COBOKYIHOCTY B3AUMHO IIPOCTHI
c p.
AHAJIOrMYHO ONPEJENAITCA MHOTOUWICHBL g (1), § = 2,...,T,

P gs(x) = gs—1(xs-1 +pz) — gs—1(x5-1) =

=p T T (g + pry A+ + P!

Tg—1 +ps$s)_
—g(zo +px1 + - - +ps_la:s,1)) )
3aMeTuM, YTO TMOKA3ATEIN Ug, § = 1,...,T YIOBIETBOPAIOT yCJIOBUAIM
n>up >uy > 2> up > 2,

U KOJIXYIECTBO MHOTOYWIEHOB C JAHHBIM HAG0POM MOKA3ATEIEeU HE TIPEBOC-
XOIUAT

p*, a=r+nl—0.5u;(u; —1) — - — 0.5u, (u, — 1).
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Hoanott payuorasbroti mpu2oromempuueckot cymmot no modyaw q
HA3BIBAIOT CYMMY BHUIA

q
S =S f(x) =3 ™,

z=1

rge ¢ > 1 — marypanssoe qucao u f(z) = ap,z™+- - -+a1 T — MHOrOWIEH

C HeJBIMU PAIMOHAJBHBIMU KO (PUITUEHTAMUA.
TTomoxum w = [}“—”} .
np

Teopema E. ITycmv g(x) — MHO20UAEH € YEABIMYU DAYUOHAADHBIMU
Ko3PPuyueHmamu, KOmMopvie 8 COBOKYNHOCU 63AUMHO NPOCMbL C P, U
& He ABAAEMCA KOPHEM CPABHENUA

p~7g'(z) =0 (mod p),

2de T — HOUBLICULAAL CMENEHb YUCAG P, deaaw,as 6ce KodPPuyuenmbi
muozouqena g'(x). Toeda npul > 2w + 1 umeem

2mig(é+pz)

pl—l (
E e 7 =0
z=1
Orcrona crenyer paBeHCTBO

SEif@) = pulert Y e,

rae £ npoberaeT mo BCEM KOPHSAM CPABHEHIS

p~ 7 f(x) =0 (mod p).

5.3. IloimHOMUANBLHBIE CPABHEHNUSA OT HECKOJIBKUX IepeMeH-
HBIX [0 MO/JYJI0, PABHOMY CTENEHHU HPOCTOr0 YUCAA. 31Ch MBI
[IOCTPOUM DEIIeHNe CPABHEHIS

F(z1,...,z,) =0 (mod p'),

rae F(z1,...,2;) — MHOTOWIEH C LEILIMA DPAIUOHAIBHBIMA KO3(]-
(unmenTaM”, KOTOPHIE B COBOKYMHOCTHM B3aWMHO HPOCTHI C p, T >
1,a(0,...,0)=0m

ni Nr
F(zy,...,2,) = Z Za(tl,...,tr)a:?...a:ff.

t1=0 t,=0
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PaccmoTpum pemenne zs o+ prs 1+ +pless, s =1,...,7 cucremsl
CpaBHEHUN

! — !
le(xla"'ax'r'):o (mOdp),
/ — l
F, (z1,...,2,) =0 (mod p').
OmpemenuM  HOCAEIOBATENBHOCTH MHOTOYIEHOB Fi(z1,...,2.),...,
Fi(xy1,...,x,) u HaOGOp MOKA3ATENEN Uy, ..., U U3 CJACAYIOMAX COOTHO-

rae kosddunmentes MEOrounena Fy (2, ...,2,) B COBOKYTHOCTH B3anM-
HO MPOCTHI C P.
Awnasorwuno onpegensoorca Muorowrensl Fi(zy,...,z.), s =
2 t
b )

pUFs(z1,...,xp) = Fs_1(x1,0+pT1, ..., Tro+pTy)—Fs_1 (21,0, .., %r0)-

Orcioga nmeem
—Ur——Us _
p ! Fs(xl----:xr)_

1 1

= F(z10+pzia+ - +p" @1 s-14+0°T1, ... Tpo++D" Ty s +D ) —

—F(x10+pri1+--- +p371$1,s—1, coy o F PTpa +p871$r,sfl)-

3aMeTuM, 9TO MOKA3aTeau g, S = 1,...,t, yIOBIETBOPAKT yCJIOBU-

AM
n2>up > uy > > Uy > 2,

1 KOJIUIECTBO MHOI'OWIECHOB C JaHHBLIM HA0OPOM IOKa3aTeIed He IPEBOC-
XOIUT

p*, a=t+nl—05ru(ug —1)" — - — 0.5rug(us — 1)".

B xadecTBe TPWIOKEHUS TIOCTPOCHHOTO MHOXKECTBA PEIIeHUN 14 UM
OLIEHKY TPUCOHOMETPUYECKOU CYyMMEI (CM., Hampumep, [3, c¢. 77]).

Hoanotli xpamuoti pauuoraLbHotl MPULOHOMEMPUUECKOT, CYMMOT NO
MO0YA10 ¢ HABBIBAIOT CyMMY BUIA

! g CF(xq,...,2p)
= S0 Floran) = 3 30

r1=1 r,=1
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rae ¢ > 1 — HaTypaJbHOE MUCIO U

ni zy
F(zy,...,z,) = Z ---Za(tl,...,tr)wﬁl...wff

t1=0 t,.=0

€CTh MHOTOUJIEH C IETBLIMU PAIMOHATBEHBIMEA KO3(DUIIMEHTAMH.
B ocuOBe oneHky JeKUT CAeyOmas TeopemMa.

— _ |Inn
Monoxkum n = max (nq,...,n,), w = [m] .

Teopema. ITycmb F(z1,...,T,) — MHOZOUAECH C UEABIMU DAUUO-
HAALHBIMY KOS PPuyuenmamu, Komopvie 8 COBOKYNHOCMU B3GUMHO NPO-
emot ¢ p, U (€1, .., &) HE ABAAENCA KOPHEM CUCTNEMBL CDABHEHUT

p " F, (z1,...,2,) =0 (mod p),

p F, (r1,...,2,) =0 (mod p).

2de 75,8 = 1,...,7 — HOUBHICULAA CMENEHd YUCAA P, 0eAIUAA 6CE KO-
s Puyuenmpt muoeousena F, (z1,...,2,). Toeda npul > 2w+1 umeem

2niF(£1+p2y,..,Ertp2r)

pl-1 pl-t
E .. E e pl _— O.

xr1=1 z,=1

Orcrona crenyer paBeHCTBO

S, F(zy,...,2,)) =

[ I—u

1
) Eregn) p P 2miFy(2,...,20)
= E pr(u17 )e pl E - E e pl—u1, ,
(517--.557‘) r1=1 r1=1
rae Ha6opsl (&1, . . ., &) IPOGErarT MO BCEM KOPHAM CUCTEMbI CDABHEHUN

0 (mod p),

P (01, 3)

p F, (r1,...,2,) =0 (mod p).

Taxum 06pa3oM TONyUYeHA PEKyppeHTHas ¢GOopMyaa [ TOJHOU
KPATHOU PaIMOHAILHON TPUTOHOMETPUYIECKON CYMMEL 110 MOIYJII0, PaB-
HOMY CTEMEeHU TPOCTOTO Yucia p. OHa MO3BOMAET MONYIUTH OLIEHKY 3TON
cymMmbl. K coxanenuio, HanTu agajor TeopeMsl [l moka He yIaaoch.
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O CJIOZKHOCTHU MHANBUAY AJIBHBIX
BYJIEBBIX ®YHKIIUN

H. I1. Peapkun (Mocksa)

OaHO ¥3 TIABHBIX HATPABIEHUN MATEMATUIECKOU KUOEPHETUKU —
3TO MOCTPOEHUE ONTUMAILHBIX, B TOM WJIU WHOM CMBICIE, YIPABIAIO-
IIUX CUCTEM, B YaCTHOCTU, TIOCTPOCHUE MUHUMAILHBIX CXeM u3 PyHK-
LUOHAIBHBIX 3JeMeHTOB [1] mas koHKpeTHBIX OyieBbix Gyakuun. Cyme-
CTBEHHBIE 3aTPYIHEHUA BO3HUKAIOT Ha DTare N0KA3aTeILCTBA HEOOXO-
IUMBIX HUXKHUX OIEHOK [ CAOXKHOCTHU CXEeM. 3[IeCh PACCMATPUBAIOTCA
HEKOTOPLIE TIPOJBVKEHNUA W HOBLIE PE3Y/IbTATHL [0 YKA3AHHOMY HAIIPa-
BJIEHUIO.

IMony4deHne HUXKXHUX OLEHOK CJIOXKHOCTH METOJOM 3aMeHBI
Gasmuca.

Paspaborannbie K HACTOALIEMY BPEMEHU CIOCOOBI HOLYIEHUS HUK-
HUX OLIEHOK CJOXKHOCTHU CXEM 339aCTYH OPUEHTUPOBAHEI HA, KOHKPETHLIE
6a3uChl, U JaXKEe T€ U3 HUX, KOTOPHIE 00IaJAI0T OTHOCUTEIBHOU YHUBED-
CaNbHOCTBIO (HANpPUMED, METOM «3a0MBAHUA» MEPEMEHHBIX HA BXOAAX
cxeM OyJIeBBLIME KOHCTAHTAMU [2]), BCE-TaKku MPEANOJaraloT NCIOIb30BA-
HUE JOCTATOYHO MPOCTHIX 0A3UCOB, BKAIOYAKOLINX JIEMEHTHL C HEOOMb-
muM 9ucaoM Bxon0B. O QHAKO MOLyYeHHBIE HUXKHUE OLEHKU CJIOXKHOCTU
CXeM B IPOCTHIX 06a3ucax MOKHO d(PQPEKTUBHO UCIONBL30BATE A TOJLY-
YEeHUA AHAJOTUYHBLIX OIEHOK A CXeM B Oosee CloxkHbIX Gasucax. CyTsb
paccMaTpuUBaeMoro noaxona [3] K MOMyYeHUI0 HOBBIX HUZKHUX OLEHOK
3AKJII0YAETCA B 3aMEHe OJHOrO (OBITH MOXKET, JOCTATOYHO CJIOXKHOIO)
6a3muca Ha OPYTOU, CYIIECTBEHHO (B TOM WU WHOM CMBICJE) 60Jee mpo-
crou 6azuc. (MOXKHO yCMOTPETEH HEKOTOPYIO, TyCTh Ta¥Ke U OT AJEHHYIO,
AHAJIOTUIO HTON0 METO /1A C 3aMEHOU IIEPEMEHHON DY UHTErPUPOBAHUM. )

Ilycte B — npousBosbHbI (He 00532 TENBHO IOJIHEIN) 6A3UC € TOJI0-
KUTEIbHBIMU BECAMU DIEMEHTOB, a S — cxeMa B Oasuce B. Kak 06br4ano0,
CyMMy BECOB BCEX DJEMEHTOB u3 S OyeM CIMTATh CIOKHOCTHIO CXEMBI
S u o603nauats uepes Ly (F'). Ina npousBOIBHON peaan3yeMon B 6a3u-
ce B Oyneson pyuknuu f momoxum Lg(f) = min Lg(S), rae Muaumym
Gepércs mo BceM cxemaM B Oasuce B, peanmsyromumm f. Hucio Lp(f)
3a4a8T O ONPEIENEHUIO CJIOKHOCTL peanu3auuu (QyHKIUU CXeMaMU B
6asuce B (w1m mpocTo CI0XKHOCTE Oyaeson (yukmuu f); cxemy S B 6a-
suce B, peanusymomyio Gyakuuio f, OygeM CIuTaTh MUHUMAILHON, €CIH
Lg(S) = Le(f).

IIycTte mMeroTCa ABa TMPOM3BOMLHLIX Gasuca B, B’ m 6asuc B co-
croutr u3 saemerToB FEi,...,E, c¢ secamu P(E;),...,P(E,), a 6a-

3

suc B’ cocrout us srementoB Ei, ..., E; c Becamu P(EY),...,P(E}).
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MycTe snementrt Ey, ..., E, peamu3yioT QyHKIUA @1, .. ., Oq, & DIEMEH-
tel EY,..., B — cooTBeTCTBEHHO QyHKIMH ¢}, ..., ¢;. CupaBemmmBo
CIeNYIONIee YTBEPK JCHUE O COOTHOIIEHUN CJIOKHOCTEN PEeATU3aInn O-
HOU U TOU XK€ OyJeBON PYHKINU CXeMaMu U3 PyHKIMOHAILHEIX DJIEMEH-
TOB B Pa3HBLIX 0Aa3MCaX.

Teopema 1. ITycmy 6yaesa pynwkyus [ peasusyema cremoti 6 6a3uce
B', a ¢gynxuuu 6aszuca B' peasusyemvr cremamu 6 6azuce B u 6binoa-
HAIOMCA COOMHOULEHUA

Lp(¢;) < P(E;), 1<i<hb (1)
Toat?a B8bINOAHAEIMCA HEPABEHCIMNBO

Lp(f) 2 La(f). (2)

IIpuBeaém mpuMepsLl UCHOJBL30BAHUA TEOPEMEL 1.

Ipumep 1. Ouenka CI0KHOCTU MOHOTOHHBIX CUMMETPUIECKUX TIOPO-
FOBBIX (DYHKIIUN.

Bosbpmém Gasuc B' us saementos Ej, El, E}, peamusywommx cOOT-
BeTCTBeHHO QyHKuNu ¢ = 21& ... &z, ¢h =1 V...V 27, ¢4 =T, rae
| — HeKOTOpOE 3aaHHOE HATYPAIBHOE YUCI0, HE MEHBIIee TPEX, a Bec
KaXK OO DJEMEHTA PABEH eAuHuIe (T. €. CJAOXKHOCTH CXEMbI OIPEIes-
eTCsl IUCJAOM DJAeMeHTOB B Hen). HangéMm acuMuoToTuKy mJs CIOXKHOCTH

peammsaunn gpyuxnmu f3'(Z) = \/  x;z; cxemamn B 6asuce B'.
1<i<j<n

Bepxnsan onenka Ll (f)') < A% NOIyYaeTcs ¢ MCIOIB30BAHAEM KOH-

crpykuun M. 1. T'punuyka us [4], oOCHOBaHHOU Ha TpeACTABIEHUN fi B
BHUIE
f2n($17 . ':xn) = me(yL e 7ym) \% f2m(21, . '7zm):

rae m = [y/n], a Kaxjgas HOBaa mepeMeHHas y; (U 2;) TMPEACTABIAET
COGON NU3BIOHKINIO He 60Jee IeM m MePEeMEHHBIX U3 {Z1,..., Ty }.
Huxuion OleHKy momyuuM 3ameHou 6asuca B' Ha HoBbil Gasuc B,
COMEPKAIIMHA ABYXBXOJOBLII KOHBIOHKTOP, IBYXBXOIOBBEI IU3HLIOHKTOPD
u mHBepTOp. Bec kaxioro sreMenta m3 B HOMOXUM PABHEIM 1 B
TAKOM CJIY4ae yCIOBUA TeopeMbl 1 6y 1y T BhinonHeHbl. COracHo TeopeMe
1 u3 [4] o6mwee qucao saemeHTOB U3 Gasuca B B a060u cxeme mis fi! ne
MEHBINE YeM 2n — 3; OTCIa CIAEAYeT, YTO CIOKHOCTH JOO0U CXEMBI B

n 2n—3
basuce B mna byskimm fj' He MeHbIIE YeM -, T. e.

2n — 3

Lp(fy) > 1

(3)
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Ipumenss Teopemy 1 u3 HepaBeHCTB (2) u (3) monydaeM OLEHKY

2n —3
n
LB' (f2 ) Z ’
-1
KOTOpasa COBMECTHO C MPUBEIEHHON BHIIE BEPXHEN OIEHKOUW TPU PACTY-
meM n TaéT aCUMOTOTUKY

n 2n
Lp (f3') ~ —1

IIpumep 2. OueHKa CIOKHOCTY OYJAEBBIX (MYHKIWN C MAJBIM IUCIOM
e VIHUII.
Bosbmém kmace F, i, COCTOAIMA U3 BCEX TeX OyJeBBIX (MyHKIUM OT
N IEPEMEHHBIX, KaXK 137 U3 KOTOPBIX 00PAIIAeTCA B €IUHNUILY POBHO Ha k
HabOpax 3HAYEHUN NepeMeHHBIX. V3BecTHa [5] acuMnTOTHKA 04 CI0XK-
HOCTH peaM3aluy Kaxka0u GyHKuny us Fy, p B CIydae, KOT1a BEIIOMIH-
eTCA yCIOBHE
1 <k <logyn — clog, log, n, (4)

rae ¢ — MOpPOU3BOJbHAA OONBINAS €QUHUIBI KOHCTAHTA, a 0asuc B co-
IEepPKUT BIEMEHTHI, PeATU3yIone Bce OyIeBBl (DYHKIMM OT IBYX MEpe-
MEHHELIX, KPOME JMHENHBIX QyHKIuU £ By u x G y H 1; Bec xaxmgo-
TO DJEMEHTA TOJAraeTCsA PABHBIM eIuHUIE. B paccMaTpuBaeMoM 31ecCh
npuMepe MpernoaaraeTca, 9To yciaosue (4) BeimomHseTcs, a 6asuc B’
conepxut 2'T! s1eMEHTOB, peaIu3yIOIMX BCEBO3MOKHBIC KOHBIOHKIINN
e & .. &a]' n o gmsmoEkmmy 7'V ...V ]!, rae o1,...,00 € {0,1},
a | — 3amaHHOe HATYPAJLHOE YUCIO, HE MEHBLIIee TPEX; BEC KaXKAOTO
BIEMEHTA MPEANOIAraeTCA PABHEIM €IMHUIIE.

Oycts f(z1,...,%,) — OpOU3BOJbHAS OyaeBa QyHKmusa uz F, .
obpamarmasaca B eIWHWIY Ha HaOOpax o01,...,0f, Tge o0; =
(0ia,..,0in), 0 =1,..., k. Oycts M; — 510 (k X n)-MaTpua, CTpoKa-
MU KOTOPOH ABAAIOTCA HAOOPHL 071, ..., 0k, & J-I CTOIOEH OTBEIAET Me-
pemensou z;, j = 1,...,n. Croabusl maTpuisr My pa3o6bém Ha Cpym-
bl OJIMHAKOBBLIX MEXIy COOO0U CTOJAOIOB; uepes Mz 0603HAYUM TpyII-
Iy CTOJOLOB, T. €. HOAMATPUIY MATPUULL My, COCTABIEHHYIO U3 BCEX
CTOJIOIOB, PABHBIX T ([ KAKUX-TO T I'PYNIbl Mz MOTYT OKA3aThCA IIy-
cteivu). Hemyctywo rpynmy cToabuos Mz cauTaeM CAIBLHOU, €CAM OHA
CONEPKUT HE MEHEE ABYX CTOJOLOB T M B 3TUX CTOJAONAX UMEIOTCA KAK
HYJIU, TAK U €IUHAIL; TIePEMEHHBIE, OTBEYAIOIINE CTONONAM U3 CAILHON
CPYIMIBL, TAKKE CIATAEM CATLHBIMU.
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Teopema 2. Ilycmv y dynrxyuv f u3 xaacca Fy i, umeemea my
CUALHBIT MEPEMERHBIT, G das nocaedosameavnocmu {k,} npu docma-
mouno 6oavbwux n evinoansemes ycaosue (4). Toeda

Lo (f(ary.ma) ~ T
-1

IIpu mokazaTeabCcTBE MOCIETHETO COOTHOUIEHNS BEPXHAA OLEHKA MO-
Jy9aeTCs KOHCTPYKTUBHO My TEM MOIUPUKAIIUA CXEMBI S, IPENCTABICH-
HOM B pasgene 5 m3 [5]. HuxkHIOI OLEHKY MONYYMM MpM Tepexofe OT
6asuca B' k HOBOMY 6asucy B u3 3J€MEHTOB, Pealn3yommX Bee OyIeBEI
yHKIIMM OT ABYX MEPEMEHHBIX T U Y, Kpome £ Dy, x &y & 1. Bec ka-
K0T 2MIeMEeHTa U3 B MON0XKUM PABHBIM j—; KaK HETPYTHO 3aMEeTUTh,
ycaosue (1) Teopemsl 1 6yI€T BBITOIHEHO.

Coraacuo teopeme (1) u3 [5] obmmee uucao smeMeHTOB U3 B B 10601
cxeMe, peanusymomen GpyHkuio f(z1,...,%,) U3 Fy g, ¢ M, CHILHBIME
MEepEeMEHHBIMA, ACUMITOTAYECKN HE MEHBIIE 1 + my,. [losTomy mo Teo-
peme 1 C10XHOCTE M10601 cxXeMbl 44 f B 6azuce B’ acuMOnTOTHYIECKH HE
MEHBIIIE YeM "l";—ml"

Ilycte B = {¢1,...,¢8} — MHOKECTBO U3 BOCBMU OyJEBBIX (PYHK-
IIIH, KasKIad U3 KOTOPHIX eCTh 60 KOHboHKINA z*&y’, 1160 1u3h-
oorkmna 2 Vy?, rae a, 8 € {0,1}. Ipu 3aganrom HaTypaxsaoM [, [ > 3,
gepes B’ 0603HaUMM MHOXKECTBO Tex OyJeBLIX (DYHKINN, KAXKAasA U3 KO-
TOPBIX CYIIECTBEHHO 3aBUCUT POBHO OT | MEPEMEHHBIX I1,...,T; U MO-
XKeT OBIThb peanu3oBaHa (opmymon uman B, comepxamen [ — 1 pyHK-
UUOHATBHBIX cuMBOAOB u3 B. Iloxoxuyt Ha BTOPOU, HO TOABKO (oJee
CIOXHBIU TIPUMED UCIOJb30BAHUA TEOPEMBI 1 MOXKHO MONYIUTH TEMEPh,
eCJM PAcCMaTPUBAThL CXeMbl (1 QYHKIUA C MAJBIM YUCJIOM €IUHUL) B
Gasuce B', mosaras Bec KaxI0ro 2IEMEHTA PDABHBEIM €IWHUILE.

Meroa 3aMeHbl 6a3UCa IPUMEHUM U K CAMOKOPPEKTUPYIOIIUMCS CXe-
MaM u3 (QYHKIUOHAMBLHLIX DJIEMEHTOB; MOKAXEM, KaK B DTOM CIydae
MOXKHO HCIOJB30BATH COOTBETCTBYIOMIUN aHAJIOT TeopeMbl 1 u3 [6].

Bynem paccmarpusaTs cxembl B 6azuce B, cogepxainue HaqEXHBIE U
HEHA IEKHEBIE quHKuMOHaJIBHBIe DMEMEHTHI. BCAKUN HAAEKHBIN DIEMEHT
UMEeT HEeOTPUIATEILHBIM BEC U BCErjaa peanu3yeT HeKOTOPYIO MpHIH-
CaHHYIO eMy QYHKIUIO u3 B. Beaxkun HeHa IEKHBIA DIEMEHT TaKXKe UMe-
€T HEOTPUIATENBHLIN BEC U B UCIPABHOM COCTOAHUU PEATU3YEeT HEKOTO-
PYIO IPUMUCAHHYIO eMy (DYHKIUIO U3 B, a B HENCIPABHOM COCTOSHUM —
HEKOTOPYIO (PUKCUPOBAHHYIO [Js BCEX DJIEMEHTOB CXEMbI KOHCTAHTY O
(0 € {0,1}). Cxema B Gasuce B HasbiBaeTCs k-CaMOKOPPEKTUPYIOMENCS
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OTHOCUTEIHLHO HEUCTIPABHOCTEN TUMA §, €CJIU TPU TEepexoe B HeUCIpaB-
HOE COCTOsHME He Oojee deM k HeHAAEXKHBIX DJIEMEHTOB OHA Peaan3y-
eT Ty xe OyJeBy (QYHKIIUIO, YTO U TPU UCIPABHOM COCTOSHUU BCEX €€
sneMeHTOB. CJ0XKHOCTB CXeM, CJIOXKHOCTD (peanusaunun) OyaeBbIX QyHK-
U, MUHAMAJIBHOCTE CXEM ONPEIeNseTcs U 0003HAYALTCA TAK XKe, KaK
U BBIIIE, HO TOJBKO TelNepb MPUMEHUTENIBHO K PACCMATPUBAEMBIM k-Ca-
MOKOPPEKTUPYIOMIMMCSA CXEMAaM.

IIpeacraBuMm Temepb, YTO UMEIOTCS ABA MPOU3BOJBHBIX KOHEIHBIX
6asuca B = {¢1,...,¢q} u B' = {¢1,...,9p}. Ilepsrint 6asuc B co-
IAepXKUT Haaéxuble daeMeHTsl Dy, ..., D, ¢ secamu P(D;),...,P(D,),
peanu3yomnue COOTBETCTBEHHO (DYHKIUY @1, . . . , Oy, U HEHATEKHEIE DJIe-
ments By, ..., E, c secavu P(E}), ..., P(E,), peatusyomue (B ucpas-
HOM COCTOSIHUH) T€ XKe CaMble PYHKIUA @1, . . . , . AHATOrUIHBIM 06pa-
30M, BTopou 6aszuc B’ comepxuT Hagéx)HEBIE aneMeHTH F1,..., F} ¢ Be-
camu P(Fy),...,P(F,) u nenagéxusie saemenTsl Gq,...,Gy ¢ Becamu
P(G1),...,P(Gyp); snements 6asuca B' peanusyor GyHKIAA Y1, . . ., Pp.

Basuc B coraacoBan ¢ 6asucoMm B', ecim mas xaxaoro HagéXHOTO
sneMenTa F; Gasuca B cymecrByer moacxema (6m0k) F}* u3 HaIéKHBIX
2J€MEHTOB 0asuca B u 11 kax1oro HeHané)HOro saementa G; cyuie-
cTByeT mogcxema (G u3 31eMeHTOB 6a3uca B Takme, ITO BLINOJHAIOTCA
CIeYIOIue yCIOBUA COTIACOBAHHOCTH:

1) moxcxema F}* peanusyer dyukimio ¢; u Lg(F}) < P(F;);

2) moxcxema (G} peanmsyer (OpHM HCOPABHOM COCTOSHHUU BCEX €€ He-
HaI&XKHBIX aneMeHToB) dyukumio ¢; u Lp(GF) < P(G;);

3) nmpm Haaw4uu B nogexeme G He Gosee YeM k HEMCIPABHBIX HJIEMEH-
TOB 3HAYEHME Ha BHIXOJE DTOU MOACXEMBI Ha JHOOOM BXOJIHOM Ha-
60pe (3HAYEHUN NEPEMEHHBIX) T = (71, ..., Ty, ) PaBHO aubo ¥;(7),

au6o 0 (i =1,...,b).

Teopema 3. I[Ilycmv 6asuc B coeaacoean c¢ 6asucom B', a f —
npouseoavuas oyasesa Pynrxyus. Tozda

L (f) > Li(f),

ede seprnuti undexc k oszmaunaem, uwmo ucnoavayomcesa k-camorxop-
DEKMUPYIOUUECS CTEMbL.

Ipuseném npumMep ucnoab3oBanus TeopeMsl 3. B padore [7] nangenst
ACUMIITOTAKY I CTOXKHOCTH k-CAMOKOPPEKTUPYIOMIMXCA CXeM B 6a3m-
cax B = {z&y,zV y,T} u B; = {z&y,x V y} 011 MOHOTOHHBIX CUMMe-
TPUYHBEIX HOPOTrOBEIX QYHKIUN fi' B CIydae OJHOTUNHBEIX KOHCTAHTHEIX
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HemcnpasHocTen tuna d, 6 € {0,1}, Ha BHIXOgaX daemenToB. B sTOM pa-
60Te MPeanoaaraloch, ITO BEC KX I0I0 HAAEKHOIO DIEMEHTA PaBeH p,
a BeC KaXJOTO HEHATEXKHOI'O DJIEMEHTA PaBeH 1, u ObLIN yCTAHOBJIEHBI
CleYIOMue ACAMITOTUAKH.

[lns cxem B 6asuce B B caydae p > k + 1 BBINOJIHAETCA ACUMITOTH-
wqeckoe (Ipu n — 00) PABEHCTBO

Ly(f5) ~ (k+2)n, (5)
a musa cxeMm B 6asuce By npu d = 0 u p > 0 momydeHa acCUMOTOTUKA
L%l (f3) ~n-min{2p, k + 2}.

3aMenuM B Oasucax B u By IBYXBXOJOBBIE KOHBIOHKTOPEL U U35~
IOHKTOPHI HA [-BXOIOBRIE, [ > 3, OCTABIMA IPEXKHNE BECA DIEMEHTOB, T. €.
P IUIA KaXK 400 HAaAEXKHOIO dJIeMeHTa U 1 111 HeHa4EXKHOr 0, U IeperaéM
K HOBEIM OasucaMm B' u B] cooTBercTBeHHO. BepxHUE ONEHKN 1S CJI0K-
HOCTH k-CaMOKOPPEKTPYIOMMXCA CXEeM, Pealusyommx fJ', moxy4arTcsa
KOHCTPYKTWMBHO, TIOYTHM TaK e, KAK U BepxXHUe oneHku B [6]. A BoT
IJIA TIOMYYeHUA HUXKHUX OIEHOK BOCHIOMb3yeMmcsa Teopemon 3. B urore
IOy IUM CJIENyIOMNe aCUMITOTUKY.

Teopema 4. Jas 6a3uca B', odnomunuwiz xomcmaumublr Heuc-
npasnocmet muna § (§ € {0,1}) na evizodar ssemenmos, p > k + 1
u nocaedosameavrocmu 6yaesvir Pywxyud f3, n = 2,3,..., 8binoaHa-
EMCA PABEHCTNEO

Ly (f3') ~ -1

Teopema 5. /[las 6azuca B, odnomunubiz xoncmawmuuix weuc-
npasnocmeti muna 0 wa evizodar saemenmos, p > 1 u nocaedosamenn-
nocmu 6yaesuir pywkyutd f3, n = 2,3,..., 6LINOAHAEMCA PGBEHCMEO

n - min{2p, k + 2}
-1 '

3aMeTuM, UTO COrIacOBAHHOCTH OasmcoB B u B', a takxke By u Bj
MOXKHO 00€CIeYnTh, eC/IN MOJOXKUATEH BECa HAMEXKHBIX 2JIEMEHTOB B 0a3u-

cax B u B' paBupiMu 27, a HeHaI&KHBIX — PaBHBIMH - u peammso-

l -1
BAaTh KOHBIOHKIINU W TU3BIOHKIIUN DaHI'a lc MIOMOIIBIO IEMOYEK IJINHBI

l—1u3 COOTBETCTBYKOIINX ABYXBXOOOBBIX 3JIEMEHTOB.

Li(f3') ~

AcuMnToTN4YecKne OMEHKU CJAOXKHOCTHU CXeM AJs MOHOTOH-
HBIX CHMMeTpHYIeCKNX MOPOroBBIX (DYyHKIIHH.

Ileppas acuMnToTHKA A1 CAOKHOCTH peanudanun GyHKuun fi' Ob-
aa ycranosiaena M.U. I'punuykom [4] npu wuCHoAB30BAHUU BJIEMEHTOB
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6asuca {z&y,z V y,T} (nmm MoHOTOHHOTO Gasuca {x&y,z V y}), a 3a-
TeM B paboTax aBTopa [3, 6, 7]. CyuiecTBeHHON 0COGEHHOCTBIO PE3YIb-
TaTOB U3 3TUX pa6OT ABJACTCA MPEOIIONOXKEHNEe O HaJU'IUU B basuce
SJIEMEHTOB, PEaJU3yIOUIUX NU3BIOHKIIVN. 33, nocaegHne HECKOJBKO JIET
T.U.Kpacuosou u B. M. KpacHOBEIM yCTaHOBJEHBEI HOBLIE ACUMIITOTH-
KN CIOXKHOCTU GyHKUMM fJ' N CyMIECTBEHHO WHBIX OA3MCOB M MHBIX
Mep CIOKHOCTH CXEM.

B pa6ore [8] ycTaHOBIEHA ACUMOITOTHUKA s CIOKHOCTHU PEATN3aIin

f2 cxemamu B Gasuce B = {&, —}:

Lp(f3') ~3n

(CIOXKHOCTH CXEM 3[eCh ONMpeneJaeTCsa YUCIOM DJIEMEHTOB B HUX). llpu
MOy YEHUN ACUMITOTUKYN BEPXHSAA OIEHKA MONYIAETCS KOHCTPYKTUBHO
C UCIIONBL30BAHNEM HECJ0XKHOU Monudukamuu merona M. . 'punayka.

Huxusaa oumenka moaydaeTcss MeTOIOM 3a0WBAHUA MEPEMEHHBIX Ha
BXO/aX CXEeM KOHCTAaHTaMu. [[pUHINNNATBEHO HOBBIM MOMEHTOM IPU WUC-
MOJB30BAHUYU DTOTO METOA SABJIAETCSA €IIE U YIET HAJUIUA XOTS ObI OI-
HOI'O MHBEPTOPA B JIOO0U IIEMH, BEAYIIEN OT BXOAA CXEMBI K €€ BBLIXOLY.

B [9] uccaenyorcs k-caMOKOPPEKTUPYIOMINECS CXeMBI 41 f4' B 6asn-
ce B = {z&7, 1}. Beca Ha 1é:XHBIX 5J€MEHTOB PABHBL P, HEHAIEKHBIX —
1; HemcnpaBHEBIE DIEMEHTHI BEIJAI0T HEKOTOPYIO (PMKCUPOBAHHYIO OyJIeBY
KOHCTAHTY 0. YCTAHOBJIEHO, UTO MPHU JIOOBIX (PUKCUPOBAHHLIX k, p U 0,
Y AOBJIETBOPSIOIINX YCIOBUIO P > k + 2, cIpaBeqInBa aCUMITOTUKA

Ly(f3) ~ (k+2)n.

B [10] paccmarpuBatorcs k-caMOKOPPEKTUPYIOMIUECS CXEMBI U3
(YHKIMOHATBHBIX 21eMeHTOB B 6asuce {x&y,T}. Ilpeanonaraercs, 9To
KX IBIU HANEKHBIN UHBEPTOP UMeeT BeC p. KaK IBN HeHANEKHBIN WH-
BEPTOP UMEET BeC 1 1 B UCIPABHOM COCTOSHUM PEATN3yeT MHBEPCHIO, 4 B
HEUCIPABHOM COCTOSHUM — HEKOTODPYIO (3aJaHHyI0) Oy/IeBy KOHCTAHTY
0. Bce KOHBIOHKTOPEI CIMTAIOTCA HAJEKHBIMA DJAEMEHTAMA C HYJEBBIM
BECOM. YCTAHOBIEHO, 9TO P! JIOOBIX (PMKCUPOBAHHLIX k W P, YIOBIE-
TBOPSOIINX YCIOBUIO p > k + 1,

LE(f3) ~ (k+1)n

(HIKHUT MHIEKC «—» O3HA4YaeT, 9YTO B JAaHHOM CJIydae MMEETCS B BHU-
1y TAK HA3LIBAEMasl (MHBEPCUOHHAAY CJIOKHOCTH cxeM). OTmeruM, 4To
dopManbuo monarag B gaHHoM caydae k = 0, TOIyIUM acCUMITOTUKY
[JI1 UHBEPCUOHHOU CIOXKHOCTH QyHKImu fJ'.
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B [11] mangena acuMOTOTHKA [ KOHBIOHKTOPHOU CIOKHOCTHU pe-
amu3aruy GyHKUuu fi k-CAMOKOPPEKTUPYIOIINMUCA CXeMaMU B 6asuce
B = {z&y,T}. 3mech npeanonaraeTcs, 9To BEC Ha 1EKHOI'0 KOHBIOHKTO-
pa paBeH p, HEHAIEKHOIO — eAWHUIE, & UHBEPTOPHI — HAAEXKHBIE DJle-
MEHTEI C HyJeBLIMU BecaMu. KaxK LIl HeMCOPABHLIM HEHAIEXKHBIN DJe-
MEHT peanusyeT (3apaHee U3BECTHYH (UKCHPOBAHHYIO) KOHCTAHTY 0.
IIpu p > k + 2 ycTaHOBJIEHO COOTHOIIIEHTE

Ly(f3) ~ (k+2)n.

O C/I0OXHOCTH M CTPYKTyP€ MUHUMATLHBIX CXeM [JiA JUHeH-
HBIX (DYHKITAH.

Jlunenueie GyaeBEl PYHKIUA OTHOCATCA K GUCAY HAUOOJEE U3YIeH-
HBIX WHIVBUAYAIBHBIX (DYHKIMU C TOYKYM 3PEHUs Dealu3aldu UX CXe-
MaMyu U3 (QYHKIWOHAJBHBIX JJIEMEHTOB. PsiI HOBBIX PE3yJabTaTOB IO
CIOXKHOCTY JUHENHBIX (pyHKumuu monydeH B paborax 0. A. Kom6aposa
[12-14]. B pa6ore [12] paccMaTpuBaOTCs CXEMBL 4JIs1 JUHENHBIX OYJIEBBIX
¢dyuxnun B 6asuce {z — y,T&y}. YcTaHOBIEHO, 9TO I peAlIU3aLUn

000U U3 GYHKIUN [, = 21 B ... B Ty, I =21 D ... D xp, & 1 HEOOXO-
IUMO ¥ OOCTATOYHO 31 — 3 daeMeHTOB. EmE OnMH BaXKHLIM Pe3yJbLTaT
2TON PabOTHI 3AKMIOYACTCA B TOM, UTO B HEM yCTAHABIMBACTCSA CTPYK-
Typa MUHUMAJIBHBIX cxeM. OKa3weIBaeTCs, M00asd MUHUMAJILHAS CXEMa
I JIUHEnHON (QYHKIMU B >TOM 0asuce MOXKeT OLITh pas3bura Ha mo-
[apHO HemepeceKammecsa 6J0Ku (MOACXeMBI) BCero JIMIb ABYX THUIOB.
Brok mepBoro Tuma mmeeTr nBa BXOZA U COAEPKUT ABA diaeMeHTa Fi,
Ey «x = y» u onun saement E3 «T&y», npuuém BXoanl 3aeMeHTOB Ey,
FE5 coequuennr co BxogaMu 00K, BHIXOAEL daeMeHTOB Fp, E3 coenuue-
HBI TOJIBKO CO BXOJAMU 3JeMeHTa Fs, BHIX0J KOTOPOT'O TAKXKE SABJISIETCS
7 BBEIXOAOM Os0Ka. BIOK BTOpOTo Tuma moayvaeTcsa m3 OI0Ka MEePBOTO
TUIIA 3aMEHOU BJIEMEHTOB «I — Y» Ha DJIEMEHTEHL «T — I» U dJeMeHTa
«T — y», HAOOOPOT, HA DIEMEHT «T — Y».

MuHIMATEHEE peATN3alNN TMHENHEIX QYHKIME [, u [, cxemamu B
6asuce B = {E,...,Ex, E~}, rage 1 < k < 6, anementst Ey,...,E, —
5TO PA3JUYHBLIE [BYXBXOJOBHIE (DYHKIIMOHAIBHBIE DIEMEHTHI, PEATUIYIO-
mne gyuxnun u3 {z&y, zVy, &y, TVy, 2&y,x Vy}, a E- — unseprop,
paccMaTpuBaoTcs B [13]. 34eCh CI0KHOCTH KaX JOU CXEMBI ONpeqesIseT-
Cs1 9MCJIOM JBYXBXOJOBLIX (DYHKIMOHAIBHBEIX 3JIEMEHTOB B Hell (Beca WH-
BEPTOPOB IOJIArAI0TCS PABHBIMUA HYJIO). YCTAHOBJEHO, ITO CJIOKHOCTH

peanu3anuu Kaxaou u3 GyHKIAN [y, [, IPU yKA3aHHBIX UCXOJHBIX MIPE]-
MOJIOXKEeHUsAX paBHA 3n — 3. OTHOCUTENBHO CTPYKTYPHI MUHUMATHHBIX
CXEM YCTAHOBJEHO, UTO B KAXKJOU U3 HUX MOXKHO BHIIEJIUTH N — 1 Herme-
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PECEKAIIMINXCS «CTAHJAPTHBIXY OJIOKOB, COAEPKAIINX TI0 TPU ABYXBXO-
JOBBIX BieMeHTa (1 emé, OBITh MOXKET, HECKOIBKO «0eCINIATHEIX) UHBEP-
TOPOB, B3ATHIX B HAUMEHBIIEM KOJIMIECTBE).

B pat6ore [14] uccaegyercs cTpyKTypa BCEX MUHUMAJIBHBIX CXEM B
basuce {z&y,r V y,T}, peammsyomux munennbe Gyskmmm | u [. Ka-
XK Iasd U3 DTUX CXeM pa3buBaeTcs HA N — 1 B3aUMHO HelepeCeKarouxCs
«CTAHJAPTHLIX» OJOKOB. KaK Ibill U3 CTaHIapTHHEIX GJIOKOB (BCEro ux 2)
MPEeICTABIACT COOOU HEKOTOPYIO CXEMY U3 YeTHIPEX (DYHKIIMOHATLHBIX
SIEMEHTOB, PeAI3yONIyio 00y u3 GyHKImi I, lo.

Pa6ora Brimoanena mpu guHaHCOBOU TOAAepkke PDDU, mpoexT
Ne 11-01-00508.
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CUCTEMBI YIIPABJIEHNS KOHDPJIUKTHBIMUA
IIOTOKAMM HEOAHOPOIAHBIX TPEBOBAHUU
n ITPUHIINII JIAIITYHOBA-ABJIOHCKOTI'O

M. A. ®egorkun (Huxuuu Hosropon)

1. Beegenmne. B paGoTe [1] BepBbIe mpefraraeTcsa HEeKIACCHIeCKUN
Croco0 OMMUCAHUA U U3YUCHUA TIOTOKOB ABUKYIIUXCA TPEOOBAHUN C WC-
[OJB30BAHUEM CTATUCTUIECKOHN CBA3M MPOCTPAHCTBEHHON W BPEMEHHON
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XapakTepucTuk. IIpu 5TOM B MOTOKe PA3IUIAIOTCA ABA THUNA TpeboBa-
HUW, & UMEHHO, TPEeOOBAHMA C MEIJICHHBEIM ABUKEHUEM W TPeOOBAHUA
¢ OBICTPLIM ABMKEHWEM. DTO W O3HAYAET HEOMHOPOAHOCTL TPEOOBa-
HUU TOTOKA. Takxke MpenmoJaraeTcs, 9TO TOALKO TpeGOBAHUS C OBI-
CTPLIM JBVKEHUEM HMEIOT BO3MOXKHOCTEL OOTOHA TPeGOBAHUN C MEJIEH-
HBIM JBVKCHUEM.

HManmee paccMoTpuM BepoATHOCTHOe mpoctpancTeo (2, F,P(.)).
3nxech () — nocToBepHBIN UCXOM, W € () — omucaHue HEKOTOPOrO BJe-
MEHTAPHOT'0 UCXOMa CIYIANHOTO DKCIEPUMEHTA, ONPENe/SIOnIero mpo-
[EeCCHl ABMKEHWUA BXONHEIX MOTOKOB TPEOOBAHUE B MPOCTPAHCTBE, WX
00GCIyKMBAHME CUCTEMON W ylpaeaeHume uMu. MHOXecTBO HAbIIOTae-
MBIX ucx0noB A C ) JAHHOTO DKCIEPUMEHTAa COCTABAAET 0-aArebpy
F, Ha xoropou 3agana seposaTHocTHasa ¢yuxknus P(-). Unorna ue Oy-
IeM ABHO (PMKCHPOBATH CUMBOJ W KAK apTyMEHT KaKUX-A100 (DyHKIUN
win Beaundus. O IHAKO, BCe CIydYalHbIE COOBITUA U CAYyIaNHBIE DIEMEH-
THI PACCMATPUBAIOTCA Ha yKazauHoM npoctpanctse (2, F, P(-)). IIycts
n;j(t) = nj(w;t) mpu ¢t > 0 DOACINTHIBAET UHUCIO BCEX THUIOB TPeGO-
BaHKK noToka II;, mocTynmamomux B cuCTeMy OOCIyXKHBAaHUA 33 BPeMd
[0,t). Torna cayuanssm npouecc {n;(t): t > 0} — onucaxue BpeMeHHOR
XapakTepucTuky notoka. B [1] nano o6ocHOBaHMe, KOrga U PN KaKAX
YCJIOBHAX BO3HHKAIOT HeopAmHapHble moToku Ilyaccoma II;, mia xoro-
peix cemenctso ¢;(k,t) = P({w: n;(w;t) = k}), k > 0, 13 ogHOMEpPHBIX

pacnipeaenenunit mveeT Bu: ¢;(0,1) = et ©;(1,t) = \jtpje~ it
(8] 1522 k—2w—3v w v k—w—2v
. P; qj'sj (A1)
4kt:_>‘1t J J J k>2
wilk,t) = e ; ; wlol(k — 2w — 3v)! 7 -

3peck A\j > 0 — MHTEHCHBHOCTBb NOCTYILIEHNSA B CHCTEMY TpeOOBAaHUN
C MEJEHHBIM IBUXKEHUEeM. B 060U BLI3BIBAIOIINNA MOMEHT MOCTYIAET
O[HA 3ajABKa C BEPOATHOCTBIO Pj, ABE — C BEPOATHOCTBIO ¢j, TPU — C
BEPOATHOCTHIO S U pj+q;+s; = 1. Heop nuuapHbIe IOTOKYM TAKOTO THUIIA,
KOTODPBIE 3aBUCAT OT IAPAMETPOB Aj, Pj U ¢;, 0O03HAYAEM CHMBOJIOM
I =TI\, pj, 45)-

2. TlocTaHoBKa 3aja4yu U OCHOBHBIE pe3yJabTaThbl. [lpu ku-
GepHeTHIeCKOM moaxofe [2] mmsa Mo60N yIpaBIsioen CUCTEMBI 06CIy-
KUBAHUA HEOOXOIUMO BBIJEIUTH CXEMY, WH(DOPMALUI, KOOPIUHATHL 1
dyuxmmo. CxeMa BKIIOYAET CTPYKTYPHBIE OIOKU: ) CTATUCTUYECKUE
HezasucuMeie Bxonubie notoku Iy = (A1, p1,q1), [ls = (A2, pa, ¢2),
vy Wy = (A, Py @) HEOIHOPOAHBIX TPEOOBAHUU — MEPBBIU yPO-
BEHb BXOIHBIX IOJIIOCOB; D) CTATUCTUYECKNE HE3ABUCUMBIE IIOTOKU Ha-
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(1) pyp(m) (1)

comenns 177, T, .., I, (BBIXOQHBIE TOTOKM MIPU MaKCHMAIBLHON 3a-
rpyske u 3pQPeKTUBHOM (YHKIUOHUPOBAHUY CUCTEMEI) — BTOPOU yPO-

BEHDb BXOIHBIX MOIOCOB; ¢) HEOTPAHNICHHBIE HAKOTUTEIN N NG,

N(™) guepegei coorsercTBerno no norokam Iy, I, ..., II,, — BHem-
HAA MAMATH; d) yCTpOUCTBa 01, d2, - - . , Oy IO OPrAHU3AINY JUCHATLIVHEL
oduepeien B HAKOMUTENAX — OJOK 10 mepepadoTKe MH(POPMAIINU BHEII-
Hel maMATH; ) 06CIyKUBaoIIee yeTpoicTso ¢ 2m cocrosamamu I'(D
r®, ..., T®m — puyrpennas mamars; f) HuKIMYecKmit rpad mepe-
KIIOYEHWH 5TUX COCTOAHMI, Korga nocie cocrosuns I'(") ocymecrraser-
¢ MPHOBeHHBIH nepexos B cocrosane ['("H) npu 7 < 2m u B cocrosnue
re mpu r = 2m, — OJ0K 1o nepepaboTke MH(GOPMAIUNA BHYTPEHHEN
naMATH; §) BHIXOAHBEIE MOTOKE 11, Ilo, ..., II,,, — BBIXOJHBIE TIOTIOCA.
Oo6miasn cxeMa TakuX yIPaBIAIIIAX CUCTEM O0CTyKUBAHUA TIPENCTaBIe-
Ha Ha puc. 1 B pabote [2]. HaGop cocTosuum ouepenen B HAKOIUTENAX,
MHOXECTBO COCTOSHUM OOCHY)UBAIOLIETO YCTPOUCTBA, BXOAHBIX IOTO-
KOB, MOTOKOB HACHIIMIEHUA U TIOTOKOB OOCTYXEHHBIX TPeOOBAHUN OTIpe-
neasoT nHGOPMAIMIO CUCTEMBI obcayxuBanusd. Homepa Bcex BXOTHBIX
MOTOKOB, MOTOKOB HACKIIIIEHU, BLIXOAHEIX TOTOKOB, HAKOTIUTEIEH, MEXa-
HU3MOB (POPMUPOBAHNA OYEPENed U HOMEpPa COCTOAHUE 00CIYKMBAIOLIE-
0 yCTPOUCTBA 32 00T KOOPAUHATEI CUCTEMEBI O0CHYKUBAHUA, KOTOPHIE
OTPEETAI0T PACIONOXKEHNE OMOKOB Ha cxeMe. DYHKIUA CUCTEMBI DTO
LUKIXIECKOE yIpaBieHre KOHQIUKTHBEIMU [2] moTokamu (paspeleHue
WV 3alpelleHne Hadaua 00CIy KUBAHUA KAXKIOI'0 U3 HAX) U HEMOCpe[-
CTBEHHO O0CIyXUBAHUE HEOJAHOPOIHBIX Tpebosauuu. [Ipu ¢pukcuposa-

mom j € {1,2,...,m} B cocrosmuu T'?~1) B Tedenme spemenn Thj
COIVIACHO 3KCTPEMAIBHOU cTpareruu [2] 06CIyKUBAIOTCA TOJIBKO TPe-
GoBanus moroka II; B xoaumuecrse He Gonee Beamdnuel [ = [p;T5;-1],
a B cocrosuun I'?9) B reuenne Bpemenn T5; 3anpemaeTca o6CIyKuBa-

1

HIE TIOTOKOB. 3IeCh TTapamMeTp [j ~ OmpeNeNseT cpenHee BpeMA 06CTy-

KuBaHUA TpeboBanua notoka Il;, mmm p; ecTh MHTEHCHBHOCTE TIOTOKA
()
J

Mycts mMomenTsr 75, 1 = 0, 1, ..., CYTh MOMEHTHI TEPEKJIHOICHUN
COCTOAHUY 0OCIYKUBAIOIIEro ycTpoucTea. B nanpnenmneM OyneM oTciIe-
KUBATH 3HAUEHUS UHTEPECYIOIINX HAC BEIUYNUH B TUCKPETHLIE MOMEHTHI
MEPEKIIYEHN COCTOAHUN OOCTYKUBAOIIEr0 ycTpoucTra. ClaydanHyio
[I0C/I€J0BATEALHOCTh DTUX MOMEHTOB BPEMEHUN O0OO3HAYUM epe3 MHO-
wectBo T = {73;1 = 0,1,...}. DIeMeHTH MHOXECTBA T, BOOOIIE FOBODS,
crydaunbl, Tak Kak 3uavenusa Ty, Ty, ..., Tsy,, ABAAIOTCA PA3IUIHLIMUY,
7 MOXHO 3aJaTh BEPOATHOCTH TOT'O WIN MHOT'O COCTOSHUS OOCTYXKUBaA-

HacelmeHusa 1
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IOIIETr0 YCTPOUCTBA B HAYAILHEIR MOMEHT BpeMeHH Ty. llpu j = 1,m n
i > 0 BBeleM CJelyIOIye CIyJalHbIe BEAMYMHBL U 3IEMEHTEL: 1) 1), —
9MCI0 3aABOK MOTOKA II; Ha mpomexyTke [1;,Tiy1); 2) & — Maxcu-
MAaJbHO BO3MOXKHOE HUHCIO 3aBOK MOTOKA II;, KOTOpEIE CHCTEMa MOXKET
06CIyKUTh 38 IPOMEXYTOK [T, Ti+1); 3) ['; — cocrosame o6cyxuBao-
IIero yCTPOMCTBA HA MPOMEXKYTKE [T, Tiy1); 4) kj; — 4ducIo TpeGoBa-
mmi otoka Il; B cucreme B Moment 745 5) & ;
II;, koTOpHIe B JeNCTBATEILHOCTH MOKAIAIOT CUCTEMY Ha IPOMEXKYTKE
[isTig1); 6) & _y — «meno 3aseox moToka I, KOTOpEIe B JAeHCTBU-
TETbHOCTH MOKN AT CUCTEMY Ha npoMexyTke [0, 7p). Kax b us ciy-
JanHbIX o1eMeHToB I, ¢ € {0,1,...}, npuanmaer 3HaveHusa u3 HAGOpa
I = {TM,1® ., TC™} cocrosumit 06CIyKABAIOMEr0 YCTPORCTBA.
Cay4annele Beu4uHb Kj i, 1 < j < m, i > 0, IpUHUMAIOT 3HAYECHUA U3

— YHCJ0 3adBOK IIOTOKa

muoxkecrea X = {0,1,...} Bo3MOXKHOrO 4ncaa TpeCOBaHUN B OYEPEH.
Cayuannere Bemnansel &, 1 < j < m, 4 > 0, MOI'yT OpUHEMATEH 3HA-
genna 0 wmm I, rae Iy, lo, ..., I, CyTE 3aJaHHBIe HATYDPATbHBIE GHCTIA.

4 !
Cryvaunble BerwanHet &G ; 4,

OPUHUMAIOT 3HAYEHUA U3 KOHEIHOT'O MHO-
xectBa Y; = {0,1,...,1;}. Dxement MHOXKecTBa Y, OmpegeIseT UHCIO
Tpe6GOBAHNN, KOTOPBIE B A€MCTBATEALHOCTHA MOTYT MOKUHYTH CUCTEMY
MaCCOBOI'O O00CTYXKUBAHUA IO j-MYy HAIPABIECHUIO.

IepeltneM Kk MATEMATHYIECKOMY OMUCAHAIO CTPYKTYPHBIX OIOKOB CXe-
MBI BXOIHOM IOJIIOC IEPBOr0 YPOBHA C HOMEPOM j (BXOAHOM mOTOK II;)
OyZeM OMUCHIBATHL C MOMOMIBIO YCIOBHBIX OJHOMEPHBIX PACIIPEICTCHUN
P(ni = kIT; = T®)) = ¢;(k,Ts), k = 0, 1, ... n1a mocregoBaTers-
HOCTH CIydJanHbIX Beawdus {7;;;1 > 0}. Beegem ¢ynkmuio Bj(b;F(s)),
koTopas papua emumuue npu b = [; u T(®) = T(2~1 | papna exnnune
mpu b = 0 u T® € '\ {T'?~D}, u, makowerm, paBHa HYIIO B OCTAJIb-
HEIX CIy9adxX. BXOMHOU TOJIOC BTOPOTO yPOBHA ¢ HOMEPOM j (HOTOK
(1)
J
pacmpenenennit P(&;; = b|T; =T)) = g(5; 7)), b=0,1,..., T €T,
IS OCJIeJOBATENbHOCTH CIy9anHbIX Beamdnd {;;;¢ > 0}. Buemnroto
IaMATh 10 TOTOKY II; OygemM MaTeMaTHYeCKH OMUCHIBATE CJIyYalHOH HO-
CIeN0BATEILHOCTBIO {Kj ;¢ > 0}. MaTemaTndueckoe ommcaHue ycTpou-
CTBa MO mepepaboTke nHQGOPMAIUY BHEITHEN MAMATH 3a0AETCA PEKYp-
PEHTHBIM COOTHOLIEHHEM Kj,;r1 = max{0,k;; + n;j; — &,;}. Marema-
TUYIECKOE OTIUCAHNE BHYTPEHHEN MAMATHU 330a€TCA CIYIAUHOU TMOCAEN0-
BarenbHoCcThIO {I';;i > 0}. Ompegenum oroGpaxenue u(-): I' = T’ co-

orromenmavu u(T®)) = T mpu 1 < s < 2m u w(TC™) = T,

sacoimenus [} ) GyneM OnuCHIBaTEH C MOMOIIBIO YCJIOBHBIX OJHOMEDHBIX
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Torga MaTeMaTUIeCKOE OMMCAHUE YCTPOUCTRA O mepepaboTke mHDOP-
Maluy BHYTPEHHEN MaMATH 3aJaeTCA PEKYPPEHTHBIM COOTHOIICHUEM
Tit1 = u(l;). MaremaTudeckoe onucaHme BLIXOJHOTO MOJIIOCA C HOME-

poM j (BBIXOAHOTO MOTOKa II;) Gy eM 3al1aBaTh MOCTEAOBATETBHOCTHIO
L o4 > 0}, maa KOTOpOH HMeeT MECTO PeK €HTHOE COOTHOIIEHUE
J 1 ) p p ypp
Jz = min{k;,; + nj,i; & }-
Teopema 1. Ecau snauenue Ggynxuyu u(I‘(’")) pasno T'D npur = 2m

u pasno TUTY npu r = 1,2,...,2m — 1, mo umeem mecmo pasencmeo
(Lit1, k5,041, &5 ;) = (i), max{0, ki +m;, — &}, min{kj i+ 15, &G}

Teopema 2. IIpu xaxcdom j € {1.2 ...,m} u 3adannom pacnpede-
aenuu {P(Ty = T kg = x = y): I € T,z € X,y € Y},
J € {1,2,...,m} mauaawnozo eexmopa (T'o,k;0,&; 1) cayuaiinas no-
cneaoeamenbnocmb

{(Ci, k5, &5 1);1=10,1,...}

ABAAEMCA YNPABAAEMOT 00HOPOOIHOT MAPKOBCKOT YENbIO CO CUEMHBIM
muoxcecmeom I' x X x Y; cocmoanui.

Teopema 3. Jasa odnomepuviz pacnpedesenut
{Qji(T® 2,y): T® €T,z € X,y € V;}

sexmopnoti nocaedosameavnocmu {(Ts, k5,85 ;1)1 =1,2,...} evinoa-
,
HANOMCA NO 6PEMENTY | CACOYOULUE PERKYPPEHTNHBLE COOMHOUEHUA:

Qjir1(I ZQ;: P30, 0)p5(y = v; Toj-1),
z+l;
Qjit1 (T3 Z QT ™1, 0,0)p;( + 1 — v; Tj 1),
l;—1
Qjit1 (T g Z QT 0,w)p; (w; Toj)+
+ZQN 1)j (@ = v; Tay),
Qji+1( ZQ] i ;0,0)p(z —v; Th ),
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2de T € T(j) = T\ {TCG), 1R+ ¢y € {0,1,...,l; =1}, z € X u
i=1,2,....

Teopema 4. IIpocmpancmeo I' x X x Y} cocmoanuti ynpaeasemods
B8EKMOPHOT MAPKOBCKOT NOCAEIOBAMEALHOCTIU

{(Fla Kjis E;’J—l)ai =0,1,.. }
pa36u6aemc-}l HA HE3AMKHYMOE nOaMHOWCeCmQO
{C",2,9): TV e T\{I®} 2 € X,y = T;}U

U{(T®) z,y): 2 >0,y =0,1; — 1}
Hecywecmeemtbz:v cocmoaruti u Ha 3aMKHYMOE ’IZO()MHOWCQCWZ(BO eu(?a

2m (r o
UL, E;(T ) CYWECNBERNBIT NEPUOIUUECKUL COCTNOARUT ¢ NEPUOIOM
2m, 206

Ej(r(s)) = {(F(S),x,o): x € X},F(s) €T\ {F@j)},

Ej(T®)) = {(T®) 2,1;): 2 € XYU{(T®),0,9):y =0,1,....1; — 1}.

Teopema 5. ITycmo npu T'(5) E IF'uy €Y caedyowee pasen-
cmeo <I>j7i(F(s),z,y) =5 OQ”( x,y)2% onpedeasem npouseoos-
wyro Pynryuto no z, |z| < 1, nomopa;z coomsemcmeyem cemeticmsy
sepoammocmeii Qj,i(F(s),a:,y), x € X. Toeda das npouseodswuz Pymx-
yul (}j’i+1(r(2j),2,l]‘), @j’i+1(1—‘(2j+1),2,0), (Pj,i+1 (F(T),Z,O), 2de F(r) €
€ I'(y), svinoanaromes caedyowue pexyppenmusie no i = 1, 2, ... co-
OMHOULEHUA:

(Pj’H,l(F(?j),Z, lJ) = Z_lj (Pj,i(F(Qj_l),z, O)q’j(Tijl, Z)—

li—1 lj—v—1

—z7h ZQ” r=1 4,0)2" Z 2*0i(k; Toj 1),

k=0
<I>j,i+1(I‘(2j+1),z, 0) = <I>j,l-(I‘(2j),z, lj)\I/j(TQj, Z)+

l;—1

+ 3 Qy(T,0,w) T (T, 2),
w=0
)41 (07, 2,0) = @5 (00D, 2,000;(Ty1.2), 7 & {242 + 1},
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ede U;(Ty,z) = exp{\;T(s;2° + ;2> + pjz — 1)}, k =1,2m.

Teopema 6. ITycmv T = Ty +Ts+- - -+ To, . IIpouzsodawue Gynruun
(I)j,2m(i+1) (F(2J) X2 l])7 q)j,2m(i+l) (F(2J+1) %5 0)} q)j,2m(i+l) (1"(7") ) %5 0)} 2de
' erl, |z| <1, ydosaemsoparom caedyowum coomHOULEHUAM:

B, om(it1) (TN, 2, 1;) = Z—lje>\jT(W+q]‘22—1)(I)mmi(r(?j),Z, 1)+

lj—1
+Zilj€/\jT(ij+q]‘ @1 Z QJ’Z(F@]) ) 0: U))—
w=0

lj—1 lj—v—1

_z_ljZQj,2m(i+1)71(1“(2j_1),717O)ZU Z Zk‘ﬂj(k§T2j—1)’
v=0 k=0

@j’2m(i+1)(r(2j+l)’z’ 0) — Z*ljeAjT(p]‘Z+qj227l)¢j’2mi (1"(2j+1)’z’ 0)+

I;—1

+ 3 Qiam(ir)—1(T*),0,w) ¥ (To;, 2)—
w=0

l]‘—l lj—v—l
—271 Y QT 0,007 D 2R (k; Toj 1) T,(Ty  2),
v=0 k=0

q)mm(iﬂ)(p(r)’z’ 0) = Z—lje/\jT(ijszZ—l)q)j’le.(p(r),Z, 0)—

—2 (T 1, 2) U (Tra,2) X - x U(Toj1,2)X
l].,l lj,U,1
X Z Qj72m(i+1)—s—2(r(2]71)=Uzo)zv Z 2R (k; Toj 1)+
v=0 k=0

+\I’]‘(TT71= Z)\Ilj(Trfb Z) XX \I’j (T2J'*1=Z)X
;-1
X Z Qj,?m(H—l)—s—l (F(2J) ) 0: U))\I’J (T2j7 2)7
w=0

20e T €T(j), s=r—2j—1, ecaur >2j+1, uau s =r+2m—2j—1,
ecau r < 2j.

Teopema 7. Ilocaedosameavnocms {(Ty, k5,85 ,_1);1 = 0,1,...}
;

npu wauaavnom pacnpedeaenun sexmopa (Lo, kjo, &5 1) a6asemes map-
;

kosckoti u nepasencmeo A\;T(1+ q; + 2s;) — [u;T2j-1] < 0 asasemes
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HEOOTOOUMBIM U DOCTNAMOUYHBIM YCAOBUEM OAA CYWECNEOEAHUA eOUH-
CMBENH020 CMAYUOKAPHO20 pedcuma 6 cucmeme no nomory I1;.

Ucnoab3ysa Ty yTBEpKAeHUA B pAa0OTE UCCICIOBAHA MATEMATUYIE-
CKas MOJIEJb BHIXOJIHBIX TOTOKOB, BO3HUKAIOIINX B CUCTEME 00CIyKUBaA-
HUS U yIPABJIEHUs M KOHMIUKTHEIME oTokaMu Tuna (A, p, ¢) B xiac-
Ce IUKJINYIECKUX AJCOPUTMOB. [[0KA3aHO, YTO HEJOKAIHLHOE OMUCAHUE
BBIXOJHBIX MMOTOKOB B TAKUX HEKJIACCUIECKUX CUCTEMAX OO0CTIYyKUBAHUSA
MOXKHO BBHIMOJHUTEL C MOMOIIBI MAPKUPOBAHHOTO TOYEYHOT'O MPOILECCa,
C BBIJEJIEHHOU JUCKPETHON KOMIOHEHTOU [2].

Pa6ora Bumonnena B pamkax roc6omxeraon HUP HHTY mo Teme
«MaTemaTuyeckoe MOIeIUPOBAHNE U CO3JAHNE HOBBIX METONOB AHAIN3A,
DBOJIIONMOHHEIX cucTeM u cuctem ontuMusanuu — Ne H-040-0» (perm-
crpanuonnsit HoMep 01201252499) u cosmectroro rpanra PDODU u
DU Yxpaunnawr «MomerupoBaHre u aHAIN3 CUCTEM YIPABICHUS B3a-
HUMOEUCTBYIOMAMY TPAHCIOPTHLIMYU MOTOKAMHU BLICOKOM MHTEHCUBHO-
ctmy (peructpammonnsi Homep 01201263419).

Cuucok JuTepaTypbl

1. ®enorkur M. A., Paunnckas M. A. UccaegoBanme maTemMaTu-
YeCKOU MOJean Tpaduka aBTOMOOWIEN HA OCHOBE moaxoja Jlamynosa—
flenonckoro // C6opuuk goknazos XVI Mexgynaponuon koudepes-
unu «IIpo6aemer TeopeTuydeckon kubepuetukmy. — Hukuun Hosropon:
Usa—so HHI'Y, 2011. — C. 508-512.

2. ®emorkuua M. A. TIpomeccsl 06CTYKUBAHUA U YIPABIAIOIINE CU-
cremsl // Mat. Bonpocs! kubepreruku. — 1996. — Brin. 6. — C. 51-70.

PEINIEHUWE ITPOBJIEMHBI OIIMCAHUA I'PAHNIIL
PEKYPCUBHBIX KJIACCOB
OBPATUMBIX KJIETOYHBIX ABTOMATOB

H. B. Kyuepenko (Mocksa)

Kaerounsie aBromars: (KA) ABIAIOTCA TUCKPETHBIMEU MATEMATHYE-
CKUMU MOJIENAMHI MUPOKOTO KIACCA PEATBHBIX CUCTEM BMECTE C TIPOTe-
KAIOUVMMK B HUX mpoueccaMu. BaXHOe ceMernCcTBO KIETOYHBIX aBTOMA-
TOB 00pa3yoT obpaTtuMbie KA, T. e. Takue, B KOTOPHIX HE MPOUCXOIUT
moTepu HHGOPMAIUH B IPOIECCEe nX (HYHKIMOHUPOBAHUA. ITU 00BEKTHI
UMEIOT MHOIO MPUIOXKEHUH, B TOM YHUCJIE B BOIPOCAX 3ALIUTHl UHDOP-
MaImu.
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IlepBoie uccaeqoBaHus OGPATUMBIX KJIETOYHBIX ABTOMATOB OTHOCAT-
€Sl K IECTUAECATHIM TOAaM ABAJNATOTO BeKa. DBLIO 3aMedYeHo, 9YTO
06pPATIMOCTD SKBUBANEHTHA CIOPBEKTUBHOCTH IVIOOATBLHON (DY HKIAN TIe-
PEXOM0B KJIETOYHOI'0 aBTOMAaTa (TeopeMa «O0 pauckoMm cage» Mypa—
Manxuiia, [1]). CreayomuM ecTeCTBEHHBIM BOIPOCOM, BO3HUKIIINM IIe-
PelI mccaenoBaTe aMy, CTAIA 3a1a9a PACIO3HABAHUA CBOUCTBA 06paTu-
moctu. [lepBEIM 3HAMMMBIM KJIACCOM, MJIA KOTOPOTO OBLLIM IIONY9EHBI
OPONBUKEHUA B DTOU 3a1a4e, ctal kiacc KA ¢ ogHOMepHBIM poCcTpaH-
cTBOM s49eek. B paGore [2] O6bLIO yCTAHOBIEHO, YTO B 3TOM KJIACCE CYIIe-
CTByeT aArOPUTM [JIs PACIO3HABAHUA OOpaTuMocTu. B Tou xe pabore
BBICKA3aHA TUIOTE3a, 9TO Mg MHOromepHbix KA cBomcTBO 06paTmmo-
CTH TAKXe Pa3permMo, n gaxe ObLIO IPEemJ0kKeHO MOMBITATHCSI 0000-
IMTL HA HAX TEXHUKY ONHOMEPHOro caydad. O@HAKO, TOATOe BpeMmA
OPOrpEeCcCca B PEIIeHNN 330a9M PACIO3HABAHUA CBOUCTBA OGPATUMOCTHI
muOroMepuerx KA me 66110, TOABKO B 1€BAHOCTEIE TOABI OBLIO YCTAHO-
BJIEHO, 9TO BTA 3aa4a ABIAETCI AITOPUTMAUECKH Hepa3pemmmon [3].

CaegymoommmM BOMPOCOM, CBA3aHHBIM ¢ obOparumbiMu KA, aBasercs
BOIIPOC O [0JIe WX B MHOXKECTBE BCEX KIETOIHBEIX aBToMaToB. C momo-
b0 yCWIeHUs TeopeMbl Mypa-Manxumiia MOXHO TOKA3aTh, ITO TOYTH
BCE KJIETOYHBIE ABTOMATHI SBAAIOTCA HeOOpaTuMbeIMu. /[0 HACTOSIIETrO
BpeMeHH B auTepaType obparuMbie KA 9acTo ynoMmHamm Kak sK30TH-
YeCKUM KaIace Maston MomHocTu. O IHAKO, TaKasd TOYKA 3PEHUI He OTPa-
XKaeT pealbHOe MOJIOKeHNe Belelt. B pabdore [4] GBLI0 yCTAHOBIEHO, UTO
ACUMIITOTHKA JOTapu(pMa IUCIa OOPATUMBIX KICTOIHEIX ABTOMATOB B
moboM knacce KA ¢ puxkcupoBaHHBIM MAGJOHOM COCEACTBA COBMIALAET
C ACUMITOTUKON 9YUCJIA BCEX KJIETOYHEIX ABTOMATOB. JTO OBLIO CAeTa-
HO C IOMOIIBIO ABHOI'O NMOCTPOeHUsA 6oraToro kiaacca obparumeix KA c
Pa3PEIIMMbIM CBOUCTBOM 00PATUMOCTI — IPAHUYIHO-NIEPECTAHOBOYHBIX
kiaerounsix apromaros (ITIKA). Ogsum m3 3aMedaTenbHBIX CBOUCTB
BTOrO0 KJIaCCa ABIAETCA BO3MOKHOCTD MONEJUPOBAHUA B HEM MPOU3BOJIb-
HBIX KJIETOYHBIX aBTOMATOB. B wactHoCTH, B (K + 1)-MepHOM I'TTKA Ges
YBEIUIEHUA INUCIa COCTOAHUN MOXKHO CMOIeJUPOBATE J000U k-MEepHBIN
KJIETOYHLI ABTOMAT, UTO ABIAETCA YCUJIEHUEM M3BECTHOIO DE3yJIbTa-
Ta [5].

OrMeTuM, 9TO KIACCHPUKAIUA KIETOIHEIX aBTOMATOB IO Pa3Mep-
HOCTYM MHOXKECTBA AUEEK ABIACTCS JAOBOJIBHO I'PYOON M HE OTPAKAET
MHOTEX OcoGennOCcTen QpyHKmunonuposanus KA. B pa6ore npusomarcs
PEe3yAbTATHI UCCJAEIOBAHUA IPAHNUIILI MEXK IY TEMU KIACCAMU KJIETOUYHBIX
aBTOMATOB, M KOTOPBEIX CBOMCTBO OOPATUMOCTH ABAAETCS AJTOPUT-
MUYECKHA PA3PEIIUMEIM, U TEMW, HIA KOTOPBEIX OHO ABJIAETCA AJTOPUT-
MUYECKYM HepaspemmMbM. PaccMaTpuBainch ceMencTBa KiaaccoB KA,
Oy IAIOMMECA HE3ABUCUMBIMEA OFPAHUIEHUAMYA HA PA3MEPHOCTH MPO-
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CTPAHCTBA SAYEEK, UUCAO COCTOSHUU SYEUKU, MIAOJOH COCEACTBA U JIO-
KATBbHYIO (DYHKIWIO IEPEexXoa0B. /s BCEX TAKMX CEMEHCTB KJIACCOB, HE
CONEPKAIINX OTPAHUYCHUN HA JOKAJBbHYIO (DYHKIWIO TEPEXOJ0B, MOIY-
YEeHBI KPUTEPUH PA3PEMUMOCTH CBOUCTBA OOPATUMOCTH B COOTBETCTBY-
fomeM cemencrse [6]. s kmaccoB 6uHapubix KA, nokanbHBE (yHK-
[IIU TIePeXOJ0B KOTOPHIX 00pa3yrT kaacc IlocTa, MOaydeH KpUTepun
Pa3pemmMOCTy CBOUCTBA OOPATUMOCTH IIyTEM ABHOT'O YKA3AHWUA BEPX-
Hux kiaccos Ilocta ams paspemmmbIx ciaydaeB [7]. YCTaHOBIEHO, UTO
U1 KJACCOB [BYMEPHBLIX OMHAPHBLIX KJIETOYHEIX ABTOMATOB C MAJIBIM K-
CJIOM TIEPEMEHHBIX JOKAJBLHOU (DYHKIIUYU MEPEX00B CBOUCTRO 0OpaTUMO-
CTH ABIACTCA ATCOPATMUIECKA PA3PEIUMEIM. [Ipy 5TOM KOHCTPYKTHB-
HO TIOCTpOeH kiaacc 6uHapubix KA ¢ duxcupoBanHOU JOKATBHOU (DYHK-
umen nepexoaoB ¢ 91 mepeMeHHOU, B KOTOPOM CBOUCTBO OOPATUMOCTH
yKe SABIAETCA aaropuTMudecku HepaspemmmbiM [8]. Takike 6bLIO TO-
CTPOEHO IBA KIACCA ABYMEPHBIX KIETOYHBIX aBTOMATOR, OTIMIAOIINXCS
BO3MOXHOCTBIO KOHCTPYUPOBAHUA B OTHOM U3 HUX OJHOTO JOTOJHUATENb-
HOr0 OMHAPHOIO CUTHAJIA, IIA KOTOPLIX B OJHOM U3 KJIACCOB CBOMCTBO
006pATUMOCTH PA3PENIMMO, a B ApyroM — Het [9].

IIpueenem HEOOXOAMMEIE ompeneneHus u CHOPMYIUPYEM TEOPEMBL,
COCTABJIAIOMME OCHOBHLIE PE3yJbTATEl PAOOTHL.

DopMaATBHO KAEMOUNHbIT A8MOMAM 0 TPEICTABIACT U3 Cebs IeTBep-
ky suga (Z*, E,, V, ), rae Z* — coBokymHOCTB BCex k-MEPHBIX BEK-

3

TOPOB ¢ UejouuciaeHHbiMu Koopauuatamu; E, = {0, 1,..., n—1}; V =
(v, V2, -, Um), m € N, — yHOPALOICHHBIN HAGOD PABJIUIHEIX HEHY.JIE-
BBIX BekTOpOB 13 ZF: v : (E,)"™ ! = E,, ¢(0,0,...,0) = 0. DreMeHTH

MHOXKecTBa ZF HaswmBaroTcs aueidkamny, B, — cocmoanuany aueek, 0 —
cocmosanue nokos. Ilpu nomomu wabaona cocedecmea V Kax qoun sdenke
Q/ CTABUTCA B COOTBETCTBUE HAOOD Adeek V(o) = (o, a+ v, a+va,. ..,
@+ V), KOTOPHIA HABBIBAETCA 0KPeCmHocmyio auetiky. PyHKums @ Ha-
3LIBACTCA A0KAAbHOT GynKyuet neperodos KIETOIHONO aBTOMATA.

Dyuxmmn g : ZF = E,, masemaorca cocmosnusmu KA. Ocnosnan
Pynryus neperodos P 3amaeTca Kak OTOOPAKEHNE MHOKECTBA BCEX CO-
CTOSHUU KJIETOYHOrO aBTOMaTa o B cebsa, npudem ecau g = P(g'), To
9(@) = p(g'(@),g' (@ +v1),g' (@ +v2),..., ¢ (a + vm)),Ya € ZF. Dynx-
yuonuposanue KA ompenenserca kak MOCICIOBATEILHOCTDL €00 COCTO-
SHAA §o, 1,2, - - -, MOAYIAIOMAACA B PE3yIbTATE NMPUMEHEHUA OCHOB-
HOU (PYHKIUM MEPEXOJOB K HEKOTOPOMY €r0 COCTOAHHUIO (g, T. €. gy =
®(gi—1) = D!(go), t — maTyparsroe umcao. COCTOAHME KAETOTHOTO AB-
TOMATA, B KOTOPOM TOJLKO KOHEIHOE YUCAO0 AIECK HAXOAUTCA B HEHY-
JIEBOM COCTOAHUU, HA3LIBACTCA KOHPuU2Ypayuet.

Knerounem aBToMaT, 0CHOBHAA (DYHKIUA MEPEXOAOB KOTOPOT'O NHB-
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eKTUBHA HA MHOXKECTBE BCEX KOH(DUIYDAIUU, HA3BIBAETCA 06pPaMU-
MbIM Kaemounbim asmomamonm. Ilo Teopeme Mypa-Mauxuiia MHOXKE-
CTBO OOPATUMBIX KJIETOYHBIX ABTOMATOB COBIAAAET ¢ MHOXKECTBOM KA,
OCHOBHAsA (DYHKIIUA MEPEXOI0B KOTOPHIX ABIAETCSA CIOPBEKTUBHOM.

Cepus Teopem 1-3 HMKe CBSI3aHA C KIACCOM TPAHUYIHO-TIEPECTAHO-
BOYHBIX KJIETOYHBIX aBToMaToB [4]. O603nauum gepes NRCA(k,n,V)
TICI0 0OPATUMBIX KICTOYHBIX aBToMaToB Buga (Z*, E,,V, o).

Teopema 1. Cnpasedausa caedyrou,an oyewxa

1 m nm+1!

— ()" < NRCA(k,n,V) < —,

n (nm!)
2de m — wucao 8exkmopos 8 uabaone cocedcmea V.

O6o3namm vepes NC A . vy(n), rne NCAy vy @ N = Ny, m-
C10 KIeTOIHBIX aBTOMATOB Buaa (Z*, E,, V, ¢). Hasosem NC Ay . v)(n)
(yHKIMEN POCTa YUCIA KIETOYHBIX ABTOMATOB C (PUKCUPOBAHHBIM A~
GJOHOM COCECTBA OTHOCUTEIBHO YUCAA COCTOAHUN siaenku. C pocTom
n orromenue N RC A . vy(n) m NCA . vy(n) crpemures x mymo [1].
Tem He MeHee, UMEET MECTO CJIEAYIOIIEe YTBEPXK JCHUE.

Teopema 2. Jas aozapudma Pynxyus pocma wucaa o00pamumbly
waemounbir aemomamos NRCA, . vy(n) ¢ durcuposanmvim wabio-
HOM COCEICNBA OMHOCUMEALHO UUCAG COCTNOANUT AUETKY BLINOANACTNCA
caedyioujee COOMHOULENUE:

im - =1.

n—oo In NCA,.,vy(n)

O6o3unauum vepes CA(k,n) MHOXKeCTBO k-MEDHBIX KJIETOUHBIX aB-
TOMATOB C N COCTOAHUAME AYEUKWU. Bynem TOBOPUTE, YTO KIETOTHBLIN
asromar o € CA(k,n) exaadvisaemca 8 KA o' € CA(k',n'), ecin Boi-
HOMHAIOTCA CICIYIOMAE YCIOBUA.

1) k <k, n<n' (nonaraem, uro E, C E,).

! o o
2) Cymectsyer T : R¥ — R¥ | T — numeitnsnit omeparop panra k
o o o !
TaKom, UTO 1A MoboH muehkn a, a € Z*, semonneno T'(a) € Z¥.

3) [das 106000 HAYAIBHOIO COCTOAHUSA fo KJIETOYHOIO aBTOMATA O
CYLIECTBYeT HAYaIbHOE COCTOsSHUE [} KieTodHoro aBTomara o'
TakKoe, YTO mJasA JioOOro momeHnTa Bpemenu t, t € Ny, m ausa

o o k — Pt —
mobon suenku «, a € 77, BumonHeHo fi(a) = P(fo)(a) =

" (fo)(T(a)) = f{(T(a)).
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Teopema 3. 10601 k-mepuviid xaemounvlti asmomam éxaadviéaem-
ca 8 k+1-mepnwvrii oopamumwvrii KA ¢ xoauuecmsom cocmosnuii, pasubim
YUCAY COCNOANUT UCTOOHO20 KALMOUNO20 ABMOMAMG.

Caenymomias TeopeMa JaeT KPUTEPUN Pa3permMOoCT CBOUCTBA 06pa-
TumMocTH B Kiaaccax KA ¢ QuxcmpoBaHHBEIM MmaGIoHOM cocencrsa [6].
O6osuaunm vepes CA(k,*, V) kaacc k-MEPHBIX KJIETOYHBIX ABTOMATOB
¢ mab6aoHOM cocenctra V. Knerounwit apromar (Z*, E,,V, ¢), mabron
cocenctBa V = (v1,va,...,Vy) KOTOPOr'O yAOBIETBOPSET CIEAYIOMIEMY
yCIOBHIO

Vi,1<i<m, e R\ {0}: v; =c- v,

HA30BEM KACMOUHBIM ABMOMAMOM € 00HOMEPHBIM ULAGAOHOM COCED-
cmea.

Teopema 4. B xaacce xaemounix asmomamos CA(k,*, V) ceoti-
€cmeo 06pamuMoCmy Paspewsumo moz2da U moabko moeda, Koe2da uLa-
Oa0n cocedecmea V. a8asemes 00HOMEPHBIM.

ABTOpOM OBLTO MCCTCAOBAHO BAUAHUE YUCAA COCTOAHUN SIEUKU HA
paspenmMocTs cBoucTBa ooparumoctu [6]. Teopema 5 mokaswiBaer, 4To
CYIIECTBEHHOU 3aBUCUMOCTH PA3PEIIUMOCTH OT 3TOTO TapaMeTpa HeT.

Teopema 5. B xaacce xaemounniz asmomamos CA(k,n) ceoticmso
00PAMUMOCTNU AAZOPUMMULECKY HEPAZPEULUMO MO020a U MOALKO Mo20a,
xo2dan>1 uk>1.

O6o3naunm 1epes BCA(K) kaacc GMHAPHBIX KJI€TOYHBIX aBTOMATOB
C JTOKATBLHBIMU (QYHKIIUAME MEPEXONOB, MPUHAIICKAIINMA HEKOTOPOMY
kaaccy Ilocra K [10]. B Teopeme 5 ycTaHOBIEHO, 9TO KOHCTPYKTUBHOI'O
cnoco6a mpoBepku Ha 06paTuMocTh 1isa kaacca BCA(P,) e cymecTsy-
er. Crenyromee yTBepXK JeHUE TaeT YCUICHUE YKA3aHHOTO PE3YIbTATA.

Teopema 6. B xaacce BCA(K) ceoticmso o6pamumocmu nepazpe-
wWuMmo moada u moavko moeada, ko2da K O Dj.

Teopema 4 MO3BOJAECT MPEANOIOKUATH, YTO CBOMCTBO OOPATUMOCTH
paspemumo B ki1accax KA ¢ QUKCHPOBAHHLIM 9UCJIOM COCTOAHUE sS9Ier-
ki u mabnaoHamu, OJU3KMME K OQHOMepHOMYy. Kak okasaaoch, yxke B
MPOCTEHUIIEM CAyYae 3TO MPEITON0KEHNE OKAZLIBACTCA HEBEPHBIM.

I'-wabaonmom cocedecmea duamempa | 6yneM Ha3LIBATHL ABYMEPHBIN
mrabaon V' = ((0,—1), (1,0), (2,0),...,(1,0)). O603ma9BM MHOKECTBO
aBymepHEIX KA ¢ n cocroarmamu sueiiku u I-mabioroM coceacTsa V'
aepes CA" (n).

Teopema 7. B xaacce CAr(16) c801Ccmeo 06PaAMuUMOCMU AA20PUM-
MULECKU HEPAZPEULUMO.

O6osuaunm gepes CA(2,2,m, p) MHOKECTBO IBYMEPHBIX OUHAPHBIX
KJIETOYHBIX aBTOMATOB C (PUKCUPOBAHHOU JOKAMLHOU (DYHKIMEU Tepe-
XOHOB (o, 3aBucsAmen oT m + 1 mepeMeHHBIX. ABTOPOM KOHCTPYKTUBHO
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NOCTPOEH PEKOPAHBIN MO 3HAMEHWIO 1M KJIACC IByMEpHBIX OmHApHBIX KA
C HEpa3pemmuMbIM CBOUCTBOM OOpaTuMmocTh. IlocTpoenne aBiaeTca Tex-
HUYECKM OYEHBb CJAOXKHBIM, 3AHUMAA HMOPAIKA CEMUACCATH XKYPHATLHBIX
cTpanun [8].

Teopema 8. Cywecmeyem 6yaesa Pynruyus p(To,T1,...,Tm) ¢ 91
nepemennot (m = 90) maxas, wmo 6 xaacce CA(2,2,m,p) ceoiicmso
00PAMUMOCTNY AAZOPUMMULECKY HEPA3PEULUMO.

Hawmu 6ynet paccmaTpuBaThbea oque noakaace KA cnenuansroro su-
na. IlycTb cOCTOAHMA KIETOYHOTO aBTOMATA [ MPEACTABIAIOT U3 CEOs
naps Buga (z,y), ¢ € E,,, y € E,,. Torna rokanbHyo GyHKINO Hepe-
XOJIOB (¢ MOXKHO PACCMATPUBATEL KaK BEKTOP-QYHKIUIO (1), ), a mabIoH
cocencrBa V' — kak napy wabmouos (Vi,Vs), cocrosaume f KA — kax
napy coctosaut (fz, fy). Ilpu sToM dpopMyIa 1414 BHIMUCIEHNS 3HATEHAS
ob6pasza g cocTtoanua f OyneT uMeTh BU]

gz(a) = 1/}(fz(a)afz(a+v%)a-- ,fz(a+vrln1)a
fy(a), fyla+ o), fyla+vp,)),
gy(a) = @(fr(a), fala+vi),..., fala +vp,),
fy(a),fy(a+vf),...,fy(a+v,2n2)),
rne Vl = (U%i"'7v}n1)7 V2 = (U%V":U?nz): mp,ma € N.

ByneM Ha3sLIBATH KIETOYHBIN ABTOMAT U4 KACTMOUHbIM GBIMOMATMOM
¢ nepemennoti cmpyxmypoti (KAIIC), eciu BTOpas KOMIOHEHTa COCTO-
SHUSA AYEUKU HE MEHAETCs B mporecce (pyHKIMOHUPOBAHUSA 4, T. €.

¢($0;$17--'7$M17y07y15"'5yWL2) = Yo-

[as yno6cTBa, 3HAYEHUE BTOPOU KOMIOHEHTHI COCTOSAHUSA SICUKU Oy-
IeM Ha3LIBATh OCHOBAHUEM, & MEPBOU — aKTUBHBIM COCTOSHUEM. 3a-
muceBate KATIC p 6ynem B Bune mecrepku (Z* E,,, E,,, Vi, V2,). B
cnydae, ecnu ny = 2, 6ygem HasbiBaTh KATIC GunapHbIM.

Ha kieTo4uHbIe AaBTOMATHI € TIEPEMEHHOU CTPYKTYPOU PACIPOCTPAHS-
ercsa onpenenenune o6patuMocTu, ganuoe Beimie 11 KA. B knacce KATIC
aBTOPY yAaJ0Ch TIOCTPOUTL HAMOOJee OEIHBIN U3 M3BECTHBIX TI0TKIACC,
B KOTOPOM MOXKHO OPOBECTHU I'PAHUILY MEXK Y CAYIaAMU PA3PEHIuMOCTI
U HEPa3peIuMOCTH CBOMCTBA obpaTuMoctu [9].

Bymem cumTaThb, 9TO MHOXECTBO AYEEK BJIOKEHO €CTECTBEHHBIM
06pa3oM B eBKIHIOBO mpocTpancTeo R¥ . IByMepHEIH mab/I0H cOCeICTBA
V 6ymem HA3BIBATH NOAYNAOCKOCTMHbLM, €CIU BCE er0 BEKTOPA HAXOAATCA
B HEKOTOPOU MOJYIIOCKOCTU. POPMATBLHO 3TO O3HAYAET, UTO /A IIa-
6roma V cymecTByeT HemyaeBoul BekTop w € R? Takow, uto Yv € V
(w,v) 20, rge (+,-) — eBKIXIOBO CKAJIAPHOE NPOU3BELECHUE.
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Bynem maswisate KATIC aunennsiM, ecau 1is 1000000 (pUKCUPOBAH-
HOI'O 3HAYEHUS NMEPEMEHHBIX OCHOBAHMs €ro JOKaAbHas (DYHKIWS IIe-
pPexXo0B sABAsAETCA JuHenHOU pyHknuen. OO603HAYUM KIACC ABYMEPHBIX
OUHAPHBIX JMHENHBIX KJIETOYHBIX aBTOMATOB C IEPEMEHHON CTPYKTY-
pon, mabJaoH cocencTBa V; KOTOPBIX ABIAETCA MOLYIIOCKOCTHBIM, 9€pe3
VCAX(2,-).

Teopema 9. B xaacce xaemounviz asmomamos VCA<(2,-) ceoii-
CMBo 06PAMUMOCTNU PA3PEULUMO.

T-wabaonom cocedecmeaa paduyca r OyneM HA3LIBATL IBYMEPHLIN IIa-
omon V,T = ((0,-1), (=r,1), (=r + 1,1),..., (r,1)). Obo3matmm xmacc
IByMepHBIX OuHapHBIX duHenHbX KATIC ¢ 6unapHBIM OCHOBAaHUEM, s
koToperx cymectsyer r € N, uto V) = V;7, Vo = V.7 wepes VCAT (2, 2).

Teopema 10. B xaacce xaemounviz asmomamos VCAT(2,2) ceoii-
CMB0 06PAMUMOCTNUY AA2OPUMMUUECKY HEPa3PeULUMO.

ABTOp BBIpaxkaeT 6JANOAAPHOCTD CBOEMY HAYYIHOMY DPYKOBOAUTENTIO
akagemuky KynpsasueBy Banepuio Bopucosudy 3a mocranoBky 3aga<dn
U TMOCTOSHHOE BHUMAaHUe K paboTe.
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TPUAHTI'YJAIINN BBIIIYKJIBIX KOHYCOB
1 PEAJIN3AIINA NUX f-BEKTOPOB

B. H. lllesuenko (Huxuun Hosropon)

1. lIycte Q — moJsie panroOHAILHBIX uucen, R — moJe BerecTBeH-
ubix uucea u F — mone, Ttakoe, uto Q C F C R, Z — xoab1o 1e-

JIBIX 9HCe, F? — immeitnoe IPOCTPAHCTBO d-MEPHBIX CTOJIOLOB (aHa-

Fan

goruuro Fy — mpocTpascTBO CTPOK) — MHOXECTBO (m X n)-

MaTpul ¢ saemenTaMu w3 F u Z™*" — ero moIMHOXKECTBO HEJOYUH-
crennerx Marpun. Uepes AT o6osmaumm MaTpumy, TpaHCIOHEPOBAH-
HyI0 K A, 9epe3 je U Gej — i-10 CTPOKY U j-U CTOIOEl MaTpuibl A
COOTBETCTBEHHO U Yepe3 74 = rankA — paur matpumnsr A. C maTpu-
meit A m3 F™*" MOXHO CBA3aTh 9eTHIPE MHOTOI'DAHHLIX MOJMDIPATb-
HEIX KOHyCA: IBa KOHeTHOTMOpOxgeHHEX A4 = {y = Az/r € F" x >
0},A, = {v = uAJu € Fp,u > 0} u gBa KOHEUHOONpEETCHHBIX
A*={z e F"Jy = Az > 0}, A, = {u € F,, /v = uA > 0}.

Caengyroumnt pyHIAMEHTAIBHBIA (PAKT COCTOUT B TOM, ITO MOHATHUI
KOHEYHOIOPOXK IEHHOr0 W KOHEIHOOMPEAENEHHOIO KOHYCOB COBIAJAIOT
(cM., mampuwmep, [1, 3, 10, 14]).

Teopema 1 (I'. Munkosckuu, }0. @apkam, I'. Bens).

1.1.VAc F™*? 3 B e F¥"/A* = BZ.

1.2.VB € F™*" 3 Ac F™*4/B4 = A*,

1.3. A* = B4 & A, = B,.

ITpo6aeMa MOTy9IeHNA IO OJHOMY OMUCAHUIO KOHYCA €r0 IBOWCTBEH-
HOro onucanus (moaydenus mo marpuue A marpuubl B u Ha060poT)
[PEeACTABAsAeT OOJBIION NMPAKTUIECKAN U TEOPETUIeCKUH WHTEpec, U
MMeeTCs MHOTO aArOpuTMOB (CM., HanpuMep, [9] n uMeronyiocs Tam 6u-
Gamorpaduo), pemarpmux ee.

IIpumep 1. Ilycte panr matpunel B € Q"*" pasem r, panr ma-
tpumst A € QX" papen (n—r), AB = 0, L — siunenHas
060709Ka CTONOHOB be 1, ..., e r, Lt — jumenHas 06OJOYKA CTPOK
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(le,U2e; ---, Ap—_re MATPUIEI A. Torga L MOXHO TPEICTABUTE ABYMs CIIO-
*

cobamm: L = (B,~B)Y n L = {z € R' | Az > 0,—Az >0} = (_4)".

Ananormaso, L+ = (7’:)4 = (B, —B).. 3aMeTumM, 9TO 3T IPEACTABIE-

HUA Henpueodumbl, T. €. HA OIUH W3 BJIEMEHTOB, IOPOXK JAIIINX KOHYC,
BLIGODOCUTH HEb3s, HO He MUHUMAALHHL II0JM0XKUB beg = — 2221 be .,
MOJY9IMM MUHUMAILHOE (¢ HAUMEHBIIUM 9YUCIOM TOPOXK TAIOIMX BEKTO-
POB) TIpeJCTaBIeHMe JUHEHHOTO mpocTpaHcTBa L = (beo, B)Y B BUIE
KOHEYHO-TIOPOXK I€HHOI'O KOHYCA.

IIpumep 2. Ecmu m = d = r, 7o B KadecTBe B MoxkHO B3aTh A~ L.

B noknajge paccMaTpMBAIOTCA CBA3M MEXKAY MapaMeTpPaMH MaTPHIl
Awu B.

2. Oycts F = A* = B4, Ae Z™*4 Be Z¥™" AB=C = (ci),
mpu I € {1,...m} A(l) = {ae /i € I}, A(I) = {aie/i ¢ I} upnu
J e {l,..,n} B(J) = {b'j/j € J}, B(J) = {b'j /i ¢ J}, I; =
{i/cij = 0}, J; = {i/ci;j = 0}. Jucao rp HA30BEM pPaA3MEPHOCTMILIO
rxonyca A* u nonoxum dimA* = rpg.

[us xaxporo a € A, oupegeaum 2pawv F(a) xonyca A* pasen-
ctBoMm F(a) = {z € A*/ax = 0} u paccmorpum mHOXKecTBO I'(A*) =
{A*(a)/a € A,} Bcex rpamenl kKoHyca A*, 4aCTUYHO YHOPALOYEHHOE
OTHOINIEHNEM BKIIOYeHUsA. TepMUHOMOT M0 U HEOGXOAUMEIE CBEICHUS TI0
YACTUYHO YHOPALOIEHHBEIM MHOXKECTBAM U PEIIeTKAM MOKHO MOy IUTh,
mampumep, B [2, 10, 14]. fIcro, uro mpu J(a) = {j/abe; = 0} F(a) =
B#4(J(a)). B wactroctn, F(0) = A*— maxcumaneras rpans A*, a man-
6oJIbIIee U3 MOAIPOCTPAHCTB mpocTpancTea B4 A+ = {z € Fd/Aa: =
0}— muanmaneras rpass A*. Ecm AL = {0}, To xonyc A* maswmaerca
0CPLIM.

Yucno p(a) = rankB(J(a)) + r4 — d HazoBem panrom rpauu F(a), B
wgacTHOCTH, 9ucio p = p(0) HazoseMm panrom kouyca A*. Ecau p(a) = k,
10 F(a) HasoBem k-epamvio komyca A* um mepemymepyem wux. Ilycts

Te(F) = fom J* = {J¥ n=0,.., fi}, rae B4(J¥)= pea k- rpans
kouyca A*. OHa HA3BIBAETCA CUMILIAIUATLHOU, €CJIN ‘J,(,k)‘ = k. Uraxk,
[(A*) = Ul o Ti(A*) aBaseTca noausdpasvhvim komnaexcom. MuoxKe-

cTBO O(A*) = Uf;ol [;(A*) HasbiBaeTCA 2paHUUHbIM KOMILIEKCOM KOHYCA
A*.TIpm p > 0 rpann muOX)ecTBa I')_1 (A*), T. €. MAKCHMAIBHBIE TPAHN
O(A*) masweBarorca gacemamu xowyca A*. Ecau Bce OHU CUMILIUIIUATL-
HEI, TO KOHYC A* HA3EIBAETCA CHUMILIAIUAIBHBIM.
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Teopema 2.

2.1 Konyc A* moxcno pazaoxrcumo 6 npamyro cymmy A* = B<(Jy) +
B4(Jy), 2de B“(Jy) = AL, a B4 (Jy) = A* N B+ (Jy)— ocmpuwiii xonyc.

2.2. Komnaewcer T'(A*) u T(B*(Jy)) uzomoppmnoL.

2.3. Komnaexcer O(A*) u (B4 (Jo)) uzomopgmor.

Teopema 3 [14].

3.1. T(A*) — epadyuposannas pewemra OAunbL p.

3.2. Ecau G C F, mo unmepsaa [G, F], m. e. muoxcecmso 2panei
H uz T'(A*) maxuz, wmo G C H C F, epadyuposannas nodpewemsa
daunet p(F) — p(G).

3.3. Kaowcdorti unmepeans 0aunbt 2 umeem poeHo 4emulpe IAeMerma.

Teopema 4. Pewemxu I'(A*) u T'(A,) awmuusomopdner.

Teopema 5 [8]. Ecau p > 0, mo muosxcecmso gacem F,_q(A*) mooxc-
1o ynopadouwums max, ymo npu i =1,..., f,_1 — 1 ewinoansemea ycao-

sue ,
Fip1 NUp=1 Fie C Lo (Figa). (1)

Hauanbpuyo n kKoHEYHYIO (ACETHl MOXKHO BHIOPATH MPOU3BOJIBHO.

Yeaoeue (1) ocranercs BepHBIM, €CIU IOCIELOBATEILHOCTD [DAHEN
3aMEHUTH HA MPOTUBOMOJIOKHYIO.

CaneactBue 1. [Ipu 3amene F ma Z Bce yrBepxkaenus teopem 1-5
BEPHEI.

3. Byaem cuntare reneps, uto A € Z™*%, B e Z" ur =rpn
F= Q.

Tpuaneyasyuet kKonyca A* ¢ yaaamu uz muoxcecmea B HazoBéM [4,
11, 12, 14] muoxkectso T'(B) = {S}, ..., St} Takux S;, 411 KOTOPHIX BHI-
[OJTHEHEI CIENYIOMINE yCIOBU:

1) S, C{1,...,n},

2) |S;| = r = rankB(S;),

3) B =U,_, B“(S:)

4) B4(S;) N B#(S,) = B“(S; N S,).

Muoxecteo A(T(B)) = Uizl I'(S;) maér mpumep reomerpude-
CKOW peaam3anuu d-MepHOr0 OTHOPOTHOTO CAMIVIUIAAILHOTO KOMILIEK-

ca (cx.) [1]. Opu k = 0,...,d obo3nauum uepes Ap = Uizl T'w(Sr)
MHOXKECTBO k-MepHBIX IpaHen c.K. A, nomoxuMm fr(A) = [Agl, f(A) =

(fo(B), ... fa(A)) m

Y

FOLA) =" fre(A)NF, (2)



Yepes A = AN JP 0603HAMUM TPAHUYHBIN O JKOMILIEKC C.K. A, 1
onpegeaum muorowied f(A, 0A) anarorudsHo.

Ipeacrasum muorouren f(A, A) Beuge f(A,A) =3 o7, i (A)AF(1+

A\)4~* 1 mazoBeM meTOUMCICHHYIO TOCTEIOBATEIBHOCTE ¥ = (Y0, V1, ...) (d,n)-
peamusyemon, ecau Y, = Yx(A) npu k=0,1,...,d u v, = 0 upu k > d.

st GOPMYIUPOBKYA KPUTEPUA PEATAIYEMOCTH HEOOXOAUMO CAEAYIO-
1Iee TOHATHE.

[lns ar00bIX HATYPATBHBIX YUCEN @ U | CYIIECTBYET eNUHCTBEHHOE

bunomuavnoe i-pazaoscenue wucaa a = (%) + (5}) + ... + (“]’) rae

a; > aj_1 > ... >a; > j > 1. Torga uncio a<*> = (ﬂi‘?) + ...+ (111ajj)
HA3BIBAETCA -1 NCe6doCcmenenbio “wucaa a.

Yreepxaeune 1. Ecau natidemca maxoe k, npu xomopom yi+1 >
k> mo v me peaausyema wu npu waxom d. Ecau ypp1 < 7ot npu
k=1,...,d—1, moy — (2d)-peasusyema.

Caegyromas TeopeMa MO3BOIAET HAXOTUTh MUHUMAJIBHEIE d, IPU KO-
TOPBIX MOCTEIOBATEABLHOCTS 7 ABIACTCS d-Peaan3yeMon.

Yreepxaenune 2. Jasa d-peasusyemocmu yeaowucaennoti nocaedo-
sameabnocmu ¥y = (Yo, Y1, - - - ) HE06T0OUMO U docMaAmouno, 4mobbl 6bi-
NOAHAAUCH CACOYIOUUE YCAOBUA:

Dvw=1,v>0npui=1,....d uy =0 npu yeaviz k > d,
2) % <Ya-i <vVa—i-1 mpui=1,...,|%],
3) Yi+1 — Vj—i S (’}/i —’)/j+1_i)<i> npuj = d,...,2d Ul = 1,..., L%J

OTa TeopeMa 0600IIALT paHee MOMYUEHHBIN [ CIy9Ias OCTPOro KO-
Hyca pe3yabTar [6] HA Coy9al OPOM3BOJBLHOIO KOHYCA W IOKA3bIBAETCS
npuMeHeHneM pesyabTaTos u3 [5] k c.x. A(T(B)) T'(0A*). Ipu sTom
CYLIECTBEHHO WMCIOIb30BATNCH paboTH [7, 8, 12, 13].
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MOAEJIA N AJITOPUTMBI B SAJAYE
IMTPOBEPKUM OKBUBAJIEHTHOCTHA ITPOI'PAMM

B. A. 3axapos (Mocksa)

IIpobaema >KBUBAJIEHTHOCTU MPOTPAMM COCTOUT B TOM, ITOOBI 75
[POU3BONBHON 33 JAHHOU MAPHI IPOrPAMM BBIACHATE, UMEIOT JIU 3TH IPO-
CpaMMEBI OIMHAKOBOE noBenenue. CTporue OnpeneaeHns TEPMUHOB «IIPO-
rpaMMay U «IOBeJeHUue», GUIypUPYIOUUX B 3TOU (HOPMYJUPOBKE, MO-
I'YT BapbUPOBATHCA, ¥ IOITOMY IPOOIEeMa SKBUBAJEHTHOCTHU IIPOIPAMM
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OXBATHIBAET IEJLIM CHOEKTD 3a0aY TMPOBEPKU CXOXKECTHU PA3HLIX BUIOB
MOBEJEHNU MPOrPAMM B PA3JUIHBIX MOAEIAX BHIYUCICHUN.

Ipo6aeMa >KBUBAJEHTHOCTU ABAACTCA OTHOU U3 MEPBUIHBIX TPO-
6JeM B TEOPUU BBIYUCJICHUU: MJsA ee (POPMYJIUPOBKU B JIOOOU MOLEIA
BEIYUCJIEHUN JOCTATOYHO PACTONATATH OMPEICICHUAMI BCETO JUITh TBYX
6a30BBIX MOHATUNA — TPOTCPAMMBL U €€ BLITUCICHUS.

Besuka snucremonorudeckas 3HAYUMOCTE TPOOIEMBI SKBABAIEHTHO-
ctu. M3ydas METOLBI PENIeHNs U CJAOKHOCTEL DTOU 3aJa4U, MBI T€M Ca-
MBIM OIIEHUBAEM yPOBEHb MATEMATUYECKUX CPEINCTB U 0OBEM BHLIUUCIN-
TENBLHBIX PECYPCOB, KOTOPBIE NOTPEOYIOTCA MJIs PEIIeHus APYTUX 3303
CMBICIOBOTO (CEMAHTUIECKOT0) AHAIU3A TTPOTPAMM.

Ipo6aema >KBUBATEHTHOCTH BO3HUKAET NPU PEIIEHUU PALA 3a-
Iad CHCTEMHOTO MPOrPAMMUPOBAHUSA U KOMIBIOTEPHOU 0E30MacHOCTH,
BKJIIOYAA 33891 ONTUMU3AINA, PEOPraHu3anuu, 00(yCKaIun U BEpU-
¢uxanum nporpamMm, 3a1a4uu 0OHAPYKEHUA MeTaMOP(HBIX U MOTNMOPQ-
HBIX BUPYCOB, IPOBEPKU CTOUKOCTU KPUMTOIPAPUIECMKUX IIPOTOKOJIOB
u 1p.

OTnpaBHOU TOYKOU B PEIIEHUN 32249 CEMAHTUYECKOT0 AaHAIN3A TIPO-
rpaMm sBiaseTca TeopeMa Pamca—Ycnenckoro [1], koTopas raacut o
TOM, UTO B TIOOOU «€CTECTBEHHON» YHUBEDCATBLHOU CUCTEME TPOTPAMMU-
poBaHus JI060e HETPUBUAIBHOE (PYHKIMOHAILHOE CBOUCTBO IPOrPAMM
HEPEKYPCUBHO. JTa TEOPEMa He OTMEHAET BO3ZMOKHOCTH MOIydeHus -
(beKTUBHO MPOBEPAEMBIX TOCTATOIHRIX YCAOBUM (hYyHKIIMOHATLHON SKBU-
BAJIEHTHOCTY TPOCPAMM, HO yTBEPXKIAET, YTO HU OJHO U3 DTUX [O-
CTATOYHLIX YCJIOBUU He OymeT HeOoOXOAUMEBIM. UTOOBI yCTAHOBUTH KaK
MOXKHO Gosiee 00IIue ANTOPUTMUUECKN BBIYUCIAMBIE MPU3HAKA (DYHK-
IUOHAJBHOU 3KBUBAJICHTHOCTU MPOrPAMM, MOXKHO HUCCIEIOBATH OoJee
CWIbHBIE BUJBI 3KBUBAJEHTHOCTY MPOrPAMM, KOTOPbIE BKIYAITCA (B
TEOPETUKO-MHOXKECTBEHHOM CMBICJAE) B OTHOIIEHHE (DYHKINOHAILHOU
SKBUBAJIEHTHOCTH, HE OTPAHUYUMBAA TIPU DTOM KJIACC PACCMATPUBAEMBIX
mporpaMM. B paMkax »TOro HampapJeHUs ObLIA TOCTPOEHBI MHOT QY-
CIEHHBIE MATEMATUYECKUE MO eI IIPOrPAMM, OOHAPY KEHBI B3AUMOCBS-
30 MEXIy DTUMU MOJEIAMHU MPOTPAMM UM APYTUMU MOLENSIMU BLIYU-
CIEHUN, UCTOJIB3YEMBIMU Ui PElIeHNs PA3IUIHBIX MTPUKIATHBIX 3303
(CMHTAKCUYECKOTO aHAIM3a U TPAHCIANUA (HOPMATBHBIX AZBIKOB, MOIE-
JUPOBAHUA CUCTEM YIPABICHUA U JP.), CO3JAHBI PA3PEMIAOINE AIr0-
PUTMBI, HEKOTOPBIE 13 KOTOPLIX HAILIN MPUMEHEHNE B CUCTEMHOM TIPO-
rPaMMUPOBAHUM.

B »Tom 3aMeTke MPUBOAUTCA KPATKUU 0030 PE3YALTATOB UCCAENO-
BAHUU NPOOJEMEBI DKBUBAJEHTHOCTU MPOTPAMM B PABIUIHBIX MOIEIAX
peranciaeHny. lllecTugecaTuaeTHUN TEPUO] UCCAEIOBAHMA STOU IPOOJIe-
MBI pa3feNeH Ha MATH 3TamnoB. Ha KaxJIOM 3Tamne BHIIEJEHBI HAuboJIee
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AKTyaJbHBIE [/ TOMO BpeMeHu (IO MHEHUIO aBTOpa) 3a0a4d, Tepedn-
CJIeHBI OCHOBHBIE PE3Y/IbTATH UX UCCJIEJOBAHNN.

IlepBrie maem — cxembl mporpamm: 1953—63. Ilepsou Mma-
TEMaTUYECKOU MOMEMBI0 MPOrPAMM MOXKHO CUATATH CXEMBI IPOrDAMM
JlanynoBa—fIroBa. Konnenmnus stux cxem mporpaMm OvLIa Ipenioxke-
Ha A. A. JlanyHoBBIM M omyOamkoBaHa B cTaThax [2, 3]. B srux pa-
00Tax BBICKA3aHA MBICIbL O TOM, 9TO MPOTPAMMEBI, MOAOOHO aareOpa-
MY€CKUM BHIPAXKEHUsM, MOIYT OBITH ONKUCAHBI (POPMYJIAMHU CIIELAATb-
HOT'O BHJA — CXEMaMM MPOrPaMM, — COCTOSAIINME U3 DIEMEHTAPHBIX
OIepaTOpPOB U JIOTUYECKUX YCAOBUE (TECTOB), CBA3b MEXKIY KOTOPHIMU
omnpefeaseTcsa cTpykTypou dpopmyast. [Ipeamonaranocs, 9To aas cxem
IpPOrpaMM yAACTCS CO3aTh TaKyko aarebpy win GpopManbHOE UCIUCIe-
HUE, NPABUIA U 3aKOHBI KOTOPHIX HA OCHOBAHWUM OOIINX CBEIEHUU 00
anreOpanvdecKux CBOUCTBAX OMEPATOPOB U MPEAUKATOB, UCIOIB3YEMbIX
B IPOrPAMMAaXx, [IO3BOJAT NPOBOAUTE [IEJEHANPABICHHYIO MAHUILYJIALIAIO
CcXeMaMy IPOrpaMM.

A1 oxuganus yganocsk ocymectsuts F0. U. Anosy B craTwe [4]. B
Her ObLIN ONpeJeJeHbl CeMAHTUKa cxeM mporpamum JlanyHoBa—SAHOBA,
OTHOIIEHNE DKBUBAJIEHTHOCTU CXEeM IpOrpamMM, pa3paboTaH alropuTMm
[IPOBEPKY DKBUBAIEHTHOCTY CXEM MPOTPAMM U OMUCAHO KOPPEKTHOE 1
[IOJHOE DKBAIMOHATHHOE UCUNUCIEHIE CXEM MIPOrPAMM.

IlepBrie mOMOXKUTEABHBIE PE3YILTATH CTUMYJIUPOBAIN PA3PAOOTKY
HOBBIX BHJOB CXeM IPOrPAMM U WX NPUMEHEHWE s DelIeHus 33134
CHCTEMHOr'0 IPOrPAMMUPOBAHUS.

Pasmoo6pasue mogenen mporpamm: 1964-1973. Ilunomepckas
pa6ora FO. 1. fInosa [4] He BLI3BaIA HEMEIEHHOTO OTKINKA HU B MaTe-
MAaTHYECKOM MHUDE, HU B 3aPOXKAA0IIEMCs COOOMIECTBE IPOrPaAMMUCTOB.
HoBrle monsTHs 1 33,1241, KOTOPHIE IPUBHECIO B MATEMATHUKY PO DaM-
MUpPOBaHMeE, TPeOOBAIN CO3TAHUA HOBBLIX, OOnee yIOOHBIX NIA MOHUMA-
Hus GOpM uX mpeacTanieHus. Permaroonryo pois B 5TOM CHIMpaIn paboThHI
B. M. I'nymikosa u A. II. Epmosa.

B. M. T'nymikoB ycTaHOBHI B3aMMOCBSI3b KOHEYHLIX ABTOMATOB U
CXeM IMPOrpPaMM, OMKACAJ TEXHOJOI MO IPUMEHEHUsT TEOPUU KOHEIHBIX aB-
TOMATOB [/ TPOEKTUPOBAHUSA U ONTUMU3AINK IporpaMm. B coBmecT-
Hou padore ¢ A. A. JlernueBckuM [5] UM OBLIN IPEIJIOKEHBL JBE HOBBLIE
[EPCIEKTUBHBIE UAEN. BBLIO MOKa3aHO, 9TO aBTOMATHI MOL'YT OIUCHI-
BAThb HE TOJLKO IIOTOK YIIPABJIEHUs B MPOrPAMMAX, HO TAKXKe U CEMaH-
TUKY KOMIIOHEHTOB IPOr'PAMMBI — ONEPATOPOB u npeankaTos. [losTomy
BBIYUCJIEHNE TPOTrPAMMBI MOXKHO TPENCTABUTH KAK MPOLECC B3AUMOIEN-
CTBUS ABYX aBTOMATOB, OAUH U3 KOTOPHIX 3a4aeT [MOTOK yIPABIEHUSI B
OpOrpaMMe, a BTOPOU OMMCHLIBAET CEMAHTUKY KOMIOHEHTOB >TOU IIPO-
rpaMMBl. JTa Ules U COCTABAAET CYTh KOHIENINN NUCKPETHBIX IMpe-
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oGpasoBarenen. Kpome TOro, onupasch Ha B3aMMOCBI3b MEXKIY CXeMa-
MU TPOTPAMM, KOHEYHBIMU ABTOMATAMU U DPErYJAPHBIMU BBIPAKEHUS-
Mu, B. M. I'1ymikoB npemaoXni NCIOAL30BATE OTIEPALINY aJreOphl pery-
JIAPHBIX BHIPAXKEHUU B KAYECTBE CPEACTB KOHCTPYUPOBAHUS MPOTPAMM,
€o31aB TakuUM 06pa3oM anrebphl MPOrPaMM, WM AITOPUTMUIECKUE AJl-
reOpHI.

Crares A. II. Epmwosa [6] npugana HOBBIM MMILyJIbC PA3BUTHIO Te-
opuu cxeM mporpaMmm. TeopeTuko-rpadoBoe TpeaCTABICHUE CXEM TPO-
I'PaMM CYIIECTBEHHO YIPOCTUIO PE3yAbTaTHl SIHOBa 1 COKpPATIIO KOIU-
YECTBO MPABUI B MIOJHOU CUCTEME SKBUBAJICHTHBIX ITPE0OPA3OBAHUN CXEM
Jlanynosa—fIHoBa. MeTobl, IpeaIokeHHBIE B cTaThe [6], GBLI BIOCIE]-
CTBUU PA3BUTHI B TEOPUU CTATUYUECKOTO AHATII3A TPOTPAMM.

B stoT mepuox 6vLIM CO3MAaHBI MOAETN MAPAIEJBHBEIX IPOrPAMM a
TaKXKe€ MHOTOYHUCJIEHHBIE MOquduKanun u 06006menus cxem JlsanyHoa—
fluosa. B pabore [I. Jakxema, /. Ilapka u M. IlaTepcona [7] 61 BBE-
IeH KJIACC CTaHIAPTHHIX CXeM mporpamu, a B 3ameTke [[x. ne Bekkepa
u [I. Ckorra [8] 6BITN BBEEHBI PEKYDPCUBHEBIE CXEMBI IPOTUPAMM, TIPUMe-
HUMBIE [JIs MOJIEeJupPOBAHUSA (PYHKIINOHATIHHBIX TPOTPAMM.

Boasmoe paznoobpasue Mogesnent IporpaMm, CO3JAHHBIX B DTOT Me-
puox, mpuBeJo K (POPMUPOBAHAIO HOBOI'O HAIPABJICHUS B TEOPETUIECKOM
MpOrpaMMUpOBaHUU — Teopuu cxeMm mporpamm. Q630p Haubosee BaxK-
HBIX PE3yJbTATOB B 3TOU 006JIACTH, MOJYyUEHHBIX K Hadamy 70-X rojos,
Oeinr cpenan B crarbe A. II. Epmosa [9]. B ment 6B110 0TMedeHO, 4TO
OCHOBHBIME IPOOIEMAaMU TEOPUUM CXEM IPOrPAMM SBJAIOTCA 331a9U II0-
CTPOEHUs ANTOPUTMOB [IPOBEPKU DKBUBAJEHTHOCTHU CXEM IPOrPAMM, CO-
3JAHUA TIOIHBIX CACTEM DKBUBANECHTHLIX TPEOOPA30BAHUN U TPUMEHEHUS
aJITOPUTMOB TPOBEPKY DKBUBATEHTHOCTY U SKBUBAJCHTHHIX MPe0Opaso-
BAHUU CXEM MPOTPAMM [ PEIICHUsA 3a4a94 CACTEMHOTO TPOrPaAMMUPO-
BAHUA.

B 60-e roasr 66T IONYYEH PAJ BaXHBIX PE3YILTATOB PEIICHUSA TIPO-
6JeMBI DKBUBAJEHTHOCTH B MOIEAAX BBIYUCACHUN, BOSHUKIINX B PAMKAX
Teopun POPMAILHBIX I3BIKOB U T€OPUU aBTOMaTOB. BrLI0 mokasano, 1To
npobaeMa SKBUBAIEHTHOCTHU HEPA3PEIINMa I HeJeTEPMUHUDOBAHHBIX
MHOT'OJIEHTOYHBIX ABTOMATOB, HEJETEPMUHUPOBAHHBLIX aBTOMATOB C Ma-
Fa3VHHOW MAMATBHIO, HEJETEPMUHUPOBAHHBIX OOOOIIEHHBIX aBTOMATOB-
npeobpa3oBaTeIen ¢ KOHEIHBIM JUCI0oM cocTosuun (transducers), a Tak-
XKe [ IeTEePMUHUPOBAHHBIX MHOIOTOJOBOYHBIX aBTOMATOB.

IIpoGieMBbl 5KBUBAJIEHTHOCTH pa3pelInMble W Hepa3p ellu-
mbie: 1968—-1985. B 510 Bpemsa ObLIM MOIyYEHBI OYTH BCE OCHOBHBIE
Pe3yabTATHI, [MO3BOJUBIINE OYEPTUTH IPAHUIY MEXIy Pa3pPemnMbIMA
U HEPA3PEIINMBIMU CIyYasaMU MPOOJEMBbI SKBUBAJIEHTHOCTH CXEM IIPO-
CPAMM B PA3JUYIHBIX MOMIEIAX MPOTPAMM.
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M. Harepcos [7] noxazan (cm. Takxke [10]) HEpaspemuMocTh IpoGIe-
MBI (PYHKIMOHAMLHON 3KBUBAJCHTHOCTH CTAHAAPTHBEIX CXEM TPOTpaMM
B KJIACCE CBOOOAHBIX (3pOPAHOBCKUX ) HHTEPIPETALMN CBEACHUEM K DTON
3a4a4e Tpo6JeMbI MyCTOTHI MHOTOTOJIOBOYHBLIX ABTOMATOB. JTHU PE3Y./Th-
Tarel Obutn ycumensl B. . Urkunwsim u 3. 3Bunorpoackum [11]; oHm
MOKA3aJ|, 9TO JI00as HEBLIPOXK ICHHAS DKBUBAICHTHOCTE CTAHIAP THBIX
CXEeM TIPOTPaMM, ONPENENEHHAA HA OCHOBE WX BEIYUCICHUN BO BCEBO3MOXK-
HBLIX MHTEPHOPETANNAX, ABIACTCA HEePEKYPCUBHEIM OTHOMEHUuEM. Tem He
menee, M. ITarepcony, A. A. Jletuuesckomy, I'. H. Tletpocany, A. B. T'o-
nresckomy u B. K. Caberbdensny ymanocs NOKas3aTh PaspermmoCThb
npo6aeMbl SKBUBAJIEHTHOCTA B HEKOTOPHIX CHENMATBHBEIX KJAACCAX CBO-
OOHBIX CTAHAAPTHEIX CXeM Tporpamm. B apyrumx kaaccax cTaHgapT-
HBEIX CXeM Imporpamu, Beigenennbix M. [TaTepconom, Bompoc o paspermm-
MOCTH TOU MPOGIEMBI OCTAETCS OTKPHITHIM 1 IO Cel neHb. B craTse [7)
OBLTO OTMEYEHO, 9TO 331294 MPOBEPKHA SKBUBAJEHTHOCTH CTAHIAP THHIX
CXeM IPOrPaMM, COCTABJIECHHBIX U3 OMHOMECTHEIX OPEIUKATOB M OIepa-
TOPOB NpUCBaMBaHMA BUAA X : =f (X) , B3AMMHOCBOINMA K TIPOOJIEME SKBU-
BAJEHTHOCTH JE€TEPMUHUPOBAHHBEIX MHOTOJEHTOYHEIX ABTOMATOB.

[pyroe HampaBIeHWE WMCCICJOBAHWN SKBUBATCHTHOCTU CTAHIAPT-
HBIX CXeM OporpaMm wHUnmmposan B. O. UTkun; om BBEN HewmHTep-
NPETAMOHHOE OTHOIIEHNE JOTUKO-TePMATbHON (JI.-T.) SKBUBAJEHTHO-
CTH CXeM MPOrpaMM, aNMPOKCAMUPYIOMIEe O THOMEHNE (hyHKITMOHATLHON
SKBUBAJIEHTHOCTH, U JOKA3aJ €ro pa3pemuMocTs [12]. AxropurMer npo-
BEPKM JI.-T. SKBUBAJIEHTHOCTH MOCJAEIOBATENBLHO YIy9IIAIUCh U BCKOPE
B. K. Cabenbdenbny yaanocs NOCTPOATE TOINHOMUANBLHLIA IO BPEMEHN
AICOPUTM MPOBEPKH J.-T. SKBUBAJEHTHOCTH CTAHAAPTHBEIX CXEM IPO-
rpamum [13].

B 5TOT mepnos MHTEHCHBHO W3ydanach mpobieMa dKBUBATECHTHOCTH
IMCKPETHLIX Ipeobpasosarenen LaymkoBa—JleTHI€BCKOTO ms Cayda-
€B, KOT'1a ABTOMATHI, 33 TAIONINe CEMAHTUKY 0a30BBIX ONIEPATOPOB, COOT-
BeTcTBYIOT moayrpynnaM. A. A. JletwueBckun [5], IpUMEHUB TEXHUKY
CIeNOB M OPUTMHAIBHBEIA METO[ YyCTPAHEHUA HECYIIECTBEHHEIX BETBJE-
HUN, pa3paboTan peKypCUBHBIN ATTOPUTM TPOBEPKU SKBUBAJCHTHOCTH
IMCKPETHLIX MPeo6pa3oBaTeer Hal KJAACCOM PA3PEIUMEIX HOTyTPYIII C
HEPA3JI0XKUMON €JUHUIEH, 0018 JaI0MINAX CBOUCTBOM JE€BOI0 COKPALIEHN.
PasBuBas namee sToT pesyabrar, JleTMIeBCKMU OMUCAT JOCTATOIHBIE
YCIOBHsA, MPU KOTOPEIX paspemmma mpobieMa >KBUBAJEHTHOCTH IUC-
KPETHBIX Mpeobpa3oBaTeNel HAJ TPyNNaMy, a TAKKe yCTAHOBUA He-
00XOMUMEIE M NOCTATOYHBIE YCAOBHA PA3PEMMAMOCTH MPOOIEMEl SKBU-
BAJIEHTHOCTH OUCKPETHHIX TPeoOpasoBaTenen Hal KJIaCCOM MOAyTpyTI,
Y IOBJETBOPAOIINX 3aKOHAM JEBOr0 U IPABOr0 cOKpamieHus [14].

Nsy4enue momenen pPeKypCHBHBLIX MPOrPAMM TaKXKe MPUHECIO pe-
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syabratel. C. Tapaeng u [I. Jlakxem [15] noxaszanm paspemmMocTb mpo-
6JeMEI (DYHKIINOHATBLHON 3KBUBATCHTHOCTH B KJIACCE TUHENHBIX YHAPHBIX
PEeKypCUBHLIX cxeM mporpamm. Bumecre ¢ Tem, E. Amukpodr, 3. Mauua n
A. Huyenu [16], npuMeHUB TEXHUKY (AILTEPHUPYIOMIETO CTEKUHTA», 10~
Ka3aJ¥ Pa3permMOCTh TPOOJEMBI SKBUBAIEHTHOCTH B KJaacce CBOOOMI-
HBIX YHAPHBIX PEKYPCUBHBIX cxeM nporpamm. OOHAPYXWIOCH TAKXKe,
YTO 3Ta 3aJa49a 3HAYATENLHO TPYAHEE AHAJOTWYHOW 3a0aYU [ CTAH-
JapTHBIX CXeM mporpamM. ABropamu crarsu [15] OblLia npeanpuHATa
MONBITKA TOCTPOUTH AACOPUTM MPOBEPKU SKBUBAJICHTHOCTY JUHEUHBIX
VHAPHBIX PEKYPCUBHBIX CXEM MTPOTPAMM C KOHCTAHTAMU, AHATOTUIHBIMUA
OIepaToOpaM 3aCHLIKYM KOHCTAHT B CTAHIAPTHHIX cxemax mporpamm. Q-
HAKO 0KA3aJl0Ch, 9TO 3Ty 3a1a4y HEAb3s PEIIUTb NPOCTOU KOMOMHAIIMEN
U3BECTHBIX METOIOB MPOBEPKHU SKBUBAJICHTHOCTHU cxeM mporpamm. Ona
J0Aroe BpeMs ocTaBatack oTKperTon, moka JI. I1. Jlucoeuk [17] He cymen
HAUTH ee pelnenue, pa3paboTas I 3TOT0 METOJ (KECTKUX MHOXKECTB).
Ho yxke s mpou3BOJIBHBIX YHAPHBIX PEKYPCUBHBIX CXEM IPOCPAMM C
ONEPATOPAMU 3ACBLIKM KOHCTAHT, KAK OBLIO BIOCJAEACTBUU YCTAHOBJIE-
HO B cTaThbe [18], mpobrema 5KBUBaTEeHTHOCTH Hepaspenmma. Oguum u3
BAXHBIX PE3YJALTATOB 3TOrO0 nepuojaa 6euia reopema E. @puamana [19],
MOKA3LIBAIOMIAA, 9TO MPOOJIeMa SKBUBAJEHTHOCTH YHAPHBIX DEKYPCUB-
HBIX CXEM MPOrPaMM B3aUMHOCBOAWMA K MPOOJEME DKBUBAJEHTHOCTHU
IeTEePMUHUPOBAHHBIX MATA3WHHBIX ABTOMATOB.

CwMmena opueaTupos: 1983-1993. Ilepuox 80-x rogos — 510 Bpe-
Ms IEPECMOTPA TAPAJUTM U OPUEHTUPOB, CAOKUBIIAXCA HA PAHHUX DTa-
MaX PA3BUTHUA IPOTrPAMMUPOBAHNS, OTKPLITUE HOBBIX 33 1Y U HATIPABJIE-
HUU ACCIeN0BaHnN. TeXHUIeCKOe COBEPUIEHCTBOBAHNE DJIEMEHTHON 0a3LI
BEIYUCAUTEIBLHBIX YCTPOUCTB TPUBEJIO K TOMY, 9TO KOMIBIOTEPHI CTa-
HOBIJINCH BCE HOJIEE NEMIeBEIMU, KOMIAKTHBIMY U TPOU3BOAUTEIBLHBIMU,
7 TMODTOMY OCTPOTA MHOTUX TPOOJEM, TPUBEAIINX K BO3HUKHOBEHUIO
U PA3BUTUIO TEOPUM CXEM Oporpamm, ObLia criaxkena. IIporpammupo-
BaHUE HYXJAJOCH B HOBBIX MHCTPYMEHTANBHBIX CPEACTBAX, MO3BOJSIIO-
X COKPATUTDH U3IEPXKKU MPU PA3PAOOTKE KAYECTBEHHBIX MPOrPAMM.
B sTOT mepmon OKpersio moHUMAHWE TOT'O, YTO Pa3spaboTKa MaTEeMATH-
YeCKUX METOJOB, 00ECIEeYUBAKIIMX KOPPEKTHOCTH MPOrPaMM, — DTO
OJHA M3 TVIABHBIX 339 TEOPETUIECKOT'0 MPOrPAMMUDOBAHUA.

MHOro4YucJIeHHBIE MOJENN ONEPATOPHBIX MPOrPAMM € PA3IUIHLIMEA
OTHOMIECHUAMY DKBUBAJEHTHOCTU CXEM MPOrpaMM HOTPeGOBAIM TPOBE-
IEeHUs UCCACIOBAHNN B3AUMOCBAZY MEXK 1Y STUMU OTHOIICHUAMU SKBUBA-
JIEHTHOCTH C LEIbI0 00€CIeveHns KOPPEKTHOCTU IEPEHECEHNS Pe3yIbTa-
TOB MPOBEPKU SKBUBAJICHTHOCTH, TOIYIEHHBIX [ OJHUX KIACCOB CXEM
mpOrpaMM, Ha APYTHE KIACCHL CXeM TPOrpaMM U CAME NPOrpaMMbl. B
crarbe [20] P. W. Toam0BY€HKO MpeAIOKMIA HOBBIN KIACC MOJEIEH IPO-
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rpamMm — ajarefpamdeckue MoJAenu NPpOrpamMM, — B KOTOPBIX CHHTAK-
cuc cxem mporpamum JlanynoBa—fAHOBA, 0OTPAKAKOIIUNA OCHOBHBIE OCO-
GEHHOCTM YCTPONCTBA MMIEPATUBHLIX IPOTPAMM, COYETAETCS C alma-
PATOM ONUCAHUA CEMAHTUYIECKUX CBOUCTB MPOrPAMMHBIX OIEPATOPOB U
JIOTUYECKUX YCAOBUM, UCTIOIB3YEMOM B MO JEMU BHIYACICHUNA TUCKPETHBIX
npeo6pasoBarenen [iayimkosa—JleTuaeBckoro.

HacTonuuBee MOMBITKA OTHICKATE PEMIEHNE POOJEMBl SKBUBATICHT-
HOCTHU [IeTePMUHUPOBAHHBIX MHOTOJEHTOYHBIX aBTOMATOB yBEHUANUCH
ycuexom: T. Xapeio u FO. Kapxiomsaxu [21], npumenus koMOGuHALAIO Me-
TOMOB TEOPUU T'PYII, TEOPUU ABTOMATOB U TEOPUU (GOPMATBLHEIX A3HI-
KOB, CYMEJIU JOKA3aTh AITOPUTMUYIECKYIO PA3PEIMIUMOCTh 3TOU 32 JaH.
OHako ee CI0KHOCTD HE YAAJIOCH YCTAHOBUTL 10 CHUX IOD.

SHAYUTENLHBIM JOCTUXKEHUEM TEOPUY BEIYUCICHUN B PACCMATPUBAE-
MBI TIEPUOJ OBLIO CO3IAHUE CEMENCTBA HOBBIX (DOPMATBHBIX MATEMATH-
YeCKUX MOJEJEN, OMUCHIBAIIIAX YCTPOUCTBO U TOBEAEHUE CUCTEM B3a-
UMOJEUCTBYIOMIUX MPOIECCOB — UCUUCICHUS B3AUMOIEUCTBYIOMUX CH-
creM MmrHepa, A3bIKa B3aMMOJEUCTBYIOUINX MOCAENOBATENBHBIX MIPO-
neccoB Xoapa u, MO3JHee, aareOpbl B3aUMOIEUCTBYIOIIAX MPOIECCOB
Beprcerpor—Kiona. Hapsany ¢ cersavu [leTpu, oHn cTaam ocCHOBHBIME Ma-
TEMATAIECKUMU MOJEIAMUA PACTPENCTCHHBIX mporpaMM. g HuX ObLin
OTIpeNeNeHbl IPYIUe BUABI SKBUBAJEHTHOCTHU, OTPAKAIONINE PABIMIHEIE
ACIEeKTHI CXO0XKECTHU MOBEIEHNs TaKUX CUCTEM — TPACCOBAas SKBUBATEHT-
HOCTb, HAOMIO1aeMas SKBUBATCHTHOCTE U 1p. Ho Haubomee BaxKHBIM 715
STUX TEOPUM OKA3aJ0Ch KOHIENINA OUCUMy asanuu. VIMeHHO 3a1ada Ipo-
BEPKU OUCUMYJAIUOHHON SKBUBAJIEHTHOCTH [JIs PA3JUIHBIX BUIOB OU-
CUMYJIALINN CTANA OJHOU W3 IEHTPAILHBIX MPOOGIEM B TEOPUU CUCTEM
B3aMMOIEUCTBYIOIUX Tpoueccos. 3 naubosee 3HAYMMEBIX PE3YJIbTATOB
peIIeHns 32139 IPOBEPKU OUCUMYIANNOHHON SKBUBAJEHTHOCTHU [JIsI MO-
JeJell IapalIeJbHBIX BEIYUCACHUN MOXKHO BBIIEIATH caefyiomue: 1) mno-
CTPOEHUE TOMUHOMUATLHLIX TI0 BPEMEHU AJTOPUTMOB MPOBEPKU OUCH-
MYJIANAOHHOUN SKBUBAJICHTHOCTYU MEXK Iy KOHEUYHBIMY PA3MEYCHHBIMU CH-
CTeMaMU MEPeXONOB (HEJeTePMUHUPOBAHHBIMUA KOHEUHBLIMA ABTOMATA-
Mu) [22] 1 2) DOKA3aTENBCTBO PA3PENIMMOCTY GUCUM Y IAINOHHON DKBUBA~
JeHTHOCTH Aiia nocaegoBareabubix (BPA) u napamneasunix (BPP) xon-
TEKCTHO-CBOOOAHEBIX Ipoueccos [23, 24].

ITpo6aeMbl 3KBUBAJIEHTHOCTH JIerKOpPa3pelmMble U TPYAHO-
paspemumbie: 1991-2012. OrauuurensHas 0COOEHHOCTH U3YUEHUS
mpo6IEeMbI SKBUBAJEHTHOCTY B TOT MEPUO] — HTO MOBHIIIEHHOE BHUMA-
HUe, KOTOPOe Y IeAAI0Ch BOIPOCAM CJIOXKHOCTHU NMPOBEPKY DKBUBAJICHTHO-
CTU IPOT'PAMM U aBTOMATOB, TOCTPOEHNIO KaK MOXKHO 6osee ahdeKTuB-
HBIX aJCOPUTMOB MPOBEPKU DKBUBANEHTHOCTU U PACIIMDPEHUIO 001aCcTH
MPUMEHEHUsI METOIOB PelleHns TPoOIeMbl SKBUBAJEHTHOCTU. B cBs3u ¢
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STUM OBLT MPOBENEH MEPECMOTP HEKOTOPHIX M3 PAHee MOIYYEHHBIX pe-
3yJBTATOB O PA3PEIMINMOCTY IPOOJIEMBI SKBUBAJEHTHOCTH C [EJIBI0 TIOBLI-
meHus >pGHEeKTUBHOCTU PA3PEMAIINX TPOUIEIYP U YTOUYHEHUs OLEHOK
CIOXKHOCTH 3324 MPOBEPKY 3KBUBAICHTHOCTH IPOTCPAMM U ABTOMATOB.

HawubGomnee smavmMein pesyabTat 3Toro nepuoga — pemienne 2K. Ce-
HU3EPrOM MPOOJEMBI DKBUBAJEHTHOCTH AETEPMUHUPOBAHHBIX ABTOMa-
TOB ¢ MarasWHHOM NaMATBIO [25], ocraBaBmencs oTkpeiTon Gostee 30
JIeT.

TMoanHOMUATHEHEIE TIO BPEMEHU AITOPUTMBI TPOBEPKY DKBUBATEHTHO-
CTU OBLIN TIOCTPOEHHI VIS LEJIOT0 PALA MOJAEIeU TPOTPAMM, BKIIOYASL Ma-
IIIMHBL CO CUEIUIEHHBIMU COCTOSHUAMEI, KOHEYHLIE ABTOMATHI-IPE0Opa3o-
BaTeau, JeTEPMUHUPOBAHHBIE CUETYUKOBLIE ABTOMATHI, HOPMUPOBAH-
HBIE KOHTEKCTHO-CBOOOMHBIE TIPOIECCHL U IP.

M. A6amu u J. TopaoH, pa3paGoTaBIe MCIUCICHAE MOOUILHBIX
MPOLECCOB, MPENIOKUIN UCIOIB30BATH OTHOIIEHNE TECTUPYIOIEN SKBU-
BAJEHTHOCTH [JIs1 IPOBEPKU CBOUCTE KOH(DUIEHIINATLHOCTH U [IEJ0CTHO-
CTU KPUNTOTrPAPUIECKUX TPOTOKOIOB. AITOPUTM MPOBEPKU TECTUPYIO-
€N SKBUBATEHTHOCTH [JIs TMPOIECCOB SPi-MCUMCIEHUA, HE COAEPIKAIINX
OMEPATOPOB PEIUIUKAIINY WM UHBIX CPEICTB PEKYDCUBHOI'O BHIUUCIEHUS,
OBLT IIpeJIOKEH B cTaThe [26].

B sakaiodenue 3ameTuM, 9TO B 3TOT NEPUO OBLIN MPENI0KEHBI TaK-
K€ HOBBIE TIOAXOMBI K PEIIEHNI0 MPO0AeMbl (hYHKIIMOHAMILHOU >KBUBA-
JEHTHOCTHU B PAMKAX aAre0pam<deckKon TeOpun MOAeJer NpOorpaMM. JTH
0 IXO0IBI TP CJIEIOBAIH 1IEIb PAa3paboTKM 3hHEKTUBHEIX (TIOJMHOMUATL-
HBIX II0 BPEMEHHU) NPOUenyp NPOBEPKY SKBUBAIEHTHOCTY U IPOBEICHUs
SKBUBAJICHTHBIX TPE0OPA30BAHUY MOCAE[OBATEIBHBIX IPOrPAMM B MOIE-
JIAX, TIO3BOJISIONINX OMMCHLIBATE M YIUTHLIBATH CEMAHTUIECKNE CBONCTBA
6a30BBIX KOMIIOHEHTOB MPOTrPAMM — ONEPATOPOB U NPEAUKATOB. MMeH-
HO 5Ty 3aa4y A. II. Epmios Bergennt B 0630pHOU cTaThe [9] Kak oqHy 13
OCHOBHBEIX 3aJa4 Teopuu cxeM mporpamm. [Lias ee pemenus B paboTax
P. U. Tlognosuenxo [27] u B. A. 3axaposa [28-30] 6blin npenoXKeHsl
MOJUHOMUAIBHBIE TI0 BPEMEHU aJCOPUTMBI MPOBEPKU DKBUBAJEHTHOCTH
MOCAEIOBATENBHBIX U PEKYPCUABHBIX CXEM MPOTPAMM.
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CJIO2KHOCTBL PACHINPPOBKMU ITOPOT'OBBIX
DOYHKIINU MHOT'O3HAYHOMU JIOTUUKHA

H. }O. 3omotTeix, A. }0. Yupkos (Hmxuauu Hosropona)
Bregenue

Oycrs E} = {0,1,...,k —1}", k > 2, n > 1. O6o3naunm F(n, k)
MHOXKecTBO Beex gyukunn f : EJ — {0,1}, B wactaoctu, F(n,2) —
MHOXKECTBO BCEX OyJIeBEIX (DYHKIUH N NEPEMEHHBIX. PaccMOTpUM HEKO-
tope kracc F' C F(n, k). Mon pacwugdposroti pynxnun B kiacce F'
MNOHUMAIOT BOCCTAHOBJICHUE 3HAUCHUA 3apaHee HE M3BECTHOU (DYHKIMN
f m3 m3eecTHOrO KIacca F' ¢ moMOmBIO OGPAIIEHWE K OPAKyJdy STOH
dbyuxuuu. [ox opakxytsom GyHKIMM f MOHUMAIOT HEKOTOPYIO MPOILETY-
py, KoTopas 1o 3agaHHoMy & € EJ' Boappamaer f(z).

Brepsrie 3agaqda pacmupposku paccmarpuBaiack B. K. Kopo6okoebim
n T.JI. Pesuukom [1] u B. K. Kopo6koseM [2, 3] nas xmacca MOHOTOH-
HEIX OyieBbix QpyHknun. CIoXHOCTL pacmmu@pPOBK MOHOTOHHEIX OyJe-
BeIx yuknun ycranoBmn G.Hansel [4]. OnTuManibHBIN MO 9HCIYy BO-
IPOCOB U UCHOJb3YEMOUM MaMATU AINOPUTM PACHIAPPOBKU MPEII0K I
H. A. Cokouos [5]. 3agady pacundgpoBKy MOHOTOHHBIX (DYHKIMH MHOTO-
sHavHOM Joruku paccmarpusann B. K. Kopo6kos [6], B. B. Anekcees [7],
A.B. Cepxanros [8] u ap. M. B.Topsunos u A. A. Canoxenxo [9] mpea-
JIOXKUIA AJTOPUTM PACIIUGPOBKA MOHOTOHHBIX (DYHKIIMU HA IACTUIHO
YIOPAIOIEHHEIX MHOXKECTBaX. [pyrue cBegeHus 0 MOHOTOHHBLIX (DyHK-
nUAX ¥ 3aja4e pacmudppOBKU MOHOTOHHBIX (DYHKIUU MPUBEIEHBI B 06-
sope A. [I. Kopurynosa [10].

PaccmarpuBaroTces 3agaqm pacumgpoBKu (GpyHKIUA W3 IPYTAX KIAC-
coB (A.A.Boponenko, B.B. Ocoxun, D.9.Tacanos u np.) 3anada us-
TEHCUBHO M3y9aeTcs B paMKax Teopuu TecToB [11] n BEMmCIRTENLHOR
Teopun MammuEHOrO 06y4enus (Computational Learning Theory) [12].

[ns dysxuun f € F(n, k) obosnadum

M,(f) ={z € E : f(z)=v} (v=0,1).

Oyukuua f € F(n, k) HA3BIBACTCA NOPO2060t, €CIU CYIECTBYIOT BEIe-
CTBEHHBIE YUCIA g, A1, - - - , Gy, TAKHAE, ITO

n
Mo(f) =<z € E;: Zaja:jgao ,
j=1
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Ipu 5TOM HEPABEHCTBO
n
E ;T S aop
j=1

HA3LIBACTCA N0Pp0206bim. OUeBUIHO, er0 KoM UIINEHTH MOXKHO CIeTaThH
peaivu. O6o3uauum T (n, k) MHOXKECTBO BCEX IMOPOrOBBLIX (DYHKIUM, 3a-
JaHHBIX Ha Ej!, T.e. MHOXECTBO HOPOrOBBIX (DYHKINH k-3HATHON JOIUKI
n mepeMeHHbIX. B wactrOocTH, T (N,2) — MHOXKECTBO BCEX OyJEBBIX IO-
POTOBBIX (PYHKIIUU N TEPEMEHHBIX.

3agady paciumdpOBKA TOPOTOBLIX (DYHKIUN Ak-3HAYHOU JOTUKU TI0-
crasun B. H. Illesuenko [13]. B cayuae moporoBeix (pyHKIUN yTOIHUM
TepMuH «pacmudpoBKay: mon pacwudposkot nopozosot @ywrxyuu Oy-
IeM TOHUMATL AJITOPUTM MOMCKA KO3 PUIMEHTOB MOPOTOBOrO HEpa-
BEHCTBA 3apaHee He W3BECTHOU (PYHKIUU f C MOMOUILIO OOpAIIECHUN K
ee OpaKy.JIy.

3agada pacmudpOBKA MOPOTOBBIX (DYHKIUN TECHO CBA3AHA C MPO-
OJEMON OLEHKHU 4YMCIa TAaKuX QPYHKIUH. 3aMEeTHM, 9TO 3a1a49a OUEHKH
YUCAa TTOPOTOBLIX (DYHKINA ABIAETCA BecbMa caoxuon. /o cux mop He
U3BECTHA ACUMIITOTUKA YUCJAA MOPOrOBBIX OyaeBbIX (yukimu. U3 pe-
syabraTos JI. Mlnédum [14] o umcae OTKPHITEIX 061aCTeN, MOLYIaeMBIX
mpu pazbUeHuu N-MEPHOrO NPOCTPaHCTBA K TUNEepPIIOCKOCTIME, JErKO
MOJYYUTEH BEPXHIOK OLECHKY:

T (n,2)] <2Z< an_l ) <2
j=0

C. Anxuma u T. Ubapaku [15] moay4uiu nepByio HETPUBUAILHYIO HUAXK-
HIOIO OIIEHKY:

1T (n,2)] > 2772,
10. A. 3yes [16, 17] nokasan, 4To

|T(1’L, 2)| > 2n2(1710/1n n)

Y

TEeM CAMBIM YCTAHOBUB aCUMITOTHUKY JOrapudma duciaa 0yJaeBbIX IOPO-
FOBBIX (DYHKINN:

logy [T(n,2)] ~n®  (n— oo). (1)

IIpu 5TOM UCTIOABL30BAICA OJUH KOMOUHATOPHO-BEPOATHOCTHBIN Pe3y.Tb-
tar 0 £1-marpunax, noaydenusn A. M. O gnbikko [18]. Ipyron noaxoxn
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K TIOMyueHnto acuMnToTuku (1), Takke ucnoab3yomun semMy O 1asik-
Ko, mpegnoxut A. A. Upmaros [19)].

O6cTosaTenbHBIN 0630 PE3yAbTATOB IO TOPOTOBBIM OyJIeBBIM (DYHK-
OUAM U TOPOTOBBIM TIPEICTABICHUAM OYJIEBLIX (DYHKIUU COAEPKUTCS
B [20].

[1sa amciaa noporoBeix Gyaknun k-szadson goruku A. A. Apmaros
u 7K. [I. Kopusanwd [21] moIyunin HIKHIOK OLEHKY:

1 kn
T0u01 2 5 (o s smytogymy ) 171207 087+ 4], )L

COPABAEIUBYIO s JOCTATOYHO Goabimx n. OTCiona u U3 pPe3yJbTaTOB
JI. Mlnédan moryvaeTcs aCUMIOTOTHUKA JOTapudMa UucIa TaKuX (pyHK-
uun:
2
log, | T (n, k)| ~ n”log, k (n — 00).
st MOpOroBLIX QYHKIMY k-3HAYHON JOTMKY ABYX MEPEMEHHBIX B [22]
[IOJIy Y€HA OLEHKA!

6k s
T@K)| =25 +O0(k'logh) (k= o).

PaccmoTrpuM HECKOMBKO 06JaCTeN, B KOTOPBEIX BO3HUKAET 3a1a4a
pacmudgpoBKu (QYHKIUA W3 PA3HBEIX KJIACCOB, B TOM YHUCIE U3 KJIACCA
MOPOTOBLIX (PYHKIVMKA. B BLIYUCIUTEILHOU TEOPUM MAITUHHOTO O00yde-
ausa J. Auruyun [12] npegnoxuia cieqyonyo MOAeab O0yIeHns € HO-
MOIIBIO 60MPocos npunadsexcnocmuy (membership queries). Hyctes M —
koHeuHoe MuoxkecTso, C C M, C C 2M. Hazorem M npocmpancmeom
npumepos (instance space), C — nowamuem (concept), C — xaaccom no-
namuti (concept class). Yuenux ¢ HOMOLIBI0 BOIPOCOB Buia «r € C?7», T 1€
x € M, mo/okeH 1aTh onucaHue 3apaHee He n3pecTHOro C 13 HEKOTOPOro
u3BecTHOrO Kaacca C.

OHOU U3 BaXHEUIUX 33434 HEJOYUCIEHHOTO JUHEMHOTO MPOrPaM-
MUPOBAHUA ABIACTCA 3a0a4a 0 prok3zake. PaccMoTpum onue U3 ee Bapu-
AHTOB: HEOOXOIUMO HAUTU

n
max E cja:j
j=1

[IPY OT PAHUIEHUAX

n
zeEC=(z€E: Zaja:jgao
i=1
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Mpeanonoxum, uato k, n, (¢1,¢2,...,¢,) € Z"™ usBectHwl, a C 3a1aHO
C TIOMOIIBI0 OPAKYJIA, MO3BOJAIOIIETO O MPOU3BOJLHON TOYUKE I € E}
oTBevYaTh HA BONPOC «x € C7y. OU4eBUIHO, YTO DTY 3a4aTy MOKHO CBECTH
K pacmu@)pOBKe MOPOroBON (PYHKINM, 33 JaHHON OPAKYJIOM.

Iycte A — anropurm pacmupposku B xiacce F' C F(n, k). O60-
suauuM 1epes 7(A, f) aucao obpamesnin K OpakyJay mpu pacumdpoBKe
dyuxuuu f € F', a gepes p(A, f) — xoamdecTBO onepanui npu paciiu-
dposke pynknuu f € F'.

Opaxyavmoti caorenocmuio arropurMa A Haz0BEM

T(A) = ;Iéaf)g (A, f).

Buiwucaumeavnott mpydoemrocmvio anroputma A HazoBeMm

M&Zﬁ%MAﬁ-

Opaxyavnot caoscnocmpio pacummdpoBKa B Knacce F' Ha3LIBAETCA

T(F = mjnT(A) = min ‘%%T(Aaf)'

Buiuucaumesvrnoti mpydoemrocmpio pacimdpoBKE B Kiacce F' HasbIBa-
eTcsa
F") = min p(A) = min max p(A, f).
p(F') = min p(A) Ampm,ﬁ

Muoxectso T' C E}} Ha3BIBAETCA Pa3pewatoujum (TaKKe UCIOMb3Y-
eTCsA TEPMUH nposepounbiti meem) nis f € F' oTHocuTenbHO Kiaacca F',
ecau naa awbon qpyukuuu g € F', f # g, HALgETCA TO KPAUHEN Mepe
ogua Touka z € T, Takas, aro ¢g(z) # f(z). Houarue paspemaromero
muoxectBa BBegeHo B. K. Kopo6kossim u T.JI. Pesuuxom [1] B koHTeK-
CT€ MOHOTOHHBLIX OyJieBHIX QyHKIUN. Paspemaronee MHOKECTBO, HUKA-
KOe COGCTBEHHOE MOAMHOKECTBO KOTOPOT'O HE ABIACTCA PA3PEIAIOIIM
1A f, Ha3BIBACTCA MYNUKOBLIM. Paspernarnliee MHOXKECTBO GyHKIUA [
MUHAMAJIBHOM MOLTHOCTH HA3LIBACTCA €€ MAUMEHbULUM PA3PEIAIOIIIM
MHO)XeCTBOM. Hampumep, TyIMKOBOE Pa3pemaroee MHOKECTBO MOHO-
TOHHOU (PYHKIUM €AMHCTBEHHO M COCTABJICHO U3 €€ BEPXHUX HyJeHd U
HWXKHUX efuHun [1, 7).

Mycts o(f, F') — MOLIHOCTb HANMEHBINErO PA3PEMIAOMIEr0 MHOKE-
crea gaa f € F' orrocuTenbHo knacca F'. Jaunotl o6yuenus B KIacce
F' maseiBaeTca

o(F) = maxo(f, 7).
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HeTpynuo BuaeTs, 9To
o(f,F') = mfi‘nT(A,f),

HO3TOMY
N o .
o(F) = ;Iéa}_ggn}inT(A,f).

Herpyano BugeTs, 9To Aa awoboro kiacca F'
o(F') <7 (F).
O603Ha 1M
T(n, k) = 7(T (n, k)), o(n,k) =o(T(n,k)).

Ecau P — nomusap (BBIMYKIOE MHOTOTDAHHOE MHOXECTBO) B R™,
To oboznaunm Vert P muoxecTBo ero Bepmuia. Eciu X C R”, To 060-
sHaunM Conv X — BuImykiayo o6onouky mHOoxkecTtBa X, a Cone X —
KOHUYECKYI0 000J0YUKY 3TOr0 MHOXKECTBa (MHOXKECTBO BCEX HEOTDHUIIA-
TeJBHBIX JUHENHBIX KOMOUHALIAN).

1. XapakTepusanus paspemniaomero MHOXKeCTBa
¥ OI€HKHW AJUHBI 00y4ueHUus
Jlerko BugeTh, 9TO s M060r0 aaroputMa A pacmudpoBku QyHK-
nun u3 kaacca T (EY) cupaBeanBo

T(A) = 2" = | B3|,

OTKyaa
T(n,k) > o(n,k) > 1(n,2) = o(n,2) = 2".

Nrak, atropurMa pacmmgpOBKE IOPOroBon (pyHKIUN k-3HAYHON JIO-
TUKU C TIOIUHOMUAIBLHON OT 7 OPAKYIBHOU CI0KHOCTHIO HE CYIIIECTBYET.
IMoaToMy B mepByIO OUYepensb HAC OyIeT MHTEPECOBATHL ACUMITOTUKA Be-
auaun 7(n, k) u o(n, k) npu k — 00 u GUKCUPOBAHHOM 7.

C xaxgon ¢yukuuen f € T (n,k) B npocrpancTse KO3pQHUILEHTOB
ag, a1, - - -, Gy CBAXKEM Tak HasbiBaeMbill kKonyc C(f) pasdeasowuz Pyn-
YUOHAA06, BANAHHBIN KAK MHOXKECTBO DEIIeHUN CIEAYIOUEeN CUCTEMBI:

n
> ajz; <ap mpuBcex (x1,...,%n) € Mo(f);
j=1

n (2)
> ajrj >ap upuBcex (z1,...,Z,) € Mi(f).
i=1
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ycrs T, € M,(f) (v =0,1). PaccMoTpum mogcucteMy cuctemst (2):

n
Y ajzj <ap upuscex (z1,...,T,) € Tp;
" (3)
> ajx; >ag mpuBcex (T1,...,%yn) € Th.
j=1

YrBepxkaenue. Jas moeo, umobvt muoncecmeo T =Ty UTy, T, C
M,(f) (v = 0,1) 6vito paspewarowum das f € T(n, k), neobrodumo
u docmamouno, wmoobbl cucmema wepasencms (2) 6viaa IKE6UBAAEHMHA
cucmeme nepasencms (3).

MoxHo n0Kasarh, 9TO B cucreme (2) HAUAETCA MUHUMAILHAS I0[-
CUCTEMA, DKBUBAJCHTHAA BCEU CUCTEME:

n
Y ajrj <ap upuBcex (T1,...,Z,) € To(f);

j=1
n
a;xj > ap upu BCex (T1,...,&yn) € T1(f).

=1

J

CaencrBue 1. Jas awob6oi f € T(n, k) muoncecmeo T = Ty U Ty,
ede T, C M,(n,k) (v = 0,1), asasemecs mynuxosvim paspeuaouym
moezda u moavko moezda, xoeda T, = T,(f) (v =0,1).

Caegcrsue 2. [as mobot f € T(n, k) cywecmeyem eduncmeennoe
mynuxosoe pazpewatouee muoxcecnso T (f) = To(f) UTi(f).

O6ozuaunm P,(f) = Conv M,(f) (v = 0,1). B. H.llepuenko [23]
nokasain, 9To i aooon f € T (n, k) muoxecrso Vert Py (f)UVert Py(f)
asasiercs paspematomuM. Ouenusas | Vert Po(f) U Vert P (f)| csepxy,
B. H. [lleBuenko moxasan, 4TO

o(n, k) <2"logy (k + 1).

Bonee Tounyo (npu ¢puxcupoanHoM n) ouenky noayumn T. Hegediis [24]
Ha OCHOBE Pe3yJabTaToB [25] 0 YMC/e BEpIINH B HEABHO 33JAHHBIX IIEI0-
IMCJICHHBIX TOJIU IPAX:

o(n, k) = O(logy ' k) (k — o0).

Ilepras HeTpumBmManeHAA omeHka cHu3y noaydena B.H.Illeruenko,
H. }O. 3oaoTrix [26,27]: npu a1060M GUKCHPOBAHHOM N > 2

o(n, k) = Qlogh 2 k) (k — o).
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IIporpecc Ha myTH MOCTPOEHUsS GOJIEE TOUHBIX BEPXHUX U HUKHUX OLe-
HOK sl BeAW<IHHEL 0 (N, k) HPOUCXOAUI 33 CIET MCIOAB30BAHUA HOBBIX
Pe3yJIbTATOB O GUCJAE BEPIIVH B HEABHO 33JAHHBIX LEJIOIUCJICHHBIX HO-
amsapax. [onms 1p HABBIBAETCS YEA0UUCAEHHBIM, €CIA BCE €r0 BEPIINHEL
nensle. B wacTHOCTH, B [28] mOMydYeHA IBYCTOPOHHSAS OLEHKA:

(%logk —n—3—(n—-1)log(n— 2))7172

4(n —1)37—1(n — 2)n—2 ((n - 2)!)2

o(n, k) < 2nlog(2n) (1 + log(k + 1))n_1.

CymecTByeT rumnoresa, yTBEpPXKIAOMass, 9TO Ipu JIO0M (PUKCHPO-
BaHHOM N > 2

o(n, k) =0O(logh 2k)  (k— o).

Huxe >Ta runoresa 6yaeT gokasaHa.

Pacemorpum mommsap P = {x € R": Az <ag}, rae A € ZM*",
ap € Z™, u uenoumcaenuwin nomumdap Pz = Conv(P N Z"). IIpo-
Gmemon moaydenus omeHok |Vert Pz| sammmanucs B.H.IlleBuenko,
C.1".Becemor, A.FO.Yupxos, A.S.Hayes, D.C.Larman, I.Bérany,
R.Howe, L. Lovasz, W. Cook, M. Hartmann, R. Kannan, C. McDiarmid
u 1p. Cm. 0630p pador B [29].

OHMM U3 OCHOBHBEIX MHCTPYMEHTOB IIPU OIEHKE IUCIa BEPIIUH He-
SABHO 3aJaHHBLIX IEJOYUCACHHEIX MOJIU3IPOB ABAAETCA MOAXON, BIEPBLIE
npenaoxennet B. H. Mesuenxo [30] ¥ OCHOBAHHBIN HA OTOOpAXKEHHUN
MHOkecTBa Vert Pz Ha MHOXKECTBO, 006,18 1a10mee CBONCTBOM PAas3Ie/IeH-
woctu. ['oBopaT, aTo mEoxkecTBo G C Z' obragaet ceoticmseom pazde-
aennocmu [30], ecin u3 yerosun ¢,y € G, x # y caegyer 2z —y ¢ Z7,
rae 2% = {x € R": z > 0}.

Jlemma [30]. ITycmb mmoxcecmso G C Z" obaadaem ceoticmeom
pazdeaennocmu u 0aa Ka#cdoeo r = (T1,%2,...,Tn) € G 6binoaneno
a; S T S /8] (.] = 17"')” - 1)} 806 ar,q2,...,0p_1, 617625"'7671,—1
— HEOMPUYAMEAbHBIE YUCAL, MO0200

Bj +2
G<H{ + log, J+1J.
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Hannyumas (npm QUKCMPOBAHHOM n) W3 W3BECTHBIX OIEHOK [/
| Vert Pz| moxyuena B [29)].

Teopema 1 [29]. Iyem» P = {z € R" : Az < ag}, A € Z™*",
ag € Z™, moeda

1 n—1
| Vert Pz| < (n 4+ 1)""'n! &, (m) (1 + 3 log(n + 1) + log A) ,

A pasno MaKCUMYMY U3 AOCOMOMHBIL 3HAUERUT MUKOPOS Nopadra n+ 1

MAMPUYDL
A Qg
0o 1 /-

Touxa ¢ € PN Z HAa3BIBACTCS HENPUGOJUMOTU, €CIN €€ HEIb3S Ipel-
CTABUTBL B BHUJE MOJYCYMMEI ABYX APYrux Todek m3 P N Z. Jlerko Bu-
IeTh, 9TO BCAKAS BEPIINHA HETOUUCIEHHOI0 noaua1pa Pz HenpusouMa.
O6patHoe, BooGIIe ToBODs, He BepHO. Kak oTmedeHo, Hanpumep, B [31],
BCe U3BECTHBIE TIOAXOHI K OlleHKe uncia | Vert Pz| ocHOBaHBI Ha OLEHKE
KOIWYECTBA HEIPUBOANMBIX TOUEK.

Iycts f € T(n, k). O6osnaunm K (f) = Cone(M;(f) — Mo(f))
Fo(f) = Conv My(f) — K(f), F1(f) = Conv My (f) + K(f).

B [32] nano onucanue muoxectBa T'(f) B repmunax Fo(f), Fi(f).

Teopema 2 [32]. IIyemv f € T(n, k), moeda T,(f) = Vert F,(f)
(v=0,1).

Caencrue. I[Iyemo f € T(n, k), z,y € T,(f) (v=0,1), x #y.

Toeda
2z —y & Fo(f) UFL(f). (4)

Yaobuoro onucanusa muoxectsa Fo(f) U Fi(f) B obmem ciydae He
m3BeCTHO. PaccMoTpuM 0gHAKO MHOXKECTBO 7' (n, k) TAKMX NOPOrOBBIX
byukun f, 111 KaXk 10U U3 KOTOPHIX HAMAETCA MOPOTrOBOE HEPABEHCTRO,
IJI1 KOTOPOT'O

2de

Y

ap € Z, a]‘EZ, O<a0<aj(k—1) (j:l,?,...,n).

Ecmu f € T'(n, k), o Fo(f)UF1(f) = Z" u cBoiCcTBO (4) 5KBUBATCHTHO
c60licmey pazdeaennocmu.
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Teopewma 3 [32]. Jas aoboii f € T'(n, k) npun > 2

L) <n(1 +logym) (1 +1ogy(k + 1) (v =0.1).

Teopema 4. IIpu awbom Puxcuposanmom n > 2
o(n, k) = O(logh~2 k) (k — o0).

Hoxazameavcmeo. He mapymas oOIIHOCTH, IPEAIOJOKUAM, ITO KO-
3¢ UIUEHTHEl TOPOroBOro HepaBeHcTBa pyukimu f € T (n, k) ynosme-
TBOPAIOT HEPABEHCTBAM (1 > Gz > -+ - > Gy > 0.

Ecau a9 < (k — 1)a,, TO qokasmiBaeMas OIEHKA CIEAYET U3 TEope-
Mol 3. Pacemorpum ciyuan, korga ag > (k—1)ay,. Eciu e, ¢ K(f), To u3
z € T,(f) cnegyer x, = 0 unu x, = k—1, mostomy |1, (f)| < 20(n—1, k).

Iycrs e, € K(f). Momoxum

Ty(f) = {z € To(f) - 2 < ao - (k- Dan},
Ty(f) = {r € To() : g > ag — (k — Day},
Ti(f) = {z € T3(f) : Z > ao},
T(f) = {z € Tu(f) - 2 < ao}.

Eciu z € T)(f) (v =0,1), 10 2, = 0 mm z,, = k — 1, cregoBaTensHo,
T, (f)] < 20(n — 1, k).

IIycts
n—1
P=SzeE}: ao—(k—l)an<2ajzj <ag, t, =0
j=1

Ecau y € P, To yunTsiBas, 4to e, € K(f), moayaewm:

{y +ae,: ae€ Z} C F(](f) UFl(f)
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CrenoBaTensHo, 1o caeAcTBuio u3 Teopemsl 2, |T)(f)| He mpeBocxoauT
KOJIMYECTBA, HEMPUBOAUMBIX ToueK B P. [I0CKOIBbKY pasMepHOCTE MOIH-
sapa Conv mHe BhIme n — 1, To Mo Teopeme 1 KOIMIECTBO HEMPUBO AMMBIX
-2
Touek B P npu ¢puxcuporaruoM 1 ecth O(logh ™~ k). Teopema nokaszana.
Nrak, nokazaHO, YTO OpU (PUKCAPOBAHHOM N > 2

o(n, k) =0O(ogh2k)  (k— ).

OTnenvHO B JMTEpAaType paccMaTpuBaica caydan n = 2. MoxkHO
nokasats [26,33], uro g aroboro k > 2

o(2,k) = 4.

Orcona nmoayuaeM HHTEPECHOE TeOMETPUIECKOe

CaeacTsue. Cpedu o2panuyuenubls o6aacmet, NoAYUaEMbIT NPU Pas-
OUEHUU NAOCKOCTNU NAPAMEMPOS A1, Gz NPAMBIMU 4121 + asTs = 1, 2de
(r1,m2) € {0,1,...,k — 1}2, scmpevaromea moavko mpeyzoavbHuxy u
YEMBIP €LY 046 HUK.

Taxon ke pe3yabTaT MOJYyIaeTCs, eCIu Pa3duBaTh MIOCKOCTh mapa-
METPOB a1, as TPAMBIME a1 Ty + azrs = 1, vae (w1, 72) € {1,2,...,k}> un
T. .

Ton cpedneii mowynocmspio mynuKro6o2o Pa3peuaUe20 MHOHCECMea

B kaacce F' MOHUMAEM BETUIMHY

1
7F) = 7 2 olf)

fer

O6osnaumm: o(n, k) = o (T (n, k)).
M. Antony, G.Brightwell, D. Cohen, J. Shawe-Taylor [34] mokazanu,
9TO0
7(n,2) < n’.

ITOT pesyabTaT MOXKHO 0600muTH (CcM.[35]) Ha CIydall IOPOTrOBBIX
byukuyn k-3HaYHON JOTUKH:

F(n, k) < n’log, k.

1O. A. 3yer [20] BBen mousaTue epadia (GyIeBBIX) Nopo206bir Pyrik-
Yutd. DTO MOHATHE JErKO 060OIIAETCA HA CIYIadl MOPOTOBBIX (hYHKIUN
k-3maunon normku (a Takxke Ha Jobon apyrou kaacc F' C F(n,k)).

Iycre f € F(n,k), g € F(n,k),
dist(f,g) = [{z € B} : f(z) # g(2)}].
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I'pagiom xaacca F' nazwiBaeTCA IPOCTON rpad, B KOTOPOM MHOKECTBO
Bepius ects F', a {f, g} ABaseTcs pe6poM TOrAa 1 TOIBKO TOTAA, KOT 1A
dist(f,g) = 1.

Cpean 3a1a4, CBA3AHHBIX C TOPOTOBEIMY (DYHKITUAMY ¥ TIPEICTABIA-
fomumu Hanbonbmun uarepec, FO. A. 3yes (1994) naswiBaeT uccaenosa-
HEE CBOUCTB rpada mOporoBuix GpyHKImA. IIpuBeaeHHBIE PE3YILTATH O
o(n,k) n 7(n, k) MOXHO UHTEPIPETUPOBATHL B 3TUX TepMuHax: o(n, k)
eCTb MaKkCUMaabHad, a o(n, k) — CpeqHsas CTENeHb BEPIIUHEL Ipada.

2. AaropurMsel pacmu@poBKH MOPOTOBLIX (PYHKIIUA
B. H. Illesuenxo [13] npennoxur arroput™ Ay pacumdpoBku mopo-
FOBBLIX (PYHKINH, A1 KOTOPOrO OpH J060M (PMKCUPOBAHHOM 71 BETUIW-

uel 7(Ag) u p(Ao) orpanumdensr nomuromom ot log, k. T. Hegediis [24]
MOKA3aJ, 9TO

r(A) = 0(1ogg”/2“”‘1)+" k)

H.10.3onoreix, B. H.lllepuenko [36] u T.Hegediis [37] noctponnn au-
roput™ Ay, gus xkoroporo 7(A;) = O(logy k), p(A1) orparudeno noan-
Homowm ot log, k. W3 Teopemsr 4 cregyer, uro 7(A;) = O(logh ™" k).
Bonee roro, npumenss pesyabratsl M. FO. Momxosa [38,39] B Teo-
pUZ TECTOB, MOXKHO nocTpouts (cp. [37]) axropurm A’, mis koToporo

logh ™+ k)

k
loglog k (k = o)

Y

rA) =0 (

o p(A') orpanmunTs monmHoMoM OT log, k (mpu duxcupoBaHHOM n)
HEMB3A.
Nrak,

logh 'k

7(n,k) = O (W) . 1(n,k) > o(n, k) = Qlogh % k) (k— o).

Hast n = 2 B [26,40] mocrpoen aaroputm Ay, 111 KOTOPOro
7(A2) <6logy(k—1)+4,  p(A2) = O(log k).

3. PacmmmdpoBKka ¢ HOMOIBIO PACHIMPEHHOI'0 OpaKyJja

B otauvme 0T «OOBITHOTO» OpaKyJa pacuwuperubili OPaAKya TPUHU-
MaeT Ha BXOJ NpOM3BOARHBEIE TOUYKM u3 Q7, a He Tompko m3 E}. Ilo
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3aganHon Touke r € Q" om BozBpamaeT 0, ecaum MOPOrOBOE HEPABEH-
CTBO BHIMIONHEHO, 1 1 B mpoTuBHOM caydae. [lon pacwudposxoii nopo-
20601 @Pynxyuu f, 3aTaHHON C IIOMOIILIO PACIIKPEHHOI'O Opakynaa, Oy-
IeM TIIOHMMATL IPOIENyPy BOCCTAHOBICHUA KOX(PPUIUEHTOR JTI000r0 ee
BO3MOXHOT0 TIOPOT'OBOT0 HEPABEHCTBA C MOMOMIBIO OOPAICHAN K DTOMY
OpaKyJy.

Teopewma 5 [41]. Cywecmsyem aseopumm Aext pacwudposru Pynk-
yut uz T(n, k), 360anHbIZ PACUWUPEHHBIM OPAKYAOM, NPUYEM

(6n% +n+11)(n+ 1)n

T(Aext) < 12

logy(n 4+ 1) + n*(2n — 1) log, k,

a p(Aext) npu Purkcuposannom n oepanuuero noaunomom om log, k.

Pa6ora Boimonnena B pamxax DPIII «MccaenoBanus m paspaboTKu
[0 IPUOPUTETHLIM HANPABICHUAM PA3BUTUA HAYIHO-TEXHOJIOTUIECKOTO
komiekca Poccunm ma 2007-2013 roawny, rockonTpaxkt 11.519.11.4015.
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Cekiiusa

«CuHTE3, CJI0XKHOCTDh U HAJEXHOCTh
YHOPaABJAAIOIINX CUCTEM»

KBAHTOBBIV METO/ OTIIEYATKOB /151 MOAEJIN
KBAHTOBBIX KOMMYHUKAIIMOHHBLIX BLIYUCJIEHUN

@®. M. AGaaes, A. B. Bacuiabes (Kasans)

[Mammas paGoTa mOCBAMEHA Pa3paboTKe 3P(HEKTUBHEIX KBAHTOBBIX
KOMMYHUKAIMOHHLIX TPOTOKOJOB HA OCHOBE TIPEIJIOKEHHOrO HAMU Pa-
Hee KBAHTOBOT'O METONA OTIEYATKOB. Y IUTHIBAA TECHYIO CBA3L KOMMY-
HUKAIMOHHON MOJEIW BLIMACICHUN W MOIEIA YHNOPALOYEHHBIX BETBA-
MUXCs IPOrpaMu [3] U UCTIONB3Y s MOIMHOMUAIBHEIE IPEICTABICHUs Oy-
JIeBBIX (PYHKIVN, KOHCTPYUPYETCA OOOOIIEHHBIA KBAHTOBBLIN METO OT-
[I€YATKOB [JsA OJHOCTOPOHHEN KBAHTOBOM KOMMYHUKAIMOHHON MOIE/IN.

Hamu npennoxen BapuanT 0600MEHHOr0 KBAHTOBOTO METONA OTIIE-
YATKOB [/ KBAHTOBBEIX KOMMYHUKAINOHHEIX BLIMACICHUN, OCHOBAHHBIN
HA TPenCTaBIeHnu OyJeBLIX (DYHKINU MHOXKECTBAME XapPaKTEePUCTHIe-
CKMX MOJIMHOMOB, KOTOPEIE MEI HAZBEIBAEM LaAPAKMEPUCTNUKAMU.

PopmarbHO, HA30BEM MHOXKECTBO X7 MOTMHOMOB HAJ HEKOTOPHIM
KOMBLOM Z ., zapaxmepucmukot, OyaeBon PpyHKOUU f, €CIU IJA BCEX
o € {0,1}" Bomounsercs: f(o) = 1 Torga u ToABKO TOrAa, KOorga Vg €
X7 | 9(0) =0,

O606me AL MeTO OTHeYaTKOB A KBAaHTOBBEIX KOMMY-
HUKAIAOHHLIX BLIYMCICHUH.

1. Tna 6yneson ¢yukumu f saduxcupyem Hexotopoe € € (0,1) u
BoiOepeM aBa Takux MHOXectBa G = {g1,...,q} u H = {hy,..., iy}

3

MOTMHOMOB HAJ KOTBIOM Zpp, ITO MHOKECTBO MOIMHOMOB X' = {g1 +
hi,...,g1 + l} obpasyer xapakTepucTuky GYHKUUM [ HAL Z .

2. Ha ocuoBe BxXOmHOTO Habopa 0 = 0j...0p, BBIUUCINTENb
A crpout ero ormedatox |h,), coeamHsoommn B cebe t -l (¢t =
2[log,((2/€)In (2m))] — () (lmﬂ)) OIHOKYOUTHEIX OTIedaTKOB |hi7) (1 <

€
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|hid)y = cosiik"fri(a) 10) + sin TEig (@) 1)
|he) = %;\i)|h§1>\hﬁ;2>...\hﬁ;’>.

3. Orneuarox |h,) nepenaeTcs BEIMUCANTENO B, KOTOPHIN HA OCHOBE
CBOEU YaCTU BXOAHBIX JAHHBIX Y = i ... Ypn, IEPEBOAUT €I'0 B COCTOSHUIE

i,j — mki(g;(o)+h;(7)) s mki(g;(0)+h;(v))
‘hg’7> cos = |0) + sin - 1)
hoy) = \/L{ Z; i) |h§,17> |hzr2v> e |hzlrlv> :

4. Berancanrens B uaMepsieT coCcTosAHME |h, ) OTHOCHTENILHO CTAH-
JapTHOI'O BBIMUCJIATENILHOrO Gasuca W BblgaeT oTBeT 1 (mpuHUMaeT
BXOJHOU HA0OP), TOJIBKO €Cau mociegaue | KyOuT HaXOATCA B COCTO-
suun |0).

B cayuasnx, korga f(o,v) = 1, 1aHHEIN TPOTOKOJ Oy €T IPUBOAUTH K
6e30mmb09HbIM pesyabraTaM. Ecau xe f(o,7) = 1, To, BEIOpAaB MHOXKE-
creo napamerpoB K = {ky,...,k:} “xopoumm” B cMBICJAE OnpeeaeHNs
crarou [1], Boraucaurenu A u B monyvaTr HenpaBUIBHBIN OTBET C BEPO-
ATHOCTBIO, HE IPEBOCXOAAIIEN /€/2 + 1/2.

CI0XKHOCTH KOMMYHUKAIIMOHHBIX TPOTOKOJOB, OCHOBAHHBIX HA OIW-
CaHHOM BbIIIE MeTogne, Oyger nopsaaka O (log logm + |X§c” ) B cayuae,

korga |xs| = O(logn) um = 2”0(1), KOMMYHUKAINOHHAA CJIOKHOCTD Ta-
Koro nporokoaa 6yzaer nopsagka O(logn), 9T0 SKCIOHEHIMAIBHO Iy 4Iiie
TPUBUAJILHON OLIEHKH.

OTMeTuM, YTO €AMHCTBEHHBIM CYIIECTBEHHBIM OTPAHUYEHUEM DU
MOCTPOEHUN TAKOTO KBAHTOBOIO KOMMYHUKAIIMOHHOT'O MPOTOKOJIA, /I
OyneBBIX (PYHKIUU SBAAETCSI HAIUUNE XAPAKTEPUCTUKHU, JOIYCKAKOIIEN
Pa3J0XKeHne KaXJOr'0 U3 ee MOJIMHOMOB Ha CYMMY IBYX IIOJIMHOMOB, 3a-
BUCAIINX OT HEMEPEeCEeKAINXCsA HAOOPOB mepeMeHHBIX. I[Ipocrenmmum
BApPUAHTOM TAKWX XaPAKTEPUCTUK SABJIAOTCS JUHEUHBIE XaPAKTEPUCTH-
KU, I715 KOTOPBIX HaMU paHee ObLIa TOKA3aHA BO3MOXKHOCTL d(P(EKTUB-
HOI'O BBHIYMCJEHUs B MOJEJIM KBAHTOBBIX BETBALIMXCA nporpamm [1].

Kpome Toro, mamu moay<ueno o600IeHne npenIoKeHHOr0 HaM# Pa-
Hee TMOJMHOMUATLHOTO TPEACTARICHUS OYJIeBLIX (DYHKIIUN, MO3BOJIUBIIIE-
O PACHIMPUTE KJIACC PYHKINK 3P PEKTUBHO BLIMUCAUMEIX HAIINM KBAH-
TOBBIM METOAOM OTTEYATKOB. /[0Ka3aHO, 9TO JaHHBIU KJIACC BKAYAET
dyHKIMEU ¢ “OrpaHUYEHHO-HEIUHENHBIMU [pencTaBieHuamu [2].
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Beuny tecuou cBasu mexnay keanToBeiMu OBDD u xBaTOBEIMEU
OJHOCTOPOHHUMN KOMMYHUKAIIMOHHBEIMU TPOTOKOJAMU, TAHHLIE PE3YTb-
TaTHl TaK¥Xke UMEIOT HENOCPEICTBEHHBIE AHAJIOTYM B MOMETN KBAHTOBBIX
KOMMYHUKAIMOHHBIX BBIYUCJIECHUN.

Pa6ora Brimonnena mpu gpuraHcoBOU nogaepxkke PODU, npoexTh
11-07-00465-a u 12-07-97019-p_moBomKBE A.
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YTOYHEHUE NEPAPXWU KJACCOB
BYJIEBBIX ®YHKIIUU, TIPEACTABUMBIX B
MO/AEJIAX k-OBDD BETBANINXCA ITPOT'PAMM

@®. M. A6aaes, K. P. Xagues (Kazaunb)

Mg paccMaTpuBaeM M3BECTHYIO MOIENb BETBAIIMXCSI IPOIDAMM —
k-OBDD. Berssammuecsa nporpammel u ux mogudukamuu OBDD u k-
OBDD onpegenenst B kaure [1].

OBDD na muoxecrse nepementsix X = {z1,Zs,...,Z,} — 5TO Be-
TBALIAACA IPOrpaMMa, obJIaganIas ciefyomumu ceouctsamu. Ee Bep-
IITMHEL pa30UTHL HA N YPOBHEN 1, . . ., n TakuMm 06pa3oM, 9TO I KaXkK J0T0
i pe6pa U3 BEpIINH YPOBHA i BEAYT TOJBKO B BEPUIMHEL YPOBH: (i + 1).
Ha xaxxgoM ypOBHE i CINTHIBAETCS 3HAYEHWE TOJHKO ONHOU MEepEMeH-
HOM Z;;. Ha mo6oM myTu BLIMMCIEHNS KakTad IepeMeHHas CIMThIBAeT-
ca oaue pas. [osopsar, yro OBDD P udutaer nepeMeHHBIE B MOPSIIKE
6 = (i1,...,in). Pazmuuaasie OBDD MOryT UCHOAB30BATH PA3JIUIHEIE
MOPAAKA 6 CINTHIBAHUA MEPEMEHHBIX.

K-OBDD — »ro BerBAmasicsa nporpaMmma P, KOTOPYIO MOXHO pa3-
IequTh Ha k CI0eB, KaXABU U3 KOTOpHIX aBaserca OBDD, mpudem
MOPAA0K f YTEeHUs MepEeMEHHBIX BO BCEX CJOSAX MPOrpaMMbl P 0IMHAKO-
BBIU.
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Caoxuocts S(P) BeTBAmENCca mporpaMMel P — 3TO YUCIO €e BHY-
TPEHHUX BEPIINH.

Yepes k-OBDD o603ua4uM kiaacce OyaeBbIX PYyHKIUU, KOTOPBIE BbI-
qncauMbl k-OBD D mOJIMHOMUAILHON CIOKHOCTH.

B pa6ore [2] gokasana caegymomas nepapxus (nepapxus BSSW): mns

k = o(n'/2/log®/? n) BEmorHAETCA COGCTBEHHOE BKIIOUCHME
(k—1)—~OBDD C k—OBDD.

[oxazareascTBo nepapxuu BSSW ocHOBaHO HA HUXHEN OUEHKU BbI-
YUCACHUA OYJIEBLIX (DYHKIUEU B k-payHIOBBEIX KOMMYHUKAIIMOHHBIX TTPO-
ToKonax [3].

Hamu paspaGoran MeTon (PyHKIHOHAILHOI'O ONUCAHUA OyJeBOU
¢dbyukuu, npencrasumon B k-OBDD, Ha 0CHOBE KOTOPOTO MBI yTOY-
usgem mepapxuo BSSW.

Beexem caenyiromee onpegenenue. [Mupuna w(P) nporpammbr k-
OBDD P — 5T0 MakCuMyM OT KOJUYECTBA BEPIINH HA YPOBHE, B3ATHINA
o BCceM ypoBHAM P.

3ameuanue 1. B cuay onpedesenus k-OBDD P umeem w(P) <
S(P) < k-w(P)-n. Howamuo, wmo das k-OBDD P nosunomuaibnoi
caoncrnocmu, ee wupurna w(P) ne boaee wem noAUHOM.

Teopema 1. ITycmv 6Oyaesa Pywxyus f(X) npedcmasuma 6 k-
OBDD wupunvt w u nyems w?*=2 < 2", Tozda cywecmsyrom maxue
byaesvt pynxyuu gj,hj, 1 < j < w?k=2 ymo h; npedcmasuma 6 OBDD
WUPUHBL W U BLINOARAEMCA CAEIYIOUEE PABEHCTNEO

)=\ gi(X)h(X).

Jj=1

Teopema 1 mpegocTasiseT HAM AOCTATOYHOE YCJIOBUE HEMPEACTABH-
moctu OyneBon ¢pyukuuu B k-OBDD, Ha 0CHOBE KOTOPOT'O TOKA3HIBA-
I0TCA CJAEIYIOIINE UEPAPXUIL.

Yepes k-OBD D, o603Ha4uuM Kaacc GyJaeBbIX PYHKIUN, KOTOPBIE BhI-
vucaumbl k-OBD D mupuHbl w TOINHOMUAATEHON CIOKHOCTH.

Teopema 2. [Jus k = o(n/logw), evinoansemcsa cobcmeennoe
BKAIOUECHUE

<E) -0OBDD,, C k—OBDD,,,
c

2de ¢ — mexomopasa Kowcmanuma u ¢ > 9.
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IMonayuennas wmepapxus sABAAETCA “Oonee rpyboum” weMm wuepapxusa
BSSW, ogmako CymiecTBeHHO MPOLOIKAET UEPAPXUIO MO mapaMmeTpy k
(mo k = o(n/logn) cm. 3ameuanue 1).

Heo6xoaumoe ycaoBue npeacrasienus Oyiaeson pyuxuuu B k-OBD D
(Teopema 1) mMO3BOJIAET JOKA3BIBATH UEPAPXUIO KIACCOB OYIEBHIX (DYHK-
nun, npeicTaBuMbix B k-OBDD 6onee 4eM MOIMHOMUAILHON IIMPUHEL
(a cregoBaTenbHO U GoJEE U€M MOIUHOMUAIBLHOU CJIOXKHOCTH).

Yepes k-O/é\EDw 0603HAYMM KAACC OyIeBLIX GYHKINNA, KOTOPBIE BHI-
qucauMbl k-OBDD mmpunant w > pol(n), rae pol(n) — 310 QyHKIUN
Buga nt,t > 1.

Teopema 3. Jas k = o(n/log’ n), evinoansemca

(E) _OBDD, C k—OBDD,,
C

2de ¢ — mexomopasa Kowcmanma u ¢ > 9.
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O BUWJIMHEMHOMU CJIOXKHOCTU IMEPEMHO>KEHUSA
MATPUII PABMEPOB 2 x 4 ¥ 4 X 2.

B. B. AnekceeB (Mockga)

Buaunetinbimu a120pummamy s BEIYACIEHUSA CUCTEMBI OUINHENHBIX
¢opM HA3BIBAIOTCA AJTOPUTMBL, B KOTOPHIX CHaYala BEITUCIAIOTCA IPO-
U3BEICHUSA HEKOTOPHIX JUHEUHBLIX (DOPM OT MEPBOTO MHOKECTBA TEpe-
MEHHBIX HA HEKOTOPHIE JUHENHBIE (DOPMBI OT BTOPOT'O MHOXKECTBA Iepe-
MEHHBIX, 8 34TEM U3 3TUX MPOU3BEICHUN CIOKEHUEM TIOTYIAI0TCA HY K-
Hble OunuHenHbe GOpMbl. [Ipu 5TOM YUCI0 YMHOXKEHUN HABBIBACTCS OU-
aunetinot caoxcnocmoio as2opumma. Busunetinotli caosncnocmvio zada-
41 BEIYACICHUA CUCTEMbBI OUIMHENHBIX (POPM HA3LIBACTCSA MUHUMATLHAS
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OWJIMHENHAA CJAOKHOCTD AJTOPUTMOB, BBIYUACIAIONINX TAHHYK CUCTEMY
OMJIMHENHLIX (DOPM.

OHOU U3 BAXKHBIX 33129 BLIYUCICHUSA CUCTEMbI OUIUHENHBIX (hOPM
ABAsETCS 3a4ava yMHOXKeHus aByx marpun. Aaropurm Illtpaccena [1]

I YMHOMKEHIA MATPHII MOPAIKa 1 co cioxHOoCcTRIo O(n'°827) ocHoBaH
HA HAUJEHHOM MM OWJIMHENHOM AJICOPUTME YMHOXKEHUs NBYX KBAJPAT-
HBIX MaTpPHUI] MOpAAKa 2 ¢ OWINHEMHON CJIOXKHOCTHIO 7. Buuorpan [2]
MOKA3aJl, 9TO 3Ty OLUEHKY HEIb3d MOHU3UTH, TO €CTh OUIMHENHAS CIOK-
HOCTb 32Ja4U YMHOXEHUs ABYX MATPUIl TOPAAKA 2 PABHA 7.

HecMoTps Ha IPOCTOTY MOCTAHOBKY, 3aa9a OMpPeneJeHus OUInHen-
HOU CIOXKHOCTU YMHOXKEHUs [BYX MATPUI OKABBIBACTCA TAKEIOU TAKE
IJIA MATBIX pa3MepoB Marpuil. Tak, Ipo OWIMHENHYIO CJIOKHOCTD 3a1a-
YU YMHOXKEHUS [BYX MaTPUI] MOPAIKA 3 U3BECTHO TOJBKO, IYTO OHA HE
Goabiue 23 [3] u He menpuie 19 [4]. Us pesyasrara [ITpaccena aerko -
TEKAET, YTO IJIs yMHOXKEHUA MATPUIILI PA3MEPOM 2 X M Ha MATPUILy pa3-
MEPOM 1M, X 2 CYIIECTBYET OUIMHEUHBIA ANCOPUTM C IUCIOM YMHOXKEHUN
[777”] XonkpodT u Kepp [5] mokazamm, 9T0 3Ty OLEHKY HeJIb3s [MOHU-
3UTH Ui 33 a9 YMHOXKEHUSI TAKUX MATPHUI] HAJ HOJIEM U3 2 DJIEMEHTOB.
[l7151 IPOU3BOJIBHBIX MOJEU U MPOU3BOABHEIX 1M HEU3BECTHO, ABIAETCS U
5Ta OlleHKAa Hey.lydmaeMon. B paGote aBTopa [6] 6bLI0 mOKa3aHO, 9TO
mpu m = 3 A100060N OUIVHENHBIN AITOPUTM UMEeT OUINHENHYIO CI0XK-
HOCTHL He MeHbe 11 Halg IPOM3BOJILHLIM IIOJEeM, TO €CTh OWIMHEMHAsa
CIOKHOCTh 330a49M YMHOXKEHUs MATPHUILI PA3MEPOM 2 X 3 HA MATPUILY
pasmepoM 3 X 2 papHa 11 Ha MI0OBIM MOJIEM.

[anuas pabora nmocesmeHa caydao m = 4. Torga BepxHAA OlleHKA
paBHa 14.

Teopema. J[060t Guiunetinviii ai20pumm 0as YMHOHCEHUL MATNPU-
ybt pasmepom 2 X 4 na mampuyy pazmepom 4 X 2 nad npoussosvHbim
noaem mpebyem ne menee 14 ymuoxcenuti, mo ecmsv OuAUHETHAA CAOHC-
HOCMb 3000%YU YMHONCEHUA MAMPUULL PA3MEPOM 2 X 4 na mampuyy pas-
mepom 4 X 2 pasna 14 nad ar06vim nosem.

[lokazaTeabCTBO BEETCS OT MPOTUBHOrO. [lOKa3bIBaeTCsA, 9TO I
YKa3aHHOU 332491 HE CYIIECTBYET OMIMHEUHOTO aJropuTMa ¢ 13 yMHO-
wenuamu. Kak mokasano B [6], 5T0 yTBepxKI€HME PABHOCUILHO OTCYT-
CTBUIO PEIIEHUSA y CAEAYIOMEN 3a 1a4M.

IMycts A — NpoM3BOILHAA HEBLIPOXK IEHHAA MATPUIIA PA3MEPOM 8 X 8,
pasburas Ha nmoaMaTpuubl pasmepom 8 X 2: A = |A;|As|As|As|. IycTs
A1y — marpuna pasmepom 8 x4 Buna | 4;|0|, a A;» — maTpuua pazmepom
8 x 4 Buga |0|4;|. CupamnsaeTcsa, cymecTByoT au 13 MaTpuil IepBoro
panra D; — D;5 pa3amepoM 8 x 4 Taxue, 4o Bce 8 maTpun A;,i = 1,4

u Ajs,i = 1,4 apaarorca TuHEMHBEIME KoMOuHanuamu Matpui D — D3,
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Hamo moxasaTh, 9TO 2Ta 3ajada HE WMEET PEIIeHWA HU IS KAKOU
HEBBIPOXK J€HHON MaTpulbl A.

Nnes moxaszaTeabcTBa COCTOUT B TOM, YTOOBI U3 IPOU3BOJIBHOIO Pe-
IIIEHUA DTOU 32 Ja¥K MOIYIaTh PeIneHne 60Iee MpOCTOroO BUA, a YKE I
3TOr0 60Jee TPOCTOrO BUAA NOKA3ATH HEBO3MOXKHOCTb. YKAXKEM 31eCh
TOJBKO HEKOTOPHBIE MEPEXOHI.

IIycts marpuner Dy, ¢ = 1,13 gaoT pemenne A1a HEKOTOPOH HEBHI-
poxaennon martpunel A. Ilpencrasum ux B Buge D; = |D}|D?|, rae
matputnst D}, D? umetor pasmep 8 x 2. Ilo yeaosuio Bee A;i = 1,4
ABJIAIOTCA TMHEHHBIME KoMOuHamuamu Matpun D — Di,. Tax xax panr
cronbnoe B marpune A pasen 8, To cpeau matpun D} — D}, (pamra
1) DOMXKHBI CYIIECTBOBATH 8 MATPHL, OTAXIHbIE OT () U OCTPOEHHBIE
Ha 8 JMHENHO He3aBUCUMBIX cToabuax (mycrtb 5To marpuusl Dy — Dg).
Yumuoxas creBa Bce Marpunsl D1 — Dy 1 A HA TPOU3BOIBHYIO HEBLIPO-
K IEHHYIO MATPUIy P, MBI TIOMYyYUM ONATH PEIIEHUE HAIIeN 3a1a9u (171
Apyrou HeBuIpOx gerHon MaTpuusl PA). IIpu srom MmoxHO nogobpars P
TaK, ITO HOCJIE IPeoOpa30BaHMA Kaxaad MaTpuna panra 1 Dy, t = 1,8
OyAeT MOCTPOEHA HA BEKTOP-CTOJOIE C OJHON €IUHUIEH B CTPOKE C HO-
MepoM t u, caegoBarensHo, marpuna D; 6yner paBaa (0 BO Bcex CTPOKAX,
KpPOME CTPOKK C HOMEPOM . DTO PE3KO YIPOLIAET PACCMOTPEHUE CJIy-
YAEB.

[Ipyroe ympollleHre OCHOBAHO Ha caedyomieM. [I0CKOMbKY MaTpuIa
A meBLipoxk neHHasA, TO MmaTpunsl Ay, As, A3, A4 JUHENHO HE3aBUCUMEL,
a 3HauuT u 4 MmaTpunsl Ay muHenHo HezaBucumbl. 1o ycmosuio 4 MaTpu-
bl Ao MOMKHLL OLITH TMHEMHBIMY KoMOnHamuaMu Matpun D — Dq3. Ho
TOTJa 5TU 4 TMHEeNHBIE KOMOMHAIUY MATpULl D1 — D13 JOMKHEI OBLITE JI1-
HEeHO He3aBUCUMBIMH, IPH 3TOM 1a oamaTpu DI — D1, orn nomaxmsr
naathb 0, a 5TO 3HAUMT, 4TO cpeau marpun Di — Di, me moxer GeiTh
6omee 9 auHENHO He3aBuCUMBIX MaTpull. C yIeToM mpegbaymero ab3a-
a MOJydYaeM, 9TO PACCMOTPEHME pacnazaeTcsa Ha 2 caydas: 1) cpeau
matpun D} — D}, umeerca poero 8 auneitno nesapucumbix (D1 — Dg);
2) cpenn matpun D} — Di; umeerca posHO 9 JMHEWHO HE3ABUCUMBIX
(D1 - Dg n Dg)

B caygae 1) xaxnas marpuna Di,t = 9,13 nomxsa GBITH THHEHHON
koMmOuHanmenn Matpun D;,t = 1,8, mpu 3TOM oHa JOMKHA OHITH Ma-
TPUILIEN TEPBOr0 PAHTa, MO3TOMY B COOTBETCTBYIOIIEU JUHEUHOU KOM-
6MHAIIIE MOTYT yYaCTBOBATH TOMBKO MaTpuuel w3 D}, t = 1,8, y koTo-
pBIX (€IUHCTBEHHEBIE) HEHYJEBBIE CTPOKHU MPOMOPIUOHATBHEL. JTO IIPHU-
BOJUT K PACCMOTPEHUIO HEGOMBIIOrO YKUCIa PA3HBIX CAyYAeB B 3aBUCH-
MOCTH OT TOT'O, CKOJBKO MPOMOPIAOHATBLHLIX CTPOK UMEETCSA B PA3HBIX
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D} t=1,8.
Caydan 2) paccMaTpuBaeTCa aHATIOTUIHO. Bee BApMAHTEL MPUBOAAT
K MPOTUBOPEUUIO. JTUM 3ABEPIIAETCA JOKA3ATEIbCTBO TEOPEMBIL.
Pa6ora Brmoanena mpu uuaHcoBOU moxanaepxkke PDPDU (mpoext
12-01-91331-HHU O-a).
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O CJIO2ZKHOCTHU ACUMIITOTUYECKMU OIITUMAJIBHBIX
ITIO HAJE2KHOCTHU CXEM IIP OAHOTUITHBIX
KOHCTAHTHBIX HEVCITPABHOCTAX
HA BBIXOAAX DJIEMEHTOB

M. A. Anexuna (Ilenza)

PaccmarpuBaercsa peanumszanmsa Oy/ieBBIX (PYHKIUM CXEMaMU U3 He-
Ha JEXHBIX q)yHKHI/IOHaJIBHBIX DJEMEHTOB B IOJHOM KOHEYHOM Oasuce
B = {ej,ea,....,en}, m € N. Kaxgomy saemenrty 6asuca E; npunwuca-
HO HOJOXUTeIbHOE 4ucio v(E;) — Bec ganHOro snementa. CIOXKHOCTBIO
L(S) cxembl S Ha3BIBaeTCA CyMMa BECOB BCEX BXOISIINX B Hee DIEMEH-
TOB.

IIpenmonaraercs, 9T0 BCe SJIEMEHTHI CXEMbI HE3aBUCHMO IPYr OT
apyra c BeposaTHOCTHIO ¥ (v € (0,1/2) mepexosaT B HEMCIPABHEIE CO-
CTOsIHUA TUIIA O Ha BBEIXOOAaX 3JEMEHTOB. STI/I HEUCIIPABHOCTU XapaKTe-
PU3YIOTCA TE€M, 9TO B UCIPABHOM COCTOAHNN (PyHKIMOHAJLHEIN 3JIEMEHT
peanm3yeT NPUNUCAHHYIO eMy OyneBy (YHKIUWIO ¢, a B HEUCIPABHOM —
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xoucTauTy 0. HeucnpasuocTr Tuna 1 Ha BEIXOAAX 3IEMEHTOB OIPEIEI-
oTCa aHamornaHo. /langee cuuTaeM, ITO OA3UCHBIE DJEMEHTHI TIOBEpKe-
HBI HEUCTIpABHOCTAM Tuna () Ha BHIXOZAX.

IIycte cxema S peammsyer dyskumo f(x) (x = (x1,Z2,...,Z,)).

[lycte Pp(a)(S,a) — BepoaTHOCTS noABIeHNA 3HAeHNA f(a) Ha BBIXOAE

cxeMbl S mpu BXogHOM HaGope a. Henadescnocmsv Py (S) cxemer S, pea-

mmsytomen Oynesy dymxmmio f(x), pasra P, (S) = max Pf,(S,a), rie
a

MaKCHMyM GEPEeTCA 10 BCEM BO3MOXKHBLIM BXOIHBIM HAOOpaMm a.

Oycts P,(f) = inf P,(S), rae uaduMyM GepeTcs mO BCEM CXeMaM
S M3 HEHaNEKHBIX BIeMEeHTOB, peanumsyomuMm yakmmio f. Cxemy A,
peanu3yomyo GyHKIuo f, Ha30BEM aCHMOTOTAYECKN ONMTUMAIBLHON IO
magexuocrn, eciu P, (A) ~ P,(f) opu v — 0.

WsgecTHo [1], 9TO B IPOX3BOMBLHOM MOJIHOM KOHEIHOM Gasuce Jo0yio
OyJ1eBY PYHKIUI MOXKHO PEATM30BATH TAKOU CXEMOU, 9TO €€ HEHA,IeXK-
rocTh Tipw Beex ¥ € (0,1/960] me 60mprme 37y + 10072

JoxazaHo [2], 9TO MpU KOHCTAHTHLIX HEMCIPABHOCTSAX HA BBIXOAAX
BIEMEHTOB B JIOO0M HEIPUBOIMMOM MOJHOM 6aszuce B u3 IBYXBXONOBBIX
DIEMEHTOB (UCKII0Yas TPU CJAydas) HOYTU BCe OyaeBBl QYyHKIMA MOXKHO
peaTm30BaTh ACUMITOTHIECKH ONTUMAILHLIMA II0 HATEXKHOCTU CXEMa-
Mu S, QYHKIMOHUDYIOIIAME C HEHAIeXKHOCTHIO P(S), acuMoToTndeckn
pasuou ce (T. e. P(S) ~ ce) mpu ¢ — 0. KoucTanTa ¢ 3aBUCAT TOJBLKO OT
6asuca, ¢ € {1,2,3}. Jna nouru Bcex QYyHKIUA CIOKHOCTH TAKUX CXEM
ynosaerBopser cooTHomenuo L(S) < kp-2"/n, npudeM MyJabTHUILIIKA-
TUBHAA KOHCTAHTA kp 3aBUCUT TOILKO OT Oasuca B, 40 < kg < 168.

IIycte B — moaHbil KOHEYHBEIM Gasuc. duciao ¢ HazoBeM ko03@du-
yuenmom menadexcnocmu Oasuca B, ecau 100y OyaeBy QyHKIUIO B
HEM MOXKHO PEAIM30BATH CXEMOU C HEHAIEKHOCTHIO, ACUMIOTOTUICCKN
He Ooabine ce npu € — 0, 1 HAUEeTCAa (DYHKIUSA, KOTOPYIO HEIb3s pe-
AIM30BATH CXEMOU, HEHAJEKHOCTH KOTOPOW ACUMITOTUIECKM MEHBIIE
Ce.

3amerum (cM. [1]), 4TO KO>PPUUIUEHT HEHALEKHOCTH JIOOOrO MOI-
HOTO KOHeIHOro Gaszmuca ¢ € {1,2,3}.

ITa paboTa MOCBALIAETCA CIOKHOCTU ACUMITOTAIECKUA ONTUMATb-
HBIX [0 HANEXKHOCTH CXEM: KOHCTAHTY kp yIAIOCH MOHU3UTL 10 3, IPH-
9eM He TOJBKO B TOJHBIX 0a3UCaX U3 IBYXBXOIOBBIX 3JIEMEHTOB, HO U B
OPOM3BOJILHOM MOJHOM KOHEYHOM Gasuce (Teopema 2).

Beenem ¢yukmmio Illennona Ly, (n) = m?x msin L(S), xapakTepu3y-

IOIIYI0 CJIOXKHOCTD CXEM, PEATM3YIMUX (PYHKIUU OT 7 IEePEMEHHBLIX B
Oasuce B, rme MuHUMYM 0OepeTcs MmO BCeM cxXeMaM S U3 HEeHAJEXKHBIX
DIEMEHTOB, peaausyomuM GyHkiumio f(z1, s, ..., Ty) C HEHAAEKHOCTHIO

)
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P(S) < p, a MmakcuMyM — TI0 BCEM OyJeBHIM (QYHKIUAM f OT 7 mepe-
MEHHBIX.

IIycte Ny — MUHMMATLHOE YHCIO HAJEKHEIX DJIEMEHTOB, He0OXO011-
MO€ [UIA peanu3anun GyHKIUY TOJ0COBAHUA §( L1, T2, T3) = T1L2VT1 L3V
T2x3 B paccMaTpuBaeMoMm OGazuce B.

Teopema 1. Jas 40661z, ckoab y2oono maabix wucea b uh (b, h > 0)
cywecmeyem wucao y1(y1 € (0,1/2)) maxoe, wmo npu awobom v €
(0,m1], u wobom p, ydosaemsopsrowem ycaosuro (1+ h)yN, < p <1/2,
cnpasedauso coommowenve Ly o (n) < (14b)p-2"/n, 2de p — npuseden-
Houll sec.

[lloxasaTeasCTBO 3TOU TEOPEMBI OMUpaeTca Ha pesyabrar [. Yaur
[3] o/ MHBEPCHBIX HEUCIPABHOCTEH HA BHIXOAX DJIEMEHTOB C BEPOSIT-
HOCTBIO OIMUOKY € B TIPEANOIOKEHNH, 9TO € = 7. VIHBEPCHBbIE HEUCTIPAB-
HOCTY HA BBIXOJaX DJEMEHTOB XapaKTEPU3YIOTCA TE€M, UTO B UCIPABHOM
COCTOSIHUY DIEMEHT PeATU3yeT MPUNUCAHHYIO eMy (DYHKIHUIO ¢, 3 B He-
UCIPABHOM COCTOSIHUU, B KOTOPOE OH MEPEXOAUT HE3ABUCUMO OT IPYLUX
DJIEMEHTOB CXeMHI ¢ BepoaTHOCThIO € € (0;1/2), peanusyer GyHKIMIO P.

CxeMbl, KOTOPHIE YIOBJAETBOPSIOT YCIOBUAM TEOPEMEI 1 B 001IIeM C1y-
Yae MOTYT He OLITh ACUMITOTUYECKN ONTUMATLHLIMU M0 HAIEKHOCTH.
OueHka CI0KHOCTH 3TUX CXEM MOIy9YeHa B Teopeme 2.

Teopema 2. IIycmv B — noanwiii koneunbili bazuc, ¢ — xoaPduyu-
enwm newadexcnocmu 6azuca B. [as awb6o20 b > 0 cywecmeytom maxue
xonwcmawmut v2 € (0,1/2) u d > 0, umo npu wobom n > 3 atobyio
byaesy Pywkyuio f(x1,Ta, ..., Ty) MONCHO Peasu306ams cremol S, daa
KOmopot

P(S) < ¢y + dy? npu awobom v € (0,72],

L(S) <3(1+b)p2™/n npun — oo.

Takum 06pazoM, aCUMOTOTUYECKU ONTUMAJIBHBIE 110 HALEKHOCTHU
CXEMBI MOXKHO CTPOUTH CO CJIOKHOCTBIO, KOTOPAs AJs MOYTH BeeX PYHK-
AU OTJIUIACTCA OT CAOKHOCTA MUHUMAIBHBIX CXEM, MOCTPOEHHBIX U3
abCOIIOTHO HAJEXKHBIX daeMeHToB B 3(1 + b) pas, rae b — ao6oe, ckoab
YTOJHO MAJIOE MOJOKUTEIBLHOE TUCJIO.

TTockoIBKY HEHaIeXKHOCTH TBOMCTBEHHBIX CXEM DABHHI [4], TeOpeMBl
1 u 2 BepHBI IPU HEUCIPABHOCTAX THUMA 1 HA BHIXOAAX OA3UCHBIX BJ€-
MEHTOB.

Pa6ora Brmoanena mpu QuaaHcoBOU moxaaepxkke PDPDU (mpoexT
11-01-00212).
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OB OZTHOM IIOCJIEAOBATEJILHOCTU ®YHKIIUN
MHOTO3HAYHOM JIOTUKU

A. A. AuapeeB (Mocksa)

Paccmarpusaercs 3agada o peaausannn (pyHKIANA MEOTO3HAYHOMN JIO-
ruku popmynamu [1]. U3BecTHO, 9TO B ABY3HAYHON JOTHKE CIOXKHOCTD
peanuzanuu QYHKIUEA (GOPMyJAMU HAJ KOHEIHLIMEA CHCTEMAMH WMEET
He 60J1ee 9eM DKCIOHEHINATLHEIN TOPAI0K POCTA OT YUCIA TIEPEMEHHBIX
[2, 3]. B paGore [4] npuBoAUTCA IpUMED MOCAELOBATEABLHOCTH (DYyHKIUN
5-3HAYHOW JIOTWKH, CJIOKHOCTH KOTOPBIX B KJIACCE (POPMYJ HAM HEKO-

TOPOU KOHEYHOU CUCTEMOU TPEBOCXOIUT 203/2, rae m — 9uCIO mepe-
MeHHBIX. B paGore [5] aHATOrMYHBIN PE3yabTAT MOLYYeH MU MOCIENO-
BaTeabHOCTH QyHKIMU 4-3Ha4HO0U Joruku. B paGore aBTopa [6] npuso-
IUTCA MOCTENOBATEABHOCTD [r (21, . .., Ty) GyHKIUA U3 Pjg, CI0XKHOCTD
KOTOPHIX B KJacce (pOpMyT HAJ HEKOTOPOU KOHEUIHOU CUCTEMOU TIPEBOC-
xoqur 23"

B macrosmen paGore IpuBOAUTCA METO, MO3BOIAIOMIUY AJIs JHOOBIX
HATYpaJbHBIX M u T npu k(r) = r + 3 CTPOUTH MOCJAEIOBATEILHOCTH
bysxnmit u3 Pj(,), CTOXHOCTH KOTOPEIX MPEBOCXOJUT m”" . B wacTHo-
CTU, HA OCHOBE 3TOT0 METOMa MOXKHO MPUBECTU TMOCAEIOBATEILHOCTH
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dbyukmun uz Pg, CI0XHOCTH KOTOPHIX B Kaacce (popMys HAI HEKOTOPOU
KOHEYHON CHCTeMOM TpeBocxoanT 23 .

O6o3uadum [gepe3 P, MHOXKeCTBO Bcex (QYHKIUUA Kk—3HAYHOU JOTU-
ku, k > 4. O6osnauum uepes E™ (n > 1) MHOXeCTBO BCex HaGOPOB

(a1, ...,qp), TaKUX, 9T0 Q1,...,a, € Ep = {0,1,...,k — 1}, a 1gepes
H,, — MHOX)ecTBO Bcex HAOOpOB u3 K", cCOCTOAIMX TOJBLKO U3 CUMBOJIOB
3,...,k — 1, mpuuem Tpouku ecthb ob6s3areasuo. Oupegesum QyHKIUN

A(w)y)7 M(a:?y’z)’ @m(w’y) (m E {37 et k - 1}) n f’ﬂ(yawla . -wn) H3 Pk
caenyrommuM obpazom. [Tomoxum

0, ecruz =0, y=2;
Mz,y) =<1, ecmz=1uwmz=0,y=23;
2, B OCTATBHBLIX CIYYagX;

ANz, 2), ecmmx =y;

B IPOTUBHOM CJIy4ae;

Y

2
3, ecmzx =3, y=m;
om(z,y) = .
, B OCTAJTBHBLIX CIyYasiX;
0, ecimy =0, (x1,...2,) ¢ Hy;
faly,z1,. . xn) =<1, ecmy=1uwmy=0, (z1,...2,) € Hp;
2, B OCTAIBLHBIX CIyYasx.

Monoxum B = {u, ps,...,0k-1,2}, A = B U {\}. Umeer mecTo
CJEIYIOIIEe YTBEPK JCHUE.

Teopema. IIpu écex n > 1, k > 4 daa nocaedosameavrnocmu [y
Pynryuts k-3naunot 402Uk UMEEM MECTO PABEHCME0

Ly(fn) = +1)- on((k=3)"=(k=1)") _

W3 ston reopemur (npu k = 6) noaydaem

Caeacrtsue 1. IIpu ecex n > 1 das nocaedosameavrwocmu f, Pynk-
yuti 6-31aunol 402UKY UMEEM MECTNO PABEHCMEO

La(fa) = (n+1)- 27072 _ .

CegyeT OTMETHUTB, 9TO DTO CACACTBUE ABIACTCA YCAICHUEM Pe3Y.Th-
TaTa yIOMAHYTOH Bble paboTsl [6).

Paccyxas aHAJOTMYHO NOKA3ATEALCTBY TEOPEMBbI, HETIOCPEICTBEH-
HO TOJYYaeTCA CIENYIONee yTBEPK ICHUE.
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Caegcrsue 2. [Ipu 6cex Hamypasbrbls m 4 T 044 Nocaedosamensb-
woemu fn Pynkyut r + 3-3naunoti 402uKU NPU N —> 0O BLINOAHAELNCA
coommuowenue

Loy(fn) Zm"™ .

IIpu goxazareabcTBE TEOPEMBI HBLTA UCIOJB30BAHA CIEIYIOMIASL JIEM-
Ma.

Jlemma. ITycmv & — npouzsoavuas gopmyaa nad A, peasusyouasn
Pynruuro fn(y,x1,...,2n) u3 Py u umerowas 6ud

S =AA(.. A\ My, Z1), Z2),...), ZN),

ede Zy,..., 2N — dopmyavt nad A, k > 4, n u N — namypasvnwie.
Iyemv L(®) = Ly (fn). Toeda

N> (h=3)" - (k—4)",
u Oaa 6cex i =1,..., N 6bIN0OAHAIOMCA HEPABEHCNEA

L(Z;) > n.
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O YUMCJIE ITIOJIHBIX BA3NUCOB
n3 ABYXBXOAOBBIX OSJIEMEHTOB
C SAJAHHBIM KOSPPUIINEHTOM HEHATE>KHOCTU

O. 10. Bapcykosa (Ilenza)

Paccmarpuraerca peanusaius 6yeBbIX GyHKINNA cXeMaMu u3 hyHK-
[UOHAJBHBLIX DJEMEHTOB B MOJHBIX 6A3MCaX, COAepKAIMX (QYHKINU He
Gosee YeM IBYX MEPEMEHHEIX. [IpeamonaraeTcs, 9TO BCe DIEMEHTH CXe-
MBI HEHANIEXKHBI U HE3ABUCAMO APYT OT APYra C BEPOATHOCTHIO £ (& €
(0,1/2)) mogBepkeHBI MHBEPCHBIM HEMCIPABHOCTAM HA BBIXOAX. JTH
HEUCIPABHOCTH XAPAKTEPU3YIOTCA TEM, UTO DIEMEHT C NPUNUCAHHOU
eMy OyJeBOU (DYHKIMEN ¢ B HEUCIPABHOM COCTOAHUU PEATU3YET (PYHK-
LU0 .

Mycre f(x1,...,2,) (n > 1) — npouwssBonbHas GyaeBa QyHKIUA, a
S — mobas cxeMa, peanusywomasn f(E) (= (21, ..., Zn)).

lycte Pf(5)(S,a) — BepoATHOCTH noABIeHNA 3HAeHNA f(a) HA BBI-
xome cxeMul S, peamusymomen GyHkuuio f(d), Ha BXOAHOM HAOOpPE Q.
Henazexuocts P(S) cxemer S ects P(S) = mgx{Pf(a)(S, @)}, rge Max-

cuMyM GepeTcs Mo BCeM BXOTHBIM HAaOOpaM G cXeMsl S.
O6osnaunm P.(f) = inf P(S), rae undumym GepeTcs mo BCeM CXe-
MaM S 73 HEHAMEXKHBIX DIEMEHTOB, Peanu3yolmM OyaeBy (yHKIUIO

flzy, . zp).
CxeMmy A u3 HeHaJeXKHBEIX 3JEMEHTOB, Pealusyomyo OyaeBy QpyHK-
o f(z1,...,Tpn), HA30BEM ACUMITOTUYECKM ONTUAMAILHON 110 HAIEXK-

N s Pe(A)
woctu, eciu P(A) ~ P.(f) npu e — 0, 1. e. ;1_% P = b

Oo6ozuauum dYepes By MHOXECTBO BCeX OYJIEBBIX (DYHKIIUU, 3aBUCA-
mux He Oojee 4eM OT ABYX NepeMeHHBIX T1,Z2 (|B2| = 16), a uepes
B3 — MHOXECTBO BCeX Oy/IE€BLIX (DYyHKINU, 3aBUCAIIUX HE 6OEE 9eM OT
TpeX MEPEMEHHBIX 1, L2, L'3.

Wsgectro [1], yTro gas moboro momsoro 6asuca B C Bz mamgercs
egquncTBeHHas koucrtanrta k (k € {1,2,3,4,5}) rakas, aTo mouru BCe
(DYHKINT MOXHO pEATM30BATEH ACAMITOTAICCKA ONTUMAILHEIMEA MO Ha-
IEKHOCTU CXeMaMu, (PyHKIMOHUPYIOMIUME € HEHAJEKHOCTHIO, ACUMIITO-
Tuvyecku paBuou ke mpu € — 0.

Yucao k, 3aBucsiiee Toabko oT 6a3uca, 6yaemM Ha3bIBaATh KO Quim-
€HTOM HEeHaIexXHocTu Oasmca.

B namsOU pa6oTe MOACUYMTAHO UMUCIO BCEX MOJHBLIX 0a3ucoB B Bi, a
TaKXKe [ KaxkI0ro 3HadeHus koddduimenta Henagexuoctu k (k €
{1,2,3,4,5}) mangeno uuciao N (k) mOIHBIX 6A3UCOB U3 ABYXBXOIZOBBIX
DIEMEHTOB.
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B B, 6buim paccMOTPEHBI BCEBO3MOXKHBIE MOAMHOXKECTBA OYJIEBBIX
dyuaxmmit. Iucio aTux mogmuaoKecTB pasHo 218 = 65536.

C nomorpio IBM 6bLI0 HATIEHO YUCA0 BCEBO3MOXKHEBIX TIOJHBIX Pa3-
JUIHBIX 6a3uCOB B By. JT0 uncao pasao 64801.

Oxasanock, uTo unciao N (k) nmoanbix 6a3ucoB ¢ KO3(hOUIUEHTOM He-
HanexXHOCTH k (T. €. 6Aa3UCOB, B KOTOPBIX MOYTHU BCE (PYHKIMA MOXKHO
peann30BaTh ACUMITOTUYECKN ONTUMAILHBIMA TI0 HANEKHOCTU CXEMa-
MU, QYHKIUOHUPYIOMMMA ¢ HEHAIEKHOCTHIO ACUMITOTUYECKN PABHOU
ke mpu € — 0) paBHO:

N(k) =0, ecmm k = 1;

N(k) = 43776, ecin k = 2;

N(k) = 18624, ecau k = 3;

N(k) = 1872, ecin k = 4;

N(k) =528, ecm k = 5.

Takum ob6pazom, 99 % moaMHOXKECTB MHOXKECTBA By ABIAIOTCA TOJ-
HBIMHU, npuaeM B 68% crydaes w3 HUX KO3(hQUIMEHT HEHAJEKHOCTH pPa-
BeH 2, u Meree 1% MOMHEIX 6Aa3MCOB MMEIOT KOS (MUIMEHT HEHATEKHO-
cTH! 5.

Pa6ora Boimosmena npu ¢uuancopoun mogaepxke PDODU, momep
npoekTa 11-01-00212a.
Crnucok JuTepaTyphl
1. Bacur A. B. AcuMnToTudecku onTUMAIBHBIE [0 HAAEXKHOCTH CX€-
MBI B MTOJHBIX 0A3MCAX U3 TPEXBXOIOBBIX daeMeHTOB. — /[lucc. ... kaum.
¢dus.-mat. Haykx. — Ilensa, 2010.

MYJABTUATEHTHAA TEOMETPUYECKAA 3ATAYA
O HABHAYEHUAX: UHO®OPMAIIMOHHBIN ACIIEKT

A.¥0O. Bepamrenn, H. B. llunos (HoBocubupck)

Pacnpedeaénnas cucmema — 3TO CPyNNa TENEHTPATA30BAHHLIX B3a-
MO IeNCTByIOmuX ucnoaaurenen [2]. Pacnpedeaéunbiil atzopumm — 310
IIPOTOKOJ PAbOTHI U B3aMMOJEUCTBUAA UCIOJHUTEICN B PACIPEIeNEHHON
CHUCTeMe, MPEBPAIIAIIINN [eIeHTPAIN3OBAHHY IPYNNY B KOJIEKTHUB,
COBMECTHO DEIAIOIINY HEKOTOPYIO 3a1ady [3].

Myavmuaecenmmuas cucmema — >TO PACTIPEAETEHHAA CUCTEMA, COCTO-
Awmas u3 areHToB [4]. A2ewm — 5TO ABTOHOMHBIN (BOCIPUHUMAIOMIAN
MUD Pa3NeJEéHHBIM Ha ceba U cpedy, BKIKYAIMEN BCE OCTANBHOE), pe-
arupyommi (CoCOGHBIM B3aMMO IEUCTBOBATE CO CPEION U OTBEYATH HA
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BO3[ICUCTBUA Cpenbl) 00beKT (B 00BEKTHO-OPUEHTUPOBAHHOM CMBICTE),
BHYTPEHHEE COCTOSHUE KOTOPOIO MOXKHO XapaKTEepU30BATh B TEPMUHAX
muenut win seper (Believes), yeaeti (Desires), u namepenui (Intentions)
areara. Myabmuazenmubili ai20pumm — 3TO PACIPENENEHHBIN AIT0-
PUTM I MyJbTUATEHTHOU CUCTEMHI.

B pa6ore uccaenyercs ciaenymoimas MyJdbTHATEHTHAsA TE€OMETPUYE-
CKasa 3203493 O HA3BHAYEHWAX, KOTOPYIO MBI IS KPATKOCTH OyaeM Ha-
3BIBATH 3aja4en 0 pobomax 6 npocmparncmee (RinS — Robot in Space):
B esxaudosom npocmpancmee RE (k > 2) nazodamea n > 1 asmonon-
HBIT POOOMOE U CMOALKO dHee ykpuimut 8 obuwem nosoxcenun. Mecmono-
A0NHCEHUE BCET YKPLIMUT PUKCUPOBAHO U U3BECTHO KarHcdomy pobomy.
Kamncdomy pobomy usnauaivno HaA3HaueRo undusudyasvroe yKpovimue,
0 Komopom pobom 3mnaem. Kaxcdwii pobom 3naem ceou xoopdumnamot
8 MPOCMPAHCMEE, 3HAEM O CYUWECMEOBAHUL BCET 0CMAALHBIL PO6OMOS,
HO He 3HAEM UT KOOPIUKAMbL, U 3HAEM, YN0 6CeM POLOMAM UBHAUAALHO
HAZHAUEHBL U U3BECTHBL UKIUBUIYAIbHbIE YKpoimui. B nexomopuit mo-
MEHM, BPEMENU BCE POOOMBL OCMAHABAUBAIOMCA, PuKCUPYIOM C80U Me-
KYywyue no3uyu, 4 30mem OHU 6ce JOAHCHBL 8bIOPAMb YKPLIMUAL, UM O6bL
JBUHYMBCA K HUM NO NpAMOsunetinomy mapupymy. Acwo, umo pobdo-
Mam Heavss cmaakusamocsa. Po6omur moz2ym é3aumodeticmeosams xa-
HCOBLT ¢ KaHCLIM NONAPHO, BECMU NEPE20BOPLL 8 NAPAT U 0OMEHUBAMb-
CA YKPLIMuAMY. 3adaua: pas3pabomamsb AHOHUMHBLY NAPAMEMPUYECKUT
MYALNUG2EHMHUBLT AA20PUMM NEPE20BOPOS, 2aPAHMUPYIOUUT, UMO Ka-
sHcobili pobom Koeda-nubyds 6ydem Mouno 3HAMb, YMO €20 MAPWPYM K
YKPLIMUI, KOMOPOE OH BbLOPAA 8 PE3YALMAME NEPELOBOPOE, HE NEPece-
Kaemca u wuKo2da ne 6ydem nepecexamvca ¢ MaAPUPYMAamU 0CMAAbHbLL
pobomos. ITa 3a1ada “BeIpoCaa” M3 paHee pacCMOTPEHHOHU 3a0a4d O
po6orax na Mapce (Mars Robot Puzzle — MRP), koTopas nokiaasisa-
gack Ha X Mex nynaponuoM cemuuape “/[ucKpeTHas MaTeMaTUKa U ee
npunoxenus” u Opwia onybaukosana B [1]. Ormerum, aro MRP sBasercs
JacTHBIM caydaeMm RinS ma miockocTn.

Bynem nazeiBaTh npomokosom pacnpedeienus yxpoimuti IpOU3BOIb-
HBII MyJIbTUATEHTHBIN aJCOPUTM, permamnn 3a1a4dy RinS. Takon mpo-
TOKOJ MOXKET COCTOATDH U3 aICOPUTMA MEPErOBOPOB [ UHIUBUIYAlb-
HBIX POOOTOB U aIrOpUTMA-IIAHUPOBIIAKA OOIIEeHus MexX 1y poboTamu
MyJIbTHATE€HTHOU CUCTEMEBI. ByaeM rOBOPUTD, 9TO alrOPUTM-TIIAHUPOR-
MUK OCIIEHUs MEX Y POOOTAME Y IOBIETBOPAET YCJIOBUIO CNPAGEDAUEO-
cmu, ecau B JI000M MOMEHT BpPEMEHH [IJs JIO0ro poboTa, XKeaalole-
FO0 KOHTAKTUPOBATH B DTOT MOMEHT C KAaKUM-IuOO APYyruM pobOTOM-
MapTHEPOM, 006A3aTENLHO HACTYMUT B OyAYIIEM MOMEHT BPEMEHU, KO-
raa mapTHEpP OyaeT TOTOB K OOIIEHMIO C TaHHBIM poboToM. Mer He 6y-
oeM 00CyX JaTh BAPUAHTHI AITOPUTMA-TUIAHUPOBIINKA, 8 PEKOMEHIyeM
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06paTUTBCA 4Js 9TOro K padore [1].

IHleauokx — >TO AITOPUTM MEPETOBOPOB MEXK Iy MAapou POOOTOB, TIO-
3BOMAIONIMYA TUM POOOTAM MNPOBEPUTH, HYXKHO JU UM OOMEHUBATHCA
YKPBITUAMHU, KOTOPBLIA YIOBIETBOPSAET CACAYIOMIUM IBYM yCJIOBUSAM:
® ecam Tekyume IyTu PoOOTOB MEPECEKAIOTCS, TO OHU JOJIKHBI COBEp-
IIUTH OOMEH;

e mocJe OOMEHA YKPBITAAMY CYMMAPHAA IIWHA TYTEU CTPOrO yMEHbIIA-
ercs.

[Ba kpauHUX Ccaydas MeTIKa — DTO NPOoCcmoti Weauoxr, Ipu KOTOPOM
00MeH YKPHITUAME BHIMOJHAETCSA TOrJA M TOJBKO TOrAA, KOr'Aa IIyTU
[IEPECEKAIOTCS, U UeAUKOM CO CPABHEHUEM, IPU KOTOPOM OOMEH YKDPBI-
TUAMHU BHIMOJHAETCA TOTA U TOJILKO TOTAA, KOUAA CyMMa, IJUH MyTen
yMeHbIIaeTcsa. B paMkax JaHHOrO UCCIeI0BAHUA [/ HAC HE BAXKHO, KAK
IMEHHO YCTPOWH IEJIY0K, HO CYIIECTBEHHO TO, YTO DU UCIOIHEHUN DTO-
0 TPOTOKOJAA pOOOTHI COOOMAIOT APYT APYTY YTO-Au00 O CBOEM IIOJO-
JKEHUU.

B pamxax wccrenoBanus nHGOPMANMOHHOIO ACHEKTa 3anadu RinS
B Ka4eCTBE BXOAHBIX NAHHBIX OyIyT PACCMATPUBATHCA NEUCTBUTEILHBIE
vqucaa. [Ipu sToM Hac He OygeT MHTEPEecOBaTh TO, KAK POOOTHI XPAHAT
ux B mamsaTu. OCHOBHAsA BEJUYUHA, KOTOPas OyIeT HAC MHTEPECOBATH,
— 570 ofIee KOIUIeCTBO OUT/COOOIIEHUN, IEPeIaHHOe YIaCTHUKAME
IPYT APYLY B XO[€ UCIOJIHEHWUs IPOTOKOJAA. ByaeM Ha3BIBATH IPOTOKOJI
PunUMHBLM, €CIU TPU JIOOLIX JOMYCTUMBIX 3HAYEHUAX BXOJHBIX JAHHBIX
ero paboTa 3aBepIIaeTCs MOCIe Mepefadn KOHEIHOrO KOImiecTBa OuT.

Teopema. Cywecmeyem durummublii Mysbmuazenmublt ai20pumm
pacnpedesenus YKpuimutl, 0CHOBARHBIT HA NPOMOKOAE UWEAUKE U CNPG-
8E0AUBOM NAGHUPOBULUKE 0OULEHUA MEHCOY A2ZEHMAMU.

Bymem HasbIBATH NPOTOKO 02PAHUYEHHBIM, €CTV CYIIECTBYET TaKas
KOHCTAaHTA N, 9TO MPHU JIOOBIX NOMYCTUMBIX 3HAYEHUAX BXOMHBIX NAH-
HBEIX ero paboTa 3aBepIrmaeTrcsa nocie nepenadu me 6oaee N out. Bynem
HA3BIBATH MPOTOKOI 02PAHUUEHHbIM NO COOOUEHUAM, €CIU CYIIECTBYET
Takas KOHCTAHTA [N, 9YTO IpU JIOOBIX MOMYCTUMBIX 3HAYEHUAX BXOITHBIX
JAHHBIX €ro paboTa 3aBepIIaeTcsa mocae nepegadn ue 6oaee N coobrme-
HU.

Teopema. ITycmv beckoneunoe muorcecmeo mouex S C R¥, k> 2,
ACHCOUSUT 68 00UEM NOAOHCEHUU, 00aadaem Caedyouum C80TCMBOM: CY-
UECMBYEM HENPEPLIBHAA ZAMEHYMAA NAOCKAL KPUBAA cOdepHcauyas S u
02PaNUNUBAIOULAL BBINYKAOE NAOCKOE MHoKHcecmBo. Tozda we cywecmey-
€M 02PAHUUERHO20 NPOMOKOA Pacnpedesenus ykpuimutd mexcdy n > 2
YUACTNHUKAMY, 6TOOKbIE JaKHble 044 KOMOPO2O (NOAOHCEHUA POOOTNOB
u yxpuymut) npunadaexcam mmoxcecmey S; Kpome moeo, ecau MHOHCE-
cmeo S Goaee uem cuémmo, Mo He CYuLeCmByem 02paHU%eHH020 No CO-
0OWEHUAM NPOMOKOA PacnPedeenus YKPoImui.
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O MOYTHU BUJINHEMHBIX AJITOPATMAX
OJIA JIOKAJIBHBIX 1 CBEPXOCHOBHBIX AJITEBP

M. Baezep (Caap6pioken, I'epmanus), B. B. Wokaes (Mocksa)

OgHou ®3 BaXHBIX 33434 B anireGpamdecKOn TEOPUU CJIOKHOCTHU
ABIAETCA 3a7a9a CIOKHOCTU BBIYUCTCHUA OUIMHENHBIX (popM. [las m-
HEMHOr'0 mpocTpancTBa V', o60o3HaduM depes V* NBOUCTBEHHOE MPO-
CTPAHCTBO K V', TO €CTh, MUHENHOE TPOCTPAHCTBO BCEX TUHEUHEBIX (hOPM
Ha V.

Mycts &k — mone, U, V, u W koHEYHOMEpPHBIE JUHEUHLIE TPOCTPAH-
creaHag k,u ¢: U x V — W — Gununennoe oTo6pakeHue.

MocaenoBarenvuoctes 8 = (f1,91,W1,..., fe,g¢,Wp) TaKasg, 9UTO
Fragn € (UxV)* uwwy € W HasslBaeTCA K68aJPAMUUECKUM AA2OPUM-
MOM IIUHEL £ n7s ¢ ecan

‘
d(u,v) = ka(u,v)gx(u,v)wk foralu e U,v € V.
A=1

JimHa KpaTYannero KBaIpaTUYeCKOro aIrOPUTMA [ ¢ HA3BIBA-
eTCs MYAbMUNAUKAMUBHOT caorHchocmyvio ¢ u obosuadaercsa C(¢).

Ecmm A — xoHeuHOMepHAs accoumaTuBHAs k-anrre6pa, TO MyJIbTH-
IUIMKATUBHAS CJIOXKHOCTH alreOpsl A onpeiensercs Kak MyJbTUILIMKA-
TUBHAs CIOXKHOCTb YMHOXEHHUS B A, KOTOpOE SABISETCS OUINHENMHBIM
orobpaxkennemM A X A — A. MyJbTUILIMKATUBHAA CIOKHOCTD AIreOpsl
A o6osnauaerca kak C(A).
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Ecnu B ompegenenun, fy € U* u g\ € V*, To arropuT™ Ha3bIBAETCSA
buaumetinblm a NINHA KPATIAUIIErO AATOPATMA HABLIBACTCA OUAUNET-
HOU CAOHCHOCTNBIO UAU pan2om. Panr ¢ u A, COOTBETCBEHHO 0603HAYA-
forca gepes R(¢) u R(A).

Kak panr m MyJbTUILIMKATHBHAA CIOKHOCTH COOTHOCATCSA MEXKIY
cobon? Ouebnano, C(A) < R(A) u mecaoxHo Buiers, urto R(A) <
2C(A). CyumecTByIOT IPUMEPHI, Ie MYIbTUNIMKATUBHAA CIOXKHOCTD U
PaAHT Pa3IMIaOTCA, HATIPUMED, MyJbTUILIMKATABHASA CJIOKHOCTH yMHO-
XKeHusi MaTpuubl 2 X 2 Ha Marpuny 2 X 3 pasna 10 [1] mag noasmu
XapaKTEPUCTUKHU He 2, TOrJa KaK PAaHT dTOr0 yMHOXeHus paseH 11 [2].
Opguako, 10 CUX TIOP HE U3BECTEH HpuUMep anreGpbl, Mg KOTOPOU DTH
IBE CJIOXKHOCTHU PA3IAIAIOTCA.

dynnaMeHTAILHON HWXKHEH OLEHKOW [ MYyJIbTUAILIMKATABHON
C/IOXKHOCTH ACCOLMATUBHOU anrebpul A sBaseTcs omenka Anmepa—
IMrpaccena [3]:

C(A) >2dim A —ta, (1)

rae t4 — YUCI0 MAKCUMAJIBHEIX ABYCTOPOHUX HACATOB B A. DTO OIEHKA
SABIAETCS TOYHOW B TOM CMBICIE, UTO CYIIECTBYIOT aarebphl, I KOTO-
PBIX HEPABEHCTBO OOPAIIAETCA B PaBeHCTBO. Takme anreGpeul HABBEIBA-
0TCA aA2e0D AMU MUHUMAADHOT MYABMUNAUKGMUBHOT caoncnocmu. Ec-
JIT 3TO HEPABEHCTBO 0OPAIIAETCA B PABEHCTBO [JiA OWINHENHOW CJIOXKHO-
CTH, TO COOTBETCBYIOIIAA AIrebpa HA3BIBACTCA aA2€0pP0T MUHUMAALHOZ0
panea. Bee anreGpbl MUHMMAIBHOTO paHra HalgeHbl B padore [4].

OHMM U3 MHTEPECHBLIX BONMPOCOB KACAIMIMUCA COOTHOMEHUA OUIn-
HEMHOU W MYJbTUILIMKATUBHON CJIOKHOCTEW ANreOphl ABIACTCA OMpe-
IeIATH CYIECTBYET U 1A JAHHOW AIreOphbl ONTUMAILHBIA KBA IPATH-
YECKUN ANTOPUTM, KOTOPHIM He ABIACTCA OunumHenHbiM. B 1981 r. mo-
Ka3aHo [5], 94TO 000U ONTUMAIBHBIN KBAAPATUIECKUAN AICOPUTM [JIs
anre6pnl ¢ geneHueM (anreOpa HA3BIBACTCA aIreOpOU ¢ JeNeHUEM, €Cau
KX G HEHYJEBOU €€ DJIEMEHT ABIACTCA OOPATUMBIM) MUHAMAILHOU
MYJbTUTLIMKATUBHON CAOXKHOCTHU SBIAETCSA CYIIECTBEHHO OUJIMHENHBIM.
OHOU U3 OTKPBITHIX TPOOIEM HA TAHHBIA MOMEHT SABAAETCS HAUTU BCE
aareOpel, AJAA KOTOPBIX JIOOOU ONTHMANbHBLIA KBAJPATUUYECKUN AITO0-
PUTM SIBJIAETCA CyLIECTBEHHO OmianHenasiM [6]. Pemenune nannon 3agadu
IJIA BCEX anreOp Cpasy He MPeACTABIACTCA BO3MOXKHLIM. BMECTO 3TOro
MOKHO 3a(pUKCAPOBATL HEKOTOPHLIA KJIACC AIre6p M ONPENeNuTh KaKNe
anre6pLl U3 JAHHOIO KJIACCA yAOBJAETBOPAIOT 3>TOMY ycaoBumio. Ilenbio
IAHHOU PAOOTHI ABIAETCA UCCIACIOBAHNE TAHHOTO BOMPOCA AJA JOKAIb-
HBIX U CBEPXOCHOBHBIX aaredp.

[ns Toro, 9T06BI ChOPMYIUPOBATH OCHOBHYIO TEOPEMY TaHHOU pa-
00THI JaauM HEKOTOpHIE ompenenenusa. [lycts A — anreGpa HaI TOIEM
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k. PagukamoMm A HA3LIBAETCA TIEPECEUCHUE BCEX €€ MAKCUMAILHBIX IBY-
CTOPOHHUX ugeanoB u obosnadaercsa rad A. JlesbiM (mpaBeiM) aHHUTEU-
asropom rad A HazmBaercsa muoxectBo Ly = {z € rad A | z(rad A) =
{0}} (Ra={z eradA| (rad A)z = {0}}).

Anre6pa A masweiBaeTcs soxabrotl, eciu dakTop amrebpa A/ rad A =
D smasercsa anrebpon ¢ neaenueMm. Anre6pa A HA3BIBACTCA CEEPLOCHOEG-
not, ecau paxrop aaredpa A/rad A =2 k X ... X k uzoMopdHA nIpIMOMY
MPOU3BEICHNI0 HEKOTOPOTO KOJUIECTBA, MOJICH.

Teopema. [Tycmv A — 40KGADHAA UAU CEBEPTOCHOBHAL GA2EODPG
MUHUMAALHOT MYAbMuUNauKamuenot caoxcnwocmu, B = (f1,g1,w1,.. .,
fe,90,wg) — onmumasvubii Keadpamuueckuii aseopumm das A. FEc-
au wy ¢ Ly N Ra das 6cex A, mo B sasasemca cywecmeenno 6uiu-
HElUHbIM, MO eCMb NOCAE NEPECMAHOBKY HEKOMOPLIT fy € gx, UMEeM
@, y) = fx(2,0) ugr(z,y) = gx(0.y) dan scex z,y € A.

HaszoBeMm kBagpaTwdeckuu aIropuT™ s anredpul A noumu 6uau-
HelHbIM, €CAU HE BEIIOJIHACTCA IPEITIOCELIKA 3TOU TEOPEMBI, TO €CTh,
ecau cymecTtByer A Takoe, 9to wy € Ly N Ry. Us Teopembr cieny-
eT, YTO JH00N ONTUMAIBLHLIN KBAAPATUICCKUN ANTOPUTM [IJs JOKATIb-
HOU WM CBEPXOCHOBHOHU aareOpbl MUHHMAILHOU MYJIbTUILIMKATABHON
CIOXHOCTHU ABIACTCA TUOO CYIIECTBEHHO OUIMHENHBIM, OO0 MOUTH OU-
auaenabiM. ClIeayomu IpuMep MOKA3BIBAET, 9TO HE BCE AINOPUTMEI
IJIA TAKUX AIre0p ABIAIOTCA CYIMIECTBEHHO OUIMHENHBIMU.

IIpumep. Ilycts k& — moJe XapakTePUCTUKU OTJIMYHOU OT IABYX.
Anre6pa k[X]/(X?) aBrsercsa JOKATBHOR U CBEPXOCHOBHOM, HO WMEET
KBAIPATUIECKAN ATCOPUTM, KOTOPLIA He ABIAETCA CYIIECTBEHHO Ou/m-
HEUHBIM (HO €CTECTBEHHO ABJIACTCA TOYTH OWIMHEUHBIM): MBI MOXKEM
BerauCauTh Koaddunuentsl (a + bX)(a' + ' X) xak aa' u ab’ + ba' =
(b+b)(a+a)+ 5(b—b)(—a+a). Bamermy, uro X € Lyxy/(x2) =
Rypxy/(x2)-

PaGoTa BBIMOAHEHA MpU MOAAEPKKE CACAYIONIMX CPAHTOB: TpPaHTAa
DFG BL 511/10-1, rpaara PODPU Ne 12-01-91331-HHNO_ a, u rpanra
IIpesugenra PP Ne M/I-757.2011.9.
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O CMHTE3E PEKYPCUBHBIX CXEM
N3 ®YHKIINMOHAJIBHBIX 3JIEMEHTOB
C OTPAHUYEHHOU IVIYBUHOU PEKYPCHN

C. B. Buunos, C. A. Jloxkuu (Mocksa)

B mamnon paboTe paccMaTpuBaeTCa OqHA U3 MOLEJIEU IPOrPaMM, BhI-
qucagonmx yakuun aare6psr doruku (PAJI), — pexypCUBHbBIE CXEMBbI
3 pyukunoHaabHex meMeHToB (PCPI). DTa MOnens ynpapasiommx
cucTeM, (PYHKIIMOHATLHO SKBUBAJICHTHAA MO AN CXeM U3 (PyHKIINOHATD-
HBIX DJEMEHTOB, BIEPBHIE OHa ObL1a paccMoTpeHa B pabore [1]. B sron
paboTe ObLIA YCTAHOBICHA JUHEUHASA OTHOCUTEIBLHO YUCIA TEPEMEHHBIX
acumnTorrka Qyuknuu lennona gas caoxuoctu PCDO, uro cyme-
cTBeHHO oTimdaeT Moneas PCDI or gpyrux monenen nmporpaMm u, B
YaCTHOCTH, MOgexen [2].

Onpegenum PCDO obwezo suda nan 6asucom B, onupascs Ha mo-
HATHE CXeMBI U3 QyHKIMOHAIBHLIX aeMeHToB (CDI) [3] n ucnoabsys
UHIYKIUIO 110 pekypcuBHou riaybune PCDI.

JIro6as PCDI obmero Buga pexkypcusHon riyouns d > 1 mpeacra-
BasieT co6ou ynopsagouenus Habop uz d CDI.

Illaz 1. PCDD F pexypcusHou riybunst 1 man 6asucom B BkaodaeT
B ce0s equuacTBennyo CPD G mang 6asucom B. 3ta PCDI peamusyer
1y ke DAJI, uro u cocrasasiomasn ee CPD. Bynem ropoputs, 910 370U
PC®3 coorsercTryeT pacumpenubin 6azuc by = B.

a2 S + 1. Mycte moctpoena PCDID Fg pexkypCuBHOU DIyOWHEBI S
Hag 6asucom B, npuuem Fg peanusyer dpyuxuuio fg u srou PCDI co-
OTBETCTBYeT pacimpenubin 6a3uc Bg. IIlycts Dg — QyHKIMOHATLHBIN
anemMeHT, peanusyomun Gyakunio fg. [locrpouwm 6asuc Bg11 = BgUDg,
a rakxke nocrpoum CPI Gg41 Hag 6asucom Bg . Toraa vabop Fgy1 =
Fs UGg41 asaserca PCPID pexypcusHon ruayounst S + 1. 9ta PCPI
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peanusyer Ty ke QyHKOUO, 9TO U Ggy1 U €l COOTBETCTBYET PACIIU-
pennbin 6asuc Bgyq.

Canoxuocts L (F) PC®D F obwero suga Hag 6asucom B pasua 06-
[IEMY YUCTY QYHKIIMOHATIBHBIX daeMeHTOB BO Beex CDD, cocraBaaommx
PC®S F. CramzaprasiM 06pa3om BBoguTcs cJaoxkHOCTE Li(f) PAJ f
u ¢pyuxnuu Mlennona Lip(n) B kaacce PCDD man 6asucom B, a Tak-

XKe 1A PUKCUPOBAHHOIO HATPAJbLHOrO d, d > 1, — CI0XKHOCTH Ll(gd)(f)

DPAJl f u pyukmua lennona L;Sd) (n) B knacce PCPI pexkypcusHOU
riayOouHsl He Oogee, dem d, Hag Gasucom B.

B craree [1] moxasamo, 4TO BHIOGOp Oasmca Ha caoxHOCTE PCDI
BIXsAET OYeHb caabo (mepexon oT OgHOro 6asuca K APYroMy U3MEHSeT
caoxuocts PAJI we Gosee, uem Ha KoHCTAHTY) U 4T0 pyHkuus [lennona

3n
Lp(n) acumnroTnveckn paBHA a3

Teopema. Jas 6azuca By = {V,&,—} cnpasedausvr caedyrouue

oY eHKU:
L®(n) < 3\/21 +o0(1)),

L®(n) > 22 2%(1 —o(1)).
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O CJIOYKHOCTHU MYJIbTUILIEKCOPHOM ®YHKIIUU
B KJIACCE CXEM
N3 ®YHKIINMOHAJIBHBIX 3JIEMEHTOB

H. B. Biacos (Mocksa)

PaccmarpuBaeTcs 3a1a9a ONTUMANTBLHON MO CJAOKHOCTH PEATA3AIIAN
MYJIbTUIIEKCOPHOU pyHKIuu anare6psr joruku (PAJI) B kaacce cxem
3 pysKnuoHAILHEIX daeMenToB (CDD) B crangapTHOM Gasuce Bg =
{x&y,zVy,T} (cm., manpumep, [1, 2]).

Myabrumnexcopraon PAJI (MyabTUIIEKCOPOM) [y, TOPALKA N HABHI-
Baerca PAJI ot n+ 2" Gyaesrix nepemennnix (BII), rae neperoie n nepe-
MEHHBIX HA3LIBAIOTCA “agpecHbiMu’ , ocTaBmmecs 2" — “uHdopMaIuon-
HEIME, & 3HAYEHnE (PYHKINU PABHO 3HAYEHUIO TOU €€ MHPOPMAINOHHON
BII, HomMep xOoTOpOU 3a4aeTCa 3HAYEHUAME aapecHbix BII.

3amada cuHTe3a pemraercsa B kaacce CPI B crammapTHOM Oasuce
By ={z&y,2vy,T}. Caoxuocrs L(X) CDPI ¥ onpegensercs Kak IUCIO
dyukunoHanbHBIX dnemeHToB (PIJ) “&”, “V” u “~” B Hen.

CaoxuocTs MyabTumniekcopuon MAJI uzyuanaces B psage padbort. Us-
BecTHO (cM., Hampumep, [3]), uro croxuOCTh peamusauuu DPAJL p,,
n = 1,2,..., kak CPI, tak u opMmyramu B CTaHAAPTHOM Oa3u-
ce By, acumnroruiecku passa 2", B paGote [4] momyuena mHumx-
HAA OleHKa Buaa 2"t + ¢ - 272 — O (2"/4) M BEPXHAA OIEHKa BUIA
27+ 4 ¢y - 27/2 4 O (27V/4), A1 CIOKHOCTH peaTH3AINE My IbTUILICKCO-
pa nopsazgka n B knacce CPI maxg 6asucom Bg, rae ¢; = 1/3, co = 2,
ecan n detHo, u ¢; = 0,32, ¢o = 3/\/5, ecau n HedeTHO. Kpome To-
ro, B [3] 6bl1a ycTaHOBNeHA acuMOTOTHKA caoxHOoCTH PAJ 1)y B KITACCE
CDD B basuce {x&y,r © y, T}, pasnaa 2", B pabore [5] 6L TIO-
JIy9€HbI aCUMITOTUYECKNE OLEHKY BHLICOKOM CTENeHW TOYHOCTH [6] Bu-

na 2ntl (1 + % +0 (nlolg n)) IS CJIOXKHOCTY €€ PeaIm3aluy B KJIac-
2

ce m-cxeM, a B [7] OBUIN YCTAHOBJEHHI OJM3KME K HUM OIEHKH BHJA

ontl (1 + @ +0 (*)), rge c(n) € [4,1], an1a croxuocTu pea-

nlog, n
JU3AIAYA MYJbTUILIEKCOPA TOPAAKA N B KIacce pOPMyJa B CTAHIAPTHOM
basuce.

B pabore [8] noxazaHo, YTO 3HAYEHME TVIYOUHBI MYJIbTUIIEKCOPHON
DAJI nopsagka n B cTaHgapTHOM Gasuce B caydae, ecau DD “&” u “V”
UMEIOT euHuIHYo raybuny, a DI “—” — HyaeByio, paBHO 2, ecaun = 2,
upaBEO n + 2, ecir 1 < n < 5 wm n > 20. [Iasa caygas 5 < n < 20
YCTAHABIMBAIOTCA HUXKHAA OLEHKA (N + 2) u BepxHAs oueHka (n + 3)
ry6ounst DAJL 1,,. AHAIOTUYHBIE PE3YIBTATH CIPABELINBEL TAKKE I
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6a3uca, COCTOAIIETO M3 BCEX DJIEMEHTAPHBIX KOHBIOHKINU U AU3BIOHK-
UK OT ABYX IIE€PEMEHHEBIX.

Teopema. fasn awboii CPI ¥ 6 6azuce Bq, peasuzyroweti PAJI
fns N = 2, cnpasedaugo:

L(Z) > 2" 4 ?2% —0(n).

Pa6ora Bomosnena npu ¢uuancoBon noggepxkke PDPDPU (rpant
Ne12-01-00964-a).
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OB YHUBEPCAJIBHBIX ®YHKIINAX
JIJ151 KJIACCA JIMHEMHBIX BYJIEBBIX

A. A. Boponenko, B. B. Ku63za (Mocksa)

Bynmem HasbBATH AMHENHOU (DYHKIMIO, TIPEICTABUMYIO B BUIE (g +
a1x1 + ... + apx,. Hazosém me Bcrogy ompenenéuuymo (namee dacTud-
HyI0) OyseBy (DyHKIMIO N IIEPEMEHHBIX YHUBEPCAMBHON, €CAK A JI000H
JUHENHON (DYHKIUM § TEX ¥Ke MEePEMEeHHBIX CyIIecTBYeT n + 1 mabop u3
o6macTu ompeneneHus f TAKOU, YTO eTUHCTBEHHON JUHENHON (hYHKIIUEH,
coBmaaromen ¢ f Ha 3Tux Habopax, ABILETCA (.

O6o3uaunm vepes y(z1,Ta, T3, T4, T5,Te) DYHKINIO, PABHYIO HYJIIO
Ha HyJEeBOM Ha0Ope U Bcex HabOpax BUIA €; + €j12 + €j43, €NUHUIE HA
eIMHUIHOM HaGOpe m HAbOpax BUIA €, €; + €jr2, [I€ € eIUHUIHLIN
BEKTOD, UMEIOMINY eJUHUILY TOJBKO B §-OU MO3UIUU, U HEOIPENEIEHHY O
HA BCeX OCTAJIbHBIX Habopax. HIeKCH PACIOIOXKEHEI IT0 KDYy U IPUHU-
MaloT 3HadeHus 1, 2, 3, 4, 5, 6, omepauus CI0KEHUsA UHIEKCOB 03HAYAET
IBUKEHUE MO KPYTy.

Jemma 1. Qynryus v(r1,22, 23, g, T5,Tg) ABAAEMCI YHUBELPCAAL-
Hotli Pynkyuetd wecmu nepemenHHbiz.

Hoxazameabcmeo. B cuny cumMmerpudHocT hyHKINT

’y($1,$2,$3,$4,$5,$6)
OTHOCHUTEILHO T'PYIIILI MEPECTAHOBOK AOCTATOYHO PACCMOTPETH COOT-
BeTCTByoOmUe Habopwl. JleMMma mokasaHa.
Onpenenum dyukmuio I’ Takum 06pazom, 4TO
D(z1,1,%1,2, s Th6) = V(Tis1s Tis2,s oo, Tis),
ec/u BCe T s PaBHBI Hymo npu j # i. Ha octanbueix Habopax QyHKIUA
I" meompenenena.

Jemma 2. Qynryusa T(T11,%12, .. Th1, T2, o, Thg) ABALLTNCA
yrusepcasvnoti pynrxyuet 6k nepemennviz.

oxazameavcmeo. PaccMoTpuM MpOU3BOIBLHY IO IMHENHYIO (DYHKIIAIO
g 3aBucamyio oT 6k nepemenHbIx: g = S 1211+ B1 2212+ ...+ P1,6T1,6+
..+ Bk,lxk,l + Bk72$k72 + ...+ Bkﬁzm + 4.

Ecnu Bce z ¢ paBHBI Hy.II0 IpK j # 4, TO GYHKIMA ¢ paBHA ;141 +
Bi2xia + ... + Biexie + 0. IIpumenus memmy 1, MBI MOXxeM mogoGpaTh
Takue 7 HAOOPOB HA COOTBETCTBYIOLIEM MOIKyOe pasmepa IIeCThb, 9TO
(dbyukus g 6y1eT eMHCTBEHHON JuHENHON, coBmagatommen ¢ . [Ipoxeras
3Ty OPOUEAYPY IASI BCEX %, MOJYIUM MHOXKECTBO HabGOpoB dyukiuu [
OIHO3HAYHO 33JAI0IIUX ¢ CPeau BCeX JuHenHbIX. [IpumeHuB Teopemy
Kponexepa— Kanemnn [1, c. 96, c. 137], us6aBumcs OT UIIHAX HAGOPOB.
Teopema mokasaHa.
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Jemma 3. IIycmo g(x1, ..., Tn) — yruEPCAIbHAA PYRKUUAL T NEPE-
mennvix. IIyemv dynwyua f(x1,..., Tnr1) coénadaem ¢ g npu Tpr1 = 0
u onpedeena KA NPOU3BOALHOM KEaAdpame NPu Tpi1 = 1 HeAuHedHbiM
obpasom. Tozda f(x1,...,Tnt1) — YHuBEpcasvbras Pywkyus n+ 1 nepe-
MeHHOT.

Loxazameabcmeo. 3HAYEHUSA TIPA Tp4q1 = 0 B CUIY YCJIOBUU JTE€MMBI
OTIpEIENAIT TPOU3BOILHYIO JUHENHYI (DYHKIIUIO C TOYHOCTHIO IO Cla-
raeMoro O, 41%n+1- IIOCKOABKY HeIWHENHAs (PYHKIUA HA KBALPATE HE
COBIAAAET HU C ONHOU JMHEMHOHW, TO KaK I (PYHKLUWM, TAK U IJIA eé
OTPULIAHUA HAUAETCA HAGOP C KOOPAUHATOU Tptq1 = 1, HA KOTOPOM OHHU
coBmanyT. JleMma mokasana.

Teopema 1. IlIpu n > 6 cywecmeyem yrnusepcatbnas GyrnKkyusL, 3a-
danmas na 33n + 2(n mod 6) + 1 nabopaz.

foxazameavcmeo. Ipumenum jgemMMmy 2 1A HAUOOJBINETO IIEJIOTO,
KPATHOIO IIECTU U HE MPEBOCXoadmero n. [locae 3Toro npuMenum Jaem-
My 3 HeobOxonumoe duciao pa3. Teopema mokasaHa.

Pa6ora Bemnoanena Ha daxynasrere BMK MI'Y umenu M.B. Jlomo-
HOCOBA mpu monaaepxkke rpanta I[Ipesngenra PD M/I-757.2011.9.
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O CJIO2KHOCTHU YMHO>KEHUA 1 THBEPTUPOBAHNUA
B HEKOTOPBIX KOJIBITAX MHOT'OYJIEHOB

C. B. I'amkos, 1. C. Ceprees (Mocksa)

B macrosmen paGoTe paccMATPUBAETCA PEANU3ANNAA YMHOKEHUAA W
MHBEPTUPOBAHNA B HEKOTOPHIX (dakTop-koabuax suna Klz]/(f(z)) cxe-
mamu Hag KoapnoM K. Cxemer mag K — 5T0 cxeMbl u3 (hyHKIMOHATD-
HBIX DJIEMEHTOB Ha g apudmerudeckuM bazucom {+, x, /}U{az | a € K}.
YMuoxeHue peanusyercs B 6a3uce 6e3 onepanuu JeIeHus.

IMycts K — KOMBIO € eIuHUIEHN, p — HEKOTOPOE MPOCTOE UUCIO.
O60o3uaMIM

Kp7n(a:) = K]z]/ (m(p—l)p" L2t Ly 1) -
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B msBectHoM cratee [9] A. Ilénxare u ®. MITpaccen pakTudeckn
IOCTPOMIN AICOPUTM YMHOXKeHHUs B kouabuax Ko ,(z) (kak cocTaBHyO
9aCTh METOJa YMHOXKEHUA UUCET) B CIydae, Koraa B koabie K o6paTu-
Ma JBOUKA, nMerommi ciokHocTh O(2"n logn). Merox ocHOBaH Ha TpH-
mvenenun /TP nopsagxa crenenn IBOUKA. AKKypaTHAs OIEHKA, CIOKHO-
ctu MeToga coctaiafeT (3+0(1))2"n log, n: aCHMITOTHYECKH BCSA CJI0XK-
HOCTL cocpenoToueHa B [IIIPD mopsaaka 2. Kak caencTBue, MHOMOUJIEHB
cymmapaon crenenn < N #Hang K MOXHO nepeMHOXKATEH CO CJIOKHOCTBHIO
(34 o(1))N log, N log, log N.

B cayuae xoawia K, B KoTOpoM aBOUKa He 0643aTEILHO 0OpaTUMA,
3aro obparuma tpouka, [[léuxare [8] npemnoxun Moaudukanuo amro-
purma [9] nas ymuoxenus B K ,(z) croxuoctn O(3"nlogn). Merox
ocuopad Ha npuMmenennn /[II1® nopsaaka cremenn Tpouku. Bnociencrsun
[. Kanrop n J. Kanroden [5] o606umnn meros [léuxare Ha caydan
kombna K ,(z) ¢ 06paTuMBIM p, & TakXKe yKa3all CIOCO0 yMHOKEHUS
MHOT'OYWIEHOB HaI IPOU3BOIBHBIM KoabroMm K.

Tpowunsm merox HIéuxare [8] ABIAETCA TEOPETUIECKH CAMBIM dd-
(PEKTUBHBEIM U3BECTHBIM CPENCTBOM DEATU3ANUN YMHOKEHUSA MHOTOLIC-
HOB Ha[ KOJbLAMU XapaKTEPUCTUKU 2 — B HUX HeoOpaTuMma OBOUKA,
[O3TOMY HempuMeHuM nBowvHbIN MeTon [9]. [lepeunciuM usBecTHBIE ak-
KypPaTHbIE OLIEHKH CJIOKHOCTH MeToAa [8] (mau ero MoauduKanui) yMHO-
xenud B K3 (), char K = 2, npusenennsie x Buay (A+o0(1))3"nlog, n:
A=241[6], A=18 [4 u A = 16,5 [7]. ApTopamu B padore [1] ObLIa
nocTpoesa Moaudukanus MeTona [8], mo3BOIUBIIAS NOHU3UTH OLEHKY
caoxuoctu 1o A = 11,25 ¢ nocaegyomum yrounenuem 10 A = 10,5 [2].
Ha camowm mene, cipaBegiuBa

Teopewma 1. ITyems 37! € K. Toz2da ymnoscenue 6 xoavye Ks ()
MONHCHO Peaau308amp cremoti caorcnocmu (13+0(1))3"nlog, n u eaybu-
not O(n). B cayuae char K = 2 wmoocno nocmpoums cremy caoscnocmu
(104 o(1))3"nlogy n u eaybunst (6 + o(1))n.

Kak crencTeue, MEHONOWIEHB CyMMapHOU cTenenn < N HAL KOJIbIIOM
K xapakTepucTuku 2 MOXKHO NMEPEMHOXKATH CO CJAOKHOCTBIO (3,16 +
o(1))N log, N log, log N. Teopema 1 Takxke MO3BOIAET OLUEHUTH CJIOXK-
HOCTH MeTOJa [5] yMHOXKEHUS MHOTOYIEHOB CyMMapHOU cremeHn < N
Ha 1 npousBonbHBEIM KombioM K xak (B + o(1))N log, N log, log N, rae
B=3+6,5log;2 < 7,11.

PesyabraT TeopeMsr 1 AB/II€TCSI OKOHIATEABLHBIM B CleAyomeM (X0Ts
U TOCTATOYHO CJAA60M) CMBICIE: ACUMITOTAIECKN BCA CIOKHOCTH COCPE-
noroduena B [I11D nopsaaka 3, KOTOPHIE ABIATCA HEYCTPAHUMOU TaCTHIO
TpouvHOro mMerozxa [8] (6omee TOYHO, B NPEAIAraEMOM METOJE BMECTO
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11D nopsaaka 3 ucnonssyiorca komnosunuu /11D nopsaka 3 u HEKO-
TOPBLIX TPOCTBIX NPEOOPA3OBAHUN, UMEIOMIE TEM HE MEHEE TAKYIO K€
CJOXKHOCTE, Kak ogu0 [I1® mopsagka 3).

CraugapTHEIM 06pa30M U3 TEOpeMbl | U3BIEKAIOTCA CACICTBUA [
caoxkuoCcTH yMHOXKeHUs B pakTop-koabuax K(z]/(f(z)), B gacTHOCTH, B
konbrax K, ,(z). MoxXHO IOKa3aTh, ITO B HEKOTOPEIX CIydaax (HAIDPH-
mep, p = 5 u char K = 2) ymuoxenne B K, ,,(2) ObicTpee BEIIOIHATE B
ayxe Metoga [5], onupasce Ha sddekTuBHyo peannsammio JIIPD nopsa-
Ka p.

NusepTupoBanue (BBIYUCACHUE MYJbTUINIMKATUBHONO OOPATHOIO
DIIEMEHTA) TaKkKe MOXKET ObITh Peaan30BaHO dPQPEKTUBHO B KOJBIE
K, »n(z) — 0cOGEHHBIN HHTEPEC IPEACTABIACT CLydal, KOr1a STO KOdb-
[0 ABAAETCA ToJaeM. Takou caydanm BO3HMKAET, Hampumep, ecan K =
GF(2), 2 — mepBoO6pa3HEIA KOPEHb MO MOIYTIO P, W p? HE JeTuT
271 1, cu. [3].

Merogom [1] ¢ npumenennem Teopembl 1 JOKa3BIBAETCS

Teopema 2. [Tyems K = GF(2) u K, ,(z) = GF(2V), 2de N = (p—
1)p™. Toeda uneepmuposanue 6 K, () mosxcno peasuzosams cremot

caomenocmu O(log p)N log N loglog N u 2ay6umst O(log® N). B cayuae
p = 3 daa caoxcnocmu cxembt cnpasedausa oyenka (25+0(1))3"nlog, n.

Pa6ora Boimonnena mpu gpurancoBou nognepxkke PODU, npoexTh
11-01-00508 n 11-01-00792, n mporpaMMmbl (HyHIAMEHTAIBLHBIX UCCIE-
nosauun Otaenenus martemarudeckux Hayk PAH «AnreGpanveckue u
KOMOMHATOPHEIE METOIBI MATEMATHYIECKOU KMOEPHETHKH W HHPOPMA-
[UOHHBIE CUCTEMBI HOBOT'O TOKOJICHUM (MPOEKT «3a4adK ONTUMATILHOTO
CUHTE3a YIPABIAIIIAX CUCTEM) ).
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IMOJTMHOMMUAJILHBIN AJITOPUTM
HAXOXKAEHUA ITPUBJIN>KEHHOI'O PEINTEHN A
3AOAYN O PASBBUEHUNA

C TAPAHTUPOBAHHOM OIIEHKOM TOYHOCTH

M. A. I'epacumos (Caukt-IleTepGypr)

PaccmaTpuBaeTcs agHBIN TOTMHOMUATLHEIA O BPeMeHu (4Js ae-
TEPMUHUPOBAHHON OJHOJEHTOYHON MamUHEl ThIOPUHra) aIrOpuTM™ Ha-
XOXK JCHUA OPUOIMKEHHOTO 320291 O Pa30MeHnN MHOXKECTBa HEOTPUIIA-
TeIbHBIX HebX uucen Ha K paBHEIX 10 Becy MOAMHOXKECTB, rae K > 1.
ANropuTM MO3BOIAET HAXOANTH MPUOIMKEHHOE PEITEHNE 341491 O Pas-
OUEHUM C TOYHOCTBIO, ONPEIEAAEMON HAMOOMBIIAM BO BXOIHOM IOTOKE
IaHHBIX 9ucaoM. VMeeTcsa BO3MOKHOCTD HAXOIUTh pa3tuenus (Kak TO4-
HEBIE, TAK U IPUOINKEHHBIE) U B TEX CAydaaX, KOr4a IMUPOKO U3BECTHLIN
noavHOMuansHeI anroputM Kapmapkapa-Kapma [1] me paGoTaert.

PaccmarpuBaemas peanumsanmsa ajrOpuTMa UCIOJNL3YET JUHENHLIN
CTIMCOK BXOJHBIX DIEMEHTOB, 3aHYMEPOBAHHLIX HATYPAIbHLIMU IHACAAMY
X = {z1,,Tym} 1 UMeIOMNX NOJTOKUTETbHEE Beca {wy,,wps} COOTBET-
creerno. O6o3nauuM vepes W(X) cyMMapHBI BeC 2I€MEHTOB MHOXKe-
crBa X:

M
W(X) = Zw

IIycte MuOXeCcTBO X paszéuTo Ha K IM3BIOHKTHBIX MOIMHOXKECTB,
K 2 2, Xl,XQ, XK : Xz N Xj =0, X1 UX2 UXK = X. Cormacuo
[1] BecoM pa3OueHMs HA30BEM BEINIHHY

F(X1:X27 7XK) = maX{W(Xl) W(X2)7 7W(XK)}

Y
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Tpebyerca HauTn Takoe paszbueHue MHOXKeCTBa X Ha K MOIMHOXKECTB

*

X5, ., Xk, 9aTo
F(X{, X5, ... X)) =min{F (X1, Xs,..., XK)}

Haxoxgenue pasbmenus {X;,X;,..Xj} mHOXKecTBa X M TOYHO-
ro smadenus F(X{, X5, ..., X}) 0J 3a1aHHOTO MHOXECTBA BIEMEHTOB
X sBasercs NP - monmom sagaden [2]. OgHuM U3 HAIpPaBIEHUN WC-
C/IeIOBaHUA BO3MOXKHOCTEN NPUOIMKEHHOT'O PEIIEHUs DTOU 3a4adu 3a
MOJUMHOMUAIBHOE BpPEMs HA [METEPMUHUPOBAHHOU MamiuHe ThIOpUHra
asaserca mouck pemmennsa F (X, X, ..., Xk), 10CTATOYHO GIUZKOTO K
F(X7,X5, ..., X},) 3a DoIMHOMHIAIBLHOE BPeM.

Axropurm paboraer B Tpu sTama, AAA KaxkIOrO U3 KOTOPHIX €CTh
MOJMHOMUATLHASA BpEMEeHHAs oneHKa. /A qaasuentien uaeHTudpuKaIum
NAHHBIA aITOPUTM OyIeT Ha3LIBATLCA ~aJrOPUTMOM rpebeHkn” .

[lepBobin Tan paboTH ANTOPUTMA 3AKIOIAETCA B COPTUPOBKE BXOI-
HBIX HEOTPUIATENBHBIX IIENLIX YUCE] B MOPAIKE YOBIBAHUA UX BECOB. B
IaJbHenIeM Oy aeM noIaraTh, 9TO OHU MOCTYIAIOT MOCJAEJOBATEABHO OT
OOJBINETO TIO BECY YUCIA K MEHBIIEMY.

Bropon stan paboTel aIropuTMa 3aKII0YaeTCa B PasOueHun IOJLy-
YEeHHOr'0 BXOTHOI'O moToKa dmcea Ha K moagvuoxects, rae K > 2. Ilpn
STOM BXOJHBIE AIEMEHTHI ¢ MHACKCAME, KPATHBIMU 10 MOay. 10 K equnu-
e TIOMAJA0T B MEPBOE MHOXKECTBA, KPATHBIE 10 MOAYM0 K IBONKE BO
BTOpOE, u T.1. Hanpumep, eciu K = 2, TO 21€MEHTHI C Y€THBIM UHIEK-
COM TIOTIA AT BO BTOPOE MHOXKECTBO, & ¢ HedeTHbIM — B nepsoe. [locae
3aBepIIeHus PabOTHI ATOrO 3Tana noaydaeMm K MHOXECTB, O TINIAI0MINX-
cs1 IO Becy He (ojee ¥eM Ha BeC MEePBOI0 3I€MEHTa OTCOPTUPOBAHHOIO
HaOOpa JaHHBIX.

Teopema 1. Bec K-20 (nocaednezo) mmosxcecmsa as2opumma 2pe-
OenKu nocae 6mopo2o IMana padomvl OMAUYAEMCL OM 6€CA NEPBO2O
MHOHCECTNBA He (oaee UeM HA 6EC NEPEO2O IAEMEHMA OMCOPMUPOEAH-
HO20 NOMOKG 6TOOHBIT YUCE.

[loxazaTeabCcTBO MOXKET OBITH MPOU3BEAEHO METOAOM MOJHOU MaTe-
MATUYECKON UHIYKIIUU 10 YUCAY BXOTHBIX BIEMEHTOB.

Tperunt >Tan 3aKkII09aeTCA B MOUCKE TIEPECTAHOBOK BIEMEHTOB Pa3-
JUIHBIX MHOXECTB, KOTODPHIE YMEHBINAKT MOTPEIIHOCThL HAUIEHHOTO
pasbuenus. [I1s 5TOr0 BHIYUCAAETCS OOIIUU BEC BCEX DJIEMEHTOB BXOJ-
soro Habopa gauuerx W(X) u geaurca va K, 9T0 1aeT Tak HA3LIBAEMbIN
UIeATLHBIN BEC MHOXKECTBA, KOTOPBIM MOXKeT OBITh JOCTUTHYT TOoabKo
B cay4ae, Korga 3amgada Tounoro pasbuenus ummeeT pernerune. B Heko-
Topeix caydanx, Korga W(X) me kparen K, norydaercsa nekoropoe pa-
[UOHAIBHOE YUCI0 (Mapa MEMbIX YUCe), 3a0aK0IIee NICATbHBIN BEC I
IpuOAMKEHHOrO pa3OueHus.
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[anee mas xaxIOT0 U3 TMOIYIECHHBIX MHOXKECTB C MHAIEKCOM 1 CUMTa-
erca Benuunua (G, OMpeNeNArmas n30BITOK WM HEJOCTATOK Beca OT-
HOCHUTEIBLHO UACATBLHOrO pasbuenusa. B caydae m3boiTka Benwunua G
OyaeT Goblle HyJdA, B CIydae HeIOCTATKA — MeHbIIe. Bce MHOXKeCTBa
COPTUPYIOTCA 1O yORIBaHUIO Beca. [Jamee 6epem mocIeqHee U3 MHOXKECTB
U UIIeM 19 Hero OAWH WM HECKOJIBKO DJEMEHTOB B HEPBOM MHOMKE-
CTBE, TAKUX, 9YTO UX CyMMAapHHIN BeCc OyaeT paseH (wiu Menbie) —G;
IOCJIEeJHEIO MHOXKECTBA. ECIu XOTh OfMH dIeMeHT ObLI HauaeH, TO (op-
MEUpyeM Hab0p MHOXKECTB BTOPOrO YPOBHA MO CICAYIOMEMY IPABUILY:
BCE MHOXECTBA KPOME TIEPBOTO U TOCIEIHEr0 COXPAHAIT CBOM COCTAB.
IlepBoe MHOXKECTBO TepseT HAUIEHHBIA DJIEMEHT (DIEMEHTHI), MOC/IEe[-
Hee MHOXKECTBO IPUOGPETAET TOT 1eMeHT (dmeMeHThl). CIucok BHOBb
[OJIY9EHHEIX MHOXKECTB COPTHPYETCA B HOPAJKE yOLIBAHHA UX BECOB.
IlepecuanThBaoTCa Beanaussl G,

IIpouecc MpoAOIKALTCA IO TEX TOP, TOKA XOTH ONUH TOIXOIAMINN
aaeMeHT OyneT HangeH, b0 XOTh OfHA u3 BeamunH (G; He paBHA Hy-
0. Eciu vu 0HOTO 21eMeHTa HAUTHU He YIAIO0Ch, aubo Bce (F; paBHEBI
HYJIIO, OIPOLECC 3aBepmaeTca. IlomyIuBmmucsa Habop MHOXKECTB U €CTh
npubIMKeHHOe pa3OueHne MCXOTHOrO MHOXKecTBa Ha K moammaOXecTB.
MaxkcumanbHas mo abcoaTHON Beandnne (G; 1aeT OLEeHKY TOYHOCTHU TO-
JydeHHOro pasbuenus. Ecim Bce (G; paBHEI HyJIO, HOIyYEeHHOE pasbne-
HHUE ABJIAETCA TOYHBEIM Pa3OMeHmeM HCXOJHOTO MHOXKecTBa Ha K moa-
MHOXKECTB.

Teopema 2. Aqzopumm 2pebenku 3aeepuaem ceot pabomy 3a no-
AUHOMUAADHOE 8PEMA O PA3MEPA BLOONBIL AGHHBIT KA 00HOAEHMOUHOT,
0010204080un0l Mawune Tvropunea co 6x0dom U 6bIT0IOM.
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AJJINMHA MUHVUMAJIBHOT'O YCJIOBHOI'O TECTA

IJ11 MOHOTOHHBIX ®YHKIIUN
HA HEKOTOPBIX TPADAX

M. B. I'opsunos, K. A. 3nikoB (Mocksa)

B patorax [1, 2] uccregoBanach 3a1a49a 0 AJIMHE MUHUMAIBHBIX YCJIOB-
HBIX TE€CTOB [JIsi MOHOTOHHBIX (DYHKIIMW, 3aJAHHBIX HA YACTUIHO YIO-
PANOYEHHBIX MHOXKECTBAX U MPUHUMAKIMIIX TOIHKO 3uHadenus 0 m 1.
B uactmoctu, M. B. I'opsaunoB paccmMaTpuBal MUHUMAILHBIE YCIOB-
HBIE TECTHI [1J MOHOTOHHBIX (DYHKIINU, 33 IAHHBIX HA OPUEH TUPOBAHHBIX
rpadax u3 caeIyoImX TPeX KJIaCCOB.

I'pad mepsoro kaacca, o6osuadaembiun ganee I'(n, k), n,k — HaTy-
paibHBIe, 1 > 1, cogepxut k ApycoB mo 27 BepmmH B Kax10M. Spycsl
mpoHyMepoBaHbl yncaamMu oT 1 1o k. Kaxmon us sepmuu rpada como-
crapieH OyneB HAOOD MJIUHBI N, NPUYEM PA3IAYHBIM BEPUIMHAM B OJ-
HOM SIDyCe COOTBETCTBYIOT pasamvubie HaOOpwl. Eciau spyc umeer 4et-
HBIM HOMED, TO €r'0 BEPIIUHAM COMOCTABICHBI HAOOPHI C YETHBIM IUCIOM
eIVHUI, & €CJIU APYC UMEET HEYETHHIU HOMEP, TO €r0o BEPUINHAM COMO-
cTaBieHbl HAOOPHI C HEYETHBIM YHUCJAOM eauwHuil. /IBe BepmwmHBI rpada
COEeIVHEHBI PeOPOM B TOM M TOJBKO TOM CIy4Yae, KOU'Aa DTU BEPIIUHLI
HAXOMATCA B COCEIHUX SAPYCAX, M PACCTOSHUE XEMMWHI'A MEXIY COOT-
BETCTBYIOIIIMEU HAOOpaMu paBHO 1.

I'pad BTOpOro kmacca, obosuadaembin nanee H(n, k), n > 3, onpe-
IeneH s HeYeTHBIX n. Kro cTpoeHme aHAJIOrMYHO CTPOEHMI0 rpada
nepBoro kaacca. Exuncrsennoe pasauaune — spycel rpadga H(n, k) co-

nepxkar Cr(ln_l)/2 BEpIINH, & COOTBETCTBYIOIINE BEPIIUHAM OyJIEBHI Ha-
6opel cogepxar mbo (n—1)/2, mbo (n+1)/2 enquann (B 3aBUCHMOCTH
OT YETHOCTU HOMEPA APYCa).

I'pad Tpernero kaacca, obo3nadaembinn ganee G(n, k), n,k — Hary-
panbHble, n > 1, cogepkuT k ApycoB, IPOHYMEPOBAHHBIX YucjaaMu oT 1
10 k. Eciu sapyc umeeT 4eTHLII HOMEP, TO OH COAEPKUT 2" BEPIIUH.
Kaxnon u3 BepInuH COMOCTaBAEH OyJae€B HAGOP IJUHBLI 71, TIPUYEM pa3-
JIMYHBIM BEPIINHAM B OHOM SIPYCE COOTBETCTBYIOT PA3INIHBIE HAOOPHI.
Ecan Apyc uMeeT HeUeTHHIN HOMEp, TO OH cOJep:KuT n2"” ! BepmuH, Ko-
TOPBIM COMOCTABICHBI HAOOPHI JJIUHEL 1, COIEPKAIINE POBHO B OJHOU U3
TO3UIAN «-» — TPOUEPK, a B OCTATbHBLIX mo3uruax — O uau 1. /IBe Bep-
mHb rpadg)a CoeIMHEHBl PEOPOM B TOM U TOJBKO TOM CIyYae, KOrIa dTU
BEPIINHBI HAXOMATCSI B COCEIHUX SAPYCAX, U COOTBETCTBYIOIINE HAOOPHI
COBMIAJAIOT BO BCEX MO3UMUAX, KPOME TO3UINN, CONEPIKAIICH «-».

Bo Bcex caydasx pebpa OpUEHTUPOBAHLI OT BEPIINH, JEXKAIIUX B APY-
Cce C MeHbIKUM HOMepoM. Ha MHOXeCTBe BepIIMH yCTAHOBIEH YaCTUY-
HBIU IOPALOK ciegyomuM obpaszom. Bepumna v rpada @ (Q = ['(n, k)

Y
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H(n,k) uma G(n, k)) MeHBILIE BEPIIUHEL U, €CINA CYMIECTBYET OPUEHTUPO-
BAHHBIN TYTh C HAYAJIOM ¥ U KOHIIOM 4. ECTeCTBEeHHBIM 06pa3oM ompe-
IeJIAIOTCA MOHOTOHHEIE (DYHKIINU, OIPENeJeHHEIE HA MHOXKECTBE BePIIUH
sTux rpad)oB u npuHHMamme 3HadeHus u3 Muoxecrsa {0,1}. Yepes
M(Q) o6o3navuum MHOXKECTBO TakuxX GyHKIUN 114 rpada (. Paccmo-
TpuM Takxe M;(Q)) — MHOXKECTBO MOHOTOHHBIX (DYHKIIUN, UMEIOIIUX 110
KpalHen Mepe OQHO HyJIeBOe 3HaYeHHe Ha i-M apyce rpada () u mo kpan-
HEU Mepe OHO eJUHUIHOE 3HadeHue Ha, (1+ 1)-om apyce. Hepes ¢(Q) (co-
OTBETCTBEHHO, t;(())) 0003HAYUM IJIVHY MUHUMAJILHOTO YCJIOBHOT'O T€-
CTa, ONpPEEIAIONIEro MOHOTOHHY 0 GyHKIMI 13 MHOXKecTBa M (Q) (co-
orsercreenHo, M;(Q)). M. B. Topaunos nokazau, aro gas @ = I'(n, k)
u Q = H(n, k) sernanna ¢;(Q)) copnagaet, a 111 @) = G(n, k) coBnagaet
WM HA eIWHUIY OOJBIIE, 9eM 9YUCJA0 BEPUIIMH B ABYX COCEIHUX APyCax
rpada . K. A. 3bixoB nonusun BepxHIOW OueHKy mis rpados G(n, k)
Ha equHuy. OOBEIMHAA 5TH PE3yAbLTATEI, TOMIYIAM CIEIYIOMee YTBED-
XK ICHIE.
Teopema. Cnpasedausvl pasencmsa

B(D(n k) =27, ti(H(n,k) = 205V, 4G, k) = 2" +n2" ",

MoxHO mokaszaTh, YTO A paccMaTpuBaeMbix rpadgos t(Q) =
ti(Q) + [logy k] — 1.

OrMeTuM, 9TO Aad NOKA3ATEILCTBA HUKHUX OIEHOK JOCTATOYHO
OrPAHUYUTHCA (PYHKIIUAMY, PABHEIMI KOHCTAHTE Ha KAaXKIOM U3 APYCOB
rpada, 1 GYHKIUAMEA, OTIUYHBIMA OT HUX POBHO B OJHOU BEPIIUHE.

PaGora BTOpOro aBTroOopa BHIIOJHEHA NPU (PUHAHCOBOU IO AEPKKE

PODU (mpoexr 11-01-00508).
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ACUMMIITOTUYIECKU OIITUMAJIBHBIE
11O HAJE2KHOCTU HEBETBANINECHA IITPOI'PAMMBI
C ABCOJIOTHO HAATE2KHBIM CTOII-OIIEPATOPOM

C. M. I'pa6osckas (Ilemsa)

PaccmarpuBaeTrcs peanumsamnua OyJeBbIX (PYHKINU HEBETBAMIMMUC
OPOrpPaMMaMIU C OIEPATOPAME YCJIOBHON OCTAHOBKH (CTOI-0IIEPATOPAMHE)
[1] B mpom3BoABHOM MOMHOM KOHEUHOM Gasuce B. IIpoepammvi ¢ one-
PaAmMOPoOM YCA06HOT OCTAHOBKM XApPAKTEPUIYIOTCA HAMMIMEM YTPABJIA-
IOIer KOMaHALI — KOMaHILl YCJIOBHOU OCTAHOBKH, NAIOLIEN BO3MOXK-
HOCTB JOCPOYHOrO MPEKPAIEeHusa PAGOTHI MPU BBEIIOJIHEHUA OIIPEIEIEH-
HOTO yCJIOBUSA, & UMEHHO, TPY MOCTYILICHWN €WHUIEI HAa BXO OTIePaTOpa
YCIOBHOK OCTaHOBKU (KOTOPHIY €llle Ha3bIBAI0T CTON-0meparopoM). Bee-
IeM HeOOXOAUMBIC OTPEACTCHUA W TOHATHS.

Bynem camTaTh, 9TO OmEpaTOpPHI YCJAOBHOU OCTAHOBKK A0COMIOTHO
HANEXKHEL, 4 BCE BLIMACIUTEILHEIE OIEPATOPEI HE3ABUCUMO APYT OT APY-
ra ¢ BepoATHOCTHIO € (€ € (0, 1/2)) mogBEpKEHBI UHEEPCHBIM HEUCTPAS-
HOCMAM HA BLIXONax. Mneepcubie Meucnpasrocmu ma 6bixodar onepa-
MOPO6 XAPAKTEPUIYIOTCA TEM, ITO B UCIPABHOM COCTOSHUY BBEITUCIN-
TEJLHBLIN OMEPATOP PEATU3YET IPUIUCAHHYIO eMy OyJaeBy (PyHKIHIO @, a
B HEHUCIPABHOM — (DYHKIIHIO Q.

CuuTaeM, 9TO IpOrpaMMa ¢ HEHAI€KHLIMA ONEPATOPAMHE Peagn3yeT
oyaeBy ¢pyukuuio f(x) (x = (x1, 2, ..., Tpn)), €CAU TPU OTCYTCTBUM
HEMCIPABHOCTEN BO BCEX €e OMepaTopax Ha KaxKIOM BXOIHOM Habope
a= (a1, as, ..., G,)) 3HAYEHNE BLIXOJHOU TEPEMEHHON z paBHO f(a).

Henadexwcnocmovio N (Pr) nporpammer Pr Ha30BeM MaKCUMAIbHYIO
BEPOATHOCTHL OMMUOKKA HA BLIXOAE MPOTPaAMMBI Pr mpu BCEBO3MOXKHEBIX
BXOAHBIX Habopax. Hadeswcnocms nporpammel Pr pasma 1 — N.(Pr).
O6osuaunm N.(f) = inf N.(Pr), rge uadumym GepeTcsa mo BCEM MpPO-
rpaMmMam Pr, peanusyromum OyaeBy ¢gymkmuio f. IIporpamma Pr, pe-
anu3yomas GyHKIUO f, HA3BIBACTCA ACUMNMOMUYECKY ONMUMAALHOU

no nadexcnocmu, ecim No(Pr) ~ N.(f) npue — 0, 7. e. lim AI,VE(—g)) =1.
e—0 HNelbT

Bpemenem pabomur T (Pr, a) HeBeTBsmencsa nporpaMMel Pr Ha BXO1-
HOM HAOOpEe a HA30BEM YUHCJIO KOMAaH[ MPOrPAMMEI, BHITIOJHEHHBIX 0
OCTAHOBKHU.

Beauuuny T'(Pr) = (> T(Pr, a))/2", rge cyMMUPOBAHUE IPOU3IBO-
[IUTCA TIO BCEM NBOUYHBLIM HAOOpaM a [IJIUHEL 7, HA30BEM CPEOHUM BDe-
Mmenem pabombl IporpaMmer Pr.

Beauuuny T'(f) = minT'(Pr), rge MuaumyM GepeTcs 0O BCeM HeBe-
TBAMUMCSA TIPOTPAMMAM, BEIMUCIAIONIMM [, HA30BEM CPEOHUM 8PEMEHEM
sviuucaenus (cpednet caoncnocmoio) pyukuuu f.
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IIporpammy Pr, BEIMUCAAIONIYIO QYHKIWIO f, HA30BEM MUHUMALLHOU
OpOrpaMMon, ecau Ais Hee cupasegnuso pasenctso 1 (Pr) = T'(f).

O6Go3unauum gepe3s Subst(h) MHOXKeCTBO Bcex (DYyHKIUU, 3aBUCAIINX
OT 7 IEPEMEHHBIX L1, L3, ..., T, (N > 3) U HOLYIeHHBIX U3 QyHKIMHU h BCe-
BO3MOXHBIMU MOJICTAHOBKAMMI MEPEMEHHBIX (T. €. 3aMeHOU U/WI’ OTO-
XK IECTBJICHUEM TIEPEMEHHBIX ).

O6ozuaunm Ag(n) = {z1, ..., zn}, Ar(n) = Subst(fr(z1, ..., T2rs1)),
raoe fr(arl, ) $2T+1) =T122VI 12324V T 1230526V ...VT1T3... T2, _3L2r_1
1727«Vflfg...f2r73f2r71$2r+1 (T‘ Z 1, x; € {2?1, a:n} npu BCEX 1 € N)

O6o3naunm A(n) = U Ag(n).
k=0

Iycte K(n) — MHOXKECTBO BCEX HEKOHCTAHTHLIX OyJIEBLIX (DYHKIIWI,
3aBUCALINX OT NEPEMEHHBIX T1, L2, ..., T, (N > 3), HE IPUHA,IICKAILIIX

o0
mHOXecTBy A(n). O6o3natum K = U K(n).
n=3
3ameuanune. Mowmrocmy muoscecmea A(n) ydosaemsopaem wepa-
8EHCTNEY
|A(n)| < n® L

IMosTomy "‘;g—ﬁ)‘ — 0 mpu n — oc. CremoBaTenbHO, ";(Zf)‘ —+ 1, a

MHOXKeCTBO K COIepKUT No4TH Bce Oy/1eBbl GYHKIUM.

Teopema 1 [2]. B atobom noanom xoneunom 6azuce das 4060t 6y-
ne6ol pynkyuy f cywecmsyem maxas nesemsauaica npozpamma Pry
¢ abCoMOMHO HAJEHCHVIMYU ONEPATNOPAMY YCAOBHOT OCTMAHOEKU, PEAAU-
ayowan f, daa Komopod

N.(Pry) < e+ 4e?,
u das 40601 6yaesot Pynxyuu f € K
N.(f) > e — ¢

npu ecex € € (0,1/960], 2ede ¢; — HeKOMOPas NOAOHCUMEALHAA KOH-
cmaxwma.

Teopema 2 [2]. Jas npou3soavro20 noanozo Koneunoeo basuca B,
4100020 deticmeumeavno20 wucaa T > 0 cywecmeyem Konwcmanma €1 €
(0,1/2), maxas, umo npu mobom n > 3 ecakyro 6yaesy dynxyuio f €
K (n) moocno peaausosams npoepammot Pry ¢ abcosomuo nadercnbimu
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onepamopamu ycaosnot ocmanosku, das komopot npu ecex € € (0,e1]

NE(PTf) - N:(f) < 02527

T(Pry) <31+ 71)p2"/n

npu M — 00, 20€ Ca — HEKOMOPAL NOAOHCUMEALHAL KOKCTNAHMA.

N3 teopem 1 m 2 cregyer, 9TO B MPOU3BOJBLHOM TIOJHOM KOHEYHOM
6asuce a100yt0 OyaeBy GyuKIu0 f € K MOXHO pealn3oBaTh ACUMITOTH-
YeCKH ONTUMAJBHON IO HaIeXKHOCTU HEBETBAIIENCA Iporpammon Pry,
HeHanexkHOCTb KoTopon N, (Pry) ~ ¢ mpu ¢ — 0. Cpennee Bpems pa-
O0THI TAKUX TPOTPAMM I TOYUTH BCEX (PYHKIUA ACUMTITOTUIECKU HE
Goabme vem B 9(1 + 7) pas mpeswlaeT cpegHee BpeMs PabOTHI MUHU-
MAJBHBIX TIPOCPAMM, MTOCTPOCHHBIX U3 a0COMIOTHO HALEKHBIX OMEPATO-
pos, ecin B C By, m acumnToTwaeckn He Goabme geM B 6(1 + 7) paz —
BO BCEX OCTAJBHLIX 0asucax (7 — Ja1000e CKOJIb yIOQHO MalOe MONOXKHU-
TeNTbHOE YnCTIO0).

Pa6ora BrimoaHena npu GpUHAHCOBOU MO AepxKKe Poccunickoro ¢pon-
1a QpyHIaMeHTaIbHBIX ucciaegoBanull (HoMep npoekrta 11-01-00212a).

Cnucok JuTepaTypbl
1. Yamkun A. B. O cpeaneM BpeMeHU BHIYUCICHUS 3HAYEHUN Oy I€BBIX
dyukunn // JucKpeTHLIN aHATN3 U UCCIe0BaHUe onepanni. — 1997. —
T.4,Ne 1. — C. 3-17.
2. I'pabosckas C. M. AcuMnToTrdeckn ONTUMAIBHBIE TIO HAJEXKHO-
CTU HEBETBSIINECs MPOrPAMMEI ¢ ONEPATOPOM YCIOBHOU OCTAHOBKU //
Muc. ... xaug. ¢pus.-mat. Hayk. — llensa : UUII IIT'Y, 2012.

O CJIO2ZKHOCTHU ITPEACTABJIEHUSA
AJITEBPAUYIECKOTI'O YUCJIA
IMEPNOANYIECKOU BETBAMENUCA APOBBIO
C HATYPAJIBHBIMU SJIEMEHTAMMUM

. B. I'pu6anos (Huxuun Hosropong)

Crenys [1], 6yzem T maswiBaTh mMepmMOIMUECKOl BETBAMEHCA IPO-
6bi0 ¢ HaTypaabHBIME daeMerTamu(Be3 e ganee [IBIIM) ecan:
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m - M
T cd+ XL, o
k) — a0
r FT LT )
(@
T7d) - o
\ b+ T, VT

rae ) e RY, a® e RY, a® >0, ) >0, quai k€ {1,2,....d}. (2)

Takum o6pazom mpu k € {2,...,d} T®) roxe asrserca TIBIL.
(k) . 5 (k)
Ts"’ OymeM Ha3LIBATDH S-U MOAXOMAIIEN npobbio aia T\%) | ecan

(k)
Ts(k) = a —, e Tl(k) = —=.

& + TiLd'T 5

Byzem roeopurs, uro IBIT T cxogures u npeacrapiser €mcio

k
k) ecam cymecTBYeT mpenesn moCIeI0BATEILHOCTH HCe Ts( ), u

A

W(k) = limg oo Ts(k)

B [1] nokasana cxogumocts T'F) mpu yerosmax (2).

Oycts a; € RT, naai € {0,1,...,d+ 1}, age1 >0, a1 >0, ap >0
1 arre6pamteckoe GmucIo y ABIACTCA KOPHEM MHOTOWICHA agyizdt! +
agr?+ ...+ a1z = ap (8 [1] mokazano, ITO A1A TOGOrO ATTEGPATTECKOTO
YMCJA 7Y CYMIECTBYET TAKOU MHOTOWIEH).

IomoxuM Qtypgr = maxz’e{172,...,d+1}{ai}: Amin = minie{1,27...7d+1}{ai}-
Takxe MONOKUM Nmar = G0 + Cmazs Nmin = A0 + Qmin-

Anroputm moctpoenusa IIBII (1) gas aareGpamdeckoro 9ucaa vy
OBLT TPEeNTIOXKEH 3aKUPOBHIM B pabore [l], CIOKHOCTH aaropmrMa He
ouennBajach. O6osumadnm ero Al. 3gecs nocTpoeHA HEJIOINCACHHAS MO-
aupukanusa aaroputMa Al u OleHeHA CIOKHOCTH UITON MOAUDUKAIH.
Hazosem mMomudukanuo aaropurmom A2.

Teopema 1. A2 empoum IIBI[A (1), wmo T™ = lim,_, Ts(k) = ~k,
ITyecmv m — 4ucao Henyaesuis KodaPPHuUUERMos MHo2ouserna npedcma-
samouyezo y. Toeda aseopumm zampauueaem d* + 3md + O(d) + O(m)
ymroncenutd, 2md—+0(d)+0(m) caoncenuti namypaswnoiz vuces. Tucaa,

B803HUKANOUNUE 8 NPOUECCE BHINUCACHUL HE NPEBLIULAIOM, afnaz (Mmaz +

ao)d.
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IMonyuus npeacTasienne atrebpandeckoro ducaa vy B suie (1), 6ynem

npubmmxkaTs v¢ 1pobavu Ts(k). B sToMm mpomecce mapannenbHo 6yIyT

npubamxaTbes Bee cremenn Y ot 1 no d.
Teopema 2. [oaoxcum & = C’lag tpd= (1 — min{l, Co——~+ +

nmzn .
min

k k
C%m})? Tozda |Ts(+)1 - 1! )\ < Cy (1+§)s’ dasn d > 2, ede
C’O = (\/ggl) k+da$naxnmax’ C’l = a%nax’ 02 = a(;%:’:"‘:z ’

Takum o6pa3zoM Aaa TpUOIMKEHUs aJreOpanvIeckoro IucIa ¢ TOU-
Cl d
HOCTBIO € HykHO He Gomee log, (=) uTeparmit.
[OTOIHATENLHBIMA PE3YIbTATAMY ABIAIOTCA TEOPEMBI, ONUCHBAO-
mue csouctea [IBI/I. Bysem paccmarpusats [IBIII (1) u eé koadpdu-
MeHTH (2).

(k) ak) ) ®) d cgk)a(z')
IMomoxum Q% = @, Torga Q" =c¢5  + Z ——

Teopema 3. ITycmv» m > n, aig = k, mozda

c(io)a(il) (i1) ali2)

(io) (io)| _ (ip) d i d
Tw® —Tp| = (_l)nQEi%)Q(JO) PO 7@7(:;11_)162(;,91 (it 7@ oL
(in—2) (in_1) (in=1)  (in)

(R Za L (G ),

RCIRRTER A

Teopema 3 ABIIETCS YACTHBIM CIydaeM GOpMyIsl u3 [3].
CneacrBue.
. . (¢0) (i1) ("1) ali2)
(d0) (o)) _ ¢, ¢
‘Tn+1 - Tn | - (_1) Q(lo)Q(lo) Zzl_
n+1

(in—2) (i i ;
2) lin_1) (n—1)a(,")

d czn_ d Cin
(S e (0

d
1 Q(nll)Q(nll)1 222_1 Q(lg)lQ(Q) e

in—1 QUn-1 gin-1 Q)
Monoxum:
p =T allel?,
Bmin = Mingegy o, d}{ﬁ Y, Bimaz = maxgeqr o, a3 {B* 1,

B - Bmam - Pmin-

TeopeMa 4. Cnpasedauso nepagencmeo

_T <C Bmas .
R e e PG Ev rv v 2z
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Ouenkn gocrurarporcsa npu Ag = 0.

IIpumep 1. Ilpusexem npumep merpusmamsuou IIBILT (1), ubnm
OLIEHKHU M3 TEOPEMEI 4 JOCTUTAIOTCA:

1) _ 2
T = 1437 +T7(2)
T2 — 4
T 14T 42T®)

3zecs AV = g = 10.
IIpumep 2. llpuBenem nmpuMep MpeICTABICHUS Y = 21/3 _ 1 B BUZC
OBUA. f(z) =2 + 322+ 3z — 1, f(y) =0.

1) _ 1
T = T +37M 43
1
37(2) 497 (1) 412

(1) 1 1
T8 - TV < 3(55)"
ApTop BEIpaxaer 6aaromapuaocts Baneputo Hukonaesuay Illesuenko
3a MOCTAHOBKY 3344 U HEOIEHUMYIO MOMOIIL B paboTe.

Craucok JuTepaTypbl

1. 3akupos H. P. O npencrasiesun npou3BoabHOTO AIre0pandecKo-
ro 4Kc/Ia MEePUOINTIeCKON BeTBAmencsa 1pobsio // MaTemaTudeckue Bo-
npocel kubepuetuku. Boim. 15. — M.: @usmaraur, 2006. — C. 65-78.

2. Mapuenxos C. C. Koneynsie aBTOMATHI U TEPUOAUIECKHIE PABIO-
JKeHUs JeNCTBUTENBHBIX uncen // MaTeMaTudeckue BOIPOCH KUGEpHe-
Tuku. Bem. 6. — M.: Hayka, 1999. — C. 304-311.

3. Cxopoborareko B. fI. Teopus BeTBAMMXCA HEMHLIX IpoOer u eé
MPUMEHEHUs B BHIUUCAUTENbHON MaTeMaTuke. — M.: Hayka, 1983.

OB OJTHOBPEMEHHOM MUHUMMA3AITUA
CJO2KHOCTHU 1 MOIIHOCTU KJIETOYHBIX CXEM,
PEAJIN3YIOIMUX HEKOTOPLIE CUCTEMBI ®YHKITUA

IO. B. I'yceBa (Mockga)

B macrosmeM coOOImIEHNN pAaCCMATPUBAIOTCA CXEMBI U3 (DYHKIIMO-
HAJILHLIX 3JEMEHTOB CIENUAJILHOIO BUAA — ILIOCKHE KJIeTOYHEBIE CXe-
MBI IIoHATHE CXeMBI U3 KJIETOYHBIX DJIEMEHTOB OBLIO BBEIEHO B padoTe
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C. C. Kpasuoga [1]. D1eMeHTH TaKuX CXeM UMeT (GOPMY eIUHUIHOTO
KBaJpaTa U MOTYT ObITH MOBEPHYTHI HA yroa, KpaTHHR 7/2. OyHKIM-
OHAJIBHBIE DJIEMEHTHI PEATM3YIOT OyJeBEl (PYHKIMN, 4 KOMMYTAIAOHHLIE
OCYIIECTBJIAKT COEIUHEHVE (DYHKIMOHAIBHLIX. B nanHOum paGoTe pac-
CMaTpUBAIOTCs (PYHKINOHAIBHBIE DJAeMeHTH Oasuca {V, &, —}.

IIpAMOYTONBHUK, COCTABICHHLIN M3 KJICTOYHBIX DJIEMEHTOB, OyIeM
HA3LIBATH CTEMOT, €CJAY TIPU 3aMEHE KJIETOYHHIX (hYHKIMOHATBLHEIX DJ6-
MEHTOB Ha OOBIYHBIEC (DYHKIMOHAJBHBLIE DJIEMEHTHI W MPU COEIUHEHUN
uX, OMPEAENIAEMOM KOMMY TAIIMOHHLIMHA SJAEMEHTAMHA, TOMYIAM OOBITHY 0
cxeMy 73 (PyHKIMOHAILHEIX DJIEMEHTOB.

Bynmem paccmarpmBaTh aBE MEPHI CJIOXKHOCTH IUIOCKHX CXEM: COO-
CTBEHHO CAOHNCHOCTMb CXEMBI, T.e. 00IIee KOTUIECTBO DIEMEHTOB, yIacT-
ByIOIIUX B €e NMOCTPOeHuM (IUIOWAlb CXEMBI), U MOUHOCTMb (aKmus-
HOCMb) CXEMBI, OJHY U3 €CTECTBEHHBIX Mep CJIOKHOCTH, COOTBETCTBYIO-
Iy KOJAUYIECTBY SJIEMEHTOB CXEMBI, XOTSA OBl OJUH U3 BBIXOJ0B KOTOPBIX
NpUHUMAET 3HadeHue 1.

IlepBeIe OLEHKHM CIOKHOCTHU OLLIA MOJIY9IEHBI, TO-BUIAMOMY, B pabo-
rax C. C. Kpasuosa [1], H. A. MIkanuxoson [2] u A. A. Ans6pexra [3].

BriepBbie MOHATHE MOIIHOCTU CXeM U3 (DYHKIMOHATBLHBLIX DIEMEHTOB
paccmarpusatace M. H. Banuusanrom [4]. B ero pabore u, mosanee,
B pa6ore O. M. Kacum-3azge [5] uccrenoanocs mosefeHue QyHKIMN
[MTennona MOMHOCTYU CXeM U3 (PYHKIHOHATBLHBEIX DJIEMEHTOB, OTBEYAO-
[IEN PA3IUIHBIM KOHEIHBIM 0A3MCAM.

[l1s TPOU3BONBLHON KJIETOYHOU cxeMbl S o6o3HauuMm 3a L(S) crox-
HOCTB BTOU cxXeMbl. Caoxicnocmuio cucmembl 6yaeabix Pynryut A Gyxem
HasbBaTh BemmuuHy L(A) = min L(S), roe MuanMyM 6epeTcs mO BCeM
KJIETOYHBIM cXeMaM S, peaausyonmmM A.

H. A. Ilkanukosou [2] ycTaHOBJIEH HOPSAIOK POCTA CJAOKHOCTU KJe-
TOYHEIX CXEM, PEANU3YIOMUX HEKOTOPEIE CUCTEMEl (PYHKIWH, B TOM “IH-
ClIe CJIeIyIONHe:

1. U(n) — cucrema Bcex OyJeBBIX (GYHKIUN OT 7 TE€PEMEHHBIX:
L(U(n)) < n-22" mpun — oo.

2. B(n) — cucreMa BCEX CUMMETPUYECKAX (MYHKIUU OT 1 T€PEMEH-
ueix: L(B(n)) < nlog,n npu n — oc.

B padore O. B. Yepemucuna [6] Buepsble paccMaTpPUBAICA BOIPOC
06 OHOBPEMEHHON MUHAMU3AINYN CJIOKHOCTA U MOITHOCTH TIOCKAX KJIe-
TOYHBIX CXEM [JIA 3aJaHHOU CUCTeMbl pyHKIun. JI1a CUCTeMbI BCEX BJe-
MEHTAHBIX KOHBIOHKIINN JOKA3aHA HEBO3MOXHOCTb OTHOBPEMEHHOTO [0~
CTUXKEHUA MUHUMAILHOTO TOPAIKA POCTA CAOKHOCTHA W MOIIHOCTH.

[Maaum TOUHBIE OMPEICTCHU, KACAIOIIMECS MOIIHOCTH TIOCKAX CXeM
13 (PYHKIUOHATBHEIX DJIEMEHTOB.
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Ilycte S — mpomsBOMbHAA MIOCKAA KJIETOYHAA CXEMa, WMEOIAs
n nomocoB (BxogoB). Mowmocms (axmusnocms) cremvt S Ha HabOpe
& = (ay,a2,...,0,) — 2TO KOJIUIECTBO DJIEMEHTOB CXEMbI, IPUHUMAIO-
mux 3Havenue 1 npu nogade Habopa & Ha BXOABL cxeMHbl (0603HAUEHHE
E&(S)).

Maxcumarvnoti axmMuerocmvio crembl S Ha30BeM BeIUIUHY Fiax (S) =
maxs Fs(S), rae makcumyMm Gepercsa 1o BceM HAGOpaM & NJIUHBL N, Tae
N — YUCI0 BXOAOB cXeMbl. Cpedneti axmusnocmpio crembl S HA30BEM
sermauny E.,(S) = 5= 35 Ea(S), rie cymmupoBaHue BefeTcs 1O BCEM
HabOpaM (¢ IJIVHBI 1.

Maxcumanvnoti (cpedneti) axmusnocmvio cucmemvt 6yiesuir Gymx-
yuti M Gymem HA3BIBATH COOTBETCTBEHHO BEJIMIUHEL

Epoz (M) = rréin Epax(S), Ecp(M) = rréin E.(9),

rj1e MUHEMYMBI OEPYTCA MO BCEM KJIETOYHBIM CXeMaM S, Pealn3yomumM
cuctemy M.

Buigenuy omHy U3 COMEPKATENBHBIX HHTEPIPETAIINN MOIIHOCTH CX€-
MBI — TEILIOBYIO. IIpW 5TOU MHTEPNPETANNA CIUTAETCA, ITO KAXKIBIA
DIEMEHT BBIAEJAET TEILIO, €CAM XOTsA OBl OJUH U3 €r0 BBEIXONOB TPUHU-
maet 3uavenue 1. Takum o6pazom Fj;(S), MOIHOCTL cxeMBI HA HAOOpPe
@i, THTEPIIPETUPYETCA KAK KOTUIECTBO TEILTA, BEICIAEMOE BCEH CXEMOU
IpU JAaHHOM BXOJTHOM Habope.

Teopema 1. Jas arob6020 n cywecmeyem xaemounas crema Wy,
peaausyrowas cucmeny U(n), maxas wmo E.py(Wy) X Epay (W) < 22
npu n — 0.

ITHU CXEMBI ABIATCA MEHUMAIBHBIME 110 TOPAIKY POCTA MOIIHOCTH
VI TAHHOU CHCTEMBI B KJIACCE KJICTOYHLIX CXEM: C yIeTOM TeopeMsl 1
HETPY IHO MOKa3aTh, 9T0 Fp(U(n)) X Epe:(U(n)) < 22" mpu n — oo,

Teopema 2. /as 40601 nocaedosameavbnocmu crem Py, peasusyio-
wuz cucmemvt U(n) ¢ munumaapbnot no nopaodky pocma caorncuocmyio,
mo ecmv makuz, wmo L(P,) < n -2, 6uinoanaomea coomuouenua:
Emaz(Pp) =m0 22"’ Eep(Pn) =n - 22"7 npu n — 0.

ITO yTBEPKIACHUE TIOKAZHKIBAET, IYTO OJHOBPEMEHHAA MUHUMU3ALAA
HOPAAKOB POCTA CIOKHOCTU W MOIIHOCTH [/ NAHHBIX CACTEM HEBO3-
MOKHA.

Teopema 3. Jaa 410601 nocaedosamesvrocmu crem @Q,, peasusyio-
wuz cucmemvr B(n) ¢ mMunumasbnot no nopaoky pocma caoincHocmyvio,
mo ecmv maxuz, wmo L(Q,) X nlogsn, 6epno Ema(Qr) = nlogyn,
Ep(Qn) = nlogyn, npu n — oo.
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Takum 06pa3OM, HEBO3MOXKHO MOCTPOUTH TIOCIE[OBATENILHOCTD CXEM,
MUHUMAJIBHEBIX 10 MOPAIKY POCTA CIOXKHOCTH, UMEIOIINX MOPATOK POCTA
MOIIHOCTHU MEHBIIUH, 9eM Y CXeM u3 u3 paboTsl [2].

Moxuo nokazats, 94T0 E.,(B(n)) = n, Ene (B(n)) % n uopun — oo.

Cuucok JIuTepaTypsbl

1. Kpaguos C. C. O peanuszanuu GyHKIUN anreOpsl JOTUKYA B OTHOM
KJIacce CxeM 13 (QYHKIUOHAJBHBIX U KOMMYTALMOHHBIX DJIEMEHTOB [/
Ipo6aemer kubepueTrku. Buim. 19. — M.: Hayka, 1967. — C. 285-293.

2. Mikanuxora H. A. O peanmsanum OyJeBBIX (QYHKIUU CXEMAMU
U3 KJIeTOYHBIX daeMeHToB // Maremarudeckue BOIPOCh KUGEPHETUKU.
Beim. 2. — M.: Hayka, 1989. — C. 177-197.

3. Asmpbpext A. A. O cxemax u3 KaeTo4HBIX 21eMeHTOB // IIpoGremer
kubepueruku. Boim. 33. — M.: Hayka, 1978. — C. 285-293.

4. Baunnsaur M. H. O momuoCcTH cXeM u3 (PYHKIUOHATBLHBIX BJ€-
mentoB // Hokaagsr AH CCCP, 1961. — T. 139, Ne 2. — C. 320-323.

5. Kacum-3age O. M. O6 oguHOUM Mepe CJAOKHOCTU CXeM u3 (PyHK-
nroHaabHLIX daeMeHToB [/ IIpoGaemer kubGepueruku. Bem. 38. — M.:
Hayxka, 1981. — C. 117-179.

6. Yepemucun O. B. O6 akTUBHOCTH CXeM U3 KJICTOYHLIX 3JIEMEHTOB,
peann3yomx CUCTeMy BCeX KOHBIOHKuunM [/ [uckpeTHas maTeMaTu-
ka. — 2003. — T. 15, Bem. 2. — C. 113-122.

OB 5KBUBAJIEHTHOCTHU IIOTOKOBBIX ITPOI'PAMM
B. A. 3axapos (Mocksa)

Heo6x0anMOCTL TPOEKTUPOBAHUSA MOTOKOBLIX AITOPUTMOB BO3HUKA-
€T MIPU pelleHNN MHOTUX MPUKJIATIHBIX ONTUMW3AIMNOHHBIX 33134, K U1-
CJIy KOTOPBIX OTHOCATCA 3aljada 3arpy3Ky KeIl-namMAaTH, 3ajada O Ha-
3HaYeHWN, 3aJava YIAKoBKM U 1p. B cratwe [1] B kadecTBe MaTema-
TUIECKOW MOJEIN TTOTOKOBLIX aJrOPUTMOB OLLIA MPEII0XKEHA MOIUDU-
Kallus KOHEYHBIX ABTOMATOB-IPE0OPA30BATENCH; I DTOU MOLEAU ObLI
HCCAeIOBAH PAL aIrOPUTMUYECKUX 3ajad, BKIIOYAd NpobaeMy SKBUBaA-
JIEHTHOCTHU, U YCTAHOBIEHBI UX ONEHKM Caox)HOCTA. OIHAKO U B 2TOW,
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U BO BCEX paHEEe PACCMOTPEHHLIX MATEMATUYECKUX MOJEIAX TOTOKO-
BEIX aJICOPUTMOB HE MPEIYCMOTPEHA BO3MOXKHOCTH YUETa CEeMaHTUYE-
CKMX CBOHCTB BEIIOJHAEMEIX Omepamui. I1103ToMy ¢ MX MOMOIIBIO He-
JIB351 TPOBOATE NOAPOOHEIN AHAMNS TIOBEEHNSA NOTOKOBLIX ATTOPUTMOB
(Hampumep, IPOBEPATH UX NPABAILHOCTD U MPOBOAUTH ONTUMUBALMUIO).
Hawmu mpennaraercs 6ogee obiias MaTeMaTUYeCcKas MOJENb MTOTOKOBBIX
MpPOrpaMM, TIPUTOIHAA [ OTUCAHUA W aHATMA3A TOBEICHUA TTOTOKOBBIX
AITOPUTMOB.

IycTs 3agaubl [Ba KOHEYHBEIX MHOXeCTBA A onepamopos u C cobbi-
mut. ITomoxoevie npo2pammvl, paboOTAIIINE B OMEPATUBHOM DPEXKUME,
MOryT ObITh omucansl cucremon mepexonos m = (V,start, Vi, T), co-
CTOSAIIEN U3 MHOXKECTBA Mouer npo2pammblt V| mouku 6xoda start, MuO-
KeCTBA Mouek 6bix00a Vo u gynkuyuu nepexrodos T : V xC — V x A*,
ONPENEMAIOMEN PEAKIUIO MPOrPAMMEI HA KaXkKI0€ COOBLITHE B KaXKIOU
TOuke mporpammel. MHTEpIpeTanus onepaTopoB 3aaeTCA MOAYTPYyII-
non F = (S, 0,€) ¢ MHOKECTBOM 06pasyromux A. DJIeMEHThHI TOMYTPYII-
Bl UCPAIOT POJb COCTOAHUU NAHHBIX, & HEUTPAJLHEIA BJIEMEHT € ABJA-
€TCA HAYAIBHBEIM COCTOSHUEM NAHHBEIX. KOHEYHAs MOCIen0BATENLHOCTD
omepatopoB h, h € A*, BEIMMCAsSET BIEMEHT MOAYTPYmIHL [h]s, KOTO-
PBI ABIAETCA PE3YILTATOM TPUMEHEHUA OMEPATOPOB IEMOYKYU h K Ha-
YATBHOMY COCTOAHUIO JaHHLIX. [lomok cobbimuii mpencrasiaeT cobon
KOHEUHYIO TOCAEI0BATENLHOCTL COOBTUN o = Ag, Ay, ..., Ayn. [n1 3a-
TAHHOTO MOTOKA COOBITAN (¢ IOTOKOBAA MPOrPAMMA T OCYIIECTBJIAET BhI-
YUCICHNE, TIEPEXOIA W3 OJHUX TOYEK MPOTPAMMEL B IPYTHE W BLITONHAA
MPUMUCAHHLIE DTUM TIEPEXOAaM MOCJIeOBATEILHOCTH OnepaTopos. [Ipn
IOCTHUXEHUN TOIKM BLIXOAA TIPOTPAMMA BEIJACT B KAYECTBE PE3yIbTATA,
BEIYHCJIEHHOE COCTOAHNE JAHHBIX, KOTOPOE PACHEHMBAECTCA KAK PEAKITUA
OPOrpaMMbI Ha MMOTOK COOBITHN Q.

s 3amapHOoro moroka cobwitué o = Ag,Aq,...,AN 8bluucae-
HUeM TOTOKOBOU TPOTPAMMBI T HA3LIBAETCA MOCAENOBATEILHOCTE TAp

IBYM TpeOOBAHMAM:

1) vg = start, sop = e,

2) mas mo6oro i, 1 < i, < N, ecmu T'(vi—1,4A;) = (u,h), T0o v; = u,
S; = §;—1 0 [h]s

Ecmu vy € Viut, TO COCTOSIHIE TAHHBIX SN CIUTAETCA PE3YAbMAToM
suiuucaenud m(a) u obosHadaerca [w(a)ls. Ecan vy ¢ Vour, TO BBIUR-
ClIEHNE CINTAeTCsA 6e3DPEe3yIbTATHEIM.

[IBe MOTOKOBEIE IPOTPAMMEIL 71 ¥ 7T HA3BIBAIOTCS IKBUEAAEHIMHLIMU
Ha noayepynne onepatopos S (0603HAYAECTCA T ~g Ta), €CIAN LA JIHO-
60ro mOTOKa COOLITUY (¢ BHIOJHAETCS PaBeHCTBO (11 (a)]s = [m1(a)]s.

Teopewma. IIpeanonoxum, 94To noayrpynna S Broxuma B rpynny G,
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B KOTOPOU NPOGIeMa PABEHCTBA CJIOB PA3peIInMa 33 Bpema t(n), rae n —
nauHA C1oB. Torga mpobieMa 3KBUBAJCHTHOCTH TOTOKOBBIX TPOTPaAMM
T ~g T2 Ha noayrpymme S paspemmma 3a Bpema O(n?t(n?)), roe n —
CYMMAapHBI pa3Mep MpOrpaMM T 7 .

Aoxazameabcmso. BocronbayemMcsa METONOM COBMECTHBIX BBIYUCJIE-
HUI 0714 PEMEHnsA Tpo6JeMBl AKBABAJCHTHOCTH MIPOrpaMM, TIPEII0KEH-
ueIM B craThe [2]. He orpanmunBas o6mHOCTH, 6y A€M MOIAraTh, 9TO B
KaxKJIOU U3 IPOCPAMM T U Ty U3 JIOOOH €€ TOYKU NOCTUKIMA XOTA ObI
OIHA U3 TOYEK BEIXOIA.

[na kaxgou onepaTopHou menoyuku h, h € A*, 0603HAYUM 3AMUCHIO
[h]5" saement rpymmer G, KOTODHIA ABIAETCA OGPATHBIM A DJIEMEHTA
noxyrpynnsl [h]s.

[l1s IPOBEPKHU 3KBUBAJCHTHOCTH HAPHI MIOTOKOBLIX MPOTPAMM T; =
(Vi,start;, Vous,i, T3), @ = 1,2, paccMoTpum rpad COBMECTHBIX BBEIUH-
caerun (7, 7). Bepmuunamu rpada ABIAIOTCA BCEBO3ZMOXKHEIE TPOUKY
suga (v',v",g), roe v',v" — ToukM B mporpamMmax T U Ty COOTBET-
CTBEHHO, & ¢ — daeMeHT rpynnsl G. [as mwo6oro cobwitua A, A € C,
w3 kaxpgon sepumuel (v',v",g) rpadga I'(m,m) ucxogur ayra c mo-
meTkon A, Begymas B Takyio Bepumny (u',u”,g), mas koTopou BbI-
noausiorcs paseacrsa 1h (v, A) = (v, '), To(v",A) = (u",h"), g =
[h"]g'ogo[h']s. Bepummy (start;, starts,e) mrasopeM nauatvnoii 6epui-
not rpada. Onposepearowumy sepuunamu HazoseM tpouku (v',v", g),
YOOBIETBOPAIOMIE OJHOMY U3 CJAeAyIOmmX Tpex Tpeboammi: 1) v’ €
Vout7la v ¢ Vout72; 2) v’ ¢ Vout,l; "€ Vout,?; 3) v' € Vout,la v €
Voutﬂ, g 3& €.

[asa ompeneJeHHOrO TakuM 06pa3oM rpada COBMECTHBIX BLIYUC/IE-
aun I'(71, 7o) CIpaBeqIuBEL CIEAYIOUIME TPU JEMMBI, HEIOCPEICTBEHHBIM
CIEeICTBAEM KOTOPBIX U ABIACTCA CHOPMYIUPOBAHHAA BEHIMIE TEOPEMA.

Jlemma 1. [Ina mo6oro motoka cobwitum o = Ag,Aq,..., AN B
rpade I'(m, 79) u3 HAYAILHON BEPIIMHBI BEAET MAPIIPYT

(start,starty,e) N (v}, 0], 1) == -+ A (v, v, AN)

TOTAa U TOJIBLKO TOTZAA, KOr'aa

(startq,e), (vjll, S,}/)’ . (v}x, S%\l,),
(starto,e), (v, sY),..., (VR sh),

S

[

kL
|

¥ IpM 5TOM A 11060ro i, 1 < i < N, BepHO paBeHcTBO g; = (s}) 7 o sh.
Jlemma 2. IIoTOKOBEIE HIPOrpaMMBI ] W Ty dKBHBAJEHTHEI Ha TIO-

ayrpynmne S TOrJa W TOJBKO TOrJA, KOTQa HU OJHA OMPOBEPrarolias
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BepiuHa rpadga COBMECTHBIX BhauciaeHuu I'(71,T2) HE TOCTUKUMA, U3
HAYATBHOU BEPIITUHEL.

Jlemma 3. Eciu 3 mavanpHOn BepmmHLL Ipada COBMECTHLIX BLITH-
caerun I'(mq,79) DOCTUKUMEL ABE BepiuHbl (u,v,¢1) u (u,v,ge) U Opu
BTOM g1 # g2, TO XOTA OBl OMHA ONPOBEPTAONIAS BEPIINHA TAKKE J0-
CTUXKUMA U3 HAYaIbHOU BepmuHLl rpada [(m, m).

Pa6ora Boimoanena mpu (QpuHaHCOBOU moggepxkke rpanta PDDOU
(mpoexT 12-01-00706).

Cnucok auTepaTypsl
1. Alur R., Deshmukh J.V. Nondeterministic streaming string trans-
ducers // Lecture Notes in Computer Science. — 2011. — V. 6756. —
P. 1-20.
2. 3axapoB B. A. BricTpbie alropuTMbl paspemesns SKBUBAICHTHO-
CTH ONEPATOPHBIX MPOrPAMM HA yPABHOBEIIeHHBIX mKatax // Marema-
TUIeckue Bonpocs kubepuetuku. Bem. 7. — M.: @usmaranT, 1998. —

C. 303-324.

O CPEAJHEM BPEMEHUA
IIPEBLIBAHUA TPEBOBAHUN
TP INKJINYECKOM YIIPABJIEHUN
C ®PUKCUPOBAHHBIM PUTMOM

A. B. 3opusn (H. Hosropopn)

PaccmaTpuBaeTcsa ympasasiomas cCuCTeMa MacCOBOIO OOCIY KMBAHNIA
m < 00 KOH(MJIUKTHBIX CTAIMOHAPHBEIX MOTOKOB Iy, Ils, ..., II,, mo
LUKIXIECKOMY aaroputmy ¢ ¢ukcupoanabiM putMmoM [1]. Kondaukt-
HOCTb MTOTOKOB O3HAYAET, UTO 3AMPEIIEHO OOCIYKUBATH B OJUH OTpE-
30K BpeMeHU TpeOOBaHUA PA3HEIX MOTOKOB. TpeGoBanusa mo moToky II;,

j = 1,m, mocrynatoT rpynmamu B HakomuTendb (J; HEOrDAHHIEHHOIO
o0bema, IpuIeM IOTOK I'PYIII IyacCOHOBCKUN C mapaMeTpoM A; > 0, a
pasMep rpymisl — CoydanHas BEIUINHA, TPUHAMAIOAA 3HAYeHuE b C Be-

POATHOCTBIO p,(,j), b=1,2,....006cryxuBamomiee ycCTpOUCTBO UMeET 2m

cocrosrmit ') | j =T, 2m. B cocroaumn I'?7~1) o6cayxuBaroTcs T0b-
ko TpeGosanus noroka I1;. B cocrosuun T'(?/) tpeGoranus ne oGeryxu-

Batorca. Ipy uKamaeckoM aaropurMe nocie cocrosuaua [ r < 2m,
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nputop nepexoaut B coctosrne ("1 Tocae cocrosrma I'?™) crenyer
cocrosane I'V. lnurensHocTs npebbiBanns npubopa B cocrosuuu I(7)
HecaydanHa u pasHa T,.. BcAakul mpoMexkyTOK BPEMEHU [IUTEILHOCTHIO
T=T,+Ts+...+ Ty, HAUNHAIOMUACA B MOMEHT CMEHEI COCTOAHUA
npubopa, OyeM HA3BIBATL YUKAOM 00CAYHCUBaAHUL. IIpeamonsoxmum, 9To
AINTEILHOCTE 00CIyKUBaHUA TpeboBaHusa u3 odepenu (); HecIydanHa

2j=1) 3a BpeMAa TQj_l

U paBHA ,uj_l, TaK 9TO mpH COCTOAHMN mpubopa I
o6cayxuBatorcs He Goapmte {; = [u;T;] Tpeboanuit moroka O;.
O603HaYIM T; ; MOMEHT OKOHYAHUS {-I'0 TTPOMEXKYTKA 0OCTyKMBAHUSA
TpeGOBAHUN OYepean Oj, TaK UTO Tip,i—1 < T1,i < 72,4 < ... < Ty, AN
Bcex i > ig. llycTs Kj; — umciao TpeGosanun B odepein O; B MOMEHT
Tj,i, Cj,i — MOJHOE BpeMs npebbiBanua Bcex Tpebosanui B ouepenu O; 3a
UUKI (7Tj 4, Tji+1]. [JJ11 OEHKM KadeCcTBA yIPABICHUA B TAHHOU CHCTEME
o6cryx)uBaHus paccMarpusaerca sernansa J; = M(G 4Gt - +Cmai)
CpenHero BpeMeHH NpEeOBIBAHUA BCEX TPEOOBAHWU B CHCTEME 33 IHKI.
o0 .
Bygem canrars BhnonHeHBIM ycaosme ;T Y bp,()]) —(;<0,j=1,m,
b=1
HEOOXOMMMOE W NOCTATOYHOE /A CYIIECTBOBAHUA €IUHCTBEHHOIO CTa-
[IXOHAPHOIO PACIPEIeIeHUs MAPKOBCKOR Henn {(K1 i, K24, - - - Km,i); 0 =
=0,1,...}. Jas 2 =0,1,... o6o3xauum );(z) CTAaIMOHAPHYIO BEPOAT-
HOCTB COOLITHA Kj,; = 7. Beegem dynximu ¢;(z;t) = (A1) (z!) " te it
z=0,1, ... c mapamerpom ¢t > 0. IIpu ¢; = 1 nerko HalTH, 9TO

Qj(0) = eNT (1~ AT iy ).
b=1

Teopema 1. Iycms £; > 1, 5;(1), 1 =1, 2, ..., uw a;(k,1), k =0,
1,...,¢4—-1,1=1,2,... ydossemsopaom ypasuenuam $;(1) =0 npu
> fj,

Bi(l)

@il = LT+ @ity —1+r;T)a;(l = 1,7), 1 =1,1;
r=1

min{¢; —k,l—1}

Bitk+h)+ Y Bilk+r)a(0,l—1),

r=1

Qi (k, l)

Tozda cmayuonapuvie eepoamuocmu @Q;(0), Q;(1), ..., Q;(¢; —1) ydo-
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8A€EMBOPANOM CUCMEME aﬂee6pau%ecwum ypaeHeHuu"

;-1

Qj(z) =Y Qj(w) (Z @j(2t; +r—1—w;T)e(lj — 1 —z,7r)+
w=0

r=1
+<pj(a:+€j—w;T)>, z=12,...,¢; - 1;

;-1

1= 3 Qw) (1-

> (goj(%j +z—w;T)+

=0

(2 + 2 +r —w;T)a;(0, r)>

o0

1-3 (%‘(fj +a;T)

z=0

2P

r=1

+ > ¢illj +z +7r;T)ay(0, 7‘))
r=1

Teopema 2. Il[ycmb eaununa Kj; umeem cmayuoraproe pacnpede-

aenue {Qj(z);x = 0,1,...} u 6zodnvie nomoxu opdunapubie (pgj) =1,

j=1,2, ..., m). Toeda cnpasedausbl cOOMHOUEHUA
il +1
M(¢,i) =T Mj + J(QJT]) + NT? = N\ TToj1 — €;Taj—1 +
i H! z+b z+b
+ Z Qj(x) Z @j(b;T —Toj-1) (H(—;TQj—1 - ) +
—o =0 Hj Hj
(x+b)(x+b+1) £;(¢;+1)
_ R AV
2,u]‘ 2/lj + (éj T b) 2j—1
)\j 9 fj([j + 1) a:(a: + 1)
_ N —0i(ls — T — Ty _ )
9 ( 2j 1) ) 90]([] €, 2j 1)( 215 215 )
u+t
ede fynwryua Hj(u,t) = [ Ae > (max{u—s, 0}+pu; '+3X; (u—s+t)?) ds

0
npuuZO,O§t<,uj_1,anpuuZO,tZuj_l
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H(u,t) = //\je_xfs(u—s—}—u;l+H(u—s+u;1,t—,u;1)ds+

0

u+t—u;1

+ / Nje (it + H(py 't +u—s—pg ') ds +

u

u+t 1
+/ Nje N (gt + S (4 u—5)%) ds,
u—t+p; " ! 2

M; = (2(¢; — \;T)) 1 (éj + 05 4+ NT? — 20;0,T —

-3 %(m)w(b;fr)(“b_ej)(ﬂb_ej_1>).

x+b<éj

Pa6ora Brimoanena mo rocowmgxkernon HUP HHIY mo Teme «Mare-
MaTHYEeCKOE MOJEJUPOBAHUE W CO3JAHNE HOBBIX METOJ0B AHAJIM3A DBO-
JIOMUOHHLIX cucTemMu u cucteMm ontuMusanuu — N H-040-0» u rpauTy

PO 12-01-90409-Ykp.a.

Craucok JuTepaTypbl
1. 3opun A. B. Kubepuerudeckuut moaxo K TOCTPOCHUIO U AHAIUIY
MaTeMaTUIeCKON MOJEIM TaHaeMa AByX nepekpectkos // COopHUK n0-
ki1an0B X VI Mexaynapoanon koudepennun «[Ipobrembl TeopeTudec-
kou kubepuetukwy. — H. Hosropon: Maa-so Hukeropoackoro rocyuu-
Bepcurera um. H. W. Jlo6auesckoro, 2011. — C. 179-183.

OB OILIEHKAX I'NIYBMHBI BYJIEBBIX ®YHKIIUN
TP PEAJIN3AIINN CXEMAMW HA
IMTPON3BOJIBHBIM BECKOHEYYHBIM BA3UCOM

O. M. Kacum-3age (Mocksa)

JIro60e GpyHKIIMOHANTBLHO TIOTHOE MHOXKECTBO OYIeBHIX (DYHKIIUU, T. €.
TAKOe, YTO CYNePHO3ULIUAMU (DYHKIUUA STOCO MHOXKECTBA MOXKHO pea-
JM30BaTh JI0OyI0 OyaeBy (QpyHKINIO, OyaeM Ha3bIBATh Oa3ucom. bBaswuc
OyneM Ha3bIBATH KOHEUHbIM, €CJIU YIUCIO CYLIECTBEHHEBIX IIeDEMEHHBIX
BXOIAIIAX B HErO (PYHKIUU B COBOKYTTHOCTU OT'PAHUYECHO CBEPXY, U Hec-
KOHEUHbIM B IPDOTUBHOM CIyHUae.
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Paccmorpum peanuzanmio OyJaeBBIX (DYHKIUEA cxeMaMu u3 GhyHKIIN-
OHAJBHEIX 3JEMEHTOB Haj MPOU3BONBHEIM (DUKCUPOBAHHBIM 0a3ucoMm B.
Mon 2aybunoti cremvl MIOHUMAELTCA HAUGOMBIIEE YUCAO (HYHKIIMOHATBHBIX
BIEMEHTOB, COCTABJISIONINX OPUEHTUPOBAHHYIO [EMb, BEAYIIYIO OT BXO-
IOB CXEeMBI K €€ BEIXOAy. Hammenbmas riayOuna cxemel Han OGasucom B,
IOCTATOYHAS [JIA Peaan3anun O6yaeBon GYHKIMA f, HA3BLIBAETCA 24Y06U-
not gynxyuu f vag Gasucom B u obozuagaercs depes Dpg(f). Basucy

B crasurcsa B coorBercTBue dynryus lennona 2aybunvt Dp(n), onpe-
JeasieMas COOTHOIIEHIEM

Dg(n) = max Dg(f),

rie MakCUMyM OGEpeTcs TO BCeM OyJaeBHIM (PYHKIUAM f OT 71 MepeMeH-
ueIX. [IoqpOGHBIE ONMpeNeeHnsA 3TUX U APYTUX UCHONb3YEMBIX B paboTe
nousaTuu cM. B [1, 2].

Mseectro [1], uTo pas Besakoro koHedHoro Gasuca B acuMmroruka
dyuxiun [lennona ray6uns: mpu 1 — oo umeet ug Dg(n) = an+o(n),
rae a = (log, m) ™!, m — mambosbIIee IUCIO CYMECTBEHHBIX MepeMeH-
HBIX y Qpyuknun 6asuca B.

B pa6ore [3] mokasaHo, 9TO IJs BCAKOIO GECKOHEYHOrO Gasuca B
nopsaok pocra ¢pyaxuuu lennona ray6unsr Dg(n) npu n — oo paBen
aubo 1, mubo log n. IToT pesyabrar yrouned B [4]. B macrosmen paGore
pe3yabTaThl [3, 4] CyIECTBEHHO yCUJIEHH.

IpeanomieM GOPMYyIUPOBKE OCHOBHEIX PE3YJIbTATOB P HEOOXO U~
MEIX CBEICHUM.

Ilycts p — mpoctoe uncao. O6o3uatuM depes F), mose K1accoB BB
geros no mogymo p, F, = {0,1,...,p — 1}. Uaeectro [5] (cm. Takxe
[3,4,6]), 9TO BCAKyio OyJaeBy (YHKIUMIO f MOXKHO TPEICTABUTH, U MPHU-
TOM eIUHCTBEHHEIM 00pa3oM, B BUAE MHOMOWICHA

forem) =+ Y animi...s, (modp)

s=11<i1<...<is<n

¢ xo>dunnesramu ag,a;, .. ;, € F, (Gyresnt 3nauenus 0,1 ecrecrBen-
HEIM 06pa30oM morpy:xarrcs B mose Fy, u 6ynesa ¢yukuus f paccmarpu-
BaeTCs Kak oroopaxenue f: {0,1}" — F,). CTeneHs 5TOr0 MHOIOWIEHA
(T. e. HAMOOMBIIEE TUCIO § TAKOE, YTO XOTA OBl OMUH U3 KOSPUINECHTOB
aj,..i, 7 0, mam HOMb, ecau BCE 3TU KOD(PQMUINEHTH HyJEBHIE) HA3LIBA-
etcsa p-cmenewvto pynryuu f u oboznavaerca qepes deg, f.

IIycte A — muOXeCTBO OyieBbiX Gyukmmu. Ecam cpenu p-crenenen
BXOMAIIMX B 3TO MHOXKECTBO (DYHKIUU CYILIECTBYeT HAUOOABINASA, TO
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OyleM Ha3LIBAThL €€ p-cmenenbio muoxcecmsa A m o60o3HavaThH |Uepes
deg,A. Ecu xe MHOKECTBO A cOAEPKAT QYHKIUHA CKOMb YTOIHO OO/B-
IIIOU P-CTENeHu, TO OyJeM TOBOPUTH, UTO P-CTEMEHb 3TOTO MHOXKECTBA,
beckoneuna, m mucaTh cumponmiecku deg, A = oc.

B pat6ore [4] mokasano, 9TO A1 BCAKOrO GeckoHedHOro Gasuca B
UMeeT MeCTO OJIMH U3 ABYX cay4aes: mbo deg, B = 0o mpu BCex MPOCTHIX
p, 6O CYNIECTBYET eIMHCTBEHHOE IPOCTOE TUCI0 p Taxoe, ITo deg, B <
oo n deg,B = oo mpu BCex MPOCTHIX ¢ # p. B mepBom ciydae ropopAT,
uro B ecTh 6asuc Geckoneunot rapaxmepucmury, BO BTOPOM — 4UTO
5TO0 6asuc koneunot rapaxmepucmuru p. Illogpobree 06 a3ToM cM. [3, 4].

OCHOBHOU pE3yJLTAT HACTOAIIECN PAGOTHI COMAEPKUTCA B CICAYIOMIEM
YTBEPXK JCHUN.

Teopema 1. Jasa 6carxozo 6eckoneuno2o b6azuca B aubo cywecmay-
em nocmoawnas 3, 1 < B < 6, maxas, wmo Dg(n) = B npu ecex
docmamouno 60abwWUT N, AUOO BLINOAHAIOMCA COOMHOULEHU

[log,n] < Dp(n) < [log, n] +5

npU 6CET N, NPUUEM NOCACOHEE UMEEM MECMOo mMo20a U MoAbKO Mo-
2da, koeda B ecmv 6azuc xoweunoli rapaxmepucmuxu p, u mozda
v = deg,B.

[loxasaTenbCTBO DTOIO YTBEPXKICHWS OMUPAETCS HA CAEYIOIVe
YTBEPXK IEHUs, TPENCTABIAIOIINE CAMOCTOATEILHBIA UHTEPEC.

Teopema 2. Jas 6carxozo 6a3uca B 6eckoneunoti rapaxmepucmu-
KU u 044 6caAKol wempueuasvnot (m. e. omauunot om ceaexkmoproii)
byaesoti Pynrxyuu f evinoanaromes coommowenus 1 < Dg(f) < 6.

Teopema 3. [asa 6carozo Geckoneunozo 6a3uca B xkoneunot rapak-
MePUCMUKY P U das 8cakoti 6yaesoti gynwxyuu f, omauunot om KoH-
CManm, 8bINOAHAIOMCA COOMHOULEHUA

|—10g’y degpf] S DB(f) S |—10g’y degpf] + 57

ede v = deg,B.

Takum o6pa3oMm, A1 BceX OECKOHETHBIX 0A3MCOB MOTYYEHBI IBYCTO-
pounne ouenku Gpyukiuu [lleHHOHA TIyOUHEBI, PA3IMYAIOMINECS JUIIL HA
HEOOJIBIIY IO A INTUBHYIO IOCTOAHHY0. Bomee Toro, misa Bcex 6eCKOHe -
HBIX 0A3MCOB U BCEX OYJIEBLIX (DYHKIMN YKA3AHBI OIEHKN NIyOWHBI C TOY-
HOCTBIO [0 HEGOJIBINON AT AUTUBHOU TTOCTOAHHON.

Pa6ora Brmoanena npu ¢unancosou noxgaepxke PDDU (mpoext
Ne 11-01-00508) u IIporpammer GpyHIaMeHTaIBHEIX uccaenosanuin Orie-
JeHusa maTemMaTudeckux Hayk PAH «Anre6pandeckue u KOMOUHATOPHBIE
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METOABl MATEMATUICCKON KUOCPHETUKM U MHPOPMAIUOHHLIE CHCTEMBI
HOBOT'O MOKOJEHUM) (IPOEKT «3a1a9M ONTUMATLHOTO CHHTE3a yIPABJIA-
IOLUX CUCTEM)).

Craucok auTepaTypbl

1. JIymanos O. B. O cxemax u3 QpyHKIMOHAIBHBIX DJEMEHTOB C 3a-
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C. 43-81.
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M.: daxropuasa, 1998).
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yausepcutera. Cepus 1. Maremaruka. Mexanuka. — 2007. — Ne 1. —
C. 18-21.
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Boolean circuit complexity // Proc. 19th Annual ACM Symposium on
Theory of Computing. — New York: ACM Press, 1987. — P. 77-82.
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BUKPUTEPUAJIBHBIE 3ATAYN
OBCJIY>XKUBAHUS CTAIIMOHAPHBIX
OB'BEKTOB B OJJHOMEPHOU
PABOYEU 30HE [IPOIIECCOPA

[Od. A. Koran (Mocksa), FO. C. ®degocenko,
H. A. Nyanukunaa (Huxuaun Hosropopg)

Pa6Gora nocesamena anaau3dy GUKPUTEPUATBHBIX MOIU(MUKAIUA PAC-
cMOTpeHHBIX B [1] 3a1a9 06CIyKUBAHNA CTAMOHAPHEIX OOBEKTOB, PAC-
CPEJOTOYEHHLIX B Ipefenax OJHOMEpPHOU pabodel 30HBI IePEeMELIAo-
merocs nporeccopa. HeobxonumocTs ykazaHHOro 0600IEHNs PO IuK-
TOBaHa TPeOOBAHUAMU COBEPUICHCTBOBAHUS YIPABICHUS KOHKDETHBI-
MM TUIIAMZ TPAHCIOPTHO-TEXHOJIOTMYECKUAX CUCTEM, B YaCTHOCTH, [IPU
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peIIeHn” 3039 OTMEPATUBHOTO LIAHUPOBAHUA CHAGXKEHUEM TOILTABOM
IU3EMb-3IeKTPUICCKUX NOOBIBAIOIINX KOMILIEKCOB, JUCIOMAPOBAHHBIX B
KDPYIHOMACIITAOHOM PYCJIOBOM IOJIUCOHE [2].

Cunraercsa 3agannon rpynma O, = {01,02,...,0,} CTaIXOHAPHBIX
00BEKTOB, PACCPEIOTOUCHHBIX B paboden 30He L 06CIyKUBAIOIIETO TTPO-
neccopa P. 3oHa L ogHOMEpHA, €€ HadaabHasa Todka A apiasercs 6a3o-
BOU [JIsi MPOLECCOPA; OOBEKTHI CINTAEM MPOHYMEPOBAHHLIMU B TOPSI-
Ke BO3PACTAHUA UX PACCTOAHUMI OT TOYKU A; KOHedHas Touka B 30HEI
L aBaseTcsa MECTOM pPACIOJOXKEHUSI 00BEKTA 0,. U3 Touku A, HaunHasa
oT MOMeHTa BpeMenu t = (), IPOIECcCOp MOCTYNATEIBHO MEPEMEnAaeT s
K Touke B (penc Ay), a 3aTeM, JOCTUTHYB €€, TAKXKe MOCTYIATEIHHO
BO3Bpam@aeTca B Touky A (penc A_).

IIpu peanmsamum nukma A A_ mpomeccop P BBINOTHSET OJHOKPAT-
HOe Ge3 mpephiBaHuu 06CayRkuBaHue 06beKTOB rpynnsl O, 9acThb 00b-
€KTOB OOCIYKMBAETCA B PEHCe A4, BCe ocTanbubie — B pence A_. C xa-
KIBIM O0BEKTOM 0; ACCOLUMMPYIOTCA JBE MOHOTOHHO BO3pACTAaloIINe B
HECTPOIOM CMBICIe (hYHKINM MHIUBAIYAILHOrO mrpada ¢;(t) u ¢;(t),
BEIDAXKAIOIINAE 3ABUCAIINE OT MOMEHTA ¢ 3aBEPIIEHUs €r0 OOCTyKUBa-
HUs BEJUYUHBI MIOTEPh MO MEPBOMY W BTOPOMY MOKa3aTeasAM COOTBET-
ctBenno. [Ipumem ob6o3uadenus: 1,2, ..., n — TO4YKHU 30HLI L, B KOTOPBLIX
PAaCIIONOKEHBI 00BEKTHI 01, 02, - . - , O, COOTBETCTBEHHO (TOUKY 1 u B co-
BIAJAIOT); T; — MNPOJOIKUTEILHOCTb O0CIYKMBAHUI IpoLleccopom P
00BEKTA 0j; Vj—1,j U Yj,j—1 — 32TPATHI BDEMEHN HA MEpeMeIIeHnsA IpPo-
eccopa Mexay Todkamu j — 1 u j B pencax Ay um A_ COOTBETCTBEHHO
(j = 1,n), npu 5TOM 7g,1 U 1,0 — 3ATPATH BPEMEHW Ha TIepeMeIleHue
mporeccopa Mex 1y To9kon A u Toukon 1 B mpsamoM u 06paTHOM pencax.
Bce umcaa 7j, vj—1,j, Vj,j—1 CIATAEM LEJIBIMA IOJOKUTEIbHBIMA.

Crpareruen o6CayXKUBAHUA UMEHYEM MPOU3BOJIBHOE MOAMHOXKECTBO
snemenToB V m3 coBoxkymHocTn mHaekcoB N = {1,2,...,n}; o6bexTH
0j, TAe j € V, B peammsanuu cTpaTerun V 06CIyKIBAIOTCA IPOIECCO-
poM B peuce A;, Bce ocTaabHBIe 00BEKTH rpynnsl O, — B peuce A_.
s onpemeseHHOCTH ONAraeM, 9T0 0OBEKT 0, 00CIYKUBACTCA IPU 3a-
BepIueHun mpoueccopom penca Ap. [laa oowexkra o0j, j = 1,n, depes
t7(V) o603HATMM MOMEHT 3aBEPUIEHHA €r0 OGCIyKUBAHUA IPH Deaiu-

samuu crparerun V. PaccmarpuBatoTces OukpurepuaibHbIe 331390

VCN

min (Z @i (t5(V)), max; (t5(V))); (1)
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min (3 ,(5 (V). 3 5 (65(V). @

VCN

IIpuarMaeTcs KOHUENIUA peleHns, IPeIyCMaTPUBAIOIIAA IOCTPOE-
HUE A KaXIOW BBEICHHOU 3aJa4YU TIOJHOU COBOKYMHOCTU d(HPEKTUB-
HBIX OoueHOK E ¢ ogHOBpemeHHBIM 0OecnedeHreM BO3MOXKHOCTH CHHTE3a
o JH060U BHIOUpPaeMoun B F OlleHKe MOPO¥XK TAIOIIEN €€ MapeTOOnTUMAb-
HOU cTpareruu [3].

Kouctpyupytorcs perraiomume airopuTMbl, OCHOBAHHBIE HA IOCTPO-
€HUU TIOJHBIX COBOKYMHOCTEN 3(P(HEKTUBHEIX OIEHOK METOAOM [UHAMU-
9eCKOr0 IPOrPAMMUPOBAHUS B €r0 OUKPUTEPUATLHOM 0600mmenuu [4, 5).

Mns 3anad (1-2) u pana uX KOHKPETU3ALUA NOKA3LIBAIOTCA PE3YJb-
TaTH 0 BEIYUCIATEILHON CA0KHOCTH (N P-TpyIHOCTH, HOMUHOMUATLHON
paspenmMocTu). PaccMaTpuBarTCa BOMPOCH! ONPEIENCHIA MAKCAMATb-
HOI'O 4uCaIa dPPEKTUBHBIX OLEHOK.

Cnucok JquTepaTypbl

1. Korau [I. U., ®enocenxo F). C. 3agaum cuuTE3a ONTUMAIBHBIX
cTpaTeruy O6CTyKUBAHUA CTAIMOHAPHLIX OOBLEKTOB B OTHOMEPHOHU pa-
6ouen 30He mpoueccopa // ABromaTtuka m Tesemexanmka. — 2010. —
Ne 10. — C. 50-62.

2. Korau [. U., ®egocenxo ). C., lmoraes A. FO. 3agaga ox-
HOCTAIUIHOTNO O6CTYyKUBAHUA NOOBIBAIOMIX KOMILIEKCOB B KPYTHOMAC-
wrabuon aksaropun // Tpyaer V MockoBckon Mex gyHapoqHOU KOH(pe-
pernuu no uccaenosanuo onepanuu (ORM2007). — M.: MAKC IIpecc,
2007. — C. 60-62.

3. Hoaunosckuu B. B., Horuu B. [I. Ilapero-onTumManbHbie pemeHuns

MHOTOKPUTEPHAIbHBIX 3a1a4d. — M.: Pusmaraur, 2007.
4. Korau [I. . Muanamudeckoe IpOrpaMMUPOBAHUE W ITUCKPETHAS
MHOTOKpuTepuanabuas ontumusanusa. — H. Horropoa: W3 a-so Huxero-

ponckoro rocynuBepcuteTa, 2005.
5. Byraes FO. B., Hukynos C. B. O6006menne cxeMbl THHAMAIECKO-
ro nporpaMmupoBanusa // ABromaruka um Tenemexanumka. — 2009. —

Ne 2. — C. 90-100.

130



O CJIOXKHOCTU PEAJIM3AIIUU JIUHEMHBIX
BYJIEBBIX ®YHKIIUM B OTHOM BA3UCE

}O. A. Kom6apos (Mocksa)

OauuMu u3 HamGOJEE W3YUEHHBIX C TOYKA 3PEHUA UX MUHUMAID-
HBIX PeaIr3anuil ABIAIOTCA JUHEHHBIE OyJeBEl (DyHKIIUW, MPEACTABIA-
embie B BuIe Iy (T1,...,T,) =21 & ... 0z, wmm B Buge Ly (z1,...,7,) =
1 ® ... Bz, 1, rge "®” o3HAUAET CJAOKeHHe MO MOAyawo aBa [1].
IMepBoin pe3yapTaT B 5TOM HampasieHuu ObLT moayder B 1952 r. Kapao
[2]: mas peanumsauuu JuHENHOU OyaeBOU GyHKIUM (CYIIECTBEHHO 3aBUCS-
IEN) OT 7 IEPEMEHHBIX KOHTAKTHOU CXEMOU HEOOXOAUMO U TOCTATOIHO
4n — 4 xouTakTOB. CJI0XKHOCTD PEATU3ANNY JUHETHEIX (PYHKIUN CXeMa-
MU 13 QYHKIHOHAJIBHBIX 2JeMeHTOB [3] (onpenensemasn OOBIMHO KaK Hau-
MEHBIIIee BO3MOXKHOE YUCA0 (PYHKINOHATLHBIX 2IEMEHTOB, JOCTATOIHOE
I peaqm3anuu QyHKIUM f CXeMOHU B 3aJaHHOM Oasmce m 0603HAYa-
eMas kak L(f)) msBecTHa A1 MHOrEMX 0a3MCOB, COCTOAIMX U3 HE 6O-
Jee, 9eM JBYXBXOMAOBBIX (DYHKIMOHAJIBHEIX 31eMeHTOB. Tak, B pabore

[4] noxazano, uro L(l,) = L(l,) = 4n — 4 B 6asuce {z&y,z V y,T} u

L(l,) = L(l,) = ™n — 7 B 6asucax {z&y,T} u {z V y,T}, a B pabore
[5] mokazamo, uro L(l,) = L(I,) = 3n — 3 B 6asuce {z — y,z&y}. laa
HEKOTOPBIX 0A3MCOB U3BECTHEL OI€Hb TOTHBIE OLEHKY 117 CJIOKHOCTH Pe-
anTM3anuu JMHENHBIX QYHKINM, HampuMmep, B pabore [6] nokasaHo, 4To

L(ly) = 4n—4u 4n — 4 < L(1,,) < 4n — 3 B 6asuce {z&y}, a B paboTe
[7] noxasamo, uto L(l,) = 4n —4 u 4n — 4 < L(I,) < 4n — 3 B Gasuce
{z = y,Z}. [das HEKOTOPBIX GA3UCOB €CTH ONUCAHUE YCTPOUCTBA MUHU-
ManbHBIX cxeM. Hanpumep, B paGoTe [5] mokasaHo, 9TO BCE MUHUMAJb-
HBIE CXEMBbl, Peaau3yommue JuHerase Gyakuun B 6asuce {z — y, T&y}
UMEIOT OIPeeIeHHYIO GIOUHYIO CTPYKTYDY, a B paboTe [8] aHATOrMIHBIN
pe3yJabTaT NOKa3aH Mg MAHUMAJBHBIX CXEM, DEATU3YIOMINX JUHEUHEIE
dyuxuuu B 6asuce {z&y,z V y,T}.

B macTosamen paboTe yCTaHABAMBAETCA TOTHOE 3HAIEHNE CIOKHOCTH
yukumn [, B Gasuce B, COCTOAIIEM U3 €IMHCTBEHHOIO (DYHKIMOHAIb-
Horo sreMmenTa — mrpuxa [llepdepa, a TakKe OMUCHIBAETCI CTPYKTypa
BCEX MUHUMAJBHBLIX CXEM, PEaJu3yomux GyHKIN [, B TOM Xe (as3uce.

[ns cxemer S B Gasuce B gepes L(S) oGo3Havaercs KOJIXIECTBO
(QYHKIMOHATBHBIX 3JEMEHTOB B S; 4ncao L(S) HA3LIBAETCA CAOHCHOCTNBIO
cxeMbL S. Cao#cHoCcmbi0 Peaiu3ayuy TPOU3BOILHON Oy 1eBon hyHKIUN f
B 6asuce B HasweBaercsa qucao min L(S), rage MunumyM GepeTcs mo BceMm
cxemam S, peanusyommM pyukuuio f B 6asuce B. CioxHOCTL peanun3sa-
nuu pyskuuu f B 6asuce B Gynem o6osnadaTs depes L(f).
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Cmandapmmubim 640K0m OyIeM HA3BLIBATHL CXEMY C OBYMsA BXOIAMHU,
COCTOSAIIYIO U3 UeThIpeX aaeMeHTOB Ky, Fy, FE3 u E,, Takyio, 9TO mep-
BBIU BXO/[l CXEMBI COEJUHEH CO BXOAaMuU 3aeMeHTOB Ky u Ey, BTOpou BXo[
CXeMBbI COEIUHEH CO BXomamu »jaemMeHToB K u F3, Beix0on niaemenTa Fj
COeIVHEH CO BXOMaMu »aeMeHTOB Fo m F3, a BEIXOABI 31€MeHTOB Fo u
FE3 coenuuensr co Bxogamu saementa Fy. dnement Ey Oynem HA3bIBATH
BLIZOOHBIM IAEMEHMOM CTAHIAPTHOrO 6J0Ka. OTMETUM, YTO HA BHEIXO-
[Ie BBIXOJHOI'O DJIEMEHTA CTAHAAPTHOO O/IOKA PeaIm3yeTcs CyMMa IO
MOy ABa (GPYHKINU, MONAHHBIX HA €r0 BXOAL. Byaem roBopuThb, 9TO
CTaHIAPTHBIN GJIOK BXOJAUT B HEKOTOPYIO cXeMy S npasuibno, €CIu BhI-
XOJBI BCEX DJIEMEHTOB 3TOr0 6JOKA, KPOME BHIXOAHBIX, HE MOLAIOTCSI HA
BXOJIBI DIEMEHTOB, He NMPUHAIEKAMNUX OJIOKY, & BXOABI OJI0KA COEIHe-
HBI C BBIXOJIOM HEKOTOPOT'O DIEMEHTA CXEMBI S WK ¢ HEKOTOPHIM BXOIOM
cxXeMbr S.

OCHOBHBIMU pe3yabTATAMU PAOOTHL ABISIOTCA CIETYIOMINE TEOPEMBI.

Teopema 1. Bcakasa Munumaibras cxema 6 6a3uce B, peasusyrowan
aunetnyro Pynryuio l, = 1B ... ®x,, cocmoum uz n—1 cmandapmubiz
040%06, KaxNcObll U3 KOMOPLIT 6L00UM 6 CLEMY NPABUALHO.

B creayromen Teopeme yCcTaHABIMBAECTCA TOYHOE 3HAYEHUE CJIOKHO-
ctu Qyuknuu [, B 6asuce B.

Teopema 2. IIpu 41000M HAMYPAALHOM T CAOHCHOCTND PEAAU YUY
aunetinot gynkyuu l, = x1E...Px,®1, n > 2, 6 6azuce B cocmasasem
4dn — 3.

W3 reopem 1 m 2, a Takke M3 pPe3yJIbTATOB paGoTH [6], momb3y-
ACh COOOPAXKEHUAMU TBOUCTBEHHOCTH, HECIOXKHO TOMYYUTH AHAJOTUY-
HBIE yTBEpXKAeHusa A 6asuca {T V Y}, COCTOAMEr0 U3 eIUMHCTBEHHOIO
(GyHKIMOHATBHOTO 1eMernTa — crpeaku [lupca. A uMeHHO, BEPHBI CJie-
IYIOIINE TEOPEMBEL.

Teopema 3. Beakas munumasvras crema 6 6azuce {xVy}, peasu-
syowas aurnelinyto Pywkyuo 1 + ...+ xp +n+ 1 (mod 2), cocmoum
uz n — 1 cmandapmuviz 640%08, Kaxcdbili U3 KOMOPLIL BLOIUM 6 CLEMY
NPaBUALHO.

Teopema 4. B 6azuce {TV y} npu uemuvix n 6biN0AHAIOMCA PaEEH-

emea L(l,) =4n—3 u L(l,) = 4n—4, a npu weuemuuiz n uinoAHA0OMCA

pasencmea L(l,) =4n —4 u L(l,) = 4n — 3.
B sakmroueHne aBTOp 61ar0JapUT CBOETO HAYYHOIO PYKOBOAWUTENS
npod. H. II. Peaprxuna 3a momoms B paboTe.
Pa6Gora Bemmonmena mpu ¢unrancoson nogaepxke PODU, npoekt
11-01-00.
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O IVMIYBUMHE ®YHKIIUN
MHOT'O3HAYHOM JIOTUKU

A. B. Kouyeprun (Mocksa)

B paGote paccmaTpuBaerca raybuna dyHkuui k-suauson (k > 2)
JIOTUKN IIPU peaInu3allul CXeMaMUu n3 (ZpyHKI_H/IOHaJII)HI)IX DJIEMEHTOB Ha
npou3BoabHLIM 6asucoMm. [Ton 6azmcom moHMMAaETCs MPOU3BOJBLHOE MHO-
XKeCTBO (PYHKIUU K-3HAYHOUW JOTUKU, TAKOE, UTO €ro 3aMBIKAHUE OT-
HOCUTEJBHO Onepalnu Cyneprno3dmnum COBIaTa€T C MHOXECTBOM BCEX
dbyuxuun k-spadnon Joruku. Basuc naspiBaeTca 6€CKOHEIHEIM, €CIH I/
JM0O0T0 HATYPATLHOTO YUCAA, 111 HAUAETCA (PYHKIUA U3 DTOr0 Oasuca, 3a-
BUCSIIAA CYIIECTBEHHO HE MEHee, UeM OT 1M MepPeMeHHBIX. B mpoTuBHOM
caydae 0a3uC HA3LIBAETCA KOHEYHBEIM. BooOIne roBops, 9ucio QpyHKIun
B KOHEYHOM 0a3uce MOXeT OBITh 6eckoHedHBIM. O IHAKO, MO-CYyIIEeCTBY,
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KOHEUHBIN (GA3UC C TOYHOCTHIO IO NOOABICHWUA U U3BATUAA HECYIIECTBEH-
HBIX MEPEMEHHBIX COJEPKUT JUIIb KOHETHOE UMCIO PA3THIHBEIX (PyHK-
nun. [/lanee mpm paccMOTPEHUEM BOMPOCOB AMrOPUTMHUYECKON Pa3pery-
MOCTH OyJeM CYUTATh, YTO KOHEYHBIM 0A3UC 3aMAETCA KAK KOHEITHOE
MHOXKECTBO QyHKIUHA k-3HAYHOU JOTUKU.

IMoa rayOGuHOUM CXeMBbl MOHUMAETCA MAKCUMAJIBHOE YUCI0 (DYHKIINO-
HATBHBEIX IEMEHTOB B OPUEHTUPOBAHHBLIX HENAX, BEIYIIAX OT KAKOTO-
Jaub0 BXOAA CXEMBI K €€ BuIxony. [rybunon ¢pyukuun f man 6asucom B,
o6osuagaemon depe3 Dp(f), Ha3BIBAETCA MUHUMAIBHAS [IyOUHA CXEM,
peanusyromux Gpyuknuio f zwan 6asucom B. [l mpom3BOJBHOTO 0A3UCA
B uccnenyerca nosenenne ¢pynxnuy [IleHHOHBI rryOuHEI, 0603HAMAEMON
gepes Dp(n) u onpenenseMon npu Jr000M HATYPATLHOM 7, COOTHOIICHT-
eMm Dg(n) = max Dg(f), rae makcumym Geperca mo BceM QyHKIuAM f,
3ABUCAIINAM OT 7l TIEPEMEHHBIX.

B [1] ycranoBaeno, 4To B caydae gBysHadHou jgoruku (k = 2) muas
a060ro KoHevdHoro 6asuca B mpu n — 00 BBIIOJHAETCS COOTHOIICHUE
Dg(n) ~ Bn, rae B = (logom)™! mw m — MakcuMamBHOE YHCIO CyTITe-
CTBEHHBIX NEPEMEHHLIX y (pyHKIUE u3 6Gasuca B.

B cayuae k-suaunon joruku (k > 2) UMEIOT MECTO CJEIYIOIINE YTBEP-
XK IEHUA.

Teopema 1. Jasa scarozo xoneunozo 6a3uca B dynxuyui k-3naunot
AORUKY CYULECTNEYEM MAKAL NOAOHCUMEALHAL KOHCTAHMG A, YN0 NPU
n — 00 BbINOANACTNCA COOMHOULEHUE

Dg(n) ~ apn.

Teopema 2. Jas scako2o xKoneunoz2o 6a3uca B dynxyui k-anaunoi
A02UKY Koncmanma ap umeem 6ud ap = log, Ap, 2de Ap asasemca
aA2€0PAUUECKUM YUCAOM.

Teopema 3. Cywecmsyem aa20puUmm HELOHCOEHUA NO NPOU3BEOAb-
HOMY KoHeunomy Oasucy B dynxyul k-3naunot so2uxy mMmo2outena c
YCALIMYU KO PHUUUEHMAMU, MAKCUMAALHOIM eTCEUMEALHOIM KOPHEM
KOMOPO20 ABAAEMCA UUCAO AB.

B [2] mokaszaHo, uTO B ABy3HauHOU Joruke (k = 2) /s 1060r0 6eCKO-
HevHOro 6asuca B nmopsagok pocra ¢yuakunu [Mlennona ruybunst Dg(n)
paseH au6o 1, 6o log, n. B [3] 3T0T pesyabraT ycuien: [oKka3aHo, 9To
11 1I000ro 6eckoHedHOro 6asuca OyaeBriX GyHKmur B anbo cymecTBy-
eT KOHCTaHTa a > 1 Takas, uTo Dp(n) = a mpu BCeX HOCTATOYHO 5OIb-
X N, MO0 CYMECTBYET IEIOYUCACHHAS KOHCTAHTa b > 2 1 KOHCTAHTA
d Takwue, aro logyn < Dp(n) < logy,n + d npu Bcex n.

B pa6ore [4] pesyaprarni paGoThl [2] mepeHeceHbl Ha caydam k-
suaunon goruku (k > 2). [lokaszano caenyrouiee yTBepK JeHUE.
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Teopema 4 [4]. Jas a06020 6eckoneunozo 6asuca B Pynwyui k-
3naunot ao2uxy aubo cywecmeyem xowcmarwma o > 1, maxas, wmo
Dpg(n) = a npu scex docmamouno 604bwWUT N, AUO0 CYWECMEYIOT KOH-
cmanwmut 3, 7y, §, ede § > 0, maxue, wmo Slog, n < Dp(n) < vlog, n+4
npu ecexr n.

AsTop BRIpaxkaet uckpenuwow orarogapuocts O. M. Kacum-3aze 3a
MMOCTOSHHOE U BCECTOPOHHEE BHUMAHUE K PA0OTeE.

Pa6ora Brmmoanena npu ¢unancosou noxgaepxke PDDU (mpoext
11-01-00508) u Iporpammer GpyHgameHTanbHBIX uccaegoBanun OTaeme-
uusa maremarudeckux Hayk PAH «Anre6panveckne u KOMOMHATOPHEIE
METOABI MATEMATUIECKOU KUOEPHETUKYU U UHMOPMAIUOHHLIE CUCTEMBI
HOBOTO TIOKOJIEHUs (MPOEKT «3a1a49i ONTUMAIBLHOTO CAHTE3A YIPABJIA-
IOLIUX CUCTEM)).
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HEKOTOPBIE SAJAYN CJIO2KHOCTHU BBIYYACJIEHUA
DJIEMEHTOB KOHEYHBIX ABEJIEBBIX I'PYIIII

B. B. Kouepruun (Mockga)

OTnpaBHON TOYKOM MJIA NOKIALa HA CEMMHApE W IJIA JAHHOIO TEK-
CTa CTAIM COXPAHUBLINECA Tpu JucTodka ¢ 3anucamu Ouera Bopucosu-
4a Jlynanosa, gaTupoBaHHBIMHA, MO-BHANMOMY, 1988 rogom, B KOTOPBIX
aBTOPY, TOT Q4 ellle CTYICHTY-TATUKYPCHUKY, CTABUIACH 321a¢a O CI0XK-
HOCTU BBIMUCICHUN 3JIEMEHTOB KOHEIHBIX abesneBbix rpynm. C Tex mop u
B DTOM HANPABJIEHUU, U A OJU3KUX 33134, ObLIA IOJYIEeHBI HEKOTO-
pBIe Pe3yJabTATHI, IOCTAHOBKA 33/1aYN BUIOU3MEHSIACH, PACIINPAIACD,
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nepeocMmeicanBatack. O qHAKO B JaHHOU 3aMeTKEe PacCMaTPUBACTCA 3a-
Ia4a IMEHHO B MCXOIHOHU IOCTAHOBKE — PELICHNUIO 324349 B N3HAYaILHON
nocranoBke O. B. Jlynanos mpugaBas GoJIbIIOe 3HAUEHUIE.

IIycts G — xoHeuHas abeneBa rpymmna (CPYIHIOBYIO ONEpanuto Oy 1eM
HasbBaTh ymHOXKeHHeM). ITonmuoxectBo B = {a4,...,a,} snemenToB
rpynnel Oyaem HaswBaTh Oaszucom B rpynmne (G, ecim (G packianniBa-
€TCA B IPAMOE MPOU3BEIEHNME NUKJINIECKUX [OACPYIII, MOPOXKIEHHBIX
3JIEeMEHTaMU MHOXeCTBa B:

G =(a1)u, X ... x{aqg)u,,

riae u; — HOPAIOK dJIeMeHTa a;, ¢ = 1,...,q.

[na xaxgoro saeMenTa g rpynnsl (G ONPEIeIVM €r0 CAOHCHOCTb
peasusayuy wad 6azucom B, oboznadaemyio depes L(g; B) kax Munum-
MAJBHOE 9UCJI0 OMEPANNUA YMHOXKEHUS, NOCTATOYHOE s BBLITUCICHUS
BIIEMEHTa, ¢ C UCTOMb30BAHUEM DJIEMEHTOB MHOXKeCTBa B (mpu 3ToM Bee
YK€ BBIYUCJIEHHLIE DJIEMEHTHI MOTYT ObITH MCIOIB30BAHBI MHOMOKPATHO
(B 5TOM NPUHIUNHUAILHOE OTJAWYUE OT APYT'OU MEPHI CJIOXKHOCTU BHIUU-
CJEHUN BJIeMEHTOB B rpynnax [1]).

Caoncrnocmv L(G; B) xoneunot abeaesoti epynnwvt G wad 6azucom B
ONIpeeauM TAK:

L(G; B) = max L(g; B).
9eG

TTonoxum

LM(G) = max L(G,B), Lm(G)= min L(G, B).
B: B—6asuc G B: B—6a3uc G

Tak kak koHeuHas abeneBa rpynna G MOJHOCTHIO ONPENEeIIeTCa BeK-
TOpOoM V = (v1,...,V;) NOPAAKOB IPUMADPHBEIX HNUKJIMIECKAX HOACDYII
rpynnsl G, To BMecTo o6o3uavenus LM (G) MOXHO UCIOAB30BATEH 060-
snavenue M (v), a BMecto Lm(G) — m(v).

[na Bexktopa v = (v1,...,v;) obOo03Ha4mM d4epes ||v|| Beawduny
V102 ... Vq. [lomoxum

M(n) = v:rﬁl‘?\fcgnM(v)’ m(n) = v:rﬁl‘;}”xsnm(v).

3apaua (0. B. Jlynaunos, 1988). Bo-nepseix, HAUTH IUCIOBLIE (DYHK-
nuu f1(v) u fo(V), onpeneseHHble HA BEKTOPAX V, XapaKTePU3yIOLUINX
HOPAIKYA TPUMAPHBIX IMUKIUIECKAX TPYTII, C TOMOMIBI KOTOPHIX BHIPA-
xkanuck Ob1 Beawaunbl M (v) u m(v) (xoTsa Obl aCUMIOTOTUYECKH WA C
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TOYHOCTBIO 10 MOPAAKA TPH YCJIOBUY, UTO MOPAAOK BCEN I'PYNIEL CTPe-
MUTCS K 6ECKOHEYHOCTH ); BO-BTOPHIX, UCCAEA0BATEL pocT dyHkuui M (n)
u m(n) npu n — oo.

Oycte G = (a1)u, X ... X {(ag)u,, T.¢. B ={a1,...,a,} — Gasuc B
rpynmne G. VI3 MOIIHOCTHBIX COOGPAKEHUN BEITEKAET CIeIYIOMUN HaKT.

YrBepxaenne 1. a4 npouzsoavbro20 NoaoiumMesbro20 € nat-
demca makoe nosoxcumeavroe m(e), Mo dan CAOHCHOCTU 410607 KO-
neunoti abesesot epynnvt G wad 6a3ucom B npu 6binoanenuy ycio6us
|G| > m(e) cnpasedausa oyenka

log |G| logloglog |G|
LG;Mg)> ————— |1 1l-¢)——F—————
(G5 Ma) > loglog |G| -2 loglog |G|

(3decv u daaee sce aoeapudmvt Gepymea no ocrosanuio 2).
W3 pesynbTaToB paGoT [2-4] crenyer Takas BepXHAA OLEHKA.

Yreepxgenue 2. Ilyemv G = (a1)y; X ... X (Gg)u,, B =
{a1,...,a4}. To2da npu |G| =
L(G,B) < M(l + 0(1)) + log(max u;)(1 + o(1)) + O(q)
"7~ loglog |G| BURAX Ui v-

Teopema 1. Ilycmbs G = (1), X ... X (ag)u,, B = {a1,...,a4}.
Tozda npu |G| = oo cnpasedausvi coomuowenun

log |G|

log |G|
—=— < [(G,B) <
loglog |G| ~ (G, B)

—————— + log(max u;) + q.
~ loglog |G| 8 i i) +4
dTa TeopemMa BMecTe ¢ mnpocron HuxkHen onenkou L(G,B) >
log(max; u; — 1) + ¢ — 1 upu ycaosuu |G| — 00 yCTaHABIMBAET MOPSIOK
pocra dyskmmonasa L(G, B). Boaee TOro, mpu BBHIMOJIHEHUM YCJIOBUA
_ log |G|
7 = o Hglogia] + log(max; u;) )] Teopema 1 gaer acumMnTOTHKY pOCTa
seanuunsl L(G, B).

Teopema 2. IIpu ||v]| = 00 8bIN0aRAIOMEA COOMHOUEHUA

log [|v]]
Sm(v) < M(v) < logl|v]l.
e Sm(v) £ M(v) Slogv]

B ciyvae, korga Bce DJIEMEHTHI BEKTOPA V ABIAIOTCA CTENEHAME OJ-
HOI'0 ¥ TO'O %€ IIPOCTOr0 YUC/Ia, CipaBeaauBo paencTso m(v) = M(v).
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Ecau xe BeKTOp V COCTOUT 13 k Pa3IMIHBIX IPOCTHIX YUCEN U3 OTPE3KA
[2%,22F] To mms HEro 0HOBPEMEHHO TOCTHUTAIOTCA KAK HUKHSAA ONEHKA
BeaauHB M(V), Tak U BepXHsisd oneHKa Beauauasl M (V) u3 Teopemsr 2.
Ha camom nese Teopema 1 gaeT CepbE3HBIN UHCTPYMEHT [ UCCAENO0-
Bauus nosenenus seauaud M (v) u m(v). Ha ocaose aTout Teopemsr ycra-
HOBJIEH NOPAIOK pocta Beaumdud M (v) u m(v) (3gece GopMmyaupoBku
COOTBETCTBYIOIINX PE3YILTATOB HE IPUBOANTCA W3-33 HEBO3MOKHOCTH
BBECTHU BCE HEOOXONUMBIE [JIA TOYHBIX (hOPMYIUPOBOK OMPENEJICHIUA).
Teopema 3. IIpu n — o0 cnpasedausbl Pasewcmea

logn logn

M(n) =logn+ (I+0(1)), m(n)=logn+ (1+0(1)).

log logn loglogn

Pa6Gora Bemmonmena mpu ¢unrancoson nogaepxke PODU, npoekt
Ne 11-01-00508.
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OBl IUCKPETHOTO aHAIW3a B Teopuu TpadoB u caokHOCTH. — HoBOCH-
6upck, 1992. — Brmm. 52. — C. 22-40.

O KOH'BIOHKTOPHOM CJIO2KHOCTHU CXEM B BA3UCE
2KETAJTIKVWHA OJisA OAHOWU ITIOCJEAOBATEJIBHOCTHA

BYJIEBBIX qDYHKHI/IfI
T. U. Kpacuosa (Mocksa)

Bynem paccMaTpuBaTh cXeMbl 13 (DYHKINOHATBLHEIX DJIEMEHTOB B 6a-
suce 2Kerankuna B = {&, @, 1} [1]. Hox xonwronkmoprot caorcnocmoio

L%(f) moHmMaeTcs HAMMEHBIIAA U3 KOHBIOHKTOPHEIX CJOKHOCTEH CXeM
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B Oasuce B, peamusywomux OyaeBy (QyHKIUIO f; TOI KOHBLIOHKMOPHOU
CAOHCHOCMBIO CXEMBI IOHUMAETCA IUCIO0 KOHBIOHKTOPOB B DTOU CXEME.
B nanmon pa6oTe uccaeqyeTcsa KOHbIOHKTOPHAA CAOKHOCTE (QyHKIINT

iz, nzn) =V zzj.
1<i<j<n
Teopema 1. Ecaun > 2 — uemmnoe, mo LE(f3) = n — 1. Ecau

n >3 — neuemmnoe, mo LE(f3) =n — 2.

Teopema 2. I[Tycmo deg(f) — cmenens noaunoma XKezaaxuna 6y-
aeeoti fynryuu f. Tozda umeem LE(f) > deg(f) — 1.

Loxazameavcmeo Teopemvl 2 nmpoBeseM WHIYKINER IO CTENEHU TI0-
muaOoMa ZKerankuna 6y1eBon GpyHKIUA f.

Basa unayximu deg(f) = 1. Ouesugno, LE(f) > 0.

IIycte Bepuo nas deg(f) = d, nokaxem gasa deg(f) =d + 1.

PaccMoTpuM MUHUMATBHYIO (OTHOCATEIBHO KOHBIOHKTOPHOU CJIOXK-
HOCTH) cxemy S B 6asuce B, peanusymomyo GyHkuuo f(x1, ..., Ty), 114
koropou deg(f) = d+1. 3amerum, uro d+1 > 2, 3HauuT B cxeme S eCThb
X0Ts OBl OMWH KOHBIOHKTODP. BBEmeM B cxeMe MOHOTOHHYIO HYMEPAIHIO
BEpIIVH [2] 1 PACCMOTPUM KOHBIOHKTOD Fg ¢ MUHUMATLHBIM HOMEDOM.
Ha ero Bxogbl MOryT MOJABATHECA TOIBKO JUHEHHBIE (DYHKIUM OT Me-
pemennerx. [lycTes Ha BhIXOne KOHBIOHKTOpa Fg peammsyeTcsa QyHKIAA
g(x1,...,zy). Teneps paccmorpum GyHKUUO h(T1, ..., Ty, Tpi1), TAKYIO
910 h(T1, .oy T, g(T1, s ) = [(Z1, ..., Tp). DTY PYHKIUIO MOKHO pe-
aTM30BaTh CJIETKa BUIOU3MEHEHHOU CXeMOU S, B KOTOPOU BMECTO BHI-
X014 KOHBIOHKTOPa g Ha COOTBETCBYIOIMIME BJIEMEHTHI IOTAETCA HOBAA
MEPEMEHHASA Xy t1. SAMETHUM, ITO

LE(f) —1> LE(R). ()

Ipeanonoxum, aro deg(h) < d, Torga nogcrasum B nomuuoM 2Ke-
FaJKWHA BMECTO Ty MOAMHOM 2Kerankuua QyHKIUEA §. 3aMETHM, ITO
CTENeHb Kaxk [0r0 MOHOMA BO3PACaa He 60see, 9eM Ha 1. SBHAYHT, CTEeHb
NOJMHOMA He MOrJa BozpacTtu 6ouee, yeM Ha 1. Oguaxo, deg(f) = d+ 1.
W3 noayuusierocs nporusopeduns caegyer, aro deg(h) > d.

Ilycte deg(h) > d. B sToM cak4ae momydaem Cnocob MEPeXOAUTh K
(yHKIUHU €O cTenenbio moamaoMa 2Keralkuna He MeHbIIen, 9eM Y UCXOI-
HOW, & KOHBIOHKTOPHOU CJAOXKHOCTBIO KAK MUHUMYM HA €UHUIY MEHb-
men, 9eM y ucxoguon. Ho Takon mepexon Helb3s MOBTOPATHL HEOrDAaHU-
“eHHOe Tnc0 pa3 (ecu noeTOpuTh LE(f) pas, To B cXeme He ocTaHeTCA
KOHBIOHKTOPOB), 3HAUUAT HA KAKOM-TO IIATe MBI TOAYIUM (YHKIUK CO
CTernenpio monmaoMa ZKerajikumsa poBHO d.
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Ecmu deg(h) = d, To mo mpenmonoxenmo mugyxmum L% (h) >
deg(h) — 1 = d — 1. Teneps, yunTeiBas HepaBeHCTBO (*), momyuum

LE(f) > d =deg(f) - 1.
Teopema 2 gokasana.

Jlemma. IIpu n > 2 umeem f3(x1,....7,) = @ p2k(zy,..,7,),
2<2k<n
2de pE(x1, ... z,) = ) Ty et Ty
1<i1 <...<ip<n
CaegcrBue 1. FEcau n — wemmnoe, mo deg(f) = n. Ecau n —

newemuoe, mo deg(fd) =n—1.

Caegcrsue 2. Ecaun — wemnoe, mo L (f3) >n —1. Ecaun —
newemmoe, mo LE(fi) >n — 2.

N3 crepcTBus 2 BLITEKAIOT HUMNCHUE OYEHKY OIS T€OpPEeMbI 1.

Beprnue oyenxu 11 TeopeMbl 1 HOTyYnM KOHCTPYKTUBHO WHIYKITH-
el TOo n.

Baszuc undyxyuu. [Jag n = 2 mMOCTPOUM CXEMy MO TPENCTABICHUIO
f3(z1,72) = 1 - 29 co croxmocTeio LY (f2) = 1.

Jlas n = 3 MOCTPOUM CXeMy MO IPeACTABICHUIO f3 (71, T2, 23) = (71
T2) - (21 ® x3) ® 71 co croxuocThio LE(£3) = 1.

[1s n = 4 MOCTpPOMM cXemy MO TIpeAcTaBieHuio fq(x1,Ts, T3, Ts) =
f3(z1,22,73) V (21 ® 22 ® 73) - T4 co cnoxuOCTRIO LE(f3) = 3.

Iisin = 5 HOCTPOUM CXeMy O IPeACTaBICHUIO f5 (T1, To, T3, T4, T5) =
3(z1,m0,23) V f3 (21 © 29 ® 23,74, 75) co croxuocTnio L (f3) = 3.

Hepexod. TycTs BepHO And f3, ..., f~ ;. Nokaxem ana f2. Ipu mos-
cYeTe KOHBIOHKTOPHOHN CIOXKHOCTH BOCHOJB3YEMCA TE€M, ITO (DYHKIAIO
iz, ..., 21) = 21 V... VI, MOXKHO peaIn3oBaTh CXeMOH ¢ KOHBIOHKTOD-
HOU CJOXHOCTBIO k — 1.

Cayuan la: n = 3k, k — getnoe. B srom cayuae n — gernoe. Boc-
TOMB3yeMeA TIpeACTaBICHuEM fat(T1, Y1, 21, .o, Th, Yks 2k) = [E(T1 Dy1 &
21y ey xk@yk@zk)vflk(fg (171, Y1, 21)7 ey fQB(xk; Yk Zk)) KOHT’IOHKTOpHa‘H
CIOXKHOCTB MOJIy4IeHHOU cxeMbl paBHa k—1+1+k—1+k =3k—1=n—1.

Cayuan 16: n = 3k, k — medernoe. B aTom cayuae n — HedeTHOe.
BocrombayeMesa npeacTaBieHueM fo (L1, Y1, 21, o Tk, Yk, 2k) = f¥(z1 ©
Y1 @21, Th DYr D 2k) V FE(f3 (1,91, 21);s o f5 (T, Yy 21) ) - KoBBIOHK-
TOpHAsS CJAOXKHOCTB MOTYYEHHOU CXeMbl paBHa k — 2+ 1+ k -1+ k =
3k—2=n-2.

Cayuanm 2a: n = 3k + 1, k — wernoe. B sTom ciayuae n — Heder-
Hoe. Bocnonbayemcs mpepcraBaeHueM [f3(T1, Y1, 21, oy Thy Yk 2k, T) =

2k+1($1 @yl @Zla ey Tl @yk @Zkaw)vflk(fg(xlaylazl)a cey fg(xkaykazk))'
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KoHBIOHKTOpHAS CI0KHOCTH TOMYIeHHON CXeMbl paBHA k + 1 — 2+ 1 +
k—1+k=3k—-1=n-2.

Cayuanm 26: n = 3k + 1, k — medernoe. B srom ciydae n — ger-
Hoe. Bocnonbsyemcs mpexpcraBaeHueM [f3(T1, Y1, 21, o, Thy Yk, 2k, T)

2k+1($1 @yl D21y, Tk @Z/k @Zkaw)vflk(fg(wlaylazl)a EEEE) fg(wkaykazk))'
KoubioEKTOpHAA CI0XKHOCTL HOJIYIeHHON cXeMbl paBHa k+1— 1+ 1 +
k—1+k=3k=n-1.
Cayuan 3a: n = 3k + 2, k — qeTrnoe. B sTom caydgae n — det-
Hoe. BocmonbayeMmces npencraBaeHueM f3 (L1, Y1, 21, -y Tk, Yk, 2k, L, Y) =
2k+2(a:1@y1@217 o TEDYRD2k, T, y)vflk(fg(xl, Y1, Zl)a ) f23(a:k, Yk Zk))
KoHBIOHKTOpHAS CI0KHOCTH TOMYIeHHON CXeMbl paBHA k +2 — 1+ 1 +
k—=1+k=3k+1=n-1.
Cayuan 36: n = 3k + 2, k — nedernoe. B sTom ciayuae n — Heder-
noe. Bocnonbayemcs npencrasiaenueM f2(T1,y1, 21, . Tk, Yy 2k, T, Y) =

5 T (@1 By 21, s ek YR D2k, T, )V FE(FS (21,91, 21), o, 13 (00, vk, 21))-
KonbioEKTOpHAA CI0XKHOCTL HOJIYIEHHON CXeMEl paBHa k +2 — 2+ 1 +
k—1+k=3k=n-2.

Teopema 1 mokasana.
Bripaxato npusunarensuocts H. II. Peapkuny 3a BHuManue x padore.

Pa6ora Brimoanena mpu uHaHCOBOU TOAAepkke PDDU, mpoexT
Ne 11-01-00508.
Crnucok JuTepaTyphl
1. Jlymanos O. B. AcuMmnrorudeckue OLEHKHU CIOKHOCTH YIPABJIAIO-
umx cuctem. — M.: Uzx-Bo MT'Y, 1984.

2. Pempxkun H. II. Tuckpernas martemaruka. — M.: dusmaTaur.
2009.

O BUJIMHEWHBIX AJITOPUTMAX
YMHO2KEHNUA OBOBIMEHHBIX KBATEPHUOHOB

B. B. JlvicukoB (MockBa)

B pabore paccmaTpuBaeTCsa CIOXKHOCTH YMHOXKEHHS B aaredpax
00OOIIEHHEIX KBATEPHUOHOB C JETCHUEM B MOIEIM OUJIMHEHHBIX AITO0-
purmoB. [Januas 3agada CBA3aHA ¢ 3aJa4en Kiaccudukanuu aare6p mo-
YTU MUHMMAJIBHOrO paHra [1].

Buaunetinbim a420pummom CIOKHOCTA T Ny OUIMHETHOTO 0TOOpa-
x)euus ¢: U X V — W maspiBaeTcs HAOOp TPOeEkK

(flaglazl;---;fragrazr)a kaU*zngV*:zkEW
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TAKOW, ITO

r

p(u,v) =Y fr(w)gr(v)z YueUuveV.

k=1

MuHMMATBLHO BO3MOXHAA IIAHA OUIMHETHOTO AITOPUTMA HA3EIBACT-
ca Ouaunetdnoti cA0HCHOCMbI0 UIN Paneom OTOOPAKEHA p U 0603HAYA-
erca R(p). Buaunetinoti caomcnocmpio aqeedpbl HA3BIBACTCA OWINHENHAS
CJIOXKXHOCTh YMHOXKEHNUA B HEH.

IMousaTue panra GUIMHENHOTO OTOOPAKEHU JOMYCKAET yIO0OHYIO WH-
TEpOpPeTANNIO0 B TEPMHUHAX MyJbTWIMHEHHOU aare6pul. ToT daxT, 4T0
HAOOP TPOEK ABIACTCA OUIUHENHEIM ANTOPATMOM A (0, Oy 1eM 3aInChI-
BaThb CaeayomuM o6pa3oM: ¢ = Y fr ® g @ 2.

k

Aneebpoti 0600uwennblz K6amepHuoro6 Ha I oaeM F' Ha3LIBaeTCa de-
ThIpeXMepHasa anrebpa ¢ 6asucom 1,4, j, k, yIOBIETBOPAIOIIMM COOTHO-
IIEHUAM

i?=p,j*=qij=—ji=k
[IpU HEKOTOPEHIX p,q € F*.

Jlrob6as anrebpa 0600IIEHHBIX KBATEPHUOHOB H 1160 m3oMopdHa al-
re6pe MaTpun F2*?, 1u60 AB1geTCA HEKOMMYTATUBHON aIre6poH ¢ Jee-
uueMm. M3BECTHO, YTO HEKOMMYTATUBHAA airebpa C AeIeHueM He MOXKeT
OBITH AIreGpoN MUHUMAIBHOrO paHra [3], T.e. R(H) > 8.

O6osuadum dim U = m, dim V' = n. PeayabTar 0 CI0XKHOCTH YMHO-
JKeHUs B anrebpax 0000IIEeHHBIX KBATEPHUOHOB MTOTYYI€H C TOMOIIBIO CJIe-
OYIOMMX OOIIMX yTBEPKACHUN O OUIMHEUHBIX AJCOPUTMAX CJIOKHOCTH
m + n 019 OUINHENHBIX OTOOPaXKEHUN CTIEIUATLHOTO BUIA.

Hazosem smement ug € U (M€BBIM) (p-pecyaspubim, €CIU JUHEHHBIL
omepatop ¢(ug, -) IHbEKTUBEH, T.€. Y(Ug,v) = 0 TOrga 1 TOJIBKO TOrAa,
xorga v =0

Bununennem aaroput™ ¢ = Y ;_; fr ® g ® 2z; OyleM Ha3bIBATDH
08YTKOMNOHEHMHBIM, €CIN MHOKECTBO {1, ..., 7} MOXHO pa3buTh HA He-
nepecekatomuecs MHoxkecrsa I u J rakwue, uro {f;|i € I} u {g;]j € J}
ABAAIOTCA Oasucamu npocTpancTe U* u V* cooTBeTCTBEHHO.

Jlemma 1. Ecau R(p) = m +n, lkergp = 0, u 6 awobom 6asuce
npocmpancmea U natidemca p-pe2yiapubiti ssemenm, mo 41060t onmu-
MaabHbll OuAuneldnbitl ai20puUmMm O4s @ ABAAEMCA 0BYTKOMNOHEHM-
HBLM.

[ns H0Ka3aTerbCTBA BTOU JEMMBI HCIOJIB3YETCsA TOT (PAKT, UTO
TPU BLITIOJIHEHUN YKA3AHHBIX YCJIOBUU MEPECTAHOBKOUW CJAATAEMBIX AJ-
COPUTMA MOXKHO TOOUTHCS TOTO, 9TO fi,..., fimn ¥ Gm,- -+, Gmtn—1 Oy-
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OYT ABAATCA 0a3mcaMu COOTBETCTBYIOIINX MPOCTPAHCTE, MPUYEM BEK-
Top u € U, sBasiomuucsa obmuM HyJaeM (QYHKIUOHAIOB fi, ..., fm—_1,
(p-peryasped. [laree qOKa3BIBAETCA, YTO €CIAUA Gpmtl; - - - » Jmtn JAHETHO
3aBUCKUMEI, TO B 6asuce fi,..., f;, MOXHO 3aMEHUTEL [, Ha KAKOU-TO U3
(QYHKIUOHAJOB [, COOTBETCBYIOIINX JUHENHO 3aBUCUMBIM (.

Jlemma 2. Jsyrxomnonenmubiii 6usunetinsii ai2opumm das @ Ccy-
wecmeyem moz29a u Mmoabko moeda, Koeda cywecmsyem napa 6a3ucos
(U, ..., um) v (v1,...,v,) npocmpancms U uw V coomsemcmeenno, u

nabopvr (z1,...,25,) uw (2,...,2)) saemenmos W, ydosaemeopaowue

yeaosuro p(u;,v;) € lin({z;, 2}'}).
Hoxazameavcmso. Ilycrs (u;) m (vj) — 6Gasucet U u V' coorser-
CTBEHHO, a (f;) u (gj) — ABONCTBEHHBIE UM GABUCHL.

BuimHenHsn aaropuTM

Z fi ® (Z Nijgj) ® zi + Z(Z pij fi) ® g; ® 2§
i=1 j=1 j=1 i=1

BEIMHCIACT (9 TOT A U TOABKO TOTAQ, KOTAa ¢(ui, vj) = Aij2; + Mijz) .

Cuaencrsue. I[Iycmo A — aoxasvnas aseebpa, dim A = n, u R(A) >
2n. R(A) = 2n moeda u moavko mozda, koeda 6 A cywecmeyem na-
pa 6asucos (uy = l,ua,...,uy), (vi = 1,va,...,0,) u napa wabopos
aaemenmos (21, ..., 2,), (21,...,2,) maxue, wmo uw;v; € lin({z;, 2}’ }).

Teopema 1. Ecau H — aqcebpa 06006UeHHbIT KEAMEPHUOHOE C de-
aenuem, mo R(H) = 8.

Aoxazameabcmso. BocmoaszyeMcs T0Ka3aHHBIME BCIOMOTATEIbHbI-
MU yTBepKJeHuAME. B kadecTse (4;) u (v;) CTaHIAPTHBIM KBATEPHUOH-
HBIN Gasuc: (U1, us,us,us) = (v1,v2,v3,04) = (1,4, , k), a HAGOPHL z| n
zj onpenemmm ceayrmmM 06pazoM:

(zlh Z,27 Zé: 221):(1+042+ﬂ,7+7k7 1+ai—ﬁj—7k7 1—ai+ﬁj—7k7 1—042—ﬁ]+7k);

( " " " "

21429, 23, 24 ) =(l—ai—Bj—vk, l —ai+Bj+vk, 1+ai—Bj+vk, 1+ ai+B5—k),
rie «, 3,y — HEeKOTOpLIE HeHyJIeBble KOHCTAHTH u3 F'. HemocpencTeen-
HO MPOBEPAETCS, ITO MJIA DTUX HAGOPOB BBHINOJHEHO TPEOyeMOe COOTHO-
menme u;v; € lin({z}, 2} }).

Takxe NOKA3aHO, YTO MPU HEKOTOPBLIX 3HAYEHUAX KOHCTAHT «, 3,7y
MOJyYEHHBIE ANTOPUTMBI ABISAIOTCA HEDKBUBAJIEHTHBIMUA B CMBICJAE 1€
I'poora [2].

Teopema 2. Ecau H — aqazcebpa 0606ueHnblT K68aMEPHUOHOS ¢ de-
ACHUEM, O CYULCMBYem OECKONEUHO MHO20 HEIKBUBAACHINHBLM ONIMAU-
MAABHBIT AA20PUMMOB YMHuONCEHUS 8 H .
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O ITPOBEPAIONINX TECTAX
OTHQCUTEJBHO MHO2KECTBEHHBIX
JIMHEMHBIX CJINIIAHWUU ITEPEMEHHBIX

E. B. Mopozos, [I. C. Pomaunos (Mocksa)

Bymem rosoputs, uto B Oyaeson GpyHkiya f(xq, ..., Ty) TPOU3OILIO
®-caunanue IEPEMEHHBIX Tj, , ..., Tj, , €CAM BMECTO (MyHKImU f peanusy-
ercsa OyJaeBa PYHKIUA, TONYyIEHHAS B PE3YIbTATE MOACTAHOBKU BMECTO
Kax IO U3 DTUX NEepPeMEeHHBIX OyieBon GyHKmma G(Yi,...,Yk), k > 2 oT
Ziyy ..., Ti, W3 HexkoTOporo Muoxecrsa ®. Hasosem ¢ dymkumen ciu-
nauusa. Hasopem ®-cammanme mmosxcecmeenmbim, €Cau CymeCTBYIOT P
HEMEPEeCEeKAIOINXCA MOAMHOKECTB MHOXKECTBA MEPEMEHHBIX (DYyHKIUN
f(z1,...,zy), 1A KAXKIOTCO M3 KOTOPHIX MPOU3ONLIO0 P-crumanue ¢ He-
KOTOpOIl cBoen (yHkumen caunanusa. depes ¥ = W, ¢4 00603HATEM
MHOXKECTBO (PYHKIUU, B KOTOPOE BXOAAT f(Z1,...,Tn) U BCEBO3MOXKHEIE
pasangHbie QYHKIUY, ToAydaromuect u3 f(Z1, ..., Ty ) B PE3yabTaTE MHO-
KECTBEHHBLIX P-CAMMAaHUY TEPEMEHHEIX ¢ (PYHKIUAMY CAMIAHUA U3 MHO-
xectBa ®. Iposepsrommi tect T gas cucremel ¥y r¢ (Bce Heompe-
JeJeHHBIE TIOHATHUS MOXKHO HauTu B [1]) HasoBeM npogepatouum me-
CMOM OMHOCUMEALHO MHOHCECEerNbT P-caunanutl nepemennviz. Bee-
pem ¢yukuuio Ilennona L(n) AauHBI NPOBEPSIOMIEr0 OTHOCATEIBLHO
MHOXKECTBEHHEIX P-CIMMAHUT KAK MAKCHMYM II0 BCEM OyJeBLIM (DyHK-
muaM f(x1, ..., Ty) OJUHBI MUHAMATBLHOTO TIPOBEPSAIOIIEr0 TECTa OTHOCH-
TEJBLHO MHOXKECTBEHHEIX P-CAUNAHMA MePEeMEHHBIX.
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d-crunanue HA30BEM AUHEUHbIM CAunaGHUEM, ecin ® — MHOKECTBO
BCeX JMHENHLIX (pyHKIuW. B nammon pabore m3ydaroTCsA MPOBEPAIOIINE
TECTHI OTHOCUTEIHHO MHOXKECTBEHHBLIX TUHEUHBIX CAUTAHUN.
Teopema. IIpu n — 00 cnpasediusbl COOMHOULEHUA

2

% +0(n) < L(n) < n?+O0(n).

Loxazameabcmeo. YCTaHOBUM BEpXHIOIO OleHKY. CHadama paccMo-
TPUM TOMBLKO (PYHKIWK CAWMAHUA 03 (PUKTUBHEIX [MEPEMEHHLIX.

IIposeparoweti napoti 1JIst IEPEMEHHBIX T;, £; HA30BeM Iapy HabOpOB
o/, a", Taknx, 4T0 @) = o) mpu k # i,j, ampun k = i,j o) # o} u
fla') # f(a). Tlog nposeproii mapbl nepeMeHHBIX Oy A€M IOHUMATH [10-
OaBseHre B TeCcT HAOOPOB, OOHAPYKMBAIOIINX HENCIPABHOCTD, €CIU DTU
EepEMEHHLIE yIaCTBYIOT B OMHOM Camnanun. /1A BCex map nepeMeHHbIX,
Yy KOTOPEIX CYIIECTBYET MPOBEPAIOMAA Napa HAOOPOB, 100ABUM STH Ha-
OOpHL B TECT.

[IycTs He cymecTByeT NpOBEPSIONIEN MAPhl I/ IePEMEHHBIX T1, L2.
Paszo6nem mepemennnle f Ha aBe rpymmel. B mepBylo BOUAyT Tq,To U
HepeMeHHbIe, He NMEIOIINe TPOBEPSIONINX Map C £1 WIA Ta, BO BTOPYIO —
BCe ocTanbHLIe. Bynem caurarhb, 9TO 1, ..., L; — NEPEMEHHLIE IEPBON
rpynnsl. Torga mas awo6oro mabopa & = (as, ..., a,) BepHo f(00&) =
f(1a) = o1(a@), f(01la) = f(10&) = o02(a). 3aduxcupyem HaGOp Q.
Paccmorpum mepemennyio z3. Illycte @ = ag”y. Torga suguo, uto un mis
azy sepuo: f(00azy) = f(11azy) = o1(az?y), f(0lazy) = f(10a37) =
o2(@379). Tak Kak He CyMIECTBYET NMPOBEPAWIINX TAp IJA T1, L3 U T2, L3,
noxydaeM, 9To o1(as¥) = 02(a37), a o2(asy) = o1(@37). Ananorugauo
LIS T4, .oy Ty, Torga mondysakuust f(Z1, ..., Tm, Bty oy Bn) — A1O0
KOHCTAHTA, UOO0 JUHENHAA (PYHKIUA OT BCEX MEPEMEHHBIX.

IpeanonoxuM, 4TO MEPEMEHHBIE MEPBOU TPYIMNLI MODYT CAUMATH-
CA TOIBKO Mexny cobon. Ecam BCe mepeMeHHBEIE NEPBON T'PYNOEl (hUK-
TUBHEI, UX CJUNAHWE HE MeHAeT ucxoauyio ¢ymkuoumio f. IlycTe cpemm
HUX €CTb XOTA OBl OJHA CyIIeCTBEHHA] IEPEMEHHAsA. '1oraa CymecTByIoT
(Bma+1, -, Bn), IPU MONCTAHOBKE KOTOPLIX BMECTO IMEPEMEHHBIX BTOPOU
CPYNIBL MOAYYAEM JUHEHHYIO (PYHKIWIO, CYMIECTBEHHO 3aBUCALLYIO OT
BCEX MEPEMEHHBIX TIepBOU Ipynnbl. adukcupyem >TOT Habop. B ciyuae
CIUTIAHNA TIEPEMEHHLIX U3 T1, ..., Ly OyIeT PEAIn3OBLIBATHCA JUHENHASA
dyuknua m nepemenunix. [Jlo6aBum B TecT m+1 HaboOp 471 OnpeneneHus
MOy IMBIIENCS TUHENHON QyHKIMA. ECain HemcnpaBHOCTL HE OOHADPYKe-
HA, TO JUOO pPeaTu3yeTca (QPyHKIWA, HE OTIMIUMAA OT UCXOITHOM, JIOO
OBLIN CAUTAHUS BO BTOPOU I'DYIIIE.
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B pesynbTare cIMmaHUU TEpEMEHHBIX BTOPOU TPYTIMEI MPU MOICTA-
HOBKe Ha60pa (Bim41, -++s Sn) MOKEM MOTYIUTH HOADYHKIMIO U3 MHOKE-
crea {0,1,&(z1, ..., Tm),E(21, ..., Ty ) @ 1}. HemcnpasrocTs Moria GuITH
He obuapyxena, ecan £ € {l, (1, ..oy Tim), I (T1, oo, Tm) B 1}

AHaMIOrMYIHO MOXHO PA30UTL MEPEMEHHBIE Tyt ..., Ly, OOBEINHAL
B OQHY TDYIIy MepeMeHHBIE, HE MMEIOIINE TPOBEPAMNIAX Map MEXIY
cobou. OcraBmuecs mepeMeHHble O0bEIUHUM B TOCJIEIHION, BO3MOXKHO
nycTyto rpynmy. [IOBTOpAs pacCyXIeHUs I TEepBOU TPYIIEHI, MOJY-
YUM, 9TO HEUCIPABHOCTH MOIVIA OBITH HE OOHAPYXEeHA, ecaum [ 3aBuU-
cuT OT Ly (T1y ey Tong )y veey by —mmp 141 (Tomy 1415 ey Trny)s Trnp el s ooy Ty
rge my + 1, ..., n — MHIEKCHI NepEeMEHHBIX nocaequaen rpynnsl. Torga f
npecTaBuM Cynepnosuuuen: f(Ti,....Tn) = Y1y ooy Yrs Trmptl; ooy Tn)s
Yi = bmi—mi_141(Tm;_1415 -y Tm; ). TO €CTH HENPOBEPEHHEBIE CAUMIAHUA
SKBUBAJIEHTHBI MHBEDCUAM BXOAO0B 4/s g. U3 [2] caexyer, nas TecTupo-
BaHUA JOCTATOYHO T + n — M, HAOOPOB.

Urak, mis mpoBepKyM OTHOU Mapbl JOCTATOYIHO JuOO ABYX HAOOPOB
B TecTe, Jub0 MPOBEPUTH COOTBETCTBYIOIIYIO IPYIINY U3 IEPEMEHHBIX.
Ecau B rpynne m nepeMeHHBIX, TO 45 UX IPOBEPKH 4OCTATOIHO (m+1)
umabopos. [Ipu m > 3 va oguy napy mepeMeHHBIX OyIeT IPUXOAUTHCSI HE
6osee 2 HabopoB. Eciu xe m = 2, TO BO3BMOXHBIE (DYHKIUU CAUTIAHUA
2 nmepemeHHEIX T;,T; ecTh 0,1, 2; @ zj,z; ® x; ® 1, 14 pasnudeHns ux
xsarut 2 Habopos (0,0) u (1,0). 1 B sToM caydae HA mapy mepeMeHHBIX
OyaeT mpuxoauThea 2 Habopa. [11rc, BO3MOXKHO, MOHAT00UTCA TUHETHOE
YUCJA0 HAOOPOB /sl TECTUPOBAHUA PYHKIUU f OTHOCUTEIHHO UHBEDCUN
rpymm.

PaccmoTpum ocrasiumecs gyukiun ciunanus. Ecan kakas-To cyime-
CTBEHHAS MEPEMEeHHAs CTala GUKTUBHON, I OOHAPYKEHUSA 3TOTO TOHA-
noburcsa 2 vabopa. Eciu B cinnanue BXoauT He MeHee 2 CyIIeCTBEHHBIX
MEPEMEHHBIX, TO 3TO SKBUBAJEHTHO HEKOTOPOMY CAUMAHUIO C (PYHKIIAEH
caunanusa 6e3 (PUKTUBHBIX TEPEMEHHBIX. B MpOTUBHOM caydae pe3yabTa-
TOM CJWUMAHUA MOXKET OBITh WHBEPCHUs CylnecTBeHHOU nepemenHou. Ilo-
2TOMY TECTa [JJsA WHBEPCUM BXOAOB f MJOCTATOYHO, YTOOBLI HAUTH TO-
nobusle HeucmpaBHocTu. WTOro, nobasiseM emme HEKOTOPOE JUHEMHOE
KOJIUIECTBO HAOOPOB.

Hokaxem HuxHIOO OueHKY. Paccmorpum GyHkuumio f(zq,...,T,) =
1VxaV...Vz,. Cy3um KIacc HEUCIPABHOCTEN 40 € IMHNIHOrO CANIAHNA
2 mepeMeHHBIX ¢ pyHKUMen caunanua ¢(x,y) = x @ y. [ig npoBepku me-
PEMEHHBIX T, £ IOHALOOUTCA HAOOP, Y KOTOPOIO B §-O 1 j-OH HO3MUIH-
AX CTOAT €IUHUIILI, BO BCEX OCTAIbHBLIX Hyau. Ha mo6om apyrom mabope
MOJIY YUBIIAACA (PYHKIUSA HEUCIIPABHOCTU HEOTAUIUMA OT UCXOTHOU. [l
TecTupoBaHus f HEOOXOAMMEI BCe HAOOPHI C POBHO IBYMS €TUHUIIAMHU.
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O JIOTUKO-TEPMAJIbHOU SKBUBAJIEHTHOCTH
CTAHOAPTHBIX CXEM IIPOTPAMM

T. A. HoBukoBa (Acrtana), B. A. 3axapos (Mocksa)

Jloruko-TepMaibHaa (1.-T.) BKBUBAJIEHTHOCTH CTAHIAPTHHIX CXEM
OporpaMM, HOPeJIOKEHHAsA B CTaThe [1], — 5TO HEMHTEpUpeTauuoHHOEe
OTHOIMIEHNE SKBUBAJCHTHOCTHU TPOTrPAMM, 004 JAI0MIEE IBY M BAKHLIMA
CBOUCTBAMY: 3TO OTHOIIEHUE PA3PEIUMO, W U3 JI.-T. SKBUBAJEHTHOCTH
IpOrpamM CIeLyeT uxX QpyHKIMOHAILHASA SKBUBATEHTHOCTL. B cTaThe [2]
OBLT TIPEJIOKEH TTOMMHOMUAATLHEIN MO BPEMEHU AITOPUTM MPOBEPKH J.-
T. SKBUBAJEHTHOCTH MPOCPAMM, HCIOAL3YIOMUN CIEIAATLHEE TPENCTa-
BJEHVs WHBAPMAHTOB DABEHCTBA B BUAE ceTenl. B craTne [3] HamMu GBI
paspaboTan 60jee TPOCTON ATTOPUTM IPOBEPKH J.-T. SKBUBAJEHTHOCTH
OpOrpaMM, OCHOBAHHEIN HA Alre6pe TMOACTAHOBOK C OMEPAIUAMEA KOM-
NO3WINY U AHTUYHU(PUKAIUA. B HACTOAEN 3aMETKe MBI MOKAXKEM, ITO
OpeNIOKEHHBI HAMY ATCOPATM HMEET TOJITHOMUATBLHYIO CIOKHOCTE.

[N MHOXKECTB MEepeMEHHBIX X', ) M MHOXKECTBA (PYHKIMOHATHHBIX
cumBosioB J o6osnaunm sanuceio Term(F,X') MHOXeCTBO TEPMOB, a
sanuceio Subst(X,F,)) — MHOXeCTBO HOACTAHOBOK Buga 6 : X' —
Term(F,)), Ha KOTOPOM OOBLIYHBEIM O0OpPA30M ONpPENeJAeTCA ONepaIus
KOMTIO3WIUYA W OTHONIEHWE KBABUTOPALKA <: IJIA Mapbl MOACTAHOBOK
01,65 ormomenue #; < 05 BHEIIOJHAETCA, €CIM €CTh TaKas IOJCTAHOB-
ka n € Subst(Y,F,Y), uto 05 = 61n. Ecmu 6; < 65, To moacranos-
ka 6, HaswiBaerca wabaonom 63. MuoxkectBo (Subst(X,F,Y) c or-
HOmeHreM =< 06pa3yeT MOMHYI KBA3UPEMIETKY, HAUMEHBIIAM BJCMEH-
TOM KOTODPOH ABJSETCS ILyCTas MOACTAHOBKA € = {Z1/Y1,...,Tn/Un}, a
HAUOOMBIIIM— CHENAATLHAS MAKCUMATBHAA MOCTAHOBKA T, YAOBIETBO-
pstomas pasencTBy 70 = 01 = 7 mua aro6ou nogcranosku . Oneparms
B3ATUS TOYHOU HUKHEN TPAHU B DTOU KBA3UPEIIETKE HABKIBACTCA GH-
muynupuraeyuet TOICTAHOBOK U 0003HAYAETCA CUMBOIOM . TepMbl n
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HNONCTAHOBKKA MOTYT OBITH TPEICTABICHBLI AIMKINICCKAMEA OPUEHTUAPO-
BanubiMu rpadamu (AOTY), BepumHaM KOTODPBIX HPUIMCAHBI [EPEMEH-
HBEIE M (PYHKIMOHANBLHLIE CHMBOJIEL

Kaxk noxasaso B cTaTse [3], 3a1a4a IPOBEPKN JI.-T. DKBUBAJEHTHOCTH
CTaHJAPTHBLIX CXEM MPOTPAMM PABHOCUILHO CICIYIOMIEH 3a,1a9€ AHAIM3A,
pasMedYeHHBIX TpadoB. PaccMOTpUM KOHEYHEIN OPUEHTUPOBAHHEIN Ipad
G ¢ BHIeJeHHOU BepmuHOU vg. Kaxgon Bepimue v rpada G comocta-
Brena napa (A}, Al) aromapueix popmya Buga P(ty,...,t), rae P —
OpPEIUKATHBIM CUMBOM, & &1, .. .,t; — Tepmbl u3 Term(F, X). Kaxnon
xyre (v,u) B rpade G mpunucaHa NOLCTAHOBKA 1)y, U3 Subst(X,F, X).
Kaxnomy mapmpyry Path = (vo,v1), (v1,v2),...,{Un_1,Vn), ucxons-
IIEr0 U3 BEPIIMHLL Vg, MOKET OBLITH COCIOCTABIEHA TOACTAHOBKA 1)path,
ABJAOMIAACA KOMIOBUIACH 1y, v, * ** Ty waTvg,v1 TOACTAHOBOK, IPUIH-
CAHHBEIX AyTaM 5TOro MapmpyTa. Pasmedennwn rpad G HasweBaeTCs
€02AGC08aGHNbIM, eCau M Jioboro mytu Path, Beaymero ms3 BepIIXHBI
Vo B TIPOU3BOJNBHYIO BEDIIVHY v, BEPHO paBeHCTBO Al npain = Alnpath.
YnomsaryTaa 3agada anammsa rpadgoB — 3TO 3442494 TPOBEPKH COMIACO-
BAHHOCTY MPOU3BOJBHBIX PA3MEYEHHBIX I'PAdOB.

[ns pemenus >TOU 3a0a91M MBI BLLICIAM OCOOBIN TOAKIACC TTOACTA-
HOBOK, B KOTOPOM ONEpAIusa AHTUYHU(PUKAIWN BLITOMHAETCA HAUOOICE
adpexrusHo. [loacranoska 6 us xknacca Subst(X,F,)) naseiBaercs pe-
dyyupoeannoti, ecau s JI000K Napel IePeMEHHbIX ©, £ € X, uy, y € Y,
ecau y BXOOUT B cOCTaB TepMma H(x), TO CYIIECTBYET Takasa MepeMeHHAs
z', ' € X, nna KoTopou BHINOJAHAETCA paBeHCTBO A(z') = y.

YrBepxaenue 1. Jas 41060t nodecmanosxu 0, 6 € Subst(X,F,)),
cyuwecmaeyem Hauboabwut no OMHOWENUI =< PEIYYUPOBARHBIT WaOAOH
0', xomopwii moxcem 6vimb sviwucaen 3a epema O(n), ede n — pasmep
AOTI, npedcmasaoweeo 6.

IMoncraroexky €', ynomanyTyio B yTBepxKaeHum 1, ycaoBmMmcsa 000-
3Hauath 3anucoio msr(f). B knacce noxcranosok Subst(X, F,)) Bee-
nem omepanunio {}: ais 110001 mapsl IOACTAHOBOK 1,0 Oynem mojararb
91 ll 02 = msr(01 \L 92)

YrBepxaenue 2. Jas 40661z nodcmanosox 01,602 uz Subst(X, F,Y),
nodcmanosxu n u3 Subst(X, F, X)), u amomapuwix gopmya A', A" cnpa-
8€04UBbL COOMHOULEHUA

1) nb1 4 nb> = n(61 { 6s),
2) A’01 = A”01 A A192 = A”92 <~ A’(01 U 92) = A”(91 U 62)
Hamu npepnaraercs caenyomuil aJrOpATM IPOBEPKU COTJIACOBAHHO-

ctu pasmedennoro rpada G. Kaxnas sepmuua v rpadga G momedaercsa
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noacranoekou 8, us xkaacca Subst(X,F,)). Hauanbuas pazmeTka Bep-
IITMH TAKOBA: BHIJEJCHHAA BEPIINHA U9 TIOMEYAETCA TYCTOU MOACTAHOB-
KOH €, & BCE OCTAJNbHLIE BEPIIUHEI IOMEYAI0TCA HAMOOIBIIEN 10 OTHOIIIE-
HUIO < TOACTAHOBKOU 7. /lajee BLITIOMHAETCA UTEPATUBHAA MPOIEIypa;
UL KaXIOW ayru (u,v) MOACTAHOBKA 6,, IPUNMCAHHAA BEPIIUHE U, 3a-
MeHseTCA mogcTaHoBkou 6, b 1y 0, . lIponesypa BumonuseTcsa 1o Tex
[Op, MOKA AT KaXKAOU Ayru (u,v) He OyLeT BBIIOJHATHCSI DPABEHCTBO
0, =6, | nuby (cTanmonapHas pasmeTka).

Teopema 1. IIpouyedypa pazmemxu eepuun 2paga G ecezda 3asep-
ULAEMCA, U NOAYUEHHA[ NPU IMOM CMAYUOHAPHAA PasmemKa B, obaada-
em caedyrouum ceoticmeom: epad G ABAAEMCA CO2AACOBAHHBIM MO200 U
moavko moz2da, K020a 044 410001 8ePUUHBL U, KOMOPOT NPUNUCAGHG NAPG
amomapwuoir gopmya (AL, Al)), cobawdaemes pasencmeo Al6, = A0,.

[lokazaTeasCTBO 3TON TEOPEMBI ONIMPAETCA HA yTBEPK IEHUE 2 U CJIe-
AyeT cXeMe JOKa3aTelbCTBA AHAJOTMIHON TeopeMbl u3 cTarhu [3]. s
OLIEHKY CJOXHOCTHU TPOIEIYPHI BLIYUCICHUSA CTAUOHAPHON DPa3MeTKH
BepmmH rpada G BBEIEM TOHATEN CIOKHOCTU TOACTAHOBKU. Caodc-
HOCMbI0 Mmepma HazoeMm pasmep murmMaabHOro AOD, mpexcrasmisio-
mero s>tor TepM. Caoxcnocmuvio |8| nodecmanosxu 6 HazoBeM cymMMmy
Ny + Ny, rme N; — cyMMmapHas CJIOXKHOCTH TEPMOB M3 MHOXKECTBA
{6(z) : = € X}, a Ny — KOIMIecTBO TEPMOB ¢, YAOBIETBOPSIIOIINX
yeaoButo 3 21,22 ¢ (21 # 22 A t=60(z1) = 0(x2)).

Yreepxaenne 3. Ecau 0y = nfy, mo |6y| = |n| + |61|. Ecau 6y =
01 U 62 u npu amom By # 61, 0y # 02, mo |6 < min(|0:],|62]).

W3 yTeepxkaeHusa 3 U OMUCAHUSA TPOLEIYPHI BLIYUCICHUA CTAIMOHAD-
HOU Pa3sMeTKM CJIeIYIOT

Teopema 2. Ecau epag G codepacum k sepusun, nosycmenens uc-
zoda xomopbix ne npesocrodum b, u caorcnocmyv kaxcdotd nodcmanosxu,
npunucannoti dyzam epada, oeparuuena 6eAuNUKOT M, MO CMAUUOHAD-
naa pazmemxa eepuwun epada G eviuucauma 3a epema O(Um3k*).

Teopema 3. Ilpobaema 4.-m. 3K6UEBAAEHMHOCNU CMAHIAPMHBIT
CTeM MPOSPAMM DA3PEUWUME 3G NOAUHOMUAALHOE 6PEM.

Cnucok JuTepaTyphbl
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OB O/THOM CEMEWCTBE
®YHKIIMMOHAJIBHO IIOJIHBIX B P, BABUCOB

B. A. Opaoe (Mocksa)

OnTumanpHas pearu3anus TUCKPETHLIX OTOOPaKEHUN PA3IAIHLIMA
CPeNCTBaMM ABMAETCA aKTYaJbHOU O0JACTHI0 TEOPETUIECKON U TEXHU-
9eCKOU KNOEePHeTUKHN.

DyuKIUs, TepeMeHHbIe KOTOPOU MPUHAMAIOT 3HAYCHUA U3 anpaBUTA,
A =0,1,,k— 1,k > 2 u KoTOpas NIPUHUMAET 3HAYEHUA U3 DTOTO AJ-
daBuTa, HazEIBAETCA k-3Haunol. MHOKECTBO BCEX k-3HAYHBIX (DYHKIIUN
o6o3uadaercsa depes Py, dyuxknuum 3 P, ¥ acTO HA3BIBAIOT OyJIE€BLIMU.

B paGoTe xpuTepueM ONTUMATLHOCTH CXEMEI CIATAEM CyMMY BECOB
€e DIEMEHTOB. JTY CyMMy OyA€M HA3BLIBATE CAOHCHOCTILIO CLembl S 1
o6o3HaugaTh depes L(S).

C npakTuYecKou TOYKY 3pEHus HauboIee BOCTPEOOBAHHON ABAACTCS
3anata Haxox genna pynxmuonana L2 (f), paBHOro MUHUMATBLHOM CIOXK-
HOCTH cXeM B Oasuce B, peanusyiomux ¢pyuxnuo f. B macrosmee Bpems
3¢pGHEKTUBHOrO0 MeTOAa (OTIXIHOrO OT Mepebopa CXeM) PElIeHUs 3TOU
3a1a91 HET. B By 5TOro 9acTo paccMaTPUBAIOT 330ay UCCIE[0BAH
ACUMITOTHIECKOTO noBefenns dyukmmonana LP(k,n), paproro maxcu-
mymy dyakmmonanos LB (f), rae f — dbyuxmma ua PP (mHOXKeCTBO k-
3HAYHBIX QYHKIUN OT MEPEMEHHBIX L1, L2, - . -, Ly ). [IpU 3TOM monaramoT,
910 k (PUKCHPOBAHO, & N — OO.

O6br4n0 mosaraior, 4To GyHKImMy u3 P;' onpeneneHs Ha Bcex k" Ha-
6opax 3HavYeHUN ux nepemenuerx. O IHAKO PacCMaTPUBAIOT U (PYHKINH,
3HAYEHNA KOTOPEIX HAa HEKOTOPBLIX HAabopax Oespasnuvnbl. Takwe pyHK-
UM HA3LIBAIOT He 6C100Y Onpedesenubimu; MIPU UX PEATUIANAN CXEMa-
MU HEOOXOOUMO MOJHOE JOoompenejaenue. Peaqmsanus He BCIOLY Ompene-
JIEHHBIX 6Y4e6biT QYHKIMN ABMAETCS XOPOIIO UCCAEJOBAHHON 00JACTHIO
cuHTe3a ynpasasommx cucreM (ormerum paGorer O. U. Heuunopyxa,
JI. A. Mosomona, A. A. Augpeesa).

Iycrs A' u A? — nonandasutsr andasurta Aj. OyHKIMIO, 3HA-
qeHWA ApryMeHTOB (3HAUEHMWsA BBIXOIOB) KOTOPOW mpuHagmexar Al
(mpunagnexar A?), 6ymem maseath (A, A%)-pymrkumen. Mycts A’ =
{0,1}. (Ag, A®)-pymxmuo ((A%, Ay)-dyrknuo) 6yaem maswmatsb (k,2)-
dyuxmmen ((2, k)-pyuxumen). Ilpu peamusanum dyuxuuun us Py Oy-
IeM JOIyCKATb W OA3UCBl, B KOTOPLIX HEKOTOPBIE DIEMEHTHI PEeAIn3y-
ot (A, A?)-dpynxumu. IIpm 5ToM Ha cXeMy HAKIAIBIBAIOTCA TOMOIHU-
TEeJLHBIE €CTECTBEHHBIE OTPAHWYEHUA: BXOI daeMeHTa F Henw3s mpuco-
eINHATEL K BEIXOLY DJIEMEHTA, BEIXOAHLIE 3HAYEHUA KOTOPOrO MOTYT HE
OPUHALIEXKATH BXOTHOMY andasuTy saeMenTta F.
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dyuknuio f oqHOTO apryMenTa OyaeM 3a1aBaTh BEKTOPOM, i-1 KOM-
norenT kotoporo, 0 < i < k — 1, pasen f(i). Cucremy F = {f1, fo,, fr}
(k,2)-@pyukuuin oguoro aprymenTta HasoseM (k,2)-docmamounot, ecan
BCe CTONOUE! (7, k)-MATPULBI, CTPOKM KOTOPOU CyTh BEKTOPHI (DyHK-
mun w3 F, pasauaan. Otverum, aro r > log, k. Ilpumepom (k,2)-
JIOCTATOYHON ABJIACTCA CJACIYIOMIAA CUCTEMA

(0101011), (0011001), (0000111).

Mycts Fy cuctema pyuxuumu us Pj Takasd, 9TO C MOMOIIBIO OTepa-
UUU CyNepno3unuu Hajg F) MOXHO MONYyYUTh: (PYHKIMOHAIBHO MOJHYIO
cucremy Gynesbix bynxmuit FY, (k,2)-nocTaToumyio cuctemy (yHKImix
F}, ynxunio fs , KoTOpas Ha Oy/IeBHIX HAOOPAX 3HAYEHUN €€ apTyMeH-
TOB TIPUHUMAET BCe 3HAYeHusa u3 andasura Aj. HeTpyaHo mpoBepuTs,
aro ob6weaunenue FY u FP apnserca (k,2)-TOTHON CECTEMO.

Cucteme F| conoctasum 6asuc B;. [I1sa npocToTh nainoxenus Gy gem
nojaraTb, ITO CUCTEMA Flb, cocrout m3 ¢yuknun mrpux Hleddepa.
Iycts Ey — BAEMEHT ¢ OBYMsA BXOJAMU, PEATUIYIOUIUA 3Ty (DYHKIIUIO
u umerommi Bec 1. Iycts EF E3, ..., E? cyTh aneMenTHl Gaszuca B,
peanuayiomue ynximan u3 F u umeromue sec k. Ilycts Fo ) — a1eMeHT
6asuca B, peammsymoomun QYHKOUIO fo; ¥ HMEIOMMU DAaBHHIA sk Bec
(s — unmcno aprymeHToB QyHKIUM fo 1).

llokazano, 4To 6asuc By QyHKIMOHAILHO MOJOH B P .

Uccnenyem acuMnToTmdeckoe nosegenue dymkmmonanra LP1(k,n).
Buauane paccmoTpum caydau, korga k saBiseTcs cTenenbio 2. [laa mpo-
um3BosIbHOM (yHkumm f m3 P! mocTpoena peanusyiomas ee cxema SF),
COCTOAINAA U3 TPeX MOCIeNOBATEILHO coenuueHHbIX O0koB K2, BF n

2K raxas, aro L(SF) < k"/n. Baox K2 (610x 2K) cocront m3
(k,2) — (m3 (2, k)-Qpyukunn. daemenTs 6moka BF peamusynoT GyaeBbl
dyukuuu. Takue cxembl Ha30BeM 3-ypoBHeBbIMU. B caydae, korga k ze
SABIACTCA CTENEHBIO 2 MOXKHO IIOCTPOUTEL 3-yPOBHEBYIO CXEMY CO CJIOXK-
HOCTBIO ACUMIITOTHYECKN He npesocxopsamen (] log, k[/ log, k)k™ /n. Or-
Ka3aBIIACh OT TPeOOBAHUA 3-yPOBHEBOCTH W pasjaras QyHKIWO f IO
MEePEMEHHBIM MOYXKHO TOAYYAThH (ACHMIOTOTUYECKA HAUIYUIIYIO) OLEHKY
k™ /n npn mob6bIx k.
Cnucok JquTepaTypbl
1. Jlymauos O. B. O cunTe3e HEKOTOPBHIX KIACCOB YIPABJIAKIIAX CHU-

crem // lIpo6aemsr kuGepueruku. Bemn. 10. — M.: dusmarrus, 1963. —
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YEM IIPUBJIEKATEJIBHBI AITEBPANYECKUWUE
MOAEJIN ITPOT'PAMM C ITPOIIEAYPAMMA

P. A. IToanoBuenko, A. 3. Moaganos (Mocksa)

AusreGpandeckue Mozeau IPOrpaMM C IPOLELYyPAMU BBEJEHHI B [1]
IJIA PEIIeHUs 3a1a9M, ABIAIICNACA MEHTPATLHON B TEOPUM CXEM TIPO-
rpamMM: pa3padaThiBATh SKBUBAJICHTHEIE TPEOOPA30OBAHUA POTPAMM HA
UX CXEMaX, CIIENUAILHO KOHCTPYUPYEMBIX I/ DTOrO.

Onumem, Kak CTPOATCA DTU MOAEIN BLIYUCJICHUAN.

dukcupyercs 6asuc B, cocToAmmE 13 21€MEHTOB Y€ TEIPEX HEILY CTHIX
u Henepecekaommxcs andasutoB — Y, C, R u P. DieMeHTH nepBhIX
TPex HA3BIBAIOTCA CUMBOJIAME COOTBETCTBEHHO ONEPATOPOB, BEI3OBOB U
BO3BPATOB, DIEMEHTHI MHOXKECTBA P — JTOrMvecKUMU MePeMEHHBIMU.

Cxema mporpammbl Hag 6azucom B mpeacTaBaseT cO60U KOHEIHBIN
OPUMEHTUPOBAHHBIN IPad C PA3MEIEHHBIMYU BEPIITMHAMY U JyTaMU, COCTO-
SIIUU U3 HECKOIBKUX moArpadoB. OIUH U3 HUX HABBIBAETCA [VIABHBIM,
OCTAJBHEIE, €CIU OHU MMEIOTCA, — moarpadamu mpoueayp. B kaxnom
noarpade BEIIEJEHLI IBE€ BEPIIMHEI — BXOX W BLIXOIX, HE HECYIIHE Me-
Tok. OcTaabHble BepIUHE ToATpada MOMEUEHBI DIeMEHTAMU OA3UCA, 1
B COOTBETCTBUHU C DTUM HA3LIBAIOTCA: OMEPATOPHAA BEPIINHA, BEPIINHA~
BEI3OB, BEPIIIMHA-BO3BPAT U PACMO3HABATE . V3 pacmo3HaBaTelsa ucxo-
IAT ABe Ayru, noMedenubie ducaamu 0 u 1, U3 BEIXO4a IIABHOTO MOATPa-
da Iyrm HE UCXOAAT, OCTANBLHBLIE BEPIIMHLI, KPOME BEIXOI0B MOArPadoB-
MPOLEYD, UMEIOT 10 OJHOU UCXOIAIIen 1yre. Bxon riasHOro moarpada
HE UMEeEeT BXOIAMMX AyT. BEIBOBLI U BO3BPATHI HAXOIATCSA BO B3AUMHO-
ONHO3HAYHOM COOTBETCTBUM, COCTABJAA NAPLL. BCAKON mape mpuCBOEH
CBOU HOMEp, W OHA TPUWHAIJIEKUT 00meMy 1usa Heé moarpady. lyra us
BBI30Ba BEAET BO BXO[ HOArpada-Ipoueiyphl (CBOEr0 WM UykKOrO), U
TOrJa W3 BBEIXOJA DTOTO MOoArpada MCXOAUT Oyra, BeIyllas B MapHLIN
BEI3OBY BO3BpAT. MHEIX IyT, KpOME YIOMAHYTHIX, U3 BEIX0a MOATpada-
MpoLEeaypPHI HE ucXoauT. [yru, ucxoqaime u3 BepIInH, OTIAIHEIX OT BHI-
30BAa, BEAYT B BEPIIUHEL TOT'O XK€ MOArpadga, KOTOPOMY IPUHALICKAT UX
HAYAJO.
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Hcnonsayem o6osuadenus: B' = (YUCUR)*, X = {z|z : P — {0,1}};
BMeMEHTH u3 B’ Ha3BIBAEM OMEPATOPHBIMU HEMOIKAMU.

DyHKIIMOHUPOBAHNE CXEMbI OCYIIECTBAACTCA Ha (QOYHKIUAX TUIA
B’ — X, oHE HaA3BIBAIOTCA (QYHKIUAMYA PA3METKHA M COCTABJIAIOT MHO-
xkecTBo £. Buinoanenne cxemsr Ha QyHKIUM U w3 £ — 3TO 06XOL CXEMEIL,
COTIPOBOXK JAIOUINUNCA TTOCTPOCHUEM OTepaTOpHOU memouku. a1 nerep-
MUHUPOBAHHOCTHU 00X0Ia, KPOME (i, UCTIOJb3YETCs MATA3UH, B KOTOPHIU
3arpyKalnTCa HOMepa map BhI30B-BO3BpaT. O6X01 HAYMHAETCA MO Y-
re U3 BXOJa NIABHOTO MoArpada Mpu MyCTHIX MAra3uHe U OTepaTOPHON
nenovke. Ilepexon depe3 BepIIMHY C CHUMBOJOM COMPOBOXKIAETCS TIPHU-
MUCHIBAHUEM €0 K TEKYIIeN OmepaTopHOU Ienodke. Keau nepexonumas
BEpIINHA — BBI30B, TO B Mara3wH 3arpyxkaercs ero uomep. [Ipu mepexo-
Iie 9epe3 BBIX0 NOATrpada-mIpoue Iy phl I3BJIEKASTCSI HOMEP U3 Mara3uHa,
7 06X0[ TPOJOIKAETCA MO Ayre, BEAYIIEN K BO3BPATY C 3TUM HOMEDPOM.
ITpu mepexome Uepes pacmo3HABATENb C IEPEMEHHOU P 06XO0 I PO TOIKA-
eTcs 1o gyre ¢ MeTkon ph(p), roe h — rekymas nenodka. O6X01 cXeMbl
MPEKPAIIAETCA TPU JOCTUXKEHUN BLIXOJa TVIABHOTO moArpada, U TOraa
TEKYIIaa IeMovYKa HA3BIBACTCA PE3YILTATOM BBITOJHEHUS CXEMEBI HA (]
B WHOM CJIydae BBLIMOJHEHUE 6e3Pe3yabTaTHO.

Takum obpasom, Beakas cxema HaI 6azucom B ocyIimecTsaseTr 0To-
OpaxkeHne MHOXKECTBa £ B MHOXKeCTBO B'.

Bce anre6paunveckue Mogeu mporpamMM ¢ IpoueIypaMu UMET OTHO
7 TO € MHOXKECTBO CXEM MPOrpaMM Hal B u OTINYal0TCa IPyT OT aApyra
OTHOIIEHNEM SKBUBAICHTHOCTH cxeM. OHO BBOAUTCSA MapaMeTpUIeCKIM
o6pazom. Ilycts v — skBuBanenTOCTE B B', w L C £. JIBe cxeMbI HA L
B nasosem (v, L)-5KBUBaJEHTHBIMY, €C/IU, KAKOKN OBl HU ObLIA (DYyHKIUsA
it u3 L, pe3yJbTATUBHOE BBLIMOJHEHUE HA HEU OJHOU M3 CXEM O3HAYAET
PE3yIbTATUBHOE BHITIOJHEHUE HA 4 IPYTOU CXEMBbI, U PE3YILTATHI UX BHI-
nonuenus v->ksuBajgeHTHBL. C BBenenuem (v, L)-5KBUBAIEHTHOCTH BO3-
HUKAET OTIeJbHAs anredpandeckas MOIeab MPOrpaMM C MPOIEaypaMu,
HasoBaeMas (v, L)-mogeisio.

B rTeopum anrebGpamdeckux Momeqen mporpamMM (QyHIaMeHTAJbLHON
ABIAETCA 3aJa49a MOCTPOEHUSA CUCTEMBI 3. M., TOJHOU B MOIETHU, T. €.
06JIaJAI0MIEN CBOMCTBOM: VIS JIOOBIX DKBUBAJICHTHBIX CXEM W3 MOIEIN
BO3MOXKHO 3{(PEKTUBHOE TMOCTPOEHUE KOHEYHOU UENOYKY 3.0. U3 JaH-
HOU CHCTEMBI, TPaHC(HOPMUPYIOLIEN ONHY U3 CXeM B APYTyI0. JTa 3a1a-
Y4 BBIIBUTAET MPOOIEMY 3KBUBATCHTHOCTH B MOIEIHU, T. €. TIOCTPOCHUE
AJICOPUTMA, PACIO3HAMIET0 DKBUBAJEHTHOCTD CXEM B MOIEIHN.

OcTaHOBUMCS HA TOM, 9€M IPUBIEKATENbHBI AJIre0pandecKue Mo ie-
JIX TIPOT'PAMM C TIPOLETYPAMHU.

1. Oum mocTpoens! A GOPMATU3ANUN TPOTPAMMEI, €CTECTBEHHBIM
06pa3oM abCTParupywIencsa 0T TPOrPAMMBI, 3ATMUCAHHON HA MMIIEpa-

153



TUBHOM aJrOPUTMUYECKOM A3BIKE IPOrpaMMupoBanus [1].

2. Tlepexoa OT TPOTpaMMEL K €€ cxeMe 00JaJaeT CBOUCTBOM: BCAKOE
CTPYKTYpPHOE MPeoOPA3OBAHME CXEMBI OQHOBPEMEHHO SBJAETCSI CTPYK-
TYPHBIM TIPE00PaA30OBAHUEM MOAEIUPYEMOU €10 MPOTPAMMEL.

3. BrigeneHb! annpOKCUMUPYIOMIE MOIETN MPOrpaMM, T.e. 06Jaana-
IOIIKEe CBOUCTBOM: U3 SKBUBAJIEHTHOCTY CXEM IMPOrPAMM B TAKOU MO TN
ClIeAYeT SKBUBATEHTHOCTb MOJEMUPYEMBIX UMU IporpamMM [2].

4. HacTHBIM CIy9aeM MOAETEU TPOTPaAMM C MPOLEAYPAMU ABIAIOTCSA
Mofenn nporpamMM 6Ge3 mpoueayp, A8 KOTOPHIX pa3dpaboTaHbl IBA Me-
TOJA PACIO3HABAHUA DKBUBAJICHTHOCTH B Mofenu [3, 4] u oguH MeTon
MOCTPOEHUS CUCTEMHEI 3.1., TOJHOU B MOIE/H.

5. Omnucano B [2] MHOXECTBO aANIPOKCUMUPYIOUIMX MOIETEH IIPO-
rpaMM C IpOIenypaMu, TaK HA3BIBAEMBIE TIEPErOPOAIaTHIE MO IEIU TPO-
rpamMMm, A KOTOPBIX HAMU YCTAHOBICHO CIEAVIOIIEE: TPOOIeMa DKBUBA-
JIEHTHOCTHU B TIEPETOPOAIATON MOLEAU MPOTPAMM CBOJUTCS K PEIIEHUIO
IBYX MpOOJeM B WHAYHIUPYIOMEN €€ MOAEIN MporpamMMm 0e3 MpOoIexyp:
mpo6aeMe PKBUBATEHTHOCTY U TTPOOIEME HEMYCTOTH MEPECEICHNUA.

B cBA3M ¢ UBIOXKEHHBIM, aKTYAJTbHBLIMU M BMECTE C TEM TEpCHeK-
TUBHBIMU ABJIAIOTCA UCCICIOBAHUA CEMAHTUYECKUX CBOUCTB airebpau-
YECKUX MOJEJNer TPOrpaMM ¢ MPOIeIypaMu.

Craucok auTepaTypsbl
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YJACTUYIHO KOMMYTATUBHBIE MOAEJIN ITPOT'PAMM
P. . IToanosuenko, [I. B. Ckpeiaaukos (Mocksa)

YacTUIHO KOMMYTATUBHBIE MOIEIN TPOTPAMM — DTO YaCTHBIN CIY-
Yall MIMPOKOIrO KJacca aarebpamdecKux MOIEJNEr IPOrPaMM, A KOTO-
PBIX TOYYeHBl (JIEAYIOMNe PE3yIbTATH: TOKA3AHA PAa3pemnMoCTb ITPo-
6JEeMBI DKBUBAJIEHTHOCTU U MOCTPOEHBI MOJHBIE CUCTEMBI 3KBUBAJICHT-
HBIX TIPeo6pa3oBanmil (5.11.).

O6wero Buga aarebpamdeckue MOJENN IPOrpaMM BBefgeHHl B [1], a
YIOMAHYTBHIU MX MIUPOKUU KJIACC UCCaenoBad B [2-3]. DTu mogenu Ha-
3BIBAIOTCA YPABHOBEIIEHHBIMY MOJYTPYNIOBLIMY MOIEIAMHA C JEBBIM CO-
kpamienueM. [[aHHBIN TOKIaJ MOCBAIIEH AJANTAIUKA K IaCTUIHO KOM-
MyTATUBHBIM MOJEIAM PE3yJbTaTOB, O KOTOPBLIX CKAa3aHO BhIIe. B Hem
ONMUCHIBAIOTCSA TPUEMIEMBIE TIO CJIOKHOCTU AJCOPUTMBI, PA3PEIIaoIne
SKBUBAJEHTHOCTh B TAKUX MOJENAX, a MPUBEICHUEM K KAHOHUIECKOU
dopme cxeMm mporpaMm M3 3TUX MOJIEJIEU CO3MAHBI IOJHBIE B MOIEIAX
cucTeMbl 3.11. [IpoaeMOHCTPUPOBAHO, YTO CJIOKHOCTH IPUBEJEHUS CyIIe-
CTBEHHO MEHBIIE O0MIIero Caydasd.

3meck uccaenyeTcesa GakTUIeCKU MO IMOAENb YaCTUIHO KOMMY TATUB-
vou Mogeau. QCHOBaHMEM TOMY CIyXAaT CJAeAyoiue (PaKThI, YCTAHO-
BICHHEIE B [2—4]: Ip06JIeMa SKBUBATCHTHOCTH B JIH000U aJareOpandecKon
MOJIENN IPOTPAMM CBOAUTCA K TPOOIEME SKBUBAJCHTHOCTU MATPUIHBIX
CXEeM M3 3TOU MOIEJN; IOCTPOEHA CUCTEMA 3.1I., B PAMKAX KOTOPOH OCy-
EeCTBAAETCA ATO cBefenue. [loaToMy paccMaTpuBaeTCs MOAMOIETb, e~
MEHTAMU KOTOPOU SABJIAIOTCSI MATPUYHBEIE CXEMBI, I CTPOUTCA CUCTEMA,
3.0, HoJHaA B >Ton noamogenn. O6o3naaum ee M.

Moagmogens M crpoutcs Han xkoHedHbiMu aiddasutamu Y u P; sme-
MEHTHI U3 Y HA3BIBAIOTCA OMEPATOPHBIMU CUMBOJAME, A DIEMEHTHI U3
P — normveckuMu mepeMeHHBIMI; KaXK 1as U3 HUX TIPUHAMACT 3HAYCHUE
u3 muOoXkectBa {0,1}.

Marpuunas cxema Han Y, P npeacrasiaser co60i KOHEIHBIN OPUEH-
TUPOBAHHBLIN Tpad), YIOBIETBOPAOIIMEA TPEOOBAHUAM: B HEM UMEIOTCA
TPU BBIAEICHHBIE BEPIIUHBI — BXOM, BBIXOX, U lOOp; KAaXAOU U3 IpPy-
ruxX BepUIMH (OHU HA3BIBAIOTCA MPEOOPA30OBATENAME) COMOCTABICH CAM-
Boa u3 Y; m3 n060u BepImHLL rpada, KpOMe BBIXODA U l00p, MCXO-
IAT IyTU B KOJIUYECTBE, PABHOM YHUCIY DJEMEHTOB B MHOXKeCTBe X, rae
X = {z|z : P —» {0,1}} ; BcAxas gyra momMedeHa HIEMEHTOM X U3 X;
JM00BIE BE NYTU U3 OJHOU BEPITUHBEI UMEIOT PA3JUIHBEIEC METKH.

DyHKIMOHUPOBAHKE MATPUIHOU CXeMHI ([ajlee — MPOCTO CXEMBI),
OCYIIECTBJACTCA HA OTOOPAKEHUAX MHOXKECTBA Y * (ero nIeMeHTHl Ha-
3BIBAIOTCA OMEPATOPHLIMH IEMOYKAMEA) B MHOXKECTBO X ; 3T 0TOOpaxke-
HUs UMEHYIOTCS (PYHKIMAMEA PA3METKN; UX MHOXKECTBO 0003HavaeTcsa L.
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Mycte G — cxema wang Y,P u u € £. Bomoanenue cxembr G Ha
/4 TIpencTaBasgeT coOOU 0OXOA CXEMbI, KOTOPBIM HAYUHAETCS BO BXOJE
CXEMBI TIPU TIYCTOU OMEPATOPHOU IIEMOYKe W TIOMIUHACTCA CAEIYIOMNM
npasuiaMm. [lycte v — mocTuruyTas BepmmHa CXeMbl, 1 h — Lemo4-
Ka, C KOTOPOU TIPUIILIA B ¥; €CIU ¥ — Mpeobpa3oBaTelb ¢ CUMBOJIOM i,
TO TEKyIIas Ienovka h mpeobpasyercs B UENOoYKy hy, U Mepexon u3 v
OCYIIECTBJAETCS IO ayre ¢ MeTkou u(hy); ecam v — BBIXO CXEMBI WK
BepuuHa loop, TO 06X0q CXeMBI IPEKPAIIAETCs, B IIEPBOM CJIydIae — C
pe3yabTaToM h, 1 BO BTOPOM caydae — Oe3pesyabTaTHo. Takum obpa-
30M, cxemon G peanmayeTcsa 0TOOpaXKeHUe MHOXKECTBA £ B MHOXKECTBO
Y*, wacTuuHOoe B O0IIEM CayUae.

OKBUBAJEHTHOCTDL cxeM Han Y, P magymupyercs nByMms mapamerpa-
Mu — v u L, rae v — 5T0 5KBuUBaIeHTHOCTL B Y *, a L C £. /IBe cXeMHl,
no ompenenenuio, (v, L)->KBUBaJEHTHEL, €Cau, KAKON OBl HU ObLIa (PYHK-
U Pa3MeTKU i u3 L, BCAKUU Pa3, KOTa BHEIMOJHEHUE HA 4 OJHOU U3
CXeM Pe3yJbTATUBHO, PE3YJIbTATUBHO U BHINOJHEHUE APYTOU CXEMBI HA
[ty 4 TPHU 3TOM IOJYyYEHHBIE PE3yJbTATH — DTO V-3KBUBAJEHTHBIE IIe-
[IOYKU.

B cayuae moamomenm M mapamerpsl v u L 3amal0TCA CAEOYIO-
muM 00pa3zoM. JKBUBAIEHTHOCTh ¥V UHAYLUPYeTCsa cuctemou 1, rae
T CY xY; cumBoant y1, y2, vae (y1, y2) € T, HA3LIBAIOTCA EpeCTa-
HOBOYHBIMUY; V-3KBUBAJIEHTHBIMU OOBSBIAIOTCSI PABHOBEIUKNE IO [JIMHE
OIePAaTOPHBIE LEMOYKY, OTHA I3 KOTOPBIX MOXKET OBITh [TOJyYeHa U3 IPY-
TOU MEePEecTaHOBKAMU COCEIHUX U MEePECTAHOBOUHLIX CUMBOJIOB. MHOXKE-
crBo L cocrout u3 Becex pyHKIUM pazMeTKu, 0O TAIOMINAX CBOUCTBOM:
V-3KBUBAJEHTHBIM IETOYKaM (DYHKITUA COMOCTABAAET PABHLIC 3HAUYCHU.

Ncnonb3yem anropuTs 7, PACIO3HAIINN SKBUBAJEHTHOCTD MATPUYI-
HBIX CXeM ¥ OmuCaHHbM B [2]. OH CTPOUT IS UCIBITYEMBIX CXEM COYe-
TaeMble B HUX MAapPIIPYTHI, NIUHA KOTOPBIX OT'PAHUYIUBAETCS IUCIOM,
3aBUCSAIINM OT PA3MEPOB CXEM.

MapipyToM B cXeme Ha3BIBAETCSI OPUEHTUPOBAHHLIU MYTh B HEU C
HaYaJIOM BO BXome. BesikoMy KOHEUYHOMY MapIIpyTy COOTBETCTBYET He-
coMas UM ONEepaTOPHAS IETOYKa, & COUCTAEMBIMUA UMEHYIOTCSA MapIIpy-
ThI, IPOKJIALIBAEMEIE O0IIen 1isa HuX (pyHKuumen pazmerku uz L. Nme-
eTCA KPUTEPUU COYETAEMOCTU MAapIIPYTOB, HA OCHOBE KOTOPOTO pabo-
TAET AITOPUTM, PEATUIYIOMUN IPOLOIKEHNE COIETAEMBIX MAPIIPYTOB
C COXPAHEHWEM CBOUCTBA COYETAEMOCTH.

IIpu mocTpoeHun coveTaeMbIX MAPIIPYTOB aIATOPUTM T HPOBEPIET
HeOOXOAMMEIE YCJIOBMA dKBUBaJeHTHOCTH cxeM u3 M. Haubonee émxum
73 HUX SIBIAETCS CJAeLYIOIIee YCIOBUE: U3 CONPSKEHHBIX IPpeoOpasoBaTe-
JIel, TIOMEUIEHHBIX PA3IAYAIOIIMMUCA CUMBOJIAMY, BEIPACTAIOT COMPAKEH-
HbIe KyCThl. COMpPSIXKEHHBIMY HA3BIBAKOTC KOHIIBI COUETAEMBIX MAPIIPY-
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TOB, HECYIINX V-3KBUBAJIEHTHBIE ONEPATOPHBIE IEMTOYK.

IIpn aganTanum aaropurMa T K caydaio noamoneaun M Hamu mo-
CTPOEHBI AITOPUTMBL P U po2, BHIABIAKIINE, TEUCTBATENLHO JU U3 CO-
IPAXKEHHBIX BEPIINH C PA3HBIMU METKAMU BEIPACTAIOT CONPAKEHHEIE KY-
CTBI. AITOPUTM p; NPUMEHAETCA B CAydUae, KOTAa MepPecTaHOBOYHOCTH
CUMBOJIOB, 33 1aBaeMas cucteMon T, ABAAETCA TPAH3UTUBHOU. B mpoTus-
HOM CJIy4ae MPUMEHSEeTCS alIropuTM™ pPo. s o60ux airopuTMOB JaHBI
OLIEHKY UX BPEMEHHOU CJAOXKHOCTHU; OHU TIOIMHOMUANBHEL.

IMocTpoenue cucTeMul 3.10., MOJHOU B M, IPOBEIEHO METOAOM, Pa3-
pa6oranusM B [3]. CornacHo eMy, KOHCTPYUDPYETCS allOPUTM, TIPHBO-
AR KAXK Y0 U3 ABYX SKBUBAJIEHTHBIX CX€M K KAHOHUYECKOMY BUY;
MoCAeIHUY TON00EH KOHEYHOMY MUHUMAIbHOMY aBTOMATy. [lapaniens-
HO C DTUM BBIABISAIOTCA AKCUOMBI, PEATU3YIONUINe JeUCTBUE AICOPUTMA.
NmeHHO OHUM U MHIYUMPYIOT MOJHYI0 B M cuctemy 3.1.

Coucok aurepaTypbl

1. Hognosuenko P. W. Uepapxusa monenen nporpamm // Iporpam-
MupoBauume. — 1981. — Ne 2. — C. 3-14.

2. lomnoeuenko P. U. Texmuxa caegoB B paspemieHun TpoOJeMbI
SKBUBAJIEHTHOCTU B anrebpamdeckux mogeasx nporpamm // KuGepue-
TuKa u cucteMubin ananus. — 2009. — Ne 5. — C. 25-37.

3. Hommosuenxo P. U. Tlonukie cucTeMbl 3KBUBAJEH THRIX TPe0oOpa3o-
BAHUU B YPABHOBEIICHHEIX IIOIYPYIIIOBEIX MOIEIAX IPOrPAMM C JEBLIM
cokpamenueM // IIporpammuposanme. — 2010. — Ne 3. — C. 3-18.

OB DKBUBAJIEHTHOCTHU METAJMHENHBIX
YHAPHBIX PEKYPCUBHBIX ITPOT'PAMM

B. B. ITogsimog, B. A. 3axapos (Mocksa)

IIpo6aeMa SKBUBANIEHTHOCTH TMPOCPAMM COCTOUT B TOM, YTOOBLI I
3aJaHHOU TAPEI IPOrPAMM BLIACHUTE, IMEIOT JIU OHU OJUHAKOBOE MOBE-
nenue. B kavecTse (popMann3auy NOHATHAA TPOTPAMMBL MBI UCTIOIBL3YEM
MO/I€Jb PEKYPCUBHBIX IPOrPaMM, ONUCAaHHYIO B craThe [1]. B craTtne [2]
ObLTa MoKasaHa d(pPEKTUBHAA PA3PEIINMOCTL TPOOIEeMBI DKBUBAJIEHTHO-
CTH IMHEAHEIX YHAPHBIX PEKYPCUBHEIX IPOrPAMM C UCIIOAB30BAHAEM Me-
TOMa COBMECTHBIX BhruucaeHun. lleas ganHOU paGoOTHI COCTOUT B 06006-
[IEHUM TPENIOKEHHOrO METONa M >(PPEKTUBHON TPOBEPKU CHILHOU
SKBUBAJEHTHOCTY METATUHEUHBIX YHAPHBIX PEKYPCUBHBIX MPOTPAMM.
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3anucbio Y.* 0003HAYNM MHOXKECTBO CJOB B aa(aBUTE Y, BKIHOYUAL
nycToe cJaoBo \. 3amnuceio |h| 6ygem 0603HavaTh AAMHY caoBa h, moua-
ras |A| = 0. 3anucamu pref(h,n), suf(h,n) Oyzem 0603Ha4YaTL, COOT-
BETCTBEHHO, MAKCUMATLHBIN MTPEMUKC U MAKCUMATLHBIN CyddUKC C1oBa
h, nIMHA KOTOPBLIX HE MPEBOCXOMUT M.

CuuTaeM 3aIaHHEIME KOHEYHLIE adpaBUTEL onepamopos 2A m npe-
Jurxamos €, CIeTHO-GECKOHEUHBIN aN(QABAT 3G20406K06 §, MHOKECTBO
mepmos Term = (AUF)* u MmHOKeCTBO 6a306b1z mepmos BTerm = 2A*.

Ynapruot pexypcusnot npoepammoti 6yJeM HA3BIBATHL CUCTEMY T =
(to, F, D), rae tg € Term \ {\} — sanpoc, F C § — KoHednoe MHOXKe-
CTBO 3aroJoBKOB mporpaMmsl, D : F x € — Term U {1} — omucanue
dyuxmuu (31eck | — HeONpeIeneHHOe 3HAYEHUE). YHAPHAA PEKYDPCUB-
Has IPOrpaMMa Ha3BIBAETCA MeMaaunetdnot (111 KPATKOCTH — IPOCTO
OPOrpPaMMON), €CJAM KaXKAbl TepM u3 obiacTu 3HadeHud pyHxuuu D
umeer Bun tft', rae t,t' € BTerm, f € FU{A}. Caosxcnocms nporpam-
MBI 7 XapaxTepusyerca napoit 7| = ([tol, X jepsee [D(f,)])-

Tepm wD(f,6)w', tne w € BTerm, f € §, 6 € €, OGyzem Ha-
3BIBATE O-npeemnurxom Tepma wfw'. Baszoeem Tepm t' OGyzeM HasbI-
BAThb PACKPLINUEM TEPMA ¢, €CIU HAUAETCA MOCIAEJOBATEILHOCTD TEPMOB
t1,t9,...,ty, B KOTOpPOU t1 = t, t, = t' U KAKALI TEpM ;11 ABIACTCA
mpeeMHUKOM TepMa t;, 1 < i < n. 3aroJ0BOK CUNTALTCA 306€EPULGEMbIM,
€CJM CYIIECTBYET XOTA ObI OMHO ero packpeiTue. He ymanas obmmocTn,
OrPAHUYIUMCA PACCMOTpEHMeM mporpam™m 7w = (tg, F, D), B koTopsix 1)
to € F*, 2) nna mobuix f € F, § € € sepro D(f,9) € {afh |a e, f €
F,h € BTerm} U {Ll}, u 3) Bce 3aroaoBku u3 F ABIAIOTCA 3aBEpIIae-
MBIM.

Buiuucaenue nporpaMMBl T — 3TO HEIPOIOMKAEMAA MTOCAET0BATENb-
HOCTb T€PMOB, B KOTOPOU TIEPBBIM TEPMOM ABJIACTCA 3AMPOC MPOrPaM-
MBI U KaXKJBIU CAEAYIONMNA TEPM ABIACTCA MPEEMHUKOM MPEILLIYIIETO.
Pe3yabTaToM KOHEIHOT O BEIMUCACHNA, OKAHIUBAIOIIET OCA 0A30BLIM Tep-
MOM, 00BABAAETCA 3TOT TepM. OCTANbHBIE BEIYUCICHUA GE3pe3yIbTaT-
HEL

Borancaenua T' = ¢,¢,,... u T" = t{,t},... nporpamm 7y, 7o Ha-
30BEM COBMECTMHbIMIU B TOM CIydae, KOrga s JI000M Mapbl TEPMOB
t; = hifig; m t] = bl fj'g], sxonmmmx B cocras ermcrenmit 7' n T",

rne hi, h; € BTerm, f}, fi' € §, semonnaerca crenyomee TpeGoBaHme:

19
ecam seraucaenns T u T" ne oxamvmBaroTca Tepmamn ¢; m t m hi = hY,
! 1" ! 1"
TO TePMBI 1;, 4 U 15,4, CIeAyloUue 3a TepMaMu I; u I COOTBETCTBEHHO
B Bermcaennax 1" n T", aaaioTca §-npeeMHUKaMu TepMoB t; u ¢} 1

OMHOTO U TOro Xe npegukara d. [Iporpammer 71, o OyaeM HA3BIBATH
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CUALHO IKBUBAACHMHBIMY (X OOO3HATATD DTOT PAKT BATUCHIO M| ~ T2),
ecau Jo0ble UX COBMECTHBIE BLIMUCICHUSA UMEIOT OJUHAKOBLIA DE3YJIb-
TaT.

Becom mepma t 6 npoepamme T HazoBeM IUCTO ||t||, (uam ||¢||, ecan
OpOrpamMMa fACHa W3 KOHTEKCTA), KOTOPOE ONPEnetaeTCsa CIexyOMmMa
coorromenuamu: 1) [|A|z = 0; 2) ||a|l = 1, ecim a € A; 3) ||| ecTn
HAVMEHBINAA JIUHA PACKPEITHY 3aroa0Bka f; 4) |[t1tall. = ||t1 || +/t2]]x-

Onumenm epad cosmecmubiz evivucaenuti Gr, r, TIpOrpaMm m; =
(fihi, F1, D1), ma = (faha, F5, Ds). Ero Bepumaamu aBasoTcsa HaGOPLL

(G1,G2, Ry, Ry, ug, ug, wy, wa), (1)
rae G; € FU{\}, R; € §*, uj,w; € BTerm, i € {1,2}. B rpade
TAK¥Ke BbIAEJIEHB! OTINIHBIE OT ONUCAHHBIX BEPIINHEL U, Vjp f. BepImaa
(f1, f2, b1, ha, A\, A, A, \) cauTaerca KOpHEBOU.

MeTku ayr, mcxomammx w3 BepmuHbl (1), pasiudeer u 06pasyoT
MHOXecTBO: {(4,0)|d € €}, ecim Gy, G2 € §; {(g,0)| € €}, eciu Gy = A,
{(6,¢)]0 € €}, eciim G2 = A. I3 ocTanbHEIX BEPIIUH HE KCXOAUT HY OLHOU
ayru. [Jns ynporenus obo3nadeHun OygeM moaarats, 4To D;(A,e) = .

Oyra, ucxomamas u3 Bepmunbl (1) u nomedennas mapou (di,ds),
BeJeT B BEPIIMHY v', ONWCHIBAEMYIO cJaenyroomuMm obpasom. Ecau
D1(G1,d1) = DQ(GQ,dQ) = J_, T0 v = Vinf - Ecan D3_i(G3_i,d3_i) 75
Di(Gi,d;) = L um [[D1(G1,d1)|| = [|D2(G2, da)|| # [|G1ll — [|G2l,
10 v\ = wv.. UHaue cumraem, uro D;(G;,d;) = a;Git;, vae a; € 2,
G, e FU{A}, t; € BTerm (D;(G;,d;) = G} = X, ecin d; = €).

Ecmm di = dy € € u ||Gj|| < ||Gs—||, To noBepstoTcs crenyro-
mue ycIoBUS: a1 = ag; dh : hjh = hs_j;, roe h; = suf(tiu;, [tiu;| +
IGL = IG5, @ € {1,2}. Ecim xoTs OBl OZHO W3 YCIOBHM HE BBHI-
noaHeHo, 10 v = v,.. Unave u} = pref(tu;, |G ;|| — [|G}ll) n w}
suf (tiwi, | Rs—i|| — ||Ril]), @ € {1,2}.

Ecan d3_; = €, To npoBepsercs caenyroriee yciaoBue: 3h 1 uz_;
a;ht;. Eciu oHO He BHIMONHEHO, TO v' = v,. MHaue u} = A, uj_;
w; = suf (tiws, || Rs—ill — [|R:l]), ws_; = ws—;.

Bepmmna v’ = (GY,GY, RY, Ry, uY,uY, w},wl) onpeneaserca caeny-
omuM 00pazoM.

Ecmm G = X\, G5_;, # Anu;, = X\, 10 GY = f;, GYy_, = G}_,,
Ry_; = Rs—i, ui = A ug_; = pref(ws_, |GV || = [IG5_ill), wi’ = A,
wy_; = suf(ws_;, [wh_;| — |ug_;]), e Ry = fiRRy.

Ecin G} = G5 = A m m1a HeKoTOpOro i BepHO w; # A, To GY
NGy = foi R = Ryl = pref(wl |Gy, ui_, = N wf =

suf(wj, [wi| — |uf|), wi_; = X\, rne Rs_; = fa_;R5_;, fa_; € §.

h,
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Ecmm Ry # G = G, = w;, = whb = )\ mo v =
(flanaRllaRIQa/\aAa/\aA)a rone RZ = szia fz € S’a (S {172}

B ocranpnbix cayugaax v’ = (G, Gy, Ry, Ra, ul, ub, wi, w)).

Teopema 1. 71 » Ty moeda u Mmoabko mozda, kK020a u3 Kopus epada
Gry oz 00CMUNCUME BEPUUHA V.

Jlemma. Ecau u3 kopua epada Gy, », docmudcumbl pasiuunbie sep-
WUHBL ¢ 00UKAKOBLIMY NEPBLIMU UEMBIPbMA KOMNOHERMAMU, MO T
.

AusropuTMm IpOBEPKHU SKBUBAIEHTHOCTH IPOIPAMM 71, 7o, TAE |m;| =
(ki,n;), i € {1,2}, cocrouT B mocTpoeHun CBA3HOrO moirpada rpada
G, my, COEpKAIIEro KopeHs rpada. Eciu Ha ouepegsoM mare nocrpo-
eHna ObLIA T0OABIEHA BEPIINHA U WX IUCIO BEPIIAH IPEBBICHIO BEJIN-
aury k?n?, roe k = max{ky, k2}, n = maz{ni,na}, To m * 7). Unaue,
€CJM Heab3A NT00ABATEH HU ONHOU BEPIIUHEI, TO 7] ~ 3.

Teopema 2. IIpobaema cuasvmoti IKEUBAAEHMHOCTNUY MEMAAUHETHBIT
YHAPHBIT PEKYPCUBHBIT NPOSPAMM PA3PEWUME 30 NOAUKOMUGALHOE BPe-
M.

Cnucok JuTepaTyphbl

1. Garlend S. J., Luckham D. C. Program schemes, recursion schemes
and formal languages // Journal of Computer and System Science. —
1973. — V. 7, Ne 2. — P. 119-160.

2. llogpivor B. B. AnropurM npoBepKr SKBUBAJEHTHOCTH JUHEAHBIX
YHAPHBIX PEKYDCUBHBIX IPOrPAMM HA YIOPSAIOYEHHBIX HOTYTDYIHOBHIX
mkanax // Becra. Mock. yu-Ta. Cep. 15. Beraucaurensnas maTemMaTuka
u xkubepueruxa. — 2012, — Ne 4,

OB OIIEHKAX ®YHKIINW MIEHHOHA AJNHBI
EAVHNUYIHOTI' O ITPOBEPAIOIMET'O TECTA
OTHOCHUTEJIBHO ITPOU3BOJIBHBIX KOHCTAHTHBIX
HEUCITIPABHOCTEUM HA BBIXOJAX 3JJEMEHTOB

. C. Pomanos (Mockga)

Iycte f(2"™) — npousBoabHas OyaeBa QpyHKIUA, GOPMATLHO 3ABUCS-
mas OT MEPEMEHHBIX X1, L2,...,%n, & S — CxeMa u3 (PYHKIUOHATLHEIX
BIEMEHTOB B HEKOTOpOM Gasuce B, peaausyromasn ¢pyukumio f (Bce ompe-
IeNeHrs, He BBEJEHHBIC B TaHHOW paboTe, MOXKHO HAUTHU B MOHOT padun
[1]). Oycts Ha cxemy S AeUCTBYeT UCTOYHUK OAUHOUHBIX HEMCIPABHO-
cren U, BEI3BIBAIOMINY WHBEPCHBIE WM KOHCTAHTHEIC HEMCIIPABHOCTHY HA
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BBIX01aX (PYHKIMOHAMBHEIX BJIEMEHTOB, TO €CTh Ha BBHIXOJE JHOOro He
6osiee YeM OHOTO (PYHKIMOHATHLHOTO BJIEMEHTA, CXeMbl BMECTO DEAIN3y-
€MOH Ha ero BBEIXOA€ (DYHKIHHU OT €ro BXOJ0B MOXKET PEAIN30BBIBATLCA
aubo oTpunanue >Tou GyHKIMU (CAyIall WHBEPCHOU HEMCIPABHOCTH),
au60 POU3BOMLHAA OyJI€BA KOHCTAHTA (CIydal KOHCTAHTHOU HEUCIIPAB-
Hoctu). Tpusuasvmot GyneM Ha3bIBATL TAKYH0 HEUCIPABHOCTH CXEMBI
S, mpum KOTOPOU 3HAYEHME HA BBIXOAE JI000r0 snementa E cxembr S
HA BCAKOM BXOJHOM HAGOpE PABHO 3HAUEHUIO HA BBIXOAE djemMeHTa F
npu ucnpasaon pabore cxemer S. [Ipm 3TOM MBI 418 TPOCTOTEL Oyaem
CINTATD, 9TO TPUBHAILHASA HEUCIPABHOCTH €IUHCTBEHHA. HenmcnpasHo-
CTH, HE ABJIAIOMMECA TPUBUAILHLIME, Oy IeM HA3BIBATL HEMPUSUQLbHbI-
mu. O6ozuaumm depes W (S) MHOKECTBO BCEX MOMAPHO HEPABHLIX (hYHK-
AU, KaX [as U3 KOTOPBIX MOXKET OBITH PEATU30BaAHA CXeMOU S B Pe3yib-
TaTe HETPUBUAILHON HEUCIPABHOCTH, BLI3BAHHOU JEUCTBUEM HA CXEMY
ucrounuka Heucnpasaocten U. Cxema S HasbIBaeTCs Heu36bimounoli
TOr[a U TOJBLKO TOMA, KOraa i arbon dyuxnuu g(Z") € W(S) cnpa-
BeguBo: f(E") Z g("). MuoxecTBo T HAGOPOB 3HAYEHUN EPEMEHHBIX
T1,T2,.. ., T, HABBIBACTCA €QUHUYHBIM NPOBEPAOULUM MECTNOM O CTE-
Mbl S OMHOCUMEALHO UHBEPCHBIT U KOHCTMAHIMHBIT HEUCTPABHOCMEL Ha
8HILOJAT INEMEHMOB TOTAA U TOJIBKO TOTAa, KOTAa A JI000H (PyHKIMI
g € W(S) raxon, aro g(z") Z f(z"), nangerca vabop @ us T, nusa xo-
TOPOrO BHINOTHEHO HepaBeHCTBO f(&) # g(&). KommiecTBo pasnnanbx
HabopoB B TecTe T HaszwBaeTcs ero daunot u ob6osnadaerca depes [(T)
win 4depe3 |T'|. Tect MUHUMANTBLHON JIUHBL HA3BLIBAETCS MUHUMALDHBIM.
O6o3unauum wepes D(S) niuHy MUHUMAIBLHOIO €QUHUTHOIO HPOBEPSIO-
IIEr0 T€CTa OTHOCUTENBLHO NHBED CHEIX U KOHCTAHTHBIX HEUCIIPABHOCTEN
Ha BBIXOJAX 271eMeHTOB B cxeMe S, depe3 Dp(f(E")) — MunEMyM Bean-
uuael D(S) mo BceMm Hem3OHITOYHBIM peanusyiomuM f(E") cxemam S B
6asuce B. [Ipu aToM OyaeM CIUTATh, 9TO €CIN I KAKOU-TO (PYHKIUN f
He CyLIeCTBYeT Hem3OBITOYHBIX CXeM, ee peanusyommx, 10 Dp(f) = 0.

IIycts P! — MHOXKECTBO BCEX OyJeBHIX (DYHKINH, CYLIIECTBEHHO 3ABU-
CALIUX OT BCEX CBOUX MEPEMEHHBIX X1, ..., T,. depes Dp(n) obo3nadum

Pynruuro Hlennona daunvt eQURUUKO20 NPOBEPANULE20 MECTNG OTNHOCU-
MEALHO UHBEPCHBIT U KORCTNAHINHGIL HEUCTPAsHOCTET KA 6L1X00aT dae-
mewmos, T. e. dyukumio Dp(n) = max  Dpg(f(E")).
f@m)epy

B [2] 6bu10 noKasano, uro npu B = {z&y,z®y,1} Dp(n) < n+3.B
[3] 6BLIO ycTaHOBIEHO, YTO B cTaHAapTHOM Gasuce By = {z&y,z Vy, T}
dyuxiua [MlennoHa [IMHBI TOJHOTO MTPOBEPAOIIETO TECTa, OTHOCUTENb-
HO OJHOTHUIHLIX KOHCTAHTHBEIX HEMCIPABHOCTEH Ha BBIXOAAX DJIEMEHTOB
He mpeBoCcXoauT n, a B [4] mokasawo, uTo QyHkumsa Ilennona mmu-
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HBI TIOJHOT'O IPOBEPSIONIET0 TECTa OTHOCUTENBHO ITPOM3BOJILHBIX KOH-
CTAHTHBIX HEUCIPABHOCTEN HA BBIXOAX HJIEMEHTOB IIPU BCEX HATYPAIb-
HeIX 1 He mpemocxogut O(27/?). B [5] ycramommeHo, uTo B crydae
B = {z&y,z ® y,1} ¢pyuxnusa [lenHona AIMHBEL €JUHUIHOTO IPOBEPS-
IOIIEr0 TECTA OTHOCUTEIBHO MHBEDPCHBIX HEMCIPABHOCTEM HA BBIXOJAX
DJIeMeHTOB paBHa 1; B [6] 10Ka3aHO, 9TO B MPOM3BOILHOM TOJHOM Ga3n-
ce ananornuHas ¢pyukuus Illennona ve nmpesocxoaut 3. B [7] ycTanosie-
HO, YTO B cTaHAapTHOM Oasuce By ¢yuknusa [Mlennona 1gmHBI TOTHOrO
[IPOBEPAIOMIEr0 TECTA OTHOCATEIHHO OJHOTHUIHBIX KOHCTAHTHBIX HEWC-
IPABHOCTEN HA BLIXOJAX DJIEMEHTOB PaBHA 2, B [§8] nokazaHo, 9TO QyHK-
nua [llenHOHA AMMHBI €IMHUYHOT'O MPOBEPAIONIIET0 TECTA OTHOCUTENBHO
KOHCTAHTHBIX HEUCIPABHOCTEN THUMNA 1 HA BBIXOJAX DJIEMEHTOB B Oa3uce
ZKerankuna paesHa 1, B [9] moaydeno, uro ¢yukuus [MlenHona AInHbL
[IOJIHOT'O TIPOBEPSAIOMIEr0 T€CTA OTHOCUTENBHO KOHCTAHTHBIX HEHCIPAB-
mocTen Tumna 0 Ha BEIXOAAX 3JAEMEHTOB B Oasuce sKerankwua pasua 1.
B [10] ony6aukoBana (pOpMyaMpPOBKA U KA JOKA3ATEIbCTBA TEOPEMBI
0 TOM, 4TO A J1060r0 n € N B MPOM3BOJBLHOM TOJHOM 0asuce (pyHK-
nusa [llenHOHA AMMHBI €IMHUYHOT'O MIPOBEPAIOIIET0 TECTA OTHOCUTENBHO
MPOU3BONBHBIX KOHCTAHTHBIX HEUCIPABHOCTEN HA BBIXOAX DJIEMEHTOB
HE TIPEBOCXOIUT N + 3.

B mactosmen pa6oTe ycTaHOBJIEHA

Teopema. Jas npouzsosvno2o noanoz2o basuca B npun € N ume-
1om mecmo wepagencmea 2 < Dp(n) < 4.

Pa6ora BumonneHa mpu (GUHAHCOBOW MOAAep:kKe rpanTtoB PDODU
Ne 12-01-00964 u Ne 10-01-00768.
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O TECTAX OTHOCUTEJBHO CABUTOB
ITEPEMEHHBIX B BYJIEBBIX ®YHKIINAX

O. C. Pomanos, I'. B. AaTiodpeeB (Mocksa)

Iycre f(z1,22,...,2,) — OyaeBa QyHKIUA, HOPMAILHO 3ABUCI-
masg OT TEePEMEHHBIX I1,Zs,...,Tn (3TO OyIeT B3aNMCHIBATHCA TAK:
f(@") € P}), Ef — wmmoxecTBO BCexX k-paspATHLIX TBOWTHEIX
Ha6OpoB. PaccMoTpmm mcTowmmk memcmpamsrocTen USMS cmoco6-
HBII [€UCTBOBAaTbL Ha OyaeBy ¢yskuuio f(1,...,ZT,) CIELYOLIM
obpasom. McrounukoMm BrIOUpaOTCA (IPOU3BOJIBHBIM O0pa30OM) €u-
cio k € {1,...,n} u HaGop ¥ = (y1,..-,7n) € EI, m BMecTO
suavenus GyHkuua f(aq, ..., Qk, Qgil, .- ., Q) BHIUACAAETCA 3HAUCHUE
flaksr, oy @nyy1,. oY) (TO ecTh QyHKIUEn HewcupaBHOCTH OyeT
prHKI_II/Iﬂ fk,’y(ajlz e :xn) = f(xk+1= s Ty Y1y e e ,’yk)) OHpeAeHHM
Wi = {frs(x1,22,...,20) | k € {1,2,....0n}, ¥ = (71,...,7m) € EF}.
Hazosem Takoit ncrodnnk meucmpassocten USHS yemounurom npumu-
MUBHBIL COBU08 NEPEMENHBIL 8ALB0.

MuoxecTso T HAGOPOB 3HAYMEHUN TEPEMEHHBIX L1, X2, . .., Ly HA3HI-
BAETCA NOARbIM NPOEEPANUUM (COOMEEMCMEEHNO, JUAZHOCTNUYECKUM)
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MECNOM OMHOCUMEALHO NPUMUMUBHBIT COBU208 NEPEMERHBIT HYHKUUU
f eaeso Torga m TOmPKO TOrjAA, KOraa At Jjoboun dynkumu g € Wy
takou, uro ¢g(I") Z f(&"), nangerca mabop & u3 T, 11 KOTOPOTO BHI-
nonueHo HepaBeHCTBO f(A) # ¢g(&) (cooTBETCTBEHHO, U JIOOBIX ABYX
HepaBHBIX QyeKuny g, h us Wy U {f}, naungercsa mabop & us T, musa
KOTOPOT'O BHINIOJIHEHO HepaBeHCTBO ¢(&) # h(&)). KomnvecTBo pasanmd-
HBIX HAOOPOB B TecTe T HA3BIBAETCA €ro Jdaunoli 1 0603HAYACTCA |Ue-
pe3 L(T') unu gepes |T'|. Tect MUHUMAIBHON JIUHBI HABBIBACTCA MUKU-
maavnoim. O6o3maumm qepes [Shifts detect( f(zn
pea Lshifts, diagn( £(3n))) npHy MEUHEMAIBHOTO MOIHOIO MPOBEPAIONIErO
(COOTBETCTBEHHO, AUATHOCTUIECKOI0) T€CTA OTHOCUTEILHO IPUMUTUB-
HEIX CIBUTOB MEpEeMeHHBIX GyHKuuu f(Z1,Ta,...,Ty) BIEBO.

Onpenenum  Pynxyuu [lennona daumnbl N0AHO20 NPOBEPAOULE2O U
QUAZHOCTUUECKO20 MECMA OMHOCUMEALHO NPUMUMUBHBIT CO8U206 Ne-
PEMEHHBIT 64€60:

)) (coorBeTcTBEHHO, |E-

Lshifts, detect — Lshifts, detect F7Y)).
(n) plnax, (F(z")),

Lshifts, diagn — Lshifts, diagn F7Y)).
(n) p o, (f(z"))

Teopewma 1. IIpu n € N umeem mecmo pasencmaso
Lshifts, detect(n) -9,

[Aoxazameavcmeo. Paccmorpum npomssoabryio dyrkuuio f(Z") €
P, BametuM, 94T0 ecau 5Ta QYHKIWA TOXKIECTBEHHO DABHA KOHCTAHTE,
TO HUKAKUE NMPUMUTUBHLIE CIBUTY MEPEMEHHBIX BIEBO HE OOHADYKUBA-
I0TCA, IJIMHA IPOBEPAIOIIEr0 TECTa B 3TOM CIydae paBHa HyJ0. byaeM,
Jajee, cauTaTh, 910 y dyukuuu f(Z") ecTb X0Tsa OB OAHA CYLIECTBEH-
Has nepeMenHad. [lycTh z, — cyInecTBeHHAA mepeMeHHas ¢ MUHIMATb-
HEIM MHIEKCOM. Torma cocTaBuM MHOXKECTBO 1 U3 NMPOU3BOJBLHON HapLI

N-paspsaIHBIX ABOMYHBIX HAGOPOB ' = (Bis- -y B4-1,0, 8441, .-, 0n) 1

B" = (B, 8g=1,1,B8g+1,-- ., Bn), OTINIAIOMMXCA JUINE 3HAYICHAIMN

nepeMeHHou z, u takux, uro f(8') # f(5"). Hokaxem, uro T — moa-
HBEII OPOBEPAIOIIANA TECT OTHOCUTEILHO NPUMUTHUBHBLIX CIBUIOB HEpe-

MeHHBIX QyHKIUYU f(T1,22,...,Ty) BIEBO. IIOCKOJIBKY MPU NPOU3BOIL-
eix k€ {1,...,n}udy = (y,...,7) € EY bysxuua fr5(z1,...,2,) =
f(Tkt1s-- s TnsY1, -+ -, Yk) CYLUIECTBEHHO OT IEPEMEHHOU X, HE 3QBHCHUT

(B cuy BBHIGODA Z4), TO fk,;Y(B’) = flm(B"), 1, 3HAYUT, 008 DTUX 3HAYE-

HIA OTIMYAITCA 0T 0gHOro u3 sHavennit f(3') u ("), orkysa cregyer
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Bepxuas omenxa LN d(n) < 2. Hmxmas omemxa MraoBeHHO moTy€a-
€TCA U3 TOrO, UTO IOJHBIU MPOBEPSIONINN TECT OTHOCUTENBLHO MPUMU-
TUBHBIX CABHUIOB IE€peMeHHBIX yHKuuu fo(T1,T2,...,T,) = T BIEBO
HE MOXKET COCTOSTh U3 oqHOro Habopa. Teopema 1 moxazana.

Teopema 2. IlIpu n — oo, n € N umeem mecmo pasencmeo
Lshifts7 diagn(n) — @(\/2_)

Joxazameavcmso. Bepxuaa ouenka. IHomoxum k' = |271]. Jlerko
BUIETH, 4TO As mo0eix k € {k',k'+1,...,n} mabopay = (y1,...,7n) €

E} n mabopa & = (au,...,q,) € E} snauenue fj 5(G) paBHO 3HAMEHUIO

fkgy(ﬁkl QR 41, - - -, Qp). IIODTOMY BCe 5TH PyHKIUN HEUCIPABHOCTH [} 5
MOMAPHO OTIAXYIAKTCA APYT OT Apyra (B CAydae HEPABEHCTBA) HA Ha-
6opax Buga (0%, apy1,...,ap), & uco 5Tux HAGOPOB ecTb O(v/27).
KoaniecTBO 0CTAIBHLIX HOMAPHO HepaBHEIX Gyukunn us Wy U{f} ects
O(v/2"), MOSTOMY WX MOXKHO OTJIMYUTE APYT OT APYTa U OT BCEX YIOMS-
HyTEIX panee Gyuxmmi xa O(v/2") Ha60poB. BepxHas oleHKa T0Ka3aHA.

Huxnsas ouenka. Paccmorpum (moawsyscek ugeen u3 [1], M. Takxke
cuocky B [1]) dyukuumio

~n _ o1 ) Tt o1 Tt
h(z™) = \/ riteyt & &xpt apl & &g mop & &y,

(010,04 )EEY

fcuo, uro h(i") #Z 0 um uro cpemu ¢yuxnun uz Wy ecTb TOXIe-

CTBEHHBIN HyJb. 3amedas, 910 Opud 5 = (Y1,..., V', i”’kl) dyuKImII
hir 5(Z") oTaMYaeTCS OT TOXKAECTBEHHOIO HYyJs TOIBKO HA HAOOPAX BU-
ga (Q1, .-y Qe g/ s Y1y - -+ Yk! ), 4EIAEM BBIBOJ, UTO B JHOOOU JUATHOCTHU-
9YeCKUU TECT NA QyHKIUEA i TOMKEH BOUTHU XOTA OBl O1WH HAGOP TAKOTO
BUA 1A KaXA0r0 HAGOpa ¥ = (Y1, .- -, Yk, i"‘kl), OTKyJa U BLITEKAET
HIKHAS OIleHKa. TeopeMa 2 moKasaHa.

Pa6Gora Boinoanena npu ¢urancoBon moanepxke rpaatos PDODU
Ne 10-01-00768 u Ne 12-01-00964.
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ACUMIITOTUKA ®YHKIIVA MIEHHOHA
AJIA HAKOIIJIEHHOI'O BETBJIEHUA
CXEM U3 ®YHKIINOHAJIBHBIX OJIEMEHTOB

A. O. Crapukoe (Mocksa)

Cpenu XapakTepuUCTUK, OIMEHUBAIOIINX CIOKHOCTH CUHTE3UDPYEMBIX
cxeM u3 QyHKIUOHAMBHBIX 3aeMeHTOB (CDD), BBIAEJIAIOTCS ABE OCHOB-
Hble Tpynnel. llepBasg rpymnma — 3TO XapaKTEPUCTUKU, CBI3AHHBIE C
pasMepaMu CXeMBbI, KaK, HATPUMED, KIACCUIECKas CIOKHOCTh — KOJU-
4ecTBO daeMeHTOB B cxeme [1]. Acumnroruxka ¢pynkuuu [lennona mus
KOJIMYECTBA DJIEMEHTOB B CXeMe B CTaHJAPTHOM 0Oasuce OLLTa HaHICHA
O. B. Jlynanosem B patotre [2]. Bropas rpynna — «riyOuHHBIE) Xa-
PAKTEPUCTUKY, ONEHUBAIOMINE BPEMA IPOXOXK ICHUA CUTHANA I€PE3 CXe-
my. Acumnrornka gyrkumn Illennona misa raoyOuHB CXeMBI B KOHETHOM
6asuce Oeita Hangena O. B. Jlymanoseim B paGoTe [3], B GeCKOHETHOM
6asuce — O. M. Kacum-3aze B pabore [4].

C pusmaeckor TOYKHM 3PEHUA IIyOMHA YIMTHLIBAET CyMMY BPEMEH
cpabaTLIBAHAA JOTUIECKUX AICEK BAOIb IIyTH OT BXOAA A0 BLIXOA CXe-
Mbl. O IHAKO, KPOME AYEUKN B 3aJ€PKKY CUTHAIA CXEMOU BHOCUT BKJIAI
U 3aJepKKa PACOPOCTPAHEHWA CUTHANA IO MPOBOTHWKAM, W C YMEHb-
IIEHUEM HOPM TEXIPOIECCa 3TA 3aIePKKA UMEET BCe GOJBIIYI0 BEIU-
uynHy [5]. TO JAeT MOBOL PACCMOTDPETH ([VIYOUHHYIO» XapaKTePUCTH-
KY CXEMEBI, YIUTHIBAIOIIYI0 HE TOIBKO 3JEMEHTHI, TPOXOIAMbIE CUTHAJIOM
0Py CIEIOBAHUM IO IIyTH OT BXOJa K BBIXOLY, HO W BJIEMEHTHI, HA KO-
TOPBLIE CHTHAJ PA3BETBAACTCA HA DTOM MyTH. Takas XapaKTepuUCTHKAa
OyIeT HABBIBATHCA HAKOILIEHHLIM BETBJIEHUEM CXEMEI.

HMagum HeoGxonumele omnpenenenusa. Cucremy B = {g1,92,-..,9m},
rae Bce g; — (yHKIUM anreOpsl JOTWKW, OyIeM HA3BIBATH 0A3UCOM
PYHKUUOHAALHBIT IAEMEHMOB.

Cremoti u3 PyYHKUUOHAALHVIT daemenmoe HAL Gasucom b Oyjaem Ha-
3LIBATH KOHEYHLIN AIUKINYIECKUN YIIOPAIOYEHHEIN Oprpad, B KOTOPOM:

1) Kaxk 1OMy MCTOKY IPUNMCAHA HEKOTOPAS EPEMEHHAs, TPUIEM Pa3-
HBEIM HCTOKAM TPUMIUCAHBI PA3HEIE IEPEMEHHBIE (MCTOKHU MPU 3TOM HABHI-
BaIOTCA BXOIAME CXEMBI, & IPUNUCAHHLIE UM MIEPEMEHHEIE — BXOIHBIMA
NEePEeMEHHBIMN ) ;

2) KaX[IOU BEpIIUHE, B KOTOPYI BxoaaT k > 1 peGep, mpunucaHa
dyuxua u3 Gasuca B, 3aBucAman or k nepeMeHHLIX (BepIIUHA C TIPU-
NUCAHHOU (PyHKIWEH P STOM HA3LIBACTCA (PYHKIMOHAJILHBEIM DJIEMEH-
TOM);

3) HEKOTOpPBIE BEPIIUHLI BLIIEJICHE KAK BHIXOAbI (MCTOKA TaKKE MO-
CyT ABIATHCSA BHIXOJAMMU);
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4) vHIyKUuen mo riayOuHe ¢ BEPIIVHBL U ONPEIeNAeTCA GyHKIuL f,,
peanusyemas B JaHHOU BEPINUHE.

B sTon padore paccmarpuBarorca CDI Han cTaHgap THEIM 6a3UCOM
By = {V,&,~}. Tak kak 5Tu QYHKIUA CUMMETPUUHBEI OTHOCUTETHHO
CBOUX TIEPEMEHHEIX, TO pebpa, BXOAAIME B KAXKIYI0 BEPIIUHY, MOXKHO
HE yTOPAIOUYUBATE.

Bynem roBopuTh, 9TO cxema peaamsyeT CUCTeMY (PYHKIWMU, peasn-
3yeMBIX B ee BeIxogax. Cxema peanmsyer NaHHYO (QYHKIUK, €CIA OHA
peanusyeT ee XOTA Obl HA OJHOM M3 BBIXOIOB.

HasoBem nposodom, ncxonammm u3 GyHKIMOHATBHOTO BJIEMEHTA V,
MHOX€eCTBO BepunH {v1, ..., VF }, B KOTOPHIE U3 DJIEMEHTa V Uy T pedpa.
Bemsenuem TpOBOJA HA30BEM HUCJAO BEPIIMH F' B COOTBETCTBYIOIIEM
emy MHOXecTBe. OOO3HAYMM BETBJICHUE MPOBOIA, UCXOMAILIETO U3 BEp-
mumubL v, aepe3 F(v). BygeMm cuurars, 9TO eciu u3 vV He BBIXOAUT HU
onuoro pebpa, To F(v) = 1.

Iycts P = (vg,v1,V2,...,Vy) — OyTh U3 UCTOKA Vg (BXOIHOU BEp-
[IAHEI) B BEIXOAHYIO BEPIIUHY U,. Ha30BEM HAKONAEHHLIM 6ETNEACHUCM
no nymu P Bemmuauny

n
F(P) =Y F(v).
i=0
Haszosem nakonaennvim semeaenuem CPI S Benuauny

F(S)= max F(P).

P ”— nyTh U3 BXOJA B BBIXOJ

Brenem gynxuyuro Hlennona das naxonaennoz2o semsaenus CDOI mo

dopmye
F(n) = max min F(S).
fEP>(n) f peanmsyerca CP3I S

ApTopom noaydena caenyromas onenka ¢pyukuuu lllennona nis ma-
KOIIJIECHHOI'O BETBJICHUA:

Teopema 1. Jas cxem u3 PYnKyuoHaAbHHIL dAEMERMO6 HaD 6A3UCOM
BO = {\/= &7 _'}

F(n) = (3logs2+ 1)n+o(n), (n — oo).

Kpowme Toro, aumxusasa ounenka gyuxuun [Mlennona njisa HAKOIIEHHOT O
persienus CPI cymecrBenna:

Teopema 2. [Jas noumu écex gynkyut usz Py naumensuiee maxon-
AEHHOE BEMBACHUE CPEOU CTEM U3 PYNKYUOHAADHBIT IAEMEHMOE, PEAAU-
3YWUL dannyo GYHKYUI0, acumnmomuuecky coenadaem ¢ Gywryued
Hlennona npu n — oo.
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ABTop BEIpaxkaeT 6JAr0JaPHOCTH CBOEMY HAYUHOMY PYKOBOAUTEJIO
Uropio BuktopoBuuy KytepeHKo 3a MOCTAHOBKY 3aJavdl UM BHUMAHUE
k pabore m Banepuio Bopucosmuy KyapsaBueBy 3a IleHHEIE COBETHI 1
3aMevaHus.
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O PABHOMEPHOCTHY HEKOTOPHIX CUCTEM ®YHKIIUN
MHOT'O3HAYHOM JIOTUKU

II. B. Tapacos (Mocksa)

B pa6Gore paccMmaTpuBaeTca 3aiada O peanusanuyd (PyHKIUA k-
3HAYHOW JOTUKHU U3 3AMKHYTHIX KJIACCOB (POPMYJIaAME B KOHEYHEIX 0a3u-
cax, COCTOAmMMX W3 (PYHKIUN, TIPUHAIIEKAIINX STAM XKe Kaaccam. Bee
HEeOOXOAUMBIE OIPEIeJeHNAA MOKHO HAUTH B padorax [1-3]

O6o3naunm depe3 Py o Bce GyHKINYU k-3HAYHOU JOIUKU, IPUHAMATO-
mue 3uadenus 0 u 1, k > 2. llycte A — kouednas cuctema QGyHKIUNA U3
Py o, ® — dopmyna nax A. O6osnaunm depe3 L(P) 4ucio cuMBOJIOB me-
PEMEHHBIX U KOHCTAHT, BXOAAMUX B popMyay P (croxHOCTH POPMYIIBI
®), a uepes D(P) — ruybuny Gopmyast ¢. Ilycre f € [A]. Hoaoxum

DA(f) =minl(®), La(f) = min L(P)

Y

rae MuauMyM Oepercsa no Bcem gopmyaam ® mang A, peanusyromum f.
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Kouneunyio cucremy pyuknmu A 6yneM HaA3LIBATH PABHOMEDHOU, €CJIN
CYIIECTBYIOT TaKue KOHCTAHTHI ¢ u d, 4TO s aobon pyuxkuuu f € [A]
BBINIOJHEHO HEPABEHCTBO

Da(f) <clogLa(f)+d.

B pa6orax [4, 5] mokasaHa PAaBHOMEPHOCTH JHOGOW KOHETHOU IMOJHON
cucteMbl OyaeBrx hyHKunn (cM. Takxke [6]). [loznree, B paGote [7] 6bI-
J1a, TOKA3aHA PABHOMEPHOCTH BCEX KOHEYHEIX CUCTEM OYJIEBLIX (DyHKIIAM,
nopox garommx kiacc M. B paorax [3,8] noxkazaHa paBHOMEPHOCTE BCEX
KOHEYHEIX CUCTEM Oy/IE€BLIX (DYHKINN. AHATOTMIHEIN PE3yTbTAT NOTyIeH
B pabote [9]. PABHOMEPHOCTH KOHEYHBIX CHCTEM, IOPOXK JAIOMIAX HEKO-
TOpBIE IPeANoJHbIe KIacchl B P ycranosrena B paborax [10, 11], £ > 3.

Oycts f(z1,...,¢n) — dysxunsg us Py, 2, a g(z1, ..., 2,) — QyHKIMA
u3 P>, Takume 4To mna qmo6oro & € EF BoimomHeHo paBeHCTBO f(&) =
g(@). Pyuxuumio g 6ygeM HA3BIBATE IpoeKuuen GyHKuun f u 0603HAIATH
gepes prf. Ilyctb A — xoneunas cucrema GyHKiuu P o. Iomoxnm

pr(4) = U pr(f).
feA

NmeeT MecTO clegyiommee yTBepXK JeHUE.

Teopema. Beakas koweunaa cucmema A Pynwyud uz Py o, maxaas,
ymo prA = M, pasnomepna, k > 3.

[lokazaTeabCTBO TEOPEMBI OMUPAETCS HA JeMMYy, ChOPMYyIupPOBAH-
HYIO HUXE.

Bymem rosoputs, uto dopmyaa P npeacrasigerca B uge Pq(Ps),
€CJIN BBIMOMHEHB! CJAeIYIOIe YCIAOBUS:

1) popmyant @1 u $» HeTpUBKATLHELE;

2) B @3 BXOAAT TOMLKO T€ MEPEMEHHEBIE, KOTOPHIE BXOAAT B P;

3) B ®; BXOAAT TOJIBKO T€ MEPEMEHHBIE, KOTOPHIE BXOAAT B @, a Takxe
BBIJI€JICHHAS [IEPEMEHHAs §J, IPUYeM POBHO 1 pas;

4) ¢popmyaa ® nomyuaerca uz gopmyast P; 3aMEHON TEPEMEHHOU Y HA
dopmyay Ps.

Jemma. IIyemb A — xoneunas cucmema gywxyut uz Py o, maxas,
umo Kaxcdas Pywkyus uz A 3a6ucam wme 6oaee uem OM N NEPEMEHHBIL
(n>1), a® — gopmyaa nad A, maxas, wmo L(®) > 2(n +1)2. Tozda
cywecmsyom nempusuadsvubie gopmyavt 1, ®o u P3 wad A, maxue,
umo ® npedcmasasemes 6 sude 1 (P2 (P3)), u sLinoanaomes nepagen-
cmea
L(®)+1

L(@:) 2 (n+1)2

dasn ecex i € {1,2,3}.
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OB OCOBEHHOCTSIX OJHOM MEPBI
CJIO2KHOCTHU HEJOYUCJEHHBIX MATPHUI],

E. H. Tpycesuu (Mocksa)

Oycte U = 2" ... 2", V = 2" ... 24> — IPOU3BOTBHDBIE MOHOMEL
u 3agan MonoM R = 27" ... 2g°, rne 0 < 7; < min(ay;,a;),1 <i < g (o1-
METHM, 9TO B OTJIMYUE OT OCTATHHBIX MOHOMOB s BhIpaXKeHus R Mo-
XKeT OBITH BBIIOHEHO yCI0BHe » o, r; = 0, 0fHAKO Oy1eM B JaTbHeuIeM
HA3BbIBATH €0 MOHOMOM). Komnosuyuet monomos U u V' oTHOCHTEIBHO

— a1q+as,—r o

MonoMa R masemaerca [1] momom g1 T2 771 ggte T gomoprit
6ynem obosnadars depes (U, V)g.

IocnexoBarensrocTs S MorOMOB X7, ..., Xg, Xg41,..., Xg4pn HA3E-

BAETCA  CTeMOl KOMNOZUYUY 04 MOHOMA Xgip, €CIN DTA MOCIENOBA-
TEJIBHOCTH YIOBIETBOPACT YCJAOBUAM:

1) i =1,...,q BHIIOJHAETCA PABEHCTBO X; = Ij;

2)pai=q+1,...,q+n naugyrca s = s(i) u t = t(i), me nupesoc-
xomamue ¢ — 1, a Takxke Mmonom R;, Takue uto X; = (X, X;)R,-

IMox caoxcnocmovio sy (S) cxembl koMmo3unuyu S TOHUMAECTCA IUCIO
N, T.€. YUCIO UCTIOIB3YEMBIX B cXeMe S Omepanuil KOMIO3UIIAY.

Cremoti KOMNO3UYUY 044 CUCTNEMbL MOKOMOE A HA3OBEM CXEMY KOM-
nosuruu S [419 HEKOTOPOrO MOHOMA, U3 CUCTEMBI, KOTOPas COACPXKUT B
KAaveCTBe 3JIEMEHTOB OCTAMbLHEIE MOHOMBI 13 MHOXKeCTBa A.

Tonoxum Ish(A) = minlg,(S), rae MunuMyM GepeTcs MO BCEM CXe-
MaM KoMmmosuimu A cuctembl A. Beruuauny g, (A) HasoBeMm  caoxcno-
cmuvio cucmembt monomos A. Cuctema MOHOMOB A TOJHOCTBIO Ompee-
Jserca MaTpuien nokasarenaen crenenen A. ITosTomy mMoxHO roBopuTh
HE TOMBKO O CJIOKHOCTH lgp, (A) BEIYMCACHUS CUCTEMBI A, HO U O CAOHCHO-
cmu s (A) mampuuyer A, 3anaromen >ty cucremy. He Gynem paszaudars
STU NOHATUA U OyAeM cIuTaTh, 9T0 lep(A) = lsn(A).

IoraTHe cXeMBI KOMOO3UIIMN MOKHO IPOMHTEPIPETAPOBATE HA A3LI-
Ke CXeM U3 (QYHKINOHATBHBIX 2IeMEHTOB [2].

Panee FO.B. MepexuteiM OBIT MCCIEHOBAH [3] CIydall BBIMHUCICHU
CUCTEMEI MOHOMOB, COCTOAIIEH U3 OQHOTO MOHOMA. BBLIO JOKAa3aHO, 9TO
Lsn(x5" ... 2q%) = [logya] +q— 1, rae a = max(a; ...a,).

YrBepxaenne 1 [4]. IIycmo 8 yeaouwucaennot mompuye A = (ai;)
pazmepa 2 X 2 ¢ HEOMPUUATNEAL HLIMU IAEMERTNAMU HEM HYAEEIT CMPOK
U CMOoAOY06, 4 MUHUMAALHBIM SAEMERMOM MATMPUULL A ABAAEMCA dAe-
Mmenm as1. Toeda

ari a12
(A =11 1 S A),
lsn(A) = [logy asa] + [ongaX (max(am,l) a22>-‘ +sgnais +v(A)
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2de y(A)=1 npu evinoanenuu ycaosut as =0, a;;=1, 0<aj2<as u

[log, ai2] + {logQ %-‘ =[log, ase] +1, a 8 ocmaavnbiz cayuwasz y(A)=0.

CopMyIMPOBAHHBIN B yTBEPXKJCHAY 1 pe3yabTaT NpuBeaeM K CTaH-
IapTHOMY BUIY, BEIpaxkaeMoMy depes Beamduny D(A), uucieHHo pas-
HYI0 MaKCUMyMy aGCOMIOTHBLIX BEIMYMH MUHOPOB MATPHUIET A.

YrBepx aenune 2 [4]. IIycmv A = (aij) — yeaouuciennas meny-
AEBAA MAMPUYA PA3MEPA 2 X 2 ¢ HEOMPUUAMEALHBIMY FACMEHRMAMY U
m = max (min (a1, a2, az1,a9),1). Toeda npu D(A) — oc cnpaseod-
AUBO COOMHOULEHUE

ail /m a12/m
lsn(A) = log, m + log, D + O(1).
sh(A) 82 82 as /m  ass/m (1)

ITH Pe3yIbTATHI MOKA3HEIBAKOT, YTO [JIs MEDHI | g, CIOKHOCTY [EJI0IU-
CJEHHBEIX MATPHI, B OTIXYUE OT MHOTHX APYTHUX Mep (B IACTHOCTH, Mep
[ 1 Iy CTOXKHOCTHU BEIYMCACHAA CACTEM OJHOWICHOB, MOK3aTEIA CTENeHEeH
KOTOPBIX 33JaI0TCA NCXOTHBIMEA MATPUIAMHA, B MOAEIAX, TOIYCKAIOIINX,
COOTBETCTBEHHO, JuG0 TONBKO ONEPALNN yMHOKEHHUA, JuGO0 Omepalun
YMHOXKEHWs U JeNeHus, — noApOoOHee ¢M., HanpuMep, [5]), He BBIIOIH-
eTCsl YHUBEpCAJIbHAsA OLEHKA CHU3y depe3 Beaumuuny log, D(A). Jonoa-
HUTEJIBHO TPOWLIIOCTPUPYEM 3TOT (hakT caeayrommm obpasoM. IlycTs
B(p,n) — xBagpaTHas MaTPULA HOPAAKA P, B KOTOPOU HA [VIABHOU AuUa-
FOHAIN CTOAT 9YUCIA 2N, & OCTAJbHBIE 3JeMEHTH paBHHI n. O603HAINM
B, = B([logyn]/2,n).

Teopema 1. ITpu n — o0 cnpasedausbl COOMHOULEHUS

lsn(Bn) ~ 2v/2log, D(B,,) ~ 21/215(B,).

[encTBUTENBHO, TIpU P + N — 00, C OOHOU CTOPOHHL, Iy (B(p,n)) =
[logy n] +2p — 1, a ¢ apyrou, l2(B(p,n)) ~ log, D(B(p,n)) ~ plog, n.

Taxum 06pa3oM, I1A MePHI Iz CIOXKHOCTH TMOCICA0BATEILHOCTH Ma-
Tpun B, He BHINOMHAETCS yHUBEPCAIbHAA HUKHAA oleHka u3 [5]. Boree
Toro, BenmuanHa lgp(By,) pacTer mo mOpAAKY KaK KBaAPATHHIA KOPEHb
u3 caoxHocTu lo(By).

ITu PaKTLI FOBOPAT O 3HAYUTEIBHON (BEIYUCIUTEILHON CHJIE) OIIe-
panuu xkomnozunuu. O IHAKO OKA3LIBAETCA, YTO €€ «CUIa» B CPABHEHUU
CO CTaHJAPTHLIMUA ONEPALUAMY HE HOCUT abCOMIOTHOrO xapakTepa. Ciae-
ays [6], oboznadum depes A(t,n) MHOXKeCTBO MaTpul pasmepa 2t X 2t,
ompeeseMbIx caeayiomum obpaszom. [lepson crpokon maTpuust A(t, n)
SABAAETCA HAOOP AMUHEBI 2t, IepBas MOJIOBUHA PA3psII0B KOTOPOT'O PaBHA
n, & BTOpas IOJOBKMHA paBHA Hya10. OcTanbHble 2t — 1 CTPOKEM MaTpPUITED
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A(t,n) mony4uaoTCa W3 MEPBOU CTPOKM MOCAEIOBATENBHBIM INKINTHEIM
CIBUTOM HA OJWH PA3PAI BIPABO.
Teopema 2. ITycmn t = o((log, log, n)'/?) npu n — oc. Tozda
o (A 2l Jog, D((4 2 (A
o (Altsm)) ~ 2 logy D(A(Lm)) ~ ol (A(tm).

Cre1oBaTEIBHO, BO3MOXKHOCTEN ONEPAINY KOMIO3UIINA OKA3BIBACTCSA
B DTOM CJIyYae HeIOCTATOYIHO NAaXKe IJIA TOrO, YTOOLI IOHU3UTH ACHM-
OTOTUKY POCTA CIOKHOCTH XOTA OBI 10 BEINYMHBLI YHUBEP CATLHON HIXK-
Hen ouenku suga log, D((A(t,n)).

Eme ofHIM BaXKHBIM OTAMYATENILHEIM CBOMCTBOM BBEJEHHON MEPHI
CJIOXKHOCTH ABAACTCA TOT (PAKT, YTO A ONEPANNA KOMIOBUIUA HE Pa-
00TAIT B JOCTATOYHOUN Mepe COOOpPaXKEeHUA TBOMCTBEHHOCTH.

Omnpenemnm matpuusr C1(p) u Ca(p) pasmepa p X 1 Kak BeKTOD-
CTOJIOIBI, COCTOAIIAE, COOTBETCTBEHHO, U3 TEPBBIX P HATYPATbHBIX -
Cel U M3 CTENeHen JBOUKW OT Hyxeson a0 (p — 1)-m.

Teopema 3. C 00notli cmoponbl, CAOHCHOCTND PEAAUAUUL MATNPUY
Ci(p) u Ca(p) cremamu Komnosuyuu 0dunarosas u pasua p — 1, 6 mo
epema wax L, (CL (p)) = p— 1+ [logyp], Lsn(CE(p)) =2p — 2.

Taxum 06pa3oM, IPUBEIEH OPUMEp ABYX MATPHUI OJHOHN CIOKHOCTH,
I KOTOPBIX CJIOXKHOCTBH TPAHCIOHUPOBAHHLIX K HAM MATPHUIl OTIMIA-
eTCA aCUMIOITOTUYECKH BIBOE.
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O CJIOZKHOCTHU PEAJIN3AIINN

OYHKIIUM MHOT O3HAYHOU JIOTUKUA
®OPMYJAMU CIHENUAJLHOIO BUIA

[. B. Tpymun (Mocksa)

B pammou pabore paccmaTpuBaeTcsa 3amada O peanmsanuu QyHK-
[IUU MHOTO3HAYHOU JOoTuKu a-popmynamu. Ilycts k > 2. O6oszHa-
quM 4depe3 Pp MHOXKeCTBO Bcex GyHKIUHA k-3Ha4IHOU Joruku. Iloaoxum

E, ={0,1,...,k—1}. Oycts n > 1, A — xoHe4Has cucTeMa QyHKIMN
u3 Pj,. @opmyay mHan A, He cogepKaLIyI0 CUMBOJIOB IIEPEMEHHBIX 32 HC-
KJIIOYEHUEM I1, ..., Ty, 0003HauuM udeped ®(z1,...,2,). CaoxHOCTD 1

ry6uny gopmyast ® o6osmaunm vepes L(P) u D(P) coorBeTCTBEHHO.
Yepes [A] o6o3uauum sambikanue cuctembl 2A. CroXHOCTE U LIyOuHY
Han cucremon 2 mpowssonbHOu pyHKimu f u3 [A] obosmaumM depes
Ly(f) u Dy(f) coorBercrBenno. HeoGxonumeie ompeneneHus MOXKHO
Hantu B [1, 2].

Masectro [3], 94TO n0as m1060K MOMHON KOHEYHOU cucTeMbl 2 Gy.Je-
BbIX (pyHKIWME u ao6ou Oyaeson GpyHkuuu f(Z1,...,T,) BEIIOIHEHO CO-

orromenne Ly (f) < loz:n

. B pa6orax [4, 5] nokaszaHo, 9TO s TPO-

U3BOJBHOU KOHEYHOU cucTeMbl 2 GyJeBBIX (QYHKIUU © JOO0U DyHK-

i f(xy,...,2,) € [A] cupaBemtumeel HepaBeHcTBa Lo(f) < r' n
Dyo(f) < ren, Tae 11 U T9 — HEKOTOpPLIE KOHCTAHTHI, 3ABUCAIIAE OT
2A

Crenys [6], ompenennM MHIYKTUBHO HOHATHE A—(OPMYJILI HAJ KO-
Heunou cucrtemon 2 PyHkmuu anredpot Jgoruku. CUMBON TepeMeH-
HOU ABIAETCA BIEMEHTAPHON a-hopmyaou. CUMBOI HyIbMECTHOU DYHK-
nuun w3 2 aBagerca a-dopmyaon. Bripaxkenuwe suga u(®P), roe & —
a-popmyaa Hag A, a u — CAMBOJ OJHOMECTHOU (pyHKIUU U3 2, ABIIET-
ca a-popmyaon. Hakonen, Beipaxenue suna g(®, z;,,...,2;, ), roe & —
a-popmyna Hag A, m > 2, g — CUMBOI m-MecTHOU pyHkiuu u3 2, a
Tiyy ..., Ti, € X, Takxke apagerca a-popmyaon. OTMeTHM, ITO KaxK gasa
a-popmyaa asasercsa popmyaon uan 2A. MHOKeCTBO Beex QyHKIUU, pe-
amm3yeMbrx a-popmyaamu Hang A, 6y1eM HA3EBATH (— MOMOJHEHAEM CH-
crembl 2 u o6osnauars depes [A],. Cucrema A C Py HasbIBaeTCA Q-
noauon, ecan [A], = Py. U3BectHO [7], uTO B P> HE CyIIECTBYET KOHEH-
HBIX Q-TIOJHBIX cucTeM. IIpu stom B Py nipu k > 3 KOHEYHBIE (-IIOJIHBIE
CHUCTEMHI CymecTByoT [6-8].

IIycte A — xomeunas cucrema ¢pyuxuun us Py, f € [U],. [lomoxum
Dg(f) = min D(®), L§(f) = min L(®), roe MmurnMy™M GepeTcs IO BCeM
a-popmyram ¢ mang A, peamusyromum f. OTMeTHM, YTO CIPABEIJIUBEHI
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HEPABEHCTBA
r1Dy(f) < Ly(f) < r2Dy(f),

rle r] U ry — MNOJOXKUTEAbHBIE KOHCTAHTHI, 3aBucsamue oT 2A. Dopmyry
® maszoseM MuHEUMaALHOU (mas dyHkumu f), eciu @ peamusyer f, u
D(®) = D§(f). Honoxum D§ (n) = max Dg(F), roe makcuMyM GeperTcs
[0 BCEM N-MECTHBIM QYHKIUAM F(Z1,...,2p) € [Ua.

B pa6ore [9] moxaszaHO, 9UTO a8 OGO KOHEYHOU CHCTEMBI
2 OyaeBbIX (QYHKIUEM CyMECcTByeT MHOrNOWwIeH P(n) Takom, dTO
Dg(n) < P(n). U3 sroro pesyabrara cregyer, 9T0 B P» HeT KOHed-
HBIX Q-TOJHBIX CHCTEM.

dByxmectHyo ¢pyuxnuio ¢(z,2) € Py Mbl OyieM Ha3blBaTbh OMHAD-
HOU OMEpallder ¢ TPABBIM COKPAIIEHUEM, €CIU I JIOOLIX DIeMEHTOB
b,c € Ej cymecrByeT, 1 IpX TOM POBHO OIWH, djeMeHT a € Ej, Takon,
ato g(a,b) = ¢. MHOXeCTBO BCex OMHAPHBIX ONEPALUN C MPABHIM CO-
Kpamenunem u3 Py o6o3nauuM depes By. B padore [10] aBTopom Gbiim
MOCTPOEHBI MPUMEPHI TOCAEI0BATEILHOCTEN (DYHKIUN, UMEIOMINE TOPsI-
IOK pocTa rayouns 2" Han cucremon Bs.

OCHOBHBIM PE3YJBTATOM JAHHOU PAGOTHI ABIACTCA CICAYIOMIAT TEO-
pemMa, KOTopas MOXeT OBITh AOKa3aHa C UCIOJIb30BAHUEM TeOPeMHI 1.

Teopema. Ilycmv k — mnpocmoe wucao, k # 2. Ilycmp n > 1,

fz1,...,xzn) € Pr,.. Toeda f € [Bila U 6bINOANAEMCA HEPABEHCTNEO
5. (f) < ;(Zj)k"— kfl.
Cnegcrue. Ilycmv k — npocmoe wucao, k # 2, n > 1. Tozada
cucmema By, ABAAEMCA QA-NOAKOM, U UMEET MECTNO HEPABEHCNE0
Dy (m) < %—1 ., _k

k(k—1)" k-1

B saxuouenue npuBenem HuxkHIOW OueHky nias gyukmuu [lennona
[e3
%k(n).
YrBepxaenue. [lycmv k > 3. Umeem mecmo acumnmomuueckoe
HEPABEHCTNEO

k.n
% (n) 2 ———.
93'“( s logy,(n)

ABTOp BEIpAXKAET UCKPEHHIOK TMPU3HATEILHOCTE Tpod. A. B. Yroan-
HUKOBY 34 MOCTAHOBKY 33134 U OOCYXKJEHUE Pe3yJIbTaTOB PAbOTHI a
Takxke npod. P. M. KonnakoBy 3a BuuMmanue K pabore.
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Pa6ora Boimonnena npu ¢punancosou nogaepxke PODU, rpant 11—
01-00508, u mporpaMMsl (pyHIaMeHTATBHLIX uccaegqosanuu Oraenenus
MaTemaTudeckux Hayk PAH “AnreGpanveckue u KOMOMHATOPHBLIE Me-
TOJABI MATEMATUYECKOU KUOEPHETUKU U UHPOPMAIMOHHBIE CUCTEMBI HO-
BOrO nokoJeHua” (MPOeKT “3aaduu ONTUMAIBLHOIO CHHTE3a YIPABIAI-
mux cucrem”).
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O PEAJIU3AIINY HEIOOIPEAEJEHHBIX ®YHKIINN
®OPMYJIAMUI

A. B. Yamkuu (Mocksa)

lycts P(Z ) — MHOXKECTBO BCEX HEMYCTHIX MOAMHOXKECTB Zy,. Ha-
6op b us (P(Z,))" HA30BEM HENOONPENEJEHHBIM 1M-UIHBIM HAOOPOM.
Ha6op k = (k1,k2,...,ky) Ha30BeM xapakTepucTukou mabopa b, ec-
au Vi qmceno k; paBHO KOIWYECTBY (-3JEMEHTHBIX KOMIOHeHT b. s
mabopa b ¢ xapaktepuctukon k = (ki,ks,...,ky) mosoxum I(b) =

log, ((%)k1 (%)k2 (m)km) . Habop a € 77, nasoBeM joompegeJe-

m
uveM b € (P(Zy,))", ecin Vi o; € f;. Muoxkectso A C 77, Ha3oBEM
poonpegenenueM MHOxecTBa B Habopos u3s (P(Z,,))", ecin ausa Kax 10-
ro b us B B A Haugercsa sJeMeHT a, ABJAKIIANACA €r0 NOOIIPeNeJIeHUEM.

BygeM paccmaTpuBaTh CI0XKHOCTH BHIUnCIAeHus Gyukmmi u3 {0, 1}"
B P(Z,) dopmynamu B Gasuce u3 BCeX ABYXMECTHHIX OyJIEBBIX (PyHKIUM,
koucTadT 0,1...,m — 1 u onmepanuy CAOKEHUS U yMHOXKEHUS 110 MOLIY-
ar0 m. @yuakuun co 3aveHusymu B P(Z,,) OyneM Ha3bIBATHL HELOONIpee-
JICHHBIMU M-3HAYHBIMY pyHKIUAMEA. [ HeTOONpeaeJeHHON M -3HATHON
dyuxuuu f gepes [(f) o603HaUUM 3HAUEHNE BBEJEHHON BHILIE (DYHKIUN
I na BekTope sHavenun f. @yuxumio h : {0,1}" — Z,, Ha3OBEM 10-
OTIpeeJeHNeM HEIOONPEeNeJCHHON M-3HaYHON (PYHKIUY [, €ClIU BEKTOP
3HaveHun h sABaseTCcsA poompegeneHueM BekTopa 3HadeHuu f. CuaoxuOo-
CTBIO (POPMYJIBI HA3BLIBACTCA YUCIO COACPKAIINXCA B HEN (DYHKIIMOHATD-
HBIX CHMBOJIOB, a cl10xkHOCTBIO L(f) Hegoonpenesennon ¢pyukuuu f —
CJIOXKHOCTH CAMOT'0 MPOCTOr'O €€ NOOmpeaeneHns. Panee peanusanus He-
JOOMpeIeNeHHBIX (QYHKIUN CXeMaMy paccMaTpusanacs B [1-3,5].

Teopema. [Tycmo log, I(f) ~n ulog, m = o(n). Toz2da

L(h) < 2 (14 o).
0gy N

Hoxazameavcmeo. HemoomnpeneneHHyoo n-MecTHYIO QyHKIUIO f
CTaHAAPTHEIM 00pas3oM npegcraBuM Taduuen Ty u3 2" cTo16110B, COOT-
BETCTBYIOIIUX MIEPBBIM I TEPEMEHHBIM, 1 2"~ " cTPOK, COOTBETCTBYOMINX
nocae HUM n —r nepeMeHHbIM. Kax 1y cTpoky Tabauisl mpeacTaBuM B
BUJ€ CJAENYIOUUX APYT 3a APYTOM HAOGOPOB b, N/ KaX JOTr0 U3 KOTOPHIX,
Kpome ObiTh MoxkeT nocaeguero, [(b) > R u I(b') < R. MuoxkecTtBo
Takux HaOOpOB Pa3obbeM Ha KIACCHI, IOMeCTHB B Kiacc Pj; HaOOpEHI,
HAYMHAIOMNECA B (-l U 3aKAHIMBAIOIINECA B j-U MO3ULINAX.

MssectHo [3], uTo mma kmacca Pjj CymeCcTBYeT NOONpEIEIEHHE, CO-
23r+12R

crosmee He Ooree 4eM u3 HAaOOpPOB mauHbl 2", B KaXKIOM U3
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KOTOPHLIX NepBHIe ¢ — 1 u mociaeguue 2" — j KOMIIOHEHT PABHHI HY.JIIO.
MMosTomy, ansa MHOXKeCTBa Becex HAGOPOB b CyIIECTBYET JAOOMpENeNeHUe
H = {h;}, cocrosmee me 60mee wem w3 2°"2% wa6opos h; mrumer 27.
IIpeo6pasyem Ty, 3aMeHUB B Hell KaxK AbIA HAOOP KAKAM-JIHOO0 €ro Jo-
onpenenenuem u3 H. IpeoOpasoBannas Tadauma OygIeT TAOJUIEN 3HA-
YEHUU N-MECTHOU (PYHKUMK h, ABJIAIOMIENCS HOOIpeaeJeHneM (yHKIUn
f. W3 somepos i Tex HAGOPOB h;, KOTOPLIE BXOIAT B j-I0 CTPOKY IIpe-
00pa3oBaHHON TabMUIEL, cocTaBuM MHOXKeCTBO A;. Kaxnwm Habop h;
u3 H Gymem paccMaTpuBaTh KAK BEKTOD 3HAYMEHUN I'-MECTHOU (DYyHKIUN
gi, 3ABUCAIIECN OT TIEPEMEHHBIX I1, . .., Z,. MHOX)ecTBO (G, cocTosAIee U3
QyHKIMI g;, cogepxuT He Goxee dem 2°72F snementoB m pymkmma h
MOXKET OBITh BEIpAXkKeHA depe3 pyukuuu n3 G creayoimmm 00pasom:

Wy, aa) = S (Zg(arl,...,xr))a::f:il-...-a:fl", (1)

0':(0'7‘+17...,0'-,,) !]EA]'

rae j = Z?:T Ur+i2i_1, a CYMMWPOBaHUE MPOU3BOIUTCA IO MOIYJIIO 1.
Tak kak uucao ¢yskuun g ¢ I(g) < R, me Gombime vem 2"~ " a mis

Kax o u3 ocrasmmxca ¢pyukuui I(g) > R, T.e. uX 9UCIO HE TPEBOC-

xoxut I(f)/R, To obwee ducao ¢yukuun g B (1) HE npeBocxoAUT

I(f)/R FonT, (2)

B (1) nomeHnseM mopsagOK CyMMUDPOBAHUA — CHAYANA BEIYUCAUM CYMMBI
mo yskmuaM u3 (G, a 3aTeM 1O DIEMEHTAPHBIM KOHBIOHKIIUAM MOCIEI-
HUX N — ' IePEMEHHBIX, HA KOTOPhIE 3TN (PYHKINU YMHOXKAIOTCA:

h(zy,...,zn) = Zg(wl,...,xr)( Z a a:fl") (3)
geG Ordgls-0n

3/ech B Kaxk 101 MOA(POPMYIe 3aKII0IEHHON B CKOOKH NPH JIOOBIX 3HAYE-
HUAX MEPEMEHHBIX Typi1,.. ., L, HE OOTEE UeM OJHA KOHBIOHKINA MOXKET
OpUHUMATH eAuHUIHOe 3HadeHue. [losTomy B (3) cr0oxKeHuUs B yKa3aHHBIX
moA(GopMyIax MOKHO 3aMEHUTL TU3BIOHKIUAME, T. €.

h(a:l,...,xn):Zg(ajl,...,xr)( \/ a::j:rllel") (4)

B
SR

Tax kak |G| < 2°72F u xax nas pyskmma ua G apageTcsa cymmon He 60-
Jee ueM 27 3IeMEeHTAPHBIX KOHBIOHKINH, KAXK1ad 13 KOTOPBEIX YMHOXKEHA,
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HA KOHCTAHTY U3 Zp,, TO CIOKHOCTL ToadopMya u3 dactu A ecTtsb
O(r2r25728), (5)
Yacts B coctout He 6omee gem u3 2°72F moadopmya B;, peannayomux

OyneBnl dyHKIWA B;, 06mui Bec KOTOpHIX He Goabe (2). U3 [4] crenyer,
YTO CyMECTBYIOT (hOPMYIbI, pearusyomume ¢pyHKImn B; CO CI0KHOCTBIO

n(I(f)/R+2"7)

logy n

O(r2m2°728p5:62) 4 (14 o(1)). (6)

OueBugno, uro L(f) He npeBocxogut cymMbl Beandu (5) u (6).

Monoxum r = [n—log, I(f)+2log, n], R = |log, I(f)—6r—"7log, n].
Toraa, yuutsiBaa ycaosue log, I(f) ~ n, umeem R ~ log, I(f) ~ n,
R+6r <log, I(f)—Tlogsn, n—r < log, I(f)—2log, n. Hogcrasassa stu
ouenku B (5) u (6), moaygaem TpeGyeMyo OLEHKY CJIOKHOCTH (DYyHKIUA
f. Teopema nokasaHa.

MOIIHOCTHBIM METOLOM JIErKO MOKA3aTh, YTO HEPABEHCTBO TEOPEMEL
ACUMOTOTUIECKM TOYHOE IJIA MOYTU BCEX PACCMATPUBAEMEIX (DYHKITAH.

Pa6ora Brimoanena mpu guHaHCOBOU TOAAepkke PDDU, mpoexkT
11-01-00508.
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179



CUHTE3 HEJIMHEMHBIX TUOPOBBIX ®UJILTPOB
HA OCHOBE CUCTEMBI MHOI'OY1JIEHOB
HA ITOJIEM T'AJIY A

C. B. MTamarnu (Ka3zansb)

PaccMoTpen kmacc HeTMHENMHBIX IU(PPOBBIX (PUILTPOB, OMPENENeH-
HBIX COTVIACHO BBIPAXKEHUIO BUIA

l m
vk =Y aifi(wei) + Y bigi(k—j), (1)
i—1 j=1

rie mepeMeHHBIe M KOO(QUIMEHTH Ty, A, Yr—j, bj € Gn, G, =
GF(2"), a yukunn fi(xp—;) u g;(yx—;) onpenerensl B Gy, u OpuHU-

MaroT 3Hadenusa w3 G, i = 0,1, j =0, m.
Bripaxenwe (1) npeacTaBuMo Kak JUCKPETHAS JETEPMUHUPOBAHHAA
uennHenHas Gyuxuusa ot (I + m + 1) mepeMeHHEIX BHAA

Yk = V(Th, Tho1, s Thets, Yk—1+ > Yk—m), (2)

rae Tr—i, Yr—j € Gna i = Oala .] = Oam'

Coraacuo [1], Beipaxkenue (2) mpeiCcTABAMO CHCTEMON U3 1 HOJWHO-
MuaabHEIX GyHKIUG 0T 1(l+m+1) nepeMeHHbIX KaxX 1asd, OIpeIeIeHHBIX
Ha 1 saemenTamu nosa GF(2). [Ipumem B kadecTBe MEPHI CJI0KHOCTH DJ1e-
MEHTApHYIO CXeMy CXEMY, PEANU3YIOIIyI0 IPOU3BOJIbHYIO 6yJ1eBy q)yHK—
10 OT ABYX MEPEMEHHBIX, & B KATeCTBE MOJe/In BBIYUCJIEHUN YACTHBIN
clIydan paBHOJOCTYIHON aJPEeCHON MAIIVHBEI GUTOBBLIE BHIMUCICHUA [2].
Ha ocHOBe BEBIIEM3JI0KEHHOTO CIPABELIIBO

YrBepx aeane. Huncnas oyenxa spemenmnotli U 0YerKa emxocmuot
CAOHCHOCTRU Ons meauneldnnit yuPposux Puawvmpos euda (1), onpede-
ACHHBIT Ha ocnose (2), cocmasastom

Tnp =]log(n(l+m+1))[, Sxrp=n*(l+m+1)—n.

Croucok auTepaTypbl
1. Manarun C. B. O npexncrabieHnn HEIMHEMHBIX [OJMHOMOB HAJ
KOHEYHLIM TI0JEM DACIpeIeNeHHON BhuncInTeasHon cucremon // Henn-
mennbm mup. — 2009. — Ne 5. — C. 376-379.
2. Axo A., Xonxpodt Mx., Ynomanu [Ix. IlocTtpoenue n amanms
BBIMUCAUTENBHBIX anroputmoB. — M.: Mup, 1979.
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ABOMNYIHOE PA3J/JIO>KEHUE
HEAOOITPEAEJIEHHBIX CUMBOJIOB

JI. A. ITosmomos (Mocksa)

3anan andasut Ag = {a;,1 € M}, M = {0,1,...,m — 1}, ocnos-
HblL cumeos06. Kaxgomy wenycromy 7' C M mocTaBieH B COOTBETCTBUE
CUMBOJI G, KOTOPBIA HA3LIBAETCA Hedoonpedeaennbim, U doonpedesenu-
eM KOTOPOr'O CYMTACTCA BCAKUM OCHOBHOU CHMBOJI a;, i € T. Ilox do-
onpedesenuem nocAe006aMEALHOCMY HEJOOIPETEIEHHBIX CUMBOJIOB TI0-
HUMAETCS M00asd MOCAe[OBATEILHOCT, MOLY YeHHAA U3 Hee 3aMEHOU BCeX
CUMBOJIOB HEKOTOPBIME noonpegenenusymu. CUMBOI apy, HOOMPEnen-
MBIU JTIOOBIM OCHOBHBIM CUMBOJIOM, HA3BIBACTCA HEOnpedeaenubim u 000-
3HAYAETCA *.

IIycre BLigenena HekoTopas cucrema 7 MHOXKeCTB 1 1 C HEH CBA3aH
nedoonpedesennvii angpasum A = {ar | T € T}. 3agaBmncy HATY-
PATBHBIM YUCIOM §, TIPUMUINEM KaXkKIOMYy CUMBONY a; € Ay HeKOTOpHIN
mabop a; € {0,1}*, a xkaxnomy cumBony ar € A — HEKOTOpPBII HAGOD
ar € {0,1,%}*. O6o3Haunm |uepes Ay MaTpuUIly, CTOIOLUAMEA KOTOPOU
ABJAAIOTCA HAOOPHI (TOYHEE, TPAHCIOHUPOBAHHLIE HAOODH) a;, | € M,
a 1epes A — marpuny co crombuamu ap, T € T. Ckaxem, 94T0 mapa
(Ag, A) 3agaer deouunoe pasaosncenue aadasuma A, ecau nus TOOBIX
ieEMuTeT

a; doonpedeasem ay <= i € T.

AnpapuT, 114 KOTOPOTO CYyMECTBYET TBOMIHOE PA3JIOKEHUE, HA3O-
BEM Pa3A0HCUMbLM.

HepnoonpeeneHHon moOCaeI0BATEABHOCTH AT, AT, - .. COOTBETCTBYET
OpeJCTaBIEHUE ayp, ar, . ... EM0 HOCTPOEHNE U BOCCTAHOBJIEHUE 110 HEMY
MCXOTHOW HEJOOMPENeJeHHON TIOCAeI0BATENLHOCTA UCIONb3yeT MATPH-
ny A, duciao cToabunos KoTopon MoxeT gocturarh 2 — 1. Huxe yka-
3aHO, KAK 33291 NPEICTABICHAA U BOCCTAHOBICHHUA HEJOOIPE eJCHHBIX
HOCTe[OBATETHLHOCTEN MOKHO 3(PPEKTUBHO PEIaTh MOIB3YACH JAIIhL Ma-
Tpunen Ag, cogepxamen m HabOpOB.

Marpuny Ag npencrasienus (KogupoBanus) aadasuta Ag HaA30BEM
donycmumot, eciu cymecTByeT Takaa Martpuna A, uro mapa (Ag,A)
sagaeT pasnoxenue aadasura A. Jna v =1,...,s gepes a;(v) u ar(v)
O6ymeMm 0603HAYATE ¥-10 KOMIIOHEHTY HAO0poB a; u ar. Illycts Ay — He-
KoTopoe koguposanue axpasuta Ag. [locTponm no memy npeacrasienne
A’ andasura A, nonoxus nas T € T uv = 1,...,s 3sHauenue a(v) pas-
ueM 7, T € {0,1}, ecim a;(v) = 7 gusa Bcex @ € T, n PABHBIM *, €CIN
HAUAYTCA 11,42 € T, 11 xKoTopeix a;, (v) # a;, (v). Cregyomas gemMa
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CBOJUT BOMPOCH CYIIIECTBOBAHUA U TIOCTPOCHUA PABMOKEHUN aahaBUTa,
K BOMPOCAM CYIIECTBOBAHUA U TOCTPOEHUA NOMYCTUMBIX KOIUPOBAHUMN.

Jlemma 1. Ecau xoduposanue Ay donycmumo, mo 6 xauecmee pas-
aoncenus aapasuma A moxcem 6vimv 63ama napa (Ag, A').

CkaxeMm, 94TO cucTeMa Z TOIMHOXKECTB MHOXkecTBa M oOpasyer
Ju3BLIOHKMUBHBLE (KONBIOHKMUSHBITE) 0a3uc CACTEMBL T, ecau Kaxnoe
MHOKECTBO 1' € T MOXkeT OBITh HOLYYeHO KaK 00bequHeHue (mepecede-
HUE) HEKOTODPHIX MHOXKECTB U3 Z, U 00pa3yeT 0000uenublii 0u3bionk-
muskbl (Konvlowkmuenbil) 6asuc, ecan kaxnoe T € T MoXeT OBIThH
06pa30BaHO MOCPENCTBOM O0BEIUHEHUA (ePeCeIeHNs ) KAKNX-TU60 MHO-
xecTB U3 Z nubo ux gomonuenunt (1o M). Koguposanuio Ay comocra-
BUM COBOKyHNHOCTH Z = {Z1,...,Zs} nogmuOXKecTB MHOXecTBa M, rae
Z, obpasosano Bcemu Takumu i € M, nis koTopwix a;(v) = 1.

Jlemma 2. Koduposanue Ag donycmumo moeda u moabko mozada,
K0200 COOMBEMCMBYIOULAL eMY CUCEMA MHONcecme Z 06pasyem 06006-
UWeHHBLTE KOHDBIOHKMUBHBIT 0a3uc cucmembl T .

YauThiBasg OYEBUIHBLIN (PAKT CYMIECTBOBAHUA OOOOIIEHHOIO KOHB-
IOHKTUBHOTO 0a3uca y MPOU3BOJBHOU CHUCTEMEBI T, OTCIOAA TOIyIaeM
CIeYIOIIUN Pe3yIbLTaT.

Teopema 1. Beakxuii nedoonpedesennviii aadasum 0d60uuno pasio-
HCUM.

B [1] paccMaTpuBanoch Apyroe MOHATHE PA3IOKEHUs HEJOOMPEeIe-
JIEHHBIX JAHHBIX. B OT/IM4mMe OT MOHATUA JAHHOU pabOTHL, OHO He obecIe-
YUBAET BO3MOXHOCTH PABJIOXKEHUSA MPOU3BOJBLHOTO HEIOONPEIEJEHHOTO
andasuTa, HO 0OIATAET PALOM JOMOJHUTENBLHLIX MOJE3HBIX CBOUCTB.

[nuny s HAGOPOB, UCMOAL3YEMBIX B DA3JIOKEHUU, HA30BEM pPa3Mep-
HOCMbIO Pa3AoKHceHus. MUHIMATLHO BO3MOXKHYIO PA3MEPHOCTD PABJI0Ke-
Hus aadasura A GyaeM HA3BIBATEL paszmeprocmuio (nedoonpedeaernozo)
aagasuma A n obozuauats s(A). 3adauwa o pasmeprocmu aspasuma
COCTOUT B TOM, YTOOBI MO0 A u wucay k y3HATH, CYMIECTBYET JU [JIs
andasura A pasgoxeHue pa3zMepHOCTH k.

Teopema 2. 3adaua 0 pazmepnocmu nedoonpedeaenno20 asdasuma
NP-noana.

OTOoT pakT noKaspiBaeTca myreMm csegerus NP-monnon sagauun MP7
u3 [2] o Gasuce cUCTEMBI MHOXKECTB K 3aJade O Pa3sMepHOCTH. B CBs-
31U C TPYAHOCTBI HAXOXKIeHWsA 3HadUeHusa s(A) mpencTaBiaioT MHTEpEC
OIIEHKM 3TOU BEIWYIUHLL.

Teopema 3. Umeem mecmo ouenxa

$(A) < min (| 4o, [A])

Y

docmuscuman das a0601x 3adawnblr mowrocmet |Ag| u |A|.
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Bepxusaa omenka NOKa3BIBAETCA NYTEM YKa3aHUA OOO0OIIEHHOrO
KOHBIOHKTUBHOIO 0a3nca COOTBETCTBYMOMIEN MOIIHOCTH. B  ciayuae
|Ao] < |A| um sBRseTcs cucTeMa Beex (m — 1)-3I€MEHTHBIX MOAMHO-
XKeCTB MHOXecTBa M, B cayuae |Ag| > |A| — umcxogmasn cuctema 7.
JOCTUKUMOCTD OLIEHKY TIOATBEPKIAETCA TIPUMEPAMHU.

[IpuBeneM BaXKHBIN CIy9Ial, KOTAa PA3MEPHOCTD CYIIECTBEHHO HUXKE
rapaaTupyemon reopemon 3. O6o3naxunm uepes A, ; andasutr, o6paso-
BAHHBIA BCEMU CUMBOJAMU, TOMYCKAMIIUMU HE Gonee ¢ TOOTpeaeJeHnn.
Ou cooTBeTcTBYyeT cucteMe Ty, ¢ BCEX He GoJee UeM t-3IeMEeHTHBIX HOI-
MHOXKECTB MHOXkecTBa M.

Teopema 4. IIpu t = o(m'/?) cnpasedausvi oyensu

tlog, — < s(Am) <

~1

m e m
— t+1)%log, —.
log, 3 t (84 1) logy t

0g, €

BepxHsasa OIeHKa TOIYYIaeTCA MyTeM MOCTPOEHUsS KOHBIOHKTUBHOTO
6asuca AaA CUCTEMEL Tp, ;. CucTeMa MHOXKeCTB Z 00pa3yeT KOHBIOHK-
TUBHBIN Ga3UC 017 Tpp ¢, €CIX (M TOABKO €CaM) s JoOHX ¢ + 1 pas-
JIMYHBIX DJIEMEHTOB i1,...,0;,J € M, U3 KOTOPBIX OQUH 3JEMEHT j OT-
MedeH, uMeeTcs Z € Z Takoe, 4T0 i1,...,i; € Z, j ¢ Z. Cucrema Z
C DTUM CBOUCTBOM M OIEHKOU MOIIHOCTH, COOTBETCTBYIOUIEN BEPXHEN
OILIEHKE TE€OPEMBI, HAXOAUTCSA C UCTONB30BAHNEM TPAAUEHTHON MTPOLEY-
pel (kaxHoro amropurMma). HuxHssa ouenka TeopeMbl — MOIIHOCTHA.

s t = const OUEHKM TEOPEMBI ABIAIOTCA TOYHBIME MO TOPALKY.

Pa6ora Brimoanena mpu ¢uuancosou nogaepxkke OHUT PAH mo
mporpaMme (QpyHIAMEHTATBHBIX UCCICI0BAHNN.

Crnucok JuTepaTyphl
1. Monomor JI. A. [lekoMOO3MINs HEIOONpPEIENEHHBIX TaHHBIX [/
Ipo6aemsr TeopeTudeckon kubepuetuku. Marepuanst XVI Mexgyua-
poauon koudepennuu. — Huxuuu Hosropoa: Usg. HT'Y, 2011. — C. 570-
573.
2. I'spu M., lIxoucon /. BeraucanTeabHbe MAMIMHLL U TPYIHOPEIIA-
embre 3agaun. — M.: Mup, 1982.
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Ceknus
«PYyHKITUOHATbHBIE CUCTEMBI»

O IIOJTHOTE CUCTEM ®YHKIIUMN B KJIACCE T
JIJIAA KJIACCOB PACIHIMPEHHOM CYIEPIIO3UIIUA

S. B. Akyaos (Mocksa)

3. Hocr [1] mony4ui HOJHOE ONUCAHUE CEMENCTBA 3AMKHY THIX (OTHO-
CUTEJIBHO ONEePaluy CYNEePHO3ULNA) KIACCOB (PYHKIMA IBY3HAIHOU JIO-
ruku (cM., Hanpumep, [2]). O603HaMeHNA A1 3aMKHY THIX KJIACCOB B3ATHL
coracHo paote [3]. B paGoTe paccMaTpuBaeTcs 3a1ada O peann3aiun
OyJIeBBIX QYHKIUN GOPMYIAMH CIENUATLHOTO BUAa. BBOAUTCA TOHATHE
HONOJHEHNA CACTEM OyJeBBIX (PyHKIUE. YCTAHABIUBAIOTCA KPUTEPUN
HOMHOTH B KJAacCe (QYHKIUN, COXPAHAIONINX €IUHUIY, IJIA PACCMATPHU-
BaeMBLIX (PyHKIIMOHAJBHLIX CHCTEM. HeoOxomuMmele ONpeneqHua MOKHO
HanTy B [4].

Mycts F' — MHOXECTBO OyieBbIX (BDYHKINU, COAEPIKAIIEE BCE Ce-
JEKTOPHBEIE (PYHKIMH W 3aMKHYTOE OTHOCUTEIBHO ONEPAIdE BBEIe-
HUA HECYNIECTBEHHLIX IMEPEMEHHBEIX W IIEPEMMEHOBAHUA IEPEMEHHBIX
(BKIIOYAs OTOX AeCTBIeHNE). ByneM Ha3LIBATH Takne MHOXKECTBA UHBA-
puanmubimy Kaaccam. OTMETHM, 9TO TAHHOE MOHATHE WHBAPHUAHTHO-
ro KJIacca OTIANIAETCA OT HOHATHA MHBAPMAHTHOI'O KJIACCA, BBEICHHOTO
C. B. fIonouckum [5]. OTMeTnM Taxkxke, 9TO NHBAPUAHTHBIN KJIACC B OMU-
CAHHOM BBIIIIE CMBICIE ABJIAETCA MHBAPUAHTHBEIM KJIACCOM B TEPMUHAX,
BBeJIeHHHLIX B paboTe [6].

Ilycts F — vHBApUAHTHBIA KIacC OyaeBBIX GyHKIun, 2A — HEKOTO-
poe MHOXKeCTBO OyaeBbix Gyuxkuuu. [lapy rtakux muoxkects (U, F') Oy-
IeM HasblBaTb munom OyaeBsix Gyukuuu. Oupeneanm mousaTue @Gopmy-
avt wad munom U = (A, F') uHIyKTUBHO.

1. Buipaxenue g(x;,, Tiy,...,2;, ), vae g € F; x;,,...,x; — cumso-
JIBI IEPEMEHHEBIX, N > 1, asaserca ¢popmynon wan U. Taxue dpopmyast
OyIeM HA3BIBATH MPUsuaAbHbimMy popmyaavu max U.

2. llycte @1, Ps,..., P, — bopmyast mHag U, n > 1, a f € 2. Bripa-
xenne @ puna f(®1, Po,..., ®,) asaserca popmyaon nang U.

OdeBunO, 9TO BCAKaA GopMmyaa HAL TUMOM U peamrusyeT HEKOTO-
pyto OyaeBy ¢yukuuio. Crocob peanusanuu GyJaeBbIX (PYHKIMA HETPU-
BHAIBHBEIMU (POPMYJIAMEA YKA3AHHOTO BUAa OyIeM HA3LIBATL ONepayuet
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PACUUPERHOT CYNEPTOZUYUL.

Iycte U = (A, F) — Tun GyneBbix gyukuun. [Tonoanerwuem cucre-
MBI 2l OTHOCUTEIBHO Kaacca F' Haz0BEM MHOXKECTBO BCEX (PYHKIWH, Pe-
anTu3yeMbIX HeTpuBHATBHBIME dopMmyaamn Hag U (o6osnadenue [A]r).
OrmeTum, 9TO, ecam F' COCTOUT TONBKO U3 CEJEKTOPHBIX (DYHKIUH, TO
[2]r = [A]. Hecroxuo nokasars, uto [A]p = [[A]]r. IlosToMy B gambHen-
mem OygeM pPacCMaTPUBATL TOJBLKO IOMOJHEHUA 3aMKHYTHIX KJIACCOB.
Ilycts A u B — 3aMKHyTHIE KIaCCHI Oy/IeBHIX (pyHKIun, F' — uHBapU-
AHTHBIN KJIAaCC, TaKne, 9TO BunoaHaoTca cootnomenus A C B, F C B.
Bynem maswiBate Tun (A, F) noawwim 6 kaacce B, ecin [Alp = B. B
pa6ore [7] momydeH KpuTepul MOTHOTH B kaacce P. B gamnon pabore
OPUBOIUTCA KPUTEPUH MOTHOTH B Kaacce T;.

O6o3unauum uepes R(M,T)) MHOKECTBO BCEX MHBAPUAHTHHIX KIAC-
coB F, Takux, 9TO BBLITIOMHAETCA XOTA OB OMHO U3 CACAYIOIIAX yCIOBUM:
1 +x3+1 € F wm x; = 29 € F. O6o3nauum uepes R(Ty,T1) MHO-
JKECTBO BCEX MHBAPUAHTHBIX KjaaccoB F', Takux, uro 1 € F. ITonoxum
RUI™,Ty) = R(To, Th), m =2,3,...,00. O6o3nauum gepes R(O™,Ty),
m = 2,3,...,00, MHOXECTBO BCEX MHBAPMAHTHBLIX KJaaccoB F', Takwmx,
9T0 M aboro n > 2, awoboro k < m u J00bIX k OTIMYHBIX OT €Iu-
HUYHOTO HAOOPOB IIMHEL 1 CyIIecTByeT GyHkuua f(z1,...,Ty,) U3 KIac-
ca F, npuEMMAamas Ha KaXXIOM U3 3TUX HAGOPOB HYJIEBOE 3HAMEHUE.
O6o3uaaum gepes R(S,T1) MHOKECTBO BCEX MHBAPUAHTHLIX KAACCOB F
Takux, 9to 1 € F. O6o3nauum vepes R(L;,T)) MHOXKECTBO BCeX HH-
BAPUMAHTHEIX KAACCOB F', Takux, 9T0 muas Jawoboro m > 1 cymecrsyer
dyuxmua g(z1,...,T,) € F panra m. O6osuadum gepes R(Lo1, T1)
MHOXKECTBO BCEX MHBAPMAHTHBLIX KAACCOB F, Takmx, 9TO A JH06OTO
m > 1 cymecrByer dpyukuma ¢(xy,...,%,) € F pamram,un {1} € F.
Oo6ozuaunm depes D MHOXKECTBO BCeX OyJeBLIX (DYHKINAU, IJIS KOTO-
PBIX BBIOIHEHO PABeHCTBO f(z1,...,%,) = 7' V232V ...V 27", rae
O1,...,0n € {0,1},n > 1. O6osnaunm depes R(Ko1,T1) MHOKECTBO
BCEX TAKUX MHBAPMAHTHBLIX KIACCOB F'| TaKMX, 9TO BBIMOIHACTCA COOT-
somenue {1} U (D NTy) C F. O6osnauum gepes R(K7,T;) MHOKECTBO
BCEX MHBAPUAHTHEIX KIACCOB F', TAKMX, YTO BBIMOJIHAETCA COOTHOIIE-
aue DNT; C F. O6o3naumm vepes K' MHOXKECTBO BCEX OTIMIHEIX OT
KOHCTAHTE! 0 OyMeBBIX (DyHKIUN, 1S KOTOPBIX BBEITOJHEHO PABEHCTBO

flzy,. .. xn) = (27" &2 & ... &x?") V (21 &a2& ... &),

rge oy,...,0, € {0,1},n > 1. O6o3nauum qepes R(Dg1, T1) MHOKECTBO
BCEX TAKWX MHBAPMAHTHLIX KIACCOB F', Takmx, 9TO BBIIONHAETCA COOT-
womenne K' C F. onoxum R(Dy,Ty) = R(Do1,T1). O6o3naunm [e-
pea R(SM,T) nepeceuenune kaaccos R(M,Ty), R(O?,T1) u R(I*,T1).

Y
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O6osnaunm uepes R(Mo1, Ty), R(MI™, Ty), R(M O™, T;) nepecedenne
cemenicrea R(M, Ty) c cemencrsamu R(Ty, T1), R(I™, Ty ), R(To, T1) co-
orsercTBeHHo. O603HadnM epes R(So1, T1), R(OF,T1), R(MOF, T1)

nepecedenne cemencrsa R(Ty,T1) ¢ cemencrsamu R(S,Ty), R(O™,Ty)

Y

R(MO™,Ty) coorBercreerro. Iomoxum R, Ty) = RI™,Ty) n
R(My,Ty) = R(M,Ty).

Teopema. I[Iycmv A — zamxuymuii xaace, maxoi, wmo A C T,
A # Ty, A# Cy. HHycmv F — unsapuanmuwviii xaacc, maxot, umo

F C Ty. Toeda mun (A, F) asasemca noanvim 6 xaacce Ty moeda u
moavko moeda, xoeda F € R(A,Ty).

Pa6ora Brmoanena mpu QuaaHcoBOU moxaaepxkke PDPDU (mpoexT
11-01-00508) u mporpammel ¢dyHAaMeHTAIbHBIX uccaegoBanuin OMH
PAH «Anre6pamveckue m KOMOMHATOPHELIE METOALI MATEMaTUYIECKON
KUOEPHETUKA U UHQPOPMALUOHHLIE CACTEMEBI HOBOIO TOKOJEHUA» (IpO-
eKT «3a1a49y ONTUMAILHOI'O CUHTE3a YIPABJSIOMIAX CUCTEM)
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INATOHAJIBHBIE PAHT'U TITIOJIYTPYIIII
. B. Bapkos, . B. Koxyxos (Mockga)

IIycre S — moayrpymma. Torma S X S aBiaseTca mpaBbeIM IUaro-
HAJTBHBIM S-TIOTMCOHOM, ecau S meucTByeT Ha S X S ciaeayommM o6pa-
som: (z,y)s = (zs,ys). JleBbl AuaroHaJBHBIN HOIUIOH U OMIIOIUIOH

onpegesorcsa agatorndio. O6o3HagarTCa cooTBeTCTBEHHO (S X S)g 1
s(8x%x8), s(8S%xS)s. Muoxkecto S™ = S X ... x S 09eBUAHBIM 00PA3OM
n

TAK e MOXKET OBITh CHEJAHO JEBBEIM, MPABLEIM MOJATOHOM M OUIOIATO-
HOM.
B pa6ore [1] 6pr10 goxasano, uro noaurossl (S x S)g, ,s (S x S),
s(S x S)g ABAAIOTCA NUKIAICCKAMU, €CIM B KadecTBe S BHIOUPATH
Tx, Px, Bx rme X — 0eCKOHEYHOE MHOXKECTBO, I'x — MOHOUJ TIpe-
obpazoBanun MHOXKecTBa X, Px — MOHOHM[ YaCTUYHLIX Ipeobpa3oBa-
uuu 1 By — MOHOU[I BCeX OMHADPHBIX OTHOINEHUN Ha X .

IIpaBeiM auaroHaJdBHBIM paHroM mnoayrpymnmsl S (o6o3HadaerTcs
rdrS) HA30BEM HAUMEHBUIYIO MOLIHOCTH CACTEMEI OOPA3YIOLIMX IPABOrO
AnarosaabHOro noaurosa (S x S)s. Jlepww guaroHansHe pasr ldr
OuauaroHaabHbI panr bdr ompegensrorca asanoruvso. [on rdr,S Gy-
IeM TOHUMATD MPABLIM AMATOHAJBHBIA PAHT MOJXYTPYIIEL S TOPAIKA 1,
T.€. HAUMEHBIIYI MOIIHOCTH CUCTEMbI 00pasyomux noaurosa (S™)g.

OTMeTuM crefyrolme OIeBUIHbIE Y TBEPIK ICHUS:

e rdr(A x B) < max(rdrA, rdrB);

e rdr(S/p) <rdrS pns n:060 KOHTPDYSHIUY p;

e rdr(SU{0}) <3 rdrS;

e rdr(SU{1}) = oo ecan noayrpynmna S Geckoneuna u 1 ¢ S.

Bonee Toro, MoXXHO NOKa3aTh CIEMYIOMIME yTBEPK IEHUA.

Teopema. Ecau n neuémno, mo rdr,S < (rdrS)", a ecau n wémmno,
mo rdr, S < (rdrS)" 1.

CaegcrBue. Ecau noauzon (S x S)g asasemes yukavueckum, mo
noaueonvt (S™)s max He ABAAOMCA YUKAUUECKUMY 044 4106020 1 > 2.

Teopema. ITycms V — auneiinoe npocmpancmeo mad mexomopvim
noaem, R — xoavyo ecexr auneinviz omopbpaxcewuts V. — V, pac-
CMAMPUBAEMOE KAK NOAY2PYNNG C YMHONCEHUEM, ONPEICAEHHbIM Cae-
dyrowum obpazom: (vri)re = v(rira). Toeda rdrR = 1. Boaee moeo,
(a,b)R = R x R moeda u moavko mozda, xo2da a,b ydosaemeopsaiom
ycaosuto kera = kerb =0 u ima Nimb = 0.
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HOJIPIHOMI/I.L/’XJIBHBII;'I AJITOPUTM PACIIO3HABAHUA
DOYHKIINU, THBAPUAHTHBIX OTHOCUTEJIBHO
ITPEOBPA30OBAHUA MEBENYCA

A. B. Byxman (Mocksa)

B namHOmM 3aMeTKe TPENJIOKEH TOIMHOMUANLHBIN alrOPUTM, KOTO-
PLIA /I IPOU3BOJLHON OyJI€BOU (PYHKIMM, 3aJaHHOU MMOJIMHOMOM 2Ke-
TaNKNHA, OMPEIEIAeT, ABIAETCA U 3Ta (PYHKINA WHBAPUAHTHOU OTHO-
cuTeabHO mpeobpaszoBanus Mébuyca.

Kaxnas Oynesa ¢yukuus f(zi,...,Z,) MOXKET OBITH 3a1aHA €IUH-
creerHbIM noauHomoM ZKerankuna [1]. PaccmorpuM caegyromyio 3ana-
qy: TpefyeTca MOCTPOUTh 3PGEKTUBHLIA AATOPUTM, KOTOPHIU I Oy-
JeBOU (DYHKIUU, MOJAHHOU €My Ha BXOJ B BHUJE IMOJUHOMA, ONPEIeJsal
O®BI, 0OMagaeT au 5Ta GYHKINA HEKOTOPHIM 3aaHHBIM CBOUCTBOM. [Ipn
TAKOU MOCTAHOBKE MPOBEPKA OOJBIIMHCTBA CBOUCTB, UCIOIB3YEMBIX HA
MpPAKTUKE, HEMOCPEICTBEHHO MO OMPENEICHUI0 UMEET DKCIOHEHIIMAIb-
HYI0 BPEMEHHYIO AJITOPUTMUYECKYIO CIOKHOCTH OTHOCHTEIBHO pa3Me-
pPa BXOAHBIX JAHHBIX, TO €CTh Pa3zMepa CUMBOJLHOU 3AMUCH TOJIUHOMA.
IMosToMy MHTEpPECHBIM ABIASETCA BOOPOC O MOCTPOEHUU MOJMHOMUAID-
ubix anroputMoB. Cenesueson C. H. [2], Topuxoseim C. II. [3] noxasana
HNOTMHOMUAIBHASA PEIIaeMOCTh 33,1349 PACIO3HABAHUA PANA CBOUCTB /IS
OyJIeBBIX (OyHKIIUN.

Mpe1 6y eM paccMaTpUBAThH CIEAYIONIEE CBOUCTBO: ABAACTCS U OyIeBa
(byHKIUA UHBAPUAHTHON OTHOCUTEILHO peobpaszoBanus Mébuyca. 1o
CBOMCTBO HAXOIWUT NMpUMeHeHUe B kpunrTorpadun [4].

Ilycte Eo = {0,1}. Byaesoii $ynkyuet, 3aBUcALIEN OT 7T HePEMEH-
HBIX, OyJeM Ha3BIBaTh a060e oToOpaxHuue Buia f : EI — Es.

Bymem 3agaBaTh OyieBbI (GYHKIUYA B BULE MOJUHOMOR.

Mownomom HAL TIEPEMEHHBIMHA 1, ...,L, HA3BIBAETCA JH000€ BHIDA-
XKeHUe BUAA T, ...%;, rge | > 1,1 < i4y,....4 < m, Bce IepeMeHHEIE
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pasauaHbl; au60 npocto 1. Panzom MOHOMA HA30BEM KOJUUECTBO MEpe-
MeHHBIX B HEM (OygeMm 0603Ha4aTh rk).

PaBencTBO MOHOMOB paccMaTPUBAETCSA C TOYHOCTBIO A0 MEPECTAHOB-
KU COMHOXKUTEJCH.

Hoaunomom HAZBIBAETCA CyMMA 110 MOAYJIIO 2 KOHETHOT'O YUCJIA Pa3-
JUIHBEIX MOHOMOB win ) (MOXKHO MOHAMATH KAK CYMMY HYJIEBOT'O THCJIA
MOHOMOB). 4uH0T TOTMHOMA HA3BLIBAETCA IUCIO0 €ro craraeMbrx. [auny
HYJIEBOT'O TIOJIMHOMA OyjeM cauTaTh paBHou (.

PaBeHcTBO MOMMHOMOB PACCMATPUBAETCA ¢ TOYHOCTHIO [0 MEPECTa-
HOBKU CJIATAEMBIX.

Mommuom 2Kerankuua gyukiun f 6ygem o6o3nadaTs P,

IIpeobpazosanuem Mébuyca dyukumu f € PJ' Oymem Ha3BIBATH
dyukumio g € P} raxyio, uro g(a) = €@ f(B8). Bygem o6osnavaTs

B<a

u(f) =g

Bynmem roBoputh, uto dyukiusa f € P unsapuanmua omuocumenb-
1o npeobpazosanus Mébuyca, ecnu u(f) = f (cm., nHanpuwmep, [4]).

Beeném o6o3uavenne K, nas o603HaAYEHUA MOHOMA, COOTBETCTBYIO-
mero Habopy a U PABHOTO Zj, ... T;, , IPDU DTOM HePeMeHHAs T;, BXOJIUT
B DTOT MOHOM TOT[Ia ¥ TOJMBKO TOT 14, KOoTaa a;; = 1. Beeném ecrecTren-
HOE YTOPSAJOYEHNE HA MHOXKECTBE MOHOMOB OT MEPEMEHHBIX T, . .., Ly
K, > Kg, ecmm a > f3.

B xadecTBe aaropurMuyueckon mogeau Gyaem paccmarpuBats RAM.
Ecau B monmusOME | CTaraeMuIX U 1 TEPEMEHHEIX, TO TIOI0KUM, ITO AJUHA
ero samucu pasHa N = In.

Jemma 1. ITycmov dynxyua f € P uneapuanmua ommocumesbuo
npeobpazosanus Mébuyca. Ilyemv K € Py, u nabop o ydosaemeopsem
yeaosuam, wmo f(a) = 0, u ne cywecmeyem K € Py maxozo, umo
K, > K > K. Tozda natidémes caazaemoe K' € Py, maxoe wmo K'K =
K,.

Loxazameabcmso. [na xaxpgoro craraemoro K € Py gyskuun f
MPOBEIEM MHAYKIIAIO IO PAHTy Habopa.

Mycrs |a| = rk(K) + 1, Trorga f(a)K(a) = f(a) = 0. Ho npu sTom
K € Pyi. CuenoBatensuo, Hangércs craraemoe K' € Pr(BO3MOXKHO He
OIHO, HO MX NOJXKHO ObITH HEIETHOE uncao) Takoe, uto K'K = K.

IMar weayKINN.

Ilycte BeprO aas panra s > rk(K), nokaxem as paura s+ 1. Bosb-
MéM Ha6Op «, Takon 4To |a| = s + 1. Tlo mpeAnoIOXKEeHNIO0 MHIYKINN
Kaxkgon Touke [ < a Takow, 4To K3 > K cOOTBeTCTByeT HEYETHOE
uucao MoHomoB K'' takux, uro K"K = Kj. lanee, nus passeix [ co-
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oreercThytomue num K" pasmuannt. Teneps npeanonoxum, 9To HeT K'
takoro, uro K'K = K,, noxyaaewm, aro K(a) - f(8) =1, mo f(8) = 0.

Teopema. Cgotlicmeo 6yaes0t Pynkuuu ObIMb UHEAPUAGHMHOT OM-
HOCUMEAbHO npeobpazosanus MEbuyca moxcno pacnodnams no eé€ no-
aunomy co caoxenocmuvro O(N?3), 2de N — dauna 3anucu nosumnoma.

Hoxazameavcmeo. Habopbl 3HAYEHNN apTyMEHTOB MOXKHO Pa3OuTh
HA TPU T'PYIIIHL:

1. Touku, HE CPABHUMBIE HU C OTHOU KOH'BIOHKINEN TIOJUHOMA, f min
MEHBIINE MUHUMAJIBHOU U3 HUX. DTHU TOYKHU MPOBEPATH HE HATO — TaM
dyukuusa paBuaa 0, KAK U OXKUJAETCA.

2. Touku, mexkalme CTPOro BBIIIE XOTS OBl OTHON KOHBIOHKIIAU TI0-
araoMa. B sTmx Toukax ¢pyHknmsa momxHa ObITH paBHO (. IIpocTo mpo-
BepuM 3HaUeHue PYHKIUU BO BCEX TUX TOYKAX. [[JIs KaXK 1OU KOHBIOHK-
nuu Py 3amyckaeM 00xon B riiyOuHy (BBepX IO OyaeBy KyOy) IO HYJIAM
dyukuun f. YTo6BI QyHKIUA OBLTA WHBAPUAHTHA OTHOCUTEIBLHO Tpe-
o6pasoanus MéGuyca, 006X0J IOMKEH 3aBEPIINTLCA He Oojee, €M 3a
O(1) (I - pavHA TOMMHOMA, DTO W3 JEeMMbI 1) MIATOB, U Ha Ka¥KIOM IIare
nposepseM, 9To f = 0 (co croxkuOCTHIO O(IN)) 1 9TO TeKylas BepIINHA
He paBHA HU OJHOMY ciaraemomy mommsoMma. Hlomyaaem O(N?) maros.
Beero xounbionxnuit [. [loaTomy obmas cioxuocts O(IN?) = O(N?).

3. Touxku coorBeTcTByOIME KOHBIOHKIUAM. OQHU TPOBEPAIOTCA 34
JIMHETHOE BPEMs

Pat6ora Brmmosnuena npu noaaepxkke PODU, rpaut 12-01-00706-a.
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O CYIMECTBOBAHUM CIEITWAJIBHBIX
MIOPOXKJAIOMINX CUCTEM 3

B KJIACCAX MOHOTOHHBIX ®YHKIIAA
MHOTI' O3HAYHOM JIOTUKH

O. C. OdynakoBa (Mocksa)

WsBecTHO, uTo mpu k < 7 BCe NPEANONHBIE KJIACCH B Pj ABIAIOTCI
KOHEYHO-IIOPOXK AeHHBIMY [1], a HaumHas ¢ k = 8 CylIeCTBYIOT mpeano-
HBIe KJIaCCHl MOHOTOHHBIX (DYHKIIUN, HE NMEIoIne KOHeIHOro 6asuca [2];
MOJHOTO OTMMCAHUA KOHEYHO-TIOPOXK ICHHEIX TPEATONHLIX KIACCOB MOHO-
TOHHEIX (DYHKIUHA K HACTOAIIEMY BPEMEHM HE IOAydIeHO. B paboTax aB-
Topa [3—-6] IPMBOAUTCS KPUTEPUI KOHETHON MOPOK IEHHOCTH! IS TIPeI-
HOJHBIX KJIACCOB (PYHKIMU, MOHOTOHHBEIX OTHOCUTENBHO 9ACTUIHO YIIO-
PANOYEHHLIX MHOXKECTB MUPUHEL [BA, & TAKKE YCJIOBUA CYIIECTBOBAHUA
KOHEYHEIX TIOPOXK JAIOMMX CUCTEM M1 PALA IPYTUX CEMEUCTB KJIACCOB
MOHOTOHHBLIX (pyHKIMU. B mamHON paboTe mpOTOIKEHBEl MCCAETOBAHUA
B TOM HAIIPABJICHUU.

Ilycte < — wacTU9HBIN DOpAAOK Ha MHOXecTBe Ej = {1,2,... k}.
Monoxkum P = (Ey, }). Bynem caurarh, 9T0 MHOKECTBO P UMeeT HAu-
MEHBINUY 1 HAUOOABIIUY dJIeMeHTHL. depes Mp Oyaem 0603HAYATH KIACC
BCEX MOHOTOHHHEIX (PYyHKIUE HAL P (oTMeTHM, 9TO Kaacc Mp ABIgETCA
IpeATOMHBIM [7]).

Dyukuuio A(zg, 1, ...,2T)) OygeM Has3bBaTh Pywkyuetd 6v100pa, ec-
m A(i,ay,...,a;) = a; n1a kaxgoro mabopa (i,as,...,ay) € PHL

Jlerko BugeTh, 9TO €CaM 3aMKHYTHIN KJAACC (PYHKIUK k-3HAYHOU JOTUKA
COIEPXKUT BCE KOHCTAHTHI 1,2, ...,k n pyHKnnio BEI6OPA, TO OH ABJISAET-
€A1 KOHEYHO-MOPOXK JeHHBIM. OTMeTUM Takke, 9TO ecin P — YaCTUIHO
YIOPALOYEHHOE MHOXKECTRO, COAepkKaIee XOTa Obl OMHY IEeNb IIUHEL 2,
To A(Zo,Z1,...,2k) € Mp.

Honoxum Py = {(a,b1,...,by) € P*L | ecimi % j, To b; < b;}.
Jlerko Buaernb, 9TO PYHKIUA A MOHOTOHHA Ha MHOxKecTBe Py. HazoBem
Mmonomonnotl Pynkyuet evbopa Gyukuuio v(Lo, L1, ..., L) 13 Mp, co-
BIIAJAIOUIYIO HA MHOXKeCTBe Py ¢ dyukuuen A(zg,z1,...,zx). Herpyano
MOKA3aTh, YTO €CIU KAACC Mp CONEpKUT MOHOTOHHYIO (PYHKIWIO BHI-
60pa, TO OH ABAAETCA KOHEYHO-TIOPOXK JEHHBIM.

Ilycte a1 m ay — BIeMEHTH MHOXKECTBA P, HE CPABHUMBIE OTHO-
CUTEJBHO <. JaeMeHT b € P Ha3bIBaeTCsa 6epruet 2panbl0 DIEMEHTOB
a1 W Qo, €CJU BBLINOJHIETCS HEPABEHCTBO a1,ds <X 0. Bepxusas rpass b
DJIEMEHTOB (1 U (9 HA3BLIBAETCA MUHUMAALHOT BEPTHEN 2PAHbIO DTUX Bie-
MEHTOB, €CJU HE CYIIeCTBYET TAKOUW BEPXHEW I'PAHU ¢ DIEMEHTOB ai U

G, 9TO ¢ # b u ¢ < b. Bepxuss rpanb b 21eMeHTOB a1 U (G2 HA3BLIBAETCA
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mounoti éeprreti epanbio dTUX 31eMeHTOB (sup(aq,as)), €CIu 1A J060n
BEpXHEH I'PAaHU ¢ DJEMEHTOB (1 U (2 BHIIOJHACTCA HEPABEHCTBO b < c.
AnmamormaaeiM 06pa3OM ONPEAETACTCA HUNHCHAL, MAKCUMAALHAG HUHCHIA
U MOUNGA HUNCHAAL 2PAHb DIEMEHTOB ) U Gy (TOYHAS HUXKHAA I'DAHb
o6osHauaeTcs inf(ay,as)). Yepes |P| GyzeM 0603HAMATH UUCIO DIEMEH-
TOB MHOXecTBa P. Beanunny max |.J|, roe MaxcuMym GepeTcs IO BCEM
anTunenaM J MHOXecTBa P, 6yaeM HA3BIBATH WuPUHOl MHOXKECTBA P.

Paccmorpum nBa ceMencTBa 9ACTUIHO YMOPANOIECHHBLIX MHOXKECTB.
CeMencTBo S COCTOMT U3 BCEX MHOXKECTB P, TAKUX, YTO MJIA JIOOBIX
2MeMeHTOB a,b € P B P cymecTByeT mo KpauHEW Mepe OJUH U3 BJe-
meHTOB sup(a, b) u inf(a,b). CemencTBo Sy COCTONT M3 BCEX MHOXKECTB
P, nia KOTOPEIX BEIIOJIHAECTCA CIEAYIOMIEe YCJAOBUE: MIA MO0 MaphI
HECPABHUMBIX JJIE€MEHTOB (1 U (2, HE UMEKIINX B P TOYHOU BEPXHEN
rpaHu, U 4jd JIOOOU BepXHEU I'PAHN ¢ 3JEMEHTOB (1 U (o, HE CPABHU-
MO ¢ HEKOTOPOU MUHUMAILHOU BEPXHEN TPAHBIO b DTUX DJIEMEHTOB, B P
cymectyet sup(b, ¢). OTmeTuM, 9TO B KJIACCE MHOXKECTB IMUPUHEL JBA
BBINIOJIHAETCA PABEHCTBO S = So, a 4/ MHOXKECTB OOJbIIEN MAPUHEL
UMeeT MECTO CTPOroe BaoueHue S; C So.

Teopewma 1 [8]. ITycmp P — uacmuuno ynopadouennoe MHO#CECMEo
wupunbt dea. Kaace Mp codepacum monomonnyro Pynkuuio euvibopa
moeda u moavko moeda, koeda P € Sy.

Teopema 2 [9]. [lycms P — npou3soabnoe wacmuuno ynopadouen-
noe muoxcecmeo. Ecau kaacc Mp codeprcum momomonnyo Gynkyuto
svibopa, mo P € S.

OCHOBHBIM PE3yJbTATOM AAHHOU PAOOTHI ABIAETCA

Teopema 3. IIycmb P — uacmuuno ynopadouennoe mMHOMECME0
wupunbt mpu. Kaace Mp codepacum monomonnyio @dynxyuio 8vibopa
mozda u moavko mozada, xko2da P € S.

Pa6ora Brimoanena mpu uHaHCOBOU TOAAepkke PDDU, mpoexkT
Ne11-01-00508, u mporpaMMbl (pyHIaMEHTANBHBIX uccaenoBanun Orae-
JeHusa maTeMaTudeckux Hayk PAH «Anrebpandeckue u KOMOMHATOPHBIE
METOIBl MATEMATUIECKON KMOEPHETUKA ¥ MH(POPMAIUOHHEIE CHCTEMEI
HOBOT'O TIOKOJEHUAY, TPOEKT «3a4a9i ONTUMAILHOIO CHHTE3a YIPABJIA-
IOIIUX CHCTEM).
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O CBA3AX ME2K Y IIOJIUTOHAMMN
N MYJIbTUIIOJINTOHAMMA

N. B. Koxyxos, . A. Jlykuusix (Mocksa)

IIpasvim noauzonom van noayrpynnon S (cM. [1]) HasbiBaeTca MHO-
XKeCTBO X, HA KOTOPOM JEMCTBYET MOAyrpymmna S, TO €CTh OMpeaeIeHo
orobpaxenne X x S — X, (z,8) — xS, yAOBIETBOPSIOLIEE yCIOBUIO
x(ss') = (zs)s', npu =z € X,s,s" € S. Jleswili noaueon ompenessercs
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aHAJOrMIHBIM o6paszom: S X Y — Y, (ss')y = s(s'y). Homuron X (mpa-
BBII WM JIEBBIN) ABASETCA aare6pandeckon MOJeabo aBTomara [2], rie
X — MHOXECTBO COCTOSHUN, S — MHOXKECTBO BXOIHBEIX CUIHAJIOB.

Ecin S u T — nomurossr, 1o (S, T')-6GUIOIUTOHOM HA3BIBAETCS MHO-
XKECTBO X, ABIAIOMIECECA JEBHIM IMOJMTOHOM HAm S W NMPABLEIM IOJIW-
roHom Hag T, m mpuM 5TOM BHINOJHAETCA ycaoBue (sz)t = s(xt) mpnm
z € X,s € S5,t €T. O6o3uauum uepes S°P noayrpynmny, aHTUL3OMOPQ-
HYIO MOJIyrpymme S, TO eCTh MHOXKECTBO S ¢ onepanuen axb = ba. JleBvin
noaurod X HaJ MOJAyTPYIION S MOXKHO CAEAATH IPABHIM TOJUTIOHOM HAJ
moayrpymmon S, ecin moaoXUTE xS = sx upu x € X, s € S.

Awnanoruauo stomy (S,T)-OUNOIUTNOH MOKHO CIATATH MPABBIM TIO-
auronoM Hapn moayrpynmamu S°P w T, mpuuém (xs)t = (xt)s upum
x € X,s € SP t € T. YauTniBas BHIIIECKA3AHHOE, MBI MOXKEM CIUTATh,
9TO BCE MOJIUTOHBI — TpaBkie, a (S, 7T)-6UNoauron — 3TO MHOXKECTBO,
ABJAIONICECA TIPABEIM NOMUTOHOM Han S u Han T', U NeuCTBUA 3TUX TIO-
JYTPYTII TIEPECTAHOBOYHEL.

Awnanorwansiv o6pasom, ecau {S;|i € I} — ceMencTBO mOLyrpyImI,
TO myavmunosuzonom (cM.[3]) Ha3LIBaeTCA MHOXKECTBO X, HA KOTOPOM
IeUCTBYIOT MOIYTPyNIsl S;, mpuduéM (zs;)s; = (vs;j)s; mpu z € X;,s; €
Si,Sj € Sj, roe i # j.

Ipepgnoxenue 1. JIrw6onu (S, T)-6unoauron X ABIAETCA TOJUTOHOM
HaI MpAMBIM npoussegerueM S X T', ecau moJa0XuTh - (s,t) = (xs)t npu
r€X,seSteT.

NuTepecen BOmpoc 0 TOM, BEPHO U OOPATHOE, T. €. BCAKAN JIK IO-
auron X wag S x T sasasercsa (S, T)-6UnOIUTCOHOM, APYTUME CIOBAMA
MOXKHO JU ONPENeIuTh [JA 3JIEMEHTOB U3 X yMHOXKEHUS Ha DIEMEHTHI
s€SuteT, 9ro6sl BEIOIHATOCH YCIOBHE T - (S,1) = (x5)t7?

IIpepgnoxenune 2. Eciu S u T — monyrpynnsl ¢ equHULIEH, TO
Beakuu noauron Han S X T asaserca (S,T)-OUmOIUTOHOM, MPUYEM
x-(s,t) = (vs)tnpuz € X,s € S,t € T.

Hoxazameavcmeo. Onpenenum geuctsus noayrpynn S u T ma X
caenyromum oopasom: xs = x+(s,1),xt = z-(1,t) mpuz € X,s € S;t € T.
Henocpeacrsenno nposepserca, uro X - (S, T)-6unoauron. Ilpu sTom
7 (5,) =2 ((5.1) - (1,1) = (- (5,1)) - (1,1) = ().

3amMeTuMm, 9TO IJIA NOKA3ATEJLCTBA 3TOrO yTBEPXKIEHUA HEe Tpely-
eTcs, 9To0sI mouron Hax S X T 6bl1 yrumapwvim (T.€. 2+ (1,1) = x mpn
Bcex x € X).

Ecan nonyrpynnet S u T He uMeOT eqUHUILI, TO TOAUTOH HAL S X T'
MoxkeT He ABIAThC (S, T')-0UnomuroHoM — COOTBETCTBYIOLIMY IPUMED
nocTpoeH B pabore [4]. A ecin monyrpymnmna S nmeet equnuiy, a T — He
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nmeer? OKa3BIBACTCA U B DTOM CAydae CYMIECTBYET MPUMEp MOJUTOHA
Hax S x T, ue apnsawomerocs (S, T)-01I0IUNOHOM.

IIpumep. Hycre S = {e} U {(l;,r;)li,j = 1,2} — moayrpynna c
ymHOxkeHueM es = se = s Vs € S u (I;,75) - (lg,rm) = (liyrm), T =
{b1,b2]b;b; = b;} — AByXDIEMEHTHAS HOIYTPYIIa NPABEIX HYJEH. Die-
MeHTH noayrpymnst S X T' 6ygem sanuceBath B Buge (e, b;), ((1;,r;), by).
OueBugno, |S x T'| = 10. PaccMoTpuM OTHOIIEHNE SKBUBAJEHTHOCTH Ha
S x T, y KOTOpOro OAuH KJIAacC COCTOUT U3 daeMeHTOB (e,by) u (e,ba),
a Opyrue KIacChl OTHOMIEMEHTHHI. HeTpymHO BUAETH, UTO p — Mpa-
Basg koHrpysHumsa Ha S X T. Homoxum X = (S x T)/p. OgeBuano,
X — npasnit (S X T')-monuron. [Jokaxewm, uro ou ue sasasercs (S,T)-
OUIIOJIUT OHOM.

Ipeanonoxum, ato X — (S,7T)-6UNOIUTOH, U TIPUBEAEM DTO TpPE.-
MOMOXKEHNE K MPOTUBOPEYNIO. DJEMEHTH u3 X mnpoHyMmepyem: 1 =
{(e;b1),(e,02)}, 2 = ((l1,71),01), 3 = ((l1,71),02), 4 = ((l1,72),b1),
5 = ((llvTQ)vbQ)v 6 = ((lQarl)abl)a 7= ((lerl)vbQ)v 8 = ((lQaTQ)abl)a
9 = ((la,r2), b2). HencTBus snemenToB noayrpynnst S X T wa X 3anu-
IeM B BUIE OTOOPAXKEHUM:

(e.by) = (123436789
€)= { 122446688

123456789
((l1,71),b1) = < 222226666

123456789
((l1,72),b1) = < 444448888

123456789
((I2,71),b1) = < 622226666

123456789
((I2,71),b1) = < 844448888

(e.by) = [ 123436789
o (&02) = 133557799 )

123456789
((l1,71),b2) = < 333337777

((l1,72),b2) = < 555559999

123456789
((I2,71),b2) = < 733337777

123456789
((I2,71),b2) = < 955559999

123456789 )

Io mpeanonoxenuo X sapasercsa moauronom Hang S u wan T u (vs)t =
(zt)s =z - (s,t) npu s € S,t € T.
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ITpuMeHas JaHHOE PABEHCTBO K PA3IMYHBEIM DJIEMEHTAM TOMYTPYMI
S uT, ybexpaemcsa B Tom, 9to 1by = 1, 1by = 1.

Teneps umeem: 1(ly,7) = 1by - (li,r1) = 1((l1,71),b1) = 2. B 10
xe Bpems: 1(ly,7r1) = 1by - (l1,71) = 1((I1,71),b2) = 3. Mul monyuwmin
OPOTUBOPEYHE.

B sakmroueHme mokaxeMm, 9TO W B CIydae HECKOABKMX MOJYyTPYIII
S1,...,Sy MOIYT CyMIECTBOBATE MOJUTOHBLI HA T TIPAMBIM MPOU3BEICHAEM
Sy X ...%x Sy, He apasaommecs (S; X ... X S, )-MyJbTUIOIUTOHAMHY, TAKE
ecan Bee HOMyDpynmel S;, KPOMe OJIHOU, UMEIOT €IMHUALEL.

[encTBUTENBLHO, TyCTh S1, Sy — MOJYTpyNNLI U3 TPUMEPa, PACCMO-
TPEHHOr'O BHINE, npudém S; Ge3 eamnunsl, So ¢ egmuunen, X — 9-
DIEMEHTHHIN TOJAWIOH (M3 TOTO XK€ mpumepa) Hang S; X Sy, HE ABJIAKO-
wuncs (S, Sy)-6unoauronom. Ilycrs Ss,..., S, — OPOM3BOJIBHBIE IIO-
JyTpynnel ¢ enwHEWnamu (Hampumep, rpynmer). Onpegeanv aencTsue
ma X ouaemenToB m3 S; X Sy X S3 X ... x S, ciaegyrommMm obpa-
3oM: T - (81,89,...,8,) = @ - (81,82). HeTpynHo mpoeepuThb, 9TO TO-
ayantesa (S; X ... X Sp)-monuron, He sBasiommucsa (S; X ... X Sy)-
MYJIbTUIOJUTOHOM.
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O KOJIMYECTBE ®YHKIIUMN, MHBAPUAHTHBIX
OTHOCHUTEJBHO ITPEOBPA30OBAHNUA MEBNYCA

A. A. Masypos (Mockga)

Byaesnt n k-3Ha9HbIE QyHKINYU IMUPOKO NPUMEHAIOTCA B KPUITOTPA-
¢un n xubepretuke. B paborax [1] u [2] uccrenoBano mpeoGpasoBa-
HUE MEXIy IBYMs MPEACTABICHUAME OyJIeBLIX (DyHKIWN: B BHUAE BEK-
TOpa 3HAYEHWN W B BUJE MOJnHOMa sKeraikuua. DTo mpeobpa3oBaHue
JWHENHO, ¥ OHO MOPOXKIAET KJIACCH (PYHKIUU, KOTOPBIE ABIAIOTCA €ro
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COGCTBEHHBIME BEKTOpaMu. B »>Tux paboTaxX yCTAHOBIEHLI MOIIHOCTHU
TAKUX KJIACCOB (DYHKIUK, & TAKXKE MX UEPAPXWUA U CBA3L (DYHKIUU W3
HUX C APYTUMMW BAXKHBLIMYA CBOMCTBAMIU.

B macrosmen paGore npeacraBieHo 0600LIEHNE MOy YeHHBIX B [1] u
[2] pe3yabTaTOB Ha CaydYall TPEX3HAYHOU JOTUKH.

Mycte k — maTypaabuoe ducio, k > 2. MHOXeCTBO BCEX HATYPATb-
ueix qucen ot 0 go k — 1 obosuagaercs gepes Ey: Ep = {0,...,k —1}.

Dynryuet, k-3naunoti 402uKU 0mM N NEPEMEHHLIT HABBIBAETCSI OTO-
6paxenne f: E} — Fj.

MuoxkecTBO BCeX GYyHKIUN k-3HATHOU JOTUKHA OT N IEPEMEHHBIX 060-
suagaercsa Py (n). MaOXecTBO Beex pyHKUUM k-3HaAIHON JOruky (OT JIIO-
60ro KoIm4ecTBa nepeMeHHbIx) o0o3HadaeTcs Py.

Bexmopom znauvenuti pyHxkuum f, 3aBUCADIEH OT MEPEMEHHLIX
Z1,...,Tn, HA3LIBAETCA TOCICIOBATEILHOCTL 3HAYEHUN (DYHKIUU HA
Bcex Haoopax ot (0,...,0) mo (kK — 1,...,k — 1) B mekcukorpadude-
CKOM TIOpAKe, T. €. Ha Habopax, obo3Havapomux duciaa or 0 o k™ — 1
B k-WMHOW CHCTEME CIMCIEHUA B MOPALKE BO3PACTAHUA.

Hoaumomom B k-3Ha9HON JOIMKE HA3LIBAETCA (POPMYJIa BUIA

flzy, ... zn) = Z carites? . xem (mod k),

ackEy
1 a=20 ~
Fﬂexa:{x.x., . Oé;éo, CQEEkaa:(alz"'zan)'
N s

(6]

Yucaa ¢z HA3BIBAIOTCA K0IPHUUUEHMAMY NOAUHOMA. 3OECH U TATEE
CJOXKEHUE ¥ YMHOXKEHUE JIeMEHTOB u3 Ej (a4 uMeHHO, 3HAYEHUN mepe-
MEHBIX U 3HAYEHUU (QYHKIUY, KO3(DQUINEHTOB TOJMHOMA) BEIETCA IO
moayaio k. Bexkmopom xoagduyuenmos nommuoMa QyHKIUU HA3BIBAET-
Cs1 IOCIEI0BATENHHOCTD

II€ WHIEKCH PACIOJI0KEHBI B JIEKCUKOT PAPUIECKOM TOPSIIKE.

[l1a mro60ro mpocToro ducaa k u aobon ¢pyukuun f € Py cymecTsy-
€T W eIUHCTBEHHO TPEACTABJICHNE dTOU (DYHKIUU B BUIE MOJUHOMA C
TOYHOCTBIO 10 NEPECTAHOBKY CJIAraeMbIX [3].

IIpeobpazosanue Mébuyca —>TO 0OTOOPAKEHME, IEPEBOISIIIEE BEKTOD
3HaYeHNN (PYHKIUKM B BEKTOP KO3(P(PUIMEHTOB COOTBETCTBYIOIIErO €1
TTOJIMHOMA.

Ipeo6pasosanue MéGuyca — 3TO OMEKTUBHOE JUHEMHOE OTOOpAKe-
HUE B IPOCTPAHCTBE BEKTOPOB pasmepHocTu k™ [3, 4].
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Dyuknuwo f € P, HazoBeM cmayuonaproti gynrxyuet ommocumesbro
wP, p =1, ¢ xonemanmot m, eciu pP(f) =m - f, roe m € E;\{0}.

Cmayuonapnbim Kaaccom (Gynxyuii n nepemennbiz) ¢ Koncmanmoi
m omuocumeasho [P HA3OBEM MHOXKECTBO BCEX CTAIUOHAPHBEIX (DyHK-
Ui k-3HAYHOU JOTUKHU (3aBUCALIMX OT 7 IEPEMEHHEBIX) ¢ KOHCTAHTOM 11
OTHOCUTEJIBHO P,

Beegem caegyromee o6osuadenue: QF (n) = {f € P3(n) | p?(f) =

1. CTanuoHapHEIe OTHOCHTEIbHO 1 1 1? KIaccesl. DTu MHOXKe-
cTBa QYHKIUN OBLIN PACCMOTPEHEI paHee B pabote [5]. Brun ycTanoBieH
0o0UY BUJ BXOIANIMX B OTH MHOXKECTBA (PYHKIUU, a TAKXKe HAWICHEI
MOIIHOCTH 3TUX MHOXKECTB.

2. CranmoHapHBIE OTHOCHTEJLHO [, KJacchkl. Beegem caenyio-
mee 0003HaAYECHUE:

Ri(n) = {f € P3(n) : p*(f) +i-p(f) = f}, i=1,2.

Teopema 1. Hmerom mecmo pasencmea
Qi (n)] = |Q1(n — 1) x |Ri(n — 1),
Qa2(n)| = |Q2(n — 1)| x |Ra(n — 1)].

Teopema 2. HUmerom mecmo pasencmaea
|Ri(n)] = [Ri(n = 1| x |Q1(n - 1),
|Ra(n)] = [Ra(n = 1)| x |Q1(n — 1)].
Teopema 3. Hmeem mecmo pasencmeo
[Ri(n)| = |Ba(n)] = 33" ~(707).
Teopema 4. Umerom mecmo pasencmea
1Q1(n)| = 353" +6+(=1)")
1Q2(n)| = 3§(3"72+(—1)")_

Pa6ora Bemmonuena npu nogaepxke PODU, rpant Ne12-01-00706-a.
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KPUTEPUMN HEBBLIPOXK IEHHOCTHU .
NEPNOANYIECKUX k-3HAYHBIX ®YHKIINUN
B KJIACCE IIOJIAPN30BAHHBIX ITOJIMHOMOB

H. K. MapkenoB (Mocksa)

B paboTe paccMaTpuBaoTCA PYHKIINN MHOTO3HAYHBIX JOTUK. [lonn-
HOMUAIBHBIE (DOPMBI ABAAIOTCA OJTHUM U3 PACIPOCTPAHEHHBIX CIIOCOO0B
3agaHusa (PYHKIUU MHOTO3HAYHBIX JOrUK. VccaenoBanmne CI0XHOCTH 3a-
naHusa PYHKIUKA MHOTO3HAYHBIX JOTUK B KIACCE TOIMHOMUATBHEIX (hOpM
BaXHO C TEOPETUIECKON U MPAKTUYIECKON TOYEK 3peHus. U3BecTHO, 9TO
MPU MPOCTHIX k QYHKIMYU k-3HAYHOU JOTUKU TPENCTABUMEBI OOBLIMHLIMEA
HOJMHOMAME 110 MOAYyIio k enuHcTBeHHBIM 00pasoMm [1]. Uccregyorcs u
0osee O0IIMEe MOHATUA MOJTMHOMOB — TOJIAPU3OBAHHBIE U 000OIIEHHBIE
[IOJIMHOMBI.

B knacce monspusoBaHHBIX MOJUHOMOB AJs OyJeBBIX (DYHKIUNA HAU-
aeHo TouHoe 3Havenue Gyuxkuun lennona [2]. B ciyygae k > 3 nangens
BepxHsasa [3] u HuxkHAA [4] onenxkn dyuxunmum [lennona./lns momspuso-
BAHHBIX IOJIMHOMOB Ipu k > 3 HUXKHASA U BEPXHASA OLUEHKU PACXOAATCSA
ACUMITOTUIECKH.

B macTosmen paboTe paccMaTPUBAETCA TMOAXO0, TTO3BOMAIOIIAN OIIe-
HUTH CIOXKHOCTH NEPUOAUIECKUAX (PYHKIMN k—3HATHOU JOTUKHA B KIACCE
[OJAPU3OBAHHBIX IOJMHOMOB.
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Mycts k > 2, B, = {0,1,...,k — 1}. ®yuxmua f(Z") HasuBaercs
Pynxyuet k-3naunoti no2uru, ecau Ha BCAKOM Habope & € E} ee 3Ha-
genue cogepxkurca B Ej. Oyuxumio k-suaunon goruku f(Z") MOxHO

3a7aBaTh BEKTOPOM €€ 3HAYCHUU 07’]2" = (ag,Q1,...,Qgn—1), TlE KO-
opaOMHATA (i — DTO 3Ha4YeHme QYHKIUM Ha HAGODE, MPEACTABIIIOIEM
3aNUCh YUCIA | B k-U9IHOU CUCTEME CUUCJIEHUS.
IToanpuzosannbim O BeKTOPY nouspusauud o = (o1,...,0,) € Ef
NOAUHOMOM HA3OBEM BBIPDAKEHUE BUIA
Z cj(a) (z1 +01)" - ... (T +00)"",
a=(a1,...,an)EE}

B KoTOpoM cf(a) € Ej, — HeKOTOpHIe KOd(pUIUeHTHL.

B [3] mokasano, 9TO A1 KaxkIOUO BEeKTOpa modspusamuu o € EP,
kaxnas Gyskuus f(E") € P mpejcTaBuMa MOIIPU30BAHHBIM IO BEK-
TOpPY 0 TOIWHOMOM €IMHCTBEHHBIM 00pa3oM. I10MApU30BAHHEIN MO BEK-
Topy o € E}} nomusom Qpysxuuu f(2") € P’ 6yxem o6osuagars P7(f).
HazoBem sexmopom koadduuuenmos TOMAPU3OBAHHOTO IO BEKTOPY TIO-
aspusauuu o € E}' noanroma yrkuuu f(Z") € P’ BeKTOp 3Ha4eHHH
byrxmmm cf (2").

IIpeo6pasosanne Wy : EX x E, — EF, nepeponsmee sexTop dbynx-
UM OJHOU TIEPEMEHHOU B BEKTOP €€ MOJAPU30BAHHOTO TIOJMHOMA, OTIH-
caHo B [5].

Beenem xapakTepuCTWKy CJIOKHOCTH (DYHKIHU K-3HAIHOW JOTUKH
B KJIACCE MOJAPU3OBAHHLIX MOAMHOMOB. Caosxcnocmuio [(P7) noaunoma
P?, monspu30BAHHOTO MO BEKTOPY 0, HA30BEM UHUCIO €r0 CIATAEMBIX C
uenyaeBbiMu Koddduimertamu. Caoxncnocms Gynkyuy k-3HATHON IO~
Ku [ B KJIACCE TMOMAPU3OBAHHBEIX MNOJIMHOMOB ONPENeaAeTCA KAK MUHH-
MAJTBHAA [0 BCEM MOJIAPU3AMUAM CIOKHOCTH MOJMHOMA, PEATU3YIOMErO
3Ty (PyHKIIUIO:

L(f) = min I(P7).
o€EE}

Iepuoduueckoti Pynryuet nepuoda t < k™ OGymem Ha3BIBATH (DYHK-
Mo k—3HavHON JTOTMKY, BeKTOp 3HadeHmin &@* koTopoit o61agaer cie-
AYIOLIUM CBOUCTBOM: ; = airt(i = 0,k™ —t). Ilocaedosamesvrocmbio
nepuoduueckur ¢ mepmonoM p @Pymkyut OymeM Ha3BIBATL MOCJAEIOBA-
TeTbHOCTH {f,}, COCTABIEHHYIO U3 TIEPUOAMYIECKUX (DYHKIUY C OIUHA-
KOBBIM TIEPHOOM P OT PA3IAYHOrO KOMUIECTBA TIEPEMEHHEIX DPABHO-
ro mHAeKcy (yHKIUM B MOCIeIOBATENLHOCTH. s nocaedosamenvro-
cmu nepuoduveckus Pywxyut {f,} onpememum ee caoxncnocmy B Kiac-
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ce TOMAPU3OBAHHEIX MOMUHOMOB Lis 1(n) = L(f,). HocrenosaTemsuo-
ctu GyHKIMNA k—3HAMHON JOTUKM (BMECTE ¢ QYHKIHMAME, UX COCTABIA-
IOMIVMIY), CIOKHOCTb KOTOPBIX B KJAACCE MONAPU3OBAHHBIX MOJMHOMOB
Lgg.1(n) = o(k™), Oymem Ha3BIBATE 6b1p0HCIEHHDIMU.

Mycts nepuon p € EF (T > k), obosunauum p¥) € EF neprrie k mosu-
UV DUKIWIECKOTO CIBUTa mepuona P Ha ik nosummn Baeso. (HerpyaHo

3aMETUTh, 9YTO €CIN MONEJATH BEKTOP 3HAYEHUN TIEPUOAUIECKOUN (yHK-
IUY NIEepUofa P OT 7T MePEMEHHBIX Ha NATEPKM KOMIIOHEHT U IIPOHyMe-

pOBaTh WX, HAYMHAA C HyJsd, TO PV} — j-s maTepka, rae i < 571
Beexem npeoGpasosanue Q% : El x By, — (E])T suga:

O3 (5, 0) = (Wi (3, 0)[0], Wi (5, 0)[0],..., Wi (5'"~Y, o)[0])
(Wi (3, o) 1], Wi (3, 0)[1], ..., Wi (3'"=Y, o)[1])
W32, o)k = W, 0)[k = 1],..., Wi 3"V, 0) [k — 1])).

3

gy

Teopema. I[locaedosamesvnocmv nepuoduueckur @Gywkyui c ne-
puodom p weswvipoxcdena mozda u moavko mozda, koe2da Vi >

0,VYoo,...,0j—1 6ce (Q’%)Joﬁpas’bz p omauunst om (00...0).

IIpu momomu 5Toro moaxoaa OBLIN AOKA3AHBI CJAEAYIOMINE Y TBEPK 1e-
HUS:

CaegcrBue 1. Ilocaedosamesvnocmu nepuoduueckur Gynryui
mperanaunot ao2uku c¢ nepuodamu 1122,2112,2211,1221,0102, 1020,
0201, 2010 s8aat0mca HEBBLPOHCOEHHBLMU.

CaegcrBue 2. Bee nocaedogsamensrocmu nepuoduveckus Gynkyui
NAMUBHAUHOT A02UKY ¢ NEPUOJaMU JAunbl 6 ABALOMCA BLIPOHCIEHHBI-
M.

CuaeactBue 3. Bce nocaedosamesvnocmu nepuoduseckus Gynxyut
NAMUSHAYHOT A02UKY C NEPUOIGMY AUNBL T U CYMMOT KOMNOKENM Ne-
puoda pasrot HYA10 NO MOOYAIO 5 ABAAIOMCA HEBLIPOHCOEHHBIMU.

Pa6ora Brmmoanena npu ¢unancosoun noxgaepxke PDDU (mpoext
12-01-00706-a)
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3AMKHYTBIE KJIACCHI B P, OIIPEJAEJAEMBIE
3HAYEHUSIMU OYHKIIUA HA ITAPAJIJIEJJOTPAMMAX

Od. I'. Memauunos (Mocksa)

IIycte k — cocTaBHOE YMCIO, MMEIOMIEE ABA COOCTBEHHBIX B3AUMHO
npocteix gemutens: k = diday, 1 < dy < k, 1 <ds <k, (d1,d2) = 1. B
naabHenmeM pasioxenue k = dids canTaem QpUKCHPOBAHHLIM, 3HAKOM
+ 0603HaYa€EM OMEPALNIO CJAOKEHHUA IO MOIYII0 k.

Nnsa puxcuposannbix BexkTopos ¥ € EY, A € Ej \{0}, B € E} \ {0}
MHOXKECTBO

{4, 4+ Ady, ¥+ Bdy, 7+ Ady + Bdy}

HAB0BEM NAPAAACAOPAMMOM ¢ Bepwunot v u cmoponamu Ady, Bds.
Bynem rosoputs, uto dynxyus f(&) us P} obaadaem ceoticmeom na-

padagesoepamma, uia kpatko I-ceoticmeom, ecmu aasa scex &, A, B u3
E}} BEIMOMHAETCS PABEHCTBO

f(&)+ f(& + Ady + Bdy) = f(& + Ady) + f(& + Bdy).

Ipu sTom He nckouaorca A =0 u B = 0.

Ecau ma xax nom napauiaenorpaMMe (yHKIUA JuO0 HE UMEET 3HAYe-
HUI *, Tu00 UMEET He MeHee Tpex (T. e. TPU WU YeThIPEe) 3HAUCHUU *,
TO Takasa pyHKIUa 0baagaeT I1-CBOMCTBOM.

IMokaxkeMm, kKak CBOMCTBA 3HAYCHUN HA MAPALIEJIOrPAMMAX BJIUAIOT
HA BBIPA3UTEIbHBIE CTIOCOOHOCTU YACTUYHBIX (DYHKIUA U BO3MOXKHOCTH
UX JIOONPEeNeHUs [0 XOPOIIO U3YIEHHBIX OTOOPAXKEHUN, COXPAHAIOIINX
cpaBHeHUsA MO 060uM MOIyJsaM di, dy, B 9ACTHOCTH, A0 MOJUHOMOB TI0
Moxy.aio k.
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Panee Obutu onucaHbl CACIYIONINE 3aMKHY Thie KIACCH.
* o o . ~ _ N
1. Knace Cj, ;, dynknui f, obnajalomux CBOUCTBOM: ectn & = 3

(mod d;), o mabo f(a) = f(B) = *, mbo f(&) # *, f(B) # *, f(a)
f(B) (mod d;), i=1,2.
2. Knacc C*(dy,ds) dyuxuun f, ygoBJI€TBOPAIOMIAX YCIOBUIO: €C/IA

& = f (mod d;), To mbo f(&) = %, mb6o f(B) = %, mbo f(@) # *,
FB) # % £(@) = f(B) (mod dy), i=1.2,

DyHkuuy >TUX KJIACCOB MOMXKHO [TOOMNPEIEJUTL OO OTOOpaKeHuun
knacca C(dy,dy), COXpaHAIOIUX CPABHEHUA O MOAYJIAM di U da, ¥ 10 TIO-
JIMHOMOB 110 MOAYJit0 k (0HE 06pa3yrT Kaacc Po); IMEIT MECTO BKJIKOUe-
HUA

Po C C(dl,dz) C 0317,12 C C*(dl,dg).

Oamako xmacc C*(dy,ds) xapakTepusyercsa ”GOJBIIEH CTENEHBIO HE-
onpegenerHocTH” , YeM kaacc Cj ;. . OH 6osee y1aleH OT KIacCOB BCIOAY
OTpeeJeHHBIX (YHKINH.

O6osuaunm uepes Par(di,ds) xracc Becex yHKIuuU, 067aJAIOMMAX
[I-cBoucTBOM.

Teopema 1. Hmeem mecmo pasencmeo

C*(dy, dy) N Par(dy, dy) = Cg, 4,

Teopema 2. Ecau gynxyus f xaacca C*(dy, ds) umeem na nexomo-
POM NAPAAAELAODAMME POBHO 00HO ZHAUEHUE *, MO

[Ciy a0 UL} = C*(d1, da).

Beexem Takxe nogkiaacc Pary(dy, ds) xnacca C*(dy, ds), cocrosumn
u3 BCeX (PYHKIUU, KOTOPBIE HA KAXKIOM Mapaienorpamme Ju6o He mpu-
HUMAIOT 3HAQYEHME *, MO0 MPUHUMAIOT €r0 HE MEHEee IBYX pa3.

Teopema 3. Kaacc Pary(dy, ds) 3amxuym u ydosaemeopsem cmpo-
2UM BKANUEHUAM

0517112 C Par?(dladQ) C C*(dl,dg).

Teopema 4. Kaacc Pary(dy,ds) asasemcsa npednoanvim 8 Kaacce
C*(dy,ds).

Takum 06pa3oM, BO3MOXKHA Cleqyomas Kiaccupukanns (yHKIIT 13
C*(d1,d>) mo HAMUYMIO IAPANIEIOTPAMMOB C PA3IAIHBIM YUCIOM 3HATE-
HUN *:
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eCaM Ha KaxKJOM MapalIeIorpaMMe He MEHee TPeX 3HAUCHUU * WIn
mX HeT BooGmie, TO ¢yHKmusa npuHamTeRuT Kraccy Cj ., B TacTHO-
CTH, TAKOBEIMU SBIAIOTCA BCIOLY OTNPEIETCHHBIE W BCIOAY HEONPEIeTeH-
Has QpyHkuun (”SKCTpeMaabHas CTENeHb HeONpPeqeJeHHOCTH );

eCaM Ha KaXKJAOM TapaiieJorpaMMe IucI0 3HAY9eHuN * papHO (0 mam
He MEHbIIE ABYX, TO (pyHKUMs OpuHaniexuT kaaccy Pars(dy, ds);

€CJAM UMEeTCA TMAapaLIeJorpaMM, Ha KOTOPOM (DYHKINA TPUHUMAET
3HAYEHNWE * POBHO OIWH Pa3, TO 3Ta (PYHKIUA BMECTE C DIEMEHTAMU
kracca Cj , mopoxpaer Beck kracc C*(di,dy), T. e. obragaer Han-

Goabinen B kaacce C*(dy, dz) BHIDA3BUTEILHON CHUION.

O ITIOPOKAJAKOININX CUCTEMAX HEKOTOPBHBIX
3AMKHYTbBIX KJIACCOB MOHOTOHHBIX
PYHKIINU TPEX3HAYHOU JIOTUKN

A. B. Muxawrosn4 (Mocksa)

O6o3nauum vepes MR MHOXECTBO BCEX MOHOTOHHEIX OTHOCHUTEILHO
mopsaaka 0 < 1 < 2 ¢yukuun u3 Pz, IPUHUMAIOIIAX 3HAYECHUSA TOJBKO
u3 muoxecrBa {0,1} u paBHBIX Hy/JI0 Ha Ha0OpaX, COLEPKAIIUX XOTs

OBl 0HY HyJAeByI0 KOMIoHeHTy. O6o3nayuM depe3 MR muOX)ecTBO BCex
dbyukun n3 MR, nprHIMAOIUX HYI€BOE 3HAYEHUE HA HAOOPAX, COCTOA-

muX U3 OAHUX eAuHuL, a depe3 MS (coorsercrBenno MS) — mHOXKECTBO

Bcex cummerpuieckux pyuxuun u3 MR (coorTs. 1\@)

B [1, 2] paccMOTpeHBI HEKOTOPBIE CEMEMCTBA 3aMKHYTHIX KJIACCOB,
MOPOXK JEHHBIX MOHOTOHHBIMYU CUMMETPUYIECKUMYU (DYHKIUAMY; I HUX
MPUBEIEHB KPUTEPUU OAZUPYEMOCTU U KOHEIHOU TOPOXKAeHHOCTH. B
namHOU pabore mis xkaaccoB MR u MR [IOJIyY€HO ONUCAHUE BCEX MOPO-
K JAOUIUX CUCTEM, COCTOSMIMINAX U3 MOHOTOHHBIX CUMMETPUYIECKUX (PYHK-
mmi. Bee He0OX0AUMbIE OMpeIeJeHns MOKHO HanTu B [1—3].

IIycts f € R. Byaem o6o3na4aTs 1epe3 Ny MHOXKECTBO BCeXx HAGOPOB
3 EY | na xotoprix ¢pyukius f npuauMaet 3uadenue 1. Jucio exuunn n
9mCI0 ABOeK B Habope u3 Ny ¢ HamOOMBIINM YHCIOM eIUHUAL 0003HATIM
gepe3 ef U df COOTBETCTBEHHO.
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O6osuaunm qepes i, (T1,...,2Tn), > 1, QYHKIUIO U3 MHOXECTBa,
MR, npunuMmaromyo 3Hadenue 1 Ha Bcex HabGopax u3 {1,2}". Iomoxum

I= U {Zn}a

n>1
OTMmeTuM cremyomee CBOUCTBO MHOXKeCTBa | :
I=[{in}]

O6Gosunauum wepes g;(z1,...,%;) Takyoo QYHKUUIO u3 MHOXKecTBa MS,
A1 KOTOPOU BBHINOMHAETCA PABEHCTBO €y, = ¢ — 1. Ilomoxkum

G = U{gi}-

i>1

IIycte n € N, @ € {1,2}", Onpegenum ¢yuxuuio fz(r1,...,T,) u3

MR ma nHabopax u3 {1,2}" caeayromum obpazom. Ilomoxum

fa(g) _ { 0, ecim E < a

1 B ocTanbHBIX CIIyvasax.

ﬂ;OKaBaTeJII)CTBO OCHOBHBIX DE3YJbTAaTOB OCHOBBIBACTCA Ha CJAECOYIO-
X JeMMaXx.

Jlemma 1. ITyemv n € N, @ € {1,2}". Toeda fz € [Mﬁ]

[asa noKaszaTembCTBa JOCTATOYHO MOKA3aTh, YTO €CIA B HaOOpe &
CONEPKUTCA € eAuHuIll, TO GyHKIuA f5(x1,...,T,) TOPOKAALTCA PYHK-
uuent g(z1,...,Tm) € MS, rae m = (n—e)(e+1), e, = (n — e)e.

Jemma 2 [1]. Iycmo f(z1,...,2n),9(T1,...,Zm) E MS, n > m > 1.
Tozda ecau ey > ep, mo f € [{g}]-

Caencrue. I[Iycmo f(z1,...,z,) € K-/[g, 2—; > m dad HeKomopozo

m € N. Tozda g, € [{f}].
Teopema 1. ImefoT MeCTO CAenyIOMINE PABEHCTBA:

MR = [MS]; MR = [MS].
[lns moxazaTeabCTBA MEPBOrO PABEHCTBA AOCTATOYHO MOKA3ATh, ITO

s mobou qyukuuu f(zq,...,T,) 13 MR CyIIECTBYET IUCIO ¢ 1 (PyHK-
nun f&u KR fa“ TaKue, ITo f € [{fa17 s 7fangn+t}]' Torna B cuny
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aemMmel 1 BemmonHseTcs pasencTBo MR = [MS]. Bropoe noayuaercs u3

IEPBOrO € UCHOAL30BaHueM cooTHomennrn MR = MRUI u MS = MSUL
JlemMma 3. UmeroT MecTO creyioniue paBeHCTBA:

MR = [G]; MR =[G Uis].

C ucnosnp3oBaHUEM JEMMBL 3, CIECTBUA U3 JEMMbI 2 U CBOUCTBA MHO-

xkectBa I, a1a maoxecte MR u MR nonyvaem onucanme mopox [aronmx
CUCTEM, COCTOANMX U3 MOHOTOHHBIX CUMMETPUIECKUX (DYHKIIUU.
Teopema 2. meroT MecTo claenymomme yTBEPXK JeHU.

1. IIyemy» A C MS. Pasencmeo MR = [A] svinoansemea 6 mom u
Moabko mom cayuae, Ko2da daa awbozo n € N cywecmsyem @ymrxyus
f € A, maxas, umo 2—’; > n.

2. Ilyemv A C MS. Pasencmeo MR = [A] swinoansemca 6 mom u
MOALKO MOM cayuae, koeda daa aoboeo n € N cywecmeyem @ywkyus

e .
f € A, maxas, wmo ﬁ > n u cywecmsyem m € N, maxoe, umo i, € A.

AsTop BEIpakaer 6arogapuocts npodeccopy A. B. Yroasuukosy 3a
MOCTAHOBKY 3a0a4U U TIOCTOSHHOE BHUMAHUE K PaboTe.

Pa6ora Beimonnena npu ¢uuancosou noxaepxke PODU (npoextsr
Ne 11-01-00508, Ne 12-01-31351) u IIporpammel ¢dyHIaMEHTAIBHBIX UC-
crepoBanuu Orpenenus maremarudeckux Hayk PAH «Aare6pandeckue
7 KOMOWHATOPHBIE METOIbI MATEMATUYECKON KUOEPHETUKY U UHPOPMA-
LUOHHBIE CUCTEMBI HOBOI'O MOKOJIEHUsD) (IPOEKT «3a4a4d ONTUMAILHOIO
CUHTE3a YIPABIAIIIAX CUCTEM) ).

Croucok auTepaTypbl
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2. Muxaunorua A. B. O cBOUCTBAX 3aMKHYTHIX KJIACCOB B Pj, mopo-
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3. flomouckun C. B. Beegenue B AUCKPETHYIO MaTeMaTuky. — M.:
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O IMEPECEYEHUAX KJIACCOB MOHOTOHHBIX
DOYHKIINU MHOT'O3HAYHOMU JIOTUUKHA

A. C. Haropuem (Mocksa)

Mycrs k > 3, By, ={0,1,...,k— 1} u P, — MHOXeCTBO Bcex (pyHK-
uun #Ha Ejy. daemenTer mHoxecTBa Pj OyaeM Ha3bIBATL k-3HAUHbIMU
dynryuamy win Gyurxyuamy k-3naunot 102uKU.

Omnpenenenus cynepnosunmu k-3HAIHBIX (DYHKIWH, 3aMBIKAHWAA, 3a-
MKHYTOIO KJIACCA U MOJHOTHI MOXKHO HAUTH B [1].

3aMKHYTHE (OTHOCHUTENBHO cymnepunosuuuu) kiaacc H dyuxoun k-
3HAYHOU JOTUKHU HA30BeM npednoanvim 68 Py, eciu H # Py, HO 1y1a m060u
dyuxuun f € Py, \ H 3ambikanne muoxectsa H U {f} comagaer ¢ Pj.

WMssectHo [2], 9To mpu kax oM k > 3 Bce K1acchl k-3HAYHBIX (DYHK-
U, MOHOTOHHBIX OTHOCHTENLHO YACTUIHLIX NOPANKOB Ha Ej ¢ maw-
MEHBIIUM U HAUOOJBIINAM B3JIEMEHTAMU (T.H. OCPAHUYEHHBIC MOPAIKH),
ABAAIOTCA (PYHKIIMOHATHHO 3AMKHYTHIMY U MPEATOTHBIMEA B P

Paccmorpum ©f — MHOXKECTBO BCEX JUHEUHBIX MOPSAAKOB Ha Ej, u

~

O) — MHOXECTBO BCEX YACTUYHBIX MOPAIKOB Ha K}, uMmerommux Hau-
MeHBH_II/Iﬁ n HaH6OJIBH.IHﬁ JIEMEHTHI 1 TaAaKUX, IYTO OCTAJBHBIE 3JIEMEHTEL
B HUX IIOIIaPHO HECPABHUMBI.

3amuce (bg, by, ...,bk—1) € O 0O3HAYAET, YTO PACCMATPUBACTCA JIU-

HEWHBIN HOPAAOK by < by < ... < bi_1, a 3anucek {¢,d} € Oy, o3zHauaer,
YTO PACCMATPUBAECTCA JACTUIHLIN HOPALOK C HAMMEHBIINM 3JEMEHTOM
¢, HAUOOJIBLIINM BJEMEHTOM d U MOMAPHO HECPABHUMBIMU OCTAJILHBIMIA
3JIeMEeHTaMu MHOXecTBa Fy.

O6o3naanm gepes My, p,,....b,_, MHOXKECTBO DYHKIMA Kk-3HAYHOH JIO-
UKW, MOHOTOHHBIX OTHOCUTEALHO mopaaka (b, bi,...,bk—1) € Oy, a
wepe3 My, g3 — MHOXECTBO k-3HAYHEIX (DYHKIWEA, MOHOTOHHBLIX OTHO-
curensHO mopsaaka {c,d} € Oy.

Samerum™, 910 My b0, = My,
STOMY TaKue KJIACCHI B 3TOU paboTe MBI Pa3audaTh He OymaeM.

Jlerko mpoBepuTh, U4TO mpH Jw6oM k > 3 mmeercs poeHO k!/2 mo-

[APHO PA3JIMYIHBLIX KIACCOB mepBoro tuna (T. e. Buga My, by, bp_y), &

Y

Lbibo B Mye gy = My oy, To-

1y

npu ao6om k > 4 — pOBHO (g

tuna (T.e. Buga M. 43). O603HAINM MHOKECTBO BCEX KIACCOB MEPBOIO

) TIONAPHO PA3JMYIHBEIX KJIACCOB BTOPOI'O

Tuma gepes p¥, a BToporo Tuma — wepes ji*.
B mamHOmM paGore GygeM pacCMaTpPUBATHL HEKOTODBIE MEPECETeHNS
K1accoB m3 MHOKecTBa pb U ik,
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Oycte A¥ = {0,1,...,k — 1,2} (¢ TOYHOCTBIO A0 KOHIPYSHTHBLIX
dyHKIMNR).

[na npoussoasssix E C Ej n b= (bo,b1,...,bg_1) € O obo3HAIUM
E (7 _ . E (5 _ i E(\ _ 7E (i\ _ 7E (}
Imax(b) - rb?g%.(% Imin(b) - IEIEHEIZ, A (b) - Imax(b) Imm(b)'

Yreepxaennme 1. [Tycmo p >2 u bl = (bg,b{, .. -abiq) € O npu

= AF < npu ecex E C E,

J
bl

p
scer 1 < j < p. Toeda () Mbé bi
Pl R

maxuz, wmo 1 < |E| < k, evinoaneno max AF (b)) > |E|.
1<j<p

Cnegcrsue 1. 1. Jas m06vix xaaccos K, Ko € p sepno KiNKy #
A3. 2. ITpu scex v > 2 cnpasediuso

_ 2r+1
Mo,...or N Map_29r_4...202r1,3,.2—1 = A .

CneacrBue 2. Ilpu scex r > 2
_ A2r.
1) Mo, or—1 VM3, 201,02, 2r—42r—2 = A°";

— A2r
2) Mo, 2r—1 N Myp_12p—1r—22r—2, .1r+1,0,r = A7

P
Caegctsue 3. Ilpu scex p > (k — 1)! cnpasedauso (| K; = A*,
j=1

2de 6ce K; — mpoussoavhvie nonapro pazauunsie xaaccol u3 pik.
Ormerum, uto mpu so6om k > 3 B p* maiayrea (k — 1)! momapuo
PA3TUYHBIX KJIACCOB, TIEPeCceTeHre KOTOPHIX He pasHO AF.
Yreepxaenne 2. /Jas mobviz waaccos Ky € ¥ u Ky, € p* uph
sepno K1 N Ky # Ak,
ITpu Bcex s,t € Ej, monoxum

s, t=

s,s+1,....t, ecmms <t
s,s—1,...,t, wuHaUe.

Paccmorpum Bompoc 0 HEOGXOIUMBIX U JOCTATOYHBIX YCIOBUAX BIO-
JKEHUA TepecedeHuit KIaccoB w3 muoxkectna uf U fif B xmace M=
OOBLIYHBIX MOHOTOHHBIX k-3HAYHBIX ()yHKIIUAN.

3aMeTHM, UTO BCe Tepecevenus Kaaccos, paHble A* (B wacTHOCTH,
BCE YKA3aHHBIE B OPMYIUPOBKAX YTBEPKACHUA 1 U CACICTBUN U3 HETO),
LEeJUKOM COJEPKATCA B Kaacce Mm. NwmeroTcsa u apyrue mpuMepb

BJIOKEHNA Tepecedennd kaaccos 3 pk U ik B xmace Myt
:
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YrBepxaeune 3. [asa awboeo |, ydossemeopaowezo Hepasen-
cmeam 0 <1 < k — 2, cnpasedauso ea0mxcenue

Mi—r7r1 57 N Mgg C M

=101, 0,0, F=1,0+1 0,k—1"
Iycte Shift(bg,b1,...,bk—1) — MHOXKECTBO BCEX JMHENHBIX HOPIKOB
(co,¢1,...,Cr—1), kOoTOpBIE momydaorcsa usd (bg,by,...,bg_1) € O He-

KOTOPBIM IMUKTUIECKUM CIBUTOM, T.€. C; = bjiy (mod k) TPW HEKOTOPOM

s € By, u Bcex i € Ej. [lanee Bcrony cumtaem, 4to k > 4.
Yreepxaenue 4. Mgy 1y N Mpgp,,.. b0, © Mgz moeda u

moabko moezda, Ko2da

(b(),bl,...,bk_1) € Sh’Lft(O,l,,k‘ — 1) U Shlft(k}— 1,...,1,0).
YrBepxaenue 5. Ilycms 0 <l <k —1.

Moy N Myg by, ey € Mm moeada u moavko moeada, ko2da

(bo,b1,...,bp—1) € {(k—-1,1,0,l—-1), (I —-1,0, I,k —1)}.
YrBepxaenne 6. I[Tycmv c¢,d € E, \ {0,k — 1}, ¢ # d. To2da das

scex xaaccos K € p* svinoamsemes MiqyNK € Mgz

IMomoxum
2, ecmm k = 4;
po(k) = 3, ecau k =5;
[E=L], ecom k > 6.
Yreepxaenue 7. IIpu scex k > 4 u npu scex Ko € pf

1) npu2 < p < po(k) das moboiz Kaaccos K1, Ko, ..., K, € i* sepno
p
N K; € Ko;
j=1
2) npu p > po(k) matidymea xaaccor K1, Ks,...,K, € i* maxue,

P
Ymo K; C Ky.
Jj=1
B sakmouenne aBTop BhIpaxkaeT OaarogapHocTb A. A. Bopomenko

3a moctanoBky 3agadu u C. C. Map4ueHKOBy 3a IIEHHBIE 3aMEYAHU.
Chaucok autepaTypsl
1. fl6aouckuu C. B. Beegenue B nuckpeTnyio mareMaTuky. — M.:
Hayxa, 1986.
2. Maptoiaiok B. B. UccregoBanue HEKOTOPHIX KIACCOB (DYHKIUN
B MHOrosHauselx Jjorukax // IIpobaembr kuGepmermxu. — 1960. —

Bem. 3. — C. 49-60.
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O IIOJTHOTE CUCTEM .
MOHOTOHHBIX OJHOMECTHBIX ®YHKIIUH B P,

. FO. ITanun (Mocksa)

PaccmaTpuBaeTca 3amada 0 MOMTHOTE CUCTEM OJHOMECTHHIX (DYHK-
UUU MHOTO3HAYHOU JIOTMKWM, MOHOTOHHBIX OTHOCHTENBHO YaCTUIHOTO
mopsigka crenuanabHOro Buga. [logo6HbIE BOIPOCE! BOZHUKAKT PU U3Y-
YEHUM CBOUCTB TPEATOJHBIX KJIACCOB MOHOTOHHBLIX (DYHKIUN, HE UMEO-
MUX KOHEYHBIX NOpOXKgalommx cucrteMm [3—6]. B pabore moayden kpu-
TepUll MOJHOTHL A/ PACCMAaTPUBAEMON (DYyHKIMOHAIBHOU CUCTEMBL (CM.
Takxe [7, 8]).

Bce meoGxoguMble ompeneneHus MoxHO Hautu B [1, 2]. Ilyctes P —
HEKOTOPOE MHOXECTBO, & < — YaCTUYHLIN mopamgok Ha P. Ilycts
a,f € P. Ecin gis 5Tux 371€MEHTOB BBIMOJHAETCS MO KPAUHEN Mepe
onHO 3 cooTHOmeHn o < 3, f < @, TO 5TU DIEMEHTHI HA3BIBAIOTCA
CPABHUMbIMIU, B IPOTUBHOM CIyIae — HECPABHUMbLMU.

Byaem o6o3HavaTh uepes Mfm MHOX€eCTBO BCEX O,THOMECTHHIX (PyHK-

nui f(x), onpeneneHHBIX HA MHOXKECTBE P, IPUHUMAIOMUX 3HAYEHU U3
P, MOHOTOHHBLIX OTHOCUTENLHO YaCTUIHOrO MOPAAKA <, U TAKUX, 9TO
f(0) <6 nna scex § € P. PaccmaTpuBaeTca 3aaada peanusanun QhyHK-
WA 13 Mfw dopmyaamu.

Iycte n > 1. Mlonoxum @y, = {0, a1,a},...,ax,a,}, roe 0 < k < n.
MonoxkuM Q = @y, ag = aj = 0, MuoxectBo A; = {a;} U {a}}, rae
0 <i < n, 6yaeM HA3LIBATD i-blM CAOEM.

Bremem Ha preMeHTaX MHOXKECTBA () OTHOIIEHNE YACTUIHOTO TTOPAI-
Ka < caeayomuM o6pa3om:

1) e; < ej QIABCEX €;, €, TAKUX, 9TO &; € Ay, g5 € A;,0< i< j < m,

2) e <€ mua Bcex € € Q.

Iycte € € @ \ {0}. Yepes c(e) Gynem 0603HAYATE DIEMEHT, HECPAB-
HUMBIA C 3JIEMEHTOM E.

Henvto dauner m, 1 < m < n + 1, O6ygeM Ha3LIBATHL TOCIEIOBA-
TEIBHOCTHL JeMEHTOB bg, b1, ba, ..., bpy—1 € @, TaKux, 49TO IJId BCEX
i =0,...,m — 1 smement b; npunagiexur MuoxectBy A;). Yepes Cp,
OyaeM 0003HAYATHL MHOXKECTBO BCEX LEMEeN IIUHBI M.

TMonoxum F = M?z Mycts € € @, a f — npousBoabHAA DYHKIUA
u3 MHOXKeCTBa F'. ByneMm roBopuTh, 9T0 (yHKIMA f COXPAHAET DJIEMEHT
g, ecnn f(e) =e.

Iycre Q C Q. Honoxnm Sq = {f € F | f(6) = 0 nas Bcex § € Q}.

B wactroCcTH, S{,,) — MHOXKECTBO Beex dyHKImI u3 F, cOXpaHAOMEIX
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DMeMeHT an. llycts f € F. Bygem roBoputsk, uTo (yHKIua f coxpa-
uaeT mMHOXKECTBO (2, ecim f € Sq. Ilycre f € F, Q' C Q. Tonoxum
Q) =1£(0) |6 € Q').

Bymem o6o3navaTs yepes D MHOXKECTBO Beex dpyukuun g us F', mia
KOTOpEIX HauayTcs nomep k, 2 < k < n, u nens ) maune k — 1, Takne,
YTO BBIMOJHEHBI ClIefyomue yeaosusa: g € So, g(Ax) = Ag—1.

Iycte Q = (wg, .. .,wy) — menb gaueet k + 1, rge 0 < k < n. Onpe-
neanM PYHKIUI Q!

0, ecim § € Ay, rae k+1<i < mn;
wa(d) = < w;, ecaun 0 = w;, rae 0 < i < k;
wi_1, ecam d=c(w;), rael<i<k.

Onpenenum muOX)eCTBO Do cremyrommum o6pasom. [onoxum

D, = U U {pa}

k=0 Q€Cr41

B pa6ore [8] monyueH KpUTepui MOMHOTHL MUl CUCTEM (DYHKIUE U3
MHOXKecTBa F.

Teopema 1. Ilycmv D C F. Cucmema D seasemcsa noanoti 6 F
moeda u moavko moeda, xkoeda D1 U Ds C D.

Byaem o6osnauaTs anement al, depes 1'. Toaoxum Q1 = Q \ {1},
F'= M2,

Oycts f € F. Yepes f|g1 Oyaem 0603Ha9aTE QYHKIHIO g Q' — Q1
TaKyio, UTO AIs JO60ro 3JeMeHTa 6 u3 ()! BHIIOTHAETCA PABEHCTBO
9(6) = f(9).

HMonoxum A = (Dy U D3) N Sqyry. Onpegemam Muoxectso K caemy-
omuM 00pazoM:

K= J{flat}

feA

NmeeT MecTO CIeayoOMui KPUTEPUN IOJHOTEL AJA CUCTeM (DyHKIUHA
3 MHOKecTBa F'1.

Teopema 2. IIycms D C F'. Cucmema D seasemca noanoti 6 F*
moeada u moavko moeda, ko2da K C D,

JlokazaTeabcTBO TEOPEMBI 2 ONMMPAETCI HA TeopeMmy 1 m caexyromue
JIEMMEL.

Jemma 1. IIycmo f1, f» € F', a ¢ — Pynxyua uz K, maxas, wmo

9(z) = fi(f2(z)). Toeda g = f1 uauw g = fa.

211



Jlemma 2. ITycmbv f — npoussoavnas gynkyus u3 F, maxas, wmo
fa@hY =1, a ® — gopmyaa nad Dy U Dy, peasusyrowas dynrxyuwio f.
Tozda cywecmeyem Gopmyaa ' nad K, peasusyowasn dywxyuo flor.

Pa6ora Brmoanena mpu QuaancoBou moxaaepxkke PDPDU (mpoexT
11-01-00508) u mporpammbl ¢dyHIaMeHTAIBHEIX uccaegoBanun OMH
PAH «Anre6pamveckue m KOMOMHATOPHELIE METOALI MATEMaTUYIECKON
KUOEPHETUKA U UHQPOPMALUOHHLIE CACTEMBI HOBOIO TOKOJEHUA» (IpO-
eKT «3aJa4Yu ONTUMATLHOIO CUHTE3a YIPABJIAKIIAX CUCTEM)
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8. INanun /. FO. O HEKOTOPBIX CBOUCTBAX OJHOMECTHEIX MOHOTOH-
HBIX (DYHKIMN MHOTO3HAYHON Joruku // IIpo6aeMbl TeOpeTHIecKon Ku-
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212



O HEKOTOPHBIX CBOMCTBAX OIIEPAIIUU
CYIIEPIIO3NIIUN CIIEIIUAJIBHOI'O BUOA

. K. ITogoasko (Mocksa)

MseectHo [1], 9TO MHOXKECTBO BCEX BAMKHYTBIX KJIACCOB (DYHKIUN
k-3HavyHOU JOTMKYU KOHTUHyauabHO mpu k > 3. [losToMy B psame paGoT
PaCcCMATPUBAIUCE HEKOTOPHIE YCUJICHU OIEPAIINN 3aMBIKAHUS, TO3BOJS-
IOINKE MOIYYATh CEMEUCTBA 3AMKHYTHIX KJIACCOB CU€THOU WIM KOHEIHOU
momHOoCTH (CM., HampuMep, [2-4]).

Hacrosmasn paGoTa OTHOCUTCSA K JAHHOMY HANPABICHUIO UCCIEIOBA-
unn. Oyukiun k- 3HATHOU JOTUKY KOAUPYIOTCA U PACCMATPUBAIOTCSA KAK
BEKTOPHI PYHKINN AMreOPhI JOTUKY, & ONIEPALINS 3AMBIKAHUA BEIETCS HE
TOJBKO OTHOCUTENBHO OMEPAIiil CYNEePIO3UINN U BBeAeHUA (PUKTUBHON
[IEPEMEHHON, HO ¥ OTHOCUTEILHO CIEHUAJLHON ONEPAlNN IBOMIHON Cy-
neprozurmu. Bee HEOOXOANMBIE ONMpPeIeNeHNsA U 0003HAYEHUS CM. B [5].

Mycts £ = 2™, m > 2u E, = {0,1,... ,k — 1}. OGoznaunum de-
pe3 P, MHOXecTBO BceXx (PYHKINU k-3HAYHOU JOrMKK. Kax noe auciao us
E}, M0oxXHO 3anucaTh B JBOMYHOU CUCTEME CuucaeHus. Takum o6paszoM
CTPOUTCA OUEKIUA MEXKIY YUCIaMU U3 Ky U IBOMYHBIMU BEKTOPAMUI
<ap,0, ... ,0n > u3 {0,1}™ (o6osHadeHue Q).

[lanee, mepeMeHHON I, KOTOpas HNpPUHUMAaeT 3HadeHusa u3 Ky, mo-
CTAaBUM B COOTBETCTBUE BEKTOD-TIEPEMEHHYIO < L1,Z2, ... ,LTm >,
TOe X1, ... , Ly ABIAIOTCA MEPEMEHHBIMU, TPUHAMAOIMIMMY 3HAYCHUS U3
muoxkectsa {0, 1}, Takum 06pazom, 9TO Kax 10My 3HAYEHUIO (v [IEPEMEH-
HOU T CTABUTCA B COOTBETCTBUE 3HAYMEHUE < (1,3, . .. , Ay > BEKTOP-
MEePeMEHHOU < T1, T2, -- . , Ty > (0003HAYMEHUE T).

Anamornyaniv 06pasoM 10601 N-MECTHON (PyHKIIMU MHOTO3HAYHON
1.2

moruku F (g 22, ... ") MOXKHO B3aMMHO-OJHO3HAYHO COMOCTABUTE
BekTOp-QpyuKIMo < f1, fo, ..., frn >, THe f; — p-MecTHBIE QyHKIUN
w3 P, gnai =1, ...,m, rae p = n-m. OHJ 3aBUCAT OT MEPEMEHHBIX
xi, ... ,z". Bynem obosnauate F =< fi, fa, ..., fy > WM pacmupen-
o FW(F,22, ...,2") =< fi,fo, ..., fm > (3,22, ...,3"). Takue
MpeJCTABICHNUS HA3BIBAIOTCA 080UUHBIM NPEICTNABACHUEM YUCAL (X, TE-
pemennoti x u Pynxyuu F coorBeTCTBEHHO.

IMycts A — HEKOTOpPOE MOAMHOXKECTBO MHOXecTBa Pi. Omnpegenum
mouaTre GOpMy.aT u BeKTOp-popmys uvan A.

1) Ecm z! — mepemennas, TO a:; — gpopmyaa mag A, j =1,2, ... m.
Taxue HOPMYJIB HABHIBAIOTCA TMPUEUGALHIMU.

2) Ecm < fl("'m), o flem) S (31, ... ,3") — xBomwdHOe mpeacTa-
BaeHne Hekoropon dyakmun F (z!, ... 2") w3 A gian > 1, a
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Y1, P2, -, Pnm — bopmyasl Hag A, TO GOpMYIHl @}, UMe-

(n-m)
fomue BuI f; (1,02, -+ sy Pn.m), ABIAIOTCA HOPMYAGMU HAL
A, i=1,2, ... ,m. lpu sTom dpopmyna ®, umerornas B
< f1(n.m)(9017802= v ,Son-m); e 7f7(r:l.m)(501=902= e ,Sonm) >,

ABAsSETCS 8ekmop-popmyaot uam A.

Ecan muO)ecTBO TpuBHAIBLHBEIX TOAGOPMYJI (GOPMYJILL (0 COAEPKUT

i1 ip : _
TOJBKO (POPMYJIEI U3 MHOXKECTBA {a:jl, 24 brael <j,<mpnaq=
; i
1,...,p, To Gymem 0603HAYATL POPMYILY (¢ T€PE3 go(a:é-ll, o ,a:jp) u ro-
P
; i
BOPUTE, ITO (GOPMYIa { 3aBUCUT OT MEPEMEHHBIX T}, . .. ,z. B cBowo

ogepek, BEKTOP-popMy.Ty &, B KOTOPYIO BXOAAT CUMBOJLL II€PEMEHHBIX
z', ..., 2" u TompKo oHm, Gyaem ob6o3HauATH Wepes ®(Z!, ... 7).
i i

Omnpenenum 3HadeHue GOPMYIBI cp(a:jl,

2
,:z:]i) HA TPOU3BOJBLHOM
i1
TR
Habope (@', ... ,Q") a1a kaxaoro sexktopa (a', ... ,a") us EP.

nabope (o ,a;‘;) u3 {0,1}? u BexTop-bopmyant ®(Z!, ... ") nHa

1) Ecau dpopmyaa go(a:;) HMEET BUJ 333 1<j<m,To cp(aj-) = aj-.

i1

2) Ecim dpopmyna ¢(z7, ...

a:i?) UMEeeT BUJ
7

(n-m) iy ip i1 ip
f?" Qpl(a:jla"'7a:jp)a"'7§0n-m(a:]’17"'7$]'p) ’
rge 1 <r <m, ay, apaaworcs Gopmyramu HAL A, 3aBucAmuaMy 0T
i i
TepeMeHHbBIX 33311, ,a:jp msgBcex ¢ = 1,2, ... ,n-m, TO 3HAYEHUE
p
i1 ip
go(ajl, ,ajp) paBHO
(n-m) i1 ip i ip
fr cpl(ajl,...,ajp),...,gpn.m(ajl,...,ajp) .
3) Ecmm BexTop-dopmyna ®(z!, ... ,z") umeer Bug
il iP il iP
< @1(%@ awjp)’ 790m($j17 awjp) >7
rae ¢, — dopmyast Hax A, r =1, ... ,m, 10
al a) = i1 ip i1 ip
@, ....a")=<wpi(a], ...,a)), .. om(ag), o af) >,
rge o' =< al,...,al, > mai=1,2, ... ,n.
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Takum o6pasom, Kaxaon BekTop-popmyre ®(z!, ... ,z") mag A
COMOCTABJIACTCA IBOMYHOE MPEICTABICHNE 13(551, ...,Z™) HeKoTOpOU
dbysxman F(z!, ..., 2") w3 Py. Bynem rosoputs, uto F momydena mpu
HOMOIIA O0NEPaul A80UNHOT cynepnozuyuy n3 GyHKIUA cucTeMer A.

Sambikarnuem muoxcecmsa A omuocumensvno deouunoti cynepnosu-
yuu (0o6o3HaveHne [Aly) HassBaOTCA BCe DyHKUUM n3 Py, KOTOpHIE MO-
ryT OBITH MOIYYEHBI U3 (PYHKIWU CUCTEMBI 4 IpuMeHeHWeM omepamnuu
BBEJEHNA HECYIIECTBEHHON IIePEMEHHON W ABOUYHOU CyIePIIO3UINN.

Knace A maspiBaeTca 2amkuymuvim omuocumespuo 080uunoti cynep-
nosuyuu, ecm A = [Als.

O6o3naunm 1epes Py, » MHOXKECTBO BCeX PYHKIMH P, TPUHIMAFOIINX
He Gosee AByX 3HadeHun. 3secTHO (CM., Hanpumep, [6]), 9T0 MHOKECTBO

BCEX 3aMKHYTHIX KIACCOB pyHKImMA u3 Py, » konTnayansHo. Ho B pamkax
PacCMaTPUBAEMON OMEPAIINN 3AMBIKAHUA UMEET MECTO YTBEDXK ICHUE.

Teopema. Muoscecmso 6cex xaaccos Gynrxyut us 151;\,2, 3AMKHYMBIT
OMHOCUMEABHO ONEPAYUUY D80UUHOT CYNEPNOZUYUL, CUETNHO.

Pa6ora Brmmoanena npu ¢unancosou noxgaepxke PDDU (mpoext
11-01-00508) u mporpammbl dyHIaMEeHTAIBHEX uccaegoBanun OMH
PAH «AnreGpanydeckme m KOMOMHATOPHBIE METOABI MAaTEMaTUYIECKOU
KUOEPHETUKU U UH(POPMALUOHHLIE CACTEMBI HOBOI'O IOKOJEHUs» (IpOo-
eKT «3aJa4Yu ONTUMATLHOTO CUHTE3a YIPABJIAKIIAX CUCTEM).
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HM>KHAA OOEHKA CJO2KHOCTH .
HAXO2KAEHUA ITOJIMHOMOB BYJIEBBIX ®YHKIIUU
B KJIACCE CXEM C PA3SJAEJTEHHBIMU ITEPEMEHHBIMN

C. H. CesesneBa (Mocksa)

B macrosmen 3aMeTke JOKa3BIBACTCA TOYHASA HUKHAA OLEHKA CI0XK-
HOCTY HAaXOX[IEHUA KOd(PQUINEHTOB NOJUHOMA OyaeBOou (QyHKIUA B
KJIACCEe CXEeM C Pa3JeJIeHHBIMU TePEMEHHBIMUA.

IIycte B = {0,1}. Muoxectso B", n > 1, HazoBeM n-MepHbLM
oyaesvim kyobom. Ha xyGe B™ BBemeM YaCTUYHLIA HOPALOK: €CIH O =
(a1,...,ap) € B u = (by,...,by) € B", Toa < B upua; <by, ...,
an < by. Becom |a| mHabopa a = (ay,...,a,) € B™ Ha30BeM 4YUCIO efu-
uun B HeM. Tewnwio Habopa a = (ai,...,a,) € B™ HAa30BeM MHOXKECTBO
S(a)={B€B" |B<a,|B] = la -1},

®yukuusa f(z1,...,2,) Ha3bIBaeTCa Oyaesoi, ecim f : B" — B,
roen = 0,1,2,.... MHOXeCTBO BCeX OyJEBLIX (DYHKINU, 3ABUCAIIAX OT
IMEPEMEeHHBIX Z1,...,Ty, 0003HAUYNM Kax Py’

Kaxnas 6ynesa ¢pyukuusa f(xy,...,x,) € Py 3a1aeTca noaunomom

3

(mo moayao 2), wiu aszebpauveckoti nopmaavrot gopmot (AHD), T. e.
1

dbopmynon Buga f(z1,...,T,) = > cplo) -xit - xir ) roe
oc=(81,...,8,)EB™

c¢(0) € B, 0 € B", — koobdunuenTH, a Ti° — CTeneHu, T.e. T, = z;,

2V = 1, ¥ clOXKeHMe U YMHOXKEHWE PACCMATPUBACTCA TIO MOIY.THO 2.

B xavecTBe AIrOpUTMUTECKON MOAEIN PACCMOTPUM CXEMEL U3 (PYHK-
nroHaabHBIX daeMeHTOB (CDD) B HekoTopoMm 6Gasuce. CaoxcHocmuio
L(S) CPS S nazoeem 4uci10 QyHKINOHAIBHBIX 3IEMEHTOB B HEll.

CDd S ¢ Bxogamu i, ...,T, U BEIXOAAMH Y1, . .., Y, HABBIBACTCI
cxemoti ¢ pazdeaennvimu nepemenuvimy (COIPII), ecmu nias A0OLIX § 1
J OPHMEHTUPOBAHHBIN IIyTh OT BXOJA &; K BBHIXOLY Y; CYIIECTBYET TOIb-
KO B TOM CJIy4ae, KOTJa PeaTn3yolascsa Ha BhIXoJe y; DYHKUUA cyuje-
CMBEHNO 3ABUCUT OT MEPEMEHHOU ;.

N3eecTen GLICTPBLIM AATOPUTM MOCTPOEHMA IO BEKTOPY 3HAYEHUN
Oyaesou dyskiuu f(1,...,2T,) €€ MNOJIUHOMA, OMUCAHHBIN | aBpumio-
BeiM . II.,; Camoxenko A. A. B 1977 r. B [1]. Ou peamsyerca CPI
C Pa3JeJeHHBIME NIEPEMEHHBIME CO CIOKHOCTBIO 1 - 2771,

B macrosmen paboTe MBI TOKAYKEM HIKHIOK OLEHKY CJIOKHOCTU B
KJIACCe CXeM C Pa3IeJeHHBLIMU II€PEMEHHBIMU HAXOXKIEHUsA MO0 BEKTODPY
3HaYeHnN Oy/eBod QyHKIMN KO3(PQPUIUEHTOB €€ MOJIMHOMA U MOKAXKEM,
YITO aAropuT™ u3 [1] ABAAETCA ONTUMATHHEIM B DTOM KJIACCE CXEM.

Onpepgenenne. O6o3uaunm kak I, a6y Takyio CDI c 2" Bxona-
mu u(a), @ € B™, u 2" Buxogamu v(0), o € B", 4ro ecan Ha Bxogax u(a)
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HOABAAIOTCA 3HavYeHusA f(a) mpouwsBoabHON GyHKIWMH f(x1,...,Z,) €
P}', 10 Ha BEIXOIax u(0) BHIJAIOTCA 3HAUEHUA Cf(0) KOD(POUIEHTOB
ee MOJIMHOMA.

MseecTHo [2], kKaK BbIpaxkaoTCa KO3MOUIUEHTH IOIMHOMA OyIeBOn
PYHKINU depe3 ee 3HAYCHU.

Teopema 1 [2]. Jas kasxcdot 6ysesot Pynwyuu f(xq,...,2,) € Py
Kaxcdurli KoadPuyuenm cy(o), o € B", ee nosunoma moxcem 6bimo
natden no gopmyae cp(o) = Y, f(7).

<o
Caegcrsue 1.1. B CDPI 11, na ee suizodar v peasusyemces cucmema

LP, 6yaesviz Pynxyui ee 6xodos u, 2de LP, = ¢ > u(r) | o € B"
<o

Cuauana mokaxkeMm HUXKHIOK OmeHky ciaoxuoctu CPOPII I, B Ga-
suce By, = {®} u3 ogHOro s71€MEHTA CIOKEHUS IO MOLYJIIO 2.

Teopewma 2. B 6asuce Br, = {&} caoscnocmo CPIPII L, ne meno-
we n - 2" L

Hoxazameavcmso. [lycts mam 3agana kakas-to COIPII I1,,.

loxazaxkem MHAyKIUEen mo Becy Hadopa o, uro B COIPII I, mia
Kax I0ro Habopa 0 € B™ MOXHO HAUTHU HE MEHEE |0| BJIEeMEHTOB, IpuieM
TaK, YTO I/ PA3HBEIX HAGOPOB 0 U T COOTBETCTBYIOIINE UM DIEMEHTHI
HE TIEPECeKAIOTCA.

Basuc wngykumum: |o| = 1. Pacemorpum B CPOPII II,, xycr,
pactymmi u3 Bhixona v(c). Ha eeixogme v(o) peamusyerca ¢yHKuus
f(0,...,0) ® f(o), mO>TOMY DTOT KYCT COEPKUT XOTs OBl OAUH BIe-
meHT. [[punumem BBHIXOTHOMY AIEMEHTY 3TOr0 KyCTa MOMETKY 0. SICHO,
4T0 ecmum 0 # T, |o| = |7| = 1, To moMeTku 0 u T GyAYT MpUOHCA-
HBEI PA3HBIM DJIEMEHTAM B CUIY CBOUCTBA CXEMbI OBITH C Pa3IeIeHHBIMY
nepemennbviu. [onoxum 1T, = I1,.

Nunyktusenin nmepexon ot k — 1k k, 2 <k <n.

Pacemorpum COIPII TTE~T ¢ Bxomamu u(a), |a| > k — 2. Tipeo6pa-
3yeM ee: moganuM Ha Bce Bxoawl u(f), || = k — 2, snauenne 0 n ygainm
U3 CXEMBI BCE BJIEMEHTHI, XOTA Obl HA OOWH BXOA KOTOPBIX mpumen 0.
Paccmorpum Temeps BeIxOAwl v(T), |T| = k — 1. Ha xaxgoMm u3 HuX
peanmsyeTca TOXICCTBEHHAA (DYHKIMA CBOEIO €IUHCTBEHHOTO (B CALY
pa3eJeHHOCTY [IEPEMEHHBIX CXeMbl) Bxoga. Ecau Ha myTu oT BXOga K
BEIXOZy €CTb DJIEMEHTHI, YIAIAM UX TAKKE.

O6o3naunm monyduennyo CPIPII ¢ sxonamn u(a), |a| > k — 1, kak
¥ . 3amermm, aTo mo mocrpoernmio 8 COIPII TIX mer sremenTos ¢ mo-
METKAMU.
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Mycts |o| = k. Pacemorpum 8 COIPIIL ITE xyer, pacTymmit u3 Ber-

xona v(o). Ha Beixone v(o) peammsyerca dbynkmua u(o) & > u(7),

TES(0)
[O3TOMY DTOT KYCT COAEPXKUT HE MeHee k dIeMeHTOB (B CHIy CyIue-
CTBEHHOCTY BCEX MEPEMEHHBIX 3ToK GyHKkuuu). [Ipunumem BceM Takum
DIIEMEHTAaM [OMETKY 0.

Ecan o1 # 09, |01] = |02| = k, TO noMeTKE 01 U 09 Oy Iy T IPUNUCAHEL
pa3HBIM BeMeHTaM. B caMoM fene, MyCTh KAKOU-TO IEMEHT § MOLY<InI
XOTs OBI IBE IIOMETKU, 01 U O3, 01 # 02. PaccMOTpuM KyCT, pAaCTyLIuUl U3
aJ1eMeHTa s. Ecam oH comep:KuT TOABLKO OMWH BXOX, TO €ro 6e3 ymepba
ISl CXeMbl MOXHO yIaauTh. IIyCThb OH COOEPKUT XOTs OBl ABA BXOAA
u(m) mu(r), m # 2. Torga, T.x. | ({01} U S(01))N({o2} U S(02)) | < 1,
HaIpuMep, He BEPHO, 9TO T] < 03.

Toraa, ¢ OFHON CTOPOHBI, HANIETCS OPUEHTUPOBAHHBIN Iy Th OT BXO-
na u(71) K aaeMeHTy S. A ¢ APyrou CTOPOHBI, HAMAETCS OPUEHTUPOBAH-
HBII IyTh OT 3JeMEeHTa § K BeIxoAgy v(o2). [Moaywaem mporusopedume ¢
Pa3IeIeHHOCThIO IEPEMEHHBIX CXEMBI.

n n

Caenosareasro, L(IL,,) > o k=Y k-Ck=n.2n"1L

k=10€B}} k=1

CaencrBue 2.1. B 6asuce Br, = {®} munumassnas caoxcnocms
C®OPII 1,, pasua n - 271

Caeacrue 2.2. B 6azuce B = {&,V, -} Munumasbnas cAa0HcHmocmo
CDOPII T,, aexcum 6 npedeaazr om 3n -2"~1 do 4n - 271,

Pat6ora nongep:xxana PODPU, rpaunTer 10-01-00768-a, 12-01-00706-a.
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YHUBEPCAJIBHBIE MHO>KECTBA
OBOBIMIEHHBIX ®OPMYJI

JI. H. CeicoeBa (Mocksa)

B pabore paccmaTpuBaeTcsa 3ajada O peanmsanuu OyIeBBEIX (DYHK-
uu 0600meHHBIMu a-dopMydaMu. BBOAUTCA NOHATHE YHUBEDCATBLHOTO
MHOXKeCTBa 000OMIEHHBIX -QOPMYJ MJad 3aJaHHOI'O MHOXKECTBa Oy.e-
BEIX (pyHKIMK. [[0KA3BIBACTCA, 9TO I KAXKOTO n > 2 IS MHOXKECTBA,
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To1(n) BCeX OyneBBIX GYHKIUNA OT TEPEMEHHBIX X1, X2, - - - , Ly, COXPAHSI-
fomux KOHCTAHTH 0 1 1, CymecTByIOT YHUBEDCATBHEIE MHOXKECTBA.

IMousatue a-gdopmya, T.e. Takux GopMyJI, B KOTOPEIX J00asa moa¢pop-
MyJia COAEPKUT He 6ONee OJHOU HETPUBUAILHOU TVIABHOU TION(DOPMYIHI,
6110 BBeZeHO B pabore [3]. B paborax [3-5] nokasano Haindne KoHed-
HBIX (-TIOJHBIX cucTeM B Py mpu k > 3 u orcyTcTBue ux B Py, rie depes
P, 0603Ha9aeTCa MHOXKECTBO BCeX (PYHKIUN k-3HaYHOM JOruUKM, k > 2.
B paGotax [6, 7] cBorCTBa (-(hOPMYJ M3yUEHBI C TOYKU 3PEHUS TEOPUN
CIOXKHOCTH.

Ob6ob6wennoti a-@opmysoti Ha3LIBAETCA -POPMYyIa HAL HEKOTOPBIM
MHOXECTBOM aBTOMATHHIX (DYHKIIUN CO CHEIUATBHEIM 00Pa30M COMOCTa~
BJEHHOU el (PyHKIIHen aareOpul JJOruku. PaccMaTpuBaoTes aBTOMaTHEIE
(yHKIUYU, KOTOPBLIE B KAXKAOM COCTOSHUN PEaIn3yloT HEKOTOPYIO OyJe-
By ¢Qyukuumo. IIycts ®(z1,s,...,T,) — a-GOpMyIa HaI HEKOTOPHIM
MHOXECTBOM aBTOMATHBLIX (DYHKIUU, (1, A3, - . ., Qsn — MOCIEIOBATEIb-
HOCTB BCEX IBOMYHBLIX HAOOPOB MJIWHLI 1, B KOTOPOU HAOOPHI MOAAIOTCA
Ha dopmyny @, n > 1. Takum o6pasoM, 3a1aeTCsA MOCIETOBATEILHOCTD
P(ay), P(as),...,P(asn) 3Havenun popmyasl ¢ Ha BCeX IBOMYHBIX Ha-
6opax aauusl n. Popmyae ¢ conocrasuserca Gyukuus f(xy, Ta, ..., T,)
anreOphl JIOTUKU, TaKasd, YTO BLINOJIHEHH paBeHcTBa f(a;) = ®(ay;) mua
Bcex i =1,...,2™.

IMycts A — HEKOTOpPOE MHOXKECTBO OyJeBBIX (GyHKIUU. MHOXKECTBO
A 060061IeHHEIX Q-(OPMYJI HABBIBAETCS YHUBEPCAALHbIM TI A, ecin 1as
arobon Gyresou pyukumu f(zq,a,...,T,) u3 A cymecrByer 0600IeH-
Hasg a-popmyaa ¢ w3 MHOKECTBA 2 ¥ MOCIEIOBATEIBHOCTD BCEX ABOUY-
HBIX HAOOPOB MIWHLI N, Takue, 9To ¢popmyaa ® mpm Takom mocaenosa-
TEJILHOCTY MOAABAEMELIX HAOOPOB peanusyer Gpyukmuio f, n > 1.

IMMycts V — KOHEUYHBLIN aBTOMAT C ABYMs BXOLAMU U OJHUM BBIXO-
IOM, TakoH, 9TO {¢1,¢2} — MHOXECTBO €r0 COCTOSHUU, B COCTOSHUU
(1 aBTOMAT peanudyeT QYHKUIUK 21&2Ty, B COCTOAHUU (s — (DYHKIUIO
21 V Tz W aBTOMAT B MOMEHT BPEMEHW { MEPEeXOAUT W3 COCTOAHUA (; B
COCTOAHME ¢ TOTLA U TOIBKO TOIJA, KOIJ3 BXOIHBIE CHMBOJBLL B DTOT
MOMEHT BpEMEeHU COBmamamoT, i 7# j. O6osuaunm depes Gy u G aBTO-
MaTHBIE (DYHKINY, pealn3yeMble NHININAILHBIMI aBToMaTaMu Vy, u Vg,
COOTBETCTBEHHO.

O6o3uadyum [gepe3 A, CEMEUCTBO BCEX MHOXKECTB CJAEIYIOUIEr0 BHU-
na {®q(z1,22,...,2pn), Pa(x1,22,...,2n)}, o6 ®; — 0GOOHmIEHHAT Q-
dbopmyna Han {G;}, B KOTOPYIO Kaxgas NepEeMEHHAA BXOAUT POBHO ONMH
pas, i =1,2.

Teopema. Kaxcdoe muosxcecmeo 0606wennbiz a-@gopmys u3 cemeti-
cmsa A, asasemca yrusepcaavbnbim das muoxcecmea Toi(n), n > 2.

Caegyer OTMETUTD, YTO A7 060U OyaeBON QpyHKIUN f, HE TPUHAL-
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Jexamern MHOXecCTBY Tp1(n), HE cymecTByeT 0600MIEHHON -(hOPMYJIBI
u3 cemenctBa A,, peamusyomen 5Ty GyHKINO, 1 > 2.

B Bsakmiodenme aBTOp BBIPAKAET MCKPEHHIOK MPU3HATEIBHOCTH
A.B. YronbHUKOBY 3a MOCTAHOBKY 3aJa4u U OOCYXKIEHUE PE3YJIbTATOB
pabOoTHI.
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ITIOSUITNOHHO-OIITUMAJIBHBIE CTPATETUN

ITONCKA OBJIACTU HAUBOJIBIINX 3HA‘-I!EHPII>1
POYHKIIN (MHOTOMEPHBIU CJIYYAWN)

B. II. TapacoBa (Mocksa)

3agaMy g€ TEPMUHUPOBAHHOIO MHOTOMIATOBOT'O MUHUMAKCHOT'O TIOKC-
Ka BO3HUKJN CPABHATEILHO HEJABHO [1].

Obaacmuio waubosvwuzs 3navernuti (OH3) dyHkuun HasblBaeTCA Ta-
Kasa 00/1acThb, 3HavYeHne (QPYyHKIUM B KOTOPOHU OOJbIIe, 9eM BHE 3TOU
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obnactu. B mactoamen paboTe, ¢ MIPUMEHEHUEM METOAA MOAEINPOBA-
HUs CTPATEruy OPOTHUBHUKA [2], CTPOATCA MO3ULUOHHO-ONTUMAILHBIE
CTPATEruu MOUCKA O0MACTU HAMOOJBIIMX 3HAYEHUN (PYHKIWU, ONpee-
JIEHHOU B HEKOTOPOU O0JIaCTH mM-MEPHOrO DBKINI0BA IPOCTPAHCTBA, KO-
raa m > 2. 3agadn ONTUMAJILHOIO OJHOMEPHOI'O IMOMCKA O0JACTH Hau-
OOABIINX (HAUMEHBINNX) 3HAYCHUN A PA3JIUIHBIX KJIACCOB MHOTO3KC-
TpeMalbHBLIX (GYHKIUN ObLIN pelleHsl B [2, 3].

O6wmas nocTaHoBKa 3aga4uu. PaccMaTpuBaeTCs MHOXECTBO BEIIIEe-
CTBEHHLIX (DYHKINU ONPeNeJeHHLIX B HEKOTOPOHU 06JacTu §) m-MepHOro
3BKJUIOBA MPOCTPAHCTBA. V3 3TOT0 MHOXKECTBA (DYHKIUUA BHIIEIACT-
ca knace L Takux (pyHKIUN, KAXKIasA U3 KOTOPBIX UMeeT 00JacThb HAW-
oonbmux suadenuun A. O6mactu A, ) ABIAOTCA M-MEPHBIMEA KybaMu
¢ pedpamMu mapajIelbHBIMUA OCAM KOOPAWHAT. 3aJaHa AauHa pedpa A,
OfMHAKOBasA N1 Bcex dpyukiuu knacca L. Tpebyercsa nyrem moayydeHus
UHGOPMAIIUA O 3HAUCHUAX TPOU3BOILHON dyHKIMKM f u3 L B n TOoUKax
obaactu ) 1 C y9eTOM CBOUCTB, OOIIMX IJIA BCEX (PYyHKINHI KIACCA, IPU-
OJUKEHHO, TO €CTh C HEKOTOPOU TOYHOCTBIO, 3ABUCAIINECH OT 1, HAUTH
OH3 ¢pyukuun f. Yucno n dukcupyercs 3apanee.

TMouck OCyIIECTBAAETCA N-XOAOBHIMU CTPATETUAMHU, TPUHALICKA-
UMY HEKOTOPOMY MHOXKECTBY 2l U OIPeqeaonuMy TOCIe10BATEIbHBIN
BEIOOp TO4YeK u3 obgaactu ).

PesyabTaToM cTparerum mowcka OygeT HAWMEHBIIAA MO0 00beMy
(mmomanu, aaune) obaacts, cogepxamas OH3 ¢yuxuuu f u HazBannas
ob6nacTeio nokaauanuu. DPHEKTUBHOCTHIO MPUMEHAEMBIX 7-X0JOBBIX
CTpaTeruu ABAACTCA 00BeM o6aacTu Jokanmsanuu. ONTUMATLHOCTH
cTpareruil Bo Bcex paborax [1-4] mOHUMAeTCss B MUHMMAKCHOM CMBICJE,
T. €. ONTUMANBLHON [ Kiacca PyHKIUK Oy IeT TaKas CTPATErus TIOUCKA,
KOTOpas TapaHTUPYET HAWIYUIMIUAN PE3YIBTAT, IPU JIOOBIX AOMYCTUMBIX
3HAYEHUAX (PYHKIUN U3 33 JaHHOTO KIACCA.

3agada COCTOUT B TOM, YTOOLI HAUTHU ONTUMAILHYIO CTPATErHIO TO-
UCKa 00JACTU HAMOOJBINNAX 3HAYCHUN N1 PYHKIUN Kaacca L.

Urposoe npegcrasaenue 3agadn. CHopMymupoBaHHYIO 33129y
MOXKHO TPEACTABUTH B BUJE 3a1a9M HAXOXK IEHUs ONTUMAIBHOU CTpATe-
ruel mepBoro UrPOKa B AaHTATOHUCTUYECKON MHOTOXOJ0BOU (TO3UIIMOH-
won) urpe J = (A, B, X, Y, M; 4, d;, <), rae A — MHOKECTBO 71-XOTOBBIX
YUCTHIX CTPATEr XU IEPBOTO UT'POKA, OMPENEMAIONINX MOCAEJ0BATEIbHBINA
BLIOOpP TOUYEK (XOJOB MEpPBOr0 UIPOKA) W3 MHOXKecTBa (1, B — MHO-
KECTBO N-XOJOBHEIX YUCTHIX CTPATETUU BTOPOTO UTPOKA, SABIAIOIIAXCS
dyaxnuamu kaacca L, (B = L) u omnpenessiomux COOTBETCTBYIOLINE
3HavYeHusa (OTBETHBIE XOJLI BTOPOro Urpoka) (pyuxmun f w3 L, A x B
muoxkecTBo curyamun (A, B), A € 2, B € B, X, Y — MHOX)eCTBa XO10B
MEPBOTO U BTOPOrO UTPOKOB COOTBETCTBEHHO, M = R — MHOXECTBO
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BEIIIECTBEHHBLIX YUCEa, < — €CTECTBEHHBIN MOPANOK HA MHOXKECTBE R,
0 — (pYHKIWs BHIUTPHILIA IEPBOrO UIPOKa, 0 : A X B — R, §, (A4, f) —
BBIUTPBIII BEIYUCIATEA PABHEIY, 110 ONPENeJeHnI0, 00beMy (IIuHe, 1o
majau) obractu Jokanuzauun A GyHKOUM f, HOLYIaeMOU HOCJEe N XOI0B
(oxoHuanuy mapTuu) npu npuMeHenun crparerun A uz A um cTpare-
ruu f us L, §; — QpyHKIUA OLEHKN MO3UNUA (BLIUTDHIIIA BHIYUCIATES
HOCJe KaXI0ro X04a), A/ HOACIeTa 3HAYEHUN KOTOPOU KUCIOIB3YIOTC
cBoncTBa pyHKuuy Kaacca L.

Kaxnaas A uz 2 ects dyukuua a;11 = A(ar,bi,...,a4,b;), onpe-
JEJeHHAA HA KOHEYHBIX MOCJAEI0BATEILHOCTAX BUAA (a1,b1,...,a;, b;),
rge (ai,...,a;) C X, (b1,...,b;) CY. Kaxpnas B uz B ects Gpynkuus
bi+1 = B(ai,b1,...,a;,b;,a;+1), OnpeneneHHas Ha KOHEYHBIX [OCJAEI0BA-
TeabHOCTAX BUAA (a1,b1,...,a:,b;,a401), ..., vme (ar,...,a;,a.401) C X,
(bl,...,bi) cY.

Ilpu »rom mocaegosarenbuocTu (a1, by, ..., a;,0;), (a1,b1,. .., a;, b,
@i1+1) HA3BIBAIOTCA NO3UYUAMU, & MHOXecTBa X, Y — mmoxcecmeamu

70006 TIEPBOTO U BTOPOT0 UT'POKOB COOTBETCTBEeHHO. CumTaem, 9To nep-
BBII XO[ J€JAEeT HEePBLIN UIPOK a1 = A(D), 3aTeM BTOPOU UI'DOK AENAeT
xox by = B(ay) u Tak nasnee, 4epenysch.

IMocaenoBaTenbHOCTE X00B (a1, b1, . . ., Gy, by), OIPEIEIACMYIO CATY
auen (A, B) mazoseMm napmuet, ee oTpesok (ai, b, ..., a;, b;) HazoBeM
nozuyueti nocae i-2o roda u oboznaduMm uepes (A;, B;). Pasencrro cu-
ryauun (A, B) = (C, D) B MHOrOX0OJ0BBIX Urpax Oy/leM MOHMMAThH KAk
PaBEHCTBO COOTBETCTBYIOWIMX UM mapTuit, To ecth u3 (A4, B) = (C, D),
(A,B) =(ay,by,...), (C,D) = (c1,d1,...) cregyer ay =c1, by =dy, ...
u o6paTHO. Ecu durypupyoomas B ONpeeIeHnd MHOTOXO0I0BOU UTPHI
¢yuxnua A (coorBeTcTBeHHO B) ABAAETCA BBIYUCAMMOU, TO COOTBET-
cTByomas e crparerus A (cooTBeTcTBeHHO B) Ha3BIBAETCS AITrOPUT-
mom. [Tanee, nocaenoBarenbHocTs ( mosumwmsa ) (a1, by, ..., a;,0;), ap € X,
b, €Y, k=1,...,i HazuiBaeTCsa donycmumoti, €CIu CyMECTBYIOT TaKUe
crparerun A € A, B € B, uro (A;, B;) = (a1,b1,. .., a4, b;).

IMosunnorHO-ONTUMATBEEIE cTpaTernu. ONTUMATLHON 1A TO3WIAN
Oy@eT Takas ONTUMAILHAA CTPATErnA, IIA KOTOPOU 3Ta MO3UIAA ABJIA-
erca madaapHOu. CTpaTerus mepBOro UTPOKa HA3LIBAETCA MO3UITMOHHO-
ONTUMAILHON, €CIM OHA ONTUMAJIbHA s JOOOU MOMYCTUMON HO3UIUN,
npu M0601 CTPATErur BTOPOrO UTPOKA.

B [3] mocTpoensl onTuManbHBE (MUHMMAKCHBIE) W HO3ULIUOHHO-
ONTUMANLHBIE 71-MATOBEIE CTPATErMU TTIOUCKA, OTPE3KA HAMOOIBIINX 3HA-
YeHUU 1A OJHOMEPHBIX (PYHKIUU. B ompeneseHun cTpaTerui y4acTBy-
10T m3BecTHEIE uncaa Pubonaddn.
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B macrosmen paboTe CTPOATCA MO3UIMOHHO-ONTUMAILHEIE MHOT'O-
XOOBBIE CTPATErUU MOUCKA M-MEPHOU 00JACTU HAUOOJIBIINX 3HAYCHUN
s knacca T pyHKIuU, ompenesenne KOTOporo moJgydaeTcsa U3 onpee-
JeHusa kaacca L, ecnm momoxuTh m > 2. OnTuMaabHble MUHUMAKCHBIE
CTpaTeruu 1Js STOro Kiaacca QyHKUuN chOpPMyIupOBaHEL B [4].

Taxxe Kaxk u B [4], uCXoAHAS MHOCOMEpHAs 3a4a4a, IPU I0CTATOY-
HOM YHCJTE 7, CBOAUTCA K KOMIO3WIIAU 1 OJHOMEDPHEIX 3anad. B pe-
3yJAbTAaTe COBMECTHBIX DElIeHUU >TUX 3a1a4, TPUOIMKEHHO WIU TOYHO
OTIPEIENAIOTCA TPAHUIIEI 00MACTU HAMOOIBINNX 3HAYCHUN (hYHKIIAN.

3agada pemaeTcs B ABA DTANA: HAYAIBHBIA STAI 3aKAHIUBACTCS, KO-
raa HaujeHa XOTs OBl OTHA MPAMAas, COAEPIKAIMAA XOTA Obl OAHY TOUKY
m3 OH3 QpyHkuuu; Ha KOHEYHOM DTATE PEIIATCA OJHOMEDHLIE 33,1491
C TPUMEHEHUEM MO3UIINOHHO- ONTUMATBHLIX CTPATEr U TIOUCKA OTPE3KA
HanGOJIBIINX 3HAYEHNN U3 pabor [2, 3].

Crparerus A m3 2 HA3BIBAETCA N0L00060-0NMUMAALHOY, €CIU IIA
ar000ro i oHa onTuMaabHa A nosuuuu (A;, B;) Ha oxuH xX0x ¢ QyHK-
[Uel BHIUTPHIMA ITEPBOr0 UTPOKA i1 1.

Teopema. Ha mauasvHom Imane 6ce NO3UUUOHHO-ONMUMAALHbIE
CMpame2ul AAMOMCA NOT0A060-0NMUMEADHBIMU.
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O TPAHCJIAIIAA ®OPMYJI
JIOTUKW JIMHEVWMHOI'O BPEMEHU
B ®OPMYJIbI JIOTUKHN BETBAIETIOCA BPEMEHN

P. B. Xenemenauk (Mocksa)

Jloruka nunennoro spemenu (B, Linear Time Logic, LTL) asus-
eTCA PACIIUPEHUEM JOTUKA BLICKA3BIBAHUU (JB), B KOTOPOU HADPALY C
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KJIACCAIECKUMY CBA3KAMU JOOABIEHBI caeayomume Bpemennsie: O (B cae-
ayromuiu MomeHT), U (10 Tex mop, moka) 1 APYTue, BEIpaXkKaeMble 9epe3
BhIIeyKa3aHHbIE. Jloruka BeTBsamerocsa spemenu (aBe, Computational
Tree Logic, CTL) Taxxe ABIA€TCA PACIIMPEHUEM JOIMKU BLICKA3BIBA-
HUUI, B KOTOPOH IO CPABHEHUIO C JUIB IePel KaxK 101 BpeMeHHO! CBA3BKOU
(n Tonbko mepen Hen) crouT KBAaHTOp V, au6o J. CpaBHeHUE BHIpA3U-
reapubix BoamoxkHocren LTL u CTL (Bmecre ¢ BBegeHueMm 00benuHs-
fomen ux aoruku CTL*) mposeneno B [1]. Bonpocer cexéuns 3agadn
PACIIO3HABAHUA BBIIOJIHUMOCTH (POPMYJ JLIB W JBB K PACIO3HABAHUIO
BBIIOIHAMOCTH POPMY.T IB paccMoTpeHHl B [2-3]. B HacTosamen pabore
NOCTPOEHA IPAMAA TPAHCAAIAA TPOU3BOILHON (POPMYJIBL JUIB B (DOPMY.TY
JIBB C 000CHOBAHUEM PABHOCHJILHOCTHU 3TUX (POPMYJI B CMBIC/IE BBLITOJHME-
MOCTY ¥ JOCTHMXEHUA COBMNAJEHNUA B DTOM CIydae mx mogenenn. [loxoxasn
3agada LI APYTUX MOJAIBHEIX JOIMK PaccMaTpUBaiack B padore [4].

Omnpenenenus ¢popmya aiB (aa6-gopmya) u popmya aBe (a66-gop-
MY.A), MOZIEJN, UCTUHHOCTY (DOPMYJIEI B MOIEIU BBOAATCA HUXKE I/ 06€-
UX JOTWK eJUHOOODPA3HO U B 0GOOILIEHHON ceMaHTuke [2, 3, 5].

Kaxnas nmponosunmonanbuas mepeMeHHas p; €CThb JLIB-(POPMyJIa 1
ABB-POPMYJIA; €CJAU @ U 1) LIB-GOPMYIbI (1BB-GOPMYJILL), TO =0, (pAY),
(p Vo) Toxke ABAAROTCA MIB-QopMyaamMu (JBB-GOPMYyIaMu); €CIA @ U 1)
ans-popmyasr, 1o Op, (¢ U ), (¢ M ) ToXKe ABAAIOTCS JIB-HOPMY-
aamuy; ecan @ u ¢ asB-popmyast, To YOp, I0¢, V(v U ¢), (e U v),
V(e M ), 3(p N 1) Toxe aBaA0OTCA ABB-HOPMYIAMA.

JLie-popmyny 6 o6ozmasum uepes ALTL. nme-popmyny 6 — uepes
gc’TL_

Modeavio 6 as6 6ynem naseBaTh napy M = (I', L), rge I' — cBsasubin
OPUMEHTUPOBAHHKIN Tpad C BEIICICHHON BEPIIUHON Ug, KA¥XK 1ad BePIINHA
KOTOPOTO mMeeT He 6ojsee OMHOTO ChIHA, a L — QYHKINSI O3HATUBA-
HUA, COMOCTABMAIOMAA KAXK IO BEPIIMHE MHOXKECTBO MPONO3UIUOHATD-
HBIX IEpeMEHHEIX. Modeavio 6 446 HA3LIBAETCA TAKAA MOAETb B JIBB, I/
koTopon B e€ rpade I' kaxkgas BepumHas UMeeT He 60Jee OJHOIO Chl-
Ha. [loanvim nymém B rpade HA3LIBAECTCA GECKOHEIHLIA Iy Th WK 1IEMb,
[OCAeIHAA BEPIINHA KOTOPOU HE UMEET CHLIHOBEH.

Hemumwnocms gopmyavt 0 B Bepinune u; mogenu M GyneM 0603HaYATH
gepe3 M, u; = 0 u onpegenuM MHIYKTUBHO.

Ecmiu 8§ = p, o Myu; = 0 = p € L(u;). Ecmm 8§ = -y, To
M,u; = 6 = M,u; ¥ ¢ (meBepao M,u; = ¢). Ecim 0 = (p A )
0 = (eVY)], 0 Myu; =60 = M,u; = ¢ u [um] M,u; |= 1. Ec-
am 9FTE = Op [9°TE = VO], 1o M,u; = 8575 [Mu; = 0°TF)
= M,u; E ¢TL [M,u; E ¢“TL] nna [kaxaoro] cema u; BepIIMHBL
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u;, ma6o BepmMHA Uu; He WMeeT chiHa [crmosed]. Ecmm §CTE = JOgp,
o M,u; E §°TL = cymecTByeT CbiH u; BepIMHBI U;, 11 KOTOPOTO
sepao M,u; | p“TL. Eem 0T = (o U o) [09TL = V(o U )],
to M,u; E 6UTE [M,u; = 6°TL] = npas [kaxnporo] momsoro myTwm
C HAYAJOM B BEpIIMHE U; CYIIECTBYeT BEPIIMHA Uj, AIA KOTOPOU Bep-
o M,u; = ETE [M,u; | ¢©TE], a B xaxmoit Bepmmre uy 5TOro
nyTu, npesmectsyiomen u;, sepao M, uy = oITL [M,u, = ¢¢TE].
Ecmn §°TE = (o U 4), To M,u; | 0Tl = nna mexoroporo moa-
HOI'O IyTH C HAYAIOM B BEDIIMHE U; CYLUIECTBYET BEPIIMHA Uj, AJII KO-
Topoit Bepro M,u; |= ¢°TL a B xaxmon BepmmHe uj ATOro TMyTH,
npemmectsyomeit uj, sepro M, u; = @7l Ecm XL = (¢ M)
[0CTL =V(p )], To M,u; = 0L [M,u; = 0°TH] = naa [kaxaoro]
IOJIHOTO Iy TH C HAYAIOM B BEPIIMHE U; ¥ BCAKOU €0 BEPIIMHBL Uj, /15
kotopoit Bepro M, u; = LT [M,u; = ¢°TE], cymectsyer Bepmmaa
U, DTOTO TIyTH, MPeINTeCTBYIOmAA U, 111 KoTopoi Bepao M, uy, = ¢FTL
[M,uy, = ¢TE). Eerm 0°TL = 3(pNap), To M, u; = §°TE = cymectny-
eT TaKOU MOJIHBIA MTyTh C HAYAJIOM B BEPIIWHE U;, 9TO y BCAKOHN €r0 BEP-

pCTL | cymecTByer Bepmmua uy,
CTL

IIVHBL Uj, 1A KOTOPOR BepHO M, u; =
5TOrO IyTH, IPeJIMECTBYIOMAs U;, A1 KOTOpoH BepHO M, up = ¢
Dopwmyna 0§ ucmunna 6 modeau M, ecim OHA UCTUHHA B BHIIEJICHHON
BepLIuHe Uy 3Tou Mogeaun. Popmyna 6 6binoanuMa, €CIN OHA UCTUHHA B
HEKOTOPOU Mozenn (MMeeT MOJIENb).
Dopwmyaa 0 obwesnavuma, €CIM OHA UCTUHHA, B KAXKIOU MOIEIHU.
Tpaucramuio dopmyast 8771 B popmyny ¢TE o6osmaunm uepes

Tr(@LTh) = §°TL y onpemenuM MHAYKIWEH 1O CTPOEHHUIO (GOPMYJIBI
gLTL.
(=p) = —p, Tr(=—p) = Tr(p);

Tr(p) =p, Tr

Tr(p AY) = (Tr(p) ATr(¥)), Tr(p V) = (Tr(p) VTr(y));

Tr=(pAy) = (Tr(=p)VTr(=2)), Tr=(pVip) = (Tr(—p) ATr(=¢));

Tr(OptTly = YOTr(p); Tr(=0ptTl) = (YOTr(-¢) A 30(p; V
—p1));

Tr(=(¢ U )FTE) = Tr((~e 1 )FTE), Tr(=(e N 9)FTF) =
Tr((~e U $)"Th);

Tr((e U )FTE) = (Tr(y) v ((Tr(p) AVOV(Tr(p) U Tr(s))) A
30(p1 V =p1)));

Tr((pNy)TE) = (Tr(=p) A (Tr(p) VVOV(Tr(p) N Tr()))).

Teopema. Ecau giopmyaa 6LTE [0°TL] stinoanuma, mo ona umeem
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[0TTL] evinoanuma u ucmunna

maxyo modeav M, wmo gopmyaa €T
6 modeau M.

[loxa3aTeasCTBO TEOPEMEBI MTPOBOAUTCA C UCTOIL30BAHUEM METOIOB
paborst [5].

Pa6Gora BoimonHena npu (pUHAHCOBOU MOAAEPKKE IMPOrPpAMMBL (hyH-
namenTanbueX uccaeqosanun OMH PAH “Anre6pauveckue u KomOu-
HATOPHBIE METOABI MATEMATUYICCKON KUOEPHETUKA U UHMDOPMAIUOHHLIE
CUCTEMBI HOBOT'O MTOKOJEHUs” .
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Cekiiusa
«KoMOMHATOPHLIN aHAIM3»

HECYHNIECTBOBAHUWE AHAJIOTA TEOPEMBI
KPACKAJIA — KATOHBI OJ1A 3AdAYIN

MWUHNMU3AIINN rZI;BYCTOPOHHEI‘/JI TEHN
M. A. Bamos (Mocksa)

MIycte F — ceMencTBO k-DIEMEHTHBIX MOAMHOXKECTB [n] =

{1,2,...,n}, To ects F C ([Z]). Huxcnet menvio AF HasLIBaeTCA Ce-
mencTBo Takux (k — 1)-mHOXecTB A, uTO cymectsyer B € F, A C B.
Ananoruuno, seprueti mewvio VF HasbiBaeTca ceMencTBO Takux (k+1)-
MHOXeCTB A, uro cymectyer B € F, A D B. Jeycmoponunet, meuvio
X F masbiBaeTca oobegunenne cemeiicts AF u VF.

MuoxectBo F C ([Z]) HA3BIBAETCA MUHUMAALHBIM N0 HUNCHET MeENY
(eepzneti menu, dsycmopowned mewu), ecnu |AF| < |AG| (coorset-
cteernno |VF| < |VG|, XF| <|XG|) ana ao6oro G C ([Z]) TaKOr'0, ITO
G = |7].

Kpackan [1] u Karona [2] onucanu pemenus 3a1adu MUHAMU3ALUN
OMHOCTOPOHHEN TEHU:

Teopema (Kpackan, Karona). Jlesvie aexcukoepaduueckue ompes-
K ([Z]) ABAAIOMCA MUHUMAAL HHIMU CEMETCMEAMU NO HUNCHET, MeHU.

IIpocToe mokasareabcTBO Teopembl Kpackama — KaToHBI MOXHO
uantu B [3]. Knementc u JIungcrpém [4] nokasanm aHATOTUYHBIN PE3YIb-
TaT A 340494 MUHUMU3AIAA OJHOCTOPOHHEM TEHW B TPOM3BONBLHOM
IeKapTOBOM IpoussBenenun nenen. Anasoru reopemsl Kpackana — Ka-
TOHBI JOKA3AHLI TAKXKE IJd AEKAPTOBA MPOW3BEACHUSA 3BE3T W APYTHUX
YACTUYHO yIOPALOYEHHBIX MHOXeCTB [5].

B mammom paboTe paccMaTpPUBAETCA 320348 MAHAMU3AIAU IBYCTO-
POHHEU TEHU B OYJIEBOM KyOe.

HasopémMm JuHENHBIM MOPALOK HAa ([Z]) MUHUMUSUPYOUWUM, €CTIH BCE
€r0 HAYANLHBLIE OTPE3KHU ABIAIOTCA MAHUMAILHLIMA IO JABYCTOPOHHEN

Teru. B [6] mokasamo, UTO B ([g]) HE CYIIECTBYET MUHUMU3UPYIOIIETO
nopAka npu n > 8.
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Onpenenum Ha ([Z]) YACTUIHBIA TOPALOK. Ilycts A u B — sne-

MEHTHI ([Z]), A = {ay,a9,...,a1}, B = {by,by,...,bp}, u dreMeHTHI
A n B ynopsagodeHBl IO BO3PACTAHMIO, TO €CThb a1 < Ay < ... < G,
by < by < ... < bg. MuoxkectBo A npedwecmsyem wmHOXKECTBY B

(AC B), ecim a; < b; nna scex i = 1,2,..., k. Yepes Z(A) o603ua41M
MUHUMAJIBHBIN [0 BKIIOUEHMIO HIeal, cozepxkammi A, To ecTh ceMen-
crBo {B € ([Z]) | BC A}.

YrBepxpaenune 1 [6]. Ecau F C (["]) — wudeas, mo |XF| =

S s(A), 2de s(A) = 51(A) + su(4), 51(4) = min(fn] \ 4) = 1, 5,(4) =
AEF

n — max A.
Mycrs A = {1,2,...,m,am41,...,ap—1,0,} € ([Z]), am+1 > m + 1.
O6osmasum A° = {2,3,....,m + 1,amy1,...,ar_1,n}. Takxe momoxum

Z(A% = {B € (M), B° = A°}. Mycts p =min({g: a; > ¢+ 1} U {k}).
YacTtuano ynopagodenroe maoxkecTBo (Z(A%),C) comepXuT HamMeHb-
myto Ttouky {1,2,...,p—1,ap,...,a5_1,ax_1 +1}. O60o3HauNM 5Ty Han-

MEHBIIyI0 TOUKY depe3 Al

Oycts 4 < k < 5. Ilpeanonoxum, 910 HA ([Z]) MOXHO OTPEIeTNTH
MUHUMU3UPYIOUIAN IBYCTOPOHHIOK TEHb JUHEUHBLIN TTOPAIOK <pin- W3
CBOHCTB omeparopa casura [3] ciegyer, 4To, HE OpaHUYIMBAs OOMIHO-
CTHU, MOXKHO CIATATD, 9TO HAYAIbHEIE OTPE3KU 3TOrO MOPALKA ABIAIOTCA
uneasamu, 10 ectb u3 A C B caengyer A <min B.

Yreepxaeune 2. I[lycmv <pip — MUHUMUSUPYOWUTE NOPAIOK, U
ebinoaneno A <gin B <min C u A = C°. To2da A® = B® = (",

Takum 06pa3oM, CeMENCTBA i(AO) ABJAIOTCA OTPE3KAMYA MUHUMU3H-
PYIOLIEro mopAIKa.

Yreepxaenne 3. [Tycmv <, in — MUNUMUBUPYOUWUT NOPAIOK, Oas
scex CO T A° svinoaneno C° <,nin B°, dasn ecex C° T BY swinoaneno
C° <pmin A%, u s(AY) < s(BY). Toeda A° <,in BP.

Yreepxaeuue 4. Ilycmb <pin — MURUMUSUPYOWUE Nopadox,
dan ecex C° T A% evinoaneno C° <,in B°, daa ecex C° T B°
soinoaneno CO <pim A%, s(A') = s(B'), max{s;(A'),s,(A1)} >
max{s;(B'),s,(BY)}. Toeda A® <, B°.

ITockoIbKy HaMMEHbIIAad B CMBICIE YaCTUIHOIO MOpAAKa T Toduka
([Z]) npunagiexut Ci(n, k) = f({2,3, ..., k,n}), a HauMeHbIIAsA TOYKA
([Z]) \ C1 (n, k) npuna giexut f({Q, 3,....,k—1,k+1,n}), To cemenicraa

Ci(n, k) u Ci(n, k) = Cyi(n, k) Uf({2,3,...,k — 1,k + 1,n}) asrsrores
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HAMATBHBIMI OTPE3KAMIE <pip. Cenetictso (I7) \Ci(n, k) comepxut 18e
MUHUMAaJIbHBIE TOUKK. B crydae n # 2k HOpAIOK dTUX TOYEK OMpeIeIeH
OIHO3HAYHO MO yTBEPKACHUIO 4.

IMycts n > 2k. PaccMoTpuM HAYATBHBIA OTPE30K L TOpPAAKA <mmin
muusl [2({2,3,...,k—1,k+2,n})|=1+k(n—k)+(k—1)(2n—2k—3).
Atot orpesok cocrout us ugeana Z({2,3,...,k—2,k,k+1,n} un—2k

MHOXECTB U3 CEMENCTBA f({Q, 3,....k—3,kk+ 1,k +2,n). logcun-
THIBas pa3Mep TEHU OTPEe3Ka COIIACHO yTBEP¥KIEHMIO 1, moaydaeM, 9To
IXL| =1XZ({2,3,...,k—1,k+2,n})|+(n—2k)(k—3), 470 mpoTHBOpEIMUT
OTIpE/IeJIEHNI0 MUHUMU3UPYIOMIETO MOPSIKA.

Teopema 1. Ilpu 4 < k < § nuwawoti aunetinviii nopadox ma ([Z])
HE ABAAELNCA MUHUMUSUPYIOULUM.

Teneps paccmoTpum caydaun n = 2k, k > 5. O6o3uauum

F=T({3,4,.. k+1,n)UT({2,3,... .k -2,k k+2,n}).

B cmny cummeTpun MOXKHO, HE OrpaHUYMBAS OOMIHOCTHU, CIATATE, ITO
{2,3,...,k = Lk+2,n} >min {2,3,...,k — 2,k k + 1,n}. Tlo yTBep-
KaeHusM 3 1 4 HavaAbHBIM OTPE30K L mopaaka <, AIuHbL |F| co-
crout u3 ugeanos Z({3,4,...,k+1,n}), Z({2,3,....k— L k+3,n})u
muoxectBa {1,2,...,k — 2,k + 4,k + 5}. Tloacuér pasmepa TeHu naér
IXL| = |XF| + k — 4, 9T0 TPOTHBOPEIUT OMPEIETCHNIO MAHIMUIIUPYIO-
Iero mopsaIKa.

Teopema 2. IIpu 5 < k = § nuwarxoti aunetinviii nopadox ma ([Z])

HE ABAACTNCA MUHUMUSUPYIOUUM.
5 5 (8] (7]
HenocpexcTBersou npoBepKON yCTAHOBIEHO, 9YTO B ( 4) u ( 3 ) TaKxXKe

HE CYIIECTBYeT MUHUMUBUPYIOMMX JIUHENHBIX IOPIIKOB, a B ([g]) TaKou
HOPSAOK CYLIECTBYET.

Pa6ora Brmoanena mpu QuuancoBou moxgaepxkke PDPDU (mpoexT
10-01-00768-a).
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techniques // European J. Combin. — 2003. — Ne 24 (5). — P. 551-556.
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OB OPPEKTUBHOM ITONCKE BYKBEHHBIX
COCTABOB B ®PATMEHTAX ABYMEPHBIX CJIOB

. Beaassory (Ilapux, ®paunus),
P. M. Kounakos (Mocksa), M. Papduno (Ilapux, @paunms)

TMox IByMEPHBIM CJIOBOM pasMepa m X n Hal andaBuToM Y. hopMaib-
HO TTIOHUMAETCsA COCTABICHHAA U3 CUMBOJIOB aahaBuTa Y. MPAMOYTOILHASA
MATPHUIA C M CTPOKAMU U N cToabnamMu. IlogMaTpuna TaHHOU MATPH-
1161, 06PA30BAHHAA TIEPECEICHUEM TTPOU3BOJBLHOTO YMCIA, UAYIIAX TI0 TP
CTPOK C MPOU3BOJBLHBIM YUCAOM MAYIIAX TOAPAL CTOJOIOB, HA3KIBAECT-
€A IPAMOYTOJBHEIM (PPArMEHTOM IBYMEPHOTO CIOBA. IIpAMOYTOJLHBIN
(parMeHT OBYMEPHOTO CJIOBA HABEIBAETCA KBAAPATHBEIM, €CJIU €r0 BHI-
coTa paBHA ero mupuHe. Be3 orpaHmyueHUsa OOIIHOCTU MBI TIOJATAEM,
aro m < n. I[loxg GykBeHHBIM cOCTaBOM (hparMeHTa ABYMEDPHOIO CJIOBA
MOHUMAETCA MHOXECTBO BCEX DPA3IUYHLIX CUMBOJOB, CONEPKAIIUXCA B
nagHOM (pparmente. Ecaum MHOXKECTBO A ABIAETCA OYKBEHHBIM COCTA-
BOM HEKOTOPOTO (pparMeHTa IBYMEPHOTO CJAOBA, TO NAHHBIA (PpArMeHT
nHaseBaeTca apeamom gas A. Ilpamoyroapmem apean mias GyKBEHHOTO
cocTaBa A HA3LIBAETCA MAKCUMAILHBIM, €CIU JIO0OU TPAMOYTOJILHBINA
dparmenT 60JBIIEr0 pasMepa, COAEPKAIMA TaHHLIN apeaj, uMeeT Oy-
KBEHHBIN COCTAB, OTINYIHLIN OT A. AHATOrUIHBIM 06Pa30M, KBAIPATHEIN
apean mas OYKBEHHOTO COCTaBa A HA3LIBACTCA MAKCUMAJTBHBIM, €CIU
JI0001 KBaAPATHBEIM (pparMeHT OOJLIIEro pasMepa, COAepKallui TaH-
HBIM apeaj, uMeeT OYKBEHHBIN COCTaB, OTAWYHLIN 0T A. B mammom pa-
60Te paccMaTpUBaeTCA 3aaada d>POEKTUBHOTO MOUCKA BCEBO3MOXKHEIX
OYyKBEHHEIX COCTABOB IJIA MPAMOYTOJBHEIX U KBAIPATHLIX (PPATMEHTOB
IPOU3BOJBLHOrO 3JaHHOT0 TBYMEPHOTO CIOBA. AHamormanas 3anava s¢-
(beKTUBHOTO MOUCKA BCEBO3MOXKHEIX OYKBEHHBIX COCTABOB 1 (hparMeH-
TOB OJHOMEPHHIX (JIOB paccMaTpuBajtacek B [1-3].

B mammom paboTe moiydeHbl ciaemyiomme pe3yabTaThl. [lycTts w —
OPOU3BOIBLHOE IBYMEPHOE CJIOBO pasMepa m X n Han aagaBuToOM X pas-
mepa o. O6osnauum vepes L, (Lg) 9uCI0 MAKCHUMATBHBIX TIPAMOYTOMb-
HBIX (KBaJDATHLIX) apeaJoB B CJIOBE wW.
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Teopema 1. Bce 6ykeenubie cocmagbt 044 NPAMOY20AbHBIT Pipae-
MENMO6 CA06a W Mo2Yym Gbimb ebiuucaens 3a epems O(nm2o+L, logo).

Teopema 2. Bce 6yxsennbie cocmasbl 0as K6a0pamuuly Gpazmen-
mMoe ¢a06a w Mmo2ym O0bimb eviuucaenvt 3a epema O(nmo + Lglogo).

Pa6ora Brmoanena mpu unaHcoBou moxaaepxkke PDPDU (mpoexT
11-01-00508).
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CTATUCTUKUW HA VP-MOHOTOHHBIX
ITEPECTAHOBKAX

JI. H. Bougapenko (Ilemza), M. JI. Illapanosa (Mocksa)

B [1, 2] ma cummerpuueckon rpynme S, IEPECTAHOBOK 0=0] . .. 0y,
rae o — caoBo Haj andasurtoMm [n]={1,...,n}, paccmaTpuBamucs cie-
aywomme cratuctukm: rise(o)=#{i : 1 < i < n, 0;>0,_1, 09=0};
imal(o)=card{y1,..., 7}, rae 11=0, vi=#{j : 1 < j <i-1, 0;<0;},
i > 2;inv(o)=#{(i,j) : 1 <i<j <n, 0;>0;}; maj(o)=Y 1, i, 0;>041;
fix(o)=#{i : 1 <i <n, 0;=i}; lec(o)=>_;_, inv(k;); pix(c)=|p]|.

B samucu gBYX DOCAEIHAX CTATUCTUK UCIOML3YETCA OPEICTABICHUE
O=pK1...Km, TO€ KPIOKA Ki,...,HKy; HAXOOATCA PEKYPCUBHO: K, —
cydduUKC CI0Ba 0 BUAA O5>0541< ...<0p, KPIOK K;_1 ONPENEIACTCA
AHAJIOTMYHO AJS CIOBA 01 ...04_1 W T. O0.; p — TpepuKC CJI0BA 0, HE
ABJSIONMACA KPIOKOM, a |p | — ero giuHa.

Bueknns vp : 0 — 7, oTobpaxkaer o€ S,, Ha CIOBO T=T{ ...Tp, TET,
no mpasuiy 7=0 @ v, rge 7;=0;+v;(mod n), v;=n—i+1,i=1,...,n, a
T; — HAMMEHBIINH TOJOXUTEILHEIN BEIYCT, U HHIYIUPYET CACIyIOMue
cratuctuxu [3]: ivp(o)=n"t Y1 | 7 exc(o)=#{i: 1 <i < n,o0; > i};
var(o)=card{ry,...,7,}, npudem ivp(o)+exc(o)=n+1.
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Buzx mpomssogsmero MEOrouIeHa Y, oo 51247

OIpeeIaeT KIace
cratuctuku stat. Tak, stat maswmBaercsa suneposon (E-craTucruxon),
eCJu ee MPOU3BOIAINIAA MHOTOYIEH SUIEPOB, T. €. 33aeTCA PEKYPPEHT-
HBIM coorHomenueM Ao(t)=1, A,(t)=ntA,_1(t)+t(1-t)A!_,(t), n >
1. Hampumep, lec (¢ mmorowrenom t 1A, (t)), rise, imal, ivp, a Taxxe
exc aBmoTca E-cratucrukamu [1-3].

[pu npomssogamem muorourere By, (q)=[n],!, [n],=(1—q) *(1—¢")
stat maseiBaeTca cratuctukon Maxk-Marona (M-cratuctukon). Hanpu-
Mep, inv n maj aeasorca M-cratuctukamn [1].

stat mazosem D-cTaTuCTUKOU, €CIM ee IPOU3BOMAIINN MHOIOWIEH,
KOTOPHIU CBA3AH C 3aJaYed O BCTPEYAX, OMPENENSIeTCA PEKYPPEeHTHON
dopmyaon Dg(t)=1, D,(t)=nD,_1(t)+(t—1)", n > 1 [4]. Haunpuwmep,
fix u pix aBasmorca D-crarucrukamu [2].

Omnpegenenne 1. Caoso TET,, Ha3bIBAEMCA MOHOMOKHBIM, ECAU BCE
€20 N0cAedoBaAMEALHBIE CUMBOALL 06PA3YIOM HeYObI8 A0 UYIO NOCALAOEa-
meavrocmy, a o=vp ' (T), 0ES,, Ha3vieaemca VP-MOHOMONHOT nepe-
cmanoskotl (muosxcecmeo smux nepecmanosox mon(S,) 3adaemca 6u-
exyuet vp : mon(S,) — mon(T,) [5]).

Jlemma 1. a) Ecau c€mon(S,,) u o=&nn, mo npedurc & u cyddurc
1) ABAANONCA MOKOTMOKHO 603PACTNANOUUMY CAO0EAMU.

6) Muoocecmeo mon(S,,) usomoppuno 6yaesoii pewemre parnea n— 1.

Aoxazameavcmaso. a) Pukcanus B cioBe 0 =ENT) MONOKEHUSI CUMBOJIA
n u paBeHCTBO T=0 &V, rae T€mon(T),), Jerko IPUBOAUT K TPEOYEeMOMY.

6) Ecin o€mon(S,) n o=¢£nn, To 6uekuus ¢ : o — {£}, {£} C [n—1]
ompegeseT uckomein uzomopdusm. Ipu srom {n} C [n—1] — {£}, paur
nepecTaHoBku o €mon(S,, ) Kak 31eMeHTa PeleTky paseH € |, a paHroBo-
npomsBoaman GyEKIEAa pemerkn mon(S,) umeer Bua (1 + )7L

EcTecTBeHHO BOBHUKAET 3a/a4a ONpENeJeHUsA BUAA MPOU3BOIAIINX

tstat(cr)

MHOT'OY1JIEHOB Z IJIT PAaCCMOTPEHHBIX BHIIMIE CTATUCTUK.

oc€mon(S,)

[lns cTaTucTUKM rise, B CUAY JeMMHBI 1, PE3yJbTAT TPUBUAIEH: UMe-
eTcs ogHA mepecTaHoBka cemon(S,), AnA KoTopon rise(c)=n, a gisa
ocTambrBx 2"~! — 1 Takux mepecranoBok rise(c)=n—1.

Teopema 1. a) ivp(c)=1+lec(o), u daa cmamucmux ivp, exc npo-
U3600AWUT MHOZOUACH ﬁ%l)(t)zt(lﬁf)"_l. 6) Jaa cmamucmuxu imal
npouseodauuii muozouwaen A ()=t ((14+t=1/2) 4 (1=t=1/2)m) /2.

Aoxazameabcmso. a) Io aemme 1 nusa o€mon(S,) kax saemenTa pe-
meTKy pasra k zaxogurcs paBeHcTBo exc(o)=k+1. Tak kak c€mon(S,,)
uMeeT He Gojee OQHOrO Kpioka, To Takxke umeeM exc(o)+lec(o)=n.
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(2
6) C moMompio JeMMEl 1 COOTHOIIEHWE 171 MHOTOWIEHA A%)(t) ycra-
HABIMBAETCA METONOM MAaTEMATUIECKON WHIYKIIAL.
Teopema 2. a) /Jas cmamucmukuy maj npouzsodswuti MmHo-

20unen gs)(t):t(1+t)"_1—t"+1. 6) [asa cmamucmuky inv npous-

800AUUT  MHOROUAEN E,(f)(t):Hn,l(t,t), a H,(t,q) — wmmnocousen
Podaucepca—Ceze [6], onpedeasemviii fopmyaoti Hy (t,q)=31_o [7] . tk,

2de [Z]q :m — wmuozouaen [aycca. Muozousenw H,(t,q) wazo-

dumca maKxce ¢ NOMOWBIO CALIYOULE20 PEKYPPEHMHO20 COOMHOULE-
HUA [6] HO(t,q) = 1: Hl(taq) =1+ ta Hn+1(t=q) = (1 + t)Hn(taq) -
(1 - qn)tanl(ta q)'

Aoxazameabcmso. a) Ilo aemme 1 nusa o€mon(S,) kax saemenTa pe-
meTku panra k seraucaserca maj(o)=k+2, ecin k < n—2, u maj(o)=1,
ectn k=n—1. 6) [na Bcex o€mon(S,) Kak dIeMEHTOB PEIIETKN PAHTa
k METOJOM MaTeMaTHYeCKOM MHAYKIMA HAXOIUTCA MHOTOUneH [ | tF.

Teopema 3. a) Jas cmamucmuxu fix umeem npouzsodswut, muo-
20uaen ﬁ%”(t)zt"-%(? —t)72n7 — 7Y 6) Aaa cmamucmuru pix
nPou360dauut MHO2OULEH 15%2)(t)=(1+t)"_1—(l—t)t"_l.

Aoxazameavcmeo. a) CooTHOIIEHNE 1T MHOTOWIEHA DY (t) ycrana-
BIMBAETCA METOJIOM MATEMATHIECKON MHIYKINY C MOMOIIBIO JEMMEI 1.
6) ITo nemme 1 mas o€mon(S,) Kak dIeMeHTa PEIIeTKH PAHra k BLIYH-
caserca pix(o)=k, eciun k < n—2, u pix(c)=n, eciu k=n—1.

Teopema 4. [Jasa cmamucmuky var umeem npouzsooauut mmo2o-
uaen Cp (t)=((1+t)"—(1-t)")/2.

Aoxazameavcmso. Coorrommenue nias muorodnena Cy,(t) ycranasau-
BAETCA METOAOM MATEMATHIECKON WHIYKIWY C HOMOIIBIO JeMMBI 1.

OTmeTnM, 9TO A1 CTATUCTHKA VAT HA TPYNIE TEPECTAHOBOK S, B
OTJIWYIME OT MHOXKECTBA mon(S,) ABHOrO BEIPAXKEHUA IJIA TPOU3BOIA-
MIEr0 MHOTOYIEHA [0 CUX [OD He HAUIEHO.

B 3akIo0veHUE 3ANUIIEM TAKXKE CIEIYIONME OPOCTHIE CBA3M MEXKIY
Oy YEHHBIMU [IPOM3BOIAIIAMY MHOTOXICHAMU: B (t)— A (t)=1-t",
Comt (=t=C™ DAL (1), Com () +727 A3 (1)=(141)™.

Pa6ora BEINOMHEHA Tpy (PUHAHCOBOU TOMAEPIKKE TEPBOTO ABTOPA
rpaatoMm POPU (npoekt 11-01-00212a).
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CTATUCTUKWU HA I'PYIIIIE IIEPECTAHOBOK 1
ITEPMAHEHTBI

JI. H. Boupgapenko (Ilemza), M. JI. Illapanosa (Mocksa)

B [1, 2] ma cummerpudeckon rpynme S, IEPECTAHOBOK 0=07 ... 0,
rge 0 — caoBo Hapg aadasurom {1,...,n}, paccmarpuBanace Guekuys
vp : S, — W,, orobpaxatoman o€S, npu (QPUKCHPOBAHHOM KJIIOUE
K=K1 ...Kp, KES, HA CIOBO W=W] ...Wn, WEW,, TO OpaBUIy wW=0 &P K,
rae w;=o;+K;(mod n), i=1,...,n, a w; — HAUMEHBIINN NOJOKUTEIb-
HBEI BBIIET, M MHAYIUPYEMBIE €il CTaTuCTuKm: ivp(o, k)=n""' Y i w;;
exc(o,k)=#{i: 1 <i < n, 0;4+kK;>n} (714 IPOCTOTHI 3aMUCH CCHITKA HA
KIIOY K=V, Tl€ V=V ...Vy, V;i=n—i+1, i=1,... n, 6yIeT omycKaThcs).

B [1] mokasazo, 94T0 1m0 TepMUHOIOrUK PAOOTH [3] ivp 1 exc — silie-
POBEI cTaTHCTUKH, T. €. Ap ()= g tive(or) = Y es, texe(o:K) — wmo-
rOWIeH JUIepa, KOTOPBIU ONPEIeNACTCA PEKYPPEHTHLIM COOTHOIICHUEM
Ap(t)=1, Ap(t)=ntA,_1(t)+t(1—t)Al,_,(t), n > 1, mpudieM >TOT MHO-
TOYWIEH TaKXKe BHYUUCAAETCA depe3 nepmaneHnT A, (t) = per C(t, k), roe
marpuna C(t, k) MOIy9aeTca COOTBETCTBYIOMIECH MEPECTAHOBKOU CTPOK
nupkyasara C(t)= (¢ (t))?,jzl’ MOPOXKAEHHOTO TOCAEI0BATEIBHO U~
KJINYIECKN CABUTAEMBIM Ha MO3UIINUIO BIPABO BEKTOPOM (tl/”, t2/”, e ,t),
a nepmanent per C(t)=)_ g Cigy(t) ... Cno, (1)
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Ilo ompegenenuio cratuctuka exc(o)=#{i : 1 < i < n,0; > i} n
Ap(t) = perT(t), roe T(t)= (tij(t))zjzl, tij(t)=t mpu i < j m t;;(¢)=1
npu i > j, npuiem marpuna 1'(t, k) noryuaerca us T (t) cOOTBETCTBYIO-
e TIEPECTAHOBKOU CTPOK. DTO NAeT KOMOMHATOPHOE JOKA3ATEIbCTBO
CJAEYIOMIETO YTBEPIK ICHUA.

Jlemma 1. ITpu scex k1), k2 €S, per C(t, kKM)=per T'(t, ().

Mo amamorum ¢ [3] BBegem oGosmauenus: iivp(o,k)=ivp(oc 1, k) un
iexc(o, k)=exc(o™1, k). Torga ama >TUX cTATHCTUK B JeMMe 1 moxy<mv
marpurst C*(t, k1)) u T*(t, k?)), rge ”*” o3mauaeT TpaHCIOHEpPOBAHIZE.

Monaras qun(o,k)=#{i : 1 < i < n, w;=1}, umeem qun(o)=fix(o),
rae fix(o)=#{i: 1 <i < n, 0;=i} ucnonszoBana B [4], a TPOU3BOAAIINL
muorowied D, (t) ana fix(o) cesa3an ¢ 3agaven o BcTpedax [5] u 3agaer-
csa coorrommernueMm Dg(t)=1, Dy (t)=nDp_1(t)+(t—1)", n > 1, npudem
D, (t) = per F(t,k), a F(t, k) mory4aeTcsa COOTBETCTBYIOLIEN IIE€PecTa-
HOBKO# cTpok Marpuust F(t)=(fi;(1)); ,_,, fu(t)=t u fi;(t)=1, i # j.

OTMeTnM, 9TO HECIOKHLIE BLIYUCICHAA IPABOIAT K COOTHOMICHAAM:
det C(t)=t(1—t)" 1, det T(t)=t(t—1)""1, det F(t)=(t+n—1)(t—1)""1.

B [3, 4] paccmarpuBanuck MHOMOMEDHBIE PACIpPeeIeHns PiAga CTa-
TUCTUK U COOTBETCTBYIOIINE UM AHAJIATUICCKHAE BLIPAKCHMUA.

Tak kak TpoOU3BOAAIINE MHOTOWIEHE CTATUCTHUK 1VD, €XC, iivp, iexc,
qUN OMUCHIBAKTCA C MOMOIIBIO IEPMAHEHTOB, TO €CTECTBEHHO BO3HUKAET
3a[a9a HAXO0XK [IeHNsA IEPMAHEHTOB, 32 JAI0IIX COBMECTHRIE PACTIPEIeIe-
HUA DTUX CTATUCTUK.

Cummerpus sutepoBa pacupegenenus {A, x/n!}p_, , oTBevaromasn
paseHcTBY A, (t)=t"T1A, (¢ !), mpuBoauT K ClEIyIOMEMY TTOHATHIO.

Omnpegenenune 1. Jiqseposvl cmamucmuku stat; u stats nazoeem
3a8ucuMbimU NPy Purcuposannom n > 1, ecau Yo €S, stat;=stats uau
stat, +stato=n+1, u, coomeemcmeenno, He3aBUCUMBIMU, ECAU NPU Puk-
CUPOBAHHOM T > 3 3TN0 YCAOBUE HAPYULAETNCA.

B uacrtrOCTH, ivp(0, K) U exc(o, k) 3aBUCHMBL OpU JTIOO0M KES,, TaK
Kax ivp(o, k)+exc(o, k)=n+1 [1, 2], a HE3aBUCUMOCTH CTATUCTUK Stat u
staty o3HAUaET, YTO MPOU3BOAAIINN MHOTOUIEH IBYX TIEPEMEHHBIX, OTU-
CBIBAIOIIAN UX COBMECTHOE paclpeneleHne, uMeeT 60Jee n 0 THOWICHOB.

Jlemma 2. a) Cmamucmuxu ivp(o, k™)) u exc(o,k?)) nezasucu-
moi npu K V#3). 6) Cmamucmury ivp(o, k) u iivp(o, &), a maxace
exc(o,k) u iexc(o,K) 3a6UCUMbL TNOALKO 6 CACOYOUWUTL 08YT CAYUAAL:
1) xarou KES, A6A4EMCA YUKAVUECKUM COBUOM €OURUUHOT TEPecTa-
noexu e=1...n; 2) xwmou v"™ES, asasemes yuxsuveckum cosuzom
ca08a VES, 64€60 Ha M cum60408, a n=2m—1.
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Aoxazameabcmeso. TlepBas 9acTh yTBEPK IEHUA CAEIYET U3 HE3ABU-
cumoctu byuxmmi ivp(o, k1) u ivp(o, &) mpn kM #£x(3) u zaBucn-
moctu ivp(o, k) u exc(o, k) mpu aO60M KESy,, a BTOpas I0KA3HIBAETCA
paccMOTpeHueM CI0B w=0 & K.

W3 npuBeneHHLIX PE3YABTATOR CACIYET YTBEPK ICHUE.

Jemma 3. Ipoussodswuti mmo2ousen pacnpedeserus Ha pyn-
ne S, P(t,kW); 5,6®; 2, 63); u, k®; v, k%)) namumepnozo eexmopa
(ivp(o, k1), iivp(o, k), qun(a, ), exc(o, k®)), iexc(o, £)))  ecmsb
ZUES tivp(a,n(l))Siivp(a,n(Q))unn(a,n(3))uexc(a',n(4))Uiexc(a,n(s)) u pasen nep-

marnewmy mampuyve H=H(t,kV); s, 2); 2, kO); u, ;0 £0)), 2de
H=C(t,kM)oC*(s,?) o F(z,k®)) o T(u, k™) o T*(v, k), a npouzse-
denue mampuy nowumaemca xax npoussedenue Adamapa— IHlypa, m. e.
NOIAEMENTIHOE YMHONCEHUE MATMPUY.

IIpousBoAAIIMEe MHONOWICHE MAPTUHAJBHLEIX PACHPENEICHUN MOJy-
YAI0TCA W3 MePMAHEHTA JeMMbI 3 IPUPABHUBAHIEM COOTBETCTBYIOMIAX
HepeMeHHBIX eIUHUIE, a TAKXKE BePHBI CICIYIOMUe YTBePK ICHN.

Teopema 1. ITycms £(V=kP)=xB)=p o xH=kG)=p1) . Toeda
P(t; 55 2 u,v1); 0,00 =per (C(£)oC* ()0 F ()T (u, vV)oT* (1, v(1)),
U 6CE MAP2UHAAbHBIE DBYMEPHbIE PACNPEIeseHUs, 0MEEUAUUE ITiaepo-
BbIM CMAMUCTIUKAM, UMEIOM 00UHAKOBHIE NPOUZEO0AUUE MHO2OUAEHDL.

[Aoxazamenbcmeo TPOBOAUTCA € UCTIOIB30BAHUEM JEMM, & CTATHCTH-
ka exc(o,vM)=14#{i : 1 < i < n—1, 0;>i} oTm4IaeTcsa HA eUHMITY
OT AHAJOTUIHOU CTATUCTUKE B [4].

Teopema 2. ITyemv kN=k@ =B =p(*) ¢ A=k =pk+1)

k=0,...,n—1. Tozda P(t,vF); s, v*); 2 p*). g pE+D). 4 p(k+1)) po.
sen  P(t,pktm); g pylktm). o p(ktm). g pktmt1). 4 plktmti)y gy
n = 2m u cosnadaem c P(u,u(”’k); v, V(R 5 (k). g gkt

s, v=kD)) npy n=2m—1.

Loxazamenbcmeo OIUPAETCA HA JEMMY 3 U CBOUCTBA CJIOB W=0 P K.

OrmeTuMm, 9TO ¢ yyerom jgemmbl 1 moxkuO MaTpumsl C' u C* B nem-
me 3 samenuts Ha T u T* (wmm T u T* — ma C u C*), HO Torga
GOpMyIUPOBKY JeMMBI 3 U TeopeM 1, 2 TOTKHEBI OBITH HECKOIBKO MOIU-
(pULIUPOBAHBIL.

Pa6oTa BeimonHena mpum (PUHAHCOBOU TMOAAEPIKKE IIEPBOIO ABTOPA
rpaaToMm POPU (npoekt 11-01-00212a).
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MHBECTUIINOHHAA BYJIEBA 3AODAY9A
C KPUTEPUAMNU BAJBIA 1 COBUIXKA
B YCJIOBUAX HEOIIPEAEJEHHOCTHA

B. A. Emennyes, B. B. Koporkos (Mumck)

PaccmaTpuBaeTca OMKPUTEPUANLHBEIN AUCKPETHBIN BAPUAHT yIpa-
BJICHWA WHBECTUIMAMHU, OCHOBAHHBIN HA MOPTQETLHON Teopuu Mapko-
Buna [1], ¢ ABYMA yIOPAJOIEHHEIMEA KPUTEPAAMEA — MAKCUMUHHEIM KDH-
TepueM addexkTuHOCTH Bambna [2]

e(z,E) = Zrenjbn Z €ijj — Max (1)
" jEN.

U MUHUMAaKCHBIM KpuTepueM pucka CoBupxa [3]

r(z, R) = max E TijT; — min. (2)
IEN, | zeX
JENR
N, ={1,2,...,n} — anrpTepHATUBHBIE NHBECTULINOHHEIE TPOEKTH (aK-
TuBe1); N,, — BO3MOXKHBIC COCTOSHUA PBHIHKA; T = (T1,T2,...,%,)) €
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X C {0,1}™ — meBeCcTHUHOHHBIN HOpPTdEIb, TAe T; = 1, €CIM HHBe-
CTHUIMOHHEBIN NPOEKT j € N, peaamsyercs, u ¢; = 0 B IPOTUBHOM CIIy-
Jae; e;; — OXMIaeMas OleHKa d(Pp(EeKTUBHOCTH (YUCTHIHM LOXOX) MpPO-
ekTa j € N, B caydae, KOrja PLIHOK HAXOMAUTCA B COCTOAHUA i € Ny, ;
Tij — Mepa PHUCKa, KOTOPOMY IIOIBEPraeTCs MHBECTOP, BLIOUPAT IPOEKT
j € N, upu i-M COCTOAHMU PBIHKA. TakuMm 006pa3zoM, UcXogHou uHOP-
MaIven 3aJa9y ABIATCA IBE MATPULL — MATpUa 3hdEKTUBHOCTA
E = [e;;] € R™*" u marpuna puckoB R = [r;;] € R™*™.

Ilox 6uxpurepuanbuou wHBecTHUHUOHHOU 3agaden Z™(E, R) ¢ yno-
panoveHnLIME KpuTepuamu Banbna n CoBumka Oy 1eM NOHIMATE 3a,1a9y
NOMCKA MHOXKECTBA ONTUMAILHEIX nmopTdenen L™ (E, R) 3agaqu

r(z,R) » min

zeLm(B)
rage L™(E) — mMHOXeCTBO onTuMaabHbIX noprdenen 3agadu (1). Tem
cambeiM, L™(E, R) — MHOXECTBO JEKCUKOTPAPUIECKN ONTUMAILHBIX

noprdenen zanaan (1)—(2).

Bricokas CTeneHb HEONPEAEJeHHOCTH M HEKOPPEKTHOCTH MCXOTHOU
uH(GOPMALIUY, BO3HUKAIOIIAE B CBA3M C MCIOIb30BAHMEM CTATUCTUYIE-
CKHX ¥ 3KCIEPUMEHTAIBHBIX OLEHOK 3((MEKTUBHOCTU W PUCKA HHBE-
CTULNOHHBIX MPOEKTOB (CM., HApuMep, [4]) BLI3BIBaeT HEOGXOAMMOCTH
BLIABICHUA MPEIEILHONO YPOBHA M3MEHEHUH HAYAIBLHBIX TAHHBIX 3a1a-
91, COXPAHAIINAX JCKCAKOTPAPUIECKYI0 ONTUMAILHOCTE BEIOPAHHOTO
noprdena. Takon moaxonq TPUBOAUT K KAOYEBOMY MOHATHUIO PAIAY-
ca ycrowmsoctn moptders x° € L™(E,R), mon KOTOPHIM, CIeIys
[5], 6ymem mommmaTes wucao p™(x°,E,R) = sup Z, ecim = # (), m
p" (%, E,R) = 0, ectn = = (), e

={e>0: Y(E',R)€Qe) (°€l*(E+FE,R+R))},

[1]

Q) = {(E,R) e R™" x R™": ||E'|| < & | '] < &}.

ITon mopmon ||A|| mobon marpuner A = [a;;] € R™*™ nouumaem 4ncio
> 2 lagl
€N, JEN,

Teopema. Jas paduyca yemotiuueocmu p™(z°, E, R) 06020 aex-
cuxoepaduuecku onmumaibrnozo nopmgpeas z° € L™(E, R) 6uxpume-
puaavroti 3adawu Z™(E, R), m > 1, cnpasedausvl caedyrouwue docmu-
HCUMDIE OUYENKU

0
¢ <p™(z”,E,R) < 20,

238



2de
- : : 0
= min  max min (E epjT — E €i;T).

r€X\(20} i€Nm KENm ~ L &
Caeactsue. IIpu 2° € L' (E, R) cnpasedausa $opmyaa
p' (2", E,R) = ¢.

Cayuan, xorga m = 1 (kpurtepun (1) n (2) — JuHENHBIE), MOXKHO
MHTEPIPETUPOBATH, KAK CUTYAINO, IPU KOTOPOU COCTOSHMNE PHIHKA HE
BEI3LIBACT COMHEHUMN.

[pyron BapuaHT yCTOMYUBOCTU BEKTOPHOU WHBECTUIIMOHHOU Oy-
JEBOU 3alavW C yHopsAgodeHHbIMEU Kpurepuamu CiBUIKA PACCMO-
TpeH B [6].

Pa6ora BrimonHena mpu (UHAHCOBOM TOMIEpKKe Bemopycckoro
pecnybiIrKaHcKoro (GoHAa (QYHIAMEHTAJIBHBIX UCCIAELOBAHUN (IPOEKT

D11K-095).
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K OIITUMMU3AIIVA HA PASMEIIIEHUAX
O. A. Emen, A. O. Emer; (IToxrasa)

OnpeneneHHbIN KAACC 33129 KOMOUHATOPHON ONTUMUIAIUEA UTDOBO-
ro TUIa Ha pa3MelleHUsX [1] mopoxkgaer 3aady MUHUMU3ALUY JIAHEN-
HOU (PYHKITMY HA MHOXKECTBE PA3MEIICHUN, KOT1a CyMMa, DJEMEHTOR pa3-
MeIleHns — equHuna [2]:

k
cha:j — min; (1)
i=1
x=(1,..., k) € E};,,(G); (2)
k
>z=1, 3)
i=1
rae G = {g1,...,9y} — W3BECTHOE MYJIBTUMHOXECTBO, ¢, g; € R',

E},(G) — obmee muox)ecTBO k-pasvemenmi [3].

151 ee pemenus IpeIaraeTCsa UCHOIB30BATH METOIOJOMMI0 METOAA,
Bersen u rpanun (MBT).

Paccmorpum cmoco6 BeTBIEHUSA MHOXKECTBA AOIMYCTUMBIX DEIIEHUN
Ha moaMHOXKecTBa B MBT'. Ynopanounm kosduiineHTs neieson GpyHk-
N7 COIVIACHO HEPABEHCTR!

Cay > Cap 2 oo > Cay 2 0> Capyy > oo 2 Cays (4)

a BIEMEHTHI My IbTUMHOXKeCTBa G canTaeM, 6e3 OrpaHuIeHrA OOMIHOCTH
paCCy)K,aeHHﬁ, HpOHyMepOBaHHbIMI/I TaK, YTO BBIIIOJHAIOTCAI COOTHOIIIE-
HNUA:

01 <0< ... <9t <gry1 <. < gy (5)

BetrBrenus npemmaraerca genaTh B riayOuHy”, Ompemeiss OOHY 3a
OHOU TIEpEMEHHBLIE B BEKTOPE T € Ef;,, B HOpPsAAKE HOMEPOB (1, 2, ...,
Qp_1,00, & TIOTOM O, (U1, «eey Y2, A41, DA€ MOPATOK ONPENENACTCA
ycaoBusivmu (4), nIpugaBas 3HAYEHUs IEPEMEHHBIM C HOMEPAMHA (i, (L, ...,
(v TIOCJENIOBATENBHO (1, §2, ..., & IEPEMEHHBIM C HOMEPAMU (j, Vg1, ...,
Q41 — IOCIEJOBATEIbHO 3HAYEHUA §y, §p—1,.... ECIN TaJbHEUIIee Be-
TBAeHUE "B TyOuHY” HEe BO3MOXHO (MHOXKECTBO MyCTOE WM OTHODJIE-
MEHTHOE), TIPOUCXOAUT BO3BPAT HA MPEILIIYIINN YPOBEHb IEPEBa Be-
TBJIEHUN C IPUCBOEHMEM pPaHee ONPeNeJeHHON IePEeMEHHON CJeqyIOmero
B U3JOXEHHOM MOPAIKE 3HAYCHUS.
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PaccmoTpuM ¢noco6 OIEHUBAHUA JOMYCTUMBIX TIOJIMHOXKECTB Pere-
uun B MBI'. IlycTe npu onucarmHOM crnoco6e BeTBJAEHMA Ipu 00pasoBa-
HUH IO IMHOXKECTBA () MHOXKECTBA IOMyCTUMBIX pernerun 3anaqan (1)—(3)
yKe OIpPEeJeIUINCh IEPEMEHHEIE T3, , L3, ; ..., £3,. OUEBUIHO, ITO B CHILY
(4) numeem:

o1 > Cpy > o 2 CB, - (6)

ITepemenubie, KOTOPBIE OCTAMUCH HEOMPEAECICHHBIMU, OOO3HAYTUM 1,
oy T7, vae t+7 = k. Hymepanuio 5Tux HeOnpeaeJeHHBIX IEDEMEHHBIX, He
Hapymas OOUIHOCTHU PACCYXKACHUN, OCYIIECTBUM TaK, YTOOLI BBITOIHA-
JIACH CIEAYIOIINEe COOTHOLIEHUA A1A KOIDPUIMEHTOB C; HeIeBOU PyHK-
LM OPH IepeMeHHbIX T Vj € J;:

€1 2626 20>0e\1 2 ... 206 (7)
3uadeHus ¢ nepeMeHHbBIX

Ty = Girs 3 By = Giy» (8)

KOTOpBIE ONpee]eHbl COIVIACHO ONMUCAHHBIX MPABUJI BETBIEHUA IpU 00-
PA30BAHUU TIOJAMHOXKECTBA (), OOBEAUHUM B MyJbTUMHOXKeCTBO Gp =
= {9i,, -, 9i, }- Torga 3HaueHUs HEONpEJEIEHHBIX MEPEMEHHBIX MOI'YT

BEIOMPATBECA U3 MyJIbTHMHOXKECTBA (G, KOTOPOE ABAAETCA PA3HOCTHIO
Myab- TumHOXkecTB G u Gg: G =G — G = {G1,...,0y}, rae x +t =1n.

HyCTB DJIEMEHTHI G~ HpOHyMepOBaHBI TaK, 9TO
91 <32 < oo <Gy 9)

CymMupys craraeMble OeneBOd (byHKIUYA 3HAYEHUAMHI MEPEMEHHBIX
ZBy, ..., T, , ONPEEIeHHBIE B (8), MOIYyYNM TAKOE BHIPAKEHUE:

t
v= Zcﬁpgip. (10)
p=1

Kak usBecTHO, yucno & B 3amade MuHnMuzanuu GyHxnun F(x) ma
muoxkecTBe £ € D B MBI aBasercsa omenxon moaMmuoxkectsa D; C D,
ecau £ < F(z) Vz € D;.

Teopema 1. Oyenkoti £ nodmuoxcecmea @, onpedeasemoz20 ycai06u-
em (8), muoncecmea donycmumbiz pewenutd 3adaun (1)—(3) asasemca
BEAUNUNG

E=v+c, (11)
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2de v sbiuucasemes no gopmyae (10); a

A T—A
=D &G+ D Earifx-raati (12)
j=1 j=1

npu yeaosuaz (7), (9).
O0603HAYMMM TOIMHOKECTBO () HomycTuMBIX pemnenunn 8 MBI s 3a-
naqu (1)-(3) rax:

Dfr = {x = (21, ..., 21) € Rz, = gi; Vj € J,,

Vr € Jn, (Biy - Br) € Ep(Jk); (i1, yin) € Ep(Jy)},

rae E;(J;) o6o3Hadaer [3] MHOXKECTBO 7-Pa3MEIIEHUN (€3 IOBTOPEHUN
u3 muoxectBa J;, = {1,2,...,k}; B;, i; ynosaersopsiot (6), (8) mpu ycio-
Buu 7 = t. Ouenky £ 3TOr0 MHOXECTBA, ONPEIEJeHHY 10 (hOPMYyIaM
(10)—(12) mpm ycaosusax (6), (7), (9) o6o3HaxmM Eﬁl_'_'_fr. Nmeer mecTo
Teopema.

Teopema 2. Mencdy oyenkamu nodmmoxcecms

Dlﬁlll,fr u Diﬁll...Br...BH_X

iy

CNPABedAUBO COOMHOULEHUE: fﬁf::f” < fﬁlfj:(x, eder+x <k, Vr e

Jer Vx € J) = J_ U{0}, (B, B) € El(Jk); ¢ € {r;7 + x},
(i1,r0q) € EI(Jy); seauuunor ij € Jy w B, ..., Briy ydosaemeopatom
ycaosuam (6), (8).

[lloxazaHo eme OHO CBOUCTBO OIEHKHU JOIYCTUMBIX MOXMHOXKECTB B
MBI, no3Boasiomiee yaydmaTh OTCEUeHUS.

B noxnane mpumBOgATCA TOKA3aTEILCTBA DTUX TEOPEM.

Cuucok JurepaTypsbl

1. Emen O. A., OabxoBckan E. B. TepalluoOHHBIN METO peIIeHUs
KOMOMHATOPHBIX 3a4ad UIPOBOrO Tuna Ha pasmerenusnx // IIpobaemer
ynpasnenusa u nagopmaruku. — 2011. — Ne 3. — C. 69-78.

2. Emens O. O., Emens Ox-pa O. Posp’asyBamus 3agad komGina-
TOPHOI onTuMizamnii Ha HewiTKUX MHOXKMHAX. Monorpadis. — Iloarasa:
MMYET, 2011.

3. Crosu 1O. I'., Emen O. O. Teopus u MeToqbl €BKINIOBOU KOMOU-
HATOPHOU ONTUMU3ANVU. — K.: H-T CUCTEMH. JOCTiTxkeHsb ocsiTu, 1993.

242



KOMBUHATOPHAA 3ATJAYA
HAXOXKAEHUA MAKCUMAJIBHOT'O ITIOTOKA

O. A. Even, E. M. Emen, 0. ®. Ousexcunayk (Iloarasa)

B pabGore paccmarpuBaeTcs KOMOMHATOPHAS 3aada HAXOXKICHUS
MAKCHMAJIBHOTO IOTOKA W METOMLI €€ pemennsa. PaccmarpuBaemasn 3ama-
9a ABIAETCA OOOOIIEHNEM 331891 HAXOXKICHUA MAKCUMAILHOTO IIOTOKA
U MO3BOJSIET PACIIMPUTH KAACC MOAEIUPYEMBIX 3a1ad.

ITocramoBka 3agaquu. Ilycre TpancnoprTHas cers [1] 3agana rpa-
dom T' = (V,U) ¢ muoxecTBoM Bepmme V' = {v1,vs,...,0|y|} ¥ MHO-
xectsoMm ayr U. Ilyry u3 BepIIuHEI v; y BepIiuHy v; OyaeM 0603HAIaThH
u;j. lIpomyckHasa cmoco6HOCTE IyTH u;; paBHa b;; > 0. Mcrounuk Oy gem
0003HAYATH Vg, CTOK — Uy.

IMorokom mHaswBaroT dyuknuio w : U — R co caegyioumMmu CBOU-
cTBaMU:

1. 3HaueHne PYHKIME W HA IyTe U;; He MOXKET MPEBBIIIATE IPOILYCK-
HYIO CIOCOOHOCTB IYTH, TO €CThb W (u;5) < bij.

2. Coxpanenue 6ananca BO BCEX BEPIIMHAX, KPOME CTOKA M UCTOIHU-
Ka, TO €CThb )., W (Uiz) = Zu”-er (uzj) Vz, 2z # s, z # t.

BesnuuHon moToKa |w| GygeM Ha3BIBATH CyMy 3HAYEHUN (YHKIUN
W TO MCXOMAMIMM W3 MCTOTHUKA Tyram: ) . W (us;) = wl.

B 3agade HAXOXAEHUS MAKCUMAIBLHOIO MOTOKA HAJOXKUM [OMOJJHU-
TeapHBbIe orpaHmderus. [IycTs norok mo gyram w;; € U' C U moxer
IPUHUMATE 3HAYEHNs, KOTOPBIE HE MPEBHIMNAIOT UUCIO &;; = ¢ € G, TO
ectb w (ui5) < x5, rae G = {g1, 92, ..., gy} — BaJAHHOE MyJIbLTUMHONKE-
CTBO; IPUYEM BEKTOD U3 Z;j ABIAETCA K-pasMeIleHHeM M3 1) 31eMEeHTOB
MyabTEMHOKECTBA G, TO €CTh & = (Liyjy , Tinjys -y Tirjy) € Epy (G), Tae
N — KOJUYECTBO BIEMEHTOB OCHOBHI [2].

Hasoeem 5Ty 3amady KOMOMHATOPHON 3a1a9ed HAXOXKIEHUA MaKCH-
MAJIBHOTO IOTOKA. PaccMaTpuBaeMas 3a1a9a BIEPBLIE ObLIA TTOCTABICHA
B [3] 1 10 5TOrO He paccMaTpPUBAIACK.

MaremaTudeckas MojeJb 3ajadd. IIycTb HOTOK MO Ayre Uij,
paBeH Y;j, TO €CTb Y;; = W (u;;). 3ajada COCTOUT B OTHICKAHUU MaK-
CHMAJIBHOIO 3HAYeHNs (YHKIUM f U COOTBETCTBEHHBIX 3HAYCHUM Zj,
Yij:

f= Z Yjt — Max, (1)

ujt €U

[PU BBINOJHEHUN YCAOBUM: COXPAHEHUE GAJAHCA B BEPIIMHAX
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Z Yiz = Z yzjaz#taz#sa (2)

ui- €U u.; €U

OTpAHMUYEHUS HA NPONYCKHYIO CIOCOOHOCTDL IyT

0<y; <bs; Vu €U, (3)

1 IIp1 OOIIOJHUTEIBHBIX KOM6I/IHaTOpHI:>IX OI'DaHUYICHUAX

Yij < Tij Vui]’ e, (4)

T = (a:iljl 3 Ligjay e s xikjk) € Esn (G) : (5)

3agada (1)—(5) ABasgeTca YaCTHBIM CIy4aeM JUHEHHON 33,191 eBKIN-
JOBOH 9aCTUYHO KOMOMHATOPHOU ONTUMU3ALMY HA Pa3MermeHusnx [2].

MeToab! pemienus. V3BeCTHBI METOIBI PEIIEHNA €BKJIUJOBBIX KOM-
OMHATOPHBEIX 3aJa4 HA DasMelleHusAX (cM. Hampumep, [2-5]), KoTOpbIe
OPUMEHVMBI 7S PEIIeHNsI KOMOMHATOPHOU 320341 HAXOXK IEHUs MAaKCH-
mMaabpHOrO notoka [3]. Copaeegniusa TeopeMa.

Teopema. Kombumnamopras 3a0aua HATOHCIEHUL MAKCUMAALHOZO
nomoxa ssasemcs NP-mpyonoii.

Yuantwiag NP-TpyaHOoCTh 331891, aKTYaIbHON ABIACTCA pa3paboT-
Ka IPUOMMKEHHBIX MeTO0B. B [6] npeanoxen ” xagupm” aaroputM Ais
pemenus 3anaam. M ges MeToga COCTOMT B TOM, 9TO HA KAXKIOM DTAIE
HAXOOUTCA CAMBIM KOPOTKWUU MYyTh U3 MCTOYHUKA B CTOK (€CIU TaKUX
IyTel HECKOJbKO, TO BEIOMPAETCA MyTh C MAKCUMAJLHOU IIPOIYCKHON
CIIOCOGHOCTBIO Ge3 yueTa KOMOMHATOPHBIX OIDAHUYEHUN). 3ATEM Tj; C
HAUIEHHOTO [Ty TH NPUHAMAIOT 3HAYEHUA, KOTOPBIE MAKCUMU3UPYIOT I0-
OYCTUMBIA MOTOK 110 >TOMY Ty TH. [locie 5TOro HaXOAUTCA OCTATOYHAA
cetb u T. 1. CpaBeqInBO Takoe yTBEPK ICHUE.

Teopema. Bpema pabomuvl x#adno2o ai20pumma 044 KoMOUKGMOP-
1ot 3adauy nazoncdenus maxcumasnozo nomoxa T'(n) = O(|U|n|w*]),
ede |U| — xoauuecmeo dye 6 epadie, n —KoAUNECTNEO PAZHBIL IAEMEN-
moe 6 myavmumnoncecmee G, |w*| — uckomas seauuuna MAKCUMALL-
HO20 NOMOKG.

PaccmoTpuM mpuMeHeHmE METONA BETBEHM W TPAHUIL IJIA PEMICHU
sagaqu. [IporymMepyeM myru, HA KOTOPBEIE HAJOXKEHLI KOMOMHATODPHLIE
OTPaHUYIEHUA: U, U2, . . ., U. KAK HATATBLHOE PEKOPIHOE 3HAICHNE MOK-
HO B3ATH PEIeHNe, TMOIYIEHHOE HEKOTOPBIM MPUOINKEHHBIM METOIOM,
HAIpPUMEp XAMHBIM aIropuTMoM. HadanrbHbiM eTamom GygeM CUMTATh
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KJIACCAYECKYR 330a9y HAXOXKICHUA MAKCAMAILHOTO MOTOKA (6€3 KOM-
OUHATOPHBEIX OrPAHWYEHNUN), HAYAILHON OLIEHKON — €€ PEIICHIUE.
BeTnrenue nemaercsa Tak: 4as U; MOJATAEM T; PABHBLIM BCEM NOCTYII-
HBEIM 3HaUeHUAM w3 G (mo nopanky). Ouenkon GyneT peleHne Kaaccu-
YeCKOW 3ajlatTy ¢ MPOMyCKHIME crnocobrocTsamu bj; = min(b;j, z;5). Ec-
JIY OIIEHKA, GOJIBINE PEKOPAHOrO 3HAYEHUA, IPONOIKAEM BETBICHNE, NHA-
9e — OTCeKaeM BepIiuHy (OYeBUIHO, YTO T0OABJICHUE JOMOTHUTEILHEIX
OCPAHUYEHUN HE MOXKET YBEINIUTh MAKCUMAJbLHBIN TOTOK). Wamensas
1 =1,2,...,k 1 ucnoab3ys MOUCK B IVIyOMHY HAXOJIUM PEIeHNe 3a 1€,
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H-TTIEPUMETP U L-OKPY>XKEHUE MATPOUIA
A. H. Ucauenko, f. A. Ucauenko (Mumck)

AxcroMaTuzanma MATPOUIA MOXKET TPOBOAUTHCA HA OCHOBE PaB/IMd-
HBIX MOHATHU: HE3ABUCAMOIO MHOXKECTBA, 0a31Mca, INKIa, (DYHKIUA PaH-
ra, OCTOBHOI'O MHOXKECTBA, ONEPATOPAa 3aMBIKAHUA, IIOCKOCTH, CHIED-
IUIOCKOCTH, MUKIAICCKOTO MHOXKECTBA. Y YUTHIBAA IBOUCTBEHHBIE COOT-
HOIIIEHUA, MATPOU MOXKHO ONPENEIUTh TAKKE B TEPMUHAX KOHE3ABU-
CUMEIX MHOXKECTB, KOOA3UCOB, KOMMKIOB 1 T. 1. CBOMCTBA yKa3aHHBIX
HOHATUN MaTPOUJA MpUBeeHsl B padorax [1-3].

B macTosamem coobmennn BBOAATCA NBA HOBLIX NBONCTBEHHBIX MOHSA-
Tusa g marpouga (H-nepumerp u L-OKpy:KeHUE) U IPUBOIUTCA AKCH-
OMATU3AIUA MATPOUAA HA WX OCHOBE. [[ar0TCsA OMpeneneHus, COOTBET-
CTBYIOIIUX STUM MOHATHAAM OPAKYJIOB, U PE3YJIbTATHI O MOJIMHOMUAILHON
CBOJMMOCTHU K HUM JDPYTUX OPaKyJIOB.

Ilycte (S, F) maTpous Ha MHOXKECTBE S C CEMEACTBOM HE3ABUCH-
meix MHOXecTB F'. H-nepumerpom marpouga (S, F') HazoseM pyHKIMIO
ye 2% = {0,...,|S|} co smatemmamum yg(A) = max{|C| : C C
A,C — uukn}, ecmn A 3asucumoe MHOXecTBO, 1 Y(A) =0, ecim A € F.

Teopema 1. (Axcuomvr H-nepumempa). Dynxuyus vy : 25 -
— {0,...,]|S|} asasemca Pynrxyuet H-nepumempa nexomopozo mampo-
uda (S, F') mozda u moavko mozda, K020a das wee 6bINOAHAIOMCS YCAO-
BUA:

H1) ecau yg(X) > 0, mo cywecmsyem muosncecneo Y C X, das
womopoeo vu(X) =ya(Y) = [Y|;

H2) ecau X DY, mo vy (X) > yu(Y);

H3) ecau yg(X) = |X|, mo ya(X\z) =0 das awbozo z € X;

H4) ecau yg(X) = |X|, va¥) = Y], X #Y, 2 € XNY, mo
Yy (X UY)\z) > 0.

Aoxazameabcmso. Heobxoqumocts. ycts (S, F) MmaTpoun u GpyHK-
s g : 2% — {0,...,|S|} apaserca ero H-mepumerpom. Bemonnenue
ycaosus H1) cregyer HEmOCPEACTBEHHO U3 OmpeejeHus (DPYHKIUUA Vi .
Pacemorpum ycnosue H2). IIpeanonoxum, aro X D Y. Ilycte C — nuxa
marponga (S, F), npuaem C CY uyg(Y) = |C|. Noayuum X DY D C,
cregoBarensHo, v (X) > |C] = yu(Y).

PasencrBo vg (X ) = | X| o3Hazaer, 9T0 X ABIAETCS MUKIOM MATPO-
nga (S, F). CregoBarensro, X\z € F n1a moboro € X, 4T0 Beder
v (X\z) =0.

Ecmm yp(X) = |X|, ya(Y) = |Y], o X n Y sBagorcsa unm-
kaamu marpouga (S, F). CregoBaTenbHO, MO aKCMOMAM LUKJOB IIPU
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X #Y, z € XNY, cymecreyer nuka C takon, uto C C (X UY)\z.
To ects v ((X UY)\z) > |C] > 0.

TNocrarounocts. IlycTts S — KOHEMHOE MHOXKECTBO, a vy @ 2° —
— {0,...,|S|} dyuxuums, ygosrersopsomas ycaosusm H1)-H4). Onpene-
amM cemeiicTBo moaMHOKecTB ¥ = {X|X € 29 yg(X) = |X|} mHOXKE-
crBa S. [lycts X € 9. Bosbmewm a1060€ HemycToe cCOOCTBEHHOE MO IMHO-
xkecTBo Y MuoxecTBa X u mpexgnonoxkum, 9to Y € 9. Torga vy (V) =
Y| n Y C X\z nas mexoroporo z € X. Ilo ycaosuto H2) momyumm
vy (X\z) > v (Y) = |Y| > 0, uro nporusopeunt ycaosuo H3). Taxum
obpas3owm,

Cl) ecim X, Y pasnmunbie nogMHOXecTBa u3 ¥, TO Y He sABIAETCA
MOAMHOXKeCTBOM X .

Brimoanenue ycaosus H4) ozmavaer, 9To

C2) ecim X, Y e dmx € XNY, 1o cymecrByer Z € ¥ Takoe, 4TO
Z C(XUY)\z.

Yenosus C1), C2) apastorcsa akcuoMamu ka0 maTpounga. Cregosa-
TeJBHO, 1) ABJISETCS MHOXKECTBOM LUKJIOB HEKOTOpOro marpousga (S, F)
9TO U NOKa3bIBAET NOCTATOYHOCTD.

L-oxpyxennem matpomaa (S, F) masosem dymxmmio ¢r : 25 —
— {1,...,|5], 00}, 3agaBaemyto pasencrBamu pr(A) = min{|L|: A C L,
L — runepniockocts}, eciu panr A menbine panra S, u ¢, (A) = oo, B
mpoTuBHOM caydae. [lo amamoruu ¢ TeopeMon 1, Ha OCHOBAHUM AKCUOM
CANEPINIOCKOCTEN MOLY IUM CIIPABEIINBOCTE CIEAYIOMEro yTBEeP K IeHUA.

Teopema 2. @yuxyua ¢r, : 25 — {1,....|S|,0c} a6asemea L-oxpy-
wcenuem nexomopozo mampouda (S, F) moeda u moavko moezda, xoeda
044 HEE BLINOANAOMCA YCAOBUA:

L1) ecau ¢ (X) < 00, mo cywecmsyem mmosxcecmeo Y D X, das
womopozo o1, (X) = o (V) = |V

L2) ecau X DY, mo o1 (X) < pr(Y);

L3) ecau ¢r(X) = |X]| < o0, mo ¢r(X Uzx) = 00 daa 4106020
z € S\X;

L4) ecau o (X) = |X|, o (Y) = Y], X #Y, 2 € XUY, mo
er((XNY)Uz) < oo.

Omnpenennm ¢pyuxumio L-nepumerpa marpouga (S, F') kak QyHKIUIO
v+ 2% = {0,..,]S|} co smavemmamu v1,(A) = min{|C| : C C A,
C — nukn}, ecin A 3asucumoe MHOXecTBO, u Yr,(A) = 0, ectm A € F.
Akcromer L-iepuMeTpa mOJydnM, 3aMEHUB B TeopeMme 1 3HaK HeCTPOro-
0 HEPABEHCTBA HA MPOTUBONOJIOKHEIN 3HAK HECTPOrOrO HEPABEHCTBA B
ycaoun H2).

Y
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H-oxpyxXeHmeM MaTpouMJa HA30BeM OQyHKOmIO @ @ 25 —
—{1,...,]S|, 00}, onpegensemyro papercreamu @ (A) = max{|H|: A C
C H, H — rumepmiockocTs}, ecau paur A wenbiie panra S, u
p(A) = 00, B IpOTUBHOM caydae. 3aMeHsas B TeopeMe 2, B ycaosuu L2),
HECTPOr0€ HEPABEHCTBO HA MPOTHUBOMOJI0XKHOE HECTPOrOe HEPABEHCTRBO,
MOJIYYUM aKCUOMBI (DYHKIUA Oy .

H-nepumerp, L-nepumerp, H-okpyxenume u L-OKpyxKeHue IBOU-
ctBerroro x (S, F) marpouzma (S, F*) masoeeMm cooTBeTCTBEHHO H-
xonepuMeTpoM, L-konepumeTpoM, H-KookpyxkeHueM, L-KOOKPYXKEHUEM
u 0003HAYUM V7, Vi, P ¢ . Hoayunm musa moboro X ¢ F

v (X) = 8] - 7, (S\ X), 72.(X) =S| = 93 (S\ X),
ecan p(X) < p(S), To

e (X) = 18] = 7 (S\ X), ¢1(X) = S| = 7,(S\ X).

[ns Kaxgoro W3 NPUBEIEHHLIX TMOHATUU MOXKHO ONPEIEJUTh
COOTBETCTBYIOUINA OpPaKyJd U KaK WHBEKTUBHOE OTOOpakKeHUEe
W : (25 u(S)) — E(u). 3necs u(S) — COBOKYyHNHOCTH BCEX Ma-
Tpougoe Ha MmHOXkectBe S, E(u) = {0,...,|S|} ana H-nepumerpa, H-
komepuMeTpa, L-nepumerpa, L-konepumerpa, F(u) = {1,...,|S|, o0} mpna
H-oxpyxenus, H-xookpyxeuus, L-okpyxenus, L-kookpyxenus. [luas
OpaKyJIOB, IPUBEIEHHBIX B paboTax [2,3], UMeeT MeCTO CJAeAyIOMmas Teo-
pema.

Teopema 3. Opakyavt “nezasucumoe”, “konezasucumoe”, “6Gazuc”,

“kobazuc”, ‘“yura”, “xoyuxa”’, “pame”, “xopame”, “ocmosmnoe”, “xo-

ocmaenoe”, “aamvikanue”, “kosamvikanue”, “naockocms”, “xonaoc-
xocmv”, “eunepnaockocmv”, “xocumepnaockocmv”, ‘“yurauuecxoe”,
“Koyurauueckoe” NOAUROMUAALHO c800uMbL K opakyay “H-nepumemp”
u opaxyay “L-oxpyxcenue”.
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BA30BO YIIOPAAJOYEHHBIE MATPOU /IbI
A. H. Ucaueunko (Munck), A. M. Pesakun (Mocksa)

Ucnoneayrorcs repmubomorus u obosnadenus pabor [1-5]. ycrs
P(S) — MHOXEeCTBO BCEX MOJIMHOXKECTB KOHEUYHOro MHOXkecTBa S. Cu-
crema Z C P(S) moamuoxecTs u3 S HaswiBaeTcsa marpougom M =
(S,7), a muoxecTBa u3 7 — HE3ABUCUMBIMU, €CJIU BLINOJIHAIOTCA Cle-
aytomue yeaosus: (i1) @ € Z; (i2) eciu A C Bu B € 7, 10 A € T;
(i3) ecim A,B € 7 u |A] > |B|, To maugerca a € A\ B Takoe, 4T0
BuU{a} € 1.

MaxkcumanbHOE O BKIIOYEHWIO MHOXKECTBO B 7 HA3BIBAETCA 030U
MaTpouna M.

Iapa M = (S, B), rae B — cemenctro nogmuoxkects (6a3) us S, o6pa-
ayer marpoug, ecau: (bl) Hukaxoe COGCTBEHHOE IO IMHOKECTBO GA3HI HE
asasercs 6ason; (b2) eciu By, By € Bux € By, ro (B \ {z}) U{y} € B
s HekoToporo y € By, Ilpu sTtom mogmuoxkectso A € Z(M), ecan
mannerca B € B rakoe, yto A C B.

Marpoun M ma mHOXECTBe S HA3LIBAETCA 6A30BO YNOPANLOICHHLIM,
ecau s moObIX OByX 6a3 By, Bs maTpouna M cyumiecTByeT Taxas Ou-
exnua 7 : By — B, 9ro gasa mo6oro x € By kax (B \ {z}) U {7 (x)},
tak u (Bs \ {m(x)})U{z} aBrarorcs 6asamu Mmarponna M. CkaxeM, 94T0
maTtpoun M aBaseTcsa cTporo 6a30BO yIOPALOYEHHBIM, €CIU /I TIOOBIX
nByx 6a3 By, Bo marpouaa M cymecrByer Takas duekiusa w : By — Bo,
4T0 A1 Beex moamuoxkecTB A C By MuoxkecTsO (B \ A) Un(A) saBns-
erca 6azon marpouga M. Jlerko mokaszarsb, 9TO I JOOGOT0 TAKOTO T
MHOXecTBO (B \ m(A)) U A Takxe asaserca 6azon maTpouga M. Ouqe-
BHUIHO, UTO ecau M ABAAETCSA CTPOTO 6A30BO YHOPAAOUEHHBIM, TO OH —
6a30B0 ynopsanodeHHni. Ho o6paTHOe yTBEpK IeHNe HEBEPHO.

Ilpueeném psag pesyabTaTOB M 6A30BO YIOPALOYEHHLIX W CTPOrO
6a30B0 yIOPAIOIEHHEIX MATPOUIOB.

Krnacc 6a30B0 ynopsg0ueHHBIX U KIACC CTPOro 6a30BO YHOPSAOYEH-
HBEIX MATPOUIOB 3AMKHYTHI OTHOCUTEJIBHO OOBEIVHEHNUS, B3ATUA MUAHO-
POB U mepexona K TBOUCTBEHHEIM MaTPOMIAM.

TpaHcBepcanbHbIE MATPOUALl U TaMMOUALL [6—8] ABIAIOTCA CTPOro
6a30B0 yIOPATOIEHHEIMA MATPOUIAMU.

IMuxmuaeckun matpoun M (K4) noanoro rpada Ky asrgerca 6a30B0
YIOPSIOIEHHBIM.

Marpounx M Ha 9-5JeMEHTHOM MHOXKECTBE HA3LIBAETCA MAIMNOBLIM,
ecau oH m3oMopden koudurypanuu [lanna. OdeBuano, marpous [les-
apra spagerca peryaapueiM. Ecam B marpomge Ilanma onmy npamyio
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3AMEHUTBL TPEMsA TPUBUAMLHLIMU TPAMBIMEA, TO MOIYIAM TAK HA3LIBAEC-
MBIF HEMATIOB MATPOKI, KOTOPBIU HE MPEACTABAM HU HAJ KAKAM IIOJEM.
Henannoe Matpoup [1] sBaseTcsa 6a30BO yHOPAIOUYEHHBIM MATPOUIOM,
HO HE ABIACTCA TAMMOWIOM.

HeTpyauo npoBeputs, uTo MaTpouna Pano He aBageTcsa 6a30BO yIO-
PANOYEHHBIM.

IIycre M — marpona Ha MHOXKecTBe S, © € S my ¢ S. Ilocneno-
BATETBHBEIM pacIUpeHueM MaTpouga M Ha T,y HA3BIBACTCA MATPOUQ
sM(z,y) na muoxectse S |y, 6azaMu KOTOPOIO ABJISAIOTCA MHOXKECTBA
suga BJy, ecmm B — 6aza matpouga M, mmm B|Jz, ecom B — 6Ga-
3a Marpouna M u x ¢ B. AHanTOrmuHO, mapaNTENbHEIM DACIIUDEHU-
eMm marpouga M maswiBaercs marpous pM(z,y) ma muoxectse S|y,
6a3aMm KOTOPOro ABIAIOTCA 6a3bl MaTpomaa M mim MHOXKECTBA BHIA
(B\z)y, ectm « € B, rne B — 6a3a marpouna M. MoxHO J0Ka3aTh,
ato (sM(z,y))* = pM*(z,y). IlocrenoBaTenbHO-MApaLIEIBHBIM DACIIN-
permem marponga M maszeiBaeTcsas MaTpoua N, KOTOPBIU MOXKET OBIThH
noryder u3 M ¢ moMOmBIO CEPUM MOCIEIOBATENBHEIX W MAPAJLICILHEIX
paCIIIpeHUN.

IocaenoBaTenbHO-TAPAIEABHEIM PACIIUPEHNEM [aMMOKAa (COOT-
BETCTBEHHO, 0a30BO YHOPSAAOBEHHOI'O MaTPOUIA) SBIAETCA [aMMOUL
(cooTBETCTBEHHO, 6A30BO YIOPALOYCHHBIN MATPOUL).

IMocreqoBaTeIEHO-MTAPALIEIBHEIM MATPOUAOM HA3LIBACTCA MATPO-
U1, KOTOPBIX MOXKET OBLITH IOMYYEH C IIOMOIILIO MOCIEIOBATENb-
HBIX W NAPALICTbHLIX PACIIMPEHUA W3 OJHOIJIEMEHTHOTO MATPOWIA.
IMocrenoBaTenbHO-MAPAIEILHEIT MATPOUT BCEAA ABIACTCA MUKIAIE-
CKMM MATPOMIOM HEKOTOPOTO MTaHapHOro rpada. Taxmm ob6pasowm,
HOCJIE[OBATEIBHO-APAIEIBHEIT MATPOUT HE G0Jee, IeM MUKIMIECKAN
MATpOU HEKOTOPOU MOCTIeOBATENLHO-MAPALICIBHON ceTu. I103ToMYy
o Tpadga, OMpeIelAlIero CeTh, W IUKIXIECKONO MATPOUAA DTO-
ro rpadga WCIOIL3YeTCA OJHO W TO K€ Ha3BaHUE MOCJAENOBATEILHO-
napaJuienbHas ceTh [1].

[JaeTcsa HOBOE [OKA3ATENLCTBO DKBUBAICHTHOCTH PANA yTBEPK JCHUN
1151 GMHAPHBLIX MATPOUIOB.

Teopema. ITycmv M — 6unapuviti mampoud. Toeda skeusasem-
not ymeepacdenus : 1) M — eammoud; 2) M —6azo060 ynopadouennviii
mampoud; 3) M — nocaedosameavno-napasieavras cemv; 4) M ne co-
deprcum 6 Kauecmee Munopa yuxiuuecrkozo mampouda M(Ky) noano-
20 2pagda K. Boaee moeo, xaxcoviii 6unapmubiii 66306 0 ynopsdouenubii
MAMPOUJ ABAAEMCA CMPO20 63080 YNOPAIOUEHHBIM.

Ilycte A — MHOXECTBO BCEX 6A30BO YHOPALOYEHHBIX MATPOUIOB,
B — wmaTpowabl, IPeICTABMMEIE HAJ IIOJEM NEHCTBUTENLHBEIX THCE,
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C — cTporo 6a30BO yNOpsAA0YEHHBIE MATPOU AL, D — rammonnsl, F —
cTporue rammongwl, F' — Tpanceepcaabubie MaTpouasl u G — yH-
JaMEeHTAJIbHbIE TPaHCBepcaibHble Marpouasl. Torpa: D C C(\B C
ANB, C Cc A, B\A # § [7]; umkmmaeckunn marpous M (Ky) non-
HOoro rpada Ha 4 BepumHax npuHasiexut mMHoxkectBaM A\C u A\B;
EUF c D,G C E F; unkmmaecknn Marpous M (Kso) € E\F; M —
cTporuit rammonf [6] Torga u TOABKO TOrAA, KOTAa IBOMCTBEHHBIN €My
M* siBnseTcs TPAaHCBEPCAILHBIM MATPOHUIOM.

B coobmennn Taxxke 06CyXIAIOTCA BOIPOCH CBOIUMOCTH MATPOUI-
HBIX OpaKy.JioB [9].
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OKBUBAJIEHTHOCTbD ITPABUJI MO30HA
AJIA IIEPEJATOYHOU ©YHKIIUU B T'PADE
CUTHAJILHBIX IIOTOKOB OCHOBHOM
POPMYJIE METOAA TPAHCOEP-MATPUIIBI

JI. M. Koraunos (Mocksa)

1. I'padel curHaIBHBIX IOTOKOB (CUMHAJBHBIE IPA]BI) UHTEHCUBHO
UCTIOB3YIOTCA KaK AJeKBATHBIE MATEMATHYECKIE MOIEIN B TEOPUU aAB-
TOMaTUYeCcKOro peryaupoBanus [1, ru. 2, c. 90-157], Teoperudeckon
snekTpoTexHuke [2, ri. 2, paza. 2.5, c. 41, Ilpunoxenus b u B wa c. 161-
164], reopuu cBépTOUHBIX KOAOB [3, c. 230-234, 238244, 277-290] u B ps-
Ie npyrux obaacTen TouHOro 3uaHus [4, c. 155-169, 188-198]. IIpu sTom
OCHOBOTIOJIATAMOIVMY TIPABWIAME [ PACIETA MEPENaTOIHON (DYHKIIUN
(KOpOTKO — mepefavm) MexX Ay ABYMs y3jiaMu (BEPIIMHAME, COCTOSHUS-
MU) CATHAJIBHOrO I'pada: OTAENbHO B BUie onpedesumens epada — Kis
3HAMEHATENA, U OTIEIbHO IJA aarebpamdeckoro NOMOMHeHus (MUHOPA
C TOYHOCTBIO [0 3HAKA), COOTBETCTBYIOMIEr0 IBYM BHIICICHHBIM OO
caM, ABIAIOTCA npasuaa Mazona (Menicona B gpyrou Tpanckpunuuu) [5,
rad, c. 117-122, 125-126; 2, c. 141, 161-162].

Mg1 mokassiBaeM, 9TO rpad MepexonoB, IOCTPOECHHBIN 110 HATPY KEH-
ol MaTpuie cMmexknocren (weighted adjacency matrix), Moxer Tpak-
TOBATBCA KAK CUTHAJIBHBIU T'pad. DTO XKe KACATCsA CTAHIAPTHO U Of-
HO3HAYHO OOBEMIIONIErO STOT rpad AByXNOMOCHUKA [6, 7]. A mepenada
MEXK Y TOMI0CAMY ABIAETCSI €CTECTBEHHBIM 0000IIEHNEM TIPOM3BO ASIIEN
(YyHKIMU OyTed [0 Mepevuc/saIoneMy napamMerpy — IIuHe myTu (<au-
CJIy IPOUIEHHBIX IyT C yI€TOM KpaTHOocTH). [lepenada, HATOMHAM, €CThb
CyMMa MpOUW3BENEHUN HATPY30K BIOJIb BCEX MyTEN.

Ha 510 o6cTOsATENLCTBO, HO 6€3 NAJbHEUINNX NPUIOKEHUU B nepe-
wucaumeabnotli Kombunamopuxe, GLLIO, MO-BUIUMOMY, BIEPBLIE YKABAHO
Auapio Burtep6u (Andrew Viterbi) s [8, p. 755]. Tam B mepBoM a63are
BTOPOU KOJOHKU cripaBa Butep6u npamo mumet: ” Now we may evaluate
the generating function of all path merging with all zeros at the j-th node
level simply by evaluating the generating functions of all the weights of
the output sequences of the finite-state machine”. U, gaxee, B monctpoy-
HOM TpuMedaHuu nobasiger, uto: ” Alternatively, this can be regarded
as a transfer-function of the diagram as a signal flow graph”. (Msr name-
DPEHHO TaéM U3BJEYEHUE U3 DTOU CTABIIEN B TEOPUM CBEPTOYHBIX KOIOB
kaaccudeckon paborel 6e3 nepesoga — JI. K.).

AsTopy Ha 5T0 06cTOSITENBLCTBO Brepsrie ykasan JI. H. Bormnapen-
ko (xadenpa guckperson matematuku [lensenckoro ['Y) B guckyccusax
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no goknragam aetopa [7, 9]. IIpu sTom JI. H. Borgapenxo cpasy orme-
TUJI MHOT'000pa3sue BO3MOXKHOCTEHN YIPOIIeHUsA Mo M»30HY ¢ IOMOIILIO
CTaHIaPTHBIX onepauut [5, ra.4] ucxonHoro rpada mepexosoB u 06beM-
JIOIIEr0 IBYXIOMIOCHUKA. 3aTeM aBTopoM [9], 6bu1a gobGaBieHa JOCTa-
TOYHO YHUDUIUPYIOWAA ONEPAUUA CAUAHUSL KO2EPEHMHBIL COCTMOANUL,
PE3KO yIPOIIAMIAa UCXOAHBIN rpad, aubo, mupe, 00LEMIIOMNNA CTaH-
IApTHBIA TBYXOJIOCHUK.

2. B macrosmen pa6oTe MBI MOKa3bIBaeM, 9TO mpasuiaa Mbizona B
COBOKYIHOCTH JOCTABJAIT HEHTPAIBHYIO (hOpMyay Teopuu Tparcdep-
martpuisl [10, gacts I, paszg. 4.7, Teopema 4.7.2, popmyaa (34)]. Hdo-
Ka3aTeIbCTBO OCHOBAHO HA Psjle M3BECTHHIX (DAKTOB M3 TEOPUU OIpe-
nemurenen [11, pasg. 34 ma c. 53], [12, (1060e n3ganue, Havuzas ¢ 11-
ro), sagaum Ne 330 u Ne 227] u noHaTUN mOAypa3GueHns, BBEIEHHOTO HA
koHeunoM MHOXecTBe [13]. Ilonypasbuenne (pasbuenne Ha GJIOKHU HEIy-
CTOr0 MOAMHOXKECTBA BEPIIUH-Y3J0B) coBMecTuMO (compatible) ¢ rpa-
oM, ecnu oprpadsl, HHAYINPOBAHHLIE HA OJI0KAX MOAYpa3OueHns, CyTh
BCe 6€3 UCKIIOUEHUS NPOCMblE HECAMONEPECEKANUUECA KOHMYPLL 2pada,
MPUXOASAIINECS B TOYHOCTH IO OTHOMY Ha KaxAbii 0ia0k. OnHO U3 mpa-
BuwiI M530HA — [JI YUCAUTENA — €CTECTBEHHO UHTEPIPETUPYETCS IPU
pasphiBe OJHOrO U3 KOHTYPOB MPHU Y IAJCHUN IYTU, COSIUHAIOMICN TIOTIO-
col. [IpaBuia 3HAKOB [y 96THOCTEN WHIYIMPOBAHHBIX IONCTAHOBOK B
crydasx o6oux npasusi Mp30HA CTaHAAPTHEL C YIETOM PA3JI0KEHUA [IU-
KJIa B TIPAMOE MPOU3BEeHNE TPAHCIO3UINY, IUCIO0 KOTOPBIX HA €IUHUILY
MEHBINE JJIUHBI [IUKJIA.

3. OTMeTuM B 3aKIIOYEHUE, 9TO MOHATHUE MONYpPA3OUEHus, MpaBaa,
C UCKIYUTENLHO [BYXJEMEHTHBIMU OJOKAMU, HAXOAUT KPOME BHIIIIE-
YKa3aHHOTO, TPUMEHEHNEe B KOMOUHATOPUKE CBOOOMHBIX KOHEYHOTIOPO-
XK IEHHBIX TPYILIL, CBA3aHHON C HEKOMMYTATUBHBIM 0000menueM [14] rak
HA3BIBAEMOU YuKAU%ECKOD aemmbvl [15].

AsTop 6aarogaput JI. H. Bougapenko 3a CTUMYIUPYIOMIYIO, TPOIC-
HAIOIIYIO CYTh meaa mepenucky. imenno B mucbme aBTopa X JI. H. Bon-
napesko ot 25.04.2010 6pwiu npOBeREHBI PACCY XK AEHUs, [OCTABIAIOMINAE
BBHIIIEYKA3AHHYIO 3KBUBAJIEHTHOCTD.
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ITPON3BOAAININE ®YHKIIVU B SAJAYE O PAHIIE
B. K. JleouTneB (Mocksa)
PaccmoTpuM cTaHIApTHYIO 3a4a9y O pAHIE ¢ GYIeBBIMI [IePEMEHHBI-

Mn
n

E CjT; — max,

=1

Z" (1)

a;T; S b,
i=1
T € {0, 1}
Mer mpemnosaraem, 9TO BCE MAPAMETPHI 3a0a9KM — HATYPAIbLHEIE

qucna. Ilesounciaennbii MEOrorpasHuK 3agaquu (1) — 5TO MHOXKECTBO
Vi(ay,...,a,) (0,1)-pemenun cregyomero HepaBeHCTBA

Y az; <b. (2)
j=1

C wmoxecrBom Vj(ai,...,a,) CBAXKEM CJEIYIOMIYIO IPOU3BOMALLYIO
dyHKIHUIO
— a121 Apn Ty
Py(z1,...,2n) = E 2L
{z1,0 20}

> aim;<b

Jlemma 1. Cnpasedausa gopmyaa

o0 ro_ (1+ (z1uw)®) ... (14 (zpu)*)
ZPr(Zl,...,Zn)u = = -

r=0

Yepes Vj mer o603HaqnM qucio (0, 1)-pemenuit HepaBeHcTBa (2).
CneacrBue 1. Umeem mecmo dopmyaa

1 1+u®) ... (1+u
Vs 7{ ( u”*)l(liu) :

du,

2de p < 1.
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Curenyromas mpon3Bo aAmas GyHKINA XapaKTePU3yeT pACIpeneae e
3HAYCHNN (PYHKIMOHAIA,

n
flzy,...,zn) = chzj
j=1

Ha MHOrorpanuuke Vi(ai,...,an,):

)

_ ciz Cn
Fo(z1,...,2p) = E Z{MT L gt
71 a525<b

Jlemma 2. Cnpasedausa gopmyaa

(14 27" u) (1 + 252u®2) ... (14 25ru™)
1—u '

00
ZFT(Zla"':Zn)uT =
r=0

Mycts ®y(2) = Fyp(z,. .., 2).
CneacrBue 2. Umeem mecmo gopmyaa

1 ?{ (1+zclu“1)...(l+zc"ua")du
ubt1(1 —u) ’
lul=p

2de p < 1.
flcuo, ato (1) = V4 — o6bem MHOrorpansuka (2).
[ast nomuroma Pp(2) cupaBesInBo npesCTABICHAE

Oy(z) = »_ A2t
k=0

rge Aj — 9ucao ToYeK MHOrorpaHauka Vi(ai,...,a,), IMEOLMX 3Ha-
yenusa neneson gyukuun f(xq,...,z,) pasaoe k. flcao, uro

mvaxf(arl....,a:n) = m]?x{k c A > 1}

Ecmu paccMoTpeTh paBHOMEpHOe pacIpejeJeHHe Ha MHOXKeCTBE
Vi(ai,...,a,) u npoumssomamyto ¢pyuxmuo P(z) pacnpeenenus 3uade-
Huu f, TO ACHO, 4TO
Py(2)

Pl) = Dy(1) -
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Nna “cpexuero” suauenns f(V}) meneroit dpyrkmmm f(zq,...,T,) Ha
Vi(ai,. .., a,) cOpaBeqauBo CIEAYIOIIEE BHIPAKEHUE.
Jlemma 3. Umeem mecmo dopmyaa

=3 (1—V’“Tf’)),

k=1

2de Vi, (b) — amo 06vem npoexyuu Viy(ar, ..., a,), m. e. wucao (0,1)-pe-
wenutl nepasencmsa
Z a;T; S b.

7k
Cnegcreue 3. Cnpasediuso mepasencmeo

n

- Vi (b)
max f(z1,...2,) > ;ck —chka .

=1

Pa6ora Brimoanena mpu guHaHCOBOU TOAAepkke PDDU, mpoexkT
11-01-00398.
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ITPOCTBIE PEITETOYHBIE MATPUIIBI
HAO ANCTPUBYTUBHBIMU PEINIETKAMMA

B. E. Mapennu (Mockga)

Iycts (P, A,V, <) — nucTpubyTuBHAaa pemeTka ¢ Hyaem 0 u equHu-
neit 1. Matpuna A HaseBaeTcs npocmoti Hal pemeTkoil P, ecu oHA He
obpatuma u u3 paseuctsa A = BC, rme B,C € P"*" caenyer, uto B
win C' — obparumas MaTpUIA.

B paGorax [3], [4] ycTaHOBIEHE (pAKTHI: JOKA3AHO, ITO HE CYIIE-
CTBYET IPOCTHIX MATPUI MOPAAKA 2; TOKA3AHO CYIIECTBOBAHME IPOCTHIX
MATPUI[ Ha  KOHEUHBIMU JUCTPUOY TABHBIMY PEIIeTKAMUT; HAWACHBI YCI0-
BUA CYIIECTBOBAHUA NPOCTHIX 7 X N MATPHUI], TA€ 1 > 3; pACCMOTPEHBI
CBOICTBA MPOCTLIX MATPHII.
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PaccmoTpuM mpocThIe MATPUILI HALl PEIIETKAMU, KOTOPHIE He 00s-
3aTENbHO KOHETHEI.

IIpocreie MaTpunsl Hajg memamu. lycrs (P, A,V, <) — menb ¢
HYyJIEM 0u € JUHUIICH 1.

Teopema 1. Ecau npocmas mampuya A € P" ™ mo cnpasedauso
00H0 u3 caedyrwur ymeepucoenut.

i) Mampuua A 6n0aHE HEPAZAOHCUMAA.

i1) Mampuua A nepecmano6ouno sx6usaienmua 64040t Mampuye,

Bi1r Opxs
=B FE
( Osxt Esxs H ® 58

rae By; — BHmomHe HepasmoxmMmas mpocTas t X t marpuna, uncaa 1 <
s, t<mn—1,s+t=n.
Teopema 2. IIycms 1 < t < n. Ecau npocmas mampuya B € Pt¥t,
mo npamas cymma B & E,_t)x(n—t) — NPOCMAA N X N MAMPUYA.
Teopema 3. Kaxcdas cmpoxa u xaxcdoili cmoabey npocmoti mam-

puyst A € P codepacum nyav 0 u edunuyy 1.
Teopema 4. Cnpasedausvt ymeeprcdenus.
i) Kaoxcdasa mampuya éuda

*

; (1)

* ¥ O
*

*
x 0

20€e Ha NOMEUEHHBIT MECTNAT PACTLOAOHCENDL IAEMENMBL HE PABHBIE HYAI0
max, wmo Kaxcdas cmpora u Kaxcoviii cmoabey mampuyvt (1) codep-

acum edunuyy 1, Asasemea npocmot.

i1) Kaocdas npocmas 3 X 3 Mampuya nodcmanosouno sK6u6aieHmua
00not uz mampuy euda (1).

Caeactsue 1. [lepmarnenmuvt npocmuir mampuy, wad 4enamu, mo2ym
NPUHUMAML A100bIE HENYALEBIE ZHAUEHUA.

IIpocThie MaTpUIbLI HAaJ NPAMBIM IPOU3BeleHAEM PelIeToK.
Iycte pemerxa (L, A,V,<) ecTs IpsAMOe NPOU3BEAECHUE AUCTPUOY TUB-
ueIX pemeTok (P.,V,A, <) ¢ Hy1em 0 u equruned 1, rae nHaexc z € I.

Teopema 5. I[Iycmv mampuya A € P"*". Caedyrowue ymeepmcide-
HUA PABHOCUAL HDI.

i) Mampuya A agasemcesa npocmoti nad pewemxot P.

i1) Cywecmeyem undexc w € I maxot, wmo npoexyus pry(A) a6-
asemcs npocmoti mampuyett nad pewemxott Py, a das awbo2o undexca

3
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u # w npoexyus pry(A) asasemes o6pamumoti mampuyet nad pewem-
Kot Py.

IIpocThie maTpunsl Hajg O6ysaeanoM. llyctes U — HenmycToe MHO-
xectBo, 0 = (), 1T = U. Bynean Bul(U) ecTs mpaMoe TpOU3BeEHIE
IBYX3JIE€MEHTHEIX IIeTen,

Bul(U) = x [] 10.{z}c,

zeU

rae [0, {z}]c — aByxoieMeHTHas Lemb.
Teopema 6. ITycmo wucao n > 3. Tozda npocmuimu n X 1 MAMPU-
yamy nad oyaeanom Bul(U) asasomes moavko mampuybl 6uda

{u}B+ Y {z}M(m), (1)

zeU—{u}

2de aaemenm u € U, B — nexomopas npocmas Mompuya pasmepa nxn,
M(7,) — mexomopas nodcmano8ounas MAMPuUa pasmepa n X n nad
deyrasemenmuoti pewemxot {0,1}.

Cuaeacrsue 1. Kanxcdas npocmas Mampuya #ad 6Yieanom ecmsb Al-
HeUHas KOMOUKAYUA NOICTNAHOBOURBIL MATNDUY.

Cuaeacrtsue 2. Ilepmanenm xaxcdoti npocmoti mampuyst nad 6yasea-
nom Bul(U) pasen edunuuye 1 =U.

Ipumep 1. llycte U — memycToe MHOXECTBO, saement u € U. Ma-

TpHUIA
U—{u}  {u} {u}
A= ( fu}  U={u} {u} )
{u} fu} U —A{u}

— npocras matpuua Hag Oyaeanom Bul(U). Marpuna A He cogepxur
Hysaen u eguHun Oyreana Bul(U).

IIpocThie MaTpunbl Hajg OyaeBbIMH pemeTkKamMu. [lycTob
(P,A,V,<) — OyJeBa pemeTka C HyJeM 0 u egmamuen 1. OGo3HAMEM
Lbul(A) xoueunyio GyneBy NOapemeTKy pemerku P, mopox IeHHy0 dJe-
MeHTaMu MaTpunsl A € P™X",

Teopema 7. ITycmv mampuya A € P"*". Caedyiowue ymeepaicde-
HUA PABHOCUAD HDI.

i) Mampuua A npocma wad pewemrxot P.

i1) Mampuua A npocma nad 4060l xoneunot 6yaesoti nodpewem-
xotl Q pewemxu P, codepacaweti nodpewemxy Lbul(A).
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Cnegcrue 1. Iepmanenm xaxcdoti npocmot mampuyst nad 6yae-
soti pewemxoti P pasen edunuye 1.

Paccmorpum marpunst SM(n), SM(z,n), n > 3, rae © — aToMm
pemeTku P,

0 0 1 1

0 1 01
SM(n) =

1 0 0 1

1 1 10

T 6 r x

0 0 z
SM(xz,n) = .

Ecau n > 3, o SM (x,n) — npoctas Mmarpuna Han pemerkon P.

Teopema 8. IIycmb 6ysesa pewemxa P codepacum zomsa 6br 00un
amon. Tozda nad pewemxoti P cywecmsyiom npocmpie n Xn Mampuybl,
dasa ecexn > 3.
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TEOPEMA ®POBEHUYCA [JIsI IIOJIYTPYIIIIBI MATPUII
HAJI INCTPUBYTUBHOU PENIETKOM

E. E. Mapennu (Mocksa)

Iycts (P, A,V, <) — nucTpubyTUBHASA PEIIETKA, C HYJEM Oun eIVHU-

men 1, P™"*™ — MHOXKECTBO BCEX N X N MATPUIl HaJI pemeTrkon P.
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CioxeHre U yMHOXKEHUE MATPUI] HAI PEmeTKOn P ompeaensoTcsa
KaK OOBIYHO: BMECTO OMEPAINY YMHOKEHUS UCIOIB3YOTCS OMEPALINS TIe-
pecedenus A, a BMECTO ONEPALNK CIOKEHUs UCIOJL3YIOTCS OMEpAIs
oObequHeHn V.

Honyrpymma (A) = {A, A%, A3 ...}, nopoxaennas maTpumein A €
Pm*™ goneuna, Tak Kak GPAKTUICCKOE BLIUUCICHUE CTENEeHEN MaTPUIILI
A € P™" nmpouwssoguTca Hal KOoHeuHoU pemerkon L = Lattice(A).
ITo Teopeme @pobenuyca gia moayrpym, cymectsyeT uugexc ind(A) u
nepuoa peri(A) marpunst A.

ITo Teopeme dpobennyca, MHOKECTBO

Gr(A) = {Aind(A),Aind(A)H, - .,Aind(A)+peri(A)—1} _

— Aind(A) {Enxn: A, A2, e Aperi(A)fl}

— MyJbLTUIINKATUBHAA MUKIXYECKAs Tpynna mnopanka peri(A) ¢ eau-
uunen A™, rae peri(A)|m, ind(A) < m < ind(A)+ peri(A). Marpuua
A™ — unemnorent. O6pasytomum saemeraTom rpynns Gr(A) asaseTca
marpuna AP, rae p = 1(modperi(A)), ind(A) < p < ind(A) + peri(A).

O6oznaxuM E,y, eTUHITHYI0 1 X 1 MaTpuIy. 110 1CTAaHOBOYHAS MAT-
puna M (7) = (m(7);;) mopagka n OnpeerseTcs HOACTAHOBKOU T € Sy,

- ij:ﬂ-(i) s
m(ﬁ)”_{ﬁ,j#ﬂ'(i), ,7=1,...,n.

NsBecTHa caenyiomasn Teopema 1 u caegcrsue 1.

Teopema 1. [Tycmb pewemxa P = {6,?}, mampuya A € P"*" t =
ind(A), s = rank.(A!). Tozda cywecmeytom mampuyvt B € P"** 4 C €
P#XM ) cywecmeyem nodemanosounas mampuya M(mw) € P**° maxas,
umo Gr(A) = B{Epxn, M(7),..., M(aPrA)-11C, A = BM (a7)C,
j € No. Kpome mozo, C = [Esxs, DM (0), 2de mampuya D € P**(7~5)
u nodcmanosounas mampuya M(c) € P™*",

Caegcrue 1. Ilycmov peuwemxa P = {6 T}, mampuya A € P™X",
Ecau cmoabyoswiii pane mampuuybt A pasen wucay n, mo cywecmeyem
nodecmanosounas mampuya M(mw) € P"*"™ maxas, umo

Gr(A) = AMNE, o M(x),. .., M(zPerit)=1)), (1)

Pasenctro (1) MOXKET BHIIOMHATLCA U I MATPUL A, HE yIOBJIETBO-
PAIOMNX YCIOBUAM CIeqCTBUA 1.
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Teopema 2. ITycmv mampuya A € P Al > A=1M(0) das
nexomopo2o yeaozo t > 1 u mexomopoti nodcmanosounoti mampuybl
M (o). Toeda cywecmeyem nodcmanogounas mampuya M(mw) € P™*™
maKaa, wmo

Gr(A) = AMIAE, o M(x), M(7?),..., M(zPriD=11 (2)

Aind(A)+j — Aind(A)M(ﬂ'j), j>0.
Caencrue 2. Jas scex yeaviz j > ind(A)

Y

Gr(A) = Aj{EnxnaM(W), M(7r2), .. .,M(Wpe”(A)_l)}.

Caegcrsue 3. Cnpasedausst ymsepxcienia.

i) ITepuod mampuyvt A pasen HAUMEHbUEMY HAMYPAALHOMY wUCAY |
maxomy, umo AMHA) = AmAA) N (7!), B wacmuocmu, nepuod mampu-
ybt A ne npesoczodum nopadra nodcmanosxy .

i1) Cnpasedauso nepasencmeo peri(A) < min{m!, !}, 2de m —
YUCAO PABAUUHBIL CMPOK, | — UUCAO PABAUYHBIT CMOAOUOS MAMPUYBL
Az’nd(A)_

iii) Ecau cmoabuyvt mampuybsr A™M? NONAPHO PA3AUYHBL, MO
mnosncecmeo { By, M (), M(w?),..., M(xP" D1} — yukiuueckan
2pynna.

Teopema 3. ITycmvs mampuya A € P™ ", AY > M(o)A*"! daa
nexomopo2o uyeaoeo t > 1 u nexomopoti nodcmanosounot mampuybt
M(o). To2da cywecmsyem nodcmanogounas mampuya M(m) makas,
4mo

(A)

Gr(A) = {Enyn, M(x), M(x2), ..., M(zPeri =1y} gind(4) — (3)

Az’nd(A)+j — M(ﬂ.j)Aind(A)’ j>0.

IIpumep 1. Mycts P = [0;1] — HedeTkas pemerka. [ HedeTKON
MATPUILILI

nMeeM:



0,3 1 0,3 100
A6:<0,3 1 0,3>, A5 > A*M (o), M(a):(O 0 1>.
0,3 0,3 1 0 10

Mostomy Gr(A) = Ai"d(A){Ean,M(a)}, KpOME TOI'0, MHOXKECTBO
{E,xn, M(0)} — rpymma. 3ameTum, ato matpuiy A mereas moayants
IepeCTAaHOBKON CTPOK MaTpmisr A°.

Marpuna A € P"*" uaswiBaercs mampuyet Xoaaa, ecmm A > M (1)
VI HEKOTOPOU MOACTAHOBOIHOU MaTpuubl M (1) € P™*™,

Cnegcrsue 1. I[Iycmb mampuya Xoasa A € P"*". Tozda cywecm-
syrom nodcmanosounbie mampuyvy M (7), M (o) € P"*™ maxue, wmo

Gr(A) = AMINE, 0, M(x), M(x?%),..., M(xPriA=1)) =

— Aind(A){Enxna M(U) M(O’2), e M(Uperi(A)fl)}Aind(A),

Aind(A)+j — Aind(A)M(ﬂ_j) — M(o’j)Aind(A), j>0.

[as maTpun A, 1J8 KOTOPHIX COPaBEIIMBO PaBEeHCTBO (2) mwiam (3),
CYIIECTBYIOT 60J€e IPOCTOH, YeM aaropuT™ Kuma, airopuT™ BEIMHCIE-
HUA IIEPUOA.

Chaucok autepaTypsl
1. Kim K. X. Boolean matrix theory and applications — New York:
Marcel Dekker, 1982.

KOOPAMHATU3AIINA MATPONI0B
A. M. Pesakun (Mocksa)

PaccmaTpuBaroTcsa npo6aeMbl, CBA3aHHEIE C JUMHETHOU IPeCTaBUMO-
cTei0 MaTpongoB [1-3]. Mcnoap30BaHbl TEPMUHOMOTUA U OGO3HAYCHUA
pabor [4-5].

Matpounx M Ha MHOXeCTBe S HA3BLIBAETCA MPEACTABUMBIM HAJ IO-
gem F', ecnuw CyIecTByeT JUHEMHOE MPOCTPAHCTBO V Ham moaem F' u
oTobpaxenue ¢ : S —» V', mpu koropom A C S mezasucumo B M Toraa
U TOJBKO TOrAa, KOrga ¢|4 B3auMHO OgHO3HAYHO U ¢(A) — nuHENHO
HE3aBUCUMOE MHOXKeCTBO BeKTOpOB B V. [Ipobiemy koopanHaTusanun
MATPOUIOB MOXKHO CHOPMYIMPOBATE B CAEAYIOMEM BUAe: ” I KAXKI0-
IO MOAMHOXKECTBA () MHOXKECTBA HEOTPUIATEILHBIX MPOCTHIX YUCea Z
HAUTU MATPOUALI, KOTOPLIE JUHENHO MPEICTABUMBL HAJ BCEMU MOJAMUI
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¢ XapakTepucTukamMu w3 () W He TPeICTABAMBLI HU HAJ KAKAM IOJEM
XapaKTepUCTUKHU P, ecmu p ¢ Q7.

O0603HAYM MHOXKECTBO BCEX XaPAKTEPUCTUK TMOJEU HAL KOTOPLIMEA
npegcrasuM Matpoun M uepes Char(M). Ilycte GF(q) — xonednoe
nose xapakrtepuctuku ¢. Marpoun, npegcrasumen Hag noteMm GF(2)
(GF(3)), HassBaoT GMHAPHBEIM (COOTBETCTBEHHO, TEPHAPHBLIM). MaTpo-
UIBI, TPEICTABMMBIC HAJ KAaXKIBIM TIOJEM, HA3BIBAIOT YHUMOIYIAPHBI-
mu (miu peryaspubivu). Tart gokasan, aro ecaum p # 2 u {2,p} C
Char(M), To Char(M) = Z. TlosToMy IpEACTABISAIOT UHTEPEC BOIPO-
CEI IPENCTABUMOCTH HEOMHAPHLIX MATPORIOB. Marpona M HaseBaeTcs
HNOYTH PEryJAPHBLIM, €CJIM OH MPEACTABAM HAI KAXKILIM IIOJEM, KPOME
noas GF(2).

Marpoua ®@ano ¢ npencrasum Han norem GF(2) u He npexcraBuM
HU HAJ KAKUM APYTHUM [MOJIEM XapAKTEPUCTUKH, OTAMIHOu OT 2. MaTpo-
un 7, nonyuaembint u3 ® 3aMEHOU OHOU MPAMOU HA TPU TPUBUATLHBIC
OPAMEIE, ABIAETCA NOYTH peryaapaeiM. Marponns M ma 10-saemenTHOM
MHOXKECTBE HA3BLIBAETCA AE3aPTrOBLIM, €CIU OH M30MOP(EH KOHpUrypa-
unu [lesapra. OueBuguo, marpous [lesapra asasercsa peryiaspasiM. Fe-
a1 B MaTpouze [lesapra OfHy NpAMYIO 3aMEHUTH TPEM TPUBUATLHBIMA
IPAMBIME, TO IOJYYMM TaK HA3LIBAEMLIN ~He-1e3aproB” MaTpPOU., KO-
TOpBLI He TMpeNCcTaBUM HU HaJj KakuMm noiaeMm. Martpousg Bamoca [3—4]
TaKXe He TIPEJICTABAM HU HAJ KAKWM TIOJIEM.

Mycte G — rpad ¢ muoxkecTBamu Bepmud V u pebep E. Torma ce-
MENCTBO BCeX LUKJIOB (pa3pe3oB) rpada G ABIAETCA MHOKECTBOM BCEX
HUKJIOB (COOTBETCTBEHHO, Pa3pe3os) HeKOTOporo matpouna M (G) na E,
HA3LIBAEMOT0 [UKINIECKUM MATPOUIOM (COOTBETCTBEHHO, MATPOUIOM
paspesos) rpada G. Marpous M HasweBaooT rpadudeckum (kKorpadu-
9eckuM), ecau cymecrByer rpad G, nuxkamdeckui MaTpous (CooTBeT-
CTBEHHO, MAaTPOUI Pa3pe3oB) KoToporo mzomopden M. Ipaduueckue
7 KOTpapuIecKne MaTPOUILI ABIAIOTCA YHUMOXYIApHLIME. JlazapcoHa
noctpoun marpouasl M, y xoropeix Char(M) = {p}. Bpurasckun u
Komm noctpoman matpoun ¢ Char(M) = {1103,2089}. HemssecTHo,
cymwectByior au apyrue marpougsl M ¢ Char(M) = {p,q}, raep#qu
P, q F# 2.

IIpencraBuMBle MATPOUABI HA KOHEYIHBLIX MHOXKECTBAX yAOOHO ONHU-
CBIBATH C MOMOMIBIO MaTpui. IlycTe M — mMaTpoui Ha KOHEIHOM MHO-
xectBe S , mpeacraBumbid Hag moneM F, [S| =nu¢: S — V —
ero koopauHaTusanusa Hag noaem F. Torga (k x n)-marpuma A ¢ koad-
¢dunuenTamu u3 noasa F, cronbunamMu KOTOPOU ABIAKTCA BEKTOPHL G(p),
rae p € S, HA3BIBAETCA MATPUIIEN KOOpAUHATU3AIMYU MaTpouaa M Han
mosiem F.
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IIycTe MmaTpumna
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ABIAETCA MATPUIEN TPEICTABICHUS MaTpouga Ry HAL TOJEM paImo-
HaabHBIX Yuces. Marpoun Rig HaseiBator Mmarpoungom Cenmypa [6]. Ma-
Tpou, BOUCTBeHHbIN K MaTpouay Ceumypa Rig, coBnagaer ¢ Rig. Bee
MUHOPHI Rig ABIAIOTCA Au60 TpaduuecKuMu, Jub0 KOTpapuIeCKuMU.
Oanmako, cam MaTpona Rig TAKOBBIM He ABIAETCA. VICKIIOUEHUE TPOM3-
BOJILHOTO 3jeMeHTa u3 Marponga Cenmypa BeieT K 0OpPa30BAHUIO Ma-
Tpouaa, B30MOPMPHOrO MUKIXIECKOMY MATPOULY TOJIHOTO ABYIOJBHOTO
rpada Kyparosckoro K3 3. Kpome Toro, Ry ABIAETCA YHUMOIYJIAP-
HBIM.

IMycts A — MHOXeECTBO BCex MaTpouaos, B — rpaduyeckue, C —
korpacgudeckume, D — peryaspubie, F — Ounapuwie, ' — Tepuap-
uele u G — maanapasle Matpougsl. Torna D = E(F, B,C C D,
G = BﬂC’, Ry € D, Ry ¢ BUC, b € E\F, U472 € F\D,
M(Kg’g),M(ng) € B\C, M*(Kg’g),M*(Kfj) € C\B, rae M(Kg’g) n
M (K5) — uuxnndeckue Marpouast rpados Kyparosckoro Kz 3 u K,
a M*(Kj33) u M*(K5) — UX MaTPOUIEI PA3PE30B.

Hokaszano, 4ro ecau marpous npeacrasuMm Hag GF(p) mis Kaxao-
0 HEYETHOT'O MPOCTOTO P, TO OH TPENCTABUM HAJI TIOJEM DPAIMOHATD-
HBIX qmcesn. MaTpuiia ¢ parnuoHaTbHEIMYU KO3(M(UINEHTAMYT HABHLIBACTCS
JBOMYHOM, eCIM BCe ee MHHODHI papHEl 0 mmm +2°) rae i — HekOTO-
poe neaoe. MaTpon, 0618 1a10MKANA IBOMIHON MATPULIEN IIPEICTABICHIA
HAJ TOJEM PAlMOHANLHBIX YUCE], HA3LIBACTCA IBOUIHBIM MATPOUIOM.
6\/1-MaTpuIel HA3LIBAETCA MATPUIA C KOMILIEKCHBLIMI KO(DQUIIEeHTa-
MU, BCE HEHYJEBble MUHOPHI KOTOPOU DPABHBI KOPHAM IIMECTOU CTENeH!

u3 equEMNEL °v/1-MaTpOMIOM HA3HIBAETCA MATPOUI, KOTOPEI MOXKHO

IpencTaBuThL cTOIOnaMu Oy/1-MaTpuner. YceTanoBIeHo, 9T0 MaTpous M
ABJAECTCA IIOYTU PEryJasaPHBIM TOrIa U TOJBKO TOI'da, KOr'Ia M SABJIAET-
Cs OJHOBPEMEHO IBOUYHBIM U Gﬁ—MaTPOI/I,ELOM (umu M npexcraBuM Ha
noasamu GF(3), GF(4) u GF(5)).

ycte S — n-saeMeHTHOE MHOXKECTBO, k — HEKOTOPOE IIeJ0€ TAKOE,
gro 1 <k <m,ul ={ACS:J|Al <k} Marpoun (S,I) naseBaror
OOHOPOIHBIM ¥ 0603Ha4YanT 4depe3 Uy ,. UI3BecTHO, 4TO OJHOPOSHBIN
marpousg Uy, HOpeicTaBuUM HaL GF(q) Torza u Tonbko Torga, Korjaa
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n < N uecau mu6o k = 3, N = g+1 u g—uedernoe, mu6o k = 3, N = q+2
u g—uetHoe, b0 k =4, N =5uq<3,mbok =4 N=q+1uq>4,
au6o k =5, N =6unuqg<4wmk=5N =g+ 1uq > 5 3agaua
HAXOXK JEHUA TOJNeN HaJ KOTOPLIMU MPEACTABAM OIHOPOIHBIM MaTpPOU/
Uk, mas mo6eix k,n, ABIAETCI OTKPBITON IPOOIEMOH.

loxazano, uTo eciu M — TepHApPHBIM MaTpoua, To aaa M cmupa-
BEIUBO OJHO M3 yTBepkaeHuu: M mpencTaBuM TOJIBKO HAJ MOJEM Xa-
pakTepuctuku Tpu, M — peryasapHein wiu M — TOYTU PEryaspHBIN
MATpOU[.
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O YUCJIE MHO2KECTB, CBOBO/AHBIX OT HYJIA,
B I'PYIIIAX ITPOCTOTI'O IIOPAAKA

B. I'. Caprcau (Mocksa)

IIycts Z, — rpynma BbIYeTOB IO mpocToMy Mmonyiio p. Ilogmuo-
xectBo A C Z, HA3LIBAETCA C60000MbIM OM HYAA, €CIN yPABHEHHE
a+ b+ ¢ = 0 ue umeet penrenus B MHOKecTBe A. CeMencTBo Bcex moj-
MHOXKECTB, CBOOOIHBIX OT HyJs, B rpynne Z,, o603Ha4uM depes S(p).
IMensto HacTosmen paGoOTHL ABIAETCA HOLyIeHne oneHKY ducaa |S(p)|.
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Teopema 1. ITycmb p — npocmoe wucao. Tozda cywecmeyem no-
aoncumenvnas Konemawma C, maxas, wmo

2=/l (p — 1) (1 4+ 0(277)) < |S(p)| < 2P+,

2de k(p)/p = 0 npu p — oo.

[as Beaxoro A C Z, u mo6oro nemoro uucaa d moaoxmm d x A =
{da : a € A} n HazoBeM ero pacmancenuem MHOKecTBa A. O603HAUNM
4gepes x4 (z) xapakTepuctuieckyo Gysakuuo Muoxecrsa A. Onpexenrnm
(xa * xa)(z) — xonmaecTBo HaGOpPOB (T1,73) € A% Takmx, uTo T =
x1+ 9. Monoxnm A+ A = {z1+x2 : 21,20 € A}, —A={p—2z:2 € A}
uSp(A)={z€Z,: (xa*xa)(x)>h} roge h>0.

Teopema 2 [1]. Iycms A — nodmmoscecmeo nocaedosamesbHbix
aaemenmos epynnvy Z, u |A| < p/3 + 1. Tozda

{dxB:BC A,de Z,}| =241 - 27NN (p - 1) 4 0(25141/6p2).

Jlemma 1 [2]. Tycmy A — nenycmoe nodmmoncecmso epynnvt Z, u
h < |Al. Toeda |Sy(A)| > min(p, 2/A]) — 2(hp)*/2.

Ilycte L — marypansnoe gucao. Juas kaxpgoro y € {0,...,p — 1}
onpegenum pazbuerre Ry 1 rpynnsr Z, Ha HHTepBAILl BIIA

JV={(L+1+y),...,((i+1)L+y)},0<i<|p/L] —1.

Bce matepsanst J{ pasémenmsa R, umeor aammy L, a MHOXeCTBO
Jy =Z,\ U, J} mmeer mommocts p— L|p/L] < L. Muoxectso A C Z,
HasbIBaeTCA L- epanyauposannvim (cM. [2]), ecam 1is HEKOTOPOTO [EI0ro
uncia d u HekoToporo pasbuenus R, ; pacraxenne dx A aBisercs 00b-
eJMHEHNEM HEeCKOMBKBIX MHTepBAIOB J! pasbuenns Ry ; (oTamusbIX OT
Jy). O603Ha4NM MHOXKECTBO L-rpaHyIMpOBAaHHBIX IOAMHOXKECTB IPYI-
nsl Z, 1epes Gr(Z,).

Jlemma 2. Cnpasedauso nepasencmeo |Gr(Zy)| < p2v/ L.

Jlemma 3 [2]. Hyems A C Z, — nodmmoxicecmso MOuWHOCU Qp,

€1,€2,E3 — NOoAOHCUMEAbHDIE deticmeumenvuble v L — HamypaabHoe
yucaa, a p — npocmoe 4uca0, maxoe, 4mo 6binoAHAECIMCA HEPABEHCIMBO

-2 _—1

p> (4L)256a251_452 €3 . (1)

Tozda cywecmeyem A' C Z, co caedyrowumu c80ticmeamu:
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(1) A" asasemca L-epanyauposarnnoim;

(i) |4\ 4] < e1p:

(i13) mmomcecmeo A+ A codepacum ece saemenmuvt & € Z,,, das Ko-
mopuix (xar *xa)(x) > €ap, 3a uckarouenuem ne 604ee 3P IMEMEHMOB.

Aoxazameavcmeo meopemer 1. B [3] mokasamo, 4TO cymiecTBy-
eT apudmeTHUeCKas NPOrPecCus, CBOOONHAA OT HyJsA, MOIIHOCTH
l(p —2)/3] +1 c passoctsio 1, B Z,. OTCioa 1 13 TeOpEMBI 2 HOJIyYIuM,
9TO

2l=2)/31(p — 1)(1 + 0(27°P)) < |S(p),

rae C —TonoXnuTenbHas KOHCTAHTA.
IIycte s — ymomrerBopsieT ycaosuio 3es < 2°. Paccmorpum pasbue-
Hue MHOXKecTBa S(p) Ha ABe UacTu:

S(p) = Si(p) USL (p),

rae
S.(p) ={A €S(p): |A| <p/3s}, S{(p) ={A€S(p) :|A] > p/3s}.
Owuesuano, ato |S(p)| = [S,(p)| + |S,(p)|. Herpynno sameTruts, aTO

Si(p)| < 27/3 . Temeps omennm crepxy |S” (p)|. Mycts A € S”(p) mp —
IpPOCTOE YUCI0, TAKOe, YTO BEINOAHAeTCs yeaosue (1). Toraa mo temme
3 cymectByer moamuoxkecTBo A', obmanaromee ceoncrsamu (i) — (7).
Omnenum |S! (p)| myTem noacuera xommdectso map (A', A).

IIycrs A" € GL(Z,) — BeGpano. Paccmorpum gBa cayuan: |[A'| >
p/3u|A'| <p/3.

B mepeoMm caydae B cuity yTBepxKaeHus (iii) 1eMMBI 3 ©UMeeM

|Seon(A) \ (A + A)| < eap.

Tak xkak A — MHOXECTBO, CBOOOJHOE OT HYJf, ITO TO K€ CaMoe, 9TO
(A+ A)N(—A) = 0, monyanm, 910

| Al <p = [Sep(A')] + e3p.
B cuny memmbr 1 mmeem
|Seap(A")] > min(p, 2|A']) — 2(e2p) /2.
Ipu ycaosum |A'| > p/3, monydaem

|Sszp(Al)| > 217/3 - 2521/217-
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Orcrona creqyeT, 9T0 IUCI0 cnoco60B BEIOOpa A mpm 3aganom A’ mom-
HOCTH, IPEBLILIAIOWEN p/3, HE IPEBOCXOAUT

211/3+(2621/2+63)p_

Ecan |A'| < p/3, To B cuny yTBepxaenus (ii) meMMbl 3 uMeeMm
A\ A'| <erp.

Orcrona cregyer, 9To
Al <A +ep.

Nrak, uncao cnoco6os Beibopa A mpu saganom A’ mommocTm, He
[PEBBIMAIOMEN p/3, He TPEBOCXOINUT

211/3+51P_

B cuny semmer 2 ¢ npumenenuem geMmMer 3 ¢ mapamerpamu L = 1+

[1/e|me; =3 = 5;/2 = €, MOJIy4uM, 9TO

1S”(p)] < 9p/3+cep
Orciona crenyer, 4ToO

‘S(p)| < 21)/3 + 2p/3+66p = 21’/3+c€1’1.

Jlerxo mokazars, urTo MoxHO B3aTh £ = O(loglog p)*/3 (log p)~1/9).
Pat6ora Bemonuena npu moq aepxke PODN (npoext 10-01-00768-a).

Cnucok JIuTepaTyphl
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O I1I04A0BUM MATPHUIIBI BTOPOI'O IIOPAIAKA
N TPAHCIIOHUPOBAHHOU K HEU MATPHUIIBI
HAO KOJBIIOM IEJIBIX YYUCEJI

C. B. Cugopos (Huxuuu Hosropon)

B [1] uccrenosanach 3a1atda 0 MOZOOGUM MATPHUI BTOPOIO TOPSIKA
HaJ KOJBIIOM IIEJILIX YUCET KaK 00O0O0IIeHne KIACCUIECKON 3a a9l O IO0-
I00MM MATPUIL HAL MOJEM PAIMOHAIBLHLIX TUCE.

Ksanpatuoie marpunsl A u B nopagka n Ha3BIBAIOTCA 10000HbIMU
HAO0 NOAEM PAYUOHAADHBIT UUCEA, €CIN CYIMECTBYeT Takaa marpuna X €
Q" " uro AX = XBudetX #0

Keagpatubie matpunst A u B mopsAgka n HA3BIBAIOTCA 100006HbIMU
HA0 KOALYOM UEABIT YUCEA, ECIU CYIIECTBYeT Takasa MaTpuna X € Z"*",
a0 AX = XBudet X € {1,-1}

Xopomo w3BeCTHO, ITO HA MOJEM PANMOHAIBHBEIX YHACE] MATPUIILI
Au AT nonobuer. Han KOIBIOM HElBIX G@cea 5TOT daKT, BOOOIIE To-
BOpA, HE UMEET MECTa. 3AeCh OyIeM pPacCMATPUBATE MATPUILI BTOPOTO
HNOpAIKA, BCE COOCTBEHHBIC YUCIA, KOTOPBIX HEILIE.

B craree [1] gokasano, 9TO MHOXECTBO MATPUI BTOPOIO HOPSIKA
€ XapakTepUCTUIECKUM MHOrOwieHOM Buja d(z) = (z — a)(x — ) pas-
OMBAETCA HA CUETHOE UUCIO KJIACCOB MOAOOUS, ecaum o = (3, U HA KO-
HEYHOE 9IHUCI0 KIACCOB, ecai o 7# (3. B mepBoM cilydae KaHOHWUYECKUMEI

a k
MATPAIAME ABIAIOTCA MATPUUB! BUAa { (| TA€ k > 0. Bo BTOpom

a k
clydae KAHOHMYIECKHME MATPUIEL - TO MATPHUILL BUIA ( 0 B ) , Tae

0<k< V%J . Cregymomas TeopemMa MOKa3bIBAET, MPU KAKUX yCIOBU-

AX TaKne MaTpPUIlbI HO,I[OGHBI CBOMM TPAHCIIOHUPOBAHHBIM MaTpPHUIIaM.

[ a k T+ ([ a 0
TeopeMa.HycmbA—<0 B)uA _<k 5)

1) Ecaua =, mo A u AT nodobuvt nad Z.
2) Ecaua # 3, mo A u AT nodobuvt nad Z moada u moavko mozda,

k?+d? k> —d? —
Kxo2da aAubo AG=a) aubo A(Fa) ABAAECTNCA YEADLM UUCAOM, 2de d =

HOA(B — a, k).

Loxazameavcmeo. Caygan k = 0 09eBULEH, TIO3TOMY Iajee MPeIro-

naraem, 9to k # 0. Ecmm o = 8, To AS = SAT rae S = ( (1) (1) )’

nostomy A u AT mogo6usr max Z. Tenmeps paccMOTpUM CayuaH, KOraa
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a# 5. Ecm T = < 2 Z > — LeJOYUCIeHHAsA MAaTPUIA, YIOBIETBO-

patomasn yeaormio AT = TAT, 1o aty + kts = aty + kta, aty + kty = Sta,

@. O603HaYNM

Btz = atz + kty. CaemoBaTenbHo, to = t3 U ty
t1 =xz,d=HOMI(B —a,k), t = %, s = %, y = . llanee, t4 € Z TOTH-
KO B TOM caydae, korga y € Z. CaegosaTenbno, maTpuna 1’ uMeeT BuI

o~
o

T = ( ;t gz ) . Hockoawvky det T momxken ObiTh paBed 1 mwam —1, TO
mveeT MecTo ypasuerue det T = y(zs — yt?) = +£1. Mannoe ypapHeHne
UMeeT peleHue B HeTBIX uucaax, ecam y = +1 m xs £ ¢2 = £1, oTky-

2 2 2
Ia HOJAydaeM & = % = f;(kﬁ_ig)
YHCJIOM, MOTYYIaeM NOKA3BIBAEMOE.

. llockoabKy = mOMXKeH OBITH METBIM

Cnucok JuTepaTyphbl
1. Mlesuenxo B. H., Cugopos C. B. O nogobuu maTpuil BTOporo mo-
psAKa HaJ KOAbLIOM meawx uncen // WsBectus Byzos. MaTemaTuka. —
2006. — Ne 4. — C. 57-64.
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Ceknus
«Teopusa rpadgoB»

I'PA® MHOTOI'PAHHUKA 3ATAYIN
PASBUEHUWE HA TPEYT'OJIBHUKN

A. . Auronos, B. A. Bougapenko (fIpocaasin)

Pacemorpum 3amady caegywoomero Buga. 3agan noiaein rpad G c
MHOXecTBOM BepmmH N, = {1,...,n}, roe n = 3k, g1a Kaxg0ro pe-
opa (t, s) (t < s) KOTOPOro 3aaHa €ro IJIMHA Ci5. TpeOyeTCs MHOKECTBO
BepmuH N, pa3dbuTsb HA k TPOEK TaK, ITOOBI CyMMa IEPUMETPOB COOT-
BETCTBYIOIINX TPEYTONLHUKOB ObLIA, MAHAMAIBLHOM.

CyxeHueM 3TOU 33241 CIyXKUT u3BecTHas NP-nonnas 3agada «Pas-
OueHye HAa TpeyroabHIKm [1].

OnpenenuM MHOTOrPAHHUK paccMaTpuBaemou 3agadu. C sTou 1e-
Jbi0 B mpocTpancTBe R™, rae m paBHO xoaumdecTBy pebep rpada G,
T. e.m = n(n—1)/2, na kaxa0ro pasbueHus § HA TPEYrOIBLHUKA
paccMoTpuM ero xapakTepuctuieckuil Bektop z = z (4). ycte X —
MHOXKECTBO BCeX Takux . MHororpamamkom )M Hamen 3a1a<du COyXKuT
BEITyKIaA 060109ka conv.X. O4uepuano, 970 X — MHOXKECTBO BEPIINH
MHOTOorpanuunka M. MHOXeCTBO ero pebep OMUCHIBAET CJAEAYIOMAI

Teopema 1. Bepwunbt x1 v x2 (x; = x (8;)) mnoeoepannuxa M 6y-
OYMm CMEHCHBL 6 MOM U MOALKO MOM CAYUAE, KO20G MHOHCECTNEO BEP-
wur ucxodno20 2pada G, Noayuaweecs nocie omopacvleanus 00uus
daa 61 u 02 mMpoek, Heavbda pas3dumsb Ha 064 NOOMHONCECNEA, KAHCOOE
U3 KOMOPHLIT pacnadaemcsa wa mpotixu das 6, u das Os.

[nsa moxasaTeabCTBA TEOPEMBI 1 MOXHO BOCIONB30BATHLCA CJAETYIO-
M TOPOCTEIM yTBEPXKICHUEM: T1 W Ts HE CMEXKHBI B TOM U TOJBKO
TOM CIy4ae, KOTha cylnecTByeT ¢ € X, & # X1, & # X3, IJA KOTOPOTO
BBITIOJNHAETCA HEPABEHCTBO & < T1 + To.

C momoIns0 TeopeMsl 1 yIaeTca moMyIuTh SKCIOHEHIINATBHY 0 HUXK-
HIOIO OIEHKY KJIMKOBOT'O 9ucaa rpadga MEOrorpanauka M.

Teopema 2. Makcumaapbnoe K0AUNECNE0 P NONAPHO CMEHCHBIL GEP-
wuk muozoepannura M ydosaemeopaem mepasencmey

p(X) > 2Vh/2-2, (1)
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2
Aoxasameabcmeo. Mpeqnonoxkum cuavana, uto k = (2r +1)°, rae r

HaTypaabHO. Bepumner ucxoxuoro rpada G, roe n = 3(2r + 1)2, 060-
3HAYUM CJIeIYIOIIM 00pa3oM:

(i, j),v(i, j), w(i, j),

raet,7 =0,1,...,2r.
IIycte I — MHOXKECTBO BUIA:

I:{iOailz---air}a (2)

rae 0 =49 < i1 < -+ < ip < 2r u npu a060M § = 1,...,r BeIUINHA
is TPUHUMAET OTHO U3 ABYX 3HadeHun: 2s — 1 u 2s. Paccmorpum mabop
TPOEK BEPIIUH UCXOTHOTO rpada:

{’U‘(issit+1)7v(is=it)aw(it=is)} s,t=0,1,...,m (3)

cauras, 910 i,41 = ig = 0. Jonomaum vabop (3) Tpoukamu Buga

{uli,j), v, ), w@i,5)},  (,4) ¢IxI; (4)

moJIyYuM pas3bueHune MHOXKECTBa, Bepiiud ucxoqHoro rpada G ua k Tpo-
eK.

O6o3nauum wepe3 Y MHOXKECTBO XapaKTEPUCTUIECKUX BEKTOPOB
BCEX MOATPadOB, ONpeAeIdeMbIX Pa3OUeHUusAMU ONMCAHHOTO BUaa, Y C
X. Kaxnoe pasbuenHre OTHO3HATHO ONPEAEIAECTCA COOTBETCTBYIOIIAM
MHOXECTBOM [, ClIeI0BATENBHO,

Y| =2" (5)

TTokaxxem, YTO TOUYKU MHOXKECTBA Y ABJISIOTCS MOMAPHO CMEXHBLIMUA Bep-
MMIMHAMY MHOTOT'paHHUKA conv.X .

Ilycte x1,22 € Y, 21 # x2. O603uauuM uepes I,, u [,, MHOXKECTBa
Bua (2), ONpemeaAIme M0 YKA3aHHOMY BBIIIE IPABUIY HAOOPHEl TPOEK
COOTBETCTBEHHO MJIST X1 U T3:

Izl :{iO:ila"'aiT}: Izz :{ilmilla"'ailr}'

Iycre i € I, ui ¢ I,,; Takon HOMep, odeBuaHO, Haugercsa. O60-
3HAYMM 4depe3 () HAMMEHBINEE MO BKIIOYEHUIO MOAMHOXKECTBO BEPIIAH
ucxoauoro rpada G, KOTOpoe pacnagaeTcsa Ha TPOUKU U3 01 U u3 do U
KoTopoe coaepxkut Bepumny v(i,0). Bepumna v(i,0) BxoauT B TPOUKY
Buga (3) w3 & u Buga (4) ms dy. Mostomy u(i,iy) € Q,v(i,i1) € Q n,
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no wnaykuau, u(i,j),v(i,j) € Q nua scex j € I,. OTcroga BEITEKAET,
aro w(j,i) € Q, ecmu j € I, , u, caegosarensro, v(j,1) € Q. Mocaeanee
BKJIIOUEHUE [AaeT BO3MOXKHOCTH MOBTOPUTH MPEABIAYINNE PACCY K JCHUS,
B34B B KavecTBe HadauabHOU Bepruny v(j,i) Bmecto v(i,0). B pesyuan-
TaTe MOLYIUM, ITO €Cau HoMepa i, j u3 [, , u XOoTa OBl ONUH U3 HUX HE
BXOIUT B I,,, TO v(i,j) € Q.

PaccmoTpum Temepr momep s, 0 < s < r — 1, a1 KOTOpPOTro
is = i's, is41 & Ipy, 's41 € I,; m3 cBoucTB MHOXeCTB I, u [, cae-
IyeT CYLMIECTBOBAHUE TAKOrO S. M3 TOKA3aHHOTO BHIMIE BHITEKAET, UTO
v(0,i54+1) € @, mosromy u(0,is+1) € Q u v(0,is) = v(0,i's) € Q. Orcio-
na caeayior Braodenus u(0,i's11) € @, v(0,i's41) € Q, w(0,i's41) € Q
u, nakonen, v(i'sy1,0) € (). BHOBb ucmoib3ys paccykeHus IPeabIay-
mero ab3ana, IPUXOAUM K BEIBOAY O TOM, 9TO v(i,j) € @, ecam i,j u3
I, n xoTs ObI OAVH U3 HOMEDPOB ¢ U j He BXOAuT B I, .

O6o3uaunm vepes v(i, ) BepIIIHY MCXOTHOTO rpada, KOTopas BXO-
IUT B pasHble TPOUKU u3 01 u do. [locaeauee o3HavaeT, 9T0 06a HOMEPA 4
U j IpUHALTE)KAT XOTA ObI OTHOMY U3 MHOXeCTB [, nnmn I,,. Ecim i u j
ONHOBPEMEHHO BXOIAT JIUIIL B OTHO U3 YKA3AHHLIX MHOXKECTE, TO HEro-
CPEICTBEHHO U3 YCTAHOBIEHHOT'O paHee caelyeT BkawdeHue v(i, j) € Q.
Ecmm xe ¢,j € I,, mi,j € I,,, TO 11 HEKOTOPHIX S U | BHEIIOJHAIOTCS
paBeHCTBA iy = i's = 1 u iy = i’y = j, upudeM ;41 7 1’411, TAK KAK 1O
IPENOIOKEeHUIO v(i, j) BXOAUT B PA3HbIE TPOUKHA U3 §1 U Oz, KOTOPHIE
umeroT, o4eBugHO, Bun (3). llosromy iry1 ¢ Iy, 1 v(is,it41) € Q. Crne-
IOBATEIBHO, U(is,ir+1) € Q u, Hakowmen, v(is, i) = v(i,j) € Q. Takum
obpazoM, () mpencTas/igeT cOO0M TaKOe MOAMHOXKECTBO BEPIINH MCXOI-
voro rpada G, KoTopoe monydaeTcs OTOpaCHIBAHUEM BEPIIMH OOIIMX
nis 01 1 0z TpeyroabHUKoB. C y4eTOM MUHUMAIBHOCTH MHOXKECTBA ()
U3 TEOpeMEl 1 CIenyeT CMEeXHOCTDb T U T3.

s nonyyenus onenku (1) mpu Mpou3BOJIBLHOM Kk OCTAETCA BOCIOIb-
30BaThCA PaBEHCTBOM (5) 1 MOHOTOHHOCTHIO P( X3 ).

Pa6ora Buimonnena npu noagep:xkke rpanrta IIpasutenscrsa PP mo
noctanosienuio Nt 220, norosop Ne 11.G34.31.0053.

Cuucok JurepaTypsbl
1. I'spu ., Mxoucon [I. BoraucanTeabHble MAIIWMHLL X TPYIHOPEIIa-
embre 3agagu. — M.: Mup, 1982.
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IMEPEYIMCJIEHUE IIOMEYEHHBIX
OUJIEPOBBIX KAKTYCOB

B. A. Bo6asmn (Mocksa)

KakTycoMm HaspIBaeTCA CBA3HEIA Ipad, B KOTOPOM HET pebep, JexKa-
mux 6oJee YeM Ha 0 JHOM mpocToM nukie [1, c. 93]. Bee 6iaoku kakTyca —
pebpa win npocThe UKL (MHOroyroapHukn) [2]. Popa u Yaenbek me-
PEUIMCIUIN MOMEIEHHEIE KAKTYCHI C 3aJAHHBIM PACIPEIEJCHIEM HYUCaa
BEPIIKH [10 MHOIOYTOAbHUKAM [2]. DUnepoB rpad — 3TO CBA3HBIN rpad,
BCe BEPIINHBI KOTOPOT'O UMEIT YeTHYIO CTemeHs [1, c. 22].

Teopema. [Tycmv D,, — wuca0 NOMEUEHHIL 3HALPOBHIT KAKMYCOS
¢ n sepwunamu. IIpu n > 3 eepua gopmyaa

R e
n n—k—2

—(n —1)! >z
D, =(n 1).; mk( o1 )

Loxazameavbcmeo. Mocmom cBA3HOTO rpada HABBIBAETCA ero pebpo,
HOCJ€e yAAJeHus: KOTOPOro rpad CTAHOBUTCA HECBA3HBIM [3, . 41].

DWIEPOBHI rpadbl ABIAIOTCA rpadaMn 6e3 MOCTOB. [JerCcTBUTENBHO,
MHOXKECTBO pebep sIIepoBa rpada MOXKHO Pa30OUTh HA IPOCTHIE MUKIEI
[3, Teopema 7.1]. B To xe Bpems MocT rpada He IPUHALIEKAT HA OTHO-
My ero mpocToMy Hukay [3, Teopema 3.2]. Takum 06pazoM, y SUIEPOBBIX
KAKTYCOB BCE OJOKH ABIAIOTCA MPOCTHLIMK IUKJIAMH.

IIycte C,, — [9MCI0 TIOMEYEHHBIX CBA3HBIX TPadOB € 1 BEpIINHAMMA,
a B,, — ¥mCi0 TOMEYEHHBIX GIOKOB C 11 BepIIMHAME. PaccMOTpuM mpo-
n3BOAAMINE (PYHKINA

oo

2" > "
C(z) = Zong, B(z) = ZBnm :
n=1 ' n=3 ’

B paGotax [4, 5] aBTOPOM MOTYyYEHO COOTHOIIEHNE

Cpn = @w—l} exp(nB'(2)).

O6Go3nauasn vepes B(z) 5KCHOHEHIUANBHYIO NPOU3BOIAIIYIO (DYHK-
WO 1A 9UCIa OJI0KOB IOMEICHHBIX SIIEPOBLIX KAKTYCOB, MOIYIUM

D, = ey (nB(2))
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Tax Kak YUCIO UUKJIOB C 7 MOMEUEHHBIMM BEPIIMHAME DABHO (n —
1)!/2, nmeem

B(z):Z%(n—l)!%———ln(l—z)—%—%
n=3
_, _ 1 z 1 22
B =ga=5-2"2"20-9
_(n_l)' Z—l X n2 —-n
Dy = A e (75

Pasaras skCoHeHTY B CTENEHHOU PAIL, HAWIAEM

_ (n_l)' —1 ,n k 2k "
Dy = n +Zk'2k1—z '

C momomipo u3BecTHOrO paga [6, c. 141]

D Sl L B

m=0

IOy UM

=t S mt k-1 -
Dn=(n=11E1 k12 ( k-1 >Z2k+ B
k=1 T m=0

o0
nk- —k—-2
— 1!
- e (57
k=1
YauThBasg, 9T0 OUHOMUANBLHEIN KOX(PPUIMEHT 06pAIaeTCa B HOMb MPU

n—k—2< k-1, 71 e npu 2k > n — 1, 3aBepuuM [J0Ka3aTeILCTBO
TEOPEMHBI.

3
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O TPA®AX JIE3A, SIBJISIIONINXCSA
TPA®AMU KDJIU

C. B. I'opsinuos, JI. B. lTanarunos (Yens6unck)

B mamnom pabore paccMaTpuBaeTCsA MeTOn nonydenus rpados /lesa
U3 DPYNN, NPEAIOKEHHBIN B cTaThe [1], B IpWIOKeHun K CPyIIaM He-
60JBIIOrO MOPALKA. A UMEHHO, A DTUX TPYNI HAUAEHBI BCE HEU3O0-
Mopdubie rpadgur Kaau, apasomuecs rpadpavu lesa.

Bce rpadur, paccMaTpuBaeMBe B JAHHOU CTAThe KOHEYHEI, HEOPUEH-
TUPOBaHBI, 6€3 meTeJb U KPATHBIX pedep.

I'pagom [Aesa ¢ napamerpamu (v,k,b,a), rme b > a, HasbIBaeTCA
rpad Ha U BEPIIMHAX, CTEMEHL Ka¥K JOU BEPIIMHEI KOTOPOTO paBHa k, u
JI00BIE IBE BEPIIMHEI UMEIOT ¢ Wi b o0mux cocemen.

Tounvim rpadom lesa maswiBaercsa rpagd /lesa nmamerpa 2, He ABII-
IOIIUUCS CUIBHO PEryJAPHBIM.

Oycts G — rpymma u D C G. Onpegemum D! xax MHOXKeCTBO
{d=' : d € D}. Oycts I' — rpad, MHOXKECTBO BEPIIMH KOTOPOTO —
BCE DJEMEHTHI Tpynnbl (G, U BEPIIVHBL U U U CMEXHBI TOrAA U TOJBKO
Torga, korga v 'u € D. Ecin egmanna rpynnsl G He CONEp:KUTCA B
D u D' = D, to I masmBaerca rpadom Kamn rpymmner G mo cucreme
o6pasyromnx D u o6osnavaerca Cay(G, D).

IMonvmoxkecTBa daemerTos D u D' rpynnet G HA3LIBAIOTCA U30MODP Q-
notmu, ecmu Hangerca o € Aut(G), aro (D) = D'. Ecin nogmuaoXKecTBa
D u D' usomopdusr, To uzomopdust u rpadpu Cay(G, D) u Cay(G, D').

Onpegerum DD~! kak myapTumuoxectso {dd'~' : d,d" € D} (s
DD ™! moryT 661Th oBTOpAIOMEIECH daeMenTH). [ moaMEOKECTB A 1
B mHOXecTBa »1eMeHTOB G 1 IIeThix wucen a u b 6yaem mucats DD~ =
aA + bB, ectu B DD ™! comepKuUTCA @ KOMMHE KAk JIOTO daeMeHTa u3 A
n b konum Kaxmoro saeMenTa u3 B.
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Teopema 1 [1]. IIyemv D nodmnoxcecmso saemenmos epynnvt G,
maxoe 4mo

1) |Gl =v u |D| = k;

2) DD~' = aA +bB + ke, 2de A, B u {e} — pazbuenue G.

Tozda Cay(G, D) — epag Jdeza ¢ napamempamu (v, k, b, a).

[lns moucka rpadoB Obuta HamucaHa mporpamma. Ha mepsom srTarme
U KaXK JOU TPYINBL IepeOupaiInch BCE MOJAMHOXKECTBA UX DJIEMEHTOB,
SABJAIONINECA cucTeMaMu oOpasywoomux rpadgos Komu. Ha BTopom sTa-
me 0TOMpaaUCh CUCTEMEI, YIOBIETBOPAMIINE YCIOBUIO TEOpeMbl 1, u3
KOTOPBIX Tody4atoTcsa Tounbie rpadgul [lesa. To ects ObLiM HAWJIEHBI
Bce Habopel mapameTpos rpadgos [lesa, apasomuxcsa rpadpamvu Kaau co-
OTBeTCTBYyMOIMMX rpynm. [[1s1 Kaxa0ro Habopa ObLT COCTABJEH CIUCOK
rpadoB Komu. Ha TpeTrhem sTame u3 3TOro Cnucka OTOMPAIUCH BCE He-
n30MOp(dHBIE IpadHl.

B manbueumeM mpecTaBIsgeT UHTEPEC TEOPETUIeCKoe O0O6O0OIIeHUe
csoucts rpadgos lesa, apasaommxcsa rpadgavu Koau, n uzydenue rpados,
[TOJIY JAIOUINXCS U3 U3BECTHBIX KJIACCOB rpynn. Tak Kak Hem3oMOpPQHEBIE
rpadsl MOIYIAI0TCSA TOABKO U3 HEM30MOP(MHBIX cuCTEM 00Pa3yIOMIUX, TO
OIHUM U3 NAJBLHEUITNX HANPABICHUN PAGOTHl ABIACTCA U3YIEHNE TPYIIT
ABTOMOP(PU3MOB I'PyI.

Pa6oTa BrImoaHEeHA TipU (PUHAHCOBOU MO AEpKKe TpanTa lpesugen-
ta P® nia monoaeix yuenwix (mpoext MK-938.2011.1).

Crnucok JuTepaTyphl

1. Erickson M., Fernando S., Haemers W. H., Hardy D., Hemmeter J.
Deza graphs: a generalization of strongly regular graphs // J. Comb.
Designs. — 1999. — V. 7. — P. 359-405.

O HEBABUCUMBIX MHO>KECTBAX
B YHULIUKJINYECKUX T'PAD®AX

A. B. Jaunsk (Mocksa)

B tepmunosnorun u 0603Havenuax Mul caenyeM kuuram [1] u [2] co-
OTBETCTBEHHO.

B naHHOM 3aMeTKe NMPUBOIATCS TOYHBIE OLEHKM KOINIECTBA MaK-
CHMAJBHBIX [I0 BKIIOYEHUIO HE3ABUCHUMBIX MHOXECTB (Jaxee, M. H.M.) B
YHULUKINIECKUX Ipadax.

Bucawum Oygem Ha3BIBAThL pebpo rpada, MHINIEHTHOE BUCAYIEH Bep-
muHe. VIMEI0T MecTo CIeAyome BepXHUe OeHKN KOMUIeCTBA M. H. M. B
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yHunukandeckux rpadax. IlepBas Teopema kacaeTcs rpadoB ¢ Huk-
CUPOBAHHBIM YMCIOM BEPUIMH U 06XBATOM. AHamormvHas 3aqada Iisd
«OOBIMHBIX» H. M. OblIa paccMoTpeHa B [4].

Teopema 1. ITycmv G — ynuyukauueckui epad nan (n > 9) sep-
UWUHAT € 00TBAMOM (, UMEOUUT MAKCUMAALHOE KOAUUECTNEO M. H. M.
cpedu epagos ¢ mem e wucaom sepuun u obreamom. Toeda:

IIpu g = 3 u neuemnviz n 2pad G noayuwaemcsa npucoedunenuem
23 qucmves ® 0dnoti uz eepuun C3 u nocaedyowum nodpasbuenuen
KaxHcd020 U3 8UCAUUT pebep.

n—_8

Ilpu g = 3 u wemnwviz n 2pad G noayuaemcs npucoedunenuem 5=

aucmoves k 00noti uz sepwun C3, nodpazbueruem Ka*cA020 U3 6UCAUUT
pebep u dobasaenuem NAMUSEPUUHNOT UENU K BEPULUHE MAKCUMAALHOU
cmenenu 8 noayuennom epadge.
Ilpu g = 4 u yemnvizx n epad G noayuwaemcsa npucoedunenuem t u
n—4

(T — ) aucmves K nape cocednuz sepuwun Cy u nocaedyouum noo-

pasbuenuem Kax#c002o u3 sucauux pebep. ucao t moxcem 6bimb A410061M

6 duanazone om Q do L"T_LLJ.

IIpu g > 4 u nevemunviz (n—g) epad G noayuaemcs npucoedunenuvem

1u "_Tg_l aucmoes ® nape cocednuz sepuwur Cy u nocaedyowum nod-
pasbuenuem Kancdoeo U3 BUCAUUL PeOep, UNYUIEHMHBIT SEPULUHE MAK-
CUMAALHOT cEnenu.

IIpu g > 4 u wemubiz (n — g) epad G noayuaemca npucoedunenuvem
5L aucmoes x 00not uz eepuun Cy u nociedyrouum nodpasduenuen
KAHCA020 U3 BUCAUUT Pebep.

Bropas m3 mOKa3aHHLIX HAMH TEOPEM KACAETCA YHUIUKIMIECKAX
rpad0B ¢ PUKCUPOBAHHBIM YUCIOM BEPIIUH U AUAMETPOM. AHATOT 3TOn
TeOpeMbl 11d OOBIYHBLIX H. M. JOKa3aH B [3].

Teopema 2. [Tycmv G — ynuyuxavueckut epad duamempa d (d >
8) na n 6ePWUNAT, UMEIOWUT MAKCUMAALHOE KOAUYECTNEO M. H. M. CPEOU
epagdos ¢ mem sce wucaom sepwur u duamempom. Toeda:

IIpu (n — d) newemmom, 2pad G noayuaemcea npucoedunenuem x 00-
noti uz sepwun Cs ”*Td*l aucmoves, u nocaedyrowum (d — 2)—Kkpammnoim
nodpasbuenuem 00n020 U3 BUCAUUT pebep U 00HOKPAMHbIM Nodpas3bue-
HUEM OCTMAALHBIL BUCAUUL PEOED 6 NOAYUEHHOM 2pade.

IIpu (n — d) wemnom, G usomopden caedyrowemy epady. Ilodpaso-
bvem y 36€30b1 KnT—d 00HOKDPAMNO 6CE AYUU, KPOME 00H020, G 00UH AYY

nodpazobvem (d — 2)—Kkpamuo, a 6biswut yewmp 36e3dbl 3amem coedu-
Hum ¢ a060% uz sepuun Cs.
Iepennem k mwxuuM onenkam. llycrs G = (V, E) — npousBoib-
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uerit rpad. Oderuano, ornomenue R = {(u,v) C V2 | N(u) = N(v)}
SBAAETCA OTHOIIEHNEM DKBUBAJIEHTHOCTH Ha MHOXkecTBe V. O60o3HaMMM
gepes Vi, ..., V; K1accel 5KBUBATEHTHOCTH 10 oTHomeHuo [2. Hazorem
cocamuem rpada G rpad s(G), B koropom V(s(G)) = {V1, ..., V,} u
E(s(G)) = {ViV; | u,v: (u € V; Av € V; Auwv € E(G)}. Hepopmais-
HO, rpad $(G) moayvaerca w3 G 3aMEHOU KaxkKIOrO MHOXKeCTBa V; Ha
JI060r0 U3 CBOUX MPEICTABUTENEN.

Teopema 3. I[Tycmv G — epad ob6rsama g, umeouuti MUHUMAALHOE
YUCAO M. H. M. CPEOU 2PaPo8 ¢ Mmem Hee UUCAOM BEPULUN U 0OTEAMOM, U
nyemo 4 < g < |G|. Toeda s(G) ~ Gy, 2de G| — epad, noayuaemvri
dobasaenuem x Cy sucaueli sepuiunbL.

Ecau G — epad, umeowuti MUHUMAALHOE YUCAO M. H. M. CPEOU 2Pa-
dos ¢ obzeamom 4, mo G — noanwiii d6ydoavmubii.

Ecau G — epad, umeowuti MUHUMAALHOE YUCAO M. H. M. CPEOU 2Pa-
Pos ¢ obreamom 3, mo s(G) usomopden odnomy u3 caedyowWur mpex
epagos: K3, K3 ¢ dobasaenubim aucmom, K3 ¢ dobasaenmnbimu ¥ 08Ym
PA3AUYHBIM BEPULUHAM AUCTDAMU.

Pa6ora BrImosneHa npu nogaepxkke rpauTa lIpesugenta PO MK-
3429.2010.1 u rpanta PDODPU Ne 10-01-00768a.

Croucok auTepaTypsbl
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xom», 2009.

2. Diestel R. Graph Theory. Fourth Edition. — Springer-Verlag, 2010.
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I'NIIOTE3A JIOBUHA [1JIA ITIOAKJACCOB
KJIACCA T'PA®OB BE3 K, 3

B. A. 3amapaes (Huxuuu Hosropoga)

B pabote paccmaTpuBaioTCs OOBIKHOBEHHBIE T'padbI, BEPIINHBI KO-
TOPBIX MOMEYEHBI HATYPaAbHbBIMA dnciaamu. Ecau X — MHOXKeCTBO rpa-
dos, To yepes X,, 0603HATAETCSA TOIMHOKECTBO N-BEPIIMHHBIX IPad OB
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3 X . MHOX)ecTBO rpad)OB HABBIBAETCA HACAEICMEEHHbIM KIACCOM, €CIN
OHO 3AMKHYTO OTHOCHTEILHO U30MOP(U3MA U yaadeHus epumabl. Ha-
CIeICTBEHHBIN KIACC MOXKET OBITH 330aH MHOKECTBOM 3AIMPEIIEHHLIX MT0-
poxaenusix noarpados. [Iycte M — MHOXECTBO rpadoB, TOrga Yepes
Free(M) npusaTo 0603Ha9aTh MHOXKECTBO BCeX IpadOB, HE CONEPKA-
X MOPOXK IEHHBIX ToArpadoB, m3oMmopdubix rpadam uz M. O0mens-
BECTHO, ITO MHOXKeCTBO rpadoB X ABIAETCA HACAENCTBEHHBIM KIACCOM
TOra 1 TOALKO TOraa, korga X = Free(M) mas sekotoporo M.

B [1] B. E. AnekceeB nokasau, 9TO s JIOGOr0 GECKOHETHOT'O HA-
CIeICTBEHHOT O KAACCa X OOBIKHOBEHHBIX TPAdOB, OTAMIHOTO OT KIACCA,
BCeX rpadOB, CIPABEIINBO CIEAYIOIIEE COOTHOIICHNUE:

logy 1 X| = (1 _ ﬁ) m 4 oln?). (1)

rae k(X) — maTypajabHOE YUCI0, HA3BIBaEMOe undexcom Kaacca X. Muo-
XKECTBO KJIACCOB C OMPEIEICHHBIM 3HAYEHUEM UHICKCA HABBIBACTCS CA0-
em. Bugno, uto coornomenune (1) He AaeT ACHMITOTUYECKOU OLEHKU
dyukunn log, |X,| A1A KIACCOB M3 yHUMAPHOZ0 CIOA, TO €CTh CIOA C
uHIEeKCOM, paBHEIM 1. BmecTe ¢ TeMm, 3TOMy CI0I0 NpUHALIEKAT MHO-
re BaXHBIE C MPAKTUYECKON U TEOPETUIECKOU TOUEK 3PEHUs KIACCHI,
HAIpUMED, Jieca, TUIaHAPHLIE rpadbl, pebepHbie Tpadbl, HHTEPBATLHBIE
rpadsl, KOrpadsl, XOpJalbHEIE ABYIONBHBIE I'PadEl U 1D.

st mcce oBaHMs ACUMIITOTUYECKOT 0 ToBe AeHus pyHKuun 1og, | X, |
IS KIACCOB m3 yHUTApHOro caosa B. E. Anekcees BBen mousaTue paBHO-
BeaukocTu [2]. MuoxectBa rpados X u Y Ha3BIBAIOTCA PaBHOBEAUKU-
M, €CJU CYIIECTBYIOT MOJOKUTEIBHBIE KOHCTAHTHI €1, C2, g TAKHUE, YTO
Vo]t < |Xn| < |YR|® mas Bcex m > ng. MHOoxkecTBO X HA3BIBAET-
csl ne boaee uem HaAKmMoOPUAALHBIM, €CTU CYIIECTBYIOT HOJIOKUTEIbHbIE
KOHCTAHTEL ¢, Mg Takue, 910 | X,| < n mas Bcex n > ng u Paxmopu-
A.AbHbLM, €CIY CYIIECTBYIOT TOJIOKUTEIbHBIE KOHCTAHTHI €1, Cg, Mg TAKUE,
ato n" < | X, < n®" nas Beex n > ng. Ceeprdarmopuasbubim HAHI-
BAIOT MHOXKECTBO rpador X Takoe, 9TO [ JHOBIX TOJOKUTEILHBIX C
U ng CyWeCTBYeT N > Ng, upu koropom |X,| > n". Herpyano Bugers,
YTO PABHOBEJIUKOCTH ABIACTCSA OTHOIIEHUEM SKBUBATCHTHOCTH. Kiaccst
SKBUBAJEHTHOCTY MO OTHOIIEHUI) PABHOBEIMKOCTU HA MHOXKECTBE Ha-
C/IEICTBEHHBIX KJIACCOB Ipad)OB HABBIBAIOTCS APYCAMU.

B [3] 9. Hlanrepman u K. 3UTO BBIZEIWIN YeTHIPE CAMBIX HUXKHIX
APYyCa YHUTAPHOTO CJOA: KOHCMAHMHUbLE, NOAUHOMUAAILHBITE, IKCNOHEH-
yuaabrili 1 Paxmopuasvnbid. [ns stux sapycos log, | X, | mo nopsagxy
cosmagaet ¢ 1,logn,n u nlogn coorsercreenno. Asrops [3] Takxe no-
Ka3aJu, 9TO I HACAEACTBEHHBIX KJIACCOB HUKAKUX TPOMEXKYTOIHBIX
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TUTIOB TIOBEICHUs HE CyIIecTByeT. HeszaBUCUMO, TaKOU XK€ Pe3yabTaT
6bw1 moayued B. E. Anekceesbiv [2]. Boaee Toro, mus nepeeix Tpex sapy-
coB B. E. AznekceeB mony4dun CTPpyKTypHBIE OMUCAHUSA U B KAXKAOM U3
YeTHIPEX HAIEJ] BCe MUHUMAILHLIE DIeMEeHTHI. [103:Ke aHAJIOTUIHBIE De-
3yabTaTel Obuin noaydensl [Ix. Bamorxom, B. Boao6dmem u /. Baun-
pauxoMm [4].

DakTOpUATLHBIN APYC CYIIECTBEHHO OOrade MPEeABIIYIIAX TPEX, a
KJIaCCHI M3 BTOrO SIpyca UMeT Hosee pasHOOOPa3HYIO CTPYKTYDPY. 3HAa-
YUMOCTD (PAKTOPUATBHOTO APYCA BAKIIOYAETCA B TOM, UTO OH COAEPKUT
MHOT'ME KIACCHI, MPEACTABIAIONINE GONBIION MHTEPEC C TEOPETUIECKON 1
MPAKTUIECKON TOUYEK 3peHus. [Ipu 5ToM, (paKTOPUATBHBIA APYC 10 CUX
TOp HEe UMeeT KAKOU-Iu60 TOJHOU CTPYKTYPHOU XapakTepusannn. B Ka-
YECTBE OJHOrO U3 MIATOB HA Iy THU K MOJIYYEHUIO TAKON XapaKTepU3aluu
B [5] OblIa IpeIoKeHa CAeAYIOmas PUIOTE3A.

I'unomesa Jlosuna: Hacrencreenunm kaacc X He 6osee deM (HakTo-
PHATBHBIM TOTAA W TOJBKO TOT[a, KOTJa KAaXKABU n3 kiaaccoB X N B,

XNBuXnNS re 6oree 1em (haxTOpUAILHEIN.

3aecs B — kaacce aBy noabHBIX rpados, B — Ki1acc 10moHITeabHEIX
K [IBYIOMBHBIM (KOOBYIOMBHEIX) rpadoB u S — KIACC PACIIEIIAEMBIX
rpados, T. e. rpadg0B, MHOXECTBO BEPIINH KOTOPLIX MOXHO Pa30UTh HA
KJIWKY ¥ HE3ABUCUMOE MHOXKECTBO.

WcTuHHOCTL 5TOW IUIOTE3Bl U 3HAHME BCEX (PAKTOPUAILHLIX IIO.I-
KJIACCOB KJIACCa, IBYIOJILHEIX, KOABYIOILHEIX U PACIIEILIAEMEIX IPadgoB
MOXKET OKa3aTh CYIMIECTBEHHYIO MOMOIIL MPU OTBETE HA BOMPOC, ABJSA-
€TCA JIN 3aJaHHBLIA HACAEICTBEHHBIN KIacC X (PaKTOPUAILHLIM.

OCHOBHEIM DPE3yTbTaTOM HACTOAIIEH PAGOTHI ABMACTCA CIACIYIOMIAA
TEeopeMa, OJHAM U3 CAEICTBUN KOTOPOU ABJIAECTCA CIPABEIINBOCTE IUIIO-
Te3bl Jlo3uHa 415 HACAEACTBEHHBIX Mo aKIaccoB kaacca K = Free(K 3),
rae K, — 3Be3ja C p IUCTbAMU.

Teopema 1. IIycmv M — nexomopoe muosxrcecmso epagos. Kaacc
Free(M)NK — ne 6oaee uem Gaxmopuaavrbili K4acc mo2oa v moabko

mozda, xo2da Free(M)NB — ne boace uem gaxmopuaivmubii.

Cuaegcrue (runoresa Jlosuna mis noakaaccos kaacca K). ITycmp
M — nexomopoe muoncecneo epagdos. Kaace X = Free(M) NK ne
boaee uem Paxmopuasbrviii mozda u Moavko mozda, Ko2da Kaxcovli uz
rxaaccos XN B, XNB u X NS ne 6oaee uem daxmopuasvmuoii.

IMoMuMo »TOTO CaencTeus Teopema 1 B COBOKYITHOCTH € PE3YIbTATOM
u3 [6] mo3BO/IsIET OXAPAKTEPU3OBATH OYTH BCe (PAKTOPUAIBHLIE KAACCHL
C ABYMs 3aIpELIeHHBIMU IpadaMy, OAUH U3 KOTOPHIX K7 3.

O6o3naunm gepes @, , rpad, noaydaeMbln u3 1ByX 3831 Ky p u Ky
COEIMHEHNEM UX [EeHTPAJbHBIX BEPIIMH MTPOCTHIM MyTEM IIAHLI 2, 9epes
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Ty 5,3 — rpad, noryIaeMs u3 3Be316I K1 3 OJUHOYHBIM HOIpaA30UEHN-
eM OJHOro u3 eé pebep M IBOMHLIM MOApPa30OMEeHMeM APyroro eé peodpa.
Yepes P, kak 00BIYHO, 0603HAYACTCA CEMUBEPIIUHHLIA Ty Th.

Teopema. Ecau G ne asasemea nopoxcoennbim nodepa@om xarxo20-
aubo u3 2pagos m, @, .+ K1 uau P:, mo xaacc Free(Ky3,G) —
ceeprdpaxmopuaabubii. Ecau G — noposxcdennviit nodepad epada ng
uaw @y 4 + K1 das nexomopuiz wamypassuuiz p,q, mo Free(K; 3,G) —
ne 6oaee uem Haxmopuabubii.

Pa6ora Bemoanena mpu QuuancoBon mnoagepxkke PDDPU (mpo-
exter 11-01-00107-a u 12-01-00749-a), PII «Hayuuele u nHaydHO-
negarorudeckKue Kaapsl MHHOBauuoHHou Poceun wa 2009-2012 rr.o (I'K
16.740.11.0310) u xaGopaTopuy AICOPUTMOB UM TEXHOJOTMU AHAIA-

3a cereBbix crpyktyp HUY BIID, rpamTt npasureasctBa PP gor.
11.G34.31.0057.
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CUMMETPUYECKUE JINHEWHBLIE TIPOCTPAHCTBA
IBYIOJHHBIX TPAD®OB

[. B. 3axaposa (Huxuun Hosropong)

B paGote npogomxkaercs HadaToe B [1, 2] uccaenoBanue cuMMeTpH-
YECKUX JUHEUHBIX HIPOCTAHCTB rpadoB. CUMMETPUYIECKOU PA3HOCTHIO
rpapos Gy = (V,E;) u Gy = (V, E>) nasmBaerca rpadp G1 & G2 =
(V, (Ey — E3) U(Ey — Ey)). MuOXecTBO rpad)oB ¢ PUKCUPOBAHHEIM MHO-
KECTBOM BEPIIMH HA3BIBAGTCA CHMMETPUICCKUM JUHEAHBEIM IPOCTPAH-
cteoM rpados (CJIIT), eciu OHO 3AMKHYTO OTHOCATEILHO CAMMETDH-
YeCKOU PA3HOCTH U IEepecTaHOBOK BepummH. B [2] onucamsr Bce CJIIIT,
uX cymecTByeT He Gomnee 14 mpu J060M KOJUIECTBE BEPIINH. 3A6Ch Pac-
CMATPUBAIOTCA CAMMETPUYECKNE TUHEUHBIC TPOCTPAHCTBA ABY JOIHHBIX
rpagos (CJIIAT). CJAIAT — 570 MHOXECTBO ABYLOIBHBEIX IPadOB C
(PUKCUPOBAHHLIMK JOJAMY, 3AMKHYTOE OTHOCUTEIBHO CUMMETPUIECKON
Pa3HOCTM W TEpPeCTAHOBOK BEPIIMH BHYTPHM Kaxkgon goam. OTmeTwm,
aro CJIIIAT, Boo6ie rosops, we asasercsa CJIIT. OcuoBrou pesyab-
TAT HACTOAIIEN PAOOTHI COCTOUT B TOM, UTO MPH JIOOLIX pasMepax no-
aen nmeerca He coaee 12 CJIIIAT. Kaxnoe us HUX ABAAECTCS OJHUM U3
CJIeYIOMNX MHOXECTB IpadOB:

D1 — Bce AByIOMBHBIE MpadbI;

D2 — aBymonbHBIE Mpadbl ¢ YI€THBIM YUCIOM pebep;

D3 — aBymoabHBIE rpadbl, Y KOTOPEIX CTEMEHN BCEX BEPIINH UMEIOT
OMHAKOBYIO 9€THOCTD;

D4 — nBynoabHBIE rpadbl, Y KOTOPEIX CTENEHN BCEX BEPIIMH UMEIOT
OIMHAKOBYIO 9€THOCTD, COBIANAIOIIYIO0 C I€THOCTBIO IUCIA pedep;

D5 — nBy0MbHBLIE TPadHI, Y KOTOPLIX CTEMNEHN BEPIITWH OLHOU JOIM
UMEIOT OJMHAKOBYIO U€THOCTH (ABA MPOCTPAHCTBA);

D6 — nBymoapHEE rpadgbl, Y KOTOPLIX BEPIIMHLI OQHOU TOJU UMEIOT
9YeTHBIE CTENEHU (JBa IPOCTPAHCTBA);

D7 — nByaonbHBIE rpadbl ¢ Y€THLIMEA CTEIEHAMA BCEX BEPIINH;

D8 = D2N D3 — aBynoapHbIe rpadbl ¢ YeTHBIMEU IUCJIOM pebep u
C BEpIIMHAMY OJUHAKOBOU Y€THOCTH;

D9 = D2N D8 — noaHbM ABYJOJIBHBIN I'Pad U JUIBIOHKTHBIE 00b-
eIUHEHUA ABYX MOJHBIX ABYIOJIBHLIX (Fpad ¢ OJHON MyCTOU TOJEU CIU-
TAETCA TMOMHBIM [IBYI0JBHEIM);

D10 — noaHbIU ABYIONBHBLIA U IIyCTOU Ipadm.

3aMKHYTOCTh BCEX DTUX MHOXKECTB OTHOCUTEILHO CUMMETPUIECKON
PA3HOCTH JIETKO MPOBEPAETCA.

Teopema. FEcau X — CJIIAI, mo X cosnadaem ¢ o0num u3 MHo-
acecme D1-D10.
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Pa6ora Brmoanena mpu QuaancoBou moxaaepxkke PDPDU (mpoexT
12-01-00749).
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N3BLITOYHOCTH KOHCTPYKTUBHBIX OIIMCAHUA
TAMMWJIBTOHOBBIX IIJIAHAPHBIX 'PA®OB

M. A. Nopaauacknu (Huxuun Hosropopg)

PaccvaTrpuBaroTcs OOLIKHOBEHHBIC HEMOMEYCHHBIC, KOHETHBIE, HE-
opueHTUpPOBaHHLIE rpadbl. Mcnoassyerca xorcmpyxmop rpadOB, BKIIO-
YaIOIINN BMECTE C KaxIeIM I'padgom ero uzoMopduee konun. K rpadpam
KOHCTPYKTOPA MPUMEHACTCA OUHADHAA ONEPAUUA CKACTUKU, TP BBIIO-
HEHUU KOTOPOU MPOU3BOIUTCA OTOXKAECTBICHUE M30MOP(QHLIX MOArpPa-
dos G, C Gy u Gy C G rpados-onepangos Gy u Go. Tpad G, uso-
mopdubl noarpadam G u G, HasviBaeTCa nodepadom craelixu.

KoucTpykTuBHBIE Ommcanusa rpadoB 3a4al0TCA CyNepPHO3UIAAME
omepanmu CKIenKu. B kadecTBe MCXOAHBIX IPadOB-ONEePaHIOB BLIOUpA-
I0TCA DJAEMEHTAPHBIE rpadbl, 061aJA0Mue 3aIaHHBIM CBOUCTBOM. [lasa
COXPAHEHMA 3TOr0 CBOUCTBA y PE3yJbTUPYIOMUX I'PadOB HA ONEPAINA
CKJICUKW HAKIAIBIBACTCSA CUCTEMA Orpanndenui H , BkIovatoman B ce6s
B 00IIEM CIydae OPPAHWYEHUA HA B OTOXK AECTBIACMBIX TOATPAdOB, UX
BLIOODP B rpadax-onepaniax u coocod oroxjgectsienus [1].

Omnepanuu CKIENKEA COXPAHAIOT OTCYTCTBUE KPATHLIX pebep eCIn Ka-
IO TIape BEpIINH He CMEXKHEIX B MOATpade CKIeHkn G COOTBETCTBYIOT
HECMEXHEIE BEPIIMHEI XOTA OBl B OOHOM 13 rpadOoB-onepanioB. Takme
omeparuu 0003HAYATCA KaK < H »-CKJICHKH.

Onepanun H,-CKIENKY COXPAHSIOT CBOMCTBO MAMUILTOHOBOCTH, €C-
au [V (G)] = min{|V(G1)|, |V (G2)|} 1ubo |V (G)| = 2 m>Tu nBe BeprunHsl
SABIAIOTCA CMEKHEIMA B TAMUIbLTOHOBBIX IUKIAX Ipados-onepannos Gy
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Onepaunn H,-CKI€UKM COXPAHAIOT CBOHCTBO IIAHADHOCTH, €CIH
muoxectBa V(G)) u V(G,) npusainexxar oqgHON MPaHU COOTBETCTBEH-
HO B IMIOCKUX ykjaankax rpagoe (7 m Go m mapel OTOX IECTBIAEMEIX
BEPIIVH BEIOMPAIOTCA B COOTBETCTBUM C MOPALKOM KPYTOBBEIX 00XOTOB
5THUX rpaHen [2].

Omnepanum, COXpPAHAIIINE XaPAKTEPUCTUICCKUE CBOUCTBA OOBIKHO-
BEHHEIX TaMUJIBLTOHOBBIX IVIAHAPHEIX I'PadOB, 0003HAYAIOTCA KAK OIe-
paunu < Hyp >-cKienkn.

BosmoxHOCTL TAKOTO €quHOOOPA3HOro (GOPMYJIUPOBAHAA YCJIOBUM
HACJEIOBAHUA PABINIHBIX XaPAKTEPUCTUICCKUAX CBOUCTE I'padOB OCHO-
BEIBAETCA HA W30BITOYHOCTH, BHOCUMOW B 3aaaHue nHGOPMAIUA O rpa-
(ax TpM X KOHCTPYKTWUBHBIX OMUCAHUAX. [Ipy 5TOM OOWH W TOT XK€
rpad MOXET OBITh PEANM3OBAH CYNEPIO3UIUAMU, OOIATAIOIIUMA PA3-
JUIHOU U30BITOYHOCTHIO.

B pa6oTe nmonydeHsr OoueHKM n36LITOMHOCTH KOHCTPYKTUBHLIX OIH-
canui OOBLIKHOBEHHBIX TaMUJIBLTOHOBEIX ILIAHAPHBIX rPadoB 11 (yHK-
OUM IIEHHOHOBCKOrO Tumna. VcxomHeiMum TpadaMm ABAAIOTCA TUKIBI
Cp,n > 3, a OTOXIeCTBIAEMBIME MoArpadgamu BLIOMpaTCca menu Lo
wm uenu L,, n = min{|V(G})|, |V (G2)|}, npunagnexxamue raMuibTo-

HOBBIM LUKIaM I'pados-onepannos, aubo, npu |V (G1)| = |V(Gs)|, ra-
MUJIBTOHOBEI HUKABL IPAdQOB-ONEPaHI0B.
Mns moncuera sernanubl I4(G) — M3OBLITOYHOCTH CYNEPHOZULAY S

onepaunut < Hyp, >-cxnenkn, peanusymwomen rpad G, ncnoasdyercsa Gpop-
MyJaa

Is(G) =

)

ro(eh]
|E(G)]

rae G; — noarpad CKIEHKY -1 Omepamu; ¢ — OOLIee YUCIO OIepaIil
< Hyp >-CKIEUKN B CYNEPIO3ULNN S.

IMycts S, — MHOXECTBO 7-BEPUINHHBIX OOBLIKHOBEHHBIX TaMUIBTO-
HOBBIX INIAHAPHBIX T'PadOB; S — MHOKECTBO BCEX CYNEPIO3UINA Oepa-
i < Hyp >-cxnenkn, peanusyomux rpad G € ), ¢ UCIOIB30BAHTEM
noarpados ckrenku G € {Ly, L3, Ly, Cy, L5, Cs, ...}. Beegeum crenytomne
0003HaIEHUA

H — — Cx
minI,(G) = I(G), max I1(G) = I(Sn).

Teopewma. IIpun > 3

1-—




Hoxazameavcmeo. Ouenka csepxy. JIl060U 0OBIKHOBEHHLIN TLIAHAD-
HBII TaMuAbTOHOB rpad G, He uzoMmopdubin C),, MOXKHO IOCTPOUTH C HO-
MOIIBIO CYTEPIO3UINY S, I KOTOPOU BEIUINHA COOTBETCTBYIOMIEN W3-
oerrounoctu I;(G) < 1. Ecim rpad G, |E(G)| = m BHemHeaHAPHEIT,
TO [JJIsi €r0 MOCTPOEHUsA JOCTATOYHO BBIMOJHUTH 1M — N PA3 OMEPAIIUIO
< Hgy, >-cxnenkn no mogrpady G = L,. B mporuBHOM ciyuae rpad
GG MOXHO PacCMATPUBATHL KaK pe3yabTar ckiaenku no C), IBYX BHEII-
HemaHapHuix rpados. B mo6om caydae, qucao peGep, BKIIOYEHHBIX BO
BCE MOArpadBl CKIECUKM, HE MPEBOCXOAMUT 00IIero uucaa pebep rpada.
B cuny npoussoasnocTu rpada G nomyuaem npu stom I(S,) < 1.

Ornenka causy. PaccMOTpUM TPOM3BOMBLHYIO TIOCKYIO YKIAIKY TPa-
da G. Pasobpem MHO)ecTBO E(G) Ha OBa HEIEpeCEKAIOMUXCA MOM-
MHOXECTBa. B mepBoe moaMHOXKECTBO OTHECEM pedpa, TPUHA IJIeKAIINE
BHemmHen rpanu. QO603HAYUM UX YUCIO Yepe3 mg. Bo BTopoe moaMHOXKe-
CTBO — BHYTpEHHUE pedpa, He TTPUHA JIeKAIINe BHEIITHEN TPAHN; UX UU-
€710 paBHO M—myg. Ilpu nocTpoenun miaockoro rpada G u3 npoCTHIX [UK-
a0 Cp,n > 3 mo noarpadam ckaenxkn G € {Ly, L3, Ly, Cy, L5, C5,...}
qncao pebep B moarpade CKICHKN KAXKIOU OMEPAINU HE MEHBIIE 9uC-
JIa TIOSABJAIOIINXCA TPU 3TOM BHyTpenHux pebep. Takum o6pazom, npu
mo60oM nopsaake coopku rpada G CnpaBeIIuBO COOTHOIIEHUE

MMockoneky mg > 3, am < 3n — 6, To

1
I >1— .
P I(G) 2 1= 2=

CaneacrBue. Ilpu n — oo.
I1(S,) — 1.
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ACUMITOTUYECKAS ®OPMYJIA IJI YUCJIA
SUJIEPOBBIX OPUEHTAIINU B TPAD®AX
C BOJIBIIIOM AJITEBPAMYECKOW CBA3HOCTBIO

M. U. Ucae (Mocksa)

DumrepoBon opueHTanuen rpadga G HA3BIBAETCA OPUEHTAIUA €0 Pe-
Oep Takas, 9TO I JIOOOU BEPIIUHBEI KOJIUYIECTBO BXOIAMMX pebep u
BuIXO1smumx pedep ogunaxoso. [lycte EO(G) — 4ducao pasnudssix Du-
aepoBbix opueHTauut. Jlerko sugers, uro EO(G) = 0, ecau crenesn
XOTs OBl OJHOU BepmuHbl G HedeTHAs. PeryasapHbIM TYPpHUPOM HA3HIBa-
eTcsa DUIepoBa OPUEHTAIUA TOAHOTO Tpada K.

HeopuenTupoBauusi rpad 6e3 meTeas n KpaTHBIX pedep Ha3BIBaeT-
CS IPOCTHIM.

Wasectno, uro [5]:

1. 3agada 0 TOYHOM MOLCYETE YUCIA JWIEPOBLIX OPUEHTAIUN MIPO-
croro rpada G aBaserca MOMHOU 1A kaacca #P. [Ipyrumu cioBamu,
IaHHAA 331298 ABIAETCS TPYIHOU C TOYKU 3PEHUA TEOPUM CIOKHOCTH.

2. MauHy 32049y MOXKHO CBECTHU K MOACYETY YUCJIA TIOTHLIX TapOCo-
YETAHUU TAKOTO KJIACCA ABYAONBHBIX Ipad)OB, IS KOTOPBIX 3TO MOXKET
OBITH CHEIAHO MPUOJMKEHHO C OOJBLIION BEPOATHOCTBLIO 33 MOJUHOMMU-
aTbHOE BPEMI.

[axe mias moanoro rpadga K, TOYHOE BBIPAKEHUE YUCAA SUIEPOBBIX
OPMEHTAINA HEU3BECTHO, W TOJILKO ACUMITOTUYECKas (hOpMyJaa OBLIA
nouydeHa [6]: Ipu HEYETHBIX N — 00

2n+1

BO(K,) = < )(n—l)/2 nl/2e—1/2 (1 n O(n71/2+5)) (1)

™n

s aoboro € > 0.

B macrosmen padore 0606mes nogxon [6]. Ilomry4uena acumnrorutdec-
Kag GOpMyJia A 9uCaa DUIEPOBEIX OPUEHTAIMN B MPOCTHIX rpadax ¢
OOJBIION AJreOpanvdecKon CBA3HOCTLIO. [JaHHLIN pPe3yabTaT AeTaJbHO
OpPEeICTABICH HUXKE, CM. TeopeMy 1.

s mpocroro rpada G MOXHO ONPEIENUTDH CACIYIOUIYIO 1 X 7 Ma-
TPUILY:

-1, {v;,u} € EG,
ij = dj: .7 = k:

0, B OCTAJBHLIX CIydYadx,

3

rae n = |VG|, dj o6o3nauaer crenenb Bepmmusl v; € VG. Marpuma
@ = Q(G) naswBaeTca matpunen Jlamraca rpada G. Co6cTBEeHHBIE 3HA-
qeHna A1 < Ay < ... < A\, mMaTpuusl () ABIAIOTCA HEOTPUIATEILHLIMA
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BEIIECTBEHHEIMU IUCIAMM, TPAYEM KOMUIECTBO HYJEBBHIX COOCTBEHHBIX
3HAYEHUN COBMAJAET C KOJMIECTBOM KOMIIOHEHT CBA3HOCTH, B 9ACTHO-
ctu, A1 = 0. Yucno \s HaszwsIBaeTCsA aIrebpanveckon CBA3HOCTLIO Ipada
G. ([dast gomonHUTENBLHON HHPOPMALUY O CHEKTPAIBHBIX CBOMCTBAX Ma-
rpuus Jlamaaca cu., Hanpumep, [3, 7].)

ITo Teopeme Kupxroda (MaTpuiaHas Teopema 0 AepeBbX), cM. [4],

1
tG) = E/\Q/\s LR (2)

rge t(G) o6o3HAaYAET YUCIO OCTOBHBIX AepeBbeB rpada G.

Teopema 1. ITycmv G — npocmoti epad ¢ n BePUWUHAMU V1, - - . , Uy,
UMEIOULUMY YEMHYIO CTNENEHL, NPUUEM AA2EOPAUUECKAA CEAZHOCTND 2P a-
Pa A2(G) > yn das wexomopoeo v > 0. Toeda

n— n— ].
EO(G) = (1+8(Q)) | 27" "2 [T 2.
t(G) (vj7vk)€EG
2de d; — cmenenv sepwunst vj, t(G) — wucao ocmosnvir depesves G,
1 1 1

P.=1— — —
ik Ad; +1)°  2(d; + 1)(de +1)  4(dy, + 1)2’

u das arwboz2o0 € > 0

6(G)| < Cn~t/2He,

2de xowemanma C > 0 3asucum moavko om 7y u €.
3ameuanune 1. Ucnoassys (2), uncno t(G) MOXKeT OBITH BEIPAKEHO
C IIOMOIIBIO MIABHOIO MUHOpPa MaTpuusl Jamraca Q.

3ameuanume 2. [[1a noanoro rpada A (K,) = n, EK, = "("271),

t(K,) =n""2,

{vj, v }€EK,
n(n—1)

_ (eln(lfn%)) 2 :e_1/2+0(n_1).

PesyasraT Teopembr 1 B 3T0M caydae ceoaurca K (1).
Pa6ora Brmmonuena non pykosoacrsom C. I1. Tapacosa npu gactud-
Hou mogaepxkke rpanta PODU 11-01-00398a.
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OB OAHOM AJITOPUTME PEINIEHUA 3AJAYN
MWUHNMAJIBHOT'O K-PA3PE3A

. B. Koanos ([Joaronpy gubiu)

Mycrs s3agan rpadp G(V, E) : |V| = n,|E| = m (V — MHOXKeCTBO
BepiuH rpada, F — MHOXKeCTBO pebep) u HaTypaibHOe 9ucio k. 3agada
MUHUMAaJIBHOrO k-paspesa (min k-cut) 3ax109aeTcs B IOUCKE Pa3OueHus
V ma k menepecekaroumxcs noamuoxects Vo= {Vi,...,V;} rmaxoro,
9TOOBI YUCIO pebep MeX Ay HOAMHOXKECTBAMU OBLIO MUHUMAJIbHBIM.

O6benunenne Becex peGep Mex 1y MOAMHOXKECTBaMU Oy 1eM HA3LIBATH
k-paspesom. KoauaectBo pebep B 0ObenuHenun OyIeM HA3LIBATL BEJIU-
YMHOU paspesa.

B cayuae k = 2, 2-paspes Gygem HasbIBAThL IpocTo paszpesom. Coor-
BETCTBEHHO, B DTOM CJIy4ae 33Ja49a MUHUMAILHOIO k-paspesa sBJseTCs
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OOBIUHON 3aJavell MUHUMATLHOTO paspesa (min cut). B ciydae k = 2,
paspes, pasaensiomui B rpade G BepIuHL § U t, Oy1eM HA3LIBATH S — ¢
paspesoM.

PaccmarpuBaeMasn 3a1ava ABIACTCA PACIINPEHNEM KIACCUIECKON 3a-
Ia4vd IOMCKA MUHUMAJLHOIO paspesa B rpadge Ha CIydall HEeCKOJALKUX
(k > 2) xoMnoHeHT CBA3HOCTHU. [[OSTOMY MHOrHE METOJBI €€ PEIIeHU
SABAAIOTCA MOAUMUIMPOBAHHLIMUA METONAMU PEIIeHUA 3aJadul min cut.
B cBoto ouepenn, 3agatua min cut aBaseTcsa oO600IIEeHneM 31291 TONCKA
MUHUMAJILHOTO Pa3pe3a B CeTu (min s-t cut), KOTOpas ABJIAETCA OBOU-
CTBeHHOﬁ K 3aga4e MOUCKa MAKCHIMaJBbHOI'O ITOTOKaA.

B pabore [1] mokazano, uro 3agada min k-cut npu QUKCHPOBAH-

HOM k paspermmMa 3a MOJUHOMUATILHOE BPEMs O(nkQ). B pat6ore [2], B
CBOIO OU€PEIb, IOKA3AHO, ITO 3302494 Min k-cut He TPUHALIEKAT KAACCY
caoxuoctu FPT u, cregosarensHO, ecin cCipaBeinBa TUIIOTE3a TEOPUN
MapaMeTPUIECKOU CAOKHOCTHU, TO ¥ BCEX TOYHBLIX AITOPUTMOB, PEIIA0-
IUX JAHHYIO 3a1a9y, mapaMeTp k MOMKEH BXOAUTH B MOKA3ATENb CTe-
meru. [103TOMy BO3HMKAET HEOOXOAUMOCTE MOUCKA PABJAIHBEIX TPUCIN-
KEHHBIX AICOPUTMOB.

B pa6ore Capana u Basupauu [3] 6b111 IPeATOKEHBI HECKOMBKO KA~
HBIX aJCOPUTMOB IPUOIMKEHHOTO pemenus 3agadu min k-cut. B gact-
HOCTH, B [3] OBLTa mpegnokena cxema pasgeaenns SPLIT, nossonstomasn
noxyauts (2 — %)-HpI{IGJII{I}KeHHOG pemenune 3agadu. HamomuuMm cxemy
SPLIT, nockoabky oHa OyAeT gajee UCIOAb30BATHLCS B paboTe.

1. HanTu MuHUMATLHBI paspe3 B rpade, YBeIMIUBAIOUIAN TUCIO
KOMIIOHEHT CBA3HOCTH, C MOMOMIBIO BCIOMOTATEILHON MPOIENy PHI.

2. YnanuTh pebpa, IpuHALICKALINE HAUIEHHOMY Pa3pesy.

3. lloBTopsaTe maru 1,2, noka B rpadge He OKaXKETCsA k KOMITOHEHT
CBA3HOCTH.

B nponecce paboTh aIropuTMa MUHUMAJBLHLIA Pa3pes B rpade BI-
qncagercsa k — 1 pas, mo3ToMy pesyabTaT paGoTHI MPEICTABUM B BUIE
obbequuenus k — 1 MUHUMATIBLHOTO paspesa, a TPYA0EeMKOCTh aJrOPUT-
ma SPLIT cocrasaser O(kF), rae F — Bpems, 3a KOTOpPOEe PemaeTcs
3agada min cut.

B pat6ote [4] B pamkax cxemer SPLIT B xadecTBe BHyTpeHHEN mPO-
Henyphbl HOMCKA MAHUMAIBLHOIO Pa3pe3a MCIOMb30BAICA ATCOPUTM Xao-
Opnuna m3 pa6orsl [5]. B HacTosmen pa6oTe B KadeCTBE BHYTPEH-
HEW MPOLEIYPHI MPeNIaraeTCsa UCTOIb30BAT BEPOATHOCTHRINA AITOPUTM
Kaprepa us pa6orst [6]. DTOT aaropuTM ABISLETCS PEKOP JHBIM II0 CKOPO-
CTU BEPOATHOCTHBLIM aaroputMoM tuma Jlac-Berac aasa perenus 3agaqn
min cut.

CoBMemas pesyJabTaThl, IOAyIeHHBE B padorax [4] u [6], moaydaem
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CIENYIOIIYIO TEOpeMy.
Teopema. Ageopumm SPLIT, ucnoavaywowul 6 xawecmee 6my-
mpenneti npoyedypvl NOUCKG MUNUMAALHO20 PA3PE3A 6EPOAMHOCTHBIY

aazopumm Kapeepa, naxodum (2 — %)-npanu:};cennoe pewenue 3adaui
min k-cut 3a 8pems O(kn03/2), 2de ¢ — BEAUNUNG MUHUMAALHORO PO3-
pesa 6 epade, a O(f) = O(f - polylogn).

Ilo wmmeromummcs y aBTOpa CBEJeHUAM, PACCMOTPEHHLIN BAPUAHT
061a0aeT MUHUMAILHOU TPYIOEMKOCTBIO CPEIN BCEX U3BECTHBIX AITO-
PUTMOB, HAXOAAIINX 2-TPUOIVKEHHOE perenne 3agayuu min k-cut. Ax-
ropuTM JgomyckaeT o600IIeHne Ha CAydall B3BElIEeHHBIX rpados [6], u

€ro B OPUHIINIE MOXKHO A€PAHIOMU3UPOBATD.
Pa6ora Brimonnena npu noxggepxke rpanrta PODU 11-01-00398.
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KOHEYHHBIE I10JIA
n 1-XPOMATHUYIECKOE 9UCJIO .
OPUEHTUPYEMBIX NBYMEPHBIX IIOBEPXHOCTEU

B. II. Kopxuk (“IepHoBIibI)

Bcerga mHTEpeCHO yBUAETb HEOXKUIAHHYIO CBA3b MEXKIY ABYMSA, Ha
NEpPBBIN B3TVIAL COBEPIICHHO PA3IAYHLIMA, MATEMATHICCKAMYA 0OHEKTA-
vu. Koneunrie nons (monsa lanya) Gbuim BOEpBEIE PACCMOTPEHEI TIPH WC-
CIeIOBAHNY YCJIOBUH, IPU BLIMOJHEHNT KOTOPBIX KOPHHA aare6pandecKo-
IO yPaBHEHUA C OJHUM HEM3BECTHBLIM MOXKHO BLIPA3UTH Y€pe3 KOd(phdu-
UEHTHI ¢ TOMOMIBI0 apu(PMETUIECKIX OHepanmui 1 pagukaios. 'pad
1-6400cen B IBYMEpHYIO TOBEPXHOCTb, €CAM OH HAPUCOBAH HA DTOU MO-
BEPXHOCTHU TaK, UYTO KaxXJg0e ero pedpo mepecekaeTcs He 6omee IeM C
omHUM APYruM pebpoM. l-zpomamuueckum aucaom x1(S) moBepxuocTH
S HA3BEIBAETCA MAKCHUMAJILHOE XPOMATUIECKOE TUCAO T'PAdOB, KOTOPHIE
1-BKIAILIBAIOTCA B 3TY HOBEPXHOCTH. HukKe MBI HOKA3LIBAEM HEHOCDEI-
CTBEHHYIO CBA3b MEXIy CYMIECTBOBAHMEM GECKOHEIHOTO UMCAA KOHEH-
HEIX HOJIEH ¥ BO3MOXKHOCTBIO ONPEICIUTh ¢ TOYHOCTHIO M0 eJUHUNBI 1-
XPOMATHIECKOE YUCIO0 GECKOHEIHOTO INCAa OPUEHTUPYEMBIX TOBEPXHO-
cTen.

O6o3naunM 4epe3 S, OpPUEHTHPYeMyIO MOBEPXHOCTH poga p > 0.
Punrens [1] mony<un BepXHIOIO TPAHUILY

X1(8p) < R(Sp) = {@J

A1 KX IOW OPUEHTUPYEMOU OBEPXHOCTHU Sy, OTANIHON OT Cepsl, I

13+ /Tddp+ 25
3

as) < | | < resp).

korga x1(Sp) 4érHoe. PuUHrenb BEIABUHYJI I'MIOTE3y, YTO T4 BEPXHAA
CPAHULA ABJSAETCSI TOYHOU [JIs1 BCEX OPUEHTUPYEMBIX IOBEPXHOCTEH (32
UCKIIOUeHHEM, ObITh MOXKET, HECKOIbBKUX MMOBEPXHOCTEN MAloro POja).
Bcé, uTo m3BecTHO B JIuTEPATYPE OTHOCUTEIBHO 1-XPOMATHAYECKOrO Un-
clla OPUEHTUPYEMBIX MOBEPXHOCTEN, 5T0 caeaywomee: Punrens [1] nmoka-
3aJ, 9TO DTA BEPXHAA CPAHUIA ABJAAETCA TOUHOU miasa p = 1,89; aBTop
[2] moxasau, 9TO

R(Sp) -10< Xl(Sp) (1)

11 kaxaoro p > 0. 3aMeTuM, ITO CeMIac HAMHOIO OOJIBIIE M3BECTHO
OTHOCHUTEIBHO 1-XpOMATHYECKOrO NCJId HEOPHUEHTUPYEMBIX IIOBEPXHO-
cren: B [3] 6bLIO HANLAEHO TOYHOE 3HAYEHUE 1-XPOMATHYECKOrO YUCIA 1A
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npuMepHo 7/12 Bcex HEOPMEHTUPYEMBIX OBEPXHOCTEN U ObLIO HANAEHO
C TOYHOCTBIO [0 €JUHUIEI 1-XPOMATUYIECKOE YUCIO KAXK IO HEOPUEHTHU-
PYEMOU MOBEPXHOCTH IOCTATOIHO GOJBIIOrO POMA.

[na nenoro £ > 0, opueHTUPYyEMOU (-TOCAENOBATEIHHOCTHIO HA3HI-
BaeTca Takas nocaegorarersHocTs S, S(2) SG)  opuenTupyembix
nosepxuocted, ato R(SW) — € < x1(S?) gna i = 1,2,.... Uro6sr mo-
JAYYUTh HUKHIOK rpaHuily (1), aBTOp, UCMOAB3Ys CIOKHBEIE KOHCTPYK-
nuu rpadgoB TOKOB, MOCTPOUI OPUEHTUPYEMEIE 3-MTOCTEI0BATEALHOCTH.
[lo HACTOAIIErO0 BPEMEHM HE yAaJ0Ch TNOCTPOUTH OPUEHTUPYEMBIX £-
nocaegosarenbHOcTen aaa £ < 2.

MsBecTHO, uTo Komeunoe mosne F'(n) mopsagka n > 1 cymectsyer (u
€CTb IUHCTBEHHBIM, C TOYHOCTBIO 4O U30MOP(MU3MA) TOrAA U TOJBKO
Torga, korga 1 = p", rue p — MpOCTOE YUCIO, T — MOJOKUTENLHOE 11e-
aoe quciao. Jusa p # 2, umeem wiu p = 1 (mod 4) (B aToM caygae p” = 1
(mod 4) ana kaxaoror > 1), wm p = 3 (mod 4) (B aToM crydae p?” = 1
(mod 4) pas kaxgoro r > 1). Takum 06pazom, cymecTByeT GECKOHETHO
MHOro koHeuHbIX noaed F'(n), n = 1(mod 4). ITose umeer aBe Gunapusie
omepauuu: + (CJa0oxkeHue) u yMHOXKeHue. [ Kax A0ro KOHEIHOr O MOJIs
F(n) cymecTByeT s1eMeHT € (Ha3BIBAEMBIA IEPBOOOPA3HEIM KOPHEM 3TO-

o TI0/IA) TaKou, ITO aneMeHTrl 1,¢,62,6%....,6" 2 ecTb BCe HEHYJICBHIE
5JIEMEHTHI ATOr0 HOJA.
Teopema. Ecau cywecmsyem xoneunoe nose F(n) nopadka n =

4dm + 1, 2de m — yeaoe wucao, m > 3, mo
8m + 2 < X1 (Sam2—m+1) < 8M + 3 = R(Sam2_m+1)-

Czrema doxaszameavcmsa. Paccmorpum noausin rpad K, MHOXKe-
CTBOM BEPIIMH KOTOPOr'0 €CTh MHOXKECTBO BCEX BJEMEHTOB 1oasa F(n).
IlycTs € — nepBoo6pa3HBIl KOpeHb 3TOro nojs. Jus kaxgoro z € F(n),
o6osuauuM uepe3 H(z) (n — 1)-yroapHyio rpanb, rpaHuneil KOTOPOU
ecte k1 = + 1,z +e,2 + 2,z +&°,...,2 + "2 rpada K,. dtn
n (n — 1)-yroabHBIX IpaHell eCTh BCe I'PAHU TAKOI'O BJIOXKEHUs rpada
K, B OpmeHTHpyeMYyIo TOBEPXHOCTh poga 1 — n + %, KX IBIE IBE
rpPaHu KOTOPOro uMerT obmee pebpo. s Kax 101 IpaH 3TOr0 BJIOXKE-
HUA, 106ABUM HOBYIO BEPIINHY B CEPEAMHY 3TOU MPAHM U COCIWHUM DTY
HOBYIO BepIIZHY pebpaMu CO BCEMHU BEPIIMHAME 3TOU T'DAHU W CO BCe-
MU HOBBLIME NOOABJIEHHBIMU BEPIIMHAMYU B CMEXKHBLIX IpaHAX. Ilomy<amm
1-Broxenne rpada K, 6e3 1-pakropa. Jobasras | 5| + 1 pyuex, mox-
HO BJIOXUTB Bce péOpa sroro 1-pakTopa. Iloayuaem 1-Biaoxenue rpada

Ky, = Kgnio B OPHEHTEPYEMYIO TIOBEPXHOCTEL pofaa 4m? —m + 1, aTo
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U 3aBEpIIAET TOKA3ATEILCTBO TEOPEMEL.
IMonHoE KOKA3aTENBCTBO HTOU TEOPEMbI HPUBEAEHO B [4].

Cuucok aurepaTypsbl

1. Ringel G. A nine color theorem for the torus and the Klein bottle //
The Theory and Applications of Graphs. — New York: Wiley, 1981. —
P. 507-515.

2. Korzhik V. A tighter bounding interval for the one-chromatic num-
ber of a surface // Discrete Math. — 1997. — V. 169. — P. 95-120.

3. Korzhik V. On the 1-chromatic number of nonorientable surfaces
with large genus //Journal of Combin. Theory Ser. B. — 2012. —
V. 102. — P. 283-328.

4. Korzhik V. Finite fields and the 1-chromatic number of orientable
surfaces // Journal of Graph Theory. — 2010. — V. 63. — P. 179-184.

CITIEKTP XPOMATUYIECKUX YUCEJI CIIMHAJIbBHBIX
KBAIPAHT'YJIAIINU SAMKHYTOU IIOBEPXHOCTHU

C. A. JIaBpenuenko (Mockga)

Ksadpaneyaayued chepsl ¢ g pydkamu S, ¢ KOHEIHEIM, HEOPHEH-
TUPOBAHHLIM, 0€3 IeTelb U KPATHBLIX pe6ep Fpaq)OM G uaswiBaeTCs 2-
KIeTOUHAA ykaanka G < S;, y KOTOPOU KaXJBIN PErMOH OUpPAHUYCH
uukiaoM aauesl 4 rpada G. Xpomamuuecxoe uucao rpada G, a Takxke
JAH0001 KBAJPAHTYIAIMY C 3TUM rpadom, o6osuadaerca x(G) u onpene-
JAETCA KaK MUHUMAIBLHOE YUCIO IBETOB, TOCTATOYHOE IS PACKPACKH
BepuminH y G Tak, 9TOOBI HUKAKAsA AapA CMEXKHBIX BEPIINH He ObLIa, ObI
packpauiena oquHakoBo. Jucao Bemmu (nepsoe) casuoro rpada G BuI-
paxkaerca dopmynon S(G) = |E(G)|—|V(G)|+1, rae |V(G)| u |[E(G)| —
MOIIHOCTHU MHOXKECTB BepiuH u pebep y G (cooTBeTcTBeHHO). J60tinoe
cnaemenue rpada G ects rpad, o6o3navaemsin G[:], ¢ MHOXKECTBOM Bep-
umu V(G[:]) = V(G UV(G"), roe G' u G" — nBe Henepecekamomumecs
komuu rpada G, u ¢ MHOKecTBOM pebep E(G[:]) = E(G')UE(G") nroc
pebpa, coeguusiomue kaxayio sepmuny v' € V(G') ¢ kaxmgon sepruu-
o B G'', cmexnon coorsercTByomen sepmmuue v’ € V(G") (o me ¢
camon v""). Crenyoman temma gokasasa B [1].

Jlemma 1. Jas a06020 nempusuaavnoz2o ceaznozo 2pada G cyue-
cmeyem weadpanayasyus G[:] = Sgq)

Jlrob6as xpagpanrynamua Buna G[:] — Sg(q) HaswBaETCA CRUNAAL-
1ot xeadpaneyaayuet poda g = B(G) ¢ nozsonounurxom G. Ilo memme 1
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pO[l CIIMHAJIBHON KBAAPAHTYIANVA PABEH YUCIYy BeTTu mo3BOHOYHUKA.
Cremyromas 1eMMa — OYeBUIHOE, HO MOJIE3HOE HAOIIO ICHIUE.

Jlemma 2. x(G[:]) = x(G).

CaeacrBue 3. [as awbo20 wempusuasbnozo depesa T arbas
ykaadra T[] = So ecmv Guzpomamuueckas Kéadpanzyaayus cfepo.

B sTOl 3aMeTKe yCTAHABIUBACTCA CJACIYIONINN KBAIPATUIHBIA aHA-
JIOT U3BECTHOIO Pe3yIbTaTa [2] 0 TpUaHryaanuax (QUTUPYeMOro B y4eo-
HUuKe Yanura [3]) u JOKa3blBae€TCA MOJHOTA MOIYYEHHOIO CIEKTPA XPO-
MaTHIecKux uncen npn duxcupoaraoM poge. Uepes S(K,) = 1(n —
1)(n—2) o6osnauaercs uncao Bertu monxoro rpada K, Ha n BepumHax.

Teopema 4. Jas a6z yeaviz wucea g > 0 u n > 2 maxuz, wmo
g > B(Ky), cywecmsyem cnunabnas K6adpanayiiyus nosepruocmu Sy
C TPOMAMUYECKUM UUCAOM T

Hoxazameavcmeo. Ilo semvam 1 m 2 B Ka4ecTBe MO3BOHOYHUKA, IO-
cTaTo4uHO B3AThH Jrobon rpad G ¢ B(G) = g u x(G) = n. Yrobw no-
CTPOUTH TAKOU MO3BOHOUHUK, OepeM K. Eciu (K, ) = g, 103BOHOYHUK
roro. Eciu xe §(K,) < g, 6epem gectauunsi rpad ¢ g — S(K,) ne-
3aBUCUMBIMY [UKJIAME W OTOXK IECTB/IAEM ONHY W3 €r0 BEPIIMH C KAKOU-
HuOy 16 Bepumaon y K. Teopema moxaszama.

Hmxe nokaseiBaeTcs, 9TO MOMYyYE€HHBIN CIEKTDP XPOMATAIECKAX U~
cen {n} monon npu 1060M pUKCUPOBAHHOM poge g > 0.

YrBepxaenue 5. /Jaa 4106020 cea3n020 epagda G umeem

(2x(G) = 3)* <1+ 8B(G). (1)

Hoxazameavcmeo. Uungykumsa no umcay Bepumud y (. 3amerum, 4TO
mepasencTeo (1) cmpasemmuso mas G = K u Ks. Hpegnonoxum, 910
(1) copaBenauBo A/ JH60r0 CBA3HOrO rpada ¢ < 1 BEpPUIMHAMMY, U TYCTh
G — cBasubin rpad ¢ n + 1 sepmmuon (n > 2). O6o3uwaunm uepes H
rpad, noaydaembin u3 G ygaseHueM OQHOU BEPIIUHBI ¥ TaKOW, 9T0 H
0CTaeTCa CBA3HBEIM. Tormga, 09eBu IHO,

B(G) = B(H) + degg(v) — 1, (2)

rae degq(v) o6o3HavaeT crenens BepmmHbl v B G.

Cayuaan 1. x(G) = x(H). Torga no npeamnooxeHuro HHIyKIUN UMe-
em (2x(G) = 3)? = (2x(H) - 3)* < 1+ 8B(H) < 1+ 8B(G).

Cayuan 2. x(G) = x(H) + 1. Torga deg(v) > x(H) u B cuny (2)
B(G) > B(H) + x(H) — 1, n mosromy (2x(G) —3)* = (2x(H) — 3)* +
8X(H)—-8 < 14+83(H)+8x(H)—8 < 14+83(G). YTBep:xk eHNe TOKA3AHO.
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Pox 110607 CIMHATBHON KBAAPAHTYIAINA C TO3BOHOYHUKOM (G paBeH
g = B(QG) mo nemme 1, a xpomarudeckoe ducio pasuo n = x(G) no semme

2. C y1eToM 5THUX paBeHCTB HepaBeHCTBO g > B(K,) = 1(n —1)(n — 2)
B YCJIOBMHU TE€OPeMH! 4 ImyTeM CTAaHZAPTHBIX aarebpamdecKux npeoGpa-
30BAHUU NPUBOIUTCA K HepaBeHCTBY (1) m, 3HAYMT, HA CAMOM gese He
ABJSAETCA OFPAHNUATENBHBIM B KIACCE CIUHATBHBIX KBAIPAHTYIALMN.

TTonyTHO MONYYAIOTCA CAEAYIOUINE OIEHKY HA XPOMATHIECKOE TUCIO0
IPOU3BOJIBHOTO CBA3HOTO rpada, rie HIKHAA OLEHKA MoaydeHa B [4].
(OGe omeHKN IOCTUMAKOTCS HA MOMHBIX Mpadax.)

Caegcrsue 6. [as a06020 ceasnozo epada G umeem

V(G)P

< 3+49-8|V(G)|+ 8 E(G)]
V(G)]? = 2|E(G)| — '

- 2

X(G)

B saxmouenne nagmM TOJKOBAHWE TEPMUHA (CIUHANTLHAA KBAIPAH-
ryasuusy. Tonosoeuueckutd d-mepwvil noausdp |K| ects Tomonornde-
ckas KpuBonumHenHasa peaausanua K — R™ abCcTpakTHOTO KOHEYHOTO
CUMIIUIUATHEHOTO KoMiiekca K pasmepuoctu d < n — 1. O6ozuavum
gepes N" = N"(|K|) saMKHYTyI0 DPeryJsapHYI0 OKpecTHOCTb y |K/|,
a gepes B (|K|) — k-e umcao Berrn y |K|. CramgaprHas KOMIO3H-
mus msomopduamon, Hy(ON™; Q) = Hy(N™: Q) & Hy(R" — N™; Q) =
ﬁk(|K|, Q)® Hy—-1(]K|; Q), B KOTOpOU mEPBHIN N30MOPMUM U3 TOU-
HOU mocaenoBaTenbuocT Manepa-BreTopuca, a BTopon obecrnednBaeT-
CA IBOUCTBEHHOCTHIO Ajlekcanaepa, NIPUBOAUT K CJAeLyIOmen (popMy.e:

Pr(ON"(IK])) = B (1K) + Bn—r—1 (K1), (3)

rie 0 < k <n—1. Mpu n = 3 rpamuna ON> — necaszoe o6beInHe-
HUEe TOmoaorudeckux cdep ¢ pyukamu. O603HAYUM OOIIEe TUCI0 PyIEK
aepes thand ON3. Tlpu n = 3 u k = 1 popmyra (3) cBOAUTCA K TAKOW:
thand ON?3(|K|) = p1(|K|) ans mo6oro 1- mm 2-meproro noausapa | K|
B R3. Bosee KOHKpeTHO, A1 MO6OT0 CBA3HOrO BIokenHOro B R? rpada
G umeem thand ON3(G) = B(G). Teao N3(G) usBecTHO B TOMOIOr UM KaK
meao ¢ pyuramu, npuieMm G HA3LIBAETCA €r0 NO0360HOUKHUKOM. Takmm
obpazom, pod meaa ¢ pyukamu ¢ nozeonounuxom G pasewn wucay Bem-
mu nozsonounuke G. Temeps memMmy 1 MOXKHO mepedpasmpoBaTh TaK:
dsotinoe cnaemenue 2pada G xeadpaneysupyem eparuyy 4106020 meaa
¢ pyukamu ¢ nozsonounurxom G. Taxum obpasom, rpad G ecrecTBeH-
HO HA3BIBATH MO3BOHOYHUKOM JM000# KBaapanryxanumn G[:] < Sgq), a
caMy KBaIPaHTyJIAIWIO COIAHAJLHON.
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O PEBEPHOUM PACKPACKE [IBYIOJBbHOI'O TPADA
A. M. Maromegos (Maxaukana)

MakcumanbHYO CTENEeHb BepmnHEI Tpada OyaeM 0603HAUYATE depe3
A, xonudecTBO BepimH — 4depes n. Onpeneaum pébepryo A-packpacky
rpada G = (X,Y, E) xak ciopweximio E — {1,...,A}. Pé6epuywo A-
packpacky rpada G 6yneM HA3BIBATH UHMEPBAIbHOl, eCIU B II0O0U Bep-
mmHe v rpada BeTa WHIUIEHTHBIX pébep 06pasyT HAOOD u3 dGv mo-
CeIOBATEILHBIX EILIX MOMOKUTEILHBEIX TUCE.

By poasusin rpad G = (X, Y, E) naswiBaercs (o, §)—6upezyiapnvim,
€C/IU CTEMeHb KA JOUW BEPIIUHBI MHOXKECTBA X paBHA (, & CTENEHb Ka-
JKJI0M BEPIIMHEI MHOXKecTBa Y pasHa (3.

MsBecTHO, Hanpumep, 9To aw06ou (A, 2)—-6uperyaapHbiin rpad o6Ja-
IaeT WHTEpPBAIbHOU A-packpackoun mpu YETHOM A U WHTEpPBATLHOU
(A + 1)-packpackoun — npu HeuéTHOM A. C mpuUBJIEYEHUEM KOMIbBIO-
TEepPHBIX BLIYUCICHUN B [1] DOKa3aHO, YTO KaX[IBIU ABYNOALHBINA r'pad
¢ n < 14 naTepBansHO-packpamusaeM. B [2] ycranosrena N P-nonHoTa
3a7a91 00 UHTEPBATBLHON PACKPANTNBAEMOCTH ABYJOJLHOTO rpada.

[BynonpaBle TPadBl, HE NOMYCKAIONINE MHTEPBAJLHOU PACKPACKH,
moctpoensl C. B. Ceractbanoseim, M. Malafiejcki, A. Hertz, D. de Werra
u P. Erd6s. OTmeTum, 9T0 HA OJVH U3 HUX HE ABIAETCI OUPEryIAPHBIM.

B [3] ycramoBmena N P-monHoTa 3ajgadu 00 UHTEpBATBLHOM 6-
packpammBaemoctu (6, 3)-6uperyaspuaoro rpada. Iloctpoum (6,3)-
6uperymsapanii rpap G =(X,Y,E) ¢ n=33 X ={x1,...,211},
Y ={y1,...,¥22}, MHOXKeCTBO pé6ep E npeicraBuM COUCKAMU CMEXKHO-
CTU BEpIINH MHOXECTBa X :

1 (Y1, Y2, Y3, Y4, Y5, Y6), T2(Y1,Y2,Y3, Y4, Y7,¥8),
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z3(Y5, Y6, Y7, Y8, Yo, Y10),  Ta(Y1,Y2,Y3,Ya,Y11,Y12),

z5(Y9, Y10, Y11, Y12, Y13, Y14),  T6(Ys, Y6, Y13, Y14, Y15, Y16),

z7(Y7,Ys, Y16, Y17, Y21, Y22),  78(Y9, Y10, Y15, Y17, Y19, Y20),

T9(Y11,Y12, Y15, Y18, Y21, Y22), Z10(Y13, Y14, Y16, Y185 Y195 Y20),

T11 (Y17, Y185 Y19, Y20, Y21, Y22)-

Yreepxaenue. Bupeeyaapuviii epad G = (X,Y, E) ne donycxaem
unmMepsasbroti 6-packpacku.

IMepengem x maTEpBaTBLHON A-pacKpacke ABYIOJBHOTO MYJbLTUTDA-
da. Habop mapannenbHBIX pebep 6yaeM Ha3bBIBATH nyukom. UHTepBaIh-
HYI0 PACKpacky MyabTuUrpada 6yaeM HA3LIBATD UHMEPEAAbHOT 6 NYyuKe,
ecJau 1BeTa pedep Mmydka Pas3audHbl 1 00Pa3yT UHTEPBAJ.

3adaua o packpacke deydoavnoz2o myavmuzpagda. Ycaosue: 3a-
gaH aBygoabHem MyasTurpad G = (X,Y,E), rme X = {xi,z2},
degzy =dgxas = A, dgy < [A/27] nns kaxgon BepuivHel y € Y.

Bonpoc: Cymecrsyer jqu naTepBaibaas A-packpacka MyJabTUrpada
(G, HTEPBATBHAA B KAXKIOM MydKe?

Teopema. 3adaua o packpacke d8ydoavnozo myssmuzpaga N P-
NOANHG.

Hanomunwu [4], aro ecam min{| X|,|Y|} < 3, To gas ao6oro npocmo-
20 nBypnoasHoro rpada G = (X, Y, E) pébepHas nuHTEpBAIBHAS PACKPAC-
Ka CyIIEeCTBYET.

Pa6oTa BhimoaHeHa npu (HUHAHCOBOU MO IEPKKE NOC3aganus (mpo-
ext 1.1923.2011).
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PACHIUPAIOMUE OIIEPATOPHI IIPUMEHUTEJIBHO
K 3AJAYE O HESABUCHUMOM MHO>XECTBE

. C. Manbimes (Huwxuanu Hosropona)

K macrosimemy BpeMeHu HAKOIJIEHO OCPOMHOE KOIUIECTBO (PAKTOB O
MOJUHOMUATLHON paspemuMocT 1 0 NP-oMHOTEe TexX Wam WHBIX 33044
MPU CAMBIX PA3IUIHBIX OMPAHUYIEHUAX. [[OCTATOYHO HAMOMHUTHL, UTO
nmouckoBas MamuHa komnanuu Google Bergaer npumepuo 13000000 pe-
3yJbTATOB MOUCKa 1o 3anpocy «NP-completenessy u mpumepuo 400000
pe3yJabTaTOB MMoucKa mo 3ampocy «polynomial-time solvability». Hampa-
BJAIOIINE MOTUBBLI K TONYYEHUIO HOBBIX CBEICHUU TAKOTNO POAA MODYT
OBITH CAMUME PA3HOOOPA3HBIMU, HO MOXXHO BHIIEJUTE IBA HauboJee pac-
[POCTPAHEHHBIX:

1. Touck Gosee MMPOKUX «IPOCTHIX» KIACCOB, OOBEMIIOIINX PAHEe
U3BECTHHIE.

2. louck NP-mOMHBIX CYXEHUN [ U3BECTHRIX (CIOKHBIXY CIyIAEB.

Bumecte ¢ TeM, mpu paccCMOTPEHUN LENBIX CEMENCTB KIACCOB UHANBU-
IYaJbHBIX BXOIHBIX JaHHLIX TOW WX WHOW MACCOBOU 38 1a¥KW MOYXKHO CTa-
BATH MPOOJaeMBI 00see OOMIEro XapakKTepa, €M aHAJIN3 CAOKHOCTH I
KOHKDPETHOr'O KJIACCa. B 94acTHOCTH, MOXHO MOCTABUTH LIEJIbI0 BEHISBIIE-
HUE TPENEJNOB, O KOTOPLIX BO3MOXKHBI PACIIUPEHUs MOJIAHOMUATHLHOU
CJIOKHOCTU U CYKEHUS C «IPOTUBOMOJOKHBIMY CJIOKHOCTHBIM CTATYCOM.
[pyrou nenbio MOXeT ObITh BLIABJICHUE (yHUBED CAIBHBIX) (T. €. IPUro[-
HBIX [ MHOIMX CEMEHCTB BXOQHBIX NaHHBIX) PACIIMPAIOMUX (CyKA0-
muX) IPeoOpPa30BAHUY, COXPAHAININX TOJMHOMUATBHYIO PA3PEIIUMOCTh
(NP-nonsotry). B Hacroamen mybankamuu hpOpMYIAPYIOTCA ABA TAKUX
npeoOpa3soBaHus MPUMEHATEIBHO K 334a9e O HE3aBUCAMOM MHOXKECTBE
B CEMEUCTBE HACIEICTBEHHBIX KJIACCOB rpadoB.

Knacc rpados X HasbiBaeTcs waciedcmeennbim, eCIU OH 3aMKHYT
OTHOCUTEIBHO u3oMopdu3Ma u yaaneHus Bepiul. Jrobon HacaeqcTBeH-
HBEIA KIaCC (M TOMBKO HACAEICTBEHHBIN KIACC) rpadoB X MOXKET ObIThH
3aaH MHOXECTBOM CBOUX BAIMPENIEHHBIX MOPOXKIEHHBIX NoArpados S.
B sToMm cayuae npunsara sanuce X' = Free(S). CoBokynHOCTb Hacaeq-
CTBEHHBIX KJIACCOB rpad)OB SBIAETCA AOCTATOYHO MPEICTABUTEILHBIM
KOHTUHYAJBHBIM CEMEMCTBOM U BKJIOUAET TAKUE MU3BECTHBIE MOACEMen-
CTBa, KAK MHOXX€CTBA MOHOTOHHBIX ¥ MUHOPHO 3aMKHY THIX KJIACCOB I'Da-
¢oB.

IIycte II — kaxas-uubyar NP-noanas 3agada wa rpadax. Hacaen-
CTBEHHBLIN KJaacc rpadoB € MOJIMHOMUAILHO paspemumMon 3agaden I 6y-
nem pamee HaswBaThb 1l-npocmeim. Bce mspecTHbIe aBTOpPY pesyiabTa-
ThI pabOT MO BEIABICHUIO HOBLIX CIyYaeB 3(P(EKTUBHOU Pa3permmo-
cTU 3a1a4 Ha Tpadax UCHOAL3YIOT B 3HAYUTENBHOU Mepe Crenuduxy
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cTapbix, 6onee y3kux caydaes. BmecTe ¢ Tem (kak yxke ObLIO OTMeYe-
HO PaHee), XOTEIOCh Obl UMETh (YHUBEDCAIbHBEIE» OOOOIIEHHA TaKOrO
pona. Umenno, mpeasaraeTcs paccMATPUBATE TAKUE MPEOOPA3OBAHUA
f: S — S (byukumn ogHOro mim MHOrWX (HEM3BECTHBLIX) apryMeH-
ToB — rpados u3 yactu S), uto Free(S) C Free(S') u us I-npocToTsl
kaacca Free(S) crenosana 6u1 II-mpocrora knacca Free(S'). Takoro
pona nmpeo6pa3oBaHUA MBI OyJeM HA3LIBATL Il-pacwupsowumy onepa-
mopami.

IMore3sHOCTL MOHATHA PACHIMPAIOIIETO OMEPATOPA COCTOUT B TOM,
9YTO KOHKDPETHBLIE OMEPATOPHEl TAKONO POJA MO3BOMAIT KOHCTPYKTUBHO
(«peryaspabIM 00pasom») mopoxaars HoBele Il-mpoctoie cayuae. Ha-
npumep, eciu Free(S) — xonkpernwinn [I-mpocron knace, a f — pac-
IIUPSAIOMIAN ONepaTop, A KOTOPOro 8 BXOAUT B 0OJACTH €ro ompene-
nenus, To Free(f(S)), Free(f(f(S))), Free(f(f(f(S)))) — MonoTOHHO
BO3pacrammas 6eCKOHeIHasA Lenb (IO OTHOIIEHUIO BKaodeHus) u3 II-
OPOCTEIX KJAACCOB. 3aMETHUM, 9TO TaKME TPAHCHOPMAIMM MOTYT OBITH
0COGEHHO MOME3HBIMY, KOT[4 U3BECTHO CPa3y HECKOJIBKO PACIIMPAIONIAX
omepaTopoB (OCKOJABKY MOXKHO PAaCCMATPUBATH NEUCTBUA WX CYIEPIO-
3unul). 3aMeTUM TAK¥Ke, 9TO MOHATUE PACLIMPAIOLIErO OMEePaTOpa MO-
XKeT OBITH TPUMEHEHO K JI000U 3a1a9e Ha rpadax, a He TOABKO K 331496
0 HE3ABUCUMOM MHOXKECTBE.

B mactosamen pabore paccMaTpuBaeTca crydan, korga I — 3anaga o
He3aBucuMoM MHOxecTBe (ganee 3agada HM, 1. e. 3agaua onpegenenus
B OOBIKHOBEHHOM I'pad)e MHOXKECTBA MOMAPHO HECMEKHBIX BEPIIUH HAU-
Goabinen MomuocTn) u korga S = {Ps, Cs, G}. Nnrepec Kk HACIeCTBEH-
M noakaaccam Free({Ps,Cs}) He caydaen. Tak, cpeam Bcex cBaA3-
HEIX rpadoB G € MATHIO BEPIIUHAMEA CIy9all TPOCTOrO IMyTH ABIACTCA
eQUHCTBEHHBIM, JA KoToporo craryc 3agadu HM B kiacce Free({G})
ocraercs OTKpuITHIM BonpocoM [1]. Tam xe gokasaHo, 9TO 4/s 1H060r0
rpada G ¢ He Gonee dem H BepumHaMu, oTaudHOro oT Ps u Cj, 3ana-
1a HM nonumHOoMmanbHO paspemmma B kiacce rpados Free({Ps,G}).
Bonpoc gns xnacca Free({Ps,Cs}) noka ocTaeTcsa OTKPLITHIM.

[Manee O6ynyT ykasanbol qBa KOHKpeTHBIX HM-pacmmpsiomux omepa-
topa. ox cymmoti G; & Gy nouumaercs obveguuenve rpadgos G u
Gy ¢ HemepecekalomMuUMuCa MEOkecTBaMu BeprmuH. [lon npoussedenuem
G1 o G5 rpadoe Gy u G2 monumaerca rpad (V(G1) UV (Ga), E(Gy) U
E(G2)UV(G1)xV(G2)). B paborax [2] u [3] COOTBETCTBEHHO TOKA3AHBI
CIeNYIOMUe yTBEPK IEHU.

Teopewma 1. IIpeobpazosanue {P5,C5,G} — {Ps,C5, Go K1} a6aa-
emca HM-pacwupsaowum onepamopom.

Teopema 2. /Jas aobozo p npeobpazosanue {Ps,C5;, G} —
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{P5,C5,G 0 0s,G & Ky p} asanemea HM-pacwuparowum onepamopom.

Pa6ora Bommoanena npu nogaepxke PODU (opoext Ne 11-01-00107-
a), npu nogaepxke PUI «Hayunse u HAYIHO-TIEIATOTUIECKAE KA APHI
unnoBanuonnon Poccuu ma 2009-2013» (TK Ne 16.740.11.0310) u xa6o-

paTOpUM AATOPUTMOB U TEXHOMOTUN AHAIU3A CETEBBIX CTPYyKTyp HUY-
BIID, rpaut [pasureascrea PD, nor. Ne 11.G34.31.0057,

Croucok auTepaTypsbl

1. Mosca R. Some observations on maximum weight stable sets in
certain P // European Journal of Operational Research. — 2008. —
V. 184, Ne3. — P. 849-859.

2. Mausbmnes [I. C. HonuaoMuaabHas pa3pemmMoCcThb 32139 O He3a-
BUCHMOM MHOXKECTBE s rpadoB 6e3 MOPOXKAEHHBIX MIPOCTOrO IIyTH U
IIPOCTOr0 MUKJIA C HATHI BePIIMHAMU U 0000IIEHNA MOPOroBOrO I'pa-
¢da // duckperubin anaaus u uccaegosanve onepanui. — (Hanpasaeno
B JKYDHAIL.)

3. Maussmmes [I. C. Pacmupsiomme onepaTopsl 411 3aJa49u O HE3ABU-
cuMoM MHOXKecTBe // JINCKPeTHBIN aHAIN3 U NCCIeI0BAHNIE ONepaliil. —
(Hampassaeno B xypHai.)

CTPYKTYPHBIE U CJIO2KHOCTHBIE
XAPAKTEPUCTUKUN KEHUTOBBIX TPAD®OB
OTHOCUTEJIBHO 3-IIYTEUA

. B. Mokees (Huxuanu Hosropona)

Mycte X — muOX)ecTBO rpadoB. X-ynaxoskotl rpada G HaA3BIBAET-
Cs1 MHOXECTBO €r'0 HEMePEeCeKaroUNXCsl TOPOXKACHHBIX Moarpados, Ka-
KLU U3 KOTOPBIX M30MOpQeH KakoMmy-uuOy b rpady us X. HanGoan-
mee yucao moarpados B X-ynakoske rpada G 6ygem 0603HAYATH Yepes
pack(X; G). X-nokpeimuem rpada G HA3BIBAETCA MHOXKECTBO BEPIIUH,
MOCJIE Y IATEHUA KOTOPBIX IOy IaeTCs rpad, He COAEPKAIIUN TOPOXK JEH-
HBIX HOArpadoB, npuHaIex)amux X. Hanmensiee qucio Bepmmus B X-
nokpeiTuu rpadga G Gymem oGosnavaTh uepes cover(X;G). B cayuae,
korga X cocTouT u3 eguHCTBeHHOrO rpada H, 6yaem roBopuTh IpocTo
06 H-noxkpeituu u H-ynaxoBke. B ugacTtaocTn, Ks- ymakoBkm — 3TO
napocodeTanus, a Ko-MOKPLITUS U3BECTHBI KAK BEPIUINHHBIE TOKPLITH.

OdeBugno, BCerjga BHINOMHAETCA HepaBeHCTBO pack(X;G) <
< cover(X;G). Teopema Kénura yTBepkaaeT, 9TO LA ABYIOJBHBIX
rpados umeeT MecTo paseHcTBO pack(Py; G) = cover(Py; G). Bepuo u B
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M3BECTHOM CMBICTE OOPATHOE YTBEPKACHUE: €CIM STO PABEHCTBO BBITTO/-
uaerca aasa rpada G u a060r0 ero NopoXJeHHOrO noarpada, TO STOT
rpag — IBYIOJILHLIN.

I'pad G Gymem HABBIBATD KEHU206bLM IPADOM OTHOCUTEIHHO MHOXKE-
cTBa X, ecu A7 J0060T0 ero MOpoX AeHHOro noarpadga H BuImonHseTcs
pasenctso pack(X; H) = cover(X; H). Knacc Bcex kéHuroseix rpagos
orHOCcuTeabHO X 0603HaduM uepes K(X).

Kaace K(X) npu mo6om X ABIASETCS HACIEICTBEHHBIM U, CJAEI0BA-
TEJBLHO, MOXKET OLITH OMUCAH MHOXKECTBOM MUHUMAJILHEIX 3AITPEIEHHBIX
(mopox gennbix) moarpadgos. [aa Py Takyio XapakTepu3aluio NaeT Te-
opeMa Kénura BMecTe ¢ U3BECTHBIM KPUTEpPUEM ABYIOAbHOCTU. Kpome
STOU KAACCHIECKON TEOPEMEI HAM M3BECTEH €I TOMLKO ONUH Pe3y/Ib-
TAT TAKOrO POJA s OOBIKHOBEHHBIX rpad)oB — B pabote [1] onucaner
Bce 3ampemennble noarpads aas kaacca K(C), raze C — MHOXKECTBO
BCEX MPOCTHLIX HUKJIOB.

Ilens HACTOAmEN pabOTHI — OXAPAKTEPU3OBATH W ATh AATOPUTM
pacnosuaBanus rpagos kaacca K(Ps). Ilpumensercs ”KoHCTPyKTUB-
HBIA MOAXOM K ONUCAHUIO DTOrO KJAACCA: MOKA3AHO, KAK MOXKHO ITOCTPO-
UTh 10001 Tpad U3 3TOro KIacca ¢ MOMOMIBI0 ONEpalnil o apa3OneHns
pebep u 3aMeHEl BEPIUH Kiukamu. Ha 5ToM Ioax0ne moCTPOEH MOJHO-
MUAJBLHBIA ATTOPUTM PACTIO3HABAHUA KEHUTOBBEIX OTHOCUTENBLHO 3-ITyTH
rpados.

Hanee Bmecto pack(Ps; G) u cover(Ps; G) numem npocro pack(G) u
cover((), IOL MOKPHITHEM U YNAKOBKOU IOApasyMeBaeM P3-mOKpbITHE
n P3-ymakoBky, a moj KEHUTOBBEIM IpadoM — KEHWrOB rpad OTHOCH-
TeabHO Ps.

3ameTuM, 9TO rpadg KEHUTIOB TOMAA W TOJBKO TOTAA, KOTAA KaXKasd
€r0 KOMIMOHEHTA CBA3HOCTH — KEHUTOB Tpad. I1oaToMy MBI Oyaem pac-
CMATPUBATH TOJBKO CBA3HLIE IPAQL.

Omnepanus 3aMeHLI BEPIIMHBI T (-KINKOU COCTOUT B TOM, UTO 3Ta
BEPIINHA yaandeTca u3 rpada, K HeMy n00aBAAITCA ¢ HOBBIX BEPIINH,
BCE OHM IMONAPHO COENUHAIOTCA MEXKIY COOOM M KAXKAAA U3 HAX COEIW-
HAETCA pebpoM € KaxKJOU BEPIIMHON, C KOTOPOU ObL1a cMexXHa x. I'pad,
moJIy4daeMbii u3 rpada G 3aMeHOU HEKOTOPHIX €r0 BEpIIVH cTeneHn 1 u 2
KauKaMu (BO3MOXKHO, PA3HOT'O pasMepa), Ha30BEM pacliupeHueM rpada
(G, a KIMKYW, HA KOTOpbLIE OLLIM 3aMEHEHBI BEpIINHEI, OyIeM HA3LIBATH
cekmmamu. Kaxkgas BepmmHA, HE MOABEPTABIIAACA 3AMEHE, CIUTACTCA
OTJEIBHON CEKINEN.

Jlemma. Kaxcdoe naumenvuiee nokpuimue 4106020 pacuiupenss ao-
6020 2pada cocmoum u3 yeavixy cexyud.

Caasusie rpadu u3 kaacca K(P3) yqo0HO pa3qeauTs HA OBE KATEro-
pUM: PACITAPEHHBIE IUKILI U BCE OCTANbHBIEC Tpadbl, UX Oy1eM HA3LIBATH
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OpAMHAPHBIMU.

Ilycre H — myasTurpad 6e3 nereas. Kax noe uukiaosoe pe6po (pe-
6po, npuHaIIekKalIee KAKOMY-HUOY Ib HUKIY) 3TOr0 MyJabTUrpada momi-
pPasobbeM IBYMs BEPUIMHAMEU. DTU BEPIIUHLI Oy1eM HA3HLIBATH HOBLIMU.
3aMeHVM KaX IyI0 HOBYIO BEPIINHY U KAXK IYIO BEpPINUHY cTernenu 1 uin 2,
HE IPUHAIIEKAITYIO MUKIY, KAKON-HIOY 1b KanKou. [loaydeHHsin Takum
o6pazoM rpad OyaeM Ha3BIBATh 2-pPACHIMPEHUEM UCXOTHOT'O MYJILTULPaA-
da.

Teopema 1. Jlwoboi opdunapnbili kénueoe 2pad sasasemca 2-
pacwupenuem HexKomopo2o myabmuzpada, 0MAUUHO20 OM NPOCMO20
YUKAA.

s pacmMpeHunl MUKIOB CIPABEIJIUBA CJAEAYIOMAI TeopeMa.

Teopema 2. Pacwupenue yuxaa C, A6aiemca Kénu2osbim 2pagdom
moeada u moavko mozda, K02da He cywecmsyem mper cexyui u3 6y
u boaee BEPULUN, PACCTNOAHUE MeXCAY Komopbimu pasho ki, ko, ks coom-
sememeenno, 2de ky = ko = kg = 1(mod3) u ky > 4,ky > 4, k3 > 4.

Ha30BéM IBE BEpIUHEBL £ U iy TOAOOHLIME, €CIU OHU CMEXKHEI U €CIU
m0bas Ipyras BepITUHA, CMEXHAA C & CMEXHA U C ¥.

13 npencraBieHHOT0 ” KOHCTPYKTUBHOI'O” ONUCAHUA KEHUTOBLIX I'Pa-
(OB HEMOCPENCTBEHHO CJAEAYET AJCOPUTM PACIO3HABAHUA TAKUX T'Da-
dos:

G — cBasupi rpad. Yo € V(G) w(v) =1

while I(z,y) € E(G),z n y nogobusr do { w(zx) = w(z) + w(y),
ynaauTh BepmHy y. Ilonydenusin rpad o6oznaunm Gy.}

if v € V(Go),w(v) > 1 & deg(v) > 2 then I'pad G He KEHUrOB.
Komnerm.

if Vo € V(Go)w(v) = 2 then cm. 1. 6 else cm. m. 7

if Jui,v2,v3,d(v1,v2) = ki,d(v2,v3) = k2,d(vs,v1) = k3, Tne ki =
ko = ks = 1(mod3) u ki > 4, ks > 4,ks > 4 then I'pad G He KEHUTOB.
Komen. else I'pad G xéuuros. Koner.

Yv € V(Go)deg' (v) = deg(v), g(v) = —1

if Go — mepeso then I'padp G xéuuros else Pazobuém Gy Ha GroKn.

By, By, ..., B — 6noku (G, cocTosnue u3 3 u Gosee BepIiuH
fori=1tok do

{

Buibepem B B; BepIIUHEL vg, V1, U2, ..., Up—1, COCTABIAIOMINE UK, T 1€
deg/(10) > 3

Vi=1..n—1g(v;) =imod3

if n ue geaurcsa wa 3 then I'pad G ue xéuuros. Konen.

if v € By, g(v) =0 & w(v) > 1 then I'pad G ue xénuros. Koner.

if v € By, g(v) >0 & deg'(v) > 2 then I'pad G ue kéuuros. Konern.
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TloBTOpUTE A1 KaxXa0T0 IUKIa OJ0Ka B;

}

I'pad G xéuuros. Kouerr.

Teopema 3. Tpydoémrxocmv npedcmasienno2o at20puUmma —
O(nm), 2ede n — wucao eepwunr 2pada, a M — wucao e2o pébep.

Pa6ora Bemoanena mpu QuuancoBon mnoagepxkke PDDPU (mpo-
exter 11-01-00107-a u 12-01-00749-a), PUII Hayuawle u HAyIHO-
negarorudeckue Kaapsl uHHOBauunoHHou Poccum ma 2009-2012 rr. (HO-
mep 'K 16.740.11.0310), npu noggepxke 1a60paTOPUM AICOPUTMOB U
TEXHOJOTUU aHAIN3a ceTeBRIX cTpykTyp HUY BIID, rpaut lpasutens-
crBa P® (gor. 11.G34.31.0057)

Cuucok Jureparypsbl
1. Ding G., Xu Z., Zang W. Packing cycles in graphs. IT // Journal
of Combinatorial Theory. Ser. B. — 2003. — V. 87. — P. 244-253.

CBOMCTBA I'PA®OB MUHUMAJIBHBIX BA3NCOB
IMTPOEKTUBHOU IIJIOCKOCTHU N TOPA

B. N. Ilerpenmok, A. fI. Ilerpentok (Kuposorparp)

IIposepum: 1) runoresy o MOKPHITAU KAXKAOIO rpada 13 MUHIMAIb-
HOro 6a3uca MHOXKECTBA MUHOPOB HEMPOEKTUBHUX TPadOB IBYMs I'pa-
damu, romeoMopdHbIME OgHOMY U3 rpados MHOXecTBa { K5, K33}, 2)
CUNOTE3y O MOKPBITUU KAXKA0T0 rpada U3 MUHUMAIBLHOTO 6a3uca MHO-
KECTBa MUHOPOB HETOPOU JATHHEIX IpadOB TapOU UIu TPOUKOU rpadoB,
romeoMopdHEIX, 1160 rpady Ks, mbo rpady Ks 3. llonaTua MuHIMaIb-
HBIX 0Aa3MCOB MHOXECTBA MUHOPOB HEMPOEKTUBHBIX IpadOB U MHOKE-
CTBA MUHOPOB HETOPOUJAIBHBIX I'PA(OB BBEIEHHI C [EJIbI0 YMEHBIICHUSI
06Béma napopManry. Bee ocTanbHbIE DIEMEHTH MHOXECTBA MUHUMAb-
HBIX OTHOCUTEIBHO ONEPAINN CKATUAA WK yAAJeHus PEGED HEMPOEKTUB-
HUX rpadoB (T. €. MUHOPOB IJIA MPOEKTUBHOU IIOCKOCTH ), IPUBENCHBL B
[1, 1c]. OTMeTuM, 9TO MUHUMATBLHEIN (6a3MC MHOXKECTBA MUHUMATBLHBIX
HENpPOeKTUBHLIX rpadoB mpueeieH B [la, 1B, 3, 5], a cnemuduyaeckue
npeobpa3oBanusa rpad)OB, OMUCAHHBIE B [4], BHOCAT 9aCTUYHBIN IOPS IO0K
U 3AKII0YAI0TCA B CIEAYOMUX AEUCTBUAX: 1) yaajeHuu BUCAIUX PEGEp
U U30JMPOBAHLIX BEPLIVH, 2) CKATUMA B TOYKY peGep ¢ KOHIEBUMHU BEP-
muHaMu (0 MEHBIIEN MEpPEe OJHOU) CTEMEHU 2 WA KOHIEBHIE BEPIIUHLI
cTemeHu He MeHee 3; 3) 3aMeHe 3BEe3[BI ¢ TPEeMs JydaMu Ha MPOCTON
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VUK IJWHBL 3 HA KOHIEBHIX BepmwmHax gayden; 4) IloapasGuenue HO-
BOU BEPUIMHOU pedpa € KOHIIEBHIMU BEPIIMHAMU CTEMEHW 3 W 3aMeHa
KAXKJIOU 3BE3[BI C IEHTPAMU B KOHIIEBBIX BEPIIMHAX HA TPEyTOJbHUKI
¢ obrmien HOBOU BeprmuHOu. M mes 3Tux mpeobpa3oBanu U mpeobpa3oBa-
HUI IO DACILENJIEHUIO BEPIIVH, NPUBEIEHHBIX B [la, 1B, 3] 1 Ha3BaHBIX
Y A-npeobpazoBaHuAME, 3aKI0OIACTCA B TAKUX MAHUTYIAIUAX HA T Bep-
IIMHAMY CTENEHU 3, HEKOTOPEIMU PEOpaMU WIu I'PAHAME 33,1aHOI0 I'pa-
da, KOTOpEIE MUHUMU3UPYIOT YUCIO CPAHEN U HE TPUBOAATL K 3aMEHE
SuIIepoBON xapakTepucTuku rpada. B [3] BBeneno nousTue MuHEMAND-
HOrO 0a31Mca MHOXKECTBA MUHUMAILHBIX HEMPODKTUBHEIX rpad)oB U 10-
Ka3aHa MOJHOTA CNUCKA u3 12-Tu rpadoB, a TaKXKe MPEIIOKEH METO]
PEIATUBHBIX KOMIOHEHT C IEJbI0 TTOCTPOEHUA MUHUMAILHBIX Tpados G
sumiaeposoro poga Y(G) mas 3amkHyTOU moBepxHocTu S pona y(S), rae
Y(G) =v(9) + 1.

Teopema 1. Hmetom mecmo cacdyioune cOOMHOULEHUA:

1. Muoascecmso pébep xkaxrcdozo 2pada MuHUMAILHO20 6A3UCA NPOEK-
MUBHOT NAOCKOCTU NOKPBIBAEMCA 00beduneruem muoxcecms pébep na-
poi epados 2omeomopdunz odnomy ua epados {Ks, K3 3}, npuuém odun
U3 HUT MOHCEM HE UMEMD 001020 pPebpa.

2. Yodaaenue npouzsoavnozo pebpa (a,b) uz npouseoavrnozo 6asucro-
20 epada G npoexmusHotl naockocmu npusodum K momy, ¥mo o0dun u3
deyx epados noxpvimua codeprcum muoxcecmso mouek {a,b} ¢ wucaom
Q0CTNUNCUMOCTIU KA NPOEKMUBHOT, NAOCKOCTY PABHBIM 2.

[loxazaTeabCTBO UMeeT KOHCTPYKTUBHLIN XapakTep. I[Ipumepom
MOXKET CIyXWTh MNOKphITHE OasucHoro rpada As mapou rpados
(K5, K5\(a,b)).

Teopema 2. Amerom mecmo caedyiouue coomuouLeHus:

1. Muoxcecmeso pébep xancdozo 2pada MUHUMAALHO20 0A3UCA MOPG
NOKPLIBAEMCA 00bedUNEHUEM MHOHCECNE PEOED NaPpbl, MPOtKY UL Ue-
meépku 2pados 2omeomopPunir oonomy uz epados {Ks, K33}, npuuém
He bonee MPET U3 HUL MOLYM HE UMEMb 00H020 pebpa.

2. Ydaaewue npouzsoavnozo pebpa (a,b) uz npousgoavrozo 6asuc-
noeo epaga G mopa npusodum x momy, wmo odun u3 0eyr 2pados
nokpuimus codepacum muoxcecmeo mouex {a,b} ¢ uwucasom docmusncu-
MOCTU HA MOPE, PDABHLIM 2.

[loxazaTeabCTBO HOCUT KOHCTPYKTUBHBIA XapaKTep.
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IMEPEYYUCJIEHUE HEM30MOP®HbBIX KYBUYECKHUX
PA3JIO2KEHUU I'PADA Kio

O. A. Tlerpeniok (Kues), A. 5. Ilerpentok (Kuposorpap)

Ky6uveckum pasnoxkenuem rpada K, OyIeM Ha3bIBATH PA3IOKEHUE
aTOro rpada Ha PeryJsIpHbIe KOMIOHEHTHL cTeneHd 3 (KyOudecKue mok-
rpadui). PaccMoTpuM ycaoBus cymecTBoBanus pasaoxenun rpada K,
HA peryJsapHbIe KOMIOHEHTHI cTenenu k > 2. [lepBoe Heob6xonumoe ycio-
BUE CYIIECTBOBAHUA Pa3iokenuu rpada K, Ha KOMIIOHEHTHI, KaX [as U3
KOTOPBIX ABJAETCA PEryJsApHbIM Ipadom crenenu k > 2, caeqyer us To-
r0, 9TO W3 KaXOOU BEpIIMHLI rpada BHIXOAUT YUCIO pebep, KpaTHOe
qucay k, u uMeeT BUI:

n =1 (mod k). (1)

Ewme oguo meobxommmoe ycaosue pasnoxenus rpada K, Ha perymasap-
Hble MOATPadBI cTemeHn k > 2 3aKII0YAETCA B PABEHCTBE CyMMapHOTO
KOMMYIeCTBA pebep BCeX KOMIOHEHT PAa3i0KeHusa mopaaky rpada. Komm-
49ecTBO pebep peryJsapHoro rpada mopsaka m cremnenu k pasuo km/2.
Kommuecrro pebep rpada K, ompenensercs Buipaxenuem n(n — 1)/2.
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Tunom pasaoXkeHus HA30BEM BEKTOD @ = A4, A5, 4G, ---, Gy, TIE Q; — KOJIU-
YeCTBO KOMIIOHEHT TOPAAKA i B pa3noxenuu. Toraa ycaoBue CyIecTBO-
BAHUS PA3JIOKEHUsA IPUMET BUI:

> (ki/2)a; = n(n - 1)/2. (2)

B cayuae k = 3 umeem pasmoxkenue rpada K, Ha KyOmdeckme KOMIIO-
HEHTHI, TO eCTh KyOUIecKoe pasJoxkenue. Ycaosue (2) mis Kyoudeckoro
PA3NOKEHUA BEITIAIAT TAK:

> (3i/2)a; = n(n - 1)/2. (3)

Tak xax xkonmu4aecTBO pebep Kybudeckoro rpada mopsagKa ¢ OnpenerseT-
Cs1 BRIpAXKEeHUEM 31 /2 U ABJAETCS HEIbIM YUCIOM, TAKOU Ipad CyLecTBy-
eT JWIIb B CAydae, KOrjaa i — 4eTHoe uucio, i > 4. Torga ypasaenue (3)
MOXKHO 3aIMUCATH TaK:

2a4 + 3a6 + 3ag + ... + (n/2)a, = n(n —1)/6. (4)

IIpu n = 4 cymecTByer Juinb 0gHO pasnoxenue rpada K, HA Ky-
6uveckue kKoMmoHeHTH. Crenyrree n, yaoBIeTBOpswIee ycaosuto (1),
10 n = 7. EAVHCTBEeHHBIN BO3MOXHLIN TUN pasioxkenus rpada K7 sTo
a = {2,1}. Usyuenne cayvas n = 10 6110 HawaTo [1], rge 6uin omy6an-
KOBaHHI 14 BO3MOXKHBIX TUIIOB pasnoxkenusa rpada K0 nHa xKyOuieckue
KOMIIOHEHTHI, ABJOmuecs pemenusayu ypasaerus (4) mas n = 10. Bor-
JIa TOCTABJEHA 3212493 TEPEednCJeHU BCeX HEM30MOP(HBIX PABIOKEHUN
IJIA KaXK [OTO TUMa. B TaHHOU paboTe MPUBOAUTCA PEIEHNe dTOU 3a,1a-
uM 1J TPeX TUMOB pasaoxenus: 3, 3,0, 0; 5,0,0, 1; 1, 3, 1, 0. [laa Tuna
3, 3,0, 0 ObL1a HAWIEHA JUIIL OHA PEATU3AINA, KOMIOHEHTH KOTOPOU
MPEeICTABICHBI HUXKE:

2-3 2-4 2-7 3-4 3-7 4-7; 4-8 4-9 4-10 8-9 8-10 9-10; 5-6 5-7 5-10 6-7
6- 0710121314252635364546151 1-7 5-8 5-9 6-8 6-9
7-8 7-9; 1-8 1-9 1-10 8-2 8-3 9-2 9-3 10-2 10-3.

[ns tuna 5, 0, 0, 1 Takxke mosydeHa JUIb OTHA pea W3

1-5 1-8 1-10 5-8 5-10 8-10; 1-6 1-7 1-9 6-7 6-9 7-9; 2-3 2-9 2-10 3-9
3-10 9-10; 242728474878 3-4 3-5 3-6 4-5 4-6 5-6; 1-2 1-3 1-4 2-5
2637384941057596861071089

[ns tuna 1, 3, 1, 0 noaydeHsl YeThIpe HEX3OMOP(HBIX PA3JIOKEHIU:

1. 4-8 4-9 4-10 89 8-10 9-10; 1-5 1-6 1-7 5-2 5-9 6-2 6-9 7-2 7-9; 1-8
1-9 1-10 8-2 8-3 9-2 9-3 10-2 10-3; 3-4 3-7 3-6 4-7 4-5 7-10 6- 065105
1-2 1-3 1-4 2-3 2-4 3-5 4-6 5-7 5-8 6-7 6-8 7-8.
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2. 4-8 4-9 4-10 89 8-10 9-10; 1-5 1-6 1-7 5-9 5-10 6-9 6-10 7-9 7-10;
1-8 1-9 1-10 8-2 8-3 9-2 9-3 10-2 10-3; 2-4 2-6 2-7 4-6 4-3 6-5 7-5 7-3 5-3;
1-2 1-3 1-4 2-3 2-5 3-6 4-5 4-7 5-8 6-7 6-8 7-8.

3. 4-6 4-9 4-10 6-9 6-10 9-10; 1-5 1-6 1-7 5-6 5-9 6-2 7-2 7-9 2-9; 1-8
1-9 1-10 8-9 8-7 9-3 10-3 10-7 3-7; 2-8 2-10 2-4 8-10 8-3 10-5 4-5 4-3 5-3;
1-2 1-3 1-4 2-3 2-5 3-6 4-7 4-8 5-7 5-8 6-7 6-8.

4. 4-8 4-9 4-10 89 810 9-10; 1-5 1-6 1-7 5-9 5-10 6-9 6-10 7-9 7-10;
1-8 1-9 1-10 8-2 8-3 9-2 9-3 10-2 10-3; 2-3 2-4 2-7 3-4 3-6 4-5 7-5 7-6 5-6;
1-2 1-3 1-4 2-5 2-6 3-5 3-7 4-6 4-7 5-8 6-8 7-8.

Croucok auTepaTypsbl
1. Petrenjuk A. J. Decomposing K¢ into cubic graphs of order 6 //
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JJINMHHBIE ITNKJIBI B CUJIBHO CBA3HBIX
TYPHUPAX ITIOPAOKA N 1 INAMETPA D

C. B. Capuenko (“IepHorososka)

Ilo ompenenenwmioo, myprup ABIAETCA OPUEHTAIUEN pebep IOJHOTO
rpada. UssectHas Teopema MyHna [1] yTBepx 1aeT, 9TO CUIBHO CBA3HBIN
Typuup T mopsagka n 061a4aeT CBOMCTBOM BEPIIMHHOU TAHIUKINIHO-
cTu: 1t 06oro £ = 3, ..., n Kaxnas BepmuHa B 1 CONEPKUTCSA B MUKIE
ameel £, O gHUM 13 MHOTOYMC/JIEHHBIX CJAEICTBUN 3TOU TEOPEMBL ABJIACT-
ca ouenka cuudy ¢(T) > n— £+ 1 qna aucna ¢, (T) nuxaos naunst £ B T,
rae 3 < ¢ < n. Ilo reopeme Jlac-Bepussca [2] pasenctso ¢¢(T) = n—£+1
npu HekoTopoMm £ = 4,...,n — 1 ogHO3Ha4YHO ompegeaseT 1 : OH mOJ-
XeH ObITh U30MOpP(MEH €IMHCTBEHHOMY (OMATb, C TOYHOCTHIO OO0 U30-
MOpdu3Ma) CHIBHO CBA3HOMY TYPHUPY T,_1, NOPSAAKA N U IUAMETPA
n — 1. DTOT TYpHUD HETPYAHO OMUCATH: €CAU Vg, V1, ..., Up—2,Un_1 —
(eIMHCTBEHHBIN) IyTb U3 Uy B Up_1 AIUHEL N — 1, TO v; — v; IPH IO
6oMm j > i+ 1. Eciu xe MBI M3MEHUM OPUEHTAIUIO KAXKIOU AyTU B
V0, U1,y +evy Un—2, Up—1 HA IPOTUBOMOJOKHYIO, TO TIOAYIUM TPAH3UTUBHLIN
Typuup 1T, TOpAIKa n, KOTOPBIA, KaK JErkKO BUIETh, BOOOIIE HE UMEET
HUKAKAX IAKJIOB.

B macrosmen pabore npuBeneHHbIe BhILE (KJIACCHIECKUE) TEOPEMBL
YTOYHAIOTCA B KaIacce Tq,, BCEX CHIBHO CBA3HBIX TYPHUPOB HOPALKA N
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n numamerpa d. lloagpo6Hoe n0Ka3aTeabLCTBO CHOPMYIUPOBAHHBIX HUKE
pe3yabTATOB MOXKHO HAUTH B [3].

[lns rypuupa T' ¢ Bepmmuamu v, ..., Uy, 1 m+ 1 Typaupos 1o, ..., Ty,
mer onpeneanm komnosuyuto T (T, ..., Ty) Kax TypHEUD, TOTYyI€HHBIN U3
T tpu mOMOIIM 3aMEHBI €0 BEPIIUH Vg, ..., Uy, U OMHAPHOT'O COOTHOIIE-
HUA — MEXIy HUMU HA TypHuUps 1y, ..., T, 1 OuUHAPHOE COOTHOIIEHUE
= MexJy HUMM COOTBeTCTBeHHO, rje 1; = T} o3HavaeT, 9TO Kaxk1as
BepmuHa B T; nomuHupyet Jobyio Bepmuuy B 1. O6o3Ha4uM 4epes
ndeH, a we-
n—d+1

2 )

| 2= | pauGosbinee Ieloe HMCI0, MEHbIIee UM PABHOE

pes [”’Td*l] HAMMEHBIICE [EJ0e IUCIO0, OOMbIIee WIM PABHOE
npu n > d > 3 noJaoxKuM

n

Tyn= Td,d+1(TTL7"*g+1J s ULy ees UdflaTT(i"*;Jrl])'

Tunoresa. Jasa 4106020 cuabro cea3no2o myprupa T nopadka n >
4, wetlt duamemp wme npesocrodum d > 3, cnpasediuso HePaBEHCMEB0
ce(T) > c(Tan) npu kaxcdom £ =3, ...,n. Kpome mozo, ecau d > "TH‘,
mo pagencmeo c¢(T) = c¢((Tan) npu wexomopom £ = n —d+3,...,d
o3nauaem, umo T uzomopden Tq , usu e2o0 obpammomy Tdfn.

Herpyano npoBeputs, 4T0 Ty, COAEPKUT POBHO OAMH TaAMUILTO-
uwoB 1ukia. Crenosarensuo, npu ¢ = n teopema Myna BiaedeT mepsoe
yrBepxk aenne runoressl 1. Ono Takxke cupasemauso npu £ = 3. Ogua-
KO, B JaJbHEUIEM MBI B OCHOBHOM Oy€M PACCMATPUBATD CIydal, KOT 1a
{ 1ocTAaTOYHO GJIU3KO K M.

ITo ompenenenuto, Bepmuna v pazdeasem T, ecan nogrypuup 1 — v
mopsaaka n — 1 He ABAAETCS CUIBHO CBA3HBIM. JIErKO MPOBEPUTH, 4TO
MHOXKECTBO Pa3 e/ fAI0MuX BepIInH TyPHUPA 1 g, , COCTOUT U3 V1, ..., Ug_1.
Kak u3BecTHO, CBOMCTBO HAMMYUA POBHO OJHOTO MAMUILTOHOBA IUKJIA
HACJEAYETCS BCEMU CUIBHO CBA3HBIMU moaTypHupamu. CiegoBaTeabHo,
T4,n, nuMeeT poBHO n — d + 1 nuksos aausbl n — 1. HeTpynso mokasars,
gTo mpu n > d > 3 kaxjgem TypHup I € Ty, momyckaeT He Gogee
gem d — 1 pasgenstomux BepmwmH. [losTomy Teopema Myna mosBouseT
YTBEPXKIATH, IYTO HEPABEHCTBO TUMIOTE3LI | TakXke CIPABEIJIUBO TPU
£=n-—1.

Y10 KacaeTcs BTOPOro ee yTBepK JeHus, TO pu d = n — 1 OHO DKBU-
BasneHTHO Teopeme Jlac-Bepubsca. Hame nokaszaTenscTBO 0 nHAyKIAA
11 d = n — 2 3anuMaet B [3] Tpu crpannusl. Cayyan d < n — 3 npeg-
CTaBJAETCA TOCTATOIYHO TPYAHBIM. [l YuTaTENsA, KOTOPBIA MOTPOOyeT
IoKa3aTh runoTe3y 1 B 00mEM CIydae, MBI PUBOAUM 3HAYEHUS BEJIU-
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unnsl ¢¢(Ty,,) npu d > ”TH nlf=n—-d+3,..,d:

co(Tyn)=d— 42" 571 pol"=571 _g,
HyCTB Telnepb T — CHJBHO CBﬂ3HBIﬁ TYPHHUD IIOPAIKA N U AUaMeTpa

2. TIpocTenmmM TPUMEPOM TAKOTO TYPHUPA ABMACTCA OPUEHTUPOBAH-
neiit nuki K3 amusasr 3. HeTpyAHo HOKAa3aTh, YTO €CII U — pasiesstio-
mas sepumaa B T, 7o T = 133(1),T1,T2), rIe KaxIbil U3 TypHupoB 1
u Ty ABAAETCA CUILHO CBA3HBIM U WA COAEPKUT POBHO ONHY BEPIIUHY
wiun uMmeer nuamerp asa. Ilo teopeme Myna-Byma [4] Typaup T — v
(mamoMHUM, 9TO OH uMeeT CTPYKTYpy 11 = Tb) cOmepKuUT XOTs Obl
A" "3 raMUIbTOHOBBIX HyTeH, rae f = 5%, IMockonbky T = v = T1, TO
060U TAMUJIBLTOHOB MYTh B T’ — v MPOAOMKAETCA 10 TAMUILTOHOBA U~
k1a B camoM 1. Mostomy T' cogepxut A7~ 3 raMmibToHOBBIX mukaoB. C
Apyron cTopoHsl, mo Teopeme Tomaccena-Byma [4] kax bl 2-CBA3HBIN
TYpPHED HOPAIKA N UMEEeT IO Kpanued Mepe 332 ~! raMmiIbTOHOBBIX LH-
ki10B. Takum o6pasom, 1 caydad h = 0 MBI TIOTYYIUIN [OKA3ATEIHECTBO
CJIeIYIOLIEN TEOPEMEL.

Teopema. Jas kaxrcdozo h =0,...,n —3 cuabno ceasnviii mypuup T
nopadka n u duamempa 2 umeem no Kpaiinet mepe

min{ﬁ%fl’Bg(nfhfl)fc(h)fh}

yukaos daunpi n — h, 2de f =53 uc(h) = (h+1)(h + 4)/2.

Kak Bugum, npu mo6oM dukcuposanaom h > 0 munumym ¢, p(T)
B KkJacce Tz, PACTeET DKCIOHEHIMAIBLHO OBICTPO IO 1. 3aMeTHM, UTO
ectn 2h <n—d+1, 10 cpep(Tyn) = ("jf“). IMosTOMY TpyM JaHHBIX
d>3uh >0 vurmmy™ ¢, (T) B k12CCe T4, ABAgETCE O("). Taxum
obpazoM, caydan d > 3 u d = 2 OTAMYAIOTCA IPYT OT APYra JOCTATOIHO
CYIIECTBEHHO.
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HEKOTOPHBIE TUIIBI TPA®OB, JOIIYCKAIOIIUE
JUCTAHIIMOHHYIO MATUYIECKYIO PASMETKY

M. ®. Cementora (Kuposorpapg), 2K. T. Yepuoycosa (Kuesn)

[na HyX[ paguoTPAHCAANANA BO3HUKIA HEOOXOIMMOCTHL BBEICHUA
pasMeTOK rpadOB, CBA3AHHLIX C PACCTOAHMEM MEXIy BepmmHamMu. B
csa3u ¢ stuM, M. Muiep u gp. B pabore [1] npegnoxuin 1-BepmuaaO
MaruvecKyio BEpPIIMHHYIO Da3MeTKy, HA3BaHHYIO aBTOpamu [2] gucrtas-
OUOHHOW Marmveckon. B macTosmee BpeMms 3HAMMTENLHBLIC YCIIEXU IO-
CTUTCHYTHI B DEMIEHWM 33Ja9U CYIIECTBOBAHUA NUCTAHIMOHHOU MArW-
weckoil pasmeTku aaa rpaba G[K,] , rne G — r-peryaapusii rpad,
K, — Gespebepurtin n-sepmmasets rpad [1-4]. B [1-4] mpencrasme-
HBI yCIOBUA CYMIECTBOBAHMA IUCTAHIMOHHON MATHIECKON PA3METKH I/
rpados mCy[K,],mK,[K,]. Mbr noryamrn pesymbTaTe mo rpadam
P[Py, Pn[Cr] m mCly, oTOGpakeHHbe B TeopemMax 1-3.

Teopema 1. Ipap Pp[P,] donyckaem ducmanyuonnyio maeuue-
crxyro pasmemxy: 1) das m = 1 moavko npun = 1 wau n = 3; 2) daa
m =3 moavko npun =1. [Ilpu m =2 un > 1, a makxe npum >3 u
n=1n=2mn2>4epap P,[P,] ne asasemca ducmanyuonnvim mau-
YECKUM.

Aoxazameavcmso. Ecimw m = 1, o rpadp P[P, = P, ssasercs
ANCTAHIMOHHBIM MarmdeckuM [1] Toasko mpu n = 1 wim n = 3. Ec-
au n = 1, amanorundso, rpad Pp[P1] = P, ABIsSeTCA IMCTAHINOHHBIM
MarudeckuM TOAbKO mpu m = 1 wm m = 3. Jua m > 2,n = 2 u
m = 3,n = 3 B rpade P,,[P,] HANAYTCA OBE BEPINUHBI U U U TaKue,
uato |N(u) N N(v)| = deg(u) — 1 = deg(v) — 1, rae N(u), N(v) — MmHO-
KeCTBa CMEXXHOCTY BepHIvH u 1 v cooTBercTenHo. CornacHo [1] rpad
P,,[P,] e Oyner AUCTAHOWOHHBIM MarwdeckuM. PaccMoTpum ciaydan
m = 2,n = 3. Hycte V(P) = {z1,22} u V(P;) = {y1,y2,y3}, Toraa
V(P[P3]) = {(z1,31), (%1, 92), (T1,¥3), (T2, Y1), (¥2,92), (z2,y3) }. TIpen-
nomoxuM, 910 rpad Ph[Ps;] umeer AUCTAHUMOHHYIO MATUYECKYIO Pa3-
metky f, Torga noayumm 2f((z1,y2)) + 2f((22,y2)) = 21. Bemmoanenune
STOr0 PABEHCTBA HEBO3MOXKHO HU MpM Kakux 3HadeHusax f((zi,y2)) u
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f((z2,y2)). CregoBarensro, Py[P3] He ABAAETCA JUCTAHIMOHHBIM Maru-
veckuMm rpadom. I[Iycts m > 2,n > 4. O603HAYUM Y€PE3 T1, T2, ..., Tm
BepmuHs rpada P, u gepes y1,ya, .. ., Y, — BepmuHbl rpada P,. [Ipex-
HOJOXKUM, ITO P, [P,] MeeT IMCTAHINOHHYIO MArUIeCKyIo Pa3sMeTKy f.
YuantoBas, ato w((z1,y1)) = w((z1,y3)), noayaum f((x1,y4)) = 0. 10
IPOTUBOPEUNT yCAOBUIO MarndHocTu. Takum o6pasom, rpad Pp,[P,] e
IUCTAHIMOHHEIN Marmdeckud. Teopema gokasaHa.

Teopema 2. I'pad P, [Cp] donyckaem ducmanyuonnyio maeuue-
cxyro pasmemxy: 1) das m = 1 moavko npun = 1 waun = 4; 2) daa
m = 2 moavko npun = 4; 3) das m = 3 moavko npun = 1. [Ipum > 3
un=1,n=2n=23,n>5epad P,[C,] ne asasemcs ducmanyuonmvim
MA2UYECKUM.

Aoxazameavcmeo. T'pad Pi[C,] = C), sBaseTcsa INCTAHINOHHBIM
marudeckuMm [1] Tonsko mpu n = 4. I'pad P, [Ci] = P, aBisercsa nu-
CTAaHUMOHHBIM MarmdeckuMm [1] Tombko npu m = 1 wim m = 3. Ilpn
m = 2,n = 2 rpad P»[Cs] = K, He aBrseTcsa NUCTAHIMOHHBIM Maru-
geckuM [1]. Ilycte m = 2,n = 3. I'padp P[C3] — 510 5-peryaspHbIn
rpad. CoracHo [1] oH HE ZOmyCKaeT IMCTAHIMOHHYIO MArMIeCKyIO pas-
metky. llycts m = 2,n = 4. I'pad P»[C4] Gyaer r-peryiaspHBIM TO-
pagka 2n = 8, rae r = n + 2 = 6. [IpegnonoxuM, uro i P[Cy)
CYLIECTBYeT AUCTAHUUOHHAsA Marudeckas pasmerka f. Hycrs V(Pr) =
{z1,22} m V(Cy) = {y1,92,y3,ya}. [daa Po[Cy] mueem V(P[Cy]) =
{(@1,9), (T1,y2), (21, 3), (71, ya), (3327211); (z2,92), (22,93), (T2,94) }-

Hannem smadenme marumdeckon nocrosason k = r(1 4+ 2n)/2 = 27.
PaccmoTpum pasmerky sepmus: f(z1,y1) = 1, f(z1,92) = 4, f(21,93) =
Saf($15y4) =5, f(:lj?ayl) =2, f(:lj?vy?) = 37f($2ay3) =7, f($27y4) = 6.
[na f BHITOMHAIOTCA CBOMCTBA MarwdHOCTH. Takmum o6pasom, rpad
P,[C4] momyckaeT JUCTAHUIUOHHYIO MAarwdeckylo pasmerky. [lycte m =
2,n > 5. I'padp P»[C,] comepXuT [Be BEPIIUHBI U U U TAKHUE, UTO
|IN(u)NN(v)| = deg(u)—1 = deg(v) — 1. B aToM cryuae u 1 v — 3TO Ji0-
Oble IBe He cMexkHBIe BepumHbl konuu C, B rpade P[C,], paccrosHue
Mex Iy KoTopeiMu paBHO aByM. Ha ocuosanuu [1] rpad P»[C),] e mzomyc-
KaeT AUCTAHIUOHHOU Marndeckou pasmerku. [lycts m > 3,n = 2. I'pad
P,,[Cs] = P, [P»] He ABAsSeTCA JUCTAHIMOHHBIM MAarX4YecKuM (Teopema
1). Iycte m > 3,n > 5. O6G0o3HAYUM 4E€pE3 1, L2, .. ., Ly BEPIIXHLI
rpacda Py, u 1epes y1,ysa, - . ., Y, — Bepmuusl rpada C,. [Ipegnonoxum,
aro P, [C)] uMeeT IMCTAHOUOHHYIO MAarwdeckyio pa3MeTky f. YIuTol-
Bas, 9T0 w(x1,y1) = w(x1,ys), moayanm f((z1,yn)) = f((x1,y4)). DTO
IPOTUBOPEYNT YCAOBUIO MaruwdHocTu. Takum obpasom, Py, [C,] He aBis-
eTCA IMCTAHIMOHHLIM MarmvdeckuM rpadowm. Ilycts m > 3,n = 3. Ilpw-
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MEHUM DPACCYXIEHUS AHAJOTUYHBIE TeM, KOTODPHIE MCTOIL30BAIUA TIPU
m > 3,n > 5, manpumep, nias Bepmud (x1,y;) u (x1,ys). B pesyabrare
noxyaum, 910 Pp,[C)] He ABAseTCS JUCTAHUUOHHBIM MATUIECKUM I'Da-
dbom mra m > 3,n = 3. Paccmorpum caydan m = 3,n = 4. O6o3nauum
¥ = 23%21 f((xi,y5)), rme i = 1,2,...,m. Jomyctum, 9T0 nasa rpada
P;[C4] cymecTByeT AMCTAHIMOHHASA MArudeckas pasMerka. U3 ycaoBus
Maru9HOCTH CAeAyeT, 910 X1 /24 X9 = £0/24+ %1 + X3, %) = Y3, Torga
Yo = 3. YuurwiBas, 94To X1 + Yo + X3 = 78, umeem 5% = 78. Ilpu-
TN K OpOTUBOpednio, nostomy P3[Cy] HE IOMyCKaeT NMCTAHINOHHON
MArm4ecKon pasmeTku. Teopema nokasaHa.

Teopema 3. I'pag mCy donycrxaem Jucmanyuouuy0 ma2uueckyo
pazmemxy das amoboz2o m > 1.

Hoxazameavcmeo. I'padp mCy — 510 2-perynapusiu rpad ¢ 4m sep-
mwmuamu. lycTts 25, raet = 1,2,...,m, j = 1,2, 3,4 — Bepumus rpada
mCly. [lpu 3TOM BEPIIUHBL L1, L2, L3, Li4 TPUHALICKAT (-OU KOTIUU LU~
kia Cy. PaccmoTpuM pasmeTky BepinuH f, onpegeiseMyio no gpopmye

i, 1<i<m,j=1,
2m+1—-4, 1<i<m,j=2,
dm+1—14, 1<i<m,j=3,
2m +1, 1<i<m,j=4.

f(@ij) =

Oro6paxkenue f aBaseTcsa Oueknuen MHOXKeCTBa Bepmul rpada mCy HA
mHOKeCTBO {1,2,...,4m}. Kpome 5TOr0 m1s KaxJOM BEpUINHLL T;; i-OU
komuu twkaa Cy,j = 1,2,3,4, moayuum w(z;) = w(xs) = f(ze) +
f(zia) =4m+ 1, w(zi) = w(zi) = f(za) + f(2i3) = 4m + 1. Cregosa-
TEABHO, TIO OMpPENEeNeHNI0 pa3MeTKa f ABIAETCA NUCTAHIMOHHOW MAaru-
geckon paszmerkon rpadga mCy ¢ marmdeckou nmocrosuuon k = 4m + 1.
Teopema moxazaHa.
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O KPUTEPUAX MUHUMAJIBHOCTHA
KOMIIJIEKCOB 'PAHEM B EAVHUYHOM KYBE

N. II. 9yxpos (Mocksa)

Komnaexcom 2panetli HA3LIBACTCA HEYTIOPAIOIECHHEIN HAOOD PA3INI-
HBIX TpaHen equHuIHOTO Ky6a B™. O603uaunM depes Nj; — MHOKECTBO
BepmUH Kyba, KOTOPEIE COAEPKATCA B rpanax kommiekca M. Kommiekce
rpasen M Ha3LIBACTCA KoMnaexcom epanet byaesott dynxuyuu f, ec-
JII MHOXKECTBO HAOOPOB 3HAMEHWN NMEPEMEHHLIX, HA KOTOPLIX (DYHKINA
06paIIaeTCA B €MUHAILY, COBIaaeT ¢ MEOXKeCTBOM Njs. Mcnonbayemure,
HO HE OIpeJeaseMble IOHATUSA MOXKHO HanTu B [1-3].

KoMmiekcer rpanen HA3BIBAIOTCA IK6UBAAEHMHbIMIU, €CIU OHK COIep-
KAT OHO MOIMHOXKECTBO BEPIINH €IMHUIHOTO Ky6a, T.€. ABIAITCA KOM-
TIEKCAMY TPAHEN OJHOU (DYHKITAU.

KoMmiexcsl rpaser HasbIBAIOTCA U30MOPPHOLIMU, €CAU OIUH KOM-
IIEKC MOXKET OBITH TOJYYEH U3 IPYTrOro KOMILIEKCA TepeCcTaHOBKOU KO-
opaunat. COOTBETCTBEHHO, 2PaHl U30MOPPHHbl, €CIM OJHA TPAHDb MOXKET
OBITE MOJIYYEHA U3 IPYTOU MEPECTAHOBKON KOOPAMHAT. KoMIIekcw rpa-
HEW HA3BIBAIOTCA T-U30MOPPHLIMU, €CTU ONUH KOMILIEKC MOXKET ObITh
HOTy9IeH W3 APYTOro KOMILIEKCA 3aMEHOU I'PDAHEd Ha H30MOP(QHLIE pa-
HUL.

Dyukuonan L, OMpeeIeHHBIA Ha MHOXKECTBE BCEX KOMILIEKCOB Tpa-
HeW, ABJIAETCA MEPOT CAONCHOCMU, €CAU OH yAOBJETBOPAET AKCHOMAM
HEOTPUIATENLHOCTH, MOHOTOHHOCTH, BBIMYK/JIOCTHA W MHBAPUAHTHOCTH
OTHOCHUTEIBHO m30MopduaMa [2, c. 298].

Kowmmrekc rpanen HasbBaeTcsa L-MUHUMAAbHbIM, €CTA OH UMEET HAU-
MEHBIIYI0 MEPY CIOKHOCTH L CPEIN >KBHBAJEHTHEIX KOMILIEKCOB I'Da-
Heu.

Kpamuatwum HA3BIBAETCA [-MUHUMATBHBIN KOMILIEKC U MUHUMAAL-
HbIM HABBIBAETCA [-MUHUMAILHBIA KOMILIEKC, Tae | — 9YUCIO0 TPAHed 1
L — cyMMa paHroB TPAHEN B KOMILIEKCE.

[l1s1 IPOU3BONBHOTO KAACCA Mep CA0KHOCTHA C KOMILIEKC TDAHEU Ha-
3e1BaeTCA C-MURUMAALHBIM KOMNAECKCOM (MAHUMAIBHEIM OTHOCUTEILHO
kaacca Mep ca0xkHOCTU C), eCau OH ABAATCA L-MUHUMAJIBHBIM [JIS JIEO-
60U Mephl (I0X)HOCTH U3 Kiaacca C.

Mepa cnoxuocTE £ yIOBAETBOPAET YCUACHHOMY CEOTCMBY UHBAPU-
AHMHOCMU OTHOCUTEIBHO U30MOPPU3Ma, €CIU T-U30MOPGHBIE KOMILICK-
CHI UMEIOT OAUHAKOBYIO L-CI0KHOCTE.

Oo6o3uaumM Yepe3s A — MHOXKECTBO BCEX MEpP CIOXKHOCTY HA, MHOMKE-
CTBE KOMILIEKCOB I'PAHed 1 9epe3 A, — KIACC MEP CIOKHOCTH, KOTOPBIE
YIOBIETBOPAIOT YCAICHHOMY CBOUCTBY WHBAPUAHTHOCTU OTHOCUTEIHLHO
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uzomopdusma. Mcnons3yemblie Tpy MUHIMU3AINY OYJIeBBIX (DYHKIIUN Me-
PBI CIOXKHOCTY MpUHALICKAT A .

Kowmruieke rpanen Ha3BIBAETCSA HENPus00uMbiM, €CIU TOCTE Y IATCHUS
U3 HEro 000U IPAHM MOTYIALTCA He DKBUBATCHTHBIN KOMIIJIEKC TDAHEN.
B menpuBogmMOM KOMILIEKCE KaXK1as TPAHb COAEPKUT XOTSA OBl OJHY
BEPIIKHY, KOTOPAs HE MOKPLIBACTCA APYTUMU I'PAHAMU U3 KOMILIEKCA.
Taxas BepinMHA HA3BIBAETCA COOCMBEHHOU BePULUHOT, 2PaHU B HENpU-
BoguMmoM kowmmiekce. O6o3nauum uepes Ips; — CPAaHb HENPHUBOIUMO-
ro xkoMmmekca M, KoTopas COmepKUT COOCTBEHHYIO Bepuiuny . Jlobas
TpPaHb, KOTOPAs COAEPIKUTCA B MHOKeCTBE N )y HA3BIBACTCA donycmumot
rpasbio 1aa Komruiekca M. Bynem rosopuTs, uTo rpaub I domunupy-
em rpanb I') ecim CymecTByeT Takad MEPECTAHOBKA KOOPIWHAT T, 9TO
n(I')clI.

JIOKaJIbHBIE AJTOPUTMEI, UCIOIL3YIOIINE NHMOPMALINIO OKPECTHOCTHU
MPOU3BOMBHOTO (PUKCUPOBAHHOIO MOPALKA, HE MODYT PEIIUTH 3aJa4dy
MuHUMEU3anuu GyneBbix ¢Gyakunn [1, c. 95]. IloaToMy s 060CHOBAHWA
MUHUMAJIBHOCTU KOMILIEKCA TPEOYIOTCA He JOKAJIbHBIE, a TI00AILHBIE
CTPYKTYPHLIE CBOUCTBA KOMILIEKCOB TDaHEeN.

ITogMHOXKECTBO BEPUINH HABLIBAECTCS NPOMIKGIOUUM I KOMILIEKCA
CpaHe’, ecJu B KAXKIOU I'PAHU KOMILIEKCA CONEPKUTCI XOTsA OBl OTHA
BEPIINHA TOr0 MOIMHOXKECTBA.

[lns muoxkecTBa BeprmH () C B™ mogmuoxkecTBo Beprma X C )
HA3BIBAETCS UHMEPBAAbHO HE3ABUCUMbIM Mg () MHOXKECTBOM BEpIINH,
ecau a0bas JOMyCTUMas TPAHb s MHOXKECTBA () COIepkuT He (ojee
onuou BepimuHbl w3 X . [I1a KoMmIuiekca rpanen M MHOXKECTBO BEPIIUH
HA3BIBAETCs NHTEPBAIBHO HE3ABUCUMBIM, €CJIU OHO SABJISETCSA NHTEPBAIb-
HO HE3ABUCUMBIM [IJs MHOXKeCTBA Njf.

Jlemma 1. ITyemy By — nodmmoscecmeo co6cmeennbir sepusun 044
epaneti nenpueodumozo xKomnaexca M u onpedesenvi ycaosus:

1. Hodmnoncecmso Byy A6asemcs UHMEPBAALHO HE3ABUCUMIM U
NPOMBIKAOUUM 048 KOMNAEKCA 2Panedi.

2. [an waxncdot sepwunst & € By pane epanu Ipz ne 6oavuwe, wem
pamz 41000t donycmumoti epany Komnaexca codepicawseti epuLuny I .

3. Aan xancdoi sepwunbt & € By epanv Iz usomopdua wau do-
MURUPYEM M00Y10 JONYCTMUMYIO 2PaAHb KOMNAECKCE COOEPHCAULYIO 6EPULU-
HY T.

Toeda komnaexc M ssasemcs

— Kpamuatiwum, ecat 6uinoanero ycaosue 1,

— MUHUMAALHBIM U KPAMAUQTUUM, €CAU BLINOAKENBL YCao6us 1 u 2,

— A -MUHUMAALHOIM, €CAL B8bINOAHEHBL Ycao8us 1 u 3.

OTmeTuM, 4TO B CIydae, KODAA HENPUBOIUMbIY KOMNACKC ABAAEMCA
MUHUMAALHBIM U HE ABALEMCA KPAMUATUUM, MOKET HE BHITOIHATHCI
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ycaoBue 1, T.e. HENB3S BBIACIUTH UHTEPBAILHO HE3ABUCUMOE M MPOTHI-
KAIOIIIee TOIMHOXECTBO COOCTBEeHHBIX BepuiuH By;. COOTBEeTCTBEHHO, B
caydae, KOraa kpamuatuut KOMNaieKc He A8AAEMCs MUHUMAAbHOIM MO-
XKET BBIMOJIHATHCA YCIOBUE | ¥ HE BBINOJHATLCA YCJAOBUE 2 [ MAKCU-
maavnot rpannu Iy ; HekoTopon BepmmHEL & € By [1, ¢. 92-93].

Kparuanmme u MuHUMAIBHBIE KOMILIEKCH OOJATAI0T CBOUCTBOM
CYMMUDYEMOCTH i KOMIOHEHT cBsa3HocTH [1, ¢. 117], HO mns mpowms-
BOJIBHBIX MEP CJOXKHOCTHU TAKOE YTBEPXKICHUE HE BEPHO.

Jlemma 2. Ecau nenpusodumvie xomnaexcvr 2panett My u My ydo-
saemeaopatom ycaosuam 1 u 3 aemmvr 1 u muoxncecmsaa sepuwun, codep-
HCAUWUTCA 8 KOMNAEKCAT, ABAAIOMCA KOMNOKEHMAMYU CBAZHOCTUY 8 €0U-
HuunoM Kybe, mo xomnaexc My U My asasemes Ar-MURUMAALHOILM.

Caegcrsue. J10001 MuHUMAALHBLT KOMNACKC 04 CUMMEMPUECKOT
PynKyuy A648eMCA Ny MUHUMAALHBIM,

O6o3uaduM B equHUIHOM KyHe B™:

M],, — MHOXEeCTBO AJPOBBIX KOMILUIEKCOB I'DAHEN;

fA, — MHOXECTBO A;-MUHUMATLHEIX KOMILIEKCOB I'DaHeH;
%A — MHOXKECTBO KOMILIEKCOB I'DAHENl MUHUMAJIBHBIX I JH000U
MEPBI CJIOXKHOCTH;

pna (n) — MaxcumanbHOE 9uCa0 A-MUHUMATBHBIX KOMILIEKCOB (DYHK-
AU 7 TIePEMEHHBIX.

Oueruano, uto My, € M, C M, . Ha camom jgene umeeT MeCTo
CTPOrO€ BIOXKEHUE STUX MHOXKECTB.

Teopewma. Ilpun > 4

n=2
M C M2y C MPa, poa(m) 2 O3 ),
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Cekiiusa

«MaTemaTunieckasa Teopus
NHTE/LIEKTYaAJbHBIX CUCTEM»

O BOCCTAHOBJIEHUU U30BPAXKEHUM 110 KOJAM
B HEKOTOPBIX BBIPO2KAEHHBIX CJIYYAAX

II. I'. Aramamsmin (Mocksa)

OHOW M3 KIIOYEBEIX XaPAKTEPUCTUK W300PAKEHUA ABIAETCA €0
koa. Ilo cBoeMy CMBICIY KOO MOMKEH OTPAXKATH ONPEIETCHHYIO OOMI-
HOCTb B BOCIPHUATUU u300paxkeHunn. B paccMaTpuBaeMOM AUCKPETHO-
FeOMETPUIECKOM IO IX0 1€ OOMMM IPU3HAKOM ABIACTCA aPUHHATL SKBY-
BAJEHTHOCTH U300paxenun. /JanHOe HANPABICHNE MOy YN0 PA3BUTHE B
pabote [1], rge, B 9aCTHOCTH, UCCAEAYETCS BO3MOKHOCTH BOCCTAHOBIIE-
HUA B300PAKEHUN MO WX KOTAM B IBYMEPHOM M TPEXMEPHOM CJIydasX.

B mpennaraemon paboTe UCCICAYETCA aHATIOTUIHASA MPOOJIEMa B 00-
eM caydae IPOU3BOJBLHON KOHEIHOU pasdMepHocTu. OTaeirbHOe BHUMA-
HUE yIeNIeTCA BHIPOXK JEHHOMY CIYYal U300paKeHUN, JeKAIIUX B IBYX
NapaLIETbHBIX THIEPILIOCKOCTAX.

Bcerony namee paccmarpuBaercsa npoctpanctso R”, n > 2. Ilox To4-
Kol ¢ mugekcom p € N OyneM MOHUMAThL yNOPALOUYEHHYIO mapy (X,p)
rae x = (x1,...,%,) — BeKTOp u3 R".

Hzobpancenuem nepsoeo poda B R" HazbIBaeTCA KOHEYHOE MHOXKE-
CTBO MHIEKCUPOBAHHLIX TOYEK, HE JEXKAIIUX B OJHOU THUIEPILIOCKOCTH
7 3aHyMEpOBAHHBIX mHAekcamu 1, ... &k B cayuae k Touek, k € N. /s
u3o6paxenus nepeoro poga A gepes |A| Gygem 0603HAYATH IUCIO TO-
“eK B m3oOpaxenuu, a qepe3 Ny = {1,...,[A|} — mHOX)ECTBO MHICK-
coB y To4uek m3obOpaxkenus. [IBa msoOpaxkeHnus nepsoro poga A; u As,
COCTOAIINE U3 OJUHAKOBOrO uncaa Touek (|A;| = |As|), HaswBatoTes a’-
IKBUBAAEHMHBIMU, ECIU CyIEeCTByeT apPuHHOE TPeo6pPa3OBaHME, MPH
KOTOPOM Kaxkas Todka u3 A; ¢ urgexcom p € Ny, | oToOpaxkaercsa B
TOUKy w3 Az ¢ Tem xe nHAeKCOM P € Ny, ).

Hzobpancenuem 6mopozo poda HA3LIBAETCA KIACC BCEX IMOMAPHO a’-
SKBUBAJEHTHEIX U300PAXKEHUN TEPBOTO POA.

Paccmorpum msobGpaxenue A (mepsoro mim BTOpOoro poga). Bee-
IeM TPOM3BOBHYIO ad@uHHYI cucTeMy KoopauHaT B R" m mycTb
(z7,...,20) — KOOpAMHATEI TOUKM ¢ MHAEKCOM p € N 4| B dTOH cucTeme
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koopauHAT. [I1g TPOM3BOIBLHBIX MHIEKCOB T1,...,Tp41,81;---;8p41 €

N T1...Tn41 .
|A| OIpeneInM UHACKCUPOBAHHOE UUCIO [s, s, ; 1O GopMyJe:

1 .. r1 s1 L. 51
T T 1 Ty ) 1
T1...Tn41 —
lusl...sn+1 - . . . . . . . .
T T S s
$1n+1 o xnn+1 1 x1n+1 o xnn+1 1

B caydae paBeHCTBa 3HAMEHATENA HYJIO MOJATAEM, UTO 3HAYCHUE
u?i:::?:ﬁ He OIpefiesleHo, 1 0603HauaeM TaKol clIydall 3HaKoM 0o. B ciy-
9ae HeHYJEBHIX ONPeNeInTeNel NHICKCUPOBAHHOE IUCI0 ABAAECTCA OTHO-
IIEHNEM OPMEHTUPOBAHHLIX 00BEMOB N-CUMILIEKCOB HA COOTBETCTBYIO-
mux ToYKax [2].

M-x00dom nzobpakenus A HA3LIBACTCA MHOXKECTBO BCEX UHICKCUPO-
BamaeIx wncen p-Ta = {pe onty|ri,s; € N}

Teopema 1. Meaxcdy mmoxncecmseom m-K0008 U MHOHCECTNEOM U30-
bpascenuti 6mopo2o poda cywecmsyem OGUEKYUAL, CONOCMABAAIOUAAL K-
HCOOMY UB0OPANCEHUI €20 M-KOJ.

Kodom mzobpaxenns A Ha3LIBAETCA MHOXKECTBO BCEX MHIEKCHPO-
Bannex aucen Ty = {ps1 snti|ri, 85 € N4}, rae P ety = ps et
Jannoe onpegesenue cornacyercs u 0600maeT onpeeneHue koga us [1].

Cumnaexcubim Habopom UHIEKCOB NI M-Kona pu-1'4 HA3BLIBAETCA Ha-

_ . . T1y0003Tn+41
6op S = (i1,...,in+1), AIA KOTOPOLO fay # 00 mpu JIOOBIX
ri € Nju|. [lpyruMu ca0BamMu, TOIKA C MHACKCAMH i1, .. .,in41 HE JE-

AT B OJHOU MUMEPILIOCKOCTH, HA UTO W YKA3BIBAET HA3BAHME HAOOPA.

O6o3natuM epes fii d1eMEHT M-KOAa, y KOTOPOIrO HUMKHHUM HAGOD
ABJSIETCS CUMILIEKCHBIM HA00POM (i1, . .. ,0n41), 4 BEDXHAN HAOODP OTJIN-
YAeTCsS OT CUMIVIEKCHOT'O B j-OU MOBMIAML: (1, ...y 55—1,8, 041, lntl).

)

Paccmorpum nBa m3obpawkenus A m A co caenyoIuMu CBOUCTBAME:
|Al = |A|, S = (i1,...,int1) — OOINE CUMIIEKCHBIN HAGOD, U BHI-
nomasmioTes pasenctea |[pi| = [i3], s € Nyj,j € Nypq. INomoxnm
- J— y — NS s y i NS
§={i; € Slpj =5 # 0} m M2 = {ij € S|pj = —f; # 0}
Pazodeasrowum pazbuenuvem HaGopa S HA3BIBACTCA Mapa MHOXKECTB

(S1,S2), Aas KOTOpBIX BuIMOAHAETCA: S = S1 USs u 1714 1106000 UHIEKCA
s € Ny mu6o M{ C Sy, M? C Sy, mubo M{ C Sy, M* C 5.

Teopema 2. Kodor uzobpaxcenuti A u A ¢ nepewucaennbimu ceoti-
cmeamu cosnadaom mozda u moavko mozda, xKo2da cywecmeyem pas-
deasowee pazbuenue cumniexcrozo nabopa S.

Adpurnayo 060109KY KOHEIHOTO MHOKecTBA To4ek M B R" HaswiBa-
eM rpaubio 1 o6o3nauaeM depes < M > [3]. Usobpaxenve A naspiBaeTcs
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d0NYCMUMbLM, €CTH IJIS TIOOBIX IBYX HEmepeCceKamxcs rpaden < My >
u < Ms >, comepkalmx BCe TOYKU U300pakeHus A, BRIMOIHAETCS COOT-
somenune: dim(M;) + dim(Ms) = dim(A4) — 1.

Teopema 3. Kody coomeemcmsyem eduncmeennoe u3obparcenue
6mopo2o poda mozda u Moavko mozda, K020a u3006pPaNCEHUE ABAAEMCA
donycmumbim.

TeopeMa 3 ABIAETCA AHAIOTOM YTBEPIKAEHUN, JOKA3aHHLIX B [1] mms

cayaaes R?2 u R®, a Taxxke o6mIero pesyabTaTa, HOAyIeHHOro PymneH-
ko A. [I. nna cayvas mpOCTPAHCTBA TMPOU3BOJBLHON KOHEUHOU pas3Mep-
soctu. CoracHo >TUM pesyabTaTaMm, KOOy COOTBETCTBYET €IUHCTBEH-
HOE M300pPaKeHWe C TOYHOCTBLIO 10 a’-3KBUBAJIEHTHOCTH, €CAU OHO HE
JIEXXUT B [BYX MapaIeJbHEIX TUIEPIVIOCKOCTAX. Teopema 3 nmpumennma
U K TaKOMy BEIpOXIeHHOMYy ciaydaio. Craemnyiomee yTBepxkaeHue 6Goiee
IEeTATBHO Pa3bupaeT TAHHBIA BOIPOC.

Yreepxaenune. IIycmb A = A1 U As, u <A1 >N <4 >=a.
Mzo6pancenue A donycmumo < dim(A4;) + dim(As) = dim(A) — 1, w
Ay, As donycmumbt.

Ncnonssyem MOMy9YeHHBIA Pe3yabTaT A1 KIACCU(PUKAIWN TOIYCTH-
MBIX M300PaKEHUHN, JEXKAMMX B IBYX IMAPALIEJbLHEIX MHIEPILIOCKOCTAX,
B cayvanx dim(A) = 2 u dim(A) = 3.

Cayuai dim(A) = 2. B gannOoM cayuae u300paKeHue JeXKUT Ha JBYX
NapaLIeTbHBIX IPAMEBIX. BCe TOUKM PACTIONOKEHL HA IPAMOY U B TOYKE,
HE JIeXKAIEN Ha DTOU MIPAMOM.

Cayuai dim(A) = 3. B gannOoM cayuae u300pakeHue JeXKUT Ha JBYX
napaLIelbHBIX IOCKOCTAX. BO3MOXHO 1BA BapmaHTa:

1. Bce ToukmM pacmoOXeHEl HA IMIOCKOCTH W B TOYKE, HE JIeKAaIlen
HA DTOW MIOCKOCTH. [IpW 3TOM TOYKM HA MIOCKOCTA HE MOTYT OBITH
PACTIONOXKEHBI Ha, IBYX MAPALICIbHEIX TIPAMBIX.

2. Bce TOYKHM paCHmoNOXeHBl HA ABYX CKPEMUBAIOMINXCA MPAMBIX.
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CPABHI/I’_‘!_‘EJIBHLII‘/’I AHAJIN3 3ATIPOCHBIX
TEXHOJIOTUU OJ1AA CXEM BA3 JAHHBIX CYB/ DIM

. B. Auronos, B. C. PyGuaes (fApocaasisb)

Jas marunyaauun gasasivu CYBI DIM [1] seo6xoaumo ucnoas3o-
BAHUE OJHOU U3 3aIPOCHBIX TexHoaoruu. OIHOU U3 HUX ABIAETCA A3LIK
sanpocoB ODQL gas CYB ] DIM u nops 0K KOMIWISAIUEA, COCTOAIIMN B
BBINIOJIHEHNY anropuTMa, onucanHoro B [1]. Ho Tak kak peanmsanus cu-
CTEeMBI UAET MPU TOMOIIA META-YPOBH:A, 0TOOPAKAEMOr0 PENANNOHHBIMA
B, To BO3MOXeH MOAXO0] CO3MAHUA COOTBETCTBYIOIIETO PEIAIUOHHOTO
3ampoca kK MeTa-ypoBHmw. [las sToro sanpoc ODQL nonxen 6uITh Tpamc-
JIUPOBAH B PEMANUOHHBIU 3AMPOC.

Tax Kaxk HEACHO, KAKAA U3 TEXHOMOTUN MOXKET 0Ka3aThCA (P pheK TUB-
Hel [0 BpeMeHU (TeXHOJOrWs PEIALUOHHOIO 3alPOCa K MeTa-yPOBHIO
TpebyeT NOMOJHUTEILHBIX 3aTPAT BPEMEHU HA TPAHCIAIWIO B PEIALN-
OHHBIN 3AIPOC, HO MOJIYyIEHHBIN 3aIPOC MOXKET BHIIOJHATHCA OBICTPEE)
HEOOXOAMMO TPOBENEHNE CTATUCTUICCKUX SKCIEPUMEHTOB.

[l BBIABIEHUWS MOJHOU KAPTUHBI HYXKHO TAaKXKe CPABHEHUE C TeX-
HOJIOTUEN, KOT 3 JaHHBIE Pa3MeIIATCA B penanuonnoun Bl u cooTreT-
CTBYIOLUIUY 3ANPOC [EJAETCI HEMOCPEICTBEHHO K Hel. flcHo, 4To Hanwm-
CaHue caMoro PEIAINUOHHOrO 3aIpoca B 3TOM CIydae HAMHOIO CJIOXKHEE,
a BPEMs BBHITIOHEHUSA MOXKET OBITh MAKCUMAJIbLHO CHUXKeHO. [loToMy He-
06X0IMMO CPABHEHUE BCEX TPEX TEXHOIOTUH.

Bosemem B kadecTBe mpumepa cxembl B/l mis 5TUX 3ampocoB Takoe
3aaHue:

Kopabau u3 muoxkectBa Ships, 9MCI0 KOTOPHIX Ng, TEPEBO3AT T'PY-
361 U3 MHOXecTBa (Cargoes, Yucao KOTOPBIX N, B TOPTHI U3 MHOXECTBA
Ports, 1ucno xkoTopeIX np. Ilpun aTOM KOpabab § Be3eT r'Py3 ¢ B IOPT P
B Kosu4aecTse k(s,p).

Heo6xoauMo HANKMCATDL CAELYIOMUN 3AMIPOC:

Cnucox naumenosanut 2py3os, xomopvie 8e3ym naubosee Ha2py-
HCEHHBLE KOPAOAU U NPU IMOM 8 HAUMEHBULEE YUCAO NOPMOS cpedu ma-
KUT Kopabaet.

[l1a Hagaaa COCTABHM 3aIpOC K CXeMe, CO3JaHHOU B PEIAIUOHHON
CYB/I, koTopei OyIeT ONTUMATLHLIM IO TPYAOEMKOCTH, TPUMEp TaH-
HOI'O 3aIIpOCa MOKHO HAuTH B [1].

3aTeM COCTaBIAETCS PEMANMOHHBIN 3anmpoc K mera-yposuio CYB/]
DIM:

Select Distinct Parameters. Name

From Parameters,

//(60aee 50 cmpox)
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)
Where sc. Value=c. Value AND sc.IdParameter=c.IdParameter

AND Parameters. Name=ShipName

K cxeme, cosgannon 8 CYB /I DIM, sanpoc Ha asbike SQL BurmainT
cloXHee, YeM aHajgoruvubi 3ampoc K pemsnuonnoun CYBI, Ttak kak
IAHHAS CXEMa MMEET HECKOJbKO MHYK OPraHU3aluio. 3anpoc HA A3BIKE
ODQL mis Hee BHITIAIUT CAEAYIOMIAM O0OpPa30OM:

select c.CargoName from Cargoes c, Ships_Cargoes sc,

( (select objmaxsum (sc.Quantity) on s from Ships s links s
contains(sc) c¢) s1

intersection

(select objmincount (p.obj) on s1 from s1, Ports p links s1 con-
tains(sc) ¢, p parent sc)

) s2

links s2 contains(sc) ¢

[lanee IpOBOAUTCA TECTUPOBAHNE BPEMEHU BBLIMOJHEHUS 3aIPOCOB K
cXeMaM, COAEPKAIINM PABIAIHOE KOIUIECTBO 3anucen B Tabaumnax. /i
MPOBENEHNUs AHAMU3A HEOOXOAMMO COCTABUTL TaOIWIy, HA OCHOBAHWUU
KOTOPOH [eJaeTCa BEIBOJ 00 3 (PEeKTUBHOCTH 3aIPOCHEIX TEXHOJIOT NN 1
eJeCO0OPA3HOCTY UX UCIONb3OBAHUS.

B rabauue npeacTaBieHO COOTHOIIEHUE BpeMeHU (YKa3aHO B CEKyH-
[1aX) BHITIOJHEHUA IaCTH IPOBEICHHLIX 3AMPOCOB C UCIOIb30BAHUEM YKa-
3AHHBIX BBINIE 3AMPOCHLIX TEXHOJIOTUU. Takxke, B HEM MUMEIOTCA 3HAME-
HUs CyMMapHOIO KOJIMYECTBA 3anucen B 3 Tabauiax, KOTOPBIE 3AMOJHe-
HBI CIyYaUHLIMU TaHHLIMU. [[BA 3aKTIOYATENBHBIX HOMEPA 0003HAYAI0T
ocoObIe CIyvan:

BocbMon — kaxk Bl KOpabib BE3eT KAXKABIU IPY3 B KaX IbIA TIOPT
(MaKCUMAaJBHBIA 10 TPYAOEMKOCTH).
[epaTein — oaMH KOPaOJIb BE3ET ONUH T'PY3 B OJUH HOPT

(MUHUMATBHEBIN IO TPYLOEMKOCTH).

Cymmapuoe xonuvectso 3anucern | SQL | ODQL | SQL(DIM)

1 458752 2,265 | 3,397 2,718
2 917504 6,162 | 9,011 8,394
3 1736704 8,678 | 14,017 13,314
4 1818624 8,084 | 14,318 13,592
5 1835008 8,175 | 14,628 13,693
6 3637248 19,357 | 29,1 28,228
7 3997696 26,357 | 36,536 34,993
8 15000 43,1 50,1 51,6

9 15000 0,144 | 0,263 0,221
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Ilo Tabauile MOXHO 3aMETHUTh, UTO BPEMs BBLITIOJIHEHUSA 3amMpoca Ha
sa3eike SQL Bce xe uger 6wicTpee. U, xors ODQL 3anpoc u BeimonuseT-
ca B cpeanem Ha 35% moabme, wem SQL 3ampoc, 5T0 He Takas Goabmasn
npobaemMa, yauTeiBas yno6cTeo aseika ODQL, cuaTakcuc koToporo mo-
HATHEE U TPUATHen, YeM y 3anpoca na SQL. 3anpoc Ha s3nike SQL, mo-
CTPOEHHBLIN K META-yPOBHIO, OKA3AJICA HEMHOTO (P EeKTUBHEe, HO 31€Ch
CleyeT YYUTHIBATh, YTO B TaOIUIIE OTOOPAXKEHO BPEMs 3ampoca, TOTaa,
Kak HeoOxoaumo emre Bpemsa Ha Tpancaanuio ODQL B SQL.

IIpoananu3upoBaB BpPeMs BBHITIOIHEHUSA B OCOOBIX CAydYasX, MOXKHO
CIETaTh BLIBO, 9TO PA3HUIA BO BPEMEHM MEXIy MAKCUMAIBLHLIM W M-
HUMAJLHLIM CAY9asAMU C ACIOAb30BaHmeM Texuomoruu SQL cocrasiseT
42,956 c., ODQL — 49,837 c., rorga kak SQL x mera-ypoBHio —
51,379 c.

B manHOM CIyduae 3aMETHO YMEHBINEHUE PASHUIILI BO BPEMEHU 3aTIPO-
ca mexxy ODQL u SQL ¢ 35% mo 16 %.

Takum 06pa3oOM, YIUTEIBAA BCE DT M3MEPEHUA, MOXKHO CIENAThH BHI-
BO/I O HEJIeCO0OPA3HOCTH UCHOAB30BaHus 3anpocHon Texuonorun ODQL.

Croucok auTepaTypsbl
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3ATAYA TIOUCKA TOYKHU, ITIOTATAIOIIEN
B IIOJIYILJIOCKOCTD

M. A. Ba6unos (Mockga)

PaccMoTpuM CIefyOMyo 3aJady, KOTOPYIo OyAeM Ha3bIBATh 3a-
dauetli noucka mouxu, nonadawowet 6 noayniockocms. Illycte M =
{milm; = (z;,y;) € R%,i = 1.n} — MHOXeCTBO TOYeK OBIIET0 MOMOKe-
uusa. Hyxuo mias saganubix uncen A, B, C HaUTU KaKy-HUOYIL TOUKY
m; = (x;,y;) € M, aro Az; + By; + C > 0, wiu ckazaTb, 4TO TaKuUX
HET.
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Cpasy Oygem pacCMaTpUBATH [EOMETPUYECKYIO0 WHTEPIPETAINIO
sTon 3agadu: M — MHOXECTBO TOUEK HA ILIOCKOCTH, 3AMPOC — Mp-
vas Az + By + C. Pesayabrar — TOUKa, Jexkallas B COOTBETCTBYIOIICH
HOMYIIOCKOCTY OTHOCUTEABHO 3TON HPAMOU (ST MOMYILIOCKOCTD 3a,4a-
toT 3Haku A, B, C).

daemenmapnoti onepayueti 6GyaeM HA3LIBATH APUPMETUICCKUE OIe-
pauuu, JOruvecKue ONEpAINN, a TaK e Olepaunnu, KoTopele B [1] cun-
TAIOTCA JEMEHTAPHBIMA [IJIA Pealu3anuu 2-3 Tepesa.

Bpemennoti cao#cHocmvio aa20pumma HA30BEM KOIMIECTBO DIEMEH-
TAPHBLIX OTMEPAINN, KOTOPHIE DTOT AATOPUTM MPOU3BOAUT I JOCTUNKE-
HUS PE3yabTaTa.

Caoxcnocmvio no namamu Oy 1eM HA3BIBATb KOJUIECTBO TAMATH, KO-
TOpOE HYXKHO /I XPAHEHU BEIIeCTBEHHBIX YUCET, & TAK XKe TeX dJIeMeH-
TOB, KOTOPBIE HYKHEI 1/ XPaHEHUsA OMHAPHBIX A€PEBBLEB, OINUCAHHBIX B

[1].

Teopema. Cywecmsyem as2copumm, pewtarowuti 3a0auy nNouUcKa
mouku, nonadaouet 6 NOAYNAOCKOCMY, € A02aPUPMUUECKOT NO NOPAI-
KY POCNA BPEMENHOTE CAONCHOCTILIO U AUNETHOT 0OMm Pas3mepos 6a3bi dan-
HHIL CAOHCHOCTIBIO 1O TNAMAMU.

[lns noKa3aTeabCTBA ATOM TEOPEMEI ONUIIEM AJTOPUTM.

[na madana 0603HAYIUM CTOPOHBLI BBEIMYKJION OOOJOYKEA MHOXKECTBA
M 3a E;,i = 1..n, a Bepumsust 3a V;, ¢ = 1..n, npudem Bepmwmusr V;V;iq
HHIUIEHTHLL cTopoHe F;. B 6asze mia xaxmou cropoun E;,i = 1.n
OyoyT XPAHUTHCA CJACAYIONINE TAHHEBIE.

1) V;,Viy1 (ecam i = n, To B7mecto Viq Oyger V).

2) {VilVj : p(Vi, E;) > p(V}, E;)} (3mece p(A, a) sTO paccrosHme oT
Touku A 10 mpsavon a B metpuke R?). OueBHAHO, 9TO TAKAX TOTCK HE
6osee nByX (CaeLyeT U3 BBIMTYKIOCTH).

3) HeopuenTtuposauusir yroa (oT 0 10 7), KOTOPBIA COCTABIAET C
ocki0 abcrucee npaMas F;, OTCIMTAHHBIN MPOTUB YaCOBOUM CTPEIKHU.

Bce sTn mammbIe GyoyT XPAHUTBCA B IBOMYHOM AE€PEBE MOUCKA, TIE
KJIHOUOM OyIeT ABIATHCA YUOJd U3 3).

3a g 0603HAYUM YT O IPSAMOR-3aIPOCa (OTCIMTAHHBIN TAK XKe KaK B
3)), ae — yroa coorBercrByiomen croporsl. O6paboTka 3anpoca Oyger
3AKII0YATHCA B CACIYIOMUX T€UCTBUAX:

1) Howuck Gamxanmen no yriy cTOPOHBL K OpaMon-3anpocy. To ects
MUHUMU3A0UA BeInduHbl min(—a, — ag—,—7 — (@ — q)—) 0O BCeM
CTOPOHAM BBITYKJION 060JOTKH.

OpranmsoBaTh STOT MOUCK HE CJIOKHO. [[epBLIM 1€I0M HY2KHO HAUTH
OImKauImue K ¢y CIOpaBa ¥ clIeBa. BUHAPHOE IepeBO MOMCKA MO JepIKN-
BAET BO3MOXHOCTBH TAKOTO MOUCKA. AHATOIMYHYIO TPOIENypy HYKHO
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IPOBEPHYTH M T — &y. OCTaHeTCSA BHIOPATH OIMKANUIINN M3 IE€THIPEX
BAPUAHTOB.

2) Ilposepka 3-x win 4-X TOYEK, COOTBETCTBYIOINX HAUJLEHHOU CTO-
POHE: IBYX KOHIIOB JAHHOU CTOPOHBI U OJHOUN WU ABYX TOYEK, TATHHUX
OT CTOPOHHL.

3) Ecau kakas-n1m60 U3 3TUX TOYEK IONALAET B HOLYILIOCKOCTH, TO
BEIIATL €e. B caydae, ecim BCe 3TU TOYKU HE MOAXOMAT, IATH OTPUIA-
TeJILHLIN OTBET HA 3aIpOC.

Asropurm 3aKoHYeH.

Teneps mpuBefeM UACK TOKA3ATEIALCTBA TEOPEMHI.

JlokaxeM KOPPEKTHOCThb MPUBEIEHHOrO aaropurma. JloxkaszaTenb-
CTBO MPOBEIEM MO CIEAYIOMIEMY TIIAHY: CHAYAIA 3aMETUM, ITO BECh MHO-
FOYT'OJBHUK (BBINYKIYI0 OOOJI0YKY) MOXKHO HOMECTUTH MEXIY MIPIMEL-
MU, TAPAIEIbHBIMA MPAMOU-3aIPOCY W NPOXOMALIUMEA Gepe3 Onpee-
JEHHBIE BEPUIXHBL. A TOTOM yBUIUM, YTO AOCTATOYHO TPOBEPUTH JIUIIb
T€ BEPIIWHBI, IO KOTOPLIM MPOXOIAT DTU MPIMBIE.

lloxaxem nepByto 9acTh. [lycts 4 — cTOpOHA, KOTOPYIO aArOPUTM
maméa B 1 myakre. Torga mo oqHOU U3 BEPUIMH MOXKHO MPOBECTH Mpsi-
MY10, MapaLIeIbHY0 3aMPOCy, 411 KOTOPOU BECh MHOTOYOILHUK JEKUT
[0 OHY CTOPOHY. DTOT (HAKT CJIEAYET U3 BHIMYKIOCTA U MUHUMAILHO-
CTU yIyia MEXIy CTOPOHOU U 3ampocoM. IIpoBeméM »Ty TpaAMYIO U Ha-
3oBéM [. Ilycts (6e3 orpanwvenus oOIIHOCTH) OHA HpouwIa Uepe3 Vi.
IIycre V; — panbmsas ot By Bepmmua. Torga ona OymeT galbHEd W 1A
| (13 BCEX BEPUIVH BHIMYKJIOU OGOJIOYKM). DTO CJACAYET U3 MUHUMAIb-
HOCTY yIVIa U BHIMTYKJIOCTY MHOTOYTOJbHUKA. SHAYUT, MPOBESA TIPAMYIO
" mapannensno [ gepes Vi, MBI J0OBEMCSA Ke1aeMoro pesyabraTa. Ecam
ke y Ei nBe nannHUX TOYKHU, TO OJHA U3 HUX OyAET ABIATHCA AaIbHEN
s | (ecam, konedHo, | e cosnagaer ¢ Ep, B ToM caydae 06e TOUYKU
OynyT nambHuME). Takum 06pa3oM MOMYYUM, 9TO YEPe3 ONHY U3 TOUEK
Vi, Vo mpougér I, m 9epes oguy m3 gaabanx gia Ey npougét I'. Taxum
00pa3oM MpoBepKU 3TuX 3 mwin 4 Touex OyAeT TOCTATOTHO.

Tenepb, 4TO6H JOKA3ATH TEOPEMY, OIEHUM CJIOXKHOCTHBLIE XapaKTe-
PUCTUKU TPEACTABICHHOTO aaropurMa. OueHnM BpeMeHHYO CJI0KHOCTh
AITOPUTMA.

1) Tepsbilt 5Tan — MOUCK B OMHAPHOM AepeBe MOImHOCTH n. Umeer
BPEMEHHYIO CJIOXKHOCTb, Kak u3BecTHO, O(log, n).

2) Bropou sran — 3 (umm 4) onepaunuu, CBOIAMINAECA K HECKOILKIM
(me GoJee KOHCTAHTHI) DJIEMEHTAPHBIM ONEPALIUIM.

OcTanbHBIE DTANBI UMEIOT CJA0XKHOCTH He 60/1e€ KOHCTAHTHI DIEMEH-
TAPHBLIX OTEpalui. SHAYUT OO0Ias BPEMEHHAs CJIOXKHOCTH aJCOPUTMa,
O(logy n).
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OueHnM CIOKHOCTB TO MaMATH. AJTOPUTM XPAHUT NAHHBIE O Ka-
XKJIOU TOYKe B OuHAPHOM jgepeBe noucka. O KakJI0U TOYKe XPAHUTCA HE
60J€€ KOHCTAHTHOTO KOJAMYECTBA NAHHBIX (BEIIECTBEHHBIX YUCEN), OU-
HAPHOE TEepeBO TPeOyeT MOMOMHUTEILHO He 60JIee TUHENHON CIOKHOCTH
no naMaTu (onucaso B [1]). 3HauuT 00WWIAA CIOKHOCTDH [0 DAMATH HE
6osee, uem auHenHA. Takum 06pasoM, TeopeMa TOKa3aHa.

PabGora BBIMOTHEHA NOX PYKOBOACTBOM Tpodeccopa, mA.¢.-M.H.
9. J. l'acanoga.

Craucok auTepaTypsbl
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PA3SPABOTKA N UCCJIEAOBAHUE CEPBUCA

PEKOMEHJIAIIM B MOBMJIBHOM KOMMEPIIUA
HA OCHOBE AJITOPUTMA APRIORI

A. C. Beccauos, A. II. Peixxo (Mocksa)

B pabore paccMaTpuBaeTcs mocTpoeHne Npoduisa KINEHTA TEIEKOM-
MYHUKAIMOHHON KOMIIAHUU Ha OCHOBE ajropurma Apriori moucka acco-
UUATUBHLIX MPABWI, BXOISMIIErO B COCTAB AJITOPUTMOB MHTEIEKTYAJb-
HOro anaam3a faHubx (Data Mining). IlocTpoeHHBIN TPOQUIDL TO3BOMILI
BEIABUTH CKPLITHIE 3aKOHOMEDHOCTU MEXKIY DPa3JUIHBIMU TapaMeTpa-
MU, ONUCHIBAIOIIAMY KINEeHTA (IXIHAsA HHPOPMALUI 1 TPAH3AKIUOHHEIE
JIaHHBIE). JTO MO3BOJMAIO TOBLICATH 3PPEKTUBHOCTL OM3HECA 34 CIET
60Je€e TAPreTUPOBAHHEIX TPEIIOKEHNN KINEHTY. AJIrOpuT™M mpoTecTu-
POBAH HA JAHHBIX OJHOU TEJEKOMMYHUKAIMOHHOU KOMIIAHUY U IIIUPOKO
MPUMEHATCA HA TPAKTUKE, UMes BLICOKUE MOKA3ATENN OTKINKA KJIUEH-
TOB HA PEKOMEHIAINN

AccoumaTuBHBIE TpaBWIA MO3BOIAKT HAXOAUTH 3AKOHOMEPHOCTH
MEXIy CBA3AHHBIMU COOLITHAMU. Brepsrie pTa 3amada ObLIA MPENIO-
KEHA I HAXOXKACHUsA TUNUIHBIX MAOJOHOB MOKYHIOK, COBEPIIAEMBIX
B CymepMapKeTaX, MO3TOMY WHOTAA €€ eIlé HA3BIBAIT AHAJU3OM DhI-
HouHOM Kop3uHbl (market basket analysis) [1]. IIpumepom Taxoro mpa-
BWIA CIYXKUT YTBEPXKIEHUE, UTO MOKYMATENb, TPUOOPETAIIINA TOBAP
A, nmpuobpeter Toap B ¢ BepoarnocTrio 75%. IIpuBemem oCHOBHEIE
OTIpeIeeHUs:

Iycre I = {iy,i2--- ,in} — MHOXECTBO 3JIEMEHTOB, BXOIALIUX B
Tpau3akiuio. D — MHOXECTBO TPaH3aKIWH.

326



Accoyuamuenblm Npasusom HA3BIBaeTCA uMmmnkanua X — Y, rae
Xcl,LYCLuXnY=g.

IpaButo X — Y umeer noddepocky s (support), ecau s% Tpansakuun
u3 D cogepxar X UY,

supp(X —=Y) = supp(X UY) (1)

Ipasuwio X — Y copasemmuso ¢ docmosepnocmuio (confidence) c,
ecau ¢ % Tpamsakmui u3 D, conepxammx X, Takxke cogepxkar Y.

supp(X UY)

conf(X =»Y) = supp(X)

(2)

JIugfm — 3TO OTHOIIEHNE YACTOTHI MOABJIEHUs YCJAOBUA B TPAH3AK-
IUAX, KOTOPBIE TaKXKe COAEpPXKaT M CAeICTBUE, K YaCTOTEe MOABICHUA
CIeICTBUA B IIEJIOM:

conf(X =»Y)

lift(X -Y) = Supp()

(3)

Opuum 3 HanboJee MOMYAAPHBIX AJICOPUTMOB MONUCKA ACCOUNATUB-
HBIX TIPABUJ ABAAETCSI aAropuT™ Apriori, BEIABIAIOMIAN BCE IPABUIA 110
3aJaHHBIM apaMeTpaM MOJNEePKKHU U JocToBepHOCTH [1,2].

IlocTaHoBKa 3agaum mocTpoeHusa npodmia. Bo3bMméMm B Kade-
CTBE DJEMEHTOB TPAH3AKINY JUIHYI0 UHPOPMAINIO O KAueHTe, 106aBUB
[OPEeJIOYNTAeMbIe UM YCAYTH, U OIPUMEHUM K 3THUM NAHHBIM AJCOPUTM
Apriori.

[Ltrockl TakoOro mOAXOa OYEBUIHBI: MOXKHO BBIABUTH CKPBITHIE 3a-
KOHOMEDHOCTHU MEXKAy NPW3HAKAMY, OMUCHLIBAOIIMMU KINEHTA; MOXKHO
BBIABUTH CETMEHT JIOJEeU, KOTOPOMY MOXHO TIPENIaraTh Ty WIA UHYIO
yeayrys;

COBOKYIHOCTL IOCTPOEHHBIX NPABUI OyleM HA3BIBATH npogdutem
KAUEHM Q.

Ausropurm nocrpoenus npodwia kianernrta. [Ipouenypa mssme-
vyenus 3HaHuy u3 6a3 nanubix (Knowledge discovery in databases wiam
KDD) cocTouT 3 Creqyomux maros:

1) Bribopka gaHHBIX;
2) Owuncrka,

3) Tpaucdopmanmus;
)

4) Naremnekryanbubiil ananu3 ganueix (data mining);
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5) Murepnperanus pe3yibTaToB.

B amamuTuueckon mratdopme Deductor 6w paspaboTaH CleHa-
puUll, CTPOAMMYA TPOPUIL MOJBL3OBATENSA JOMOJHATEILHBIMU YCIYTAMA
coroBon cBasu (VAS ycayramu), MOCTPOEHHBIX COMMIACHO MPOLEIype
KDD [3].

IIpoduasr mocTpoeH ¢ HCHOAL30OBAHUMEM OCHOBHOU HHMOPMAILUU O
KJIMEHTE TeJEKOMMYHUKAIIMOHHON KOoMTauuu. [Ipu 3ToM, OB yCTpaHe-
HbI CHJIBHO KOPPEIUPOBAHHLIE IEPEMEHHBIE: [IBETHOU AUCILIEN Teaed)OHa
u touch screen (u3 HaIMYMA MEPBOrO ClENYET HAIUYUE BTOPOTO), LIEHA
TenreOHA U pa3pelleHne d3KpaHa TeaedoHa.

Anroputm Apriori TecTUpoOBANCA € PA3TUYHBLIMEA BXOTHBIMU Tapa-
Merpamu. s onuceiBaeMoro creHapus ObLIu IpoaHanu3upoBaHsl 508
669 zanucu, 62 563 Tpausaxkuuu, 55 >aeMeHTOB Tpauzakun. Hannyurmme
MPABUJIA CTEHEPUPOBAIUCH CO CAEAYIOMINMU BXO THBIMU MAPAMETPAMU AJI-
ropurMa Apriori (yCTaHOBIEHO SKCIEPUMEHTANBHBIM Iy TEM): [0 IePXK-
ka 6osee 0,1%, nocroeeprocTh Goaee 5%, MAKCHMATBLHAA MOIIHOCTD 9a-
cTo BcTpeuaromuxcsa HabopoB paBHa 4. [Toxyueno 89 690 mpasu.

B kadecTBe mpumepa MOCTPOEHHOrO B MPOMUIE TPABUIA TPUBEIEM
crepyomee: KaneHT u3 MOCKBBI, OmaaTuBmun Teaed)OHU0, ¢ BEICOKOU
BEPOATHOCTBHIO CAETAET KOMMYHANBHBIN TLIATEX.

ITpumenenue npodumisa. [locTpoeHHBI TPOPUIL TPUMEHIETCA HA
OPAKTUKE CIeayomuM 0o0pa3oM: HAXOAWM BCE IPABWIA, e B CJIEl-
CTBUM CTOUT yCJIyra, MPOTOHSAEM Yepe3 TAKUEe MPABUIA KIUEHTOB KOM-
naHuu: gas npasuna A — B HaX0AUM KJIWEHTa, y KOTOPOTO ecTh A, HO
HeT B, u npeanaraem emy B. B pe3yabraTe moayduM pPEKOMEHIAIINN C
PA3HBIMU [TOKA3ATeJNsAMU 10 NEPKKN, OCTOBepHOCTH U audTa. Bosuu-
KaeT BOTMPOC: KaKas U3 XapaKTEePUCTUK PEKOMEHIAINN ABIAETCS HAnOO-
Jee npuoputeTHon?! B mammonm pabore mosaraem, 9TO TAKOBOU SBJIAET-
cs1 mudT, OAHAKO, HTY 33a9y MOXKHO PEIIATH SKCIEPUMEHTAIBLHBIM IIy-
TEM, 3aMEPUB 3aBUCUMOCTD KaXK JOU XapaKTEPUCTUKA OT OTKINKA, KIU-
€HTOB HA PEKOMEH TAIINN.

IIpumenenue Taxoro noaxo a NO3BOIWIO YBEIXNYATE IPOLAXKA HA JIe-
CATKU IPOLEHTOB, OTKJIWK — B 5—7 pas. ITO MO3BOJIET CAEMATH BBIBOT
0 HEePCIEKTUBHOCTY IPEIOKEHHOrO MOAX0Aa B OM3HECE NOMOJHUTENb-
HBIX YCJIyT COTOBOU CBS3M.
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OB OBOCHOBAHUUMU AJITOPUTMOB
CTATUCTUYECKOI'O AHAJIN3A
B CUCTEMAX AKTUBHOTO AYAUTA

A. B. T'amatenko, . H. Emenbaunos,
A. E. Jle6eaeB (Mocksa)

Cucremsl akTHBHOTO ayAuTa [1] mpeIHA3HAYEHBI A5 BLIABIEHNA AHO-
MAJBHOTO MOBefeHUs UHGOPMAIUOHHO-BHYUCIUTEIBHBIX KOMILIEKCOB,
BBI3BAHHOT'O JEATEIbHOCTBIO 3J0YMBIILUIEHHAKOB, OIINOKAMY JIETATbHBIX
MOJIB30BATENEHN, COOAMY TPOTPAMMHBIX WM aNMapaTHBIX KOMIOHEHT U
IPYTUMHU O JOOHBIMY UM TPUIMHAMY. BOJIBIITHCTBO CYMIECTBYIOMUX Ch-
CTeM aKTUBHOTO ayIUTa BHIABIAIOT AHOMAJIBHOE MOBEIEHHUE C TOMOIIBIO
33JaHHOr0 HAOOpa CUCHATYD, 3aQaHHBIX, KAK NPABUIO, B GoOpMe pe-
IyJISAPHBIX BEIDAXKEHNN (B KadecTBe MPUMEPOB MpuBefeM cucteMy [2]).
OueBUIHBIM HEIOCTATKOM TAKOTO MOAXOAA ABJIAETCS HEBO3MOXKHOCTH
0OHAPYKEHUS HOBLIX ATAK, HE 3AHECEHHBIX B 6a3y curHartyp. Jpyrumn
cloBaMu, cucTeMa obecrnedeHus 0e30NacHOCTU BCErIa OKA3BIBAETCA HA
Imar mo3aAu 3J0yMBIIUIEHHUKOB. KpoMe TOro, 3aTpyIHEHO BHIABICHUE
MACKUPYOIIUXCSA TOIb30BaTeaen. B kadecTBe MOMOJHEHUsA K CUTHATYP-
HOMY AHAIU3ATOPY MOXKHO MPEIIOXKUTH CTATUCTUUECKUN AHAIUIATOD
[3, 4]. OCHOBHBIM HELOCTATKOM CTATUCTUIECKUX AHAIUIATOPOB SIBJAET-
Cs1 HETapaHTUPOBAHHOCTE PA0OTHI — MO AABJISIIOIIEE OOMNBIIMHCTBO AJT0-
PATMOB OCHOBAHO HA 3BPUCTUKAX; OTCYTCTBYIOT NOKA3ATEILCTBA MPAa-
BWIBHOCTHU (PyHKIMOHUPOBAHUA XOTs OBI B MOIEJIbHBIX CaydasX. PaboTs
CO CTPOIMM MAaTeMATHYIEeCKUM MCCIeNOBAHUEM, Takue Kak [5, 6], aBis-
IOTCA PEIKUMHU UCKTIoUeHuAMEA. Takum 06pa3oM, BO3HUKALT 3aJa4a BHI-
SIBJIEHUS KaK HEOOXOAUMBIX, TAK U JOCTATOYHBIX YCJIOBUAU MPABUILHOCTH
(QYHKIMOHUPOBAHUA PABIUIHBIX MOACACTEM CUCTEMBI CTATUCTUIECKOTO
anaausa. B paboTe uccrenyoTcs BONPOCH, CBA3AHHLIE C OMUCAHUEM THU-
MUIHOTO MOBEAEHUA CYyOHEKTOB U OOBEKTOB KOMIBIOTEPHEIX CUCTEM.

O6masn cxema pa6oTBI CTATUCTUYECKOTO aHAIM3ATOPa

1. CTpouTcsa onucaHue TUMNMYHOTO MOBEIEHUS, HABBIBAEMOE JOJT0-
cpounbiM mpoduaeM. Kax mpaBuao, JOATOCPOYHBIN MPOQUIL TPEaCTa-
BJAET COOOM yCPeIHEHNEe 3HAYEHUN KaKOU-I100 XapaKTEePUCTUKHA IIOBe-
IEeHUs TO “CKOMB3AMEMY OKHY’ — HaOMIOIEHUAM 3a (PUKCUPOBAHHBLIN
OPOMEXYTOK BPEMEHHU, WA 110 BCEH UCTOPUHU, HO € yObBamomuMu (Kak
IPaBWIO, DKCIIOHEHIMAILHO ) BECaMu, YTO0OBI 60siee JaBHUE COOBITHS MMe-
JIU MEHBINee BIAWSHUE. 3AMETUM, UTO B CAydae HAAWYUAA TPEHAa B THU-
MUYHOM TIOBEJEHUY TaKUe OIEHKW, BOOOIIE TOBOPs, HE ABIATCA COCTO-
ATEJbHBIMY, W BO3HUKAET 33jJada YyCTAHOBJICHUS YCJIOBUU HA 33 JaHUE
npoduis, TaPAHTUPYIOMUX COCTOATEALHOCTh. [IJisi OLEHKHU MOTPEIIHO-
CTH XOTEMOCH ObI TIOJMYYUTE OEHKYU CKOPOCTHU CXOTUMOCTH.
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2. BLIUUCAAITCA TapaMeTpHl TEKYIIEro OoBeeHrs CyObekTa (KpaT-
KOCDPOYHBIE TPOMUIN), U TPOU3BOAUTCA COMOCTABICHAE KPATKOCPOIHBIX
npoguIen ¢ JOATOCPOIHBLIME. B ciydae, eciu OTINYIus ABIAOTCA CyIe-
CTBEHHLIMU (HAPUMED, 3HAYEHNE (HYHKINOHALA, 33 JAI0MIEr0 CTATUCTA-
YeCKUN KPUTEPUH, MPEBOCXOJAUT HEKOTOPBIA MOPOT), TEKYIIEe MOBEIe-
HUE O0O0BABIAETCA HETUIINIHEIM.

O1eHKH CXOQMMOCTH BEKTOpa YaCTOT K BEKTOPY UCTUHHOI'O
pacupejaeaeHns

O6mas cxemMa BLIMUCJAEHUA AOATOCPOYHLIX MPOMUIEH MOXKET OBITH
ommcaHa ¢ moMmouboo crenytomen Monenu. Iycers {x;:}32, — mocreno-
BATETHHOCTb HE3ABUCUMEIX OUCKPETHBIX CIyYaWHBIX BEIWYNH, TPUHU-
Mamomux 3HadeHus u3 MHOXKecTsa {1,...,M}. OGosnadum, m1sa Kpat-

1
kocTu, qepes P! mmoxecto {(t1,...,t) € R | t; > 0,3 t; = 1}.
i=1

IIpeanonoxum, 4To 3agano cemencTso M-mepHbIX BeKTOpOB P(t) =

x; UMeeT pacmpeenenue, 3anasaemoe BekTopoM P(t), T.e. P{x; = m} =
pm(t) mas Bcex m,t. O6o3HaumM, Kpome TOro, depes ¢(t) pasHOCTH

1—p(t).
Monoxum Py, (t) = ;1 wWr ()15, =my, TAC W(L) = (W1 (1), ..., we(t)) —

HEKOTODHIA ¢-MepHBI BecoBou BekTop (w, > 0,7 = 1,...,t), 3a-

3

NaHHBIA i Kaxjaoro momenta Bpemenu t. Torma sekTop P(t) =

HOMB30BATLCA B KAYECTBE MPEANOJaraeMOro paclpeneJeHnsa HapaMe-
Tpa. [Ipu sTom obmun ciaydan (IPOU3BOIBLHBIN BECOBOU BEKTOD w(t))
COOTBETCTBYET CXeMe “CyMMUpOBaHUE C Becamu’ , a ciaydanm w(t) =
1
(0,...,0,—,...,—) COOTBETCTBYET CXeMe “CKOJIb3siIIee OKHO” .
S~—— N n
t—n v

n
Teopema. Jas moz2o, umobvl das 6cex € > 0 umeso mMecmo pasen-
cmeo tlim P{|pm(t) — Mpn ()| = €} = 0, neobrodumo u docmamouno,
—0o0

t

4moObl tlim S W2 () (T)qm (7) = 0. Ipu 3mom umeem mecmo ouenra
=0 =1

P{Ipm(t) = Mpm(t)| 2 €} S & X w2 (O)pm (T)am (7).

=1
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-1
t
Oycts w-(t) = w, | Y wj , roe {wp}o2, — HekoTOpas QuKcH-
Jj=1
pPOBaHHAsA HEYOLIBAOIIAS TOCIEI0BATEIBHOCTD HEOTPULIATEIBHBIX IUCEI
(TpeboBaHUe HEYOBLIBAHUA COOTBETCTBYET TOMY, UTO €YE€M DAHBINE OBI-
JI0 HaOIIOEHUE MapaMeTpa, TeM MEHee OHO 3Ha4IuMo). Torga s BbI-
UCJIEHUs BEKTOPA YacTOT B MOMEHT Bpemenu t + 1 gocrarodno xpa-
. t
HUTH BeKTOp dacToT P(t), Texymee Bpemsa t u cymmy 4 = > wp,
n=1
10 ectb M + 2 uucna. [ercTBATENBHO, TEPECYET BEKTOpPA YaCTOT U
XpaHumMou uHbopManuu npoucxoaut no dopmyaam Q11 = U + Wi,
Qt (P () Fwit1l{a, =m})
_ _ 41
DPm (t + 1) = Qi1
Caegcrue. Ilycmv w, = n* a > 0. Tozda umeem mecmo crodu-
Mmocmb P (t) K C60EMY MAMEMATNULECKOMY OHCUIAHUIO.
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PACIHIN®POBKA JIMHEVWHbBIX ®YHKIIUA
PAHYXXUPOBAHUSA

3. O. l'acanoB (Mocksa)

NuTencuBrOE pasBuTme BEG-TEXHOJIOTUE IPUBENO K MOABIEHUIO HA
PBIHKE KOMIAHWI, MPEIIaraillaX yCIyTd [0 TPOIBUXKEHUIO CAUTOB.
3agada TAKMX KOMOAHUKM COCTOMT B TOM, YTOOBI IJA 3aJAHHOTO IIO-
UCKOBOT'O 3aMpOCa TaK W3MEHUTH UCXOMHLIN BeG-CAUT, YTOOLI OH OKAa-
34/ICA B MEPBBEIX CTPOYKAX WMHTEPHET-NOUCKOBUKOB IO NAHHOMY 3a-
npocy. Ipeamosoxkum, 9T0 npu PUKCHPOBAHHOM IIOMCKOBOM 3AIPOCE
MHTEPHET-TOUCKOBAK KAXKIOMY CAUTY COMOCTABIAET HEKOTOPHIA BEK-
TOP N-MEPHOrO €BKJIMIOBA MPOCTPAHCTBA, HA3LIBAEMBEIN BEKTOPOM Cal-
ta. IIpegnonoxum HAM M3BECTHA ATa (PYHKIWA CONOCTaBICHWA. Ilpen-
MOMOKUM TaK¥Ke, YTO CYIIECTBYET HEKaA (PYHKINUA PAHKUPOBAHUA B CO-
OTBETCTBUU C KOTOPOU MHTEPHET-TOMCKOBUK YHOPALOIUBAET BEKTOPA,
COOTBETCTBYIOLIME CAUTAM, U B TAKOM MOPAIKE BEIBOAUT OTBET HA JAH-
HBIZ 3anpOC. Bymem mosaraTts, 9TO (pyHKIUA PAHKUPOBAHUA HAM HE W3-
BECTHA, HO MBI XOTeJIH OBl €€ y3HATD, MOCKOIBLKY 3TO MOMOXKET BLIBECTH
HAIIl CAUT B BEPXHUE CTPOYKM CIUCKA MOUCKOBUKA. CTaHgapTHAs mpo-
nenypa pacuumdpoBku ¢yaxnun [1,2], npegnosaramomas BO3MOXKHOCTE
CIIPOCUTL y OPaKyJaa 3HAYEHWE (PYHKIWMA HA BEKTODPE 3HAYCHUU apry-
MEHTOB, 3[€Chb He MPOUAET, MOCKOIbKY €CIU 1a¥Ke TPEANOI0KATL, 9TO
MBI CMOKEM C(POPMUPOBATE CAUT C 33 TAHHBIM BEKTOPOM CAUTAa, TO HOUC-
KOBUK HE COOOIIAT HAM 3HAYeHUE PYHKIUA PAHNKUPOBAHWUA HA JAHHOM
BEKTOPE. 3aTO eI MBI CPOPMHUPYEM [BA CAUTA C PA3HEIMYA BEKTOPAMI,
TO MBI CMOXKEM y3HATH HA KAKOM U3 BTHUX BEKTOPOB 3HAYeHUWE (yHK-
UM PAHXKUPOBAHUA GOJBIINE, TOJBKO B3TVIAHYB KAKOU M3 CAUTOB BHIIIE
B criucke. TeM caMBIM y HAC BO3HUKAET 331398 PACIIM(POBKYA C HOBBIM
BUIOM 3AaIPOCOB K OPAKYJIY, KOTOPHIX HA30BEM 3AMPOCOM HA CPABHEHUE.

IIycre @, mexkoropen Ki1acc pyHKIuUU, neucTBylommx m3 R” B R
Orobpaxenne puga x : ®,, — Z nazopeMm zapaxmepucmuxoti @ymxyui
u3 ®,. Ecm f € ®,, To 3nauenue x(f) Haz0BEM Tapaxmepucmuroi
dynxyuu f uz ,.

Iox zanpocom na cpasuenue GyneM MOHUMATL mapy HAGOPOB (a, )
3HAYEHUN MEPEMEHHBIX (DYHKIUU f, & O 0MEemom Ha 3anpoc wa CPas-
HeWue 3HAK PA3HOCTH 3HAYEHWN (PYHKIWM HA 3TUX HAGOPAX, T.€. TUCJIO
sign(f(a) — f(B)). lon aseopummom pacwudposky GyneM MOHUMATH
YCIOBHBIN DKCIIEPUMEHT, KOTOPHIU MOCJIEOBATEILHO TeHEPUPYET 3aMpO-
CEI HA CPABHEHME B 3aBUCUMOCTH OT OTBETOB HA MPEIBIAYIINAE 3aIPOCHL.
Bynem rooputh, 9TO as2opumm pacuwudposvisaem Tapaxmepucmuxy
X dbyuxnun f uz @, eciu 3HaYEHUA OTBETOB HA 3AIPOCHI HA, CPABHEHUE,
CTEHEPUPOBAHHLIE yCIOBHEIM SKCIIEPUMEHTOM, O THO3HATHO ONPENEIAI0T
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qucno x(f) npu ycaosuu, aro f € ®,. CkaxeM, 9TO a120pumm pacurl-
Pposvisaem zrapaxmepucmury Pynkyui uz ®,, ecim oH pacmuppOBEHI-
BAET XapaKTEPUCTUKY KaxKAou GpyHkuuu [ u3 P,,.

MHOX€eCTBO BCEX ATMOPUTMOB, PACIIA(POBLIBAIOIINX XaPAKTEPUCTH-
Ky Y Gyuxmuu u3 kaacca ®,, o603aaunm gepes A(P,, x).

Caoncnocmvio (A, x, f) aazopumma A  wna zapaxmepucmuxe x
Pynxyuy f OymeM HA3BLIBATH IUCIO 3AMPOCOB HA CPABHEHHWE, Tpelye-
MoOe aaroputMmy A mia pacmmppoBKE XapakTepucTuKu X (yHKIuwm f.
Bynem HasbBATL caoscnocmuio aszopumma A das Tapaxmepucmuru
X #a kaacce ¥, Bermuumny (A, P,,x) = ?é%x w(A,x, ). Pysxuuzo
o(Pn,x) = min (A, ®,,x) OygeM HA3LIBATL CAOHCHOCTLIO PaGC-

AEA(®,,X)
wuPposry Tapaxmepucmury X #a Kkaacce Py,

Ilycrs L, — xnacc muHenHbLIX QyHkmmu, T.e. dyuxuun suga Cyxy +
Coxa+...+Crhaxn+Chy1,rae C; € R i =1,2,...,n+1. Jlerko BuaeTs,
9TO CBOOONHBIM YIEH HE BAUAET HA DPA3HOCTH 3HAYMEHWN (QYHKIUM HA
pasHbLIX HabOpax, HOPTOMY OyaeMm cuuTaTh, 9T0 Cpiq =0

Yepes a', a € R, i € {1,2,...,n}, obosmaumm BexTOp m3 R, y
KOTOPOrO HA i-M MECTE CTOUT THUCIO @, & B OCTATBHBIX TIO3ANUAX TACIO
0. B wactrOoCcTH, 0! — 5TO HyJIEBOH BEKTOD.

Besne panee 6ynem cautath, 910 f(Z1,...,%n) = Cix1+ ...+ Cphxy.

Paccmorpum xapaktepuctuky S;(f) = sign(C;), i € {1,2,...,n},
PaBHYIO 3HAKY -0 KO3(hPUIUEHTA.

YrBepxaenue 1. Jas awboeo i € {1,2,...,n} umeem mecmo pa-
sencmeo o(Ly,,S;) = 1.

B camom gene, xapakTepucruka S;(f) mMoxer O6bIThH pacmudpoBaHa
¢ TOMOIIBIO OTHOTO 3ampoca Ha cpaprerue (17,01).

Mns s = (s1,...,8,) € {—1,0,1}" o6o3naunM

L} ={Ciz1 + ...+ Cpzp : 8ign(C;) = 84,1 =1,2,...,n}.

Paccmorpum xapaxtepuctuxy M(f) = argmax1§i§n|0i|, paBHYIO
MHIEKCY MAaKCUMAJIBHOTO 10 aGCOMIOTHOMY 3HAYEHUIO KOdhdUIneHTa.

Yreepxaenne 2. [Jas awbozo s € {—1,0,1}" umeem mecmo pa-
sencmeo o(L5, M) =n — 1.

B camom gerne, ecan sign(C;) = a, sign(Cj) = b, To mOHATH KaKoe u3
aucen |C;], |C;| Gompiire MOKHO € IOMOIIBIO OTHOIO 3AIPOCA HA CPABHE-

mre (a',b7). A 9TO6B HARTH MAKCHMYM HAJIO CAeaaTs n — 1 cpaBHeHUe.
€ — ICi] ;

Beenem xapakrepuctuxy R:(f) = e b€ {1,2,...,n}, ¢ €

(0,1), xoropas mo3poaser BeMUCAUTH |C;| ¢ TOYHOCTBIO 10 €, ecau B
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KAveCTBE eIUHUIEI M3MEPEHUA B3ATH MOIYJIb MAKCUMAIBLHOTO KO2(hdU-
[UEHTA.

Hdast s = (s1,...,8,) € {=1,0,1}" um € {1,...,n}, o6o3uauum
L™ ={f =Ciz1+.. +Chapn : M(f) = m,sign(C;) =s;,i=1,...,n}.

Yreepxaenne 3. Jas awoviz s € {—1,0,1}", m,i € {1,...,n},

i #m, e € (0,1) umeem mecmo pasencmso o(LE™, RS) =] — log, €].
B camom pnene, ecmm @ € {1,...,n}, To 0 < “g"“ < 1. Pazgernm

orpesok [0,1] Ha Hemepecekaromuecs OTpe3Kn AIUHLL €. [IoHATHO, 4TO
xapakTepucTuka RS (f) ecTp HOMep OTpe3Kka IIMHEL £, B KOTOPHIA IO-

Ha1aeT TOUIKA “g"“. Ecmn sign(C;) = a, sign(Cy) = b, ¢ = b/2, 1o
|Ci]

3ajaB 3ampoc Ha cpaBHenue (a', ™), MBI CDABHUM TOYKY ey © TOYKON

1/2. Danee, nencTBys aHATOTUYHO, MBI GMHAPHBIM TIOUCKOM 3a | — log, €]
3ampPOCOB HA CpABHEHME MOXeM HauTu Homep RS (f).

YTBepxkaenus 1-3 ganoT HAM CIEIYIOMNUNA ATTOPUATM PACITO3HABAHUA
OCHOBHBIX XapaKTEPUCTUK JUHENHBIX (PyHKIUKA paHxkupoBanus. CHada-
JIa 33 N 3aMpPOCOB HA CPABHEHUE MBI OIpPENeNseM 3HAKU KAaXJOTO KO-
s PurnmenTa pyuknuu. Janee 3a n — 1 3anpoc HA CpAaBHEHUE MBI HAXO-
IUM WHIEKC MAaKCUMAaIbHOIO 10 MOAy. M0 Koddduurenta. U nakonen s
J060r0 CKOMb YrOAHO Manoro € Mel 3a (n — 1)-] — log, €] 3anpocos Ha
CpaBHEHUE BBIYHUCAAEM C TOYHOCTBIO 0 € BCe KOX(DPUINEHTH! (PyHKINA
OpU yCJIOBUU, YTO 33 €IUHUILYy U3MEPEHUS B3AT MOLYJIb MAKCAUMAIBLHO-
ro kospduimenta. [IoHATHO, YTO 3HAHME TAKOW MH(OpPMAIUU BIIOJHE
OOCTATOYHO /IS YCIEITHOTO MpOoABUKeHusa canToB. C Apyrou cTOpOHBI
STOT PE3yJbTAT FOBOPUT, ITO MHTEPHET-MIOUCKOBUKAM HE CJIENYET B Ka-
YecTBe (PYHKIUN PAHXKUPOBAHUA OPATH JUHEUHBIE (DYHKIUH.

Croucok auTepaTypbl

1. Kopo6xos B. K. O monOTOHHBIX dyHKUMAX anre6pwl jgoruku //
IMpo6nemer kubepueruku. — 1965. — Brmm. 13. — C. 5-28.

3. D. Angluin. Queries and concept learning // Machine Learning. —
1988. — V. 2. — P. 319-342.

334



PACHIU®POBKA APUPMETUIECKUX CYMM |
MAJIOT'O 91U CJIA MOHOTOHHBIX KOHBIOHKIINN

3. 3. 'acanos (Mocksa), 3. A. Husazosa (Tamkent)

PacmmdpoBka QyHKIMN — 3TO yCJIOBHBIM SKCIEPUMEHT, KOTOPLIU
HAMPABAEH HA TO, YTOOLI IS HEM3BECTHOU (PYHKIUU W3 WU3BECTHOTO
KJacca, 3aJaBas BONPOCHL O 3HavYeHre (YHKIWM HA BBIOPAHHBIX HAOO-
pax, 3a Majoe YUCJIO BOMPOCOB MOJHOCTBIO ONPEAeIUTh TAaOInIly 3Ha-
venun Gyuknuu. PacmmdpoBka OyIeBLIX QYHKIUU — 3TO 3a0a4a, KO-
TOpas MUCCAENOBATACH BO MHOTUX CTATHAX KAK OTEYECTBEHHBIX, TaK U
3apy0OeKHBIX ABTOPOB, CPEAU KOTOPHIX MOXHO BBHIIEJIUTH KIACCUIECKUN
pesyabrat 7K. AHcens mo pacumdpoBke MOHOTOHHBIX GyHKImK [1] u
msBectHyio cratbio [I. Aurnyun [2]. B mamnon pa6ore Gyaer paccma-
TPUBATLCA pacmn@poOBKa IMICEBA0-0yIeBCKUX (PYHKIUU, T. €. QyHKIUN
Buga f:{0,1}" = N.

Ilon 3anpocom ma 3madenume pyHkiuu OyaeM MOHKMATL HAOODP 3HA-
YEHUN MEPEMEHHBIX (BYHKINUU, TION 0MBEMOoM HA 3anpoC — 3IHAYCHUE
dyukuun #a >roMm Habope. llon aszopummon pacwudposku Gymem mo-
HUMATDb YCJIOBHBIN DKCIEPUMEHT, KOTOPBIU TOCAEA0BATEIBHO TeHEPUPY-
€T 3ampochl HA 3HadeHre QYHKIUU B 3aBUCAMOCTU OT OTBETOB HA Mpe-
IOBIAYIIUE 3APOCHL. ByaeM roBopuTh, 9TO a420pumm pacutu@posviéaem
dynxyuwro f uz F, ecin 3Havenus pyHkuum Ha HabOpax, CrEHEPUPO-
BAHHBIX YCJOBHBIM DKCIEPUMEHTOM, OJHO3HAYHO OMPEREISIOT TAOJIUILY
sHavenun Qyukiuu f npum ycaosuu, uto f € F. CkaxeMm, 4TO a.420-
pumm pacwupposvisaem xaacc Pynrkyuid F, ecim o pacmndpOBEIBaET
kaxayio ¢yukuio f u3z F.

Ha mabopax a = (a1,...,a,)uf = (B1,...,Sn) n-MepHOrO GYJIEBOrO
kyba E™ = {0,1}" BBegeM OTHOIIEHNE IacTUIHOrO nopsaka ”<”, 3ana-
BaeMoe cooTHomeHneM: a < < a; < f; nas aobeix i € {1,2,...,n}.

Bynmem nucats a < f, ecin a < f u a # . Ckaxewm, 970 HAGOPHL @ U
B u3 E™ wecpasnumbi, ecin o £ f u 8 £ a. IlogMHOX)eCTBO GyIeBOro
Ky0a, cocTosllee u3 MOMAPHO HECPABHUMBIX HAOOpPOB OyaeM HAa3LIBATH
nocumesem. MHOKECTBO BCEX HOCUTEJIEN N-MEPHOTO 0yIeBOT0 KyHa 060-
s3HauuM 1epes By,.

IceBno-6yneBckas pyuxnus f, onpenenseHHas Ha 7-MEPHOM OyJI€BOM
kybe E™ v NpUHUMAIOIIAS 3HAYMEHWE W3 PACIINPEHHOrO HATYPAJBLHOIO
paga N = {0,1,2,...}, nassiBaercsa MOHOMOKRNOT, €CAN 0JIS JIOOBIX Ha-
6opos a u § us E™, rakux uro a < 8, cupasegauso f(a) < f(8).

Ha6op a HazoBeMm wnuxcuet, edunuyet; MOHOTOHHON QYHKIMHA f, €Cau
fla) =1m f(8) =0 mua mo6oro mabopa [ Takoro, 4ro f < a.
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IMycts a = (a1,...,q,) € E". ByJeBckyo QyHKINO

Ko(z1,...,2,) = /\ T

1 Oéiil

OyIeM HA3EIBATBE MOMOMOHKOU KOHBLOHKYUET, COOTBETCTBYIOMEN HAGO-
py a. Ilo ompenenenro MOHOTOHHAA KOHBIOHKIIUA, COOTBETCTBYIOMIAA
HYJEBOMY HA0OPY, — 3TO (PYHKIUA TOXKIECTBEHHASA €IUHUIIA.

Ilycts B € B,, — Hekoropwin HOcuTenb. Onpenenum mcesgo-Gyaes-
ckyo GYHKINIO fp, 3HAYEHUE KOTOPOU Ha Habope x u3 E™ Gymet ompe-
JeIATHCS IUCAOM HabopoB u3 B, e Gosnbmux UeM z, T.e. fp(x) = |B,],
raie B, = {a € B : a < z}. HerpyaHo 3aMeTuTh, 9TO MHOXKECTBO
B ABAsSETCA MHOXKECTBOM HUXHUX €IWHUIl MOHOTOHHOU (DYHKIUU fp U
fB = Y oep Ka, rie 3HaK cyMMEI O3HAYaeT OOBIMHYIO apudmeTude-
ckywo cymmy. Kaace @, = {fp : B € B,} Oyiem Ha3wbBATh KIACCOM
APUPMEMUUECKUT CYMM MOHOMOHKLIL Kowblonkyui. B pabore [3] pac-
CMATPUBAETCA GOJee OOIMUU CAyIal JUHEMHBIX KOMOWHAIIUU MOHOTOH-
HBIX KOHBIOHKIUW, & UMEHHO (DYHKUUN BUIA g = . koK, roe
B € By, ko € N. O6osnaunm A, = {gp : B € B, }.

MHOX)€eCcTBO BCeX aIrOPUTMOB, pACIII(POBLIBAOMMX Kaacc $,,, 060-
sHaumm depes A(P,).

Caoncrnocmuvio (A, f) aseopumma A na Pywkyuu f OyneM HA3BIBATH
YUCJAO 3AMpPOCOB HA 3HAYUeHUe (pyHKImMU, Tpebyemoe arroputmy A mis
pacumndpoBku Gyukumu f. ByneMm Ha3BIBATL CAOHCHOCBIO GA2OPUMMA
A na xaacce ®,, Bemmauny p(A, d,) = ;IGI%X p(A4, f). Pyaxuuo p(P,,) =

a€EB

mi(n )(p(A, ®,,) GymeM Ha3LIBATB CAOHCHOCTIBIO PACWUPPOEKU KAACCA
ACA(®n

D,,.
O6o3naunm 4epes P, , MHOXKECTBO BCex (yHKIMN U3 ka1acca Py,
KOTOPHIE 3aaI0TCA He 00Jee YeM p HUKHUMU eIUHUIIAMU, T.€.

®,, ={fs € ®,:|B| <p}

Ananornuasno A, , = {gp € A, : |B| < p}.
yctes A € A(®),). O6osnaunm @(A, D,,p) = frenq)ax ©(A, f). Eme

pa3 oTMeTuM, 9TO aaroputm A pacumdpoBbiBaeT kiacc P,, T.e. OH,
BOOOIIIE TOBODS, HE BHAET HUKAKAX OUPAHNYICHIN HA KOJMIECTBO HUKHIX
eanHun y GyHkuun f.

O6osunaaum o(®,,,p) = N rgl(g : (A, ®,,p).
EA(®n
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B pa6ore [3] mpeanoxen anroputm A; pacmmdpoBku kaacca A,
I KOTOPOTO MOSy9eHA CIeIYIOMAs OIMEHKA,

©(A1, Ay, p) <np+p—plog,.

B nammou pabote mpeaiaraercsa airoputM As, yINTLIBAIOMIANA OCO-
6ennocTu GpyHKIUn u3 knacca P,,.

Teopema 1. Cywecmsyem aazopumm Az pacuugposru xaacca P,
044 KOMOPO20 BLINOAHEHO PAGEHCMEO

0(Az, ®p,p) = np — p — p|log, p| + 211082PI+1 ec./zu0<p<07[l%],
o L ecau p = 0.

Jlerko BUOETHh, ITO OJAHHAA BEJININHA COIVIACYE€TCsA C HEPDABEHCTBOM
u3 paboTH [3].

[ monyyueHUa HUXKHEU OLEHKU MPEIJIOKEH AITOPUTM OTBETOB HA
3aIpOCHl AINOPUTMOB pacmu@POBKY, KOTOPHI 3aCTaBIAET paciudpo-
BEIBAIOIIINE AJT'OPUTMEI 3a1aBaTh KaK MOXHO OoJbIIe BOIIPOCOB. DTOT
AJATOPUTM B COBOKYITHOCTU C aJTOPUTMOM paCIHI/Iq)pOBKI/I AQ IIO3BOJIAET
MOIYyYATH TOYHBIE 3HAYEHUSA CAOKHOCTH PACHIM(MPOBKU A1 HEKOTOPHIX
KJIACCOB apupMeTUIECKUX CyMM MOHOTOHHBIX KOHBIOHKIIAN.

Teopema 2. Hmeom mecmo caedyoujue pasencmea

(P, 1) =n+1, ¢(®,,2) =2n, p(®,,3) =3n-—2.

Cnucok JuTepaTypsl

1. Aucens 2K. O 4ducie MOHOTOHHBIX GyJeBBIX (DYHKIUU 7 TEPEMEH-
ubix // KubGepuerudeckun c6opunk. Hosas cepus. — M.: Mup, 1968. —
Bem. 5. — C. 53-57.

2. Angluin D. Queries and concept learning // Machine Learning. —
1988. — V. 2. — P. 319-342.

3. Nakamura A., Abe N. Exact learning of linear combinations of
monotone terms from function value queries // Theoretical Computer
Science. — 1995. — V. 137, 1. 1. — P. 159-176.
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AJITOPUTMUYECKASA PASPEININMOCTD
ITPOBJIEMBI AJI®GABUTHOI'O JEKOANPOBAHNA
B PETYJAPHBIX A3BIKAX

II. C. deprau (Mocksa)

Ileasto »Ton PaGOTHI ABIAETCA YCTAHOBIEHUE AITOPUTMUAIECKON Pa3-
pPemuMOCTH TPOOJEMBI  OJHO3HAMHOCTU AJ(PABATHOTO TEKOIUPOBAHUA
PEryIsSpHBIX TEKCTOB.

ByneMm HasbBATL afcmpakmubiM KOHEUHBIM GEMOMAMOM HAOOD
V =(4,0,B,p,¢), rae A,(Q, B — KOHeUHbIE MHOXECTBA, ( — (QYHK-
s, OmpeneJeHHas HA MHOXKECTBe () X A m mpumHMMammas 3HAYeHUsa
u3 (), ¢ — QyHKUUA, onpenereHHas Ha MHOXecTBe () X A u mpunwm-
Maromas 3uadenus u3 B. Muoxecrsa A,(Q, B Ha3LIBAIOTCA COOTBET-
CTBEHHO 8T0JHbIM AAPaBUMOM, aAPABUMOM COCMOAHUT U BBITOOHBIM
aagasumom apromara V. Oyuknusa ¢ HasweBaeTca @ynkyuetd nepero-
dos, a pyuxiua ¢ — Pynkyueti evizodos aromara V. Brodueimu cao-
samu asromara V,V = (A, Q, B, ¢, 1)) Ha3pIBa€M POU3BOJIBHLIE KOHEY-
HBIE TOCAENOBATETLHOCTH CUMBOJOB andasuta A. [lna ymobersa pac-
CMATPUBAEM TIPU DTOM TaKKe ’mycToe” CJIOBO, HE UMEIOIIEE HU OJHOTO
cuMBOJIa U 0603HaUaemoe A. Buizodwvimu caosamu andasurta V HA3HI-
BAaE€M KOHEYHLIE MOCIEI0BATENLHOCTH CUMBOJIOB andasuta B, caosamu
COCMOANUT, — KOHEIHBIE MOCIEIOBATENLHOCTH CAMBOJOB andgasuTa ()
(B 060uX Caydasx AOMyCKaeTca u mycToe cioBo A). Il Kax 10ro cocTo-
AHUA aBTOMaTa V MOXHO paccMoTpeThb Habop (A, Q, B, ,1,q), onpe-
IEJAIOMMEA ABTOMAT V' ¢ BLLIETCHHBIM HAYAIBHEIM COCTOAHMEM ¢. Taxue
uabopet (A, Q, B, p, ), q) HA3BEIBAIOTCA UHUYUAALHLIMY AOCTPAKTNHIMY
KOKEUHBIMY G8MOMATAMY; IS HAX UCIONb3yeTCsa obo3HadeHue V.

®dyukuuu nepexonos u Bexonos aBromara V = (A, Q, B,y,¥) no-
ompegenuM Ha MHOXkecTBe () X A* (coxpanuM 3a HUME Te XKe 0003Ha-
4enus). IMeHHO, mosaraeM mo OmpeneaeHno

e(q,A) = q,¢(q, 0a) = o(p(q, @), a),
rae q € Q, a € A*, a € A. Ananorudno,

(g, A) = A, (g, aa) = P(p(q,a),a).

Iycte V, = (A, Q, B, ¢, 1, ) — uHANMAIBHBIN A0CTPAKTHBIN KOHEIHLIN
asromar, B’ C B. Muoxectso M = {a | a € A*, ¢(¢q,a) € B'}
HA3LIBAEM NPedcmasumbli 6 ab6CmpaKmuom Koweunom asmomame Vy ¢
HOMOIIBIO TOAMHOXKECTBA B’ BLIXOIHEIX CUMBOJIOB. [0OBOPUM TakxkKe, 9TO
aBromar Vj npedcmasasem M nocpedcmeom B'. Iycte M C A* \ {A}.
Ecnn cymectByer koHEUHBIM aBTOMAT Vj, NPEACTABAIOMUL COOBITHE
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M mnocpeacTBOM HEKOTOpOro moamHOXkecTBa B' C B, TO cobeiTme M
HA3BIBAEM NPEICMAEUMbIM.

IIycte A = {ay,...,a,} — OPOU3BOJIBLHBIN KOHEYHBIN HEIyCTON aj-
dasurt. [lycts Py, P, — HemycThIe MHOXECTBA CJIOB B andasute A. 3nech
U nanee A yaoO6CTBA IMyCTOe CJIOBO 33 BJIEMEHT MHOXKeCTBa A* me cum-
taetca. Onpegenum caenywoinue oneparuu Hag Py u Ps:

1. IIpouseedenue muoxkects Py u Py (o60o3uavaem P - Py) eCcTb MHO-
JKECTBO BCEX CJIOB BUAA (q, Toe ay € P, as € Ps.

2. Umepayus muoxectsa P; (o6osnauaem (P))*) ecTh MHOXKECTBO
BCEX CJOB BUOA Q1 ...Qk, Toe ay € Py, ... ar € P, k> 1.

Muoxectso P, P C A*, HazwsiBaeM pe2yaaprvim 6 asdasume A, ecin
ero MOXKHO IOJIy4IUTh U3 MHOXKecTB Buga {a}, a € A, npumenenuem
KOHEYHOro ducaa onepanuu U, -, ()*.

Beenem nonaTue peeyaaprnozo svipaxcenus 8 aapasume A. Perymsap-
HBIM BEIDAKEHHEM B aadasute A OyaeM HA3BIBATH JH000€ CI0BO B anda-
sute AU {V,-,(,),*}, monydueHHOE CAEAYIONIMM 0OPAZOM:

1. Byksu andgasuta A — peryaspHBIE BRIPAXKEHUA B andasute A;

2. Mlycts , [ — peryaspubie Beipaxkenus B andasute A. Torma
(aVpB), (a-fB), (a)* — peryaspHble BhIpaxeHus B aadasure A;

3. PerynapHOCTE NPOM3BOILHOTO BLIPAXKeHNA B aadasute A ycTana-
BJAMBAETCA B COOTBETCTBUAMME C TIL. 1, 2 38 KOHEIHOE IUC/IO INATOB.

ComocTaBuM MHAYKTHBHO KaXIOMy PEryIAPHOMY BEIPaXKEHHIO P B
andasuTe A perynspHoe MHOXecTBO |B| B andasure A:

1. MuoxectBo {a} — B ciydae P = a, a € A;

2. Muoxectso |P1| U [PBa| — B caygae P = (P V Po);

3. Muoxkectso [PB1] - |B2| — B caygae P = (P - Po);

4. Muoxectro (|PB1|)* — B cayuae P = (P1)*.

3adukcupyeM IBa KOHEYHBIX HEMyCThIX andasuta A u B.

IIycre ecTts kakoe-To orobpaxenue f : A — B*:

flar) = B
(az) = B2
f(aT) = Br

OTO COOTHOIIIEHNE HA3BIBALTCA CLeMOT Koduposanus. [loompeneanm 0To-
Opaxenue f 10 oTobpaxenus f : A* — B* caegywommm 06pa3om:

f(ailal-2 . .ain) = 62‘162'2 . Bln
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OTo oTobpaxkenue f OyaeM HA3BIBATL AAPASUMHbIM KOOUD OB AHUEM.
IlycTs ecTh HEKOTOpPOE peryaspHoe MHOXecTBO P B andasute A u

HEKOTOpoe aadgasuTHOE Koauposanue f. IlycTe B € f(P) Torga a € P

HA3LIBACTCA pacwudposkot B npu asPasumuom xoduposanuu f na pe-
2yaaprom muoxncecmse P unu pacwugdposroi §, ecmu f(a) = . Takux
pacmu@poOBOK MOXKET OBITH HECKOILKO. ECIu o MIOBIX Pa3IudHBIX
a1,y € P Bemmoansercs f(al) # f(aQ), TO TOBOPUM, 9ITO dexoduposa-
nue 0dnosnauno wa P no f.

Teopema 1. Cywecmsyem as2opumm, onpedeasowut no npous-

soabnoti nape (f,P), ede f — aadasumnoe xoduposanue u3 aspasuma
A 6 aadasum B, a B — peayaspnoe svipaxcenue 8 aadasume A, 0dno-

3nauno au dexoduposanue wa |P| no f.
Cnucok JauTepaTypsl

1. A6mouckun C. B. Beenenue B IUCKPETHYIO MaTeMaTUKy. — M.:
Hayxka, 1986.

2. Kynpsisues B. B., Anemmun C. B., Hoakomsun A. C. Beegenwue
B Teopuio aBTomaros. — M.: Hayxka, 1985.

MUHNMUSAIINAA CPEIJHEI'O BPEMEHU ABU>XXEHNWA
B TPAHCIIOPTHOM CETHU

T'. B. KanaueB (Mocksa)

PaccmaTpuBaercsa caenyromas 3amada. /laHa TpaHCIOPTHAsA CETh, B
KOTOpOH e€cThb [N ImyHKTOB. M3BECTHO, CKOILKO MAIIWH IPOE3XKAEeT U3 i-
O TMyHKTAa B j-U 34 eJUHUIY BpeMmeHu. [[1sa Kaxk 10U NOPOTHU U3BECTHA
ee MPOMYCKHasA CIOCOOHOCTH W BPEMs NBUMKEHUs MO HEU NPU 33 TaHHOU
sarpyxkennoctu. PaccMarpuBaem caydan, KOTa CATYAlds HE 3aBUCUT
ot Bpemenu. TpebyeTcs MUHIMU3UPOBATE CPEIHEE BPEMs JBUKEHUI Ma-
IIIMH B 3TOU TPAHCTIOPTHOU CETH.

IIpeacrasum o1y cers, kak opuentupoBanusin rpad (V, E) ¢ N Bep-
mmHaMu. Bepmunsr rpada 6yanem o603HavaThL nX HOMepaMu oT 1 10 N.
Pe6po u3 i-i BepmuHb B j-10 Oyem 0003Ha9aTh (7).

3amannl caegypomue MaTpuisl pasmepa N X N:

1. Mampuuya nasnauenuti @, snemMeHTs KOTOPOU — OymeM 0003HA-
qaTh Y — HeOTpHIATEIbHBIE BEMIeCTBEHHBIC HUHCIA, mpHueM @' =

0;7 = 1, N. 91y MaTpuily Takxke OyJeM HA3BIBATH 8L00AUUM NLOMOKOM.
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2. Mampuya nponycxuuir cnocobrnocmet C, 31eMeHTB KOTOPOH ¢ €
R} U {oc}. Ecan pebpa (ij) Her B rpade, TO JOMIKHO OBHITE ¢;; = 0.

3. Marpuna P, aneMeHTH KOTOPOH p;j — (qyHkiun u3 Ry B Ri:
pij(p) — BpeMs mpoesga mo pebpy (ij), ecan mOTOK MO HEMY PaBEH .

Byaem rosoputs, uTo (90%)%,1@,1:1 — pacnpedeaenue 8Todaue20 No-
moxa @, ecium npu PUKCUPOBAHHLIX § U J, 4,02]1 — OOBLIYHBIM IOTOK C
HCTOYHUKOM §, CTOKOM j U Bean4IuHOH P;;, T. €. BLINOIHEHO:

N (¢, ecmi=Fk
Vi kiiFi = Y (e —en) =4 —¢Y, eecmj=k (1)
1=1,l#k 0, nHave.
Beenem o6o3uadenus: goil = Zf\il 4,02][ — CyMMAapHBIA IIOTOK B j-
N
0 BepIMHy, uaymmin depes pebpo (kl); pr = > ¢}, — CyMMapHBINI
i=1
notok 1o pebpy (kl).
Toraa npu ¢ukcupoBarHoM j, (¢};) — HOTOK CO MHOTMMHI HCTOY-

HOKAMU U OTHUM CTOKOM B BepiiuHe j. VIHT€HCUBHOCTEH HCTOYHUKOB 3a-
naetca j-m croabnom Matpunsl $: cymmupysa (1) no 4, nas scex k u j
IIOJIY IUM

N ki, ecmn j # k,
J Jy N -
Z (i — i) = — S @, ecm j = k.
=117k i=1,isj

ij
Pacnpegenenne (¢;)) notoxa ¢ Hazosem donycmumbim, eCIa OHO yI0-
BJIETBOPSAET OIDAHUYCHIAM:

1) ¢p, >0, T.e. KaX bl IOTOK HEOTPULATEIECH
2) o < ¢, T.€. CyMMapHBIA MOTOK MO pebpy He TpeBbIaeT Mpo-
MIyCKHYIO CIIOCOOHOCTH pebpa.

I'pad nponycraem sxodawut nomox ¢, eciu CymecTByeT TOMYyCTH-

Moe pacmpegenesne (¢p,;) moToka P.
3amada 3aKA0YAeTCA B HAXO0XKIEHUU IOIMYCTUMOIO PACIpeIe]eHns
MOTOKOB (3, HA KOTOPOM JOCTUraeT MUHUMYMa (PYHKIIMOHAIT

N
Plg] := Z Pt (k1) P

k=1
ar1 (o)
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On vHTEpIpeTUPYeTCA, KAK CPEIHEE BPEMS IBUKEHUA 10 TPAHCIIOP THOU
ceTu, COOTBETCTBYIOLWEN HameMy rpady, Tae Py (pr) — CpeaHee BpeMs
IBIDKEHUA II0 JOPOre, COOTBETCTBYIOMEN pedbpy kl, eciu MOTOK IO Hen
paBeH Qg .

Ecan ¢pyukunonan P[F] iuHeUHbIR (T.€. p;; — KOHCTAHTEL), TO Ta
3a[a49a ABIACTCA 3a0a9ell JUHEMHOTO MPOrPAMMUPOBAHU.

YrBepx aenue 1. Ilycmoy pynryuy ¢;;(z) svinyxabt 6nus npu x > 0.
Tozda 3adaua munumuzayuu Pyrkyuonata P[F] na muoxcecmee dony-
CIUMBIE TLOMOKO8 ABAAEMCA 3adauet] LINYKA020 NPOSPAMMUPOE GHUA.

Cuaeactue. Fcau svinoanenst ycaosus ymeepacdenus 1, mo pewe-
nue 3adauu Moxcem 6vimb Haltdeno ¢ 3adauKot MOUHOCBIO 34 NOAUHO-
MUGABHOE BPEMA NPU NOMOUY MEMOIA IAAUNCOUIOE.

Hy>XHO 0TMETUTE, 9TO CIOKHOCTH METO A DJLIUICOUIOB 30eCh OYeHb
GoMbIIas, XOTA W HNOJIAHOMHUANBbHAA. 1103TOMy paccMOTpUM yHPOILEH-
HBIM BApUAHT 3TOU 3aga4uu. OTKaXKeMCa OT ONPAHUYEHUN TTOTOKOB TIPO-
IIyCKHBIME CIOCOOHOCTAMHI (mOokmM ¢;; = 00). Ilyers g¢;5(z) crporo
BRIMYK/TBI BHU3 W HempepesHO auddepenmmpyembl. Toraa ¢;; cTporo
BO3PACTAET U HENPEPHIBHA, & 3HAYMT CYIIECTBYET OOpaTHasA (yHKIHUA,
KOTOpyI0 o6o3HauuM ;. Ecam pebpa (ij) B rpade HET, TO MOIOKUM
Yij = 0. lpn y < ¢;;(0) goonpenemnm ;;(y) = 0.

YrBepxaeune 2. IIycmb ecmb HECKOAVKO UCTOUHUKOS U 00UH
cmox 6 0-1 sepwune. O6o3nauum: ; — nomox, evizodawutd u3 j-i eep-
wunbt (5 > 0); gi;(y) = ¥i;(y) =15 (—y). Toeda munumym fynryuonasa
Ply] 6ydem docmueamuvca na nomoke suda @;; = max(gi; (A — A;),0),
2de \; — pewenue cucmembl YpasHenui

N
gio(Ai) + D gij(\i = Aj) = &;,i = L N. (2)
j=1

Ecau g;j so3pacmaiom, gio cmpoz0 603pacmaiom, mo cucmema (2) ume-
em ne 6oaee 00H020 PEULEHUS.

Cuaeacrsue. /Jia pewenus smot 3a0aut MOHCHO NPUMEHATID MEMO0
Hviomona, npuuem na xaxcdoti umepayuu npudemcsa pewamv CJIY ¢
mampuyet, y KOmopot KOAUUECTNE0 HEHYAEBLIT IAEMEHMOE 6 i— 1 cMmPo-
xe na 1 6oavwe cmenenu i-i sepwunbl epagda.

O6aacts cxogumoctu Metona HbloTOHA CHIBHO 3aBUCAT OT (PYHK-
WU g;;: 9€M OHNI OJMXKe K JMHENHBIM, TeM (O0JbIIe 00JaCTh CXOIUMOCTH.
Ciy4an IuHeHHON CHCTeMBI IOJIydaercd, ecan pi;(xz) = azx. Iockoas-
Ky TPAHCIOPTHOU CETU OOLITHO COOTBETCTBYET PA3PEKEHHBIN Ipad, TO
MOXKHO IPUMEHATH anroputmbl 1 perrenus CJIY ¢ pazpexenusiMu Ma-
TpULIAMY.
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EcTb unrepnperanusa cucteMsl (2) B TEDMUHAX DICKTPUUECKAX CXEM:
MpPEeICTABUM, UTO €CTh daeKTpuiecKkas cxema ¢ N + 1 yaiaom, a pebpa —
HEKOTOPLIE HETUHENHEIE 3JIEMEHTHI, 1A KOTOPBLIX 3aBUCHMOCTEb TOKA OT
HANpPSXKEHNA 3ajaeTca QYHKIUAMHI g;;. Torga A; OygeT COOTBETCTBO-
BATh TOTEHIUATY B j-U BepiuHe, B (- BEpINTUHE MOTEHIINAT HYJEBOH,
MOXKHO CYUTATh, 9TO OHA 3a3eMieHa. Ha i-10 BEpIIMHY TOZAETCA TOK,
paBubin ¢;. Pemenune cucTteMbl 03HAYAET MOMCK MOTEHIMAJIOB B y3JaX
cxembl. Eciu cuctema nuHEMHA, TO € COOTBETCTBYET CXEMa W3 PE3U-
CTOPOB.

Pa6ora Beimoanena noa pykoBoacTBom mpodeccopa J. J. [acanosa.

Chaucok aurepaTypsl

1. Kopmen T., Jleuzepcou Y., Pusect P. Anropurmer. IocTtpoenue
u amaam3. — M.: MIIMHO, 2001.

OB ABTOMATHOM CJIOYKHOCTH HEKOTOPBIX
KJACCOB IIOCTA BYJIEBBIX ®YHKIINUA

M. A. Ku6kamo (Mockga)

OnpeneneHue CJIOXKHOCTH IPEICTABICHASA A3LIKOB DPa3INIHBIMU
CTPYKTypaM: — OIHA X3 TPAJULUOHHEIX 3a4aY TEOPUU ABTOMATOB.
B caygae npescTaBEMOCTH KOHEYHBIMU ABTOMATAMHU IO CJIOXKHOCTBIO
A3BIKA OHUMAETCS YUCI0 COCTOSHUN B IPEICTAB/ISAONIEM €TI0 IPUBEIEH-
HOM aBTOMaTe. B pabore paccMaTpUBAETCS CJIOKHOCTH NPENCTABICHUA
OyeBbIX (YHKIUN KOHEUHBIMHM aBTOMATAMY M YCTAHABINBAIOTCA TOY-
HBle 3HAYEHUs W aCUMITOTUYecKUe oueHkM (pyHkunu [IlenHoHa n1s He-
KOTODPBIX 3aMKHYTHIX KJIACCOB OyIeBbIX (PYHKINH, BXOAALIMX B PEIIETKY
ITocra.

B mpomsBoibHOM KOHeYHOM andaBuUTe A OmpenennM KIacC KOHed-
HBIX A3BIKOB, COAEpXKALIUX cJI0Ba paBHOom gauubl: Ln(A) = {L C A"}
Kaxzxon f € PJ' MOXHO B3aMMHO OZHO3HAYHO CONOCTABATH KOHEYHBIN
m3wik L(f) € L,(E), rae E = {0,1} no mpaBuiy: cI0BO & = a1 ...y, €
L(f) = f(0~é) = f(oq,...,an) =la; €E1€1,...,n.

Beegem cornacHo [1] HOHATHA MHUIMATEHOTO KOHETHOIO aBTOMATA
(UKA) u npencraBumocTu koneunoro s3pika B UKA. Bynem rosopurs,
aro UKA V, = (E,Q, E, ¢, ¢, q) npencrasaser f € P}, ecau on npen-
crasusger L(f) € L,(E).

Caoxnocrrio S(V,;) KA V, HazoBeM 4nCIO COCTOAHUN B HeM. ABTO-
MATHOU CJIOXKHOCTBIO OyJeBon dyHKimu f € PJ' Ha30BeM HANMEHBIIYIO
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caoxuocte UKA, mpencrasuawomero a3uik L(f) € L,(E) @ S(f,n) =
miny, .z(s) S(Vy). llyere K C Py — xnacc Gyenerx dymkmmn, K(n) =
K N P}. Croxuocreio K(n) (dyuxmuen Ilennona kaacca K) nazosem
S(K,n) = maxysei(n) S(f,n). Mockombky muO)ecTBO K(n) ompenens-
eT COBOKYNHOCTH SI3LIKOB U3 K1acca L, (E), Hazosem S(K,n) dyHkunen
[llerHOHA COOTBETCTBYIOMIETO KAACCA KOHETHBIX A3BIKOB.

fanee Oymem MOJIB30BATBLCA HOTAIMeN Kaaccos IlocTa, BBegeHHOU
B [2]. Acumnrormueckoe noeegenme yHkumn [eHHOHA ABTOMATHOU
croxmoctu knaccos Iocra Cji = 1 — 4; Dy, D3; Ff(n),j =
1,4,5,8,u > L,u € N; Aji =1—4; F>*(n),r = 1-8; F/'(n),t =
2,3,6,7, 1> 2,u € N onnucano B [4,5].

TMomoxkum A(n) < B(n), eciu Jey,¢2,0 < ¢1 < ¢o Takme, 910

¢1-B(n) < A(n) S ¢ - B(n)

[lnsa monydenus omeHok ¢gpyuknuu Hlemnona mas kaaccos [locta Do m
F?,t=2,3,6,7 BocnOIb3yeMCA Pe3yJIbTaTaMil, U3JI0KeHHBIMU B [4-7].

Teopema 1. ITycms K — odun u3 xaaccos Dy, FP t = 2,3,6,7.

Toeda:
2n

n-+/logn’

Hpu IAMOM KOHCMaAHMbl C1,Cy U3 onpeﬁe./zemm OMHOUWEHUA X PABHDI

Cc1 = 2/’/T, Cy = 2\/2/’/T.

[puseneM GhOpMyIbI, BLIPAKAOIINE TOYHBIE 3HAYeHNA pyHKnun [llen-
HOHA 151 HeKOTOpBIX Kiaaccos [locra. Jas p € N nonoxum n(p) = 2P +p.

Teopema 2. Tna mobex p € Nyn € [n(p),n(p+ 1)) u K € {Ci,i =
1 —4} cywecmeyem maxas fn € K(n), umo

S(K,n) =

P )
S(K.n) =S(fnm) =2"""—p-2+) 2°.
=0

Teopema 3. s mo6six p € Nyn € [n(p),n(p+1)) u K € {D1, D3}
cywecmeyem maxas fn s € K(n), wmo

p

S(K,n) = S(fasn) =2"7 —p—2—u(p) + Y 2%,

i=0
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0, UHAUE.
Teopema 4. [lna mobeix p € Nop > 2 u K € {F}*,j = 1,4,5,8}
cywecmeyem maxaa fn oo € K(n), umo npun € [n(p) +1,n(p+1) +1)

PLEEES | — ()
edeu(p):{a . mpun = a(p);

3 -
S(K.n) = S(faoeim) = 727 —p—v(i) + Y27,

i=0

anpun=rn(p) +1
P i
S(K.n) = S(faorm) = 2" 7 = p—1-v(j) + ) 2%,
i=0

. 1, npuj=14
eae”(”:{Q npuj = 5, 8.

OTMeTUM, 9TO CIOKHOCTH PEATU3ANNA OYIEBHIX (DYHKIIUU KOHEIHEI-
MU aBTOMATaMH He KOPPEeJupPyeT CO CA0KHOCTBIO peann3anuu O0yJIeBBIX
dbyuxmun nomuuomamu ZKerankuua. CroxuocTs nornaoMa 2Kerarkuna,
OysieBor pyHKIMKA f ONpeneseTcsa KaK IicIO ero HeHyIeBhIX Koadduin-
entoB u o6osmauaerca SP(f). B nammoi pabore mokasamo, UTO CIOK-
HOCTBb MOJUHOMOB 2Kerankuna niis OyaeBbIX QYHKIUN, TIPenCTABIAEMbIX
CJIOXKHBIMU aBTOMATaMU, MOXKET KapAWHAJIBHO OTINIATHCA.

Teopema 5. Cywecmeyem nociedosamesbnocms ny, — 00 Npup —

00, maKas wmo 0aa Pywruui f,;p, f;;p € P,* evinoaneno: S(f,llp,np) =
" 2n;,+1 1 "

S(fn,:mp) ~ o MO Sea(fnp) ~ Ny U Sea(fnp) ~ 2" Aptop

BRIpaxkaet 6narogapuocts KyapsasueBy B. B. u Babuny /I. H. 3a nennnre

3aMeYaHus U BHUMAaHUE K padoTe.
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PEAYKIIUSI OBJIACTEA 3ABUCUMOCTU
MJIA ABCTPAKTHBIX IPOIIECCOB

B IPOCTPAHCTBAX 3HAHUM
K. . Kocrenko (KpacHogap)

A6cTpakTHOE IPOCTPAHCTBO 3HAHUN — DTO MaTeMaTuIecKuu ¢pop-
MaIM3M, 06ECHEeYNBAIOIINN BO3MOXKHOCTD I€IYKTUBHOTO MOPOXK IEHUA
MHOI000pa3us M3BECTHBIX U HOBLIX MOJEJEU WHTENIEKTYAIbHBIX CH-
crem. OH OCHOBAH HA BBIYUCIAMOM MHOXECTBE KOHpuUrypamun M, sme-
MEHTBI KOTOPOT'O ABATCA a0CTPAKTHBIMU 06pa3aMu OTAEMbHBIX 3HA-
aun [1]. Tlonuee cTpykTypHble npencrasienus xkoHdurypauun (IICI)
UMEIOT BUJ KOHEUHBIX HATDPYKEHHBIX OMHAPHBIX NEPEBLEB C KOHEIHEHI-
MU IBOMYHLIMEU HAOOPAMHU, ONPENEAONIMMA IyTH U3 KOPHsA, B KAY€CTBE
BepruH. Bepmmaer IICIT pasmedenbl neqbiMu HEOTPUNATENLHBIMU YU~
caamu. Pasmerka Bucaunx (uyTpennux) sepun [ICII koudurypamun
OTpeeIAeT dIeMEeHTAPHEE KOHPUIypaun (CeMaHTUIeCKNE OTHOMICHYS
MeX Iy KOH(QUIYPAIMAMEA JEBOTO U MPABOTO MOJANEPEBLEB TAKUX Bep-
wnH). Ilycts I (I,) — MHOXKECTBO KOHEUHBIX JBONYHEIX HAO0POB (HA6O-
poB, HaunHaommxcaA ¢ « € I). Muoxectso sepruun I[ICII koudurypamuu
z € M o6osnaunm kak D(z). Bepaxenue (z), o603Ha9aeT KoHGUrypa-
nuio, IICII xoropon 3agaéresa noggepesom nepesa D(z) ¢ kopuem a B
IICII z.

O[IHUM M3 KOMIIOHEHTOB (pOPMATU3MA MPOCTPAHCTB 3HAHUN SIBIACT-
€Sl IPOCTPAHCTBO TporeccoB. PyHTaMEHTATLHEIMY NHBAPUAHTAMHE TIPO-
[IECCOB ABJIAIOTCA BPeMs, YHUDUINPOBAHHLIE (DOPMATH HAYAMBHBIX TaH-
HBIX, PEATM3ALNU U PE3yJbTATHl MPOIECCOB, CTPYKTYPHI MPOIECCOB U
CXeMBI X B3auMoaencTusa. CoennatbHBIM KJIACCOM MPOLIECCOB ABIAIOT-
s BBOMIOLUY KOHpUrypanuu [2].
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Peammzanum u pyHKOumM nponeccos. Beaxun nponecc ma M sa-
IA€TCA BEIYUCIUMBIM CEMENCTBOM ONEPATOPOB MEePeXOna W OCTAHOBKH,
conocrannsgeMbrx BepmmHaaM IICII korgurypamui. ITo CEMENCTBO HABHI-
Baercsa OasucoM u npencrasiserca B Buge d(Ty, S, ), rae a € Iy. 3gecs
T, : M - N U — omepaTop mepexoaa, OOpeneAOlIn T3MEHEHTE
pa3sMeTKN BepIIMHLI o 3a OAMH mar nponecca. Cnenuatpaoe 3HaYeHTE ()
UCTIOMB3YETCA B KAYECTBE PA3METKH BepIIuH, KOTopke He BxoaaT B ITCII
koudurypammi. Onepatops ocranoeku S, : M — {0,1,0} naentudn-
nupytoT seprmHy o [ICII BeAakon KOHDUIypanuy Kak 3aKII0YATETBHYI0
(Sa(2) = 0) n mesakmoanTenpuyo (S, (2) = 1). Kpome Toro, S, (z) = 0
T.u T.T., Korga a ¢ D(z).

Iycte 3agan npouecc E = &(T,, S, ). O6o3nauum xax DT, u DS,
NOIMHOXKECTBA MHOXKECTBA [, COCTABICHHBIC BEPIIMHAME, TPAMEHACMEI-
vu B IICII mpom3BOIBHEIX KOH(DUIYPAIUH, OT KOTOPBLIX 3aBUCAT OIe-
paTopst T, u S,. Hazoém Takume MHOXKeCTBA 00MACTAME 3aBUCUMOCTHI
arux oneparopos. IIpounecc ¢ 6azucom &(T,,S,) HABBIBAETCA JOKATD-
HBIM, eCau 00JACTH 3aBUCAMOCTH OTMepaTopos Ty m Sy, a € Iy, — Ko-
HEYHBIE.

HaganrbHBIMM NAHHEIME BCAKOTO MPONECCA ABIAIOTCA BLIYACIUMBIE
nocrenosatemsaoctu {(2%,t))|i € N}. MHO)eCTBO Takmx mocIegoBa-
TeapHocTen obo3uaduM Kak ). [aa xkaxmgoro w € () mpomecc E c 6a-
sucoM (T, Sq) TOPOXKIAET PEATUIALNIO, ONPEACAAECMYIO CIEIYOUMMU
IPABUIAMH.

1. TICH xondurypanun z' B cocTaBe w pasMmemaerca B obmacTu I
B MOMEHT BpeMmeHn t'. B ocTalbHBIe MOMEHTHI BPEMEHH cojgep:xkumMoe I;
HE U3MEHACTCA.

2. B mavanbubii MoMeHT ¢ = 0 pasmeTku BepimH u3 Iy — mycThHE.
B nocrenyomme MOMEHTHI BpEMEHN COAepKUMOE [y BEIMUCTIACTCA C TIO-
MOIbBIo onepaTtopoB nepexona 1Ty, a € Ty, mo xkoHUrypaunu, onpeae-
JIAEMOU PA3METKOU BCEX BepIuH u3 I.

Peanuszanus nporecca E Ha HavaIbHOM JAHHOM W, 00pa3yeT 6€CKo-
HEYHYIO IOCJIEI0BATENbHOCTS {(2;,1)|i € N}, roe z; — 510 KOHpUrypa-
1y, OpeqcTaBIeHHaA B I B MOMEHT i. Pe3yabTaTel peanns3anun mpomecca
E, nns pasanvebix @ € Iy, BEIMUCASIIOTCSA C TIOMOIIBIO OMEPATOPOB Sy .
PesyabraTr peanusamum mpouecca E B a € Iy o6pasyeT BBITHUCAUMASI
HOCIeNOBATENLHOCTE {(2)a, ti)|Sa(2i) = 0}.

Kaxapm nponecc F onpeneaser MHOXKECTBO BEIMUCAMMEBIX OTOOPAa-
weumnn w(E) = {ueq, : @ — Qla € I}. [lna takux 0TOOGpaXKeHUR
ueq(w1) = wo O3HAYAET, 9TO PE3YILTATOM peanusauuu npouecca E na
HAYAMTBLHOM NAHHOM W B BEPIIMHE (v ABAAETCA Wo. CEeMEncTBO BCEX 0TO-
OpaKkeHun, peanaudyeMbix mnpouneccoM F, o6osnagaerca kak 7(E).
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O6sracTu cBA3HOCTH JOKAIBHBIX mponeccos. Ob6ractu I, un I
HA3LIBAIOTCS CBABHBIMU (CHJIBHO CBABHBIMEU) Aia npouecca E | ecawu cy-
MeCTByeT Takoe Koneunoe muoxectso D C I (D = ), uto

Vy e I,UlIs(DT,UDS, CI,UIzUD).

IIycTs gna mokanpHOrO npouecca F 3anansl cBsa3uble obmactu I, u Ig
, TJle (v He SABJIAeTCA HadaaoM [, a § He aBaseTcs HadaaoMm «. [liasa rakux
IpoIeccoB paccMoTpuM 3agady. Eciu obnactu I, u I3 — CHIBHO CBA3-
HEBIE, TO CYIIECTBYET JU TaKOU JOKaIbHb npouecc B* = ®&(T*,,S8*,), B
KOTOPOM [ U I3 AABNAIOTCA CUIBHO CBA3HBLIMU M BHIOTHAIOTCS YCIOBIA:

1) n(E) = n(E");

2a) cymecTByer Takoe koHeuHOe MHOXkecTBO D C I, U Ig,uaTo Vv €
I,(DT,uUDS,)NIg C D)uVye€ Iz((DT,UDS,)NI, C D).

OnpenenuM aHAJIOTUYHYIO 3a4a4y I/ CBA3HBIX MPOLECCOB, B KOTO-
pou ycJa0BHE 2a. 3aMEHEHO HA YCJIOBUE

2b) cymecrByer konednoe muoxectso D C I, mis KOTOPOro UCTUH-
HBI COOTHOIIEHUA U3 2a.

Pemenns gaHHBIX 3a1a49 OPENCTABJIEHB B TEOPEMAX.

Teopema 1. Cywecmsyem aokaavnviii npoyece E, umerowutd cuab-
1o ceasubie obaacmu I, u Ig, dasa Komopozo ne cyuecmsyem marxoz0
A0KAALHO20 NPOUECCA, YN0 BLINOARANMCA Ycaosus 1) u 2a).

Teopema 2. Cywecmeyem aa2opumm, KOmMopwvilh 044 6CAK020 A0-
Kaabro2o npoyecca E, umerowezo ceazmwvie obaacmu I, u Iz, onpede-
AREM MAKOT A0KAALHBIE NPOUECE, a4 KOMOPO20 BLINOAKEHBL C80TCMEA
1) u 2b).

To ecTh, A CBA3HBIX NUIBIOHKTHBIX OOJACTEN BCAKOTO IPOILECCA
BO3MOXHA PEIyKIUsA OOJACTEN 3aBUCAMOCTY OIEPATOPOB IEPeXona u
OCTAHOBKHU 13 6A3mca dTOrO MPOIecca K KOHEIHOMY MOAMHOXKeCTBY .

Craucok auTepaTypsbl
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IMNKJIOBBIE THAEKCHI 1
3AOJAYA BBIPASUMOCTHU ABTOMATOB
OTHOCUTEJIBHO CYIIEPIIO3UIINN

BE3 OBPATHOM CBA3U
A. A. Jlerynosckun (Mockga)

Brogutrcsa nouAaTre MUKIOBOTO MHAEKCA aBTOMaTa. IlokaszaHa CBA3b
[UKJIOBBIX MHAEKCOB aBTOMAaTa M MHOXKECTBA BBIDA3UMBIX Ye€pPE3 aBTO-
MAT KOHCTAHT. Takxke ¢ MOMOIIBIO UKIOBEIX WHIEKCOB ABTOMATA, [OKA-
3aHBI TEOPEMBI O BHIPA3UMOCTH FPYIIOBEIX aBTOMATOB U TPOU3BOIBHBIX
aBTOMaTOB Mensenesa.

Bynem mcnoab3oBarh ocHOBHBIE moHATHA U3 [1]. O6osHatuum P —
MHOXKECTBO BCeX OyJIeBBIX (YyHKIUHM. P — MHOXECTBO BCEX aBTOMAT-
HbIX pyHkuun. R C P — mpou3BOJIbHOE KOHEYHOE MHOXKECTBO ABTOMAT-
HBIX (QyHKIMY. [R] — 3aMBIKAHUE KOHEYHOI'O MOAMHOMKECTBA OTHOCH-
TETBbHO CyNeprno3uiuu 6e3 OOpaTHOUW CBA3U. 7 — aBTOMATHaA (PyHK-
nusa 3amepxkku. 1 — aBromarHas ¢yuknus ~tpurrep”’. Ob6osHaunM
< R>=[RU{Z, P}].

HazoBem aBTOMaTHyO (QYHKIWIO, HE BABUCALLYI0 OT BXOIa, KOH-
CTAHTHOU ABTOMATHOU (QyHKIMen. MHOXKECTBO BCEX KOHCTAHTHBIX AB-
ToMaTHBEIX QyHKIuU obo3HaduMm K. Be3 orpanmvenus oOGIIHOCTH KOH-
CTAHTHYI0 aBTOMATHYI0 (PYHKIUI MOXKHO OTOXIECTBUTH CO CBEPXCIO-
BOM, KOTOPOE ABJIAETCS €r0 BEIXOIOM.

IIycTs cBepxcaoBO  MOXKHO TpeACTaBUTH B BUae 3 = ya™. Bribe-
PEM M3 BCEX TAKUX MPEICTABIEHUN TAKOE, UTO 7Y U ( UMEIOT HAUMEHb-
myto giuHy. [las BEIOPAHHONO MPEACTABICHUSA HA30BEM Y — HAUMEHb-
M npednepuodom ceepreaoda 3,8 o HANMEHBIIUM NEPuodom Ceept-
ca066 3, a CIOBA BAA (..., Oy €M HA3LIBATH MEPUOJOM CBEPXCIOBA [3,

——
n
axecs n € N. OGo3Ha4uM || niauHy caosa a.

[na MHOXKeCTBa KOHCTAHTHBIX aBToMaTHEIX ¢yuknuin K' C K o6o-
3HaumM depe3 O(K') — MHOXKECTBO [IJIVH MUHMMAILHBIX MEPUOIOB
cepxcioB {fk, : K; € K'}. [lna caydas ogHoro cioBa § = ya™ 06y-
IeM cauTaTh, 4To O(f4) = |a|.

Hamen zagaven Gyner ommcamme muOX)ecTBa O(< R > NK) nua
[IPOM3BOABHOrO MHOXeCTBA R.

Teopema 1. Ilycmv R — Koneunoe MHOHMCECMNBO (EMOMAMHBLL
Pynxyuid, moeda b, q, 3asucawue om R, maxue umo

O(KR>NK)={t:Ji €N tlbg'}.
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CnegcrBue 1. Ilycmb R — Komeunoe MHONCECTNBO ABMOMAMHBLE
dynkyut u f — Kowcmanwmmuas asmomamuas PywKyus, moada cyue-
CMBYem aA20puUMmM, n0360AK0UULT NPOEPUMb CE0UCMNE0
B E<R>.

CaencrBue 2. Ilycmv R — Koneunoe MHOHCECMBO ABMOMAMMHBLE
Pynxyui, mozda cywecmeyem aa2opumm, N036040UUT NPOEEPUMD
ceoticmso | O(< R > NK) |< 0.

[MukmoBBIE MHAEKCH ABTOMATA MO3BOJAIOT JOOUTHCS IPOTPECCA B Pe-
meHny o6Imen 3a4adn BeIpasuMocTu [2, 3]. B wacTHOCTH BepHEI creny-
IOINE YTBEPK JCHUS.

Teopema 2. ITycmb R — npou36oabhas cucmema asmomamos,
M — npoussoavnbiti epynnosot asmomam Medsedesa, moeda 3adaua
onpedesenus M €< R > A6AAEMCA aA0PUMMUUECKY P A3DPEUUMOT.

Teopema 3. Ilycmv R — npou3eoavhas cucmema a8MoMaMO8,
M — npouzsoavubiii 2pynnosoti aemomam, mozda 3adaua oOnpedeserus
M €< R,Z5 > asasemca aa20pummusecky paspeuumo.

Teopema 4. I[Iycmvs R — npoussoavhas cucmema a8momamos, mo-

2da 3adaua < R,T >D P a844emca GA20pUMMUUECKY PA3PEUUMOT.

Croucok auTepaTypsbl
1. Kyapasues B. B., Anemun C. B., Hoakomsuu A. C. Beenenne B

Teopuio aBromaros. — M.: Hayka, 1985.
2. Jlerynosckuu A. A. O BBIPA3MMOCTU KOHCTAHTHBIX aBTOMATOB
cynepnosuuusamvu // Unrenrekryassusie cucremsr. — 2009. — T. 13,

Bein. 1-4. — C. 397-406.
3. Jleryuosckun A. A. O BLIpa3UMOCTU CYyTEPIO3UIUAMU ABTOMATOB
¢ paspemmMbiMu rpynnamu // MaTennexryansusie cucremer. — 2010, —

T. 14, Bemm. 1-4. — C. 379-392.

OBb OHOM AJITOPUTME
PEINIEHUA 3AJAYN O ITPOTBIKAHUN

T. C. JlymuukoBa (Mocksa)

B mammON paGoTe paccMaTpPUBAECTCA AICOPUTM PEIICHHA 3aJaTH O
nporwikanun (ganee — Axropur™ Al).

3anada o0 IPOTHKAHWK (IPYrO€ HABBAHUE — O MPOKAIBIBAHWUU) —
aro mapa (X,V), rage muoxectso 3anpocoB X = [0,1], a 6ubanorexa
V mpeacrasaser u3 ce6sA KOHEIHOE MHOKECTBO, COCTOAIIEE U3 OTPE3KOB
¢ xounamu u3 [0,1], T.e. V = {[a;,0;],0 < a; < b; < 1,i = 1l.n}.
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PesyabTar 3anpoca £ € X — 3TO Takoe MHOXKECTBO OTPE3KOB u3 V,
KOTOPBLIM TIPUHAIICKAT TOUKA T.

CoaepxkaTenbHO 5Ta 3a1a9a COCTOUT B TOM, YTOOHI [ TPOU3BOIb-
HOro 3ampoca P € X, nepedyucauts Bce Te U TOJBKO Te OTPE3KHU u3 V,
B KOTOpEBIE TIomagaeT Touka P. Bymem mpeanmonaraTsb, 9TO HU y KAKAX
OTPE3KOB W3 MHOXKECTBA V HE COBNANAIOT HAYANA WA KOHIILL.

CrpykTypa 6a3nl gamabixX. [lycTs A — MHOXKECTBO, COCTOAIIEE
73 HAYaJI OTPE3KOB u3 V', a B — 13 KOHIIOB COOTBETCTBYIOMINX OTPE3KOB.

Cosgaaum HOBOe MHOXkeCTBO 0Tpe3koB C' = AU B. O6o3HaduM sJe-
MEHTHI HOBOT'O MHOXKECTBA TaKMM 00pa3oM, 9TOOH Ve, cj @ & < j =
¢; < ¢j. Bosemem ¢ = 0,..,¢cpp1 = 1 (ecim ¢4 # 0,¢ # 1). Homy-
9UM OTPe3Ku [¢;, Cit1],0 = 0.k + 1,k < 2n + 2 (rge n — KOIUIeCTBO
UCXOJHBIX OTPE3KOB).

Crpoum GuHADHOE AEPEBO MOUCKA M MHOXKecTBa orpeskos C. Ha
BEIXO e mMeeM 0Tpe3ok O = [¢;, ¢;11]. Tenepb HEOGXOAMMO OTIPEICIUTE,
KakuM oTpeskaum [aj,b;], j = 1..n npunaarexut orpesok C'.

3aMeTuM, 9TO HyKHO eIlle IPOBEPUTE, He ABAAETCA i TOIKa P kpan-
HeW [ HAWIEHHOTO OTpe3ka. Torma B OTBET HEOOXOAUMO BHIMUCATH
ele I BCe OTPE3KH, KOTOPHIM IPUHAIICKAT coceqani orpesok C1FL,

IIycTs xoamdecTBo oTpeskos m = 27, T.e. |C| = 2" + 1.

Crpoum naearbHO cOATaHCUPOBAHHOE OMHAPHOE AepeBo nmoucka. Ko-
JUIECTBO JUCTHEB — M. [lpunuineM KaxJOMY JUCTY COOTBETCTBYIO-
WUy 0OTPE3OK [¢4, ¢i41]. PaceMoTpum orpesok [¢;, ¢;+1] 1 cocequuil ¢ HuUM
[Cit1, Cita] (mycTb OHM mMeroT 06wwero poaurens). IIycTs >TuM oTpes-
KaM COOTBETCTBYIOT MUCThA gepesa M;,M; .. Ux poaurems MO,

O6o3naunm 1epes M;, M;i1 Bce orpeskn [aj,b;], comepxamue ot-
peaok C?, C™*! coorsercrrenno. IIpegnonoxnm, 9T0 MEOKeCTBO (M; N
M;y1) yXe roe-To 3aMCAHO, M HAM HYXKHO €Il Te-TO XPAHUTH TOJIBKO
mMHOXKecTBO (M;UM;41)\ (M;NM;41). 3aMeTum, 9T0 MOCAeIHEE MHOKE-
CTBO COCTOMT POBHO M3 OJHOTO OTpe3Ka [aj, by](T.K. Tu oTpesku cocen-
uue). [Ipunumewm Bepmune M;(uau, coorBeTcTBeHHO, M;11) CCBUIKY HA
oTpesok [a;, b;]. logauMenmcs B nepese Ha ypoBeHb Bhimie. PaccmoTpum
cocenuue BeTBu. Ux kommaectso — m/2. CocenHne BETBU OTANYAIOTCA
He 6osee UeM Ha IBa OTpe3ka. llpumumiiieM CCHLLTKM HAa HUX B COOTBET-
CTBYyIOIINE BepMUHLL. W T.1.

AJropuTM MOMCKA COCTOUT W3 HECKOJIBKWUX DTAIOB:

1. Ha Bxox anroputmy mogaercsa touka P. CpaBuuBaem P u 3Ha-
YeHUe, MPUIUCAHHOE KOPHIO AepeBa (mycTh c¢i). Ecam ¢ < P, Torga
IaIbIIEe PACCMATPUBAEM IIPABOE TIOMAEPEBO Ck, WHAIE — JeBoe. [lycTob
cx < P um 3nadenme npaBoro "ceiHa” ¢j paBHO ¢;. Teneps cpaBHUBaEM
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¢ m P, u, kak u Bome, eciu ¢ < P, Torma gamabie paccMaTpuBaeM
mpaBoe MO IePEBO ¢, WHAYE — JeBoe. [IpogoikaeM CpaBHEHHUA OO TEX
nop, MOKa HE JOUAEM 10 JUCTa NepeBa.

O HOBPEMEHHO €O CIyCKOM BHU3 IO IE€PEBY BBIMUCLIBAEM B OTBET
OTPE3KH, JEKAIINE B BEPIINHAX.

Takum 06pasoM MBI HAXOOUM OTDPE3OK [¢;,Cit1], Takon, yro P €
[¢i, Cit1] M BCE OTPE3KH, KOTOPBIE HYXKHO BLIACATH B OTBET.

2. Ecmm B mpeapiaymmx marax Mel noaydmaam P = ¢j11, TO
UIEM BBEpX IO IepeBy u ~cobupaem” OTPE3KH, COAepkKaIlue OTPE3OK
[Cit1, Cita)

Teopema. Aaecopumm Al pewaem zadauy o npoxasvieanuu (X, V)
044 cAyuas, k0206 MU Y KAKUT OMpPe3kos u3 muoxcecmsa V we cosna-
darom nauaaa usu Kouysl. Ag2opumm Al umeem caedyrwwue rapaxme-
PUCTUKY:

Tai(P) = logyn +h(P),
Qa1 = mnlog,n,
2de h(P) — xoauuecmso ompesxos 6 omseeme wa 3anpoc P.

O6Bbem mamarTu. [locunTaem 00IIEE KOMMIECTBO XPAHUMOU UHDOD-
MaIun:

Ha Huxuem ypoBHe XpaHWTCs He Goablue m/2 OTPE3KOB, HAa ypPO-
BeHb BEIIIe — (M /4) * 2, Ha i-M ypOBHe CHE3Yy — mpoussenenue (2071)
m/(2%), T. e. 06BEM CTPYKTYPHI — 3TO CyMMa 06BeMa OUHAPHOTO Jepe-
Ba (4n) m 00bEMa BHYTPEHHUX CCLUIOK, T.e. (m/2+2xm/4+ ...+ h) =
(log, m)m/2 + 4n = 4n + nlog, n.

CioxHoCTh agropuTMa. [locamTaem CI0XKHOCTE AICOPATMA OT-
IeIBHO mia Kaxaoro srana. 1. CI0KHOCTE BHIIOMHEHUA AIrOPUTMA HA
JIaHHOM JTAle paBHA CyMME ABYX BEJWYUH: CJIOKHOCTU OGUHAPHOT'O TIO-
ucka (log, m), rge m = |C| u gaueBL OTBETA.

2. Eciz Mb1 monyumwin P = ¢;y1, TO BEIDONHAEM log, m omepamui.
Nrave — 0.

IIporpammuan peanuszanusa. [JaHHLIN ATNOPUTM OBLT pEaI30BaH
B BUae nporpaMmbl. OUBITHEIM IIyTeM OLLT BEIMUCJACH OOBEM MAMATH,
HEOOXOQUMBIN [l XPAHEHUA CCHUIOK HAa OTPE3KHU B CIEAYIOMMX CIydanx:

® [OJHOCTBIO BIOXKEHHBIE OTPE3KN: 00BEM MPOMNOPINOHATEH N log, n
e HEMepeceKarolInecs OTPE3KN: 00bEeM He TPEBBIMAET 21

e KaX LI OTPE3OK TIEPECEKACTCA He OOIbIIe YeM ¢ 1 0Tpe3skoM: 00b-
€M He TIPEBLIAET 3N
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¢ MAKCHMAJIBHOE KOIUIECTBO OTPE3KOB, MEPECEKAIMINXCA B OJHOU
Touke — k, 1 k MHOT'O MeHbIIe 1; 0OBEM He MPEBHIIIAET C * 1, T 1
¢ — xoHCTaHTa U ¢ < 2log, k

® MAKCHMAJIBHOE KOJIUYECTBO OTPE3KOB, MEPECEKAIOUMXCA B OTHOU
Touke — k, u k 61u3Ko n: 06beM 61mM30K K 1 logy n

AsTop Gmaromaput mpodeccopa J. J. lacaHosa 3a MOCTAHOBKY 3a-
Iadu ¥ IOMOIIb B paboTe.

Craucok auTepaTypbl
1. Tacamos 3. J., Kyapasues B. B. Teopus xpasenus m moumcka
uapopmanuun. — M.: DUSMATJIUT, 2002.

O BOCCTAHOBJIEHUM YACTUYTHO 3AJAHHBIX

MOHOTOHHBIX BYJIEBBIX ®YHKIIUM I10 KPUTEPUIO
ITOJIHOT' O CKOJIB3AMEI'O KOHTPOJIA

I'. A. Maxuna (Cumdeponoas), K. B. Bopoumos (Mockga)

3aada BOCCTAHOBIEHU MOHOTOHHOU GYJIEBOM (DYHKIIMHU TIO MOAMHO-
KECTBY €€ HyJIel U € [UHUIL ABISAETCA OJHON U3 KIACCUIECKUX 3aJa4 JAUC-
kpeTHou MaTeMaTuku. OOLITHO CPEU MHOXKECTBA BCEX BO3MOXKHBIX De-
mIeHUH Uiy T GYHKIUIO0 MUHAMANLHOU caoxkuocTy [1]. O graxo npocrora
peanu3anuu ABISETCSA He €JUHCTBEHHBIM TPeOOBAHUEM, TP bABIAEMBIM
K MOHOTOHHBIM OyJeBbIM (PYHKIUAM B NPUKJIATHBIX 3axadax. B 3ama-
Yax KaaccupuKanuyu OOBLIMHO TPEANOJAraeTC s, 9TO TOUKU O0yUaoIen
BBIOOPKU MOPOXK JAITCA HEKOTOPHIM BEPOSATHOCTHBIM DACIPENeIeHUEM
u TpebyeTcs MOCTPOUTH (PYHKIUIO KIACCUDUKAIMYA C HAUMEHBIIECU Be-
poATHOCTBIO ommboK. /I ¢popmanrusanum >Toro TpedboBaHNUSI B KOMOU-
HATOPHOM HOAX0Ae [2] paccMaTpUBAETCSA NPOU3BONbHAS KOHEIHAS Ie-
HEPAJbHAS COBOKYIIHOCTH UM MPEAIIONaraeTcs, ITO Bce eé pa3bueHus HA
00y4auyio U KOHTPOJBHYIO BEIOOPDKKM DPABHOBEPOATHBL. DYyHKIMOHAT
[IOJHOI'O CKOMB3SMIEr0 KOHTPO/S ONPEAeNsIeTCs KaK MaTeMaTUIeCKOe
OXKUIAHNE YACTOTHI OMMUOOK HA KOHTPOIE. Ero BepXHUe OIEHKU MOJIY-
9eHBl B [2] pas caydas, KOrja airopuTM KIACCUDUKAUMYA BHIOUPAETCS
U3 MHOXKECTBA BCEX MOHOTOHHBIX (yHKIUA. DPPeKTUBHEIE (POPMYILI
HOLYYeHBl B [3] A1 MOHOTOHHOIO KAacCupUKATOPa OIMKANIIErO COCe-
na. B mamHOU paboTe B KOHCTPYKIUIO MOHOTOHHOTO KJIACCU(DUKATOPA
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OIUKANIIETO COCeNa BBOAUTCA NOTOJHUTEIBHLIN TapaAMET], MO3BOIII0-
U CMEIATH PAHUILY MEXKIy KJIACCAMU HUXKE WIU BBHIIE, U MOKA3bI-
BaeTCsA, YTO Hamaydias o6006maias ciocOOHOCTh HOCTUTAETCA HpU
MPOBENECHUN TPAHUIILI TIOCEPEANHE, 32 UCKIIOYECHUEM CIYyJIaeB CAILHOU
HecOAIAHCUPOBAHHOCTH KJIACCOB.

Paccmorpum 3amady GUHAPHOU KAACCU(DUKAIIUU OOBEKTOBR, OMUCHI-
BaeMbIX n GuHapHBIMU mpumsHakamu. Ilycts U = {xy,...,21} C B" —
KOHEYHOE MHOXKECTBO O00BEKTOB, Y; = y(x;) € B — kaacc oObekTa z;,
B ={0,1}. Yacmoma owubox knaccuduxaropa a: U — B Ha BHIOOPKE
X CcUecrs v(a,X) = ﬁ ; [a(z;) # yi]. Memodom o6yuenus HA3EI-

z;
Baetrca orobpaxkenue f1: 2V — M"™, KOTOpoe IPOM3BOILHOR 06y Iatomen
Beibopke X C U cTaBUT B COOTBETCTBUE KaaccupukaTop us M" — MmHO-
KECTBA BCEX MOHOTOHHBIX OyJIEBHIX (DYHKIUU 7, APTCYMEHTOB.

IIycTe BCE C’f pasbuennin mMuoxkectBa U = X LI X Ha 06ydvaromyio
BEIOOPKY X IuHBI { I KOHTPOIbHYIO X AmaHbl k= L —{, paBHOBEpOAT-
uel. OnpegennM QyHKIMOHAT NOAKOZ0 CKOAb3AUE20 KONMPOoaa [2] Kak
MaTEMATUIECKOE OXKUIAHNE IACTOTHI OMUOOK HA KOHTPOJIE:

Q) =2 T uu(x), ).
‘L XCU: |X|=¢t

Haszosem menvto ob6bekTa x; 13 X MHOXECTBO

{reB": z<ux}, ecmy;=0;
{r e B": ©>ux;}, ecmmy; =1.

Sx (z;) = {

Onpenenum paccrosuue oT oobekTa u € U 10 o6bekTa x; € X Kak pac-
crosuue XamMunra d(u, ) 00 GAuKAUIIero 00beKTa & U3 €ro TEHU:

,x;) = min  d(u,z).
pu, ;) Lomin (u, z)

Onpenennm MHOXECTBO OIMKAUIIKX cocenen 00beKTa U B BEIOOpKe X :

Nx(u) = Arg min p(u, z;).

Ecau |[Nx (u)| > 1, T0 ®aaccuduramop bauncatiwezo coceda Gymer or-
HOCHUTB OOBEKT U K TOMY KJIACCy, B KOTOPBLIH OH (IUIyOxKe IOrPYy2KeH»:

a(u) = y(argzg}@ﬁu) d(u, z;)).
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Teopema. Ecau 6b160pka MOHOTMOKKG, MO ecmb 044 6cet T;,x; € U
u3 z; < x; caedyem y; < yj, mo Pynxyua a(x) monomonna.

OmnpenenuM ¢pyHxnmio paccrosuus py(u, ;) 0T 00BEKTa U O 00yda-
I0LIero 00beKTa T;, 3aBUCALLYI0 OT mapamerpa A € (—1,1):

px(u, i) = (T + X =2y M) p(u, z;),

ITapameTp A onpenenser MOJIOXKEHNE IPAHUIILI MEXK Iy KIACCAME: IEM
MEeHbIIe \, TeM Huxke (6Iuke K HyIAM MOHOTOHHOU (DYHKIUHA) TIPOXOIUT
rpanuna; npu A = 0 OHA TPOXOIUT «IIOCEPENUHE) MEXKIY KIACCAMU.

[ns monyvYeHus BepXHEN OMEHKU (DYHKIMOHATA () BBEIEM TIECCUMU-
CTUYHBIA METOX OOY9€HU iy, KOTOPBIM CTPOUT KaaccudpukaTop fip,(X),
OMUOAOIIUNCA HA BCEX 0OBEKTAX, PABHOYIANIEHHEIX OT 0O0UX KJIACCOB.
Huxussa onenka (), moay4aeTcs NS ONTUMUCTUIHOTO METOMAA fiy, IPA
KOTOPOM i, (X ) IpaBuibHO KaaccuduuupyeT BCe TAKUE OOBEKTHL

[lnsa xkaxgoro x; € U onpenennm Tpu PYHKIUA HEJIOTUCICHHOTO ap-
rymenta m € {0,...,n}:

t;(m) = Z [oa(zi @j) < (1= X+ 2y;\)m];
z;€X\z;

sim) = > [pal@izy) = (1= A+ 20 \)m] [yi # ]
z;€X\z;

pi(m) = Z [or(@i,2;) = (1= X+ 2y;A))m] [y = y;]
z; €EX\;

Teopema. Ecau swvibopxa U monomonna, mo @, < Q(u,U) < @Qp,

- O iim—1 ~ Ol timy—simy—1
Qp = Z Z LC! ’
L

i=1 m=0

AN

Q=22

i=1 m=0

-1 Céft-(

i(m)—pi(m) i(m)—sim)—pi(m)—1 -
kC’f

ucneHHBIe DKCIEPUMEHTH MOKA3LIBAIOT, YTO I'PAHUILI (o, (Jp OT-
JUYIAIOTCA HE CUIBHO U JOCTUTAI0T MUHUMAILHBIX 3HaveHun npu A = 0.

Pa6ora Brmoanena mpu QunaHcoBOU moxaaepxkke PDPDU (mpoexT
Ne 11-07-00480) u mporpammer OMH PAH «AareGpandeckue u kombu-
HATOPHBIE METOABI MATEMATUYIECKON KUOEPHETUKA U UHMDOPMAIUOHHLIE
CUCTEMBI HOBOT'O [TOKOJIEHUS.
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ITI'MCTOTPAMMHASA ®YHKIINA ABTOMATA
n CBA3AHHBIE C HEIO KJIACCBHI A3BIKOB

[O. B. ITapxomenko (Mocksa)

IlycTes 3amaH KOHEYHBIM AeTepMUHUpPOBaHHBIM aBToMmar [1] V =
(A,Q, B,¢,%,q), |A| = |B|, n ero aBTomaTHas dyukusa fy: A* — B*.

®yukuuio k: B* — NU{0}, k(8) = |[{a € A* | fv(a) = f}| HasoBem
rucTorpaMMHON (pyHKumen aromara V [2].

[na moboro marypansuoro p : L,(V) = {8 € B*|kv(8) > p}. B
gactHocTH, npu p = 1, L1 (V) cyTh MHOXECTBO CJIOB, MEPEIUCIUMOE AB-
tomaroMm V. OueBnano, gasa moboro aromara V @ Ly(V) C L,_1(V)
s Beex p > 2. Umeet mecTo:

Teopema 1. [as 4106020 Koneuno20 unuyuatbr020 asmomama V u
dan ecaroeo p > 1, L,(V) — peeyaapnoitl asvik.

Taxum 006pa3zoM, KaxK B KOHEYHBIN MHUNUAILHBIA aBTOMAT V 3a-
IaeT, BOOOIIE TOBOPSA, GECKOHETHYIO IIEMOYKY BJIOKEHHEIX B APYT APyra
PEryIAPHBIX A3BIKOB:

Y

Li(V) 2 La(V) D Ly(V) 2 ...

IMpuveM, Kak MOKA3LIBAET CAEAYIOUIEE YTBEPKICHUE, BCE TAKUE A3BIKA
MPOI0MIKAEMEL.

YrBepxaeune. [lycmv daw aemomam V. Ecau das mexomopoeo
Hamypaavro20 p, ca06o [ € L,(V), mo naiidemca 6yxea b svizodnozo
aadasuma asmomama V maxas, wmo b € L,(V).

Caeacrue. [Jaa 4106020 wamypasvnozo p u asmomama V, Ly(V)
Aub0o Oeckoneunoe Muodcecmso, Aubo nycmoe.
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Mns puxcupoBanubx andasutos A, B pacemorpum £, = {L,(V)|V —
IPOU3BOJbHBIN KOHEYHBIN HHUIMAALHE aBTomaT Hag A, B}. Toraa Bep-
HA CJAEIYIOMAs TeopeMa.

TeopeMma 2. /as at06biz wamypawwvix i 7 j emoaneno: L; € L.

3aMKHYTOCTh BBEJIEHHBIX KJACCOB A3BIKOB OTHOCUATEIBHO PABIAIHBIX
OTepalNU OMUCHIBAET CICAVIONIAA TEeOpeMa.

Teopema 3. 1) £y zamxnym omuocumeavno onepayut 06wedune-
HUA, B3AMUL GEMOMAMH020 00paza u umepayuu. Ho ne 3amxnym ommuo-
cumeavro nepecevenus u Kowkamenayuu. 2) L,, npup > 1, ne 3amxnym
OMHOCUMEALHO ONEPAUUT Nepeceuerus, 00HeUREHUS, KO 3AMEHYM OM-
HOCUMEALHO ONEPAYUY 63AMUA ABMOMAMHO20 00PaA3a.

CorylacHO BBIIIENIPUBEIEHHOMY, [ JIOOOTO P, KAXKILIA S3BIK U3
L, — cyTb peryaapabin. OIHAKO He BCAKUN PErYIAPHBIA ABBIK ABIIA-
ercsa s3bIkOM Tuna L. [as GopMyIupoBKM KPUTepHUs DPeryJspHOCTH
A3bIKa TuUna £, PACCMOTPUM KOHEYHBIM HHULIUAJBHBIA aBTOMAT V =
(A,Q,B,¢,%,q), |A| = |B|] y KOTOPOr0O HEKOTOPEIE COCTOSHUS OMETE-
HBI, Kak ¢uHATbHBE Q) = QF | | Q\QF.

Bepua caenyomasn Teopema.

Teopema 4. Ilycms p > 1 — wnamypaavroe, a asmomam V =
(A,Q, B, p,v,q0) npedcmasasemn nexomopuili 43o1k L ¢ nomowpio muo-
acecmsa punasvnbir cocmoanut Qp. Cywecmsyem as2opumm nposep-
Ku npunadaerncnocmu L € L, caoscnocmu ne npesocrodauiet

O(p(p—1) - 1Q)).

Pa6ora Bemonnena na kadgeape MaTUC mexaHnKO-MaTEMATHIECKOTO
daxyaprera MI'Y um. M. B. JlomonocoBa no pyxoBogcTBoM 1.¢.M.H.
npodeccopa [I. H. Batuua.

Croucok auTepaTypsbl
1. Kyapsasues B. B., Anemmun C. B., loakomun A. C. DaemeHTHI
Teopun aBromaTos. — M.: Usg-so MI'Y, 1985.
2. ITapxomenko /1. B. Meton pacrnosHaBanus MHOXKECTBA CJIOB aBTO-
martoM // WuTennexktyanbusie cucremsl. —2011. — T.15, o, 1-4.
3. Baoun [I. H. O 3aMKHYyTBEIX KIaccax aBTOMATHBIX (QyHKOuE [/

Marepuanst 9-u koudepennun WHTENIEKTyAIbHBIE CHCTEMEBI U KOMITBIO-
Tepusie Hayku. — 2005. — T.1, 4. 1. — C. 48-53.

357



O CJIO2ZKHOCTHU IIONCKA IIOACJIOBA B CJIOBE
C IIOMOIIIBIO APEBOBUAHBIX I'PA®OB

E. M. Ilepunep (Mocksa)

Mycts WF = U™, {1,2,...,k}* — MHOXeCTBO CIOB AIMHEI He
boree n max anpasutom {1,2,...,k}. [lna xaxnoro crosa w € Wk
ero maumHy OygeMm o6o3HadaTh Kak [(w). Hepes wla..b], rge 1 < a <
l(w),1 < b < l(w), 6ynem 0603HAYATH MOICIOBO CJIOBA W, HAYMHA-
IOIIEECA C ero a-u OYKBHEI M 3aKaHIMBAOIIEECH ero b-u OyKBOU, ecam
a < b, u mycroe caoso unade. epes wlal,1 < a < l(w), Gygem 060-
3HAUaTH a-10 OyKBY cioBa w. Bygem roBoputs, uTo cioa w € Wk u
v € W} pasnwi mmu cosnadarom (u mucate w = v) , ecmm [(v) = [(w) n
v[1] = w(l],v[2] = w[2],...,v[l(v)] = w[l(w)]. Bygem cuuraTs, 9T0 JII0-
Oble IBa MyCTEIX CIOBa coBmagaloT. CKaxeM, 9TO CIOBO W AE€KCUKO2Pa-
Puuecku caedyem 3a CIOBOM v, a CJIOBO ¥ gekcukozpapuuecku npeduse-
cmeyem CIOBY W, €CIN BLITTOMHACTCA OMHO W3 CICIYIOMNX ABYX yCJIOBUM:
1) 3i € N,i < min(l(v),l(w)) : v[i] < w[i] m Vj € N,j <i:v[j] = w[j];
2) I(v) <l(w) mVj € N,j <Il(v) :v[j] = w[j]. Bynem sanuceiBaTs 210
cremytomuy obpasoM: w > v (m6o v < w). Pacemorpum X = Wk —
MHOXecTBO 3ampocos; Y = {1,2,...,k}" — MHOxkecTBO 3anucen. Bse-
néM GMHAPHOE OTHOIIEHWE p, KOTOPOE TMO3BOIAT yCTAHABIMBATE, KOT 14
sanuck y € Y ygmoerersopser zampocy ¥ € X (omuowenue noucka):
zpy & i € N 1z = yli.l(z) +i— 1,2 € X,y € Y. Bynem pac-
cMaTpuBaTh 3aga4y uHGopMmanuonnoro moucka (SUI) I =< X, V,p >,
rae V. = {v1,v2,...,0,}, V C Y. Hazosém o1y 3agady 2adaueii nouc-
xa nodcaosa. MuoxecTro V B nanbuenmeM GyneM Ha3bIBATL OUOAUO-
mexot. Comepxareasuo Oygem cumTarhb, 9To 3amada [ =< X,V p >
COCTOUT B MEPEYUCICHUN A1 MPOU3BOJIBHO B3ATOrO 3ampoca T € X
BCEX TE€X W TOJBKO TeX 3ammcer m3 V , KOTOpHIE HAXOAATCA B OTHO-
[IEHUA p C 3aMPOCOM I, TO €CTh YIOBIETBOPAIT 3aIpPOCY Z. 3aLady
I 6ynem paccMaTpupBaTh B paMKaX MH(GOPMAIMOHHO-IPA(OBON MOLEIN
nauubx [1,2]. Angopmayuonwvii epad (IT') — 5TO OpMEHTHPOBAHHBIN
rpad, MOJEIUPYIOMUN 06PAbOTKY 3aMpOCa, KOTOPHIN N3HAYAILHO HAXO0-
INTCA B KOpHE rpada, IpU DOMOIIY BEIYUCICHAA (PYHKIWA OBYX THUIOB:
MpeIuKaToOB U mepekadareneu. [Ipedukam comocTasiaseTcsa pebpy u
NPUHAMAET ABa 3HaYeHus: 1 (M TOrja CIUTAETCA, ITO 3AMPOC TPOXOJAT
no sToMy pebpy) u 0 (B 3TOM caydae 3ampoc mo pebpy He MPOXOINT).
Ilepexarwuamens COMOCTABIACTCS BEPIIUHE; €CJAU U3 3TOU BEPIIUHBI UC-
xoauT t pébep, TO OHU HYyMepyITCa duciaaMu oT 1 1o ¢, u 3HaAYeHHueM,
KOTOpOE NPUHUMAET MEPEKII0YaTeNb, ABIACTCA HOMED €IMHCTBEHHOIO
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pebpa, O KOTOpOMY MpPOUAET 3ampoc. HekoTOopwIM BeprmHaMm rpada
MPUMKUCAHO KaKOe-Tub0 CI0BO n3 Ombamorexu. Ecau mas a1:060ro 3ampo-
ca MHOXECTBO CJIOB, IPUMUCAHHLIX BEPIINHAM, B KOTOPBIE TPOXOIUT 3a-
IPOC, COBNALAET CO MHOXKECTBOM CJIOB OMOJMOTEKU, yIOBIETBOPIIOMINX
3amnpocy, To 6yaeM rOBOPUTh, 9TO MH(PpOpMaNMOHHE rpad pemaet SUTT
1. [IBe OCHOBHBIE XapaKTEPUCTUKN UHGOPMAIMOHHOTO Tpada — 00BEM
u ca0kHOCTE. O6bém ((u) rpada u — 3T0 KOIUIeCTBO PEGEp B rpade
u. Caoscnocmov T'(u,z) rpada v Ha 3ampoce T ecTb BpeMms 06paboT-
K1 TpadoM TaHHOTO 3ampoca. B KatecTBe MpeInKaToB U MepeKIiovIaTe-
Jien MBI OyIeM PACCMATPUBATL AOCTATOYHO NPOCTHIE (GDYHKIUUA — CPAB-
HEeHHe ABYX HeOOJBIMIMX IEILIX Yucea Ju00 HaXO0XKIeHUe OYKBBI IO €€
TMO3UIMYA B CJOBE, U BPEMS BLIUUCICHUA TAKUX (DYHKIUU OyleM CYUu-
tare paBabM 1. Yucao T'(u) = mea)%cT(u,a:) OyneM Ha3BIBATH CJIOXKHO-
T

CThIO MHPOPMAIMOHHOTO I'pada u. B ranHOoM pabore paccMaTpuBarOTCA
apesoBuanse UI'. Mapopmammonns rpad OyaeM Ha3BIBATL dpesosud-
HbiM, €CIN, 38 UCKIIOYEHNEM KODHS, B KaXIYIO ero BEPUINHY, KOTOPOU
He NPUIUCAHO CJIOBO M3 OMOIMOTEKH, BXOAUT POBHO OLHO Pebpo (mpu
DTOM U3 HEE MOXKET BBIXOJUTH CKOJIBKO yroaHo pébep). O6o3naummM MHO-
JKECTBO [IPEBOBUAHLIX MH(MOPMAIUOHHEIX I'PadOB, PEIIAIONINX 3aTaTy
I=<X,V,p>rme X =Wk V C{1,2,...,k}",|V| = p, qepes D(V).
Mycts Q(p,n) = maxycqi 2. k), |v|—p Migep(v) Q(d).

Teopema 1. ITycmv h = (n +1)/2 — npocmoe wucao u p < (k" —
k)/h. Tozda waiidémes maxas 6ubauomexa V C {1,2,..., kE}™, V] =p,

umo ecau 2pad d € D(V), mo Q(d) > pn*/8 npu p — <.
Loxazameavcmeo. Iycts V! — MHOXECTBO OB 1amHBI h TaK®X,
9TO KAXKIOE€ U3 HUX MPEIIIECTBYET JIOO0U IUKINIECKOU TIEPECTAHOBKE
CBOMX CUMBOJIOB (KpOMe TOX 1ecTBenHon). Beero Taknx cios (k" — k) /h,
T.e. HE MeHee, 9eM P. YIOPAIOINM CIOBa u3 V' B MOPAIKE JTEKCHKOrpa-
duueckoro cregosanui. Kaxgomy caosy v; € V', 1 < i < p, comocTaBum
caoBo v; € V rakoe, uto v;[j] = vilh + j] = v[j],1 < j < h—1,v;[h] =
vi[h]. 3ameTnM, 9TO BCe MOACIOBA IIMHBEL i BCEX CIOB M3 OGUOIMOTEKN
V pasusie. Torga Bce mogcaoBa Gomblien NIWHBL TOXe pasubie. MToro,
B 6ubmoreke V ue menee (h+ (h—1)+ ...+ 1) xp = ph(h+1)/2 =
p(n+1)(n + 3)/8 pasubix noAcIOB AMUHE He MeHee h. PaccmoTpum Te-
epb KaKOU-Au00 APeBOBUIHLIN WH(OPMALINOHHLIN rpad d, pemarommnn
sagaay I =< X,V,p >. llycte w — mopacmoeo caoBa v € V, npuaém
l(w) > h. Jobyw 6ykBy CJOBa w BCEraa MOXKHO 3aMEHUTHL HA APYTYIO
TaK, 9TOOBI MOJy9IEHHOE CIOBO He OBLIO MOACAOBOM ¥, TaK KAaK y JIO-
60U Taphl TIOICJAOB ¥ HE COBMAJAIOT MO MEHbIen Mepe 2 OYKBLI. SHAYNUT,
Vi < l(w) BAOJB IyTH, IO KOTOPOMY IPOXOAUT 3AMPOC W, TOJKHA HAU-
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TUCh QPYHKIUA fy, ; TaKasd, ITO foy i(2) # fu,i(w), ecam z[i] # w[i], rae
x — 3ampoc, I(z) > i. 3Ha9uT, My TH, 10 KOTOPHIM MPOXOAAT 3ALPOCHL W
u x, He coBnaqanoT. IlycTs wy u wy — 2 pasIMYHBIX NOACIO0BA CJIOB U3 V|
l(wy) > hyl(w2) > h. Ecim l(wq) = l(wz), To Ji : wy[i] # ws[i]. MycTs
Teneps l(wy) # l(w2). He orpannunsas obumocTH, 6yeM CIATATh, 9TO
l(wy) > l(wz); Torna ysKImMa fy, i(w,) HempuMeHmMa K wp. Taxmm
06pasoM, IIyTH, MO KOTOPLIM MPOXOJAT 3aMPOCHL Wi W Wy, HAKOTAA HE
copmaganT. Tak kak mHGOpMANMOHHEIN rpad d APEBOBUAHBINA, TO IS
Kax I0ro moAcjaoBa w,l(w) > h croBa u3 6ubamoTeku HangéTcs pedpo,
[0 KOTOPOMY TPOXOAUT TOJLKO 3aIPOC, COBNAJAOIIAN C DTUM IO ICI0-
BOM. 3HA4UT, Bcero pédep B rpade He MeHbiue, eM p(n + 1)(n + 3)/8,
4TO 1 TPeOOBANIOCH JOKA3ATh.

Teopema 2. Jas a060i 6ubavomexu V. C {1,2,...,k}",|V| =p
natioémea epad d € D(V) maxoti wmo Q(d) < pn’k/2 u T(d) < 2n +
rnpup — oo, eder = (V) — nauboavuiee no 6ceM 603MONCHbIM
3anpocam Kosuuecmso ca08 u3 bubauomexu V CY, ydosaemsoparowus
aanpocy.

ITa Teopema HAMPAMYH BHITEKAET U3 PE3yJbTATOB, MOAYICHHBIX B
pabore [3].

Caeacreue. ITycms h = (n + 1)/2 — npocmoe wucao up < (k" —
k)/h. Toeda Q(p,n) = O(pn?) npu p — oco.

ABTOp BBIpaxkaeT GaArO0APHOCTHL TPOPECCOPY DIbAPY DIbIAAPOBU-
gy TacaHoBy 3a Hay4HOE PYKOBO/CTEO.

Cnucok JuTepaTyphbl

1. Tacamos 9. 3., Kynpsasues B. B. Teopus xpanenus u noucka us-
dopmanun. — M.: Dusmaraut, 2002.

2. Kyapseues B. B., T'acanos O. 3., llogkomsun A. C. Beenenune B
TEOPUI0 MHTELIEKTyalbHbIX cuctem. — M.: Uspatensckun ormen ga-
kyabTera BMuK MT'Y, 2006. — C. 94-117.

3. Hepnep E. M. O pyHKIMOHATLHOU CAOKHOCTU TMOUCKA MOACTPO-
ku // WNatemnexryanpusie cucremsr. — 2011, — T. 15, B 1-4. —

C. 553-570.

CJIABO3AMKHYTBIE KJIACCHI BYJIEBBIX ®YHKIINNA
O. A. IlerpoBa (Mocksa)

B paGote paccmarpuBatorcs Oyiessl Gyakuun u napst (f,t), roef —
OyJaeBa QyHKIWA, § — BpEMEHHAs 3a1epkKKa (6onbuas uiu pasaas 0).
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Hang muOXecTBaMU

C{:(fat)zfeclat:()al:Qa"'

C{I = (f,t),f601,t:1,2,---,

rage Cf — BTO MHOXKECTBO OyJEBHIX (QYHKIIUU, BBOAATCA TOHATUA (POp-
MyJbl U CHHXPOHHOU CYMEPIO3UINU, a TAKXKE CUHXPOHHOTO 3aMbIKAHUSI
U CUHXPOHHOU TOJHOTHI.

YrBepx aenue. Cunzponno-3amkuymuiz xaaccos 6 C| KORMUKYYM.

Jas kax goro kaacca yukuun u3 C] onpeneneHa mepBas IPOEKLIUs
KaK MHOXKECTBO OyJeBbIX (DYHKIUU, BCTPEYIAIOMINXCA B JAHHOM KJIAaCCe C
HEKOTOPOU 3a1ePXKKON.

MuOX)ecTBO OyIeBLIX (PYHKIMNA HA3LIBAETCA CIAO03AMKHYTHIM, €CIU
OHO ABJAETCA TEPBOU TPOEKINEN CHHXPOHHO-3aMKHYTOro0 kiacca B C].

MuoxecTBO OyneBbIX (PYHKIWKA HA3LIBAETCA MOJIOKUTEIHHO-CAA00-
3aMKHYTBIM, €CIU OHO ABIACTCA MEPBOU MPOEKIINEN CUHXPOHHO-3aMKHY-
Toro kiaacca B CY'.

OueBUIHO, YTO TOJOKUTEILHO-CIA003aMKHY TOE MHOXKECTBO SBJISAET-
¢ CI1a003aMKHY THIM.

[MomoxuTenbHO-CIA003aMKHY THIMU KJIACCAMU SABIAIOTCS BCE KJIACCHI
ITocTa, HO HE TONBKO OHH.

Byzem orHOCuTh napy muoxects OyieBbix ¢yuxuun (My, Ms), Ta-
kux, 910 My C M, K IepBOMY THILY, €CJIU HE CYIIECTBYET MOJOKUTEIb-
HO-cmabo3aMKHYTOrO Kaacca L, Takoro, uto My C L C M.

Bygzem orHOCcuTh napy muoxects OyieBbix ¢yuxuun (Mi, Ms), Ta-
kux, 970 My C M7, KO BTOPOMY THITY, €CJIU HE CYIIECTBYET MOJ0KUTEIb
HO-C1a003aMKHYTOro Kjaacca L, takoro, uro My C L C My, HO Cy-
MIECTBYET CAa603aMKHYTHIN KaacCe L' (He ABIAIOMIMACA MONOKUTEALHO-
c1a603aMKHY THIM ), Takou, uTo My C L' C M;.

Bynem oTHOCHUTH mapy MHOXeCTB OyJieBbix (yuxmun (Mi, Ms), Ta-
kux, 910 My C My, K TPETbEMY THITY, €CIU CYIIECTRYET MOJOKATEILHO-
c1abo3aMKHY TEIN Kaace L, Takoro, uro My C L C M;.

B paboTe usyuens c1a003aMKHY THIE U MOJOKUTEIBHO-CIA003aMKHY-
Thie KIACCHI ¢ TOYKY 3PEHUs OTHOIIEHYA MO BKIIYUeHUI0. Bee maphl kiac-
coB IlocTa pa3bUTHl HA MHOXKECTBA MAP KJIACCOB MEPBOIO, BTOPOTO U
TPETHEro TUIA.

B kaacce MTUHENHBIX (DYHKIUEA UCCICIOBAHBI BCE CIA003aMKHYTHIE U
MOJOKUTEIBHO-CIA003aAMKHY THIE KIACCHI, MTOCTPOEHA, AMArpAMMa DTUX
KJTACCOB 0 BKJIIOUCHUIO.

OCHOBHBIE PE3YJIBTATH PAOOTHL:
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Teopema 1. B wmunoxcecmse aunetinbiz Gyrwkyul napvt Kaaccos
(Ls, L4), (Ls,04), (Lg,01), (0;,0;j), 2de O; asasemea npednoanbim
6 O;, ommocamea x nepeomy muny; napvl xaaccos (L1, L), (L1, L3),
(L1, Ls), (La, L4), (L3, Ls), (La,0s5), (L3, Og), (L1,09) omuocames xo
emopomy muny. B mmoxncecmee aunetinnx dynrxuuii eceeco 28 caabosa-
MEHYMBIT KAGCCO8, 14 U3 KOMOPLIT ABAAOMCA 3AMERYMBIMY KAACCAMU
Hocma, u scezo 17 noaoxcumenvno-caaboz3amxuymovix xaaccos, 14 u3
KOMOPBIT ABAANTNCA 3AMKRYMbIMY Kaaccamu [Tocma.

Teopema 2. ITapwt kaaccos (D3, Dy), (D2,01), (D1,D2), (D1, Ly),
(D3, Ls) ommnocamca x nepeomy muny.

Teopema 3. Hapvr kaaccos (A1, As), (A1, As), (A2, As), (A3, Ay)
omuocames k nepgomy muny; napvt kaaccos (Ay, Ss), (A1, Ps), (A3, Ss),
(A, Ps) omuocamca ko emopomy muny.

Teopema 4. ITaper xaaccos (C1,Cs), (C1,C3), (C2,C4), (C3,Cy)
OMHOCATNCA KO 6MOPOMY TNUNY.

Teopema 5. ITaper xaaccos (Ps, Ps), (Ps, P3), (Ps, Py), (P, Pr),
(PG: 08)’ (P5,O5), (PSaOG)’ (P1: Ol)’ (56755)’ (SG= 53); (SS= Sl)’
(83,51); (S6,0s); (S5,06), (S3,05), (S1,01) omnocamea x nepsomy
muny.

Teopema 6. Ilapwi waaccos (F;, F9), (Fi, FP), (F}, F.,,),
(F37F5+1)’ (ngFZ+1)’ (Fgospl)’ (F;,Pg), (F;},FS)’ (FiaFi)’ (F;},
F3+1)’ (F3=F3+1)’ (F37F3+1)’ (Fgoasl)’ (Fogo, SB) OMHOCAMCA K NeEp-
somy muny; napwi xaaccos (FS, F), (F3,F2), (F3, Fi. ), (Fi F2),
(Fj,Fl}), (F;},Fjﬂ) OMHOCAMCA KO 8MOPOMY TMUNY.

Teopema 7. ITapwi xaaccos (Cy, D1), (Cu, As), (Cy, FY), (A4, FY),
(F$,D3) ommuocamca x nepsomy muny; napvr xaaccos (Ca, As),
(C3=A3)’ (ClaLl)’ (C2=L2)’ (037L3)’ (C3=F28)’ (A37F27) OMHOCAMCA KO
smopomy muny; napvt kaaccos (C1,Ay), (C1,D3) omnocames x mpe-
mbemy muny.

Cnmcok JuTepaTyphbl

1. Kyapsasues B. B., Bmoxuna I'. H., Kuan 2K., Kyapsasues B. B.

Anre6pa moruku. — Mocksa— Jlwo6aaua, 2006.
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OB ACUMIITOTUYECKUX OINEHKAX
AJIA BUTPAMMHBIX SI3bIKOB

A. A. Tlerromko (Mocksa)

Iycts A (JA|] < o) — KOHEUIHBIN anpABUT.

Onpegenenne 1. Buepammoti B andasure A HasbiBaeTCA ABYXOy-
kBenHoe cJaoBo ab € A* a,b € A (ab # ba npu a # b).

Onpegeneune 2. HazoseMm xpammocmpio S 6 caoée a m 0603HA-
unM 1depes Oz(a), re S € A*, o € A*, npudem [ — HemycToe CJIOBO,
oro6paxenne A* — N U {0}, xoTopoe ompegensercsa Kak KOIUIECTBO
PaBIMYIHBIX PA3IOKEHUN CI0Ba « B Buje a = &' fa’’ (o' u " moryT 6biTh
nycTbiMu). Ilpu 1JvHe CI0Ba (r, MEHBIIEM Ye€M [JIWHA CIOBA 3, 3HAYEHUE
05(a) monoxkum pasueM 0.

C y4eTOM BBEIEHHLIX OMpPEIEJNCHUNU, MO KAXKIOMY CIOBYy o € A*

|A]

MOKHO IOCTPOMTH KBaAPaTHYIo MaTpuiy 6urpamu (O (a)); ;_; pasuepa

|A| x |A| Takyio, aTo Ha MecTe (i,j) MATPULLI OyAET CTOATH 3HAUEHUE
fa;a; (@) (mpm ycmosum, 9T0 Bee Gykpbl andasuta A = {ay,as, ..., a4}
OPOHYMEPOBAHBL ¥ HyMepauus 3a()UKCUPOBAHA).

OGo3nauuM Yepe3 & MHOXKECTBO KBaJPATHBIX MATPUI pa3dmepa |A| X
|A|, KaxK IBIN DIEMEHT KOTOPHIX ABIAETCSA HEOTPUIATENBHBIM [EIBIM Ui~
caom. T.o., Va € A* umeem O (a) € =. Takxke, 31eck u ganee depes O(a)
Oymem o603HAYATh MATPHUIY OUTPAMM, MOCTPOEHHYIO MO KOHKPETHOMY
CIOBY @, a 9epe3 © - mMpOCTO HEKOTOPYIO MATPUILY W3 =, P STOM Oy aeM
CYMTATh, ITO HA MecTe (i, j) MATPHUILL O GyAeT CTOATH 3HAUEHUe f, ;.

Omnpepenenne 3. Hazosem 6uepammubin asvicom L(O), mopox gen-
HBIM MaTpunern © € =, MHOXECTBO BCEX CJIOB, MMEIOMMX OTHY W Ty K€
maTpuiy 6urpamm O, t.e. L(0Q) = {f € A*|0(S) = O}.

Toctpoum no marpuiie O («) (mim mo npouseoabHON MaTpuIe O € =)
opueHTUpOBaHHEM rpad Gg(q) HA WIOCKoCTH. Bepmunamu y 5Toro rpa-
da 6ymyT Bce OykBhI U3 andasuta A, mpu >3ToM pebpa OyIAyT COOTBET-
CTBOBATH OMIPaMMaM C y9€TOM UX KPATHOCTEH, T.e. KPATHOCTH B, ()
OyneT nopoxaaTh O, () opuenTHpOBaHHBIX pebep a — b. AHamoruvHO,
KpaTHOCTD O..(a) OyneTr mopoxaath 0..(a) nereas ¢ — c.

Onpegenenne 4. Mampuueti Kupzeogda M L(O), nocTpoeHHON 1O
maTpune 6urpamMm @ € =, HA3EIBAETCA KBAAPATHAS MATPHUIA PA3MEPOM
|A| x |Al, T.4. Ha mecTe (i,]) CTOUT DIEMEHT

{ _9[11'[1'7 Z;é],
lij = i .

aya; Daiags 1=,
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Jlemma. Fcau mampuya duepamm © € Z makxosa, wmo coomeem-
cmayrowut opuenmuposannvii epap Go asasemca atdaeposuim [1], mo
sce 2aasnvie munopuy D0 noayuennuvle sorueprusanuem ud ML(O) i-
i cmpoku u i-20 cmoabua, pasubl mexncdy cobot npu pazauunels i (u
pasubt D).

Ha ocuoBe pa6oTer [2] MOXKHO JOKa3aTh, ITO BEPHA CJIEAYIOMIAA

Teopema 1. ITycmv 3adana mampuya 6uepamm ©, xomopoi co-
omeemcmeyem 3taepos uau nowmu siaepos 2pad Geo, npuuem 0aa
Vidj # i, m.u. Og,q; > 0 wau b,,4, > 0. Toeda:

1. Ecau 3, m.u. Za,-GA baia, > ZaiEA 4,0 a;, MO

— Y
No = MuueaCoseatus ~14000)!
Hai,ajGA aaia]‘!

2de 0;:; — cumsoa Kponexepa.
2. Bcau Vi, j Y, cabaia; =D q,c4 00505 MmO

Ha,-eA(Za].EA 0aia; — 1)!

0 o D.
ai,a;EA V05"

Neg = Z aaiaj

ai,ajEA

Onpepgenenne 5. HazoBeMm uacmomubim A3bikom HA OUTpaMMax C
KPATHOCTAMY, 3aJaHHBIM MaTpuilen ourpamMm O € =, caeayomun s36iK
npu k € N:

Fo = fj L(kO©)

k=1

Onpepenenue 6. Hazosem e memyneBbie maTpuiisl @7 u O us
Z KpammubiMu, €Cau CYIIeCTBYeT NEeUCTBUTENbHBIN KOodhduiumeHT ¢ €
R,c # 0, Takou 4to BepHo O = ¢Oy. B mpoTuBHOM ciydae Hemye-
BBLIE MATPUIIEI HA30BEM HEKPATHBIMU.

Teopema 2. ITycmv mampuya 6uzpamm O 3adaem stiaepos epad
Go. Toz2da:

1. Ecau cywecmeyem makoe pasaodxcenue O 6 cymmy 08yx mewyJe-
eblT Hekpamublr mampuy @ = 01 + O3 maxoe, umo obe mampuuybr O
u O 3adarom atiaeposwr epagor Go, u Go,, mo asvik Fo nepeeyaspen.

2. B npomusnom cayuae asvik Fg peeyaapen.

Onpegenenne 7. Matpuna 6urpamm © HA3BIBAETCA NOAOHCUTEAD-
HOT, €CJIU BCE BJIEMEHTELI 3TOU MATPUILI — HATYPaJbHBIE IeJLIe IuCIa.
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Teopema 3. ITycmb 3adana nosoxcumesbras mampuya buzpamm ©
¢ atineposvim epagdom Go. Tozda npu k — 0o mownocms asvika L(kO)
cf
~
|L(kO)| 22 ¢g % RICEYEE
2de ¢ =¢1(0) > 1,¢0 = 2(O) — nexomopvie KOHCMARMbL, 306UCAUUE
MoaAbKko 0m u3HauaALKOT mampuybt duzpamm O, a n = |A] — mow-
HOCTMb aAPaBUMa.

OGo3uauuM uepes =y MHOXKECTBO MaTpul pasMepa |A| x| A|, kaxgbin
BIEMEHT KOTOPEIX MPENCTABIACT COOON HEOTPUIATEIBHOE [EJ0e IUCIO,
He mpesocxopasmee k > 0. Takxke GygeMm cauraTs, 9To |A| =n > 1.

Yepes NJ’f 0003HAMUM KOJIUYIECTBO MATpHUIl ourpamMmm O € =i, 3a-

JAOMUX KOHedHbIe (HemycThie) a3bikn Fg; NF

i — KOJIM1IeCTBO MaTpHUI

ourpamm © € Zj, 3aJA0MUX CIETHBIE I3bIKU Fg; Nfeg — KOJWYIECTBO

maTpur 6urpamm @ € Ej, 3a1al0IIuX CIETHBIE peryJsapHbie a3uiku Fg;

N,’:reg — KOJIMYECTBO MaTpuu OurpamMm O € Zj, 3aJaOUX CUeTHHIE

Hepery.iapHble A3biku Fg; NF — o6mee xommaecTBo MaTpui Gurpamm
0 € =y
TEOPEMa 4. C yuemom 66edennblT ebiute 0003HaUEHUT 6EPHDBL CAE-
0ymwue COOMHOULEHUA!
1 NE (.
1) E”C(], m.y. Vk>k?0 m < N_}“ < 1,
. NE
2) limy o0 NE = 0;
. NE,
3) llmkg)oo M—g =0.
nreg

CneacrBue. FEcau o603nauums 3a N,f KOAUUECTNBO MaAMPUYy, Ou-
- . NF
epamm O € Zy, zadarowuxr nenycmuie asviky Fg, mo limyg_, o N—‘i =0.

Cuucok JuTepaTypsbl
1. Ope O. Teopus rpados. — M.: Hayka, 1980.
2. Hutchinson J. P., Wilf H. S. On Eulerian circuits and words with
prescribed adjacency patterns // Journal of Combinatorial Theory. —
1975. — Ser. A, V. 18. — P. 80-87.
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PEIIEHUE ITUHAMUYECKOM 3ATAYY IIOUCKA
NAEHTNUYIHBIX OB’ BEKTOB

A. A. IInerues (Mocksa)

DdyuknuronrpoBanue 6a3bl TAHHLIX — 3TO 06pab0TKA MOTOKA 3aTPO-
COB THIA MOUCK, BCTABKA U yaaneHue. [Ipu 5TOM B pe3yabTaTe 3anpoCcoB
THUIA BCTABKA U yjaaneHue 6a3a JaHHBIX W3MEHAEeTCs, & Ha 3aIPOCHl THUIIA
[IOUCK BHIJAETCA OTBET. Kciau MOTOK 3ampOCOB HA HOUCK CYIIECTBEHHO
npeobaagaeT HaI 3aIpOcCaMu Ha U3MeHeHue 6a3bl TAHHBIX, TO Takue Oa-
3bI JAHHBIX HA3BIBAIOTCA CTaTUYecKuMu. [[1s mccrenoBanusa Takux 0a3
JaHHBIX OpeiHasHadenbl uHpopmanumonuse rpadu (UIN) [1]. Ecan xe
MOTOK 3AMPOCOB HA U3MEHEHUE 0A3bI JAaHHBIX CPABHUM C TIOTOKOM 3aIPO-
COB HA TOWCK, TO TaKuWe 0A3bl JAHHBIX HA3BIBAKOTCA IMHAMUYECKUMU, U
MOEJUPOBAHUIO TAKUX 043 TaHHBLIX MOCBAIIEHA JaHHASA paboTa.

IIpegnaraemas mogess nuHAMMYECKMX 0a3 AAHHLIX [OCTPOEHA HA
B3aVMOIEUCTBUAN KOHETHOTO IeTePMUHUPOBAHHOINO aBTOMATa U MHMOP-
MaIMOHHOTO rpada. 3a1adua aBTOMATa MepecTPAauBATh UHMOPMAINOH-
HBIZ rpad Opyu U3MeHeHnn 0a3bl JaHHLIX, TEM CaMLIM 0OpabaTbiBas Au-
HAMUYECKUE 3AMPOCHl TMOJb30BATENSA. DTy CTPYKTYpPy OyIeM HA3LIBATH
OIUHAMUYIECKNM MHMOPMAIIMOHHBIM I'padOM.

B onpegenenun mouatus NI mcnoab3yiorcsa 4 MHOXKECTBA: MHOMXKE-
CTBO 3anpocoB X ; MHOXKECTBO 3amucer Y ; MHOXKECTBO F' 0 JHOMECTHBIX
MpPEIUKATOB, 34IAHHBIX HA MHOX)eCTBe X ; MHOXKeCTBO (G O THOMECTHBIX
mepexarJaTeed, 3aladapix Ha MuoxkecTBe X . [lomarue UI man 6aso-
BeIM MHOXeCTBOM F = (F,G), rae F = {f;,j € I}, G ={gi,i € J}, I,J
— MHOXECTBA MHIEKCOB, Oepercsa u3 [1]. Onpexenum Tpu MHOXKECTBA
dbyukumnit wamenenns ungexcon: R = {rl : Iex JuexYnme 51, ce Ci},
R? = {r? LI x JREXY T 5 e € Co} R ={r . Y" -V, ce Cs}.
Beegem Tpu MHOXecTBa mepeMeHHBIX: Z = {2;}52,, rge z; nOpuHAMAa-
foT 3HaveHua u3 [, V = {vj};?‘;l, riae v; IPUHUMAIOT 3HaYeHUA U3 J,

W = {wy}72,, rie wy, IPUHUMAIOT 3HAYCHUA U3 Y.

Pacemorpum npouseonsubin UTT U. 3aMeHUM KaxkK BN UHIEKC TPe-
IUKATA HA HEKOTOPYIO TIEPEMEHHYI0 U3 Z, KAXK AU UHIEKC MePeKII0Ta-
TeJsT HAa MEePeMeHHYI0 u3 V, a Kax Iyl 3amuch Ha mepemenHyoo u3 W.
TTocae TOro COMOCTARMEHUS IONY IUM HATPY KEHHBIN I'Pad, KOTOPLIN Ha-
30BeM IPOCTHIM MAaba0HOM. Ecan KaxkAbi UHIEKC TpeIuKaTa Mbl 3aMe-
HUM HA HEKOTOPYIO (GOPMYJIy HAl MHOKECTBOM MIEPEMEHHBIX Z U MHOMKE-
cTBOM pyHKIMH R, KaKIBIM MHIEKC IepeKTioYaTe]d Ha (pOPMYIy Hal
MHOKECTBOM IEPEMEeHHBIX V U MHOXKECTBOM (yHKIuA R?, a KaxKIyio
3anuch Ha (HOPMYJTy HAJ MHOXKECTBOM MEPEMEHHBIX W M MHOXECTBOM
dysxnui R?, TO HOIyYeHHBIN HATPYKEHHBIH rpad HA30BEM MAaGIOHOM.
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Bynem rosoputs, uro UT' U u mpocTon mabaon 7 COrIacoBaHEL, €CIU
OHU cOBManaT Kak rpadul, u ecau B U U BcTpedaroTcs OqUHAKOBRIE
UHEKCH [IPEINKATOB (IePeKIYaTeNel U 3alucel), TO B COOTBETCTBY-
IOLMX MeCcTax mabaoHa T HaXOAATCS OAMHAKOBHIE nepementsie u3 Z(V
u W). BosHukIimee COOTBETCTBUE MEXIYy TEPEMEHHBLIMU W UHICKCAMU
HA30BEM MHTEPNIPETANNEN TaHHOTO COTVIACOBAHUA.

JlokaneabiM npeobpasoBanueM HazoseM napy p = (71, Tz), roe 71 —
mpocTou mabaoH, To — mabaoH, B GOpMyIaX KOTOPOrO BCTPEIAIOTCA
TOJBKO MEPEMEHHBIE, BXOIAIINEe B TPOCTON MAalbI0H T1, ¥ BO3MOKHO €I
OJHA mepeMeHHas w3 MHOxecTBa W.

Eciu UT' U u npocton mabaoH 7; COMIACOBAHBI, TO IPUMEHEHUEM
JaokanabpHOro npeobpasosauusa p = (71, T2) k UT' U nasosem UI' U’, mo-
JIy9AIOIMMUCA 13 MAa0MI0Ha T3 MOACTAHOBKOU BMECTO KaxKIOW (POPMYJIEL
3HAYEHUA NAHHOUW (POPMYJbI B MHTepmperanuu cormacosanusa UT U u
npocroro mabaona 7y.

[Muamerpom UI' HazoBeM MaKCUMANLHYIO JQJUHY TPOCTOU IENU Tpa-
da. Janee 6ygem paccmarpusath kiacc G(N, D), N, D € N, uadopma-
UUOHHBLIX TPadOB AuameTpa He 6osee D, TaKUX, 9TO CTENEeHb UHIUIEHT-
HOCTH 000U BepIUHLI rpada He mpeBocxoauT N.

Hazosem komom Bepumusr UT' napy (ki1,ke), rge ki = 0, ecau Bep-
mmHa npeaukaTHasg; ki = 1, ecin ona mepexiodaTensras; ko = 0, ecin
BepIINHA KOpeHb; ko = 1, ecim BepImmHa JUCTOBAA; ko = 2 B OCTalb-
HbIX caydasx. Kogom pebpa Hazosem 4ucio, koTopoe pasusercs 0, ecan
oHO mpeaukatHOe 1 1, ecin mepexaodaTeabnoe. Kogom NI Ha 3ampo-
ce r HazoBeM MH(POPMAIMIO O KOAE KaxKI0u BepmuHLI 1 pebpa UL, a
TakXke MHPOPMALNIO O 3HAUYEHUAX BCEX MPEIUKATOB U IEpEeKIIYaTe-
Je Ha 3ampoce ¢ (TakK ke BO3MOXKHO, 9TO KOJ CONEPKUT NOTOJHUTEIb-
HyI0 MHGOPMAaIWsI O HOMeTKaX Ha pebpax u BepmuHax rpada). Uepes
K(N, D) o6osnaunm muOx)ecTBo kogoB UI' ua G(N, D). IlouarHo, 4To
|IC(N,D)| < cc.

IIycte N, D € N, P — HEKOTOpPOE KOHEYHOE MHOXKECTBO JOKAIbHBIX
npeobpa3oBaHul, maGIOHEl KOTOPHIX nopoxkaenst UM us G(N, D), U —
WUT wan 6azoseiv MuOxecTBOM F = (F, G) u3 xnacca G(N, ), A — ko-
HEYHBIM aBTOMAT, BXOAHOU andasut, koroporo ectb K (N, D), a BeIxo1-
HOU aad)aBUT OMUCHIBAET PEAKIUU ABTOMATA, TAKUE KAK MEPEMEIeHUe
aBTOMATAa IO rpady, BEIOOP JOKAILHOIO IPeoOpa3oBaHusa u3 P, CATHAI
Ha 3aBepIIeHne PabOTH W, BO3MOXKHO, PACCTAHOBKY WM U3MEHEHUE TO-
MeTOK Ha paccMarpuBaemon okpecruoctu rpada. llapy (A, U) mazosem
auHamMudeckuM uHdopMauuonasiM rpadom (JUT) tuna (N, D) mag F
uP.

Omnpenemnm gyuxyuonuposanue JUT (A, U) ma szanpoce. Ecau 3a-
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IpOC e€CTh 3ampoc Ha mouck, To ¢yukuunonuposanue [IUI coBmagaer
¢ ¢pyukumonuposanueMm UI' U u ue zageucrsyer asromar A. Ecan 3a-
[POC SABAAETCS 3aMPOCOM HA BCTABKY WM yIaleHue, TO (PYHKIUOHUPO-
Baume [T mpoucxoauT cregyromuM o0pa3oM. B HAYATBHBIL MOMEHT
TeKyIIen Bepimuon o0basaseTcsa kopeas U u cauraercs, 9To auimamnx
moMmeToK Ha rpade Her. Ha Bxon aBromMaTa momaeTcs Kog OKPECTHOCTHU
TEeKyIIen BepIuHbl. Ecin BBIXOL aBTOMATA MPEANUCHIBAECT MEepeBUKe-
Hue 10 rpady, TO TeKyIIas BePIINHA U3MeHseTcsa. Ecain BEIXoq aBToMaTa
[PEeIIUCHEIBAET HEKOTOPOE JOKAJIBLHOE IPEe0OPA30BAHNE, TO B CJIyYae eCIn
OKPECTHOCTDb TEKYIIeN BEPIIMHLI COTVIACOBAHA C IEBOU YaCThIO TPeobpa-
30BaHUs, TO PACCMATPUBAEMAs OKPECTHOCTH 3aMEHAETCA HA PE3yJbTaT
[PUMEHEHUsI JAHHOr'O JOKAJBHOrO npeobpasopanus. Ecau okpecTHOCTH
TEKYIIeN BEPUINHBI HE COTVIACOBAHA C JEBOUW YACTHIO MPEOOpPa3OBAHUS,
TO PYHKIMOHUPOBAHUE 3aBEPIIAETCA C OMUOKON. Fcam BBIXOH aBTOMA-
Ta MPEANUCHLIBACT U3MEHEHNE TTOMETOK PACCMaTPUBAEMOU OKPECTHOCTH,
TO DTU U3MEHEHUS BBIMOIHAIOTCA. ECaM BEIXON aBTOMATA CUTHAIN3UPYET
0 3aBepireHuu paboTwl, TO 06pabOTKA 3aMpoca 3aBEPIIAETCS YCIIENTHO.

Iycts B C Y, |B| < co. Cxaxewm, uro U pemaeT 3a1atdy moucka
ugeHTu9HLIX 06bexToB (3MINO) I = (X, B, =), ecin oTBeT HA MPOU3-
BOMBHEIN 3ampoc ¢ € X Tuna momcka paseH {z}, ecinm © € B, u myct
B IPOTUBHOM CJydYae; U ecar (PyHKIMOHNPOBAHNE HA IPOU3BOJBLHOM 3a-
mpoce TWma BCTaBKEU (ynajeHus) 3anucu y € Y 3aBepIIaeTCs yCIell-
HO, Pe3yJbTUPYIOMmu Tpad HE COAEPKUT JUITHUX MOMETOK U PENIaeT
3IUO (X, BU{y}, =) (X, B\ {y},=)).

Teopema. Cywecmeyem AUI muna (4,4) xomopwiii pewaem 3ada-
UY NOUCKA UIEHMUUHBLE 00HEKMO8.

AsTop 6aarogaput mpodeccopa . J. [acanosa 3a mocTaHoOBKY 3a-
Ia¥MU W TIOMOIIL B padoTe.

Cnucok JuTepaTyphbl
1. Tacanos 3. J., Kyapasues B. B. Teopus xpasenus m moumcka
uapopmarun. — M.: DUSMATJIUT, 2002.

OB 5BOJIIOIINU CXEM BA3 NAHHBIX CYB/ DIM
B. C. Py6aes (fIpocaasis)

B ocuose Beegenus nosou o6wextHon CYB/ DIM [1, 2] nexut guna-
MUK3 UHQOPMALLH, T. €. TAHHLIX OOBEKTOB, UX CBOUCTB, TUIOB U METO-
10B 06paboTKu faHHBIX. [IOCKOABKY B JAHHON TEXHOJOIMH TeMIIOPAalb-
HBIA XapakTep 6a3 TAHHBIX OTPAXKAET OMHOULEHUE UCTOPUL OOBEKTOB,
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CBOWCTB, KJIACCOB, TO IJIA KAXKIOU U3 MEPEIUCICHHBIX CYIITHOCTEN, UCTO-
PUIO U3MEHEHUA KOTOPHIX CIEAYeT XPAHUTL BO BPEMEHU, BBOAATCA ABA
IOTIOMHUTEILHBIX TAPAMETPA: MOMERIT, POHCOCHUA U MOMEHI CMEPTU.

unamuka cxem 6a3 manabix DIM, BKIIOUaIONMas IMHAMUKY KJIACCOB
U X CBSI3€d, OTPaXKeHa BO MHOIUX paborax (cMm. Hampumep, [3-5]) kak
aBOMIOIUA cxeM 6a3 gaHHbIX. O IHAKO OT DBOJIOIUM IUHAMUKY CXeM 6a3
IAHHBIX OTJUYAET IOMOJHEHUE €€ OTHOIIEHUEM UCTOPUM KJIACCOB, CBSA-
3ed, 0OBEKTOB, KOTOPas ONpeAeiseT TUHAMUKY 3TUX cymHocTen. Tax
KaK JUHAMUKA, CXEM CYIIECTBEHHBIM OOPA30M 3ABUCHAT OT TEXHOJOTUA
6a3 mamnaerx, maa DIM momxen ObiTh paspaboran ceou noaxon. Ilpm
3TOM MOMMMO NPOBEPKHU HEJOCTHOCTU JAHHEIX (OOBEKTOB U UX CBA3EH)
BBIIBUIAETCA TPeGOBAHNE MAKCUMAIBHOTO UCIOIB30BAHUS Tpeobpasye-
MBIX JAHHBIX, 9TO TPYAHO CAEIATH BPYUHYIO NPU OOJBIIOM U3MEHEHUN
CXEMHBI.

[l71s1 MOCTPOEHUA ANTOPUTMA, SBOTIOINN CXEMBI 0a3bl TAHHBIX BBOUT-
csl opepad 3604104UL CTEMbL CIEAYIOMUM 00PA3OM:

1. B xadecTBe BepmuH oprpada BLIOMPAIOTCA KJIACCHI CTAPOU CXe-
MBI, HE BOIIEAINUE B HOBYIO cxeMy (B JaJbHeumeM OyIeM X Ha3blBaThb
CMAPLIMU BEPUWURAMY), Y KIACCHI HOBOU CXEMbI, OTCYTCTBYIOUINE UIU
U3MEHEHHBIE 10 OTHOLIEHUWIO K CTapol cxeMme (B naabHenuieM OyaeM ux
HA3LIBATH HOBbIMU BEPUUHAMU), & TAKKE OOIIUE BEPIIMHBI CTAPOU U
HOBOU CX€M, [Js KOTOPBIX U3MEHWINCH CBA3M C APYIUMHU Kiaccamu (B
IaabHenIeM OyneM UX HA3bIBATD 00UUMU 6EPULUHAMU).

2. W3 c¢mapoti BEepITUHEBI, COOTBETCTBYIOMIEN KIACCY CTAPOU CXEMHI,
OPOBOAUTCA AYyTa B OTIAWYHYIO OT HEE HO8Y10 BEPIIUHY, COOTBETCTBYIO-
IIYIO KJACCy HOBOU CXEMBI, €CIM HEKOTOPKIE MapaMeTPHI TEPBOr0 KAACCA,
MEPEHOCATCA BO Bropou. Takas ayra mMOMEYaeTCss UMEHAMHU TIepEHOCH-
MBIX TIAPAMETPOB U B IATLHEUINEM HA3BIBACTCA dy2ol nepenoca.

3. BepuuHbl cTapou CXeMbl COEIUHAIOTCA CBA3AMEU KJIACCOB CTAPOU
cxembl. To e meraeTcs s BEPINUH HOBOW CXEMBI, HO BHIICIAIOTCA HO-
BBIE U U3MEHUBIIUECS MO OTHOIIEHUIO K CTAPOU CXEMe CBI3U, KOTOPHIE
ONIPEIeJNAIOTCA KaK Y2t €8431U [IJs HOBLIX U OOLIMX BepIInH oprpada.

W3 oprpada 3BOIIONNN CXEMBI BBIAEAAOTCI KOMIOHEHTHI CBA3HOCTH,
B KaX[IYI0 U3 KOTOPHIX BKJIIYAETCA KOMIOHEHTA CBA3HOCTH MOArpada
HOBBIX ¥ OOIIUX BEPIIVH, CBA3AHHAA JY2aMU C8A31 U NOTIOJHEHHAS TOMb-
KO TeMU CTapbIMU BEPIIUHAMU, KOTOPHLIE CBA3AHEI C €€ HOBBLIMU BEpIIN-
HAMU Jy2amu Nepenoca.

IIpegnaraercs ciaegyomu BOIHOBOU AITOPUTM A KAXKJIOU KOMIIO-
HEHTHI CBA3BHOCTHU Oprpada 3BOMIOIUN:

1. B xauecTBe HauamHol BEIOUPAETCA JT00AA H06aA BEPIINHA KOM-
MOHEHTHI CBA3HOCTH, KOTOPAsS HE COOTBETCTBYET KJACCY CBI3UM HOBOU
CXEMBI 1 KOTOPAas HE UMEET AyT CBA3U C POAUTENbCKAMEI U BKIIOYAIOIIN-
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MU BEPUIMHAMU-KIACCAMU [ DTOU BEPIIMHBI-Kiacca. Takas BepumHa
JOJKHA CyIIeCTBOBATh B CUIY OrDaHU4ueHus onpegeaesuoctu (cu. [1]).

2.1. [I1s BLIOpaHHON BEPIINHELL U KAXKIOU dYeu Nepenoca, BeayLen B
HEe W3 CTAPBLIX BEPIINH, OCYLIECTBIAETCA IEPEHOC JAHHBIX B COOTBET-
CTBUM C UMEHAMU TEPEHOCUMBIX TapaMETPOB AYIH.

2.2. BroauTca omuowerue ucmopuy MeXIy KIacCaMu Hatdajga IyT
[EPEHOCA ¥ BLIOPAHHBIM KJIACCOM ([Js1 MEPBLIX KJIACCOB ONpPenesseTCs
TeKylas 1aTa B KadeCcTBe 3HAadeHus napamerpa Jama cmepmu, a mis
KJ1acca BBIOPAHHOU BEPIIUHBI 3TO 3HAYEHUE ONPEIENACTCA AJIsA mapame-
tpa Jama poxcdenus).

2.3. Ecau npu mepeHoce JaHHBIX OT CTAPOrO KJIACCA K HOBOMY [OJI-
KEH TIPOU3OUTH TMEPEHOC CBA3YM BKIIOUEHUA K KIACCY OOIIEN BEPIIUHELI 1
TUI BKJIIOYEHUsA HE U3MEHAETCS, TO BBOAUTCA UCTOPUI TAKOU CBA3U.

2.4. [Ing cOOTBETCTBYIOMUX 0OBEKTOB 3TUX KJIACCOB, CBA3AHHEIX IIe-
PEHOCUMBIM 3HAYEHUEM, BBOAUTCS OTHOIIEHUE UCTOPUUA OOBEKTOB, MPU
KOTOPOM CTAPBLI OOBEKT MOAYYAeT TEKYIIYI0 NATY B KAYeCTBE 3HAYE-
HusA napamempa [laTa cMEpPTH, 4 HOBBIM OOBEKT MOMYIALT DTy ATy B
KavecTBe 3HAYEHUs mapameTpa Jama porcienus.

2.5. Eciu B 1. 2.3 CBA3b BKIIOYEHUA TOJYIAIA UCTOPUIO, TO B TaOJU-
Iy COOTBETCTBYIOLIErO OTHOUIEHUs] BKJKYEHUs CTAPBIX OOBEKTOB /s
KaXKJOU 3AMUCKU CTAPOU CBA3M ONPENeNAeTCS A ToaA Jama cmepmu
3HAYEHNE TEKYIIEU AAaThl, & B TAOAUIY COOTBETCTBYIOULYIO OTHOUICHUIO
HOBBIX OOBEKTOB 3aHOCATCS 3ANUCK [JIsi HOBOI'O OTHOIIEHUS OOBEKTOB
€O 3Ha¥eHUeM noasa Jama pordenus, PpABHONO TEKYIIEN JaTe.

2.6. BribpanHas BepIInHA TIOMEYAETCA.

3. Ecau ecth emme BoIOpaHHBIE HEIOMEYEHHEBIE BEPIIUHBI, TO [ Ka-
XK IOU U3 HUX BBIMONHACTCA TPEILIAYIIUN AT aIrOPUTMA; WHAYE BHITION-
HAETCA CAeNyIOMNY mar.

4. Ecnu ects eme HeBHIOpAHHBIE BEPIIWHBL KOMIOHEHTHI, TO BEIOHpa-
IOTCS T€ BEPIINHBI, KOTOPHIE CBA3AHLI C MOMEYCHHBIMU JY2aMU C8A3Y, HE
OTBEYAMIINAM CBA3AM BKIOYEHUs C U3MEHEHUEM TUIA, BKIOYEHU U IS
KAXKJIOU U3 HUX BBIMOJHAETCSA AT 2 AIrOpuTMa.

5.1. Ecnu cpenu momeveHHBIX BEPIIMH €CThH elle HEeBLIOPAHHBIE BEP-
UINHBI KOMIIOHEHTHI, KOTOPHIE SBIAIOTCS KJIACCAMU CBSI3U BKJIIOYEHUSA U
CBA3AHBI C TIOMEYEHHBIMU 0Y2aMi 643U, OTBEYAIOMINM CBA3AM BKJIIOYE-
HUs ¢ M3MEHEHNEM THUIA BKJIIOUEHUs, TO OHU BHIOMPAIOTCA; UHAYUE AJITO0-
PUTM 3aKaHYNBAET CBOIO PabOTYy.

5.2. Eciu cBsA3b BKIOYEHUS M3MEHSAET TUM, TO BBOAUTCS UCTOPUS
TAKOU CBS3M.

5.3. Il HOBOTO K1acca CBA3U OTHOUICHUS BKJIIOUEHUS, €CIU OH €CTh,
MOTOMHAIOTCSA 3HAYEHUAMY MEPEHOCA MapaMeTPHI MEPEeHOCa, eCau eCTh
IYTHU TIEPEHOCA, BeAyIINe K 3TOMY KJIACCY .
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5.4. BribpanHuas BepInHa CBA3W BKIIOYUEHUs TTOMEYAETCS U CHOBA, BhI-
[OJIHAETCA NPeqLIAyIIuN mar 5.
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OB AJIOPUTMAX ITPOBEPKU ITPABUJIBHOCTHA
CEMEUCTB ®YHKIINU

. O. PrikoB (Mocksa)

[lanHas CcTaThsA TMOCBAIICHA U3YYEHUIO MPABWILHLIX CEMEUCTB OyJie-
BBIX (DYHKIWN, NPUMEHSEMBIX [Js 3aJaHWsA JATUHCKAX KBAaAPATOB [2—
4]. OguH 13 cn0co6OB MPOBEPKN CEMENCTBA (GYHKIMI Ha MPaBUILHOCTD
OMMPAETCA HA KPUTEPUNA NMPABUIBHOCTY, CHOPMYJIUPOBAHHBIA B PAOOTE
[1]. 3azaya DpOBEPKM NPABUIBHOCTH MOXKET 3HAUYUTENLHO yIPOCTUTH-
Cs TIPU BBENEHUM OTPAHUYEHUN HA CeMeucTBO GyHkiuu. B namHOU pa-
60Te Ha OCHOBE IPEIJIOKEHHOrO B cTaThe [1] KpuTepus npaBUIBHOCTH
OyaeT mocTpoeH MOIUuUIUPOBAHHBIN KPUTEPUN, B KOTOPOM TaK¥XKe Oy-
IeT yuTeHa nHdOPMAIUA O CTPYKType rpada CyIIeCTBeHHON 3aBUCUMO-
CTH, 9TO TPUBEAET K YMEHBLIICHUI0 TPeOyeMOro Ha TPOBEPKY BPEMEHN
B HEKOTOPBIX CIydasx. [locae 3Toro 6yaeT onucas aaropuTM™ IPOBEPKA
MPABUILHOCTHU, UCTIONAB3YIOMNA 3Ty umew. Takxke OyIeT TOCTPOEH aj-
COPUTM MPOBEPKU TPABUIHLHOCTHU IS CEMEUCTB MOHOTOHHBIX (DYHKIUN
U OIIEHEHA €r0 CJIOKHOCTD.

CemenictBo GyneBbix dyukmmn f = (f1,...,fn) OT HEepeMEHHBIX
X1,..., T, HABBIBAETCS MPABUIBHLIM, €CJIU AJA JOOLIX TBYX PABIAIHBIX

371



Ha6OPOB 3HAYEHWN mepeMeHHBIX ' = (z,...,z)

cymecTByeT a € 1,n Taxoe, uto z, # 17, fo(2') = fo(z").

I'padoM cymecTBeHHON 3aBUCHMOCTH CeMEUCTBa (QyHKuun [ =
(f1,---,fn) OT TIEPEMEHHBIX X1, ..., T, HA3BIBACTCA OPUEHTUPOBAHHBIN
rpadp Gy = (V,E), rge V ={1,2,...,n},a E = {(i,§) : f; cymecTBeHHO
3aBUCUT OT Z; }.

Teopema 1 [1]. Cemeticmeo 6yaesviz gynxyui f = (fi), i € [1,n]
NPaAsuUALHO M020a U MoALKO Mo2da, K02da 044 4106020 NOIMHONCECTNEA
I, I C [1,n], npoussedenue dynxyut [] f; ne 3asucum cywecmeenno

iel
om muoxcecmea nepemenntit 1 = (x;), i € I.

Teopema 2. Cemeticmso 6yaesviz dynxuyut f = (fi), ¢ € [1,n] npa-
B8UALHO M020a U MoAbKO mozda, Koeda 0aa A06020 nodmuoxcecmesa I,
I C [1,n], makxozo, umo sepwunnbiii nodepad < I > - cuavnbii, npo-
uzeedenue Pynxyui [] fi ne 3asucum cywecmeenno om muoxcecmsa

iel
nepemenntiz xy = (x;), i € I.

Mo guduIIMpOoBaHHLIA AJITOPUATM MPOBEPKHW MPaBMILHOCTH.
IIycte mam umsBectHo cemenctBo f = (fi,...,fn) U3 n QyHKIMA ©
ero rpad. IIpegnonoxum, 9TO OH COAEPKUT k CUIBLHBIX KOMIOHEHT
St1y.-.,Sk, cocrosammx u3 lq,...,l; BEPIIMH COOTBETCTBEHHO U 3aHyMe-
POBAHHBIX B TAKOM MOPALKE, UYTO B KOHAeHCarmn G* rpada CymecTBeH-
HOU 3aBUCUMOCTH G IyTW MOTYT UATU TOALKO OT CHJILHBIX KOMIOHEHT
C MEHBIIUM HOMEPOM K CHJIBHBIM KOMIIOHEHTAM C OOJBIIMM HOMEPOM.
Torga r-em mar arropuTMma OyAeT BLITIAIATE TAK.

IMTar r. Ilpoeepsem HA TPABUILHOCTE cemencTBo fs, = (fs.), 8y € S
DyHKINY CUIBHOW KOMIOOHEHTHI S, MOTYT 3aBUCET TOMLKO OT MEpEeMEH-
HBIX CUJIBHBIX KOMIOHEHT S, ..., S;. [losToMy nasa cemencTsa pyHKIUN
CUIBHON KOMIIOHEHTHI S, MPOBEPKA MPABMIHHOCTHU CBOANTCA K TEpe6opy
10 mapaM HaOOPOB IIUHEI [ +Ila+- - -+, B KOTOpBIX niepBbIe [1+- - -+, 1
3HAYEHUN COBHAJAIOT. B ciywae, ecam ceMenCTBO fg, OKAa3aloch mpa-
BIWJIBHBIM, IepexoauM K mary r + 1. Ecau xe oHO He OKaszaJoch mpa-
BUIBHBEIM, TO U ceMenctBo f = (f1,..., fn) HE ABISETCS IPABUILHBIM.

Yu " = (2f,..., )

Ha r-m mare meo6xoaumo caenats (1,20 Hiz++lr—142ly) pejierpui,
t

k > (lptly)
3HAUUT, CIOKHOCTHL aaroput™a pasHa f(n) = O(). 1;27=! ), Tae
t=1

Lh+ - +1l=n.

Yreepxaenne. Cemelicmeo MOHOMONHLIT PYHKUUL NPABUALHO TO-
2da u moabko mozda, K02da 0HO COJEPHCUM KOKCTNAKMY, NPUYEM NPU
ydasenuu 3moti Koncmanmsl u3 cemelicmea nosyuaemcs 06a NpaeUlb-
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HOIT cemeticmea PYHKYu.

AnropuTM mpoBepKM TPaBMILHOCTH ceMeHCcTBa MOHOTOH-
HBIX Gynkoun. I[Iposepum cemeiictso f = (f1,..., fn) MOHOTOHHBIX
(yHKIIUET HA TPABUIBHOCTD.

Mlar 1. Cayuam 1. n = 1.

1) fi =0 wmm f; = 1. aBepumm paboTy ¢ orBeTOM: ” f — TpPABUIbL-
HOE CeMeucTBo”.

2) f1 #0 u fi; # 1. 3aBepuM pabory ¢ oTBeTOM: " ceMercTBO f He
SAIBJISAETCA IPABUILHBIM .

Cayuan 2. n # 1. llepentn x mary 2.

IMar 2. Umem cpeaun GpyHKOMKM ceMerucTBa f KOHCTAHTY IIyTeM IIPO-
BEPKM KaxkJA0U (PYHKIUM CEMENCTBA HA PABEHCTBO KOHCTaHTaMm 0 m 1.
PaccmoTpum cryuan:

Cayqan 1. Ecin koHCTaHTHOU (DYHKIMYM HE HAUAETCA, TO 3aBEPIIAM
paboTy ¢ oTBeTOM: ” CeMEenCTBO f He SBIACTCA MPABUILHBIM .

Cayuan 2. fr, = 0 wm fr = 1. Torga

Mar 3. Ousa i € [1,k — 1] eraucants dyskunm ¢;(21, ..., Tp—1) =
filzy, ... xp—1,0, 24, ..., @p_1). Jua i € [k,n — 1] BoramcauTs QyHK-
oua g;(T1,...,Tn—1) := fir1(x1,...,2k—1,0,Zk,...,2,_1). Hepentu x
mary 4.

ITar 4. PekypcuBHO mpoBepuTh cemMeuctBo ¢ = (g1,...,gn—1) HA
IPaBATBLHOCTE.

1) Cemencrso g npasuisso. IlepenTu K mary 5.

2) CeMenCTBO ¢ HE ABIAETCS NPABWIBHBIM. 3aBepmiuM paboTy ¢ OT-
BETOM: ’CeMeNCTBO [ He ABIAETCA NPABUILHLIM .

Mar 5. Ousa i € [1,k — 1] eraucants byskunn ¢;(2q, ..., Tp—1) =
filzy, .. xp—1, L, 2gy .o y@p—q). daa i € [k,n — 1] Boraucauts GyHKIUN
gi(z1,...,n_1) = fir1(x1, ..., xp—1, 1, Tk, ..., xp_1). lepentu x mary

ITar 6. Pexkypcusuo mpoeeputh cemenctso ¢ = (g1,...,gn—1) HA
OPABUIBLHOCTD.

1) CemelncTBO ¢ MpaBWIBHO. 3aBEpIIMM pPAGOTy € OTBETOM: ~ f —
MpaBUILHOE CEMEMCTBO” .

2) CeMelCTBO ¢ HE ABIAETCS NPABWIBHBIM. 3aBepiuM paboTy ¢ OT-
BeTOM: ”CEMENCTBO f He ABIAETCA NPABUILHBIM” .

CaoxuoCTh amroputMa passa f(n) = O(n?2").

Croucok auTepaTypbl
1. Hocos B. A. Kpurepun peryasproctu 0yJI€BCKOIO HEABTOHOMHOI'O

aBTOMAaTAa C Pa3leNeHHbIM BX0A0M // VIHTEeNIeKTyaTbHBEIE CUCTEMbL. —
1998. — T. 3, Boim. 3—4. — C. 269-280.
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2. Hocor B. A. O mocTpoeHnn KJIacCOB JATUHCKUX KBAAPATOB B Oy-
aeBon Oasze mamublx // WHTennexryampbie cucremsl. — 1999. — T. 4,
Bein. 3—4. — C. 307-320.

3. Hocor B. A. TlocTpoenue mapaMeTpUIecKOro CEMEUCTBA, JaTUH-
CKUX KBAIPAaTOB B BEKTOPHOU Oase nauublx // MHTennexkTyanibHble cu-
cremer. — 2004. — T. 8, Boin. 1-4. — C. 517-528.

4. Hocor B. A., Tankparwes A. E. O pyHKIIMOHATEHOM 32 IaHUY A~
TUHCKUX KBajapaTos // Nurennexryansusie cucremsl. — 2008. — T. 12,
Bein. 1-4. — C. 317-332.

OB OAHOM TOYTHOM OIIMCAHUN
MHO2KECTBA AOIIYCTUMBIX NCXOA0B UT'PHI
C OTHOMIEHUAMM! ITPEAIIOYTEHNA HA OCHOBE

MMOJHOTHI CEMEVCTBA TOMOMOP®U3MOB
T. ®. Casuna (Mocksa)

OCHOBHBEIMU 33J1a9aMU MATEMATUIECKON TEOPUM UTD ABIAIOTCA IIO-
CTPOEHUE U U3YYEHUE MATEMaTUYECKUX MOIEJeN TPUHATUA ONTUMATb-
HEIX PEIIeHUH B yCIOBUAX KOH(MIMKTA MHTEPECOB UI'POKOB. MHTepech
UTPOKOB 3aJAI0TCA C TTOMOIIBIO MENEBLIX (DYHKIUNA, OTHAKO HA MPAKTU-
K€ MOCTPOEeHNE TAaKUX (PYHKIWHA BLI3LIBAET 3HAYUTEILHLIE TPYIHOCTH.
O0BEKTOM M3YUeHUs TAHHOU CTATHU ABIAIOTCA UTPHI C OTHOUICHUAMU
MpPEANOYUTEeHNUsA, B KOTOPHIX IENeBas CTPYKTYpa 3aJaeTCA € MOMOIIBLIO
pedIeKCUBHLIX OMHAPHLIX OTHOIIEHUH.

Urpa n (n > 2) urpokoB ¢ OTHOIICHUAMEA TPEAIOYTEHUAA OMpPEnesa-
eTCsa KaK cucreMa 00bLeKTOB

G:<X17"'7X’ﬂ:A:pl:"'ap’VL:F): (1)
roe X; — MHOXeCTBO crTparerun wurpoka i (i=1,...,n), A —
MHOXECTBO WCXO0A0B, F — o0ToOpakeHme MHOXKECTBA CUTYAIUN
X1 X ... X X, BMHOXECTBO UCXOIOB A, p; — OTHOIIEHNE IPEATOYTEHNA
urpoka i (i = 1,...,n), 3agaanoe Ha A.

[as urp ¢ oTHOomeHuaMu mpenmnouTenus suga (1) kak mia aare-
Opandecknx cucteM [1] ecTecTBEeHHBIM 00pPA30M BBENEHO MOHATHE [O-
momopduama [2]. OTmeTum, 9TO AJIA UCP € YHOPSAIOIEHHBIMU KCXOAa-
My (OTHONIEHWE TPEANOYTEHNA €CTh OTHOMIEHNE TOPAIKA) TOHATHE [O-
momopdusma 6erto Beegeno B. B. Posenom [3]. Boupoc o coxpanenun
ONTUMANLHLIX PEIIEHUN TIPX Tepexone OT ONHOU WIPhLI ¢ OTHOIICHUAMHA
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IpPEeANOUTEHNs K APYTOU € MOMOIIBI0 TOMOMOpGU3Ma ObLI PACCMOTPEH
B pabote [4] Ha 6a3e yCIOBUM KOBAPDMAHTHOCTU U KOHTPABAPUAHTHOCTH
rOMOMOP(pU3MOB.

ITog onTUMANIBbHEIMM DELIEHUAMY B UIPE ¢ OTHOLICHUAMH IPEIIO-
JITeHNs TOHMMAIOTCA PaBHOBecue, paBHoBecue o Homry, nomyctuvsie n
BIOJHE gomycTumeble ucxonsl [5]. B pabore [6] ykaszano TounOe ommca-
HME MHOMXKECTBA CUTYalUy DABHOBECUA M MHOXKECTBA CUTYALMN DABHO-
Becns 1o Hoiny wrpel Ha OCHOBE TOJHOTHI CEMEMCTBA TOMOMOP(U3MOB.
B macrosmen craTbe JAHO TOYHOE ONKUCAHUE MHOXKECTBA NOILYCTHMBIX
ICXOIOB UIDHL. BBegeM ompegeseHne JOMyCTUMOTO UCXOAA.

Ucxon a € A naseiBaeTca donycmumbim 6 uepe G, eCu 1/ KaxK JOTO
urpoka ¢ € N BBITOJHEHO

- (Jz; € X;) (‘v’zN\l- € XN\Z-) F (zi,zN\i) La

IIycte K mw K — 1gBa k71acca Wrp C OTHOUIEHUSAMM TIpEn-
nourenus MHOxkecrBa urpokoB N = {1,...,n}. 3adukcupyem B
ATUX KJIACCAX HEKOTOPBIE MPUHIUTEI ONTUMATLHOCTHU; OymeM 0603Ha-
gaTh 4depe3 Opt G MHOXKECTBO ONTUMAJNBHBIX perieHuul urpel G =
(Xi)ien» A (pi)jen > F) € K, gepes OptT' — MHOXKECTBO ONTUMATE-
uerx pemtenni urpst I' = ((Y3),cn » B, (04) ey, ®) € K.

Ha6op oro6paxenunn f = (¢1,...,¢n, ¥), Tae p;: X; =5 Y; (i € N)
uY: A — B maswiBaeTca 2omomopdusmom urpst G B urpy I', ecau mis
Jaoboro unaekca i € N, JIOOBIX 3JEMEHTOB a1, Gz € A u 10601 cuTyanun
x=(21,...,2n) € X BBINOJHAIOTCA CJACIYIOIIUE IBA YCAOBU:

Homl: Y(F(z1,...,m0)) = P(p1(x1),- - -y on(Tn)),

pi i
Hom?2: a; Sax = Y(ay) S ¥(az).

~

Tomomopduam f urper G B urpy [’ HazeiBaeTcs cmpoaum, ecan mis
KAXKA0ro i € N IONOJHUTEIBHO BBIMTOJHAETCS YCJIOBUE

Str: a < ay = Y(ar) 2 Y(az).

3adgukcupyeM HEKOTOpE Kaace H roMoMopduamos u3 urp kaacca K
B urpsl kaacca K. Fomomopduamer knacca H Ha3LIBAIOTCA K06aPUAHTI-
noimy omuocumenvuo Kaaccos (K, K), ecan gusa mobeix asyx urp G € K
uI' € K u mo6oro romomopdusma f € H f-o6pa3 onTuManbHOTO
pemerus urpul G €CTHL ONTUMANLHOE PEIIeHue B urpe I, m xowmpa-
sapuanmmubimu, omuocumenvro kaaccos (K, K), ecau nua aroOBIX OBYX
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urp G € Ku ' € K n mwo6oro romomopdusma f € H f-npoobpas
ONTUMATBLHOTO PEIIEeHUsA UrPHl [ eCTh onTuManbHoe pemenue B urpe G.
CewmeitcTBo roMOMOPGUIMOEB (f ;) jcs HABBIBACTCA KOBAPUAHMHO NOA-
HbLM, €CTU A KK I0T0 ONMTUMAIBLHOTO pemenus p € Opt G cymecTByeT
Taxon uaexc j € J, aro f;(p) € OptT;.
Jlemma. Cemeiicmeo 2omomopfusmos (f;)jes a6asemes xosapu-

AHMHO NOAHBIM CeMETCMEOM KOHMPAEAPUAHRMHBIE 20MOMOPHUIM0OE Mo-
2da u moavko moada, Ko2da BbLINOAHEHO PABEHCMEBO:

OoptG = ;" (OptT;).

jeT

IIycte K — xmacc urp ¢ ynopsgodeHHBIME UCXOAaMU UTPOKOB N, B
KOTOPBIX MHOXKECTBA CTPATEruU UI'POKOB KOHEYHBI, K — Kiacc urp To-
IO XXKe MHOXECTBA UI'PDOKOB ¢ QyHKIUAMY BHIUCPHImA. B kadecTBe onTu-
MaJabHBIX pemieHnn urpkl G € K BO3bMEM MHOXECTBO €€ JOMYyCTUMBIX
UCXOMO0B, a B KAYECTBE ONTUMAILHLIX perennn urpel [ € K — Muoxe-
CTBO €e MHAWBUAYAJTBHO PAIMOHATLHBEIX mMcxoaoB. Torma cmpaBentmea
CTeayomas TeopeMa.

Teopema. 1. Omuocumesvno yYyKa3aHHbIL KAGCCOS U2P U UL ONMU-
MAADHBIT PeueHutl 8Ce CMPO2UE CIOPDEKMUBHBIE 20MOMOPHUIMbL ABAA-
10MCA KOHMPAE APUAGHMHBLMU.

2. [Aas xancdot uepwr G € K cemeiicmeo 6cexr ee cmpouz copbex-
MUBHBIT 20MOMOPPusmos 6 uzpbl I' € K asasemca K06aPUGHMHO NOA-
HBLM.

Croucok auTepaTypsbl
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IMMOAXOM K YIIPABJEHUIO IIPOTPAMMOM
NMHCTPYKINAMMNM HA PYCCKOM A3BIKE

E. A. CemenoB (Mocksa)

PaccmorpuM mpocTon moaxon K 3ajade YOpaBIACHUS [EeUCTBUAMEI
OPOrpaMMbl MHCTPYKIUAMY HA €CTECTBEHHOM (PYCCKOM) A3BIKE MyTeM
COJIOCOBAaHUSA. 3aJada COCTOUT B TOM YTOOBI MEPEBECTH TEKCT HA PyC-
CKOM fI3BIKE B MOCJENOBATEIBHOCTH KOMAH, KOTOPBIE TPOrpaMMa CIo-
co0HA BHIMOMHUTE. BymeM cuuTaTh NporpaMMy KOHEIHBIM HAGOpPOM He-
3aBUCHMBIX KOMaH[ (pPeaklui Ha AeMCTBUA MOIb30BaTens). Torga 3ama-
Y& CBOAUTCS K Pa3OMEHUIO BXOASAMIETO TEKCTA HA UHCMPYKYUL, KAXK 1as1
13 KOTOPBIX 3ACTABAAET NPOrPAMMY BBITOJHUTH KaKy0-Iu60 OQHY KO-
MaHIy, U BEIOOPY KOMAHIBI 1A KAXKJOU MWHCTPYKIIUN.

IIycTs KOHKpeTHAsS IPOrpaMMa MOXKET BBIMTOJHATL N HE3aBUCUMBIX
KOMaHJA. Buigenum s >TOU mpOrpaMMbl KOHEYHBIU CI0Bapb D ”Baxk-
ueix” caoB. Bygem pasgenaTts Tpu Buga Takux caos: raarodst (V), mo-
6ounsie cioBa (A) u ciaosa nmapamerpuieckue (P).

D=VUAUP

Takoe pasgenenue 00yCJIOBIEHO CJAEIYIOIINM MPABWIOM PA3OUEHUs TEK-
CTa HA WHCTPYKIWU: BO-TIEPBLIX, OyAeM YIUTHIBATH TOJBKO ~ BaKHbIE”
caoBa (T. €. CIOBAa HE W3 CIOBapA OyJeM UTHOPUPOBATH). BO-BTOPHIX,
KaXK YK MHCTPYKIWIO OyAeM CYUTATh HAYMHAIONIENCA ¢ raaroJa (win
IEeenpUIacTus, KOTOPBIE TOXE BXOAAT B IMOIMHOXECTBO CJIOBAps ~ rua-
roasr” ). Ha camom neme, ppasbl NOBEAUTEIHHOTO HAKJIOHEHUA TOYTH BCE-
ra HAYUHAITCA ¢ Taaroaa (”mougn Tyaa-to”, ”caenai T0-T0” ), mo3TO-
My TakOoe MPABUJIO BIOJHE OmpaBaaHo. [pyrue cioBa - HE DIArOJbI -
IeasaTcsa Ha moGOYHBIE, KOTOPBIE MOMOraloT BLIOPATH Ty WIM MHYIO KO-
MaHIy, U MapaMeTPUIECKUe, KOTOPLIE MPOCTO 3aJaI0T MapaMeTphl, C
KOTOPBIMU BHIOpAHHAsA KOMaHIa OyIeT BHIMTOJHEHA.
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,Z[aJIee, BCEM TJIAroJaM U MOOOYHKIM CJIOBAM U3 CJI0BapA CONMOCTAaBUM
KakuM-TO 06pa3oM (CHavasa CIydanHo) BeKTOPH aauHbl N koaddunu-
SHTOB I'OJIOCOBAHUSA 3TUX CJIOB 3a BCEBO3MOXKHBIEC KOMaHOBI IIPOI"DaMMBEIL.
TomocoBanue GymeT OCYIIECTBIATHCA JUHEUHBIM 0OPA30M: KOT 13, BXOIA-
I TEKCT y2Ke pa3OuT Ha MHCTPYKIINHU, IJIA KAXKIOW NHCTPYKIUHA CKJIa-
OBIBAIOTCsA BCE BEKTOPEHI IIOIIABIIXX B HEE n0OO0YHBIX CJIOB 1 rjaaroJia, COo-
3[JaBasg TaKuM 00pPa3oOM pe3yJbTUPYIOINMKA BEKTOP rojocosanus. Homep
ero HambOABIIIEro 3JeMeHTa 6y 1eT HOMEPOM KOMAaHIbI, Ha KOTOPYIO yKa-
3LIBAET AAaHHAA MHCTPYKIIWA, & TapaMeTPUIECKUE CIOBA, yIaCTBYIOIINE
B HEW, 3aJai0T [Js DTOU KOMAaHILI HAOOp mapamMeTpoB. B ciydae ecan
HET OJHO3HAYHOTO HAMOOJBIIErO 3JIEMEHTA Y PE3YIbTUPYIOUIEr0 BEKTO-
pa, cucTeMa AO0MXKHA TEepecupoCUTh’ MOJB30BATENA, KAKYI0 KOMAHIY
TOT UMeN B BUAY (T. €. IPOUCXOAUT OOyIEHUE C YIUTENEM ).

Takum 06pasomM, OCTAETCA MUMIL OOYIUTH CUCTEMY, T.e. PACCTABUTH
BePHBIE KOD(P(PUIMEHTH B BEKTOPHI IOJ0COBaHuUA. [l 3TOro npemiara-
€TCA BLIPA3UTH BCE MAPHL (UKCMPYKYUA, KOMGHOG) B BAJE CUCTEM HEPa-
BEHCTB M HUCIIOJIB30BaTh OJA UX DELICHUA METOIbL JII/IHefIHOFO nporpam-
MUPOBAHUA.

PaccmoTpuM MHCTPYKINIO, COCTOAIIYIO U3 CJIOB, COOTBETCTBYIOIINX
BekTOopaM a', aZ, ..., a™. [IycTh 3Ta MHCTPYKINA TOKHA YKA3EIBATH HA
l-10 komangy. Torga uMeeT MECTO CAEAYIOMIAA CUCTEMA HEPABEHCTB:

al +al+..+a <a +a} +...+a",
ad+al+..+al <al +a} +..+a",

ah +ak +..+al <af +af +..+a".

Takum 06pa3oM, Kaxnasd mapa (MHCTPYKIUA, KOMaHIa) N0OABJIAET
B 06myto cucremy N — 1 mepasencTBo orHocurensHo (|V| + [A4]) x N
IEpEeMEHHBIX KO3(pPUIMEHTOB I'OJ0COBAHNUA.

[IycTs HAa KAKOU-TO MHCTPYKIMK CUCTEMA BEIOMPAET KOMAHIY HEBEp-
HO, TIPU 3TOM €CTh yXKe k mHCTpyKuuu, oOpabaTeiBaeMBIX BepHO. Toraa
paccmoTpum o6yt cuctemy u3 (k+1) x (N —1) mepaBeHCcTB, B KOTOPOU
nmocaenuun ”610k” OMpeneeH ¢ MOMOIIbI0 OOPAIIEHNs K MOJb30BATENIO
(oH yka3sblBaeT BEPHYIO KOMaHAY). ByaeM cYuTarTh 9TO HOIB30BATENb
HUKOI'J]A HE OMINOAETCA, T.€. CUCTEMAa BCEr1a COBMECTHA.

Toraa npuMeHNM K 3TOU CUCTEME CUMNAEKC-MEMOJ JUHENHOTO IIPO-
rpaMMUPOBaHUA [1], MUHUMMU3UDPYS CYMMY KOD(D(MUINEHTOB BCEX BEKTO-
POB U HAXOJs PElIeHne, yAOBICTBOPSIOIIEE OOIIEN CUCTEME HEPABEHCTB.

Boobie roBops, B ciydae HOMOIHAEMOrO CIOBapsa o0ydeHue He 006s-
3aHO CXOOUTHCS, BEIb C MOABJIEHUEM KAaXKJOTO HOBOIO CJIOBA CUCTEMY
HEOOXOIMMO TepeyyunBaTh. PaccMoTpuM ciaydan Korga caoBaps D ko-
ueuer, |D| = d, |V| = v, |A| = a. lIpusumas Bo BHHMAaHUWE TO, 4TO
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B KaXIOU WHCTPYKIUU YyIaCTBYET POBHO OJWH IJIATOJ, BCEBO3MOKHBIC
BapPUAHTHI MHCTPYKIUU OFPAHUYUBAIOTCSA IUCIOM

C =v x 2%

3HAUNUT, B XYALUIEM CIydae O0ydIeHre 3aBePIINTCA 33 TAKOE KOAUIECTBO
UTEepaIun nepeooyIeHns.

B xadecTBe onTHMU3ANNY TOAXOIA IPEAIATACTCA CINTATH UHCTPYK-
U MOHOTOHHBIMHY, T. €. €CJIU BCE CJIOBA OJHOU UHCTPYKIIUHU, CBA3ZAHHOU C
KOMAHOU j, CONEPKATCA BHYTPU APYTOU UHCTPYKIIAU, TO OOBEMIIONIASA
HHCTPYKIWSA TaKXKe 00s13aHa IOJ0COBATH 33 KOMAHAY o HOMepoM j. B
TAKOM CIy4ae, MPOBENs aHAJIOTHUIO MEXKIY MHOXKECTBOM UHCTPYKIUU U
OyJ1eBBIM KyOoM (i-€ CI0BO U3 CJI0Baps Aub0 BXOAUT B UHCTPYKUUIO, U060
He BXOAUT - TakuM o6pasoM, 1 aubo 0 Ha -1 MO3ULUM), COMVIACHO JIEM-
Mme 7.1 u3 [2], KOIUYIECTBO MOHOTOHHBIX MHCTPYKUWUN OrDAHUIUBAETCS
THUCJIOM

Crn = v x CY2,

T. €. B CJIy4Yae UCTONb30BAHNA MOHOTOHHBIX UHCTPYKIIAN, B XY IIIEM CJIy-
Jae moTpedyeTcs TaKoe KOJMIECTBO MepeodyIeHun.
Pa6ora Beimonnena noa pykoBoacTBom mpodeccopa J. J. [acanosa.

Crnucok JuTepaTyphl

1. Xemau A. T. Breneuue B uccregoBauume omepanun. — M.: Wa-
narenbckui goM «Buabamer, 2005,
2. Yamxwa A. B. Jleknuum mo AuCKpeTHOM MaTemaTuke. — M.:

N3 maTenbcTBO MeXaHUKO-MaTeMaTndIeckoro gaxyastera MI'Y, 2007.

KOHCTPYUPOBAHMUE [IBUXKYIINXCS N30BPAXKEHUN
KJIETOYHBIMU ABTOMATAMUA

E. E. TuroBa (Mocksa)

B paboTe uccrenyeTca 3a1aMa TOCTPOCHNA IBUKYIIAXCA OOHEKTOB B
nomsoce. PaccMaTpuBaeTcs HOCICI0BATEILHOCTD U3 1M OJUHAKOBBLIX BJ6-
MEHTapHBIX aBTOMaTOB A ¢ IByMA BXOZaMu, Has3bIBACMAas 3KpanoM. Bxo-
IbI aBTOMATa HA3LIBAIOTCS JEBEIM U IIPABEIM M UMH COOTBETCTBEHHO
ABJAIOTCA COCTOSAHUA JEBOTO W MPABOTO coceaa. [IpaBuiil BXO MOCAET-
Hero m-To aBTOMAaTa JOOHpefeaseTca KaK TOXKIeCTBeHHLIN HOMb, 8 Je-
BRI BXOJ MEPBOTO ABTOMATA HA3LIBAETCSA CBOOOJHBIM U MOJKTIOUCH Y
BbIXO1y ynpasuasiomero apromara A.. Tpouky G = (A., A, m), 6ygem
HA3LIBATE 2EHEPaIOPOM.
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Cpean COCTOSHWUN 2TeMEHTAPHOTO ABTOMATA, BEI MM HEILYCTOE TIOI-
MHOXKECTBO L 1 5J€MEHTHI 5TOr0 MHOXKECTBA 6y 1eM HA3LIBATH MEMKAMU.

Hsobparcenuem ma 3xparne B MOMEHT BpeMeHW t OyleM HA3BIBATH
MHOXKECTBO HOMEPOB BJIEMEHTAPHBIX ABTOMATOB, COCTOAHUA KOTOPLIX B
MOMEHT BPEMEHH ¢ ABIAITCA METKaM#, 1 0003HaYaTh depes I;.

Mycres A = {iy,ia,...,i}, TAE i1,02,...,ix € Z, TO s b € 7
Oyaem o6osnadatb A + b = {i; + b,is + b,...,i; + b}. O6o3HAIMM
N, =11,2,..., m}.

ITycTs B MOMEHT BpeMeHU t( Ha dKpaHe HaXOAUTCA n3o0paxkenne Iy, .
Bynmem rooputs, 9T0 n306pakeHne Ha 3KPAHE IBUKETCA CO CKOPOCTHIO
v = 1/s,s € N Ha mpomexyTke BpeMeHnu t € [to,to + sl),l € N, ecin
BEITIOMHAIOTCA CJACAYIOMIAE YCAOBUS:

Lo Iitg—1) = (Ity = 1) N;

2.Ecmt e [t0+8j,t0+5(j+1)), 0<< lTol; = (It0+sj71+1) ﬂ N,
£y = {1} U((Tig 551 + 1) () N )

3. Itgtsit1r = (tgrst + D\ N mma L1 = {1} U((Ttg st +
D Nm)-

Yreepxaeuue 1. Cywecmseyem saemenmapuviti asmomam A ¢ 2
cocmoanuamu, ynpasasowut asmomam A., m.u. das awbo2o m € N
eenepamop (Ae, A, m) mosxcem 2enepuposams na sxpane uzobpaxcenue,
8 410001 NPOMENCYMOK BPEMENY JBUNCYULLECA CO CKOPOCMblo U = 1.

Yreepxaeuue 2. Cywecmsyem saemenmapnbiti aemomam A ¢ 4
cocmoanuamu, ynpasasowut asmomam A., m.u. das awb6o2o m € N
eenepamop (Ae, A, m) mosxcem 2enepuposams na sxpane uzobpaxcenue,
cocmoawee u3 00noli MouKY, KOMopas moxcem déu2amvca ¢ 410601l na-
neped 3adannoti cxopocmuio v = 1/s,s € N;s > 2 na awbom waneped
300AHHOM NPOMENCYMEE BPEMEN,

B sToM ajropuTme MHOXKECTBO METOK CONEPXKUT ABA COCTOAHUA,
KpPOMEe 3TOr0 ecTh cocTosHme () M CUrHAM, IBMKYIIAUCA CO CKOPOCTBIO
1. IlepBas U3 METOK OCTAeTCA HEM3MEHHOHU 0O TEX MOP, MOKA ABTOMAT
CleBa OT Hee He CTaHeT ABVKYIIUMCA CUTHAIOM. Kak TOIBKO 5TO mpo-
M30UIET, METKA MEHAETCA Ha BTOPYIO, KOTOPasA NepesaeT CJAeIyIOmeMy
3a HEW AaBTOMATY CUTHAJA CTaTh METKOW MEPBOTO THUTMA, & CaMa MCUe-
32€T B CIEAYIOIIUA MOMEHT BPEeMeHH. [IBMKyIIuU CHIHAJI MOXKHO HOAA-
BaTh C JIOOOU YACTOTOU, TEM CAMBIM IBUTasA TOUKY C JIOOOU CKOPOCTHIO
v=1/s,s €N s >2.

Yreepxaeuue 3. Cywecmseyem saemenmapubitc asmomam A ¢ 12
cocmoanuamu, ynpasasowut asmomam A., m.u. das awb6o2o m € N
eenepamop (Ae, A, m) mosxcem 2enepuposams na Ixpane uzobpaxcenue,
cocmoawee u3 00H020 OMpe3ra, KOMopwvill moxcem deu2amvca ¢ 410601
naneped zadannot cxopocmuio v = 1/s,s € N, s > 2 na aobom naneped
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360AHHOM NPOMENCYMEKE BPEMEHU.

3ech cauTaeM, 9TO OTPE30K COCTOUT U3 TPEX TUMOB TOUEK — JIEBBIN
Kpal, BHYTPEHHNE TOYKYU U TMPABBIA Kpau. ECau 0Tpe3ok mMeeT IIUHY
1, cauTaeMm, YTO OH COCTOUT U3 OJAHOU T'PDAHUYHOU TOUKHU, €CIU JJIUHY
2, TO U3 OBYX PPAHUYHLIX TOYEK 0e3 BHYTpeHHUX. KaXIul n3 Kpaes
oTpeska OyaeM IBUTATH COTVIACHO MPEABIAyIIeMYy aaroputMmy. Muoxe-
CTBO COCTOSIHUU BJEMEHTAPHOIO aBTOMATA MOJYYaeTCA U3 IeKapTOBa
MPOU3BECHUs IBYX MHOXKECTB COCTOSHUUM aBTOMATA W3 MPEIbIAYIIEero
AITOPUTMA UCKIOYEHUEM COCTOSHUN, KOTOPBIE HUKOT 14 HE MOABATCA HA
SKpaHe, u N00ABIEHUEM COCTOSHUA [/ BHYTPEHHUX TOYEK OTPE3KA.

Yreepxaeuue 4. Cywecmsyem saemenmapnbiti aemomam A ¢ 9
COCMOAHUAMY, Ynpasastowut, asmomam A., m.u. das awboeo m € N
eenepamop (Ae, A, m) mosxcem 2enepuposams na Ixpane uzobpaxcenue,
cocmoauee u3 k mouex, k € N ¢ xoopdunamanu 1 < i1 < iy < ... <
ir < m, YdosaemeopAOWUMY YCA08UAM ij—1j—1 > j+1 das awbozo 2 <
j < k. IIpu smom uzobpaxcenue moxcem deuzambvcsa 6 40001 3apanee
3adannvli npomeNcymor spement ¢ naneped 3adannotl cCKOpocmbio v =
1/s, ede s > i, —ir +k+1>k?/2+3k/2,s € N.

W nes 5Toro aaropuTMa moxoxa Ha uaew arroputMa us yB. 2. Ciox-
HOCTb B TOM, YTO CUTHAJ JOJXKEH PACIO3HATH, KAKOU U3 TOYEK OH IPej-
HasHa4ueH. MOXHO [ KaXXJOW TOYKU 3AMyCTUTH OTAEILHBIA TUI CUT-
HAJIA, HO TOT'Ia KOJUIECTBO COCTOSHUN AIEMEHTaPHOI0 aBToOMaTa Oy et
3aBUCETHb OT YHUCIA TOUYEK B U300PAKEHUU. DTOrO XOUETCI U3HekKATH.
TMosTOMy KaXk B CUTHAT COLEPKUT HEKOTOPHIA CJAeI — IETMOYKY aB-
TOMATOB B CHENWAJBHOM COCTOAHUU. [IpyM TPOXOXKIEHUU Hepe3 MEeTKY
nauHa caefa ymenbimaeTcsa Ha 1. Korga curman 6e3 caega gocturaer
METKM, 3TO 03HAYAET, YTO OH MPEAHAZHAYEH DTOU METKE U OHA TPOIBU-
raerca Ha 1. Eciu mogaBaTh Takue CUTHAMBI CAMIIKOM YACTO, TO OHU
HAYHYT APYTr HA APYra HAKIAJABIBATHCA, 9TO TPUBEAET K YBEJUTIEHUIO
qncaa cocroauun. OTcoona caeqyeT HUXKHAA OIEHKA CKOPOCTHU IBUKE-
HUA U300PAKEHUS, PEATUIYEMOU TAHHBIM AJITOPUTMOM.

YrBepxaeune 5. Cywecmsyem saemenmapuviti aemomam A ¢ 50
COCMOoARUAMY, YNpasasouwuti asmomam A., m.u. das awb6oeo m € N
eenepamop (Ae, A, m) mosxcem 2enepuposams na Ixpane u306paXcerue,
cocmoauwee u3 k ompesxos, k € N ¢ xoopdunamamu ae6bir KoHY08,
1<l <y <... <l <m,u ¢ kxoopdunamamu npasvir xKonyos, 1 <
r<ro<...<rp <m y@oenemeopamw,umu YCAOBUAM lj —lj_l > j—l—l
ur; —7rj—1 > j+1 daa awbozo 2 < j < k. IIpu amom uzobpasrcenue
Mmodcem d8u2amvca 6 410601 3apanee 3a0anHbLE NPOMEHCYMOK 6P EMEN
¢ naneped 3adawnot cxopocmuio v =1/s, 2de s € N;s > i —i1 +k+1>
k*/2 + 3k/2.

[aHHBIN AITOPUTM MOMYIALTCA U3 TPEABIAYIIErO 0 AHAJIOTHUY C AJl-
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COPUTMOM 13 YTB. 3. MOXHO IeNCTBOBATEL MHAYE: KAXK I OTPE30K [BU-
raTh MO AJATOPUTMY U3 yTB. 3, T. €. IV KaXAOr0 OTPE3KA 3aImyCKaTh
OTAENBHYIO HAPy CUTHAJOB, HO TOIJA CHOBA KOJIUYECTBO COCTOAHUU DJIe-
MEHTAPHOr0 aBToMaTa OyAeT 3aBUCETH OT YUCIa OTPE3KOB B m300paxke-
HUU.

ABTOp BEIpaX)kaeT UCKPEHHIOK 61ar0JapHOCTh HAYIHOMY PYKOBOIM-
Tenw, npodeccopy O. J. ['acaHoBy 3a mOCTAHOBKY 3a1a4M U HAYIHOE
PYKOBOICTEO.

Chaucok autepaTypsbl

1. Kympsasues B. B., Toaxomuu A. C., Boaoros A. A. OcuoBu
Teopuu ogHOpOAHBIX cTPykTyp. — M.: Hayka, 1990.

2. Turosa E. E. Kouctpynposauue n306pakeHnn KI€TOTHBEIMA aBTO-
maramu // Natennexryansusie cucremsl. — 2008. — T. 12, Bein. 1-4. —
C. 105-121.

3. Turosa E. E. Jlunennoe mo BpeMeHU KOHCTPYUPOBAHUE M300pa-
KEHUN KJIeTOYHbIMU aBroMartamu [/ WHTemrekryanbHble cucTeMbl. —

2011. — T. 15, Beio. 1-4.

O IIOJIHOTE B KJIACCE JIMHEMHO-ABTOMATHBIX
DPYHKIINU C OITEPAITUAMMA CYIIEPIIO3UIINN

A. A. Yacosckux (Mocksa)

Bce HE0OX0 UMEIE OIpEIeIeHNs MOXKHO HauTH B padorax [1], [2]. Pa-
Hee ObLIa pelreHa 3ajgava o noanore B kaacce (L, K) aunenno-aBromMar-
ueIX Gyakuui L ¢ onepanusavu komnosuuuu K [2]. B kaacce (L, K) 6bu1m
HAUIEHBLI BCE MPENIONHLIE KIACCH], IUCI0 KOTOPLIX OKA3AI0CH CIETHEIM.
B macrosamen paboTe paccCMaTpUBAETCA 3a4a9a O TOJHOTE A KIACCa
(L, S) nuHENHO-aBTOMATHBLIX (QYHKIWUA C ONEPALUAMY CyNEPIO3ULUN S.
IlocTpoeno cyeTHOE MHOXKECTBO S-IIPEINIOIHBIX KIACCOB, ABJSIOLIEECS
MPUBEIEHHON S-KPUTEPUATLHOU CUCTEMON.

Beckoneunon nocaenosareasuocTu nyten u eguaug «, o = «(0),
a(l), .., a(t), ..., «at) € E;, t=0,1,... comocraBum GpopmMab-
HBIU PAI TIEPEMEHHON &:

a(®) =) o).

t=0



TTomoxum
Ry={ a() | acE® },
PRy ={ a(f) | ac€Es,
a— mepuoandeckas (¢ IpeanepuoaoM) HOoCIeNOBATEILHOCTE | .

Ha muoxecTBe Ry ecTeCTBEeHHBIM 00pa3oM BBEIEM OTEPAIINH CIOKE-
Hua 1 ymHOKeHus. Ilycts a; = Y ;0 a;(t)E, i = 1, 2. Monoxuwm:

Muoxectso PRy coBnagaeT € KOJLIOM OTHOIIEHWM MHOIOYJIEHOB,
KaXK BN BJIEMEHT KOTOPOro, OyAyYd MPEeACTABICHHBIM B HECOKPATUMOM
BHUE, UMEET 3HAMEHATEIb CO CBOOOIHBIM WIeHOM 1,

PRy ={ u(©)/v(©) | uveEald, v(0)=1 }.

Ilycte n € N, u; € PRy, i =0,1,...,n. Orobpaxenue f (z1,...,T,)
u3 R} B Rs, 3agaBaemoe qis JI00OBIX @, o € Ro, 4 =1,2,...,n, paBes-
CTBOM

n
flan, oo, an) = pac + puo,
i—1

HAa3BIBACTCA AUHElino-asmomammnot Pyuxyuetd. [daa IuHEMHO-aBTOMAT-
sou pyukuuu f (x1,xa, ..., Ty), 320aBAEMON IPUBEICHHEIM DABEHCTBOM,

MOMOKUM
U(f)=9{ w | i=12,...,n 1},

a mepeMeHHasA T; 3TON (PYHKIUM HA3EIBACTCA Henocpedcmeenmnoti, ecan
i, OyIy<qnm MpeACTABICHHOW B HECOKPATHMOM BUAE, UMEET IUCIUTETH
€O CBOOOMHBIM WIeHOM 1.

Yepes L 0603HAMUM MHOXKECTBO BCEX JUHEHMHO-ABTOMATHBIX (PYHK-
. s maoxectsa M', M' C L, monoxmm:

UM') = Ugem U(f).

Ha mmoxectBe L 6yzeM paccMaTpuUBATL OMEPANUEA CYTEPHO3WIAN
(mnepenMeHOBaHUE MEPEMEHHDLIX, OTOX JECTBJICHAE EPEMEHHbIX, TTOACTA-
HOBKa). 3aMmbikanue muoxectsa M', M' C L, no omepauusam cymepro-
sunuu 6ygem obosuadars S(M'). Muoxecrso M', M' C L, naswiBaercs
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S-zamrnymoim, ecmu S(M') = M'. Muoxectso M', M' C L, naswia-
erca S-noanvim, eciu S(M') = L. Muoxecrso M', M' C L, nasuiBa-
erca S-npednoanvim, ecmu M' He ApaseTca S-MOTHBIM, HO OIS JHOOOU
f, f € L\ M', maoxecto M' U {f} aBaserca S-nomasim. MuOXKECTBO
S-3aMKHYTHIX KaaccoB ) Ha3bIBaeTCA S-KPUMEPuaabHot cucmemoti B
TOYHOCTM TOTJa, KOrAa Aas Jodoro muoxectsa M', M' C L, pasen-
ctBo S(M') = L paBHOCWIBHO HEBKIHOYEHUIO MHOXKecTBa M' Hu B oquH
u3 kmaccoB 0, 6 € ). S-kpurepuasbuas cucrema () HA3ZBLIBAETCA NPU-
6edennoti, €CIM U3 HEe HEMb3f YAAJUTh HU ONHOTO KJIACCA TaK, ITOOLI
OCTAaBIEECA MHOXKECTBO COCTABJAIO KPUTEPUATBHYI) CACTEMY.

Hanee, paccmarpusas apobu u/v uz PRy, cauraem, aro (u,v) = 1.
IMonoxum:

1+£PR2:{ 1+€U/U ‘ U/UEPR2 }

Mi={ a+& u/v | a€BE,, u/vePR, },
Mo={ u/v | u/ve PRy, degu<degv }.

IIycTs p1,p2,... — MOCIEIOBATEALHOCTD PA3INIHBIX HEIPUBOIMMBIX
MHOT'OYIEHOB, COEpIKallas BCE HENPUBOJUMBIE MHOLOWIEHBI, MPUYIEM
p1 = &. Homoxum:

Mi :{ ’U,/’U | u/’U EPRQ; (’Uapi) = 1 }’
i=2.3,....

Paccmorpum cregyiomme nogmuoxectsa B L.

T.={ f | mmamobeix (&), a;i(§) € Ray, «;(0
i:1=27"':n7 BBITIOJHEHO f(al(£)7a2(£)7"'aan(€))(

V1:{ f |

f umeer He Gosiee OAHOU HEMOCPEACTBEHHOU IEPEMEHHON |,

VH:{ f |

f WMeeT HeYETHOE YMCJO HENMOCPEACTBEHHBIX MEPEMEHHBIX |},

Mp)={ f | Uf)cM: },
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i=1,2,...,
M={ f | Uf)CcM },

Yepes (1, 0603a9UM CIEeIyIOMIEE MHOXKECTBO:
{ TOaTlavlszaMaM(pi) | 221,273, }

Nwmeer mecTo

Teopema. Muoxcecmao Qs asasemes npugedennoti S-Kpumepuas-
not cucmemoti 8 L, cocmosweti u3 S-npednoanbis xaaccos.

AsTop Bmipaxkaer 6anarogapuocTs B. B. Kyapsasuesy u C. B. Ame-
INHY 32 HOCTOAHHYIO MOAIEPXKKY B paboTe.

Crnucok JuTepaTyphl
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Cekiiusa
«/InckpeTHas reoMeTpPuI»

PA3JIOYKEHUE CJIYYAMHOI'O TEH30PA
3AJAHHOI'O TEH30PHOI'O PAHT A HA /I ITIOJIEM GF(2)

A. 51. BeasnkoB (Mocksa)

CraBuTca BOmpoC 06 aTrOpUTMe, MOTy9IaIomeM Ha BXOAE d-WHIEKC-
Hyio Tabnuny 3uadenun 1;, . ;, € GF(2),

—Zt .. ld’ 1Si1§ﬂ1,....1<ld<nd, (].)

a Ha BBIXO[€ BOCCTAHABIUBAIOLIEM [IPABYIO 9acTh (1), IpuieM u3BeCcTHO,
4 o
9TO BCE ti;p OBLIV CreHEPUPOBAHBI KAK HE3ABUCUMEBIE CIyYauHBIE 3HAYUE-

aus u3 GF(2) (0 u 1 paBHOBepoaATHBI). [I0OCTABIEHHEIN BONPOC TIPUMbI-
KaeT K PACCMOTPEHUAM, U3JI0KEeHHBIM B [1].

IIpsamon nepe6op BeIMINH tf;p XapaKTepu3yeTcsa 00beMOM 2(nit...4+na)r,
JIuHeNHO ynopaIounBas craraeMele B mpason dactu (1) MOXKHO COKpa-
TuTh 06BeM nepebopa npubausuTeasHo B 1! pas. O HAKO U mOCIE 3TOro
OpAMON mepe6op MOXKET OKA3aThCA HEMPUEMIEMO TPYIOEMKUM.

IMokaxem BO3ZMOXKHOCTD y9€Ta CIyIaUHOT'O BUIA CIATAEMEBEIX B Ipa-
pou uactu (1). Ilycte X5 e€cTh MHOXKECTBO TOCJIEIOBATEILHOCTEN
(&1,...,&n;) amementor GF(2), a T'(z) = T(z1,...,24) ecTb ompege-
JeHHas Ha MHOXecTBe X = Xy X ... X Xy d-munennas pyHkusa

Z ZTM zd331 ...a:d =

i1=1 ig=1

Cunrag, uto 0 < rq < r, monokuM ro =1 —r1, T =T' + T?, rze

r d
ZH GRS T T?(z) = Z H(t‘s’p,a:(;)

p=146=1 p=r1+146=1
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HezaBucumocTb BeIndnH tf;p BJIEYET HE3ABUCUMOCTDH CIyIaNHBIX COOBI-

mmia Ti(z) =78,i=1,2. Tak kak 0=0+0=1+1,1=14+0=0+1,
TO

P(T=0) = P(T'=0)P(T?>=0)+P(T'=1)P(T*=1),
P(T=1) = P(T'=1)P(T?=0)+P(T =0)P(T?=1),
TaK 9TO

(anece T = T(x), T' = T'(x), T?> = T?(z)). Breas o6oznavenue t,(z) =

P(T(xz) = 0) — P(T(z) = 1), nomguepKkuBarIee 3aBUCAMOCTEb OT ' U OT

T, TIepenuIeM NocIefH0I0 GopMyTy B Bue t,.(x) = tp, (2)ty, ().
Teopema. 1. 3asucumocmo t,(x) om r 3KCNOKEHYUAADHA:

P(T(z) = 0) — P(T(z) = 1) = t, (z)".

2. [Aas t1(x) cnpasedausa asnas Gopmyaa

[ 1-2"17 ecau sce x1,...,Tq HeHYaesbie,
ti(w) = 1 8 n
, DOMUBHOM CAYUAE.
CneacTBue. Ecau 8ce x1,...,Tq HeHYse8ble, MO
P(T(z) =0) - P(T(x) =1) = (1-2"")". (2)

HameruM B 00IUX 4YepTax NPUMEHEHUE JTUX PE3yAbTATOB [
BOCCTAHOBJEHUs pa3ioxenus Buga (1) mo ussectHou tabauue Tj, . 4,
CIy9auHO CreHEPUPOBAHHON YKA3AHHBIM BHIIME 00pa3oM. JHaHUE Tab/u-
Bl TIO3BOJIAET BBLIYUCAATDH 3HaUeHus T'(Z) U OLIEHUBATH CTATUCTUYECKUE
xapaktepuctuku T'(z). Baxuenmasa XapakTepucTuka — JEBasA YaCTh
dbopmydst (2), 411 SKCIEPUMEHTAIBHON OLEHKN KOTOPOU CIELyeT HAKO-
outh cratuctuky coowrrunt 1'(z) = 7, 7 € {0,1}. Ecin ocymecrasTs
STO HAKOIUICHWE, BAPbUPYA BCE HEHYJIEBHIE T1,...,Tq, TO MONYICHHAA
OLEHKA NOMXKHA ObITH OJM3Ka K IpaBon dactu (2).

ITa XKe XapaKTePUCTUKA YKAXKET HA COBIAAeHUE MPOOHOrO HABGOpa
(t', ..., t?) (1% # 0 qna Beex §) c ogmmam m3 (1P ..., t4°), 1 < p < r. [na
ONPENENEHHOCTH MOJAOKAM p = 1 = 1 U OCyIecTBAM HAKOILIEHUE COOLI-
tun T'(xz) = 7, OrpaHUYIUB BAPHUPOBAHUE TEMU HEHYJIEBBIMUA T1, . .., T,
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ans kotopix (t',z1) ... (t%, z4) = 0, T. e. (Ipy yKazaHHOM COBNAAeHNN)
B Tounoctu T (z) = 0, P(T! = 0) — P(T* = 1) = 1. Toraa

P(T=0)— P(T=1)=1. (P(T” = 0) - P(T* = 1)) = (1 — 2"~

(vbr mpuMenmy cregeTeue K T2(x) u yamm, 910 9 = r—1). CoBnagenne
COTPOBOXK,IAETCA CTATUCTAYECKN 3HATUMEIM MOBEIIICHUEM ONEHKH JTEBOK
qactm (2): (1 — 217971 > (1 — 2'79)". Amanormasoe orpanmvenue
BAPBUPOBAHUA TEMU ZT1,...,~Lq, AII KOTOPHIX (tl,a:1> ce <td, a:d> =1,
npu conajgenun gaet pasenctsa Tl(z) =1, P(T' =0) - P(T' =1) =
—1lmu

PT=0-P(T=1)=-1-2""%)""

PassuTue u geranusanusa 3TUX PACCMOTPEHUN MO3BOIAET BHIICTIATH
CPABHUTEIBHO IIEPCIeKTUBHEE 10, KOMIOHOBATH I3 HUX HEPCIEKTHBHEIE
mapel u T. 1., 3aKaHuuBas Habopamu (¢!, . .., t%) u monywas npuemteMeli
o6beM niepebopa.

BLInoJHEHB SKCIEPUMEHTHI [0 PA3JIOKEHUIO CIyIANHO CreHEPUPOBAH-
HOU TPUJIMHENHOU (POPMEI, OJM3KON [0 XapaKTEePUCTUKAM K TPUIMHEN-
son ¢opme tr(ABC) ot 3 x 3-marpun A, B,C man GF(2). Axropurm
YBEPEHHO HAXOIUT UCKOMOE PA3JI0KEHUE 338 MUHYTHI Ha OOBIYHOM HOYT-
Oyke.

OIHAKO MONBLITKA MCIOMBL30BATE PAa3PA0OTAHHBIN AICOPATM A
TEH30pHOr0 pasznoxenus camou ¢opmel tr(ABC) (ma pemenue mog06-
HBEIX 33129 U HAEJICHO HACTOAIIEE WCCJACIOBAHUE) TOKA HE MPUBEIA K
yenexy. TpyaroCTE TPOMCX0 AT, HOBU IMMOMY, 13 BECbMa OOJBIION CHM-
meTpuanocTu Gopmul tr(ABC). laxke npu pacCCMOTPEHUY HA TPOCTEU-
mmm noneM GF(2) 4ucao pasiuvHbIX TEH30PHBIX PA3JIOKEHUN MUHU-
MATBHOW JJIWHBI OKA3LIBAETCA OICHL OOIBITAM.

Chaucok autepaTypsl
1. Beasukos A. f1. Beruucienue BeKTOPHOIO IPOU3BEEHUA TPEXMEp-
HBIX BEKTOPOB C WUCHOJAb30OBaHWEM 5 yMmHOXeHun [/ Marepuamnet
X Mexagynapoguoro cemuHapa ~JuckpeTHas MaTeMaTuKa u €€
npunoxenus”’ (1-6 ¢espans 2010 r.). — M.: Usz-Bo mexaHuko-
MaTeMaTudeckoro gakyasrera MI'Y, 2010. — C. 470-472.
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O CYIIECTBOBAHUMN BOCCTAHABJIMBAIOIIET O
HATIPA>XXKEHWUA

M. O. Kosaxés (Mocksa)

B macToamen sameTke pacCMaTPUBAIOTCA KOHCTPYKIUA W3 PLIYATOB
1 MAPHUPOB B MIOCKOCTH, IOMyCKAIOMNE BHY TDEHHUE HANpsKeHus. [1o-
Jy9€H OTPUIATEIBHBEIN OTBET HA PAHEe MOCTABICHHLIA BOIPOC O CyIIe-
CTBOBAHWI BOCCTAHABINBAOIIErO HAMpsKeHus [1]. A nmenHo, npuBesén
OpUMEp KOHCTPYKIUU OIS KOTOPOW MOXKHO BOCCTAHOBHUTH TONOXKEHMUA
BCEX CBOOOJHBIX IMAPHUPOB, 3HAA €€ MPOCTPAHCTBO BHYTPEHHUX HATIPA-
KEHUN W TOJOXKEHUA 3aKPEIIEHHBEIX MAPHUPOB, OMHAKO, STOTO HEMb3sA
cIeraTh 3Had HE BCE MPOCTPAHCTBO BHYTPEHHWX HANPAXKEHUU & JUIIb
KaKOe-1mO0 OMHO BHYTPEHHEE HAIDPAKEHUE

IMapaupuukoMm p HaseiBaeM norpyxkenue rpada G(V, E), |E| = r,
YIOBJIETBOPSIOLIETO ONPENeTEHHBIM yeaIoBUAM [2], B mIockocTh. IIpn
3TOM BepmHaM rpada OTBEYAIT TOYKHA (IIAPHUDPHI), a pédpam — OT-
pesku npaMbix (perdaru). Bepmmaer rpada G(V, E), a snauut, u mwap-
HUDPBI, MOT'YT OBITH ABYX COPTOB: CBOOOAHBIE (IyCTh MX YUCIO M , U
3aKkperéHnubie (MyCcTh UX YUCAO 1). DTO MOCPYKEHNE MOKHO MBICIATH
KaK TIOCKYI0 KOHCTPYKIWIO, COCTABICHHYIO U3 PLIYATOB, COAMHEHHBIX
IIApPHUPAMU, TPUIEM, HEKOTOPLIE M3 IMMAPHUPOB KECTKO 3AKPEIICHB B
IIOCKOCTH.

IIycTe p; — pazmyc-BexTOp i-ro mApPHUPA. Y CIOBUE PABHOBECHS CILI,
OPWIOKEHHEBIX K i-My CBOOOIHOMY ITAPHUPY CO CTOPOHEBI CMEXKHEBIX IIap-
HUPOB, IMEET BU/

> wij(p; —pi) =0,
J

rie CyMMEPOBaHME IPOBOJNTCA IO BCEM IIAPHUPAM Pj, CMEXKHEIM C Dj,
a CKalAp w;j=Wj; — HA3BIBAETCA BHYTPEHHUM HAIPSKEHHEM PHIUara
pipj. Ecim B R? 3a1aH WADHUDHUK P, TO er0 BHYyTPEHHHUE HAIPAKEHU
w={wj;} ompegenAOTCA KaK HETPUBUAILHbIE PEIIEHNs OIHOPOLHOR CH-
CTEMBbI JTUHEUHBLIX YPABHEHUN

Zwij(Pj—Pi)ZO, 1<i<m. (1)
J

TakuM 06pa3oM, MHOXKECTBO BHYTPEHHWX HAMPSXKEHWN W 3aTaHHOTO
MIAPDHUPHUKA P BMECTE € HYJEBHIM HAIPAKEHUEM IPEACTABIAET COOOH
auHenHoe nognpoctpancTteo W (p) mpoctpanctea W', BCeX MBICAMMBIX
HAIPsKEHUU per9aros mapuupHuka ¢ rpagom G(V, E).
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BaduKcnpyem MOMOKEHUA PO, 1, ..., Doy 4, 3AKPEILIEHHBIX MIAPHUPOB
B R2. Ilycts W(p®) — ecTb MHOXKecTBO pemennit w = {w;;} cucTemsr
ypasrennit (1) mpu 3agaHEEX P = P, ... Py = DY,

3apUKCUPOBAB W U CINTAA HEU3BECTHLIMU PaINyC-BEKTOPHL P1, P2, .
.., Dm CBOOOJHBIX IIAPHUPOB, nepenuieM cuctemy (1) Tak

( Z Wij)Pi - Z Wijpj = Z wijp‘;, 1<i<m.

J:(vi,v;)EE Js(vi ;)€ Eq Ji(viv;)€EE

Matpuna Q = Q(w) 3TON CUCTEMBI ABAACTCA CUMMETPUYIECKOn. IlycTs
p(w) = (p1(w), ..., pm(w)) — MHOXKECTBO BCEX DEIIEHMN DTOM CUCTEMBbI
JMHENHBIX ypaBHeHWI npu gukcupoBaHHOM {w;;j} = w € W(p°). Mu
roBopuM, 9TO mapHHPHEK p° BOCCTAHOBHM IO CBOEMY IPOCTPAHCTBY
BHyTpennux Hanpsaxeruin W (p®) C W', ecim

weW (p°)
Ycaosue
det Q(w) # 0, (2)
rie w — Kaxkou-m6o Hemysiesow BekTop m3 W (pP), sBmserca mocta-

TOYHBIM [IA BOCCTAHOBMMOCTH ITAPHUPHUKA p° IO IPOCTPAHCTBY €r0
HAIPSIXKCHUN.

Ecim mMeeT MecTo HepaBeHCTBO (2), TO TOBOPAT, ITO MAaPHUPHAK p°
60CCTNAROBUM TIO HATIPAKEHUIO W, & HATIPAKEHUE W HABBIBACTCA 60CCMA-
nasausarowum. B padore [1] 611 OCTAaBIEH BONPOC: ABIAETCS U YCIAO-
Bre (2) HeOGXOIMMBIM [TA BOCCTAHOBMMOCTH IapHUpHEUKA p° B CIy9ae
mHOroMepHoro mpoctpanctsa W (p®)? Jlna mapHUPHUKOB Ha TMPAMOM
orseT monoxuTenex [3]. Uccaegys 5TOT BONPOC Pa3yMHO OTDAHUYIUTH-
cs [2, 3] AuImb PACCMOTpEHUEM IMAPHUPHUKOB C PHIYATAMU HEHYJIEBOU
IJIMHEL, 1 JOMyCKAIOIINX HEHYJIEBOE HA BCEX peraarax Hampsxenume. Or-
METHM TaK¥XKe, 9TO IMAPHUPHUKY, 1A KOTOPEIX CYIIECTBYET BHY TPEHHEE
HAIIPsXKEHNe CO BCeMU w;; > 0 HA3BIBAIOTCA NAYTUHHBIME, ¥ OHH BOCCTA-
HOBUMEI [0 KaX/I0My TAKOMy HaIPsKeHuio [4].

Mer nmpusegém mpuMep, TAIOMMUA OTPUIATENLHLI OTBET HA MOCTA-
BJICHHBIN BOMpOC. IIapHUPHUK MpUMeEpa MOXKHO MBICIATH CAMMETPHUY-
HBEIM OTHOCHTEILHO OCEH AEKAPTOBOU MPAMOYIOJLHOU CHUCTEMEI KOOP-
IWHAT B TJIOCKOCTH. SaKPEMIEHHBIE €r0 IMAPHUPHLI JeXKAT B TOYKAX
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(1,0),(0,1), (—1,0), (0, —1). CBoGOaHBIE K€ MAPHUPHI JEKAT B BEPIIIN-
HaX TPEX KOHIEHTPUYHBLIX KBaapaToB K,, Kj, K.. Bepxuue Bepmmub
kBanpatos K,, Ky, K. umeior koopgunatet (0,1 + a), (0,1 4+ a+b) u
(0,1+ a + ¢) coorercrsenno. lllapuuper Bremuunx xkBagpaTos Ky u K,
COEJMHEHBl PEIYATAME C BEPIIMHAME BHyTpeHHero kpaapara K,. flc-
HO, 9TO €CJAW OIWH H3 PBEYArOB KAKOTO-TuOO0 W3 DTUX KBAAPATOB HMe-
€T HEHYJEBOE HANPAKEHWE, TO W BCE PBIYATU DTOTO KBAAPATa MMEIOT
TO e CaMOe HATPAKEHUE. DTN HANPAKEHUS OTHOZHAYHO ONPEIeNA0T
HANPSXKEHNUs PLIYATroB, HANPABICHHBIX K IEHTPY cumMmerpun. [Ins on-
HOr'O KBAIPATA OHU TOXKE BCE OMMHAKOBHL IlycTb wp, mw w, — Hamps-
JKEHUs PBIYaroB, COEIUHAIONMX mapHupsl kBaaparos Ky u K. ¢ K,, a
W — HANPAKEHWS PLIYATOB, HCXONANINAX M3 3aKPEIEHHLIX IMAPHUPOB
B BepmuHbLI KBaapara K,. 31ech NIpOCTPAHCTBO BHYTPEHHUX HAMPAKE-
HUN TPEXMEPHO, B KAIECTBE KOOPAUHAT B HEM MOXKHO B3ATh BEJIMIUHEI
w, Wy, We.

OxaswiBaeTca, ecau B3AThL a = 1,b = 2,¢ = 2 (B >TOM ciydae KBa-
apatel K u K, coBnanaiwoT), TO I JI060r0 BHY TPEHHETO HATIPAXKEHUA
w sroro mapuupHuka det Q(w) = 0, mO3TOMY WAPHUPHUK HE 06JIaAET
BOCCTaHABAMBAIOMUM HanpskeaueM. C npyrou CTOPOHBI, AP0 MATPH-
el (w) mOpOXKAAETCA, KAK HETPYAHO MPOBEPUTH, BEKTOPAMU

[0= 0: 0: 07 Wey, —Wey Wey —Wey, —Wp, Wp, —Wp, wb:]-
Orxyna sicHO, 9TO mepecedeHue pemenunn cucrembl (1), oTBevaromux
BCEM BO3MOXKHBLIM BHYTPEHHUM HANPAXKEHUAM IIAPHUPHUKA, COCTOUT

JIUITB U3 OOHOU TOYKM. Takum 06pa3oM, HAIM MAPHUPHUK BOCCTAHOBUM
[0 TPOCTPAHCTBY BHYTPEHHUX HATPIAKECHUMN.
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CBOVICTBA KJIACCOB A®DPUHHOU
DKBUBAJEHTHOCTU TEOMETPUYECKUX OBPA30B
ABTOHOMHBIX ABTOMATOB

[O. O. Maros (CapaToB)

Iycte A = (S,X,Y,6,\) — cunxponnbin KTA Ttuna Muau. [Iycts
|X|=n,|Y| =m. C uanunansusiv aBToMaToM (A, 5) CBA3aHO aBTOMAT-
Hoe orobpaxkenue A% : X* — Y*. leomerpuueckoe nmpocrpanctso I'
s aromara (A, s) onpenensercs no ciefyomeMy airopurmy [1]:

1) OcymecTBuMm B3auMHO OaHO3HAaYHOEe OoToOpaxkenme f : X —
{1,2,...,n}.

2) Ompegemnm ock aberuee X mpocTpancTsa I Kak 0Tpesok [0,n+1].

3) Kaxgomy c1oBy p = Z;j, ...Z;, CONOCTAaBUM TOUKYy Z € () Ha ocu
abcrucc:

RS T D P

AHamornIHO OmpeneaseTcs B3AUMHO OJHO3HAYHOE COOTBETCTBHUE ¢
57€MEHTOB MHOKecTBa Y 1 wucen ot 1 10 m, ock opauHaT Y IpOCTpaH-
ctBa I' u oTo6paxkenue caoB u3 Y * BO MHOXECTBO PAIMOHATBHBIX IUCE.
Kaxzxon mape (p,q) € A% B npocrpanctse [' conocrasaserca Todka ¢
koopaunatamu (Z,§), rae

k
. 9(yi;)
yzz Z].l,q:yil...yik.

MuoxecTBo Takux map (Z,7y) TOHUMAETCA ION 2E0MEMPUUECKUM
o6pasom % aBromara (A, s).

[IBa reoMeTpruecKUX 00pa3a HABLIBAIOTCA AfPUHHO-KEUBAACHMHbI-
MU, €CTU MHOXKECTBO TOYUEK OTHOTO 00pa3a MOXKET OLITH TPeoOpa3oBaHO
B MHOXECTBO TOUYEK TPYTroro 06pasa HeKOTOPHIM HNOTOYEYHHIM adduH-
HBIM TIPE0Opa30OBaAHUEM.
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Knacc vHMIMATBHEIX ABTOHOMHBIX aBTOMATOB, ¥ KOTOPHIX |S| = N
u |Y| = M 6ynem o6osnauars K (N, M). Takxke GyieM paccMaTpuBaTh
knacc K(x, M) = YK(N,M),N = 1,2,...,00, T. e. BCé aBTOHOMHEIE
ABTOMATEI C 33JaHHOU MOIIHOCTBIO BEIXOJIHOIO aadgaBUTA.

O6o3uaunm epes (*, M) MHOXKECTBO T€OMETPUYIECKAX 06PA30B aB-
tomaros u3 K (x, M). Byaem paccmaTpuBaTh Te adpuHHEbIE TPEO6PA3O-
BaHMA 0OPA30B, MyTEM NPUMEHEHUA KOTOPLIX MOXKHO HEKOTOPBIA 00pa3
Q; € Q(x, M) npeobpasosars B apyrou obpas Q; € Q(x, M). B nannon
CTaTbe PACCMATPUBAETCA MOIKIACC TPEOOPA3OBAHUN CJIELYIOMIErO BUIA:

=75 =aj+b
(31ech £, § — KOOPAMHATHI UCXOIHOU TOUKHY, &', §' — npeobpasoBaHHOU
TOYKH).

Bynem roBoputs, 9To 06pastt €1, () coemecmumbl BHIODAHHEIM BH-
noM aPpUHHOTO TPeoOpa30BAHMUA, €CJAU MPU €r0 NMPUMEHEHUU KO BCEM
Touka u3 (); moryvaerca ;.

Bunaproe otHomenue p C )2, o6pazoBaHHOE TMapaM# COBMECTH-
MBLIX 00Pa30B, ABJAAETCA OTHOMIEHUEM DKBUBAJEHTHOCTH HA MHOXKECTBE
Q(x, M) u 3anaeT pasbuenue >TOrO MHOXKECTBA HA KIACCH DKBUBAJEHT-
HOCTH.

B pa6orax [3] u [4] usyuanucsk CBOMCTBA OMUCAHHEIX IPEO6PA30BAHUN
reoMeTpUIeCKnX 06pa3oB. B maHHOW cTAThe PacCMATPUBAIOTCA KIACCHI
SKBUBAJIEHTHOCTH T€OMETPHIECKAX 06PA30B ABTOHOMHEIX ABTOMATOB.

Caegyromas JeMma IEPEHOCUT COOTHOMIEHNE MEXK Iy KOOD IMHATAMME
TOYEK 00Pa30B HA COOTHOUIEHNE MEXKIY BBIXOIHBIMU PEAKIUAMM.

Jemma 1. Iycmv A, B — napa cpasHuMbLT aA6MOMANOE, 2€0Me-
mpuueckue o6pasvr Q(A) u Q(B) xomopwix coemecmumvl. [Tycme pe-
AKUYUY IMULT GBMOMAMOE KA NPOU3B0AbHOE 4080 P € X* umerom 6ud
qA = Yi1Yiz -+ Yip, YW 4B = Yj1Yjo - Yjr - Toeaa; ecau napa (aab) 3a-
daem xosfPuyuenmuvr npeobpazosanus das cosmewenus Q(A) u Q(B),
MO HOMEPA CUMB0A06 BbITOOH020 GAPABUME, COCNABAMOWUL A U (B,
CBAZANBL COOMHOUEHUEM:

9(i,) =a-g(yj) +0,

g(ylt) = a'g(yjt)v 2 S t S ka

2de g(y) o3mauaem womep cumMeoaa Yy 6 6bITOOHOM asdasume.

IoBenerne MHUIMATBHONO ABTOHOMHOI'O aBTOMaTa A MOXKHO 3a1aTh
B BH[IE €0 PEaKInyu Ha BXOJHOE CJIOBO 6eCKOHEeIHON AinHbL. O603HAMMM
a1y peakuuio depes w(A). OueBugHa caeaymomasn Jjemma:
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Jemma 2. ITocaedosameavnocms w(A) asasemca nepuoduueckot,
HAYURAA ¢ HEKOMOPOT NOBUYUL, NOIMOMY MOHCEM ObiMb Npedcmasae-
na 6 sude w(A) = p(t), ede p,t € Y* — amo npednepuod u nepuod,
COOMBEMCMBEENHO.

PaccmarpuBaemoe npeoGpasoBanme COXPaHAET [INHBL IIEPUOI0B:

Teopema 1. Ecau Q(A) u Q(B) cosmecmumbl, mo diunvt nepuodos
w(A) v w(B) paswubr.

Ilo 3agannomy aBromary A € K (%, M), ucnonbsys npeacraBieHue
ero MOBEICHWA W3 JeMMBI 2 W ONMUPAsACh HA JeMMYy 1, MOXKHO ompene-
JUTH BCe reoMeTpudeckue o6pasbl, KOTopbie HaxoaaTces ¢ 2(A) B ogHOM
KJIACCE DKBUBAMEHTHOCTH. [Ipu 3TOM CJIO0KHOCTD 3TOr0O AlrOPUTMA MOJIH-
HOMUAJBLHO 3aBUCAT OT KOMMIECTBA COCTOAHUMA ABTOMATA W MOMIHOCTH
BEIXOAHOTO aadasuTa. Kpome TOro, CipapeaiuBhl CJIe Iy OMmue TEOPEMEL.

Teopema 2. Mownocms Ka#cd020 Kaacca 3K6UBAAEHMHOCY 06D a-
306 kpamua M.

Teopema 3. Mowmnocms Kan#cdo20 KAGCCO IKGUBAAEHMHOCU He
npesoczodum M?, npuuem das amob6020 maxozo M, umo IM > 1, cywe-
cmeyem xaacce, cocmoswut uz M? 06pa3os.
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CYBOTHOIIEHUWE I]_‘I’TEI‘/JIHEPA CTEIIEHWU 4
EBKNA0BOU IIJIOCKOCTHA

E. . CrenanoBa (Mocksa)

HIupoxo usectHa npobaema Imetinepa: 11 TAaHHONO HAOOPA TOUEK
M B METpHYIECKOM IPOCTPAHCTBE HAUTH HAOOP KPUBLIX MUHUMAJILHON
CYMMApHOH [IJWHEI, COEJUHAIONMX BCE 3TN TOYKW. Permerarem 3Tou mpo-
OJIEMBL ABAAETCA MPad-1ePEeBO, MHOKECTEO BEPIIMH KOTOPOrO BKIKYAET
IAHHBIT HAGOP TOYEK W, BO3MOXKHO, KAKAE-TO APYTHe TOYKH METpUIe-
ckoro npoctpancTa. OHO HA3BIBAETCA MUHUMAALHbIM depesom [lImeii-
nepa, u ero gauna obosuadaercsa smi(M). Ipobaema Mlrennepa B cay-
9ae eBKIMIOBOU MIOCKOcTH NP-monHa, mosToOMy mMeeT CMBICT paccMa-
TPUBATH €€ CBA3EL C APYTMMU 3aJa9aMM ¥ OINCHUBATEL CBA3AHHEIE C HEU
BEJINIWHEL.

Eciu Mb1 3anpeTrM MCHONB30BATEL B I€PEBe-PEeeHnN JOTOJHITEMb-
HBIE TOYKW, OTJIMIHEIE OT TeX, KOTOPLIE TPeOyeTCsas COEIUHUTD, TO TO-
JAYIUM MUHUMAALHOE 0CTMOBHOE 0epPeso.

CBa3b MEX Iy OMUCAHHBIMY BHIIIE BEIMYIAHAMYI MOXKHO OLEHUTH C TI0-
MOMIBIO OTHOMIEHUA NJIUHB MUHMMAJILHOTO mepepa IllTenmepa x mim-
HE MUHUMAJBLHOIO OCTOBHOrO nepeBa. OHO HA3LIBAETCA OMHOUWEHUEM
ITmetinepa mas maaHoro HabOOpa Todek. Ecam paccmorperh mHQUMYM
otromenusa llTerrepa MO BceM HAGOpPAM TOYEK B JAHHOM METPUIECKOM
OPOCTPAHCTBE, TO OAydnM oTHOmenue IllTennepa 3TOro METPUIECKOrO
npocTpancTBa. U3BecTHO, 9TO 4 eBKINIOBOU TWIOCKOCTH OHO He 6OTb-

e v/3/2 [1, 3]. B 1968 roxy Twis6ept u To/m1ax BHIIBUHYIN TUIOTERY,

YTO /I €BKJIUJOBOM ILIOCKOCTH OHO B TOYHOCTH PABHO \/5/2, OJHAKO
5TO YTBEpPXKIEHUE MO CUX MOP HE MTOKA3aHO.

38,,[[8}{3 O MUHUMaAJBbHOM 3allOTHEHUU KOHEYTHOT'O METPUIECKOI'O IIPO-
CTPAHCTBa BIEpBbIE OblTa nocraeiaeHa Meanosoim u Tyxuiuaeim B [2].
3amada COCTOUT B MOUCKE B3BEIIEHHOTO rpada HAMMEHBIIErO BECA, 3a-
TATUBAIOMIET0 TaHHOE KOHEYHOE METPUUIeCKOoe MPOCTpaHcTBO M Tax,
9TO [MIA JIOOBIX ABYX TOYEK METPUUECKOT'0 IMPOCTPAHCTBA BeC JOOI0
IIyTHU, COeIUHAIONIEr0 UX B I'pade, He MEHbIIIe PACCTOAHNA MEX Iy HUMU
B METPUYIECKOM MPOCTPAHCTBE. Bec MUHUMAIBHOIO 3amOJHEHUSI OyxeM
o6o3HagaTs depes mf(M).

Munumansuoe gepeso lllTennepa 1 MUHIMATBLHOE 3ATIOTHEHUE CBA3A-
HBbI BEIMYUHON, KOTOPas Ha3bIBaeTcs cybomuoutenuem Imetinepa. Ouo
PaBHO OTHOIIIEHNIO BECa MUHUMAJIBHOT'O 3alIOTHEHUA K TINHE MUHUMAIb-
woro gepesa Illrennepa.

Tounas uuxkHAA Tpanb cyboTHomenusa [llTennepa mo Bcem HaGOpam
TOYEK B JTaHHOM METPUIECCKOM IIPOCTPAHCTBE X, IHNCJI0 TOYEK B KOTOPHIX
HE TPEBOCXOIUT 7, HA3LIBACTCA N-Moueunbim cybomuowenuem Imei-
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nepa, Wi cybommowenuem [Imetinepa cmenenu n JAHHOTO MeTpUIE-
ckoro npocrparcTsa. Ouo obosnauaercs ssr,(X). Uadpumym cyboTHO-
mwenus [l ternepa mo Bcem HAGOPAM TOYEK HABLIBAETCA CYOOMHOULEHUEM
II'meiinepa n o6o3HagaeTcsa ssr(X).

B caygasx murmMmanbuoro gepesa lllTenHepa m MUHUMAJIBLHOTO 3a-
MOJHEHUs MHOXKECTBO TOYEK METPUIECKOTO MPOCTPAHCTBA, KOTOPOE
TpeOyeTcs COeIUHUTh, HAZLIBAETCA 2PanuuHbim muoxcecmsom. Ocranb-
HBIE TOYKU DTUX [IEPEBLEB HABBIBAIOTCA 6HYMPEHHUMU.

OTMeTuM Teneps HEKOTOPBIE (PAKTHI, KACAIOUINEC BBEICHHBIX BLIIIE
MOHATHH B CIydae eBKINA0BON miockocTu R? [1, 2, 3, 4].

YrBepxaeuue 1. Jas Koneuno20 nabopa mouex na e6x4ud0801%
nA0CKOCMU 8Ce20a CYwecmsyom munumasbroe depeso Ilmeiinepa u
MUHUMAABHOE 3AN0AHEHIUE.

YrBepxaeune 2. Bce pebpa munumasvnozo depesa Ilmetinepa 6
R? asastomea ompeakamu. B xaxcdoti sepuiune pebpa-ompes3xu crodim-
ca nod yeaom we menee 27 /3.

Kamncdas eepwuna munumasbrnozo depeea Ilmetinepa umeem cme-
newb He 60AbULE MPET, NPU IMOM BCE BHYMPEHHUE BEPULUHDL UMEIOM
cmenend 3.

Tun gepeBa MUHMMAIBLHOTO 3ATIOJHEHUs OMPENENeH HEOMAHO3HAYHO.
O HAKO BEPHO CAEAYIOMIEe YTBEPXK IEHUE.

YrBepxkaenue 3. Munumasvroe 3aN0AHEHUE MOHCHO CUUMAMb OU-
HAPHBIM JEPEBOM, Y KOMOPO20 BCE 2PAHUUHBIE BEPULUHBL UMEIOM CMe-
newv 1, a 8ce BHYMPEHHUE BEPULUHDL UMEIOM CMENEHD 3.

PaccmoTpuM Temeph MOAMHOXKECTBO METPUIECKOTO MPOCTPAHCTBA,
YUCJAO TOYEK B KOTOPOM HE MPEBOCXOAUT 1, 0603HauuM ero M,. Iycrs
pi,rae i =1, 2, ..., n, — smemenTs M,, p;; — PaccTOAHUE MeXIy
TOYKAMU P; U Pj.

YrBepxaeuue 4. Bec Munumasvno2o 3an0AHeRus Mper mouex 6
A000M MEMPUUECKOM NPOCMPAHCMBE MONCHO BHINUCAUMD NO CAEYI0-
wett Popmyae:

_ P12 + pag + p31
—

YrBepxaenue 5. Bec MUHUMAAbHO20 3AN0AHEHUA YEMBIPET MOUEK
8 A000M MEMPUUECKOM NPOCTPAHCTNEE MOHCHO 8BINUCAUMY N0 CAEYI0-
weti popmyae:

mf(Ms3)

1, .
mf(My) = 5 (min {p12 + p3s, p13 + P24, pra + pas}+

max {p12 + p3a, p13 + paa, pra + p23})-
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MeanoBbiM 1 TyxunuHeM B [2] GBITO MOKA3aHO, UTO A JIOOBIX TPEX
TOYEK HA €BKJINJIOBOU IIOCKOCTU cyboTHOMmenue [llTennepa we MeHbIIe,

weM \/3/2, IpUUEM HTO YHCIO JOCTUTACTCSA, I TOJBKO HA TMPABUILHEIX
TpeyroapauKax. QCHOBHBIM PE3yJbTATOM aBTOPA ABIAETCA CJAEIYOMIAas
TeopeMa.

Teopema. Cyoomuowenue IImeiinepa das uempipexr mouex Ha €6-
KA100601 NAOCKOCMAU PABHO \/3 /2, NPULEM OMHOULEHUE 6ECA MUHUMAAL-
HO20 3ANOAREHUA K OAUNHE MUNHUMAIbHO20 depesa [lImetinepa pasno amo-
MY YUCAY MOALKO 044 PABHOOOKUT mpaneyutd, Yy KOMOPLIT 0CHOBAHUA
BUJHbL U3 MOUKU nepecevenus Juazonaset nod yaaom /3.

AsTop Grarogaputr A. O. Usanosa, A. A. Tyxununa 3a NOCTOAHHOE
BHUMAHUE K PA00Te, a TAKXKe BCEX YIACTHUKOB cemuHapa «Muuumans-
HbIE CEeTU», MPOXOAIMIEr0 HA MEXAHUKO-MATEMATUIECKOM (DaKyJbTeTe
MTI'Y, 3a TpOABICHHBIN UHTEPEC, MHOTOYUCICHHBIE TOJE3HBIE 00CY XK 1e-
HUS U TUCKYCCUMN.

Pa6ora 6buia Beimoanena npu dactudaon nogaepxke PDODU (mpo-
ext Ne10-01-00748-a), rpanTa npesugenra PP moanepxku Begymux Ha-
yuansix mkoa (npoext HIIM-3224.2010.1), IIporpamver PassuTue nayano-
ro moTeHnuanta seicien mkonsl (mpoext PHIT 2.1.1.3704) u @I Hayu-
HbIE U HAYYIHO-TIEIArOTUYeCKre Kaapbl nHHOBauouuou Poccun va 2009-
2013 roawr (momepa TockonTpakTos: 14.740.11.0794 u 02.740.11.5213).
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O CUMMETPUYHBIX MHOTOTPAHHUKAX C
HECUMMETPUYIHBIMU I'PAHAMN

B. U. Cy660orun (HoBouepkacck)

B pabore paccMaTpmBalOTCA HEKOTOPBIE CBOMCTBA CAMMETPUIHEIX
3aMKHYTBIX BBIMTYKJILIX MHOTOTPAHHUKOB B TPEXMEPHOM E€BKJIWIOBOM
MPOCTPAHCTBE.

3aMKHYTHIU BBIMYKJILIM MHOTOPPAHHUK B TPEXMEPHOM EBKJUIOBOM
OPOCTPAHCTBE HA3LIBAETCA CAMMETPUIHEIM, €CIU OH IMEET XOTSA OBl OJI-
HY HETPUBUAILHYIO OCh CUMMETpun. Bynem roBopuTh, 9TO OCh CUMMeE-
TPUM 3AMKHYTOTO BEIMYKJIOT0 MHOMOTPDAHHUKA B TPEXMEPHOM €BKJINO0-
BOM TIPOCTPAHCTBE NPOTOOUM uepe3 2parb MHOTOTDAHHUKA, €CIAU OHA
NEePHNEeHIUKYIAPHA 3TON TPAHK W TEePECEKAeT OTHOCUTENLHYIO BHYTPEH-
HOCTH DTOU T'paHu. 36e3doti epanu A MHOMOIDAHHUKA HA3BIBAETCA CO-
BOKYTIHOCTBb T'PaHe’, MMEIOMUX C TPaHb0 A X0Ta 6bI 0qHy OOIIyI0 BEp-
mmnay. [Jewmpom CAMMETPAYHONO MHOTOTPAHHUKA HA3LIBAETCA TOYKA
TEPECEUEHNS er0 0CEeU CUMMETPUN.

Panee [1] ObLiM mepevucaeHbl BCeé MHOIOTDAHHUKH, CUABHO CUMME-
MPUUHBLE OMHOCUMEALHO 8PAULEHUA 2PaHet, & TAKKE METPUIECKY TBOU-
CTBEHHBIE UM CUJIBHO CUMMETPUIHBEIE OTHOCUTENBLHO BPAINEHUS MHOTO-
rpaHHBIX yruoB. B wacTHoCTH, Cpegu mepednciaeHHbix B [1] MHOrOrpan-
HUKOB UMEIOTCS BOCEMb MHOTOTPAHHUKOB, HE ABJIAIOIIAXCA NaKe KOMOU-
HATOPHO SKBUBAJEHTHBIMU NPABWIBHBIM WX aPXUMEIOBBIM (IIOTymIpa-
BUJIBHBIM) MHOrOrpaHHUKaM. HamoMHUM, 9TO 3aMKHYTBIA BBITYKJILIA
MHOTOMPAHHUK HA3LIBAETCA CUILHO CUMMETPUIHBIM OTHOCUTENILHO BPa-
IIEHUA TPAHEH, eCIN KaXK1aa IPAHb MHOTOTPDAHHUKA, PACCMATPUBAEMA
Kak purypa, OTAeTEHHAA OT MHOTOIPAHHUKA, IMEET OChb cumMmeTpun L,
OPOXOAANIYIO I€Pe3 HeE, U OCh L ABAAETCA OCBIO CUMMETPHUH BCET'O MHO-
rorpanHuka. [Ipu 3ToM mOpAAOK ocu L. MHODOTDAHHUKA MOXKET ObITh
MEHBINE MOPATKA OCU L TpaHu.

I'panb, Yepe3 KOTOPYI MPOXOAUT OCh CUMMETDPUU MHOTOTPAHHUKA,
OyIeéM HA3LIBATH CUMMETPUYHOU; B NPOTHBHOM CIydae — HEeCHMMe-
Tpuunou. HecummMeTpuvnyo rpaub F' MHODOrpaHHUKA Oy IeM HA3BIBATH
UZ0AUPOBAHHOT, €CIU BCe TPaHU, BXOAAMME B 3Be3ny F, cummerpmda-
wel. Ecim B MHOrOrpanHUKe KaxXaas HECHMMETPUIHAA IPAHb H30JAPO-
BaHa, TO OyJe€M TOBOPUTH, UTO 3AMKHYTHIU BBIMYKJILIM MHOTOTDAHHUK
B TPEXMEPHOM EBKINIOBOM MPOCTPAHCTBE ABIACTCA MHO202PAGHHUKOM
C U30AUPOEAHHBIMY HECUMMEMPUURBIMY 2Panamt (MHOMOTDAHHUKEA 1-10
kaacca). [HoAcom HECUMMETPUYHBLIX IpaHen OyAeM Ha3bIBATH MOCIENO-
BATEJBLHOCTL HECUMMETPUYHBIX TPAHEN, KAXKIAA U3 KOTOPHIX UMEET C
OPenLIIyIen u C IOCAeAYOER IPAHBI0 TOJIBKO MO0 OTHOMY O0MmeMy pe-
Opy; MOCJAEIHSSA TPAHBb MOACA TAKKE UMEET TOIBKO OJHO 00IIee pedbpo
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C MEPBOU TPaHbi. ByleM paccMaTpuBaTh MHOTOMPAHHUKY, KaXK asd He-
CUMMETPUYHASA FPAHb KOTOPHIX BXOAWT B OJWH M TOJBKO B OIWH IOSAC,
7 I KaXkaoro mosca P cymecTByer cuMMeTrpuyHas rpadb (G Takas,
YTO KaXjgas CpaHb nosca P umeer Toabko oaHO obmmee peGpo ¢ G, u
Kaxgoe pedbpo rpanu (G ABAAETCA peOPOM HEKOTOPOU TpaHu mosca P
(MHOTOrpAaHHUKY 2-T'0 KJIACCA — € UB0AUPOBAHHBIMU HECUMMETNPUUHBLMU
noacamu). I3 5TOro onpenesenus ciegyer, YTO 3BE34a KaXKIOU HECUM-
METPUIHOU T'PAHU, TIOMAMO CAMMETPUYHLIX T'PAHEN, COAEPKUT TOJBKO
IBE HECUMMETPUIHBIX TPAHN: MPEILIIYIIYIO U MOCIEIYIOIIY0 IPAHD MO~
Aaca.

Ha ocuoBe meTO1a [OKa3aTEALCTBA IEPEYNCICHAS MHOTOT DAHHUKOB,
CUIBHO CUMMETPUIHBIX OTHOCATENLHO BPAIICHUA TPAHEH, B PAHEE AHOH-
CUPOBAHO MEPEYUCIEHNE BCEX MHOTOIDAHHUKOB C M30JUPOBAHHBIMU He-
CUMMETPUYHBIME TpaHaMu. Huxe naHel HAOPOCKU IOKA3ATENLCTB Te-
OpeM O HEePEeYNCIEHUYN MHOMOMPAHHUKOB C U30JUPOBAHHBIMU HECHMMe-
TPUYHBIMU TPAHAMEA U O MEPEYUCICHAA MHOTOIDAHHUKOB C H30JUPO-
BAaHHBIMU HECHMMETPUYHBIMU HosgcaMu. Kax ciencreue yKasaHo TOIHOE
MaKCUMATLHOE YUCI0 TPAHEN MHOTOTPAHHUKA B KAXKIOM U3 dTUX IBYX
KJIACCOB.

Teopema 1. Kaxcodviii mHo202paunuk ¢ u304UP06AHHBIMY HECUMME-
MPUUHBIMU 2PAHAMU MOHCEM ObIML NOAYUEH NYMEM YCEUEHUA BEPULUH
wAlU PEOEP U3 HEKOMOPO20 MHO202PAHKUKA, CUALHO CUMMEMPUURO20 OM-
HOCUMEALHO BPAUEHUA 2PAHET.

Hoxazameavcmeo. Ilycte M — MHOrOrpaHHUK C U30JIUPOBAHHBIMU
HECUMMETPUYHBIMUA TPAHAMUA. PAcCMOTPUM MHOTOIDAHHUK P, CHIBHO
CUMMETPUYHBIN OTHOCATENBHO BPAIIEHUA, § KOTOPOr'O KOJUIECTBO OCEn
CUMMETPUU ¥ UX HAMPABJICHUs COBMAJAIOT C HATPABJICHUEM OCEU CUM-
MeTpuu MHOTOrpanuuka M. Muororpanuuk P sBaseTcsa mepecedeHueM
[IOJyIPOCTPAHCTB, OrPAHUYEHHBIX INIOCKOCTSMY, HEPIEHINKYISAPHBIMA
ocAM cuMMeTpuu MHOrorpanumka M. Muororpasuuk P MOXHO OIBI-
TATBCA MOAYIUTH U3 MHOrorpanumka M caepyiommm obpasom. ITapas-
JIETBHBIA CABUT TIOCKOCTEN SKBUBAJEHTHHEIX HECUMMETPUYHEIX CpaHen
OT HeHTpa MHOrorpanHuka M Ha OOHO M TO XKe PACCTOSHUE COXPAH-
€T CUMMETPUYHOCTH CUMMETPUYIHLIX T'paHen muHororpannuka M. Ocy-
IIECTBRJASA TAKUM 00PA30OM NAPANLIENbHBIE CABUTU IIOCKOCTEN HECUMME-
TPUIHBEIX TPAHEN, MBI JOOLEMCA TOTO, UYTO MOMYIPOCTPAHCTBA, OMpe-
JeJseMble TIOCKOCTAME I'paHerl MHOTOrpaHHuka M, o6pa3yoT MHOrO-
FpaHHUK S ¢ CUMMETPUYHBIMU TpaHsaMu. MHOrorpanHuk S sABIAETCA
CUJIBHO CUMMETPHUYHBIM ¥, BOOOIIE IOBOPS, OTIMYHBIM OT MHOT'OIDAH-
HUKa P, MOTOMY 4TO MOPAIKA OCEM CUMMETPUU MHOTOTPAHHUKOB P u S
[IPU 3TOM He 00s13aTeJbHO COBIAAIOT. [[J1s1 3aBepiIeHus 1J0Ka3aTeabCTBA
TEOPEMEI JOCTATOYHO B3ATH MHOMOTDAHHUK S U CUCTEMOU TLIOCKOCTEN,
COOTBETCTBYIOIIEN HECAMMETPUYHLIM ['PAHAM MHOTOrpanuuka M, mpo-

399



3BeCTU OTCedueHme BepumnH winm pébep muororpamuumka S. Teopema 1
IOKa3aHa.

Teopema 2. Kaxcovili MHO202PARHUK C UB0AUDOEAHHBIMY HECUMME-
MPUUHBIMY TLOACAMY MOHNCEM ObIMb NOAYUEH: AUOO NYMEM HAOCTPaU-
BAHUA YCEUEHHBIT OCECUMMEMPUUKRBIL NUPAMUOD HA SPARAL HEKOMOPO-
20 MH0202PAHHUKE, CUALHO CUMMEMPUUHO20 OMHOCUMEALHO BDAUEHUS
2panel; aubo NYmMEM omceuenus Bepuwur u Peébep HeKomopuix epamet
MHO202PAHKUKA, CUALHO CUMMEMPUUHO20 OMHOCUMEALHO 68D AULEHUA.

Loxazameavcmeo. [[0Ka3aTEILCTBO AHAJOIMYHO [OKA3ATENBLCTBY
mpeIBIIyIIer TeopeMbl. PaccMOTpUM MHOTOTpAHHUK M | ¢ M30IUpPOBaH-
HBIMU HECUMMETPUIHBIME mosicamu. IlycTs (G — rpadbs MHOTOTDAHHUKA,
M, okpyEHHAS NOACOM HECUMMETPUIHBIX Tpanen. CaBuras napauienb-
HO B HANPABJEHUU [IEHTpAa MHOrorpamuumka M mrockocTs rpanu G, a
TaK¥XKe IUIOCKOCTHU BCEX FPAaHEU, el SKBUBAJEHTHBIX, HA OJHO U TO K€
PACCTOSHME, TIOAYIAM MHOTOTPAHHUK S, CUIBHO CAMMETPUYHLIN OTHO-
CUTEJBHO BpameHusa. Teneps [OCTATOYHO B3ATH CUIBHO CUMMETPUYHBIN
MHOTOMPAHHUK S ¥ MOCTPOUTH HA TPAHU C OCBIO cuMMeTpuu rpanu G
TUPaAMUIY. 34TEM IIOCKOCTHIO, TIEPIEHANKYIAPHON YKA3AHHOU OCH, OT-
Cedb BEPIIMHY MUPAMHUILL OCTABIAI MHODOMPDAHHUK BBIMTYKAbIM. Qcyle-
CTBJAA 3TO MOCTPOEHUE IS KAXKIOU SKBUBAJICHTHOW TPAHU, MOJIYIUM
MHOT'OTpaHHUK M C M30JUPOBAHHBIMU HECUMMETPUIHBIME MosgcaMu. Ec-
JIM YKA3AHHBIU TTAPAJLIEIbHBIN CABUT IIOCKOCTU rpanu G He IPUBOIUT K
MHOT'OIPDAHHUKY, CUIBHO CUMMETPUIHOMY OTHOCUTEJILHO BPAIIEHUS, TO
IIOCKOCTH TPaHeN MO0sCa, OKPYKAWIIEro rpaub G, mmbo camy rpaus G,
[apajuIeJbHO CABUTAEM B HANIPABJICHUAU OT IIeHTPa MHOrorpanauka M =Ha
OJIHO U TO K€ PACCTOSAHUE [ SKBUBAJIEHTHEIX rpaHen. [lokaszaTenscTBo
3aBepIIaeTCA TaK XK€, KaK U B CIydae MHOTOTDAHHUKA C U30IUPOBAHHBI-
MM HECUMMETPUIHBIME IpaHaMu. TeopeMa 2 mokasaHa.

3aMeTuM, YTO U3 JOKABAHHBIX TEOPEM OYEBUIHO CICAYET, UTO TU-
€10 KOMOMHATOPHBIX TUIOB KAaK MHOTOIDAHHUKOB C M30JUPOBAHHBIMU
HECHMMETPUYHBIMIA I'PAHAMA TaK U C M30JIUPOBAHHBIMU HECUMMETPUY-
HBIMU TOACAMY, OT'PAHUYEHO, €CAU HE YIUTHIBATH OECKOHEYHBIE CEPUU
YCEIEHHBIX MPU3M, AaHTUIPU3M, MUPAMU, YCEIEHHBIX TUPAMUL U OUTH-
pamug. Hanmpumep, MakcuMaIbHOE 9UCAO TPAHEN MHOTOMPAHHUKA C U30-
JIIPOBAHHLIMY HECHMMETPUYHBIMU MosicaMu pPaBHO 302; MakcHMaJIbHOE
YUCJA0 TPAHEN MHOTOTPAHHWKA C M30JUPOBAHHBIMUA HECUMMETPUIHLIMU
rpasaMu paBHO 182.

Chaucok aurepaTypsl
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HEITAPAMETPUYECKHWE OIEHKU SOHTPOIIUN N
PACCTOAHUA MEXXK Y CTPOKAMMA

E. A. Tumopeesn (fIpocaasas)

B HacTosmen crarbe paccMATPUBAETCA 3a4ada BHIOOPA METPUKHU
IJiA TOBBIMIEHNs 3(PPEKTUBHOCTA HEMAPAMETPUIECKON OLEHKU DHTPO-
MM, OCHOBAHHOM Ha METO/e OJUKAUIIEN TOYKHA.

Oycts Q = AN — mpocTpaHCTRO MPABOCTOPOHHUX MOCIEOBATEIEb-
sHocren (A — xoneunnin angasur, N = {1,2,...}). [Iycte ganbt n + 1
HE3aBUCUMBIX CIyYIauHBIX BeawduH &o, . .., &y, IPUHUMAIONIUX 3HAICHUS
B () M OIMHAKOBO pAaCTpEeIeNeHHBIX MO Mepe y. Bymem cauTarTh, 9TO U
— DproauyecKkas CTAUMOHADHAs (MHBAPUAHTHAs OTHOCUTEJIHHO CIBULA)
BEPOSTHOCTHAS MeEpA.

Tpebyercs oueHUTH SHTPONXIO MepHL 4. HamoMHUM, 9TO 3HMponua
(sHTpOMUA HA CUMBOJ) ONPEAEAACTCA KAK

h=— lm ~Elnu(Ca(€), (1)
n—oo N,
rne Cn(x) = {y ENiyr=21,...,Yn = xn)}

B [1] npesnoxensr 1 uccieq0BaHbL CTATUCTUKY [1JISI HAXOXK JEHU Pa3-
MEPHOCTEN Mep B METPUYIECKUX MTPOCTPAHCTBAX. [ MpOoCTpaHCTRa Mo-
CIeOBATENBHOCTER {) C METPUKOU p DTU CTATUCTUKHU OMPENEIIIOTCA ClIe-
ayoomuM 00pa3oM:

1 (p) =k (r (p) = r0 () (2)

n
1
(k) — E 1 in (k)
ry(p) = — n | min % p(&, & 3
n() (Tl+1) i) (la.l) s ()
Jj=0
rae min®™{ X, ... Xy} = X, ecm Xy < Xy < -+ < Xy,

OTMmeTuM, 9TO A yOpoleHus hpOPMYJIUPOBOK, CIyIaANHBIE BEJIUIN-
Hbl &g, ..., &n CINTAIOTCA OECKOHEYHBLIMU MOCAENOBATEILHOCTAMEU. He-
TPYAHO MOKA3aTh, 9TO HOCTATOYHO UCIONB30BAaTh ToabKo m = O(lnn)
[EPBBIX CUMBOJIOB dTUX MOCAEI0BATEILHOCTEN, €CI MEPA Y I0BIETBOPS-
€T CJAeNYIOEMY YCJIOBUIO

Ja>0 : p(Ch(x)) =0(e™™), nna p —nouru Bcex X € Q. (4)

IMoguepxueM, UTO MJIA YOPOIIEHUs TEOPETUIECKOTO WCCJIECIOBAHUS
OIIEHOK TAaKOr'o Buaa 0Oonee yaoOHO PacCMaTpPUBATL TOJBKO OIEHKU Be-
auauHbl 1/h — 06paTHON K 3HTPONUM.
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BonbmMHCTBO HemapaMeTpPUYeCKUX OIEHOK OODATHON DHTPOIUN
OCHOBAHO Ju0O Ha aIrOPUTMeE CKaTus JleMnens-3uBa, aubo Ha METOLE
Gamxanmumx cocened (cM. 0630p B [1]), 1 5TU OLUEHKU UMEIOT BU I, HAIIPU-

(k)

Mep, Ty (p)/Inn. [Jas Takux OEHOK JOKA3BIBAETCA CXOAUMOCTH MOYTH
BCIOJY, HO TAKWUE OIEHKYU OY€Hb TPYIHO MPUMEHATD B IPUKIAIHLIX 3313
Jax, HOCKOIbKY logs n < 30 —40, a cCKOpOCTH CXOAMMOCTY TaKUX OLEHOK
O(1/logn).

s ouenku o6paTHOU 3HTpOMUY (2) CXOAUMOCTD TOKA3LIBACTCSA IIPU
TPYOHO MPOBEPSEMBIX YCIOBUAX [1], HO CKOPOCTH CXOAMMOCTH MOIYYa-
ercsa crenennon — O(n~ °), rge ¢ — HEKOTOpas KOHCTaHTA. B [2] Owina
OPOBEEHA BEMUCAUTENbHASN IPOBEPKA OLEHKHU (2) A1 HECKOJIBKUX Of-
HOMEDPHBLIX AMHAMUYIECKUX CHCTEM C M3BECTHOU »HTpommen. IIpoeepka
oKasaJja, ITo »Ta oneHKa uMmeeT ToIHOCTh 0.01 a1 n = 10%. B skcme-
PUMEHTAaX NMPUMEHATACH METPUKA pPo, OCHOBAHHAA HA MEPBOM HECOBIIA-
JeHny CUMBOJIOB CTpoK (MeTpuka (5) ¢ A(t) = 0).

OIHAKO TEOPETHYECKHE MCCASNOBAHUA MOKA3AIA, ITO 3Ta Mpobe-
Ma IMeeT OYUeHb CIOXKHYI0 mpupoxy. B paGore [3] mas mMapkoBckon Me-
PBL U METPUKU pg MOKA3AHO, YTO CMEIIEHUE ABIACTCA MEPUOIUIECKON
(byHKIHEN ¢ meprogoM TPONOPIMOHAILHEIM l0gn I1a Tex Mep, y KOTo-
PBIX JOTrapupMBL BEPOATHOCTEN MEPEX01a COU3MEpUMEL. [ 0CTaTbHEIX
MAPKOBCKIX Mep OIEHKA ABIACTCA ACUMITOTUICCKA HeCMEImeHHon. Ta-
KM 00pa3soM, CMEIIeHUEe ABMACTCA PA3PBIBHON (GYHKIMEU OT mapame-
TPOB MapPKOBCKOU MEPEL.

Xoportee cornacoBaHue pe3yaIbTaTOB SKCIEPUMEHTA B [2] ¢ TeopeTn-
YECKUMY 3HAYEHUAMHI SHTPONUU OOBACHACTCA TEM, UTO IIA HEGOIBIIIX
3HaveHny sHTponuu (h < 3) 5TO CMeleHne HACTOIBKO MaJIO, ITO ero He-
JB35 3AMETHTDL B BEMUCAMTENILHOM SKCIepuMenTe. Tax, HanmpuMmep, I
A ={0,1} aumumaTyna cmemenns menbime, dem 1076,

B macTosamen paboTe 11 yMEHBIIEHUA CMEIIEHNA TPENIAraeTCA CJIe-
AYIOIMUYU moAX0[. PacupuM KIacC UCIOAb3YEMBbIX B OLIEHKE METPUK U
106aBUM HEKOTOPYIO ONTUMU3ALUIO [0 METPUKAM 3TOT0 KJIACCa.

Hus Touexk x = (z1,22,...) 1y = (y1,¥2,...) u3  onpegeanm
METPUKY
p(axa y) - ef)\(flogp(x,y)), a ;é b, ( )

rae A(t) — meyOwiBaromas gyukius, Takad, 910 A(0) = 0 u A(t) < 1,
0<t<ox.

ITa MEeTPUKA OWINMIIUIEBO SKBUBAJICHTHA METPUKe pg (MeTpuka (5)
¢ A(t) = 0). Hosromy craTtuctuka (2) ABIAETCA ONEHKON OOPATHOU 3H-
Tponum.
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Yreepxaenue. Jas k = O(n¢), ede c < 1,

lim Lr%’“)(p) _1
nsoo  Inn R
O6o3uaduM depes rflk’m) craTucTuky (3), B KOTOPOU Ha M-M IIAre

HAXOXeHus MeTpuku (5) cauTaem Bce paccTosHus paBHbiMu 1 (T. e.

HUCIOJB3YIOTCA TOJBKO IIEPBBIE 1 CUMBOJIOB 3aJaHHBIX CTpOK).
(k,m)

Teopema 1. Jas cmamucmuxuy 7y, u das wobot mempuky (5)
cnpasedauso
2,4
Dplkm) < R
T T 4(n+1)

Teopema 2. [Tycmp A(t) = logg(B+(1-5)5") u p — cummempuunan
mepa Bepuyaau, mozda das = 1/|A]

En) (p) = 1/In 4] + O(n™").

Pa6ora Buimonnena npu noagep:xkke rpanrta IIpasutenscrsa PP mo
nmocrauoBaenuo Nt 220, norosop 11.G34.31.0053.
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Cekiiusa

«Teopusa kogupoBaHUA
U MaTeMaTUu4YeCKue BOIIPOCHI
TEeOpUU 3aIUTHI UHPOPMALITUA»

O COBEPIIEHHBIX 2-PACKPACKAX
IT'PA®OB AKOHCOHA J(v, 3)

A.JI. TaBpuiaiok (Exkatepuntypr), C. B.Topaunos (Yens6unck)

Ipagom Anconcona J(v, k) HaspiBaeTCA rpad, BepUIMHAMYA KOTOPOTO
ABJAIOTCA BCe k-3J€MEHTHEIE TOAMHOXKECTBA HEKOTOPOI'O U-3IeMEHTHOIO
MHOXKECTBA; IBa IIOIMHOXKECTBA CMEXKHEI, €CIM OHI UMEIT TOIHO k — 1
o6uwx saemeHToB. I'padwt J(v, k) u J(v,v — k) usomopdHsI, mO3TOMY
nanee camtaeM, 4to k < v/2. I'pad [:KOHCOHA ABJSAETCA AUCTAHIMOHHO-
peryaspHbIM, cM. [1], umeer quamerp k u k+ 1 pasauaHbIX COOCTBEHHBIX
snavenuit: 0; = (k—i)(v—k—1i)—i, i=0,...,k.

Cosepwennoti packpackoti rpada I' B ¢ uBeToB (manee, 111 KpaTKO-
CTHU f-pacKpacKou) Ha3bIBAETCA pasbueHue MHOkKecTBa BepmwmH [N Ha ¢
kaaccos (usetos) C1, ..., C; Takoe, 4To Aua MoObIX 4, j € {1,...,t} mio-
6as BeprmmHA w3 Kacca C; CMEXHA ¢ OJHAM W TEM K€ YUCIOM BEPIIVH,
a UMeHHO, ¢;j, u3 knacca C;. Marpuna C = (c¢;j)i j=1,..,+ Ha3bIBaeT-
ca mampuyeti napamempos t-packpacku. MbI He pasnimdaeM pacKpackKw,
Oy 9€HHEIE IEPEMMEHOBAHNEM IIBETOB.

MsBectHo, cM. [2], 9TO COGCTBEHHBIE 3HAYEHMs MATPUIBI Tapame-
TPOB COBEPIIEHHOW PACKPACKN ABIAIOTCA COOCTBEHHBIMY 3HAYCHUAMHI
rpada. B wactaocru, eciu C — maTpuna mapamMeTpOB COBEPIIEHHOU
2-packpacku rpada [lxoncona J(v, k), To oHA UMeeT ABa COOCTBEHHBIX
suagenus: 6y = k(v — k) — Banentnocts rpada J(v, k) u 6;, i > 0.

Nsydenne COBEPLIEHHBIX 2-PACKPacoK rpagon [IKXOHCOHA CBABAHO C
runoTe3on [JerscapTa 0 HeCyIeCcTBOBAHUY COBEPIIEHHBIX KOJOB B DTHUX
rpadgax u 6ojee oOMIEH 3anadell N3YIeHNA MOJHOCTBIO PEryIAPHBIX KO-
10B, cM. [2-4]. Y3 pa6or [3] u [4] crenyeT onucanue 2-packpacox J (v, k),
MATPHUILI TAPAMETPOB KOTOPBIX UMEIOT COOCTBEHHBLIC 3HAMECHUA 0 mim
Oy (mosTomy mua rpados J(v,3) 2-packpacku ¢ COOCTBEHHBIM 3HAYE-
HUeM 0y ObLIM eIVHCTBEHHBIM HEeu3ydeHHLIM ciaydaem). B cepum paGor
[2, 5, 6] ObLIM omucaHBL coBepLIeHHLIE 2-packpacku rpados [JxoHcoHA
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J(v, k) (mpm k > 2 m v < 8) u J(v,2). B wacrHocTu, B pabore [2] Gb1
MOCTABJEH BONPOC O CyIIeCTBOBaHUU 2-packpacku rpada J(9,3) ¢ ma-

TPUIEN TapaMeTPOB ( 3 10 > , OTPULIATEIbHLI OTBET HA KOTOPHIU

Jaer crenyiomas TeopeMa [7]:

Teopema 1. IIpu wneuemmwwiz v epad J(v,3) we donyckaem co-
BEPUWEHHBIT 2-PACKPACOK, MAMPUYUL NAPAMEMPOE KOMOPLIT UMeEEM C06-
cmeennoe 3navenue 0.

B paGore [2] nus geTHOrO v onucaHa rpymnmna aBToMopgu3MOB rpada
J(v,3), umeromas TOYHO TPU OPOUTHI HA MHOXKECTBE BepLIMH rpada, u
IIOKA3aHO, YTO 00beqUHEHNE MI00BIX IBYX OPOUT M3 DTUX TPEX BeIeT K
COBEpIIEHHON 2-pacKkpacke rpada (BepmuHs 00beIuHAEMBIX OPOUT Kpa-
CATCA B OJUH IBET, a OCTABIINECA — B Apyron). B macTosamen pabore
nokaszano, uto J(v,3) mpu v > 10 me gomyckaer 2-packpacok ¢ co6-
CTBEHHBIM 3HAYeHUEM fy, OTIMYHBIX OT OMUCAHHBIX BBIIIE.

Teopema 2. Ilpu uemmviz v > 10 mmoxncecmso cosepurenmblr
2-packpacox epaga J(v,3), MAMPUUE NAPAMEMPOS KOMOPLIT UMEEM
cobcmeennoe 3nauenue By, UCUEPNBIBAELMCA CACIYOUUMY MAMPUYAMU

( 3z1((2nT—_25)) 2m6—1 ) ( 3(7;?—_23) 5n§nz7 )
<3(m—1) 3(m—2)>
m+4  5m—13 )

u M00a8 MAKAA PACKPACKa U30MOPPHE 00HOT U3 onucanuuir 6 [2].
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O COBEPIIEHHOCTU MOAYJAPHBIX CXEM
PA3AEJIEHUA CEKPETA

T. B. I'anu6yc, I'. B. MarBeeB (Munck)

MogaynspHoe pasgeneHue cekpera, npeanoxenHoe M. MuHbOTTOM,
¢ caMoro Hadaaa 06.1aJaa0 OJHUM CYIIECTBEHHBIM HegocTaTkoMm. Cxe-
Ma MuHBOTTA HE COBEPIIEHHA, T. €. 3aIIPEIIEHHLIE TPYINEl YIACTHUKOB
0062 1af0T HEKOTOPOU NH(OPMAIUEN O CEKPETe, OTIMIHON OT UMEIOIIeH-
ca anpuopuou. IlosBuBmeecs Bckope ee ycoBepieHcTBOBaHuUE [2], mpen-
aoxkernnoe C. Acmycom u [I. BaroMoM, HECKOIBKO yaIyqmano noI0KeHne.
M. Kynckyarep, B. Ilpenens un [I. Bangesanne [7] nokasamm, 9T0 cxeMa
Acmyca—Buoma ¢ nocrenoBaTe pHEIMEU TPOCTHIMEA MOLYAAMEA OIA3KA B
ACUMITOTAYECKOM CMBICIE K COBEPIIEHHOU W JaXKe MAEATbHOU A TIO-
POTOBBLIX CTPYKTYDP AOCTYIIA.

Mer npeasnaraem nHOU 60JI€€ PATUKANBLHLIA CIIOCO0 Iy IIIATL Kade-
cTBO MoAy/spHOU cxeMbl. OH ABASETCA Pa3sBUTHEM Hammen paboTs [1].
OxaselBaeTCA, 9TO MOIYJAPHOE Pa3JeTeHME CEKPeTa MOXKHO H3ydaThb
U B KOJbIE MHOTOWIEHOB OT HECKOJIBKHX MEPEMEHHLIX U, 9TO B DTOM
KOJIBIIE BO3MOXKHO MOCTPOEHWE COBEPIIEHHBEIX CXEM I MPOU3BOJBLHBIX
CTPYKTYP HOCTYIA U UACATHHBIX CXEM IS IOPOTOBLIX CTPYKTYP.

B camom mene, B KOJIbIIE MHOTOYIEHOB OT HECKOIBKUX MEPEMEHHBIX
uag nosneMm lanya Fy 21, ©a, .., £n] = Fy[x] ecTb Bce HEOOXOZUMOE 171 MO-
IYJAPHOTO Pa3IeeHnus CeKpeTa. B kadecTBe cekpeTa BLIOUPAaeTCs moJIm-
HOM s(z) € F,[z], a B kauecTBEe MO yIACTHUKA — HYJIbMEPHBIN HJe-
an. B sTom cayuae koppextno onpenesnen Berdet s(z)( mod ), mpu ycao-
BHU, 9TO 3aJaHO MOHOMHUAJBLHOE YIMOPAJIOYEHNE, a MJIA BOCCTAHOBICHUA
cekpera umeercs CRT-anropurwm [4]. Pasymeercs, Bce 5TH BEIMACICHUS
OCHOBaHEI HA Teopun 6asucos I'pebrepa. Ilpu 3TOM MBI OrpanuIMBaeMcs
JIMIIIE CIydaeM OOpATHOrO lex-ymopsoYeHns MOHOMOB.

[lJ151 IOCTPOEHNA COBEPIIEHHON CXEMEI, PEAIU3YIOMIEN IPOU3BOJILHYIO
CTPYKTYpPY AOCTyma HyxHa Teopema 4 m3 Hamien paGoTsl [1] u crenw-
ATBHO CKOHCTPYUPOBAHHBIE M dTOU mean ugeanst Iy, I, ..., Iy, obnaga-
I0IIUe CBONCTBOM, HA3BAHHLIM HAME PA6HO0CMAMOUKOCNBIO.
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Hyavmepuwie ugeanst I, Io, .., [; HA3BIBAIOTCA PasHO0CMAMOUHBIMU,
ecJu RT(IlezzIzk) = RT(Ijlsz...Ijk), rme 1 < i1 < ip < .o < g <
L1<ji <jo<..<jpr<lk=12 ..n,roe RT(I) — MHOXECTBO
MPUBEIEHHBIX MOHOMOB.

Bce paccmaTpuBaeMble HaMu BA€ANBI TPUAHTYJAUPYEMBL 1 ABTOMATH-
YeCKYM HYJbMEPHEBI, a 3HAYAT, TPUBEIEHHBIN Oasuc ['pebHepa Kaxaoro
Takoro ugeana {ti,ts,...,t,} umeer BuUL:

t; = 1-3:;“+adi_1z?"71+...+a1$¢+ag, QAd;_y5---; Q1,00 € Fq[.’lil,.’lig, e a:i_l].

Monoxum D(I) = (dy,da, ..., dy).

[lna paBHOOCTATOYHOCTU CyIIECTBEHHBIM ABJIAGTCA €€ W CBOW-
CTBO PKBUIPOEKTUBHOCTH a(pPUHAOrO MEOroo6pasua. Mer He mpuBoum
31ech GopManbHOe ompenenenue. Ero MoxkHO HauTu B padore [3].

[Ba wmynbMmepubix ugeana I; um I, HABBIBAIOTCA Ccudbho pasde-
ACHHBLMU, €CJAM WX HYJU YIOBIETBOPAIOT YCIOBHIO: (1,0, ...,Qp) €
V(Il)z (617627 7671) € V(I2) = 04 ;'é B]al S 27.7 S n.

Teopema 1. I[Iycmv mpuanayaupyemvie udeaavt I, I, ..., I;, nonapno
cuabno pasdeaenbl, svinoaneno ycaosue D(I1) = D(L) = ... = D(I}), a
muozoobpazus V(I11),V(I2),...,V(I;) — axeunpoexmusnvi. Toeda ude-
aavt I, I, ..., I pasnoocmamouns.

Ham ynamoch mokasars, 9TO K 9UCIy PABHOOCTATOYHEIX MIEANOB OT-
HOCATCA ¥ MAEANbl CUMMETDPUYIECKUX OTHOIIeHuu, BBegenHbie O6pu u
Banu6ysom [3].

Ilycre f — cemapaGenpHBIM HOJAMHOM cTemeH:H N B Koable Fy[z].
IIycte Q = (a1, @z, ..., ap), DOE O, 3, ..., A, — KOPHEU HOIUHOMA [ B ai-
re6pamtieckoM 3aMbikaruu Fy,. O6o3HaumM wepes S, CHMMETPUIECKYIO
CPYIMIY, U ONpEIeJuM €€ AeucTBue Ha () CIeIYIOMUM 00pa3oM:

Vo €S, 0.Q= (ag(l),ag(2), ...,aa(n)).

Hoeanrom cummempuueckur omuouenuti MHOrOWIEHa f HA3BIBAETCA
ujean, AaHHYIUPYIOMINAN JTI00YI0 TIOACTAHOBKY 0.{) KOpHen f:

I = {p(X)|p(asn), @p(2); - Q(n)) = 0,Y0 € Sp.

Teopema 2. Hdeaavt I1, I, ..., I}, cummempuueckur omuowenui, co-
0MBEMCMEYULUE NONAPHO B3GUMHO NPOCTLIM CENAPADOEAbHLIM MHO20-
UACHAM 1,02, -, Jk,degg; = n,i = 1,2,...,k asasaromca pasnoocma-
MOUHBIMU.

OTMeTuM, 9TO MHOXKECTBA TIPUBEIEHHBIX MOHOMOB MPOU3BEICHUU
PABHOOCTATOYHBIX UIEAJOB CUMMETPUIECKUX OTHOIICHUU PABHO KAaK U
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MaKCHMAaJbHLIX PABHOOCTATOYHLIX MACAJOB MPEICTABIAIT COOOU MUC-
KPETHBIE N-MEPHBIE TPAMOYTOJbHUKN:

{0,1, . kdy — 1} x {0,1,....dy — 1} x ... x {0,1,....,dn — 1}.

Teopema 3. HAcnoav3ys pasnoocmamounbie udeatbt cummempuue-
CRUL OMHOULEHUT) MONCHO NOCTPOUMDL COBEPULENHYI MOOYAAPHYIO CTEMY
pazdesenus cEKpema 0as NPou3soabrol cmpykmypbt docmyna u udeats-
HYWO CTEMY O0ah NOPO2060T cCMPYKMypbl dOCMYNA 6 KOAbYE NOAUHOMOB
0OM HECKOALKUL NEPEMENHBIT Had nosem [aaya.

Caydan KoabIa TOJIMHOMOB OT OJHOU TIEPEMEHHOU OBLT PACCMOTPEH
HaMu pamee [5, 6].
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OB DHTPOIINU MHOXKECTBA JIEPEBLEB BELIBOJIA
B PA3JIOKAMOM CTOXACTUYECKOM
KC-TPAMMATUWKE, UMEIOIMENA BUJ IIEITOYKW>»

JI. II. 2Kunnsnosa, 1. M. Mapreinos (Huxuanu Hosropona)

PaccmaTpuBaeTcs MHOXECTBO [€PEBLEB BLIBOJA BLICOTHI ¢ 1A
CJIOB A3BIKA, MOPOXK JAEMOT0 PA3JOKUMOU CTOXACTUICCKON KOHTEKCTHO-
CBOOOMHON IPAMMATHUKOHN, IPUYEM KJIACCHI HETEPMUHAJILHBEIX CHMBOJIOB
CPaMMATUKY JUHEUHO YIOPAIOYEHBI OTHOIIEHUEM CaegoBanusa. B pa6o-
Te UCCIeIYeTCA 3aBUCUMOCTE DHTPOIMHA PACCMATPUBAEMOr0 MHOXKECTBA,
IepeBbeB OT ¢ IIpu ¢t — oC.

Croxactuueckon KC-rpammaTukon HaszweiBaeTca cuctema G =
(Vr,Vn,R,s), rae Vp u Vy — koHeuHble and)aBUTHI TEPMUHAIBHBIX
U HETEePMUHAJIBHLIX CUMBOJOB (TEPMUHAIOB M HETEPMUHAIOB) COOTBET-
CTBEHHO, s € Vy — akcuoma, R = UleRi, rae k — MOIITHOCTD an(paBuTa,
VN 1 R; — MHOXKeCTBO NpaBui ¢ OIMHAKOBOU JeBon yacTeio A;. Kaxmoe
npaBmIo r5; U3 IR; mmeeT Bujg

Dij .

Tij - Az - Bija )= 1:"':ni=

rae A; € Vn, Bi;j € (Vr UVN)* 1 p;j — BEpOATHOCTH IPUMEHEHUS
n; _

npasuia 75, npudem 0 < p; < 1u ijl pij = L.

Kaxnomy croBy o KC-si3p1Ka COOTBETCTBYET MOCIEIOBATENBHOCTD
OpaBWI CPAMMATUKU (BBIBOX), C TIOMOIIBK KOTOPOU (¢ BHIBOAUTCA U3
aKCMOMEI s. BeIBOZLy €10Ba COOTBETCTBYeT AepeBo BhIBOAA [1], BeposaT-
HOCTB KOTOPOT'O ONPEeneaseTca KaK NPOU3BEIeHne BEPOATHOCTEN IIpa-
BIJI, 0OPA3YIOMIUX BHIBOI.

ITo croxactuueckon KC-rpamMmmaTuxe cTpouTcs Marpuna A mepBbIxX

. s
MOMeHTOB. [l Hee B7eMeHT aj OmpeleraeTcsa Kak ) )"y pi s!,, vae Be-

JUINHA s?l paBHA YNCIy HETEPMUHAIBHBIX CHMBOJIOB A; B IPABOU YaCTH
mpaBuaa ry. [leppoHoB Koperb MaTpunsl A 0603HAYUM Yepe3 r.
Bynem mpumenaTts obo3nadtenue A; — Aj, ecin B rpaMMaTHKE CY-

IECTBYET NpaBmio Buaa A; by a1 Aj as,roeaq, a0 € (Vr U Vy)*. Pe-
(pIekcuBHOE TPAH3UTUBHOE 3aMEIKAHAE OTHOIIEHUA — OOO3HATHUM — .

KiaccoMm HETEpMUHAIOB HA30BEM MAKCUMAILHOE 110 BKAKOICHUIO IO I-
muoxecTtBo K C Vi Takoe, uto A; —, A; gna mobeix A;, A; € K. lna
Pa3IMIHBLIX KJIACCOB HeTepMuHANoB K1 u Ky GyneM roBOpUTE, 9TO KIacC
K, menocpencTsenHo caenyet 3a kaaccom K (u oboznatars Ky < K),
ecau cymectByioT Ay € K1 u As € Ko, rakue, uto A; — As. Peduex-
CUBHOC TPAH3UTUBHOE 3AMBLIKAHIE OTHOIIECHNUA < OOO3HAUUM UCPE3 <.
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Mycrs K = {K1,Ks,..., K} — MHOXeCTBO KJIACCOB HETEPMUHA~
J0B rpammaTtuku, m > 2. IlepenymepyeMm K1acchl TakuM 0Opa3oOM, UTO
K; <. K; npn i # j Torga m TOIbKO TOrAa, KOrga i < j.

Byaem roeopuThb, 9TO rpaMMaTHKA MMEET BU[ (LEIOYKNY, €CJAU KIAC-
CHI HETEPMUHAJIOB O0PA3YIOT JUHENHBIN TOPAI0K MO OTHOIIEHNO <:

Ki<Ky<...<K;<...< K.

MaTpuna nepBeix MOMEHTOB A TAKOU IPAMMATUKA UMEET BU[

A11 A12 0 0 0
0 Ay Apz - 0 0
A=| 0 5
0 0 0 e Amfl,mfl Amfl,m
0 0 0 0 Amm

OauH KJIACC HETEPMUHAJIOB TPENCTABICH B MATPUIE MHOXKECTBOM TIO-
PAL UAYUIIX CTPOK U COOTBETCTBYIOUIUM MHOXKECTBOM CTOJIOIOB ¢ TEMHI
ke Homepamu. [nsa xmacca K; KkBaapaTHas mogMaTpPuUIia, 00pa3oBaHHASL
COOTBETCTBYIOIIMMEA CTPOKAME U CTOJAOIAMU, 0603HATAETCA depes Aj;.
IMogmarpuna A;; asigerca nyresown, eciu K; A Kj.

Mlna xkaxgoro knacca K; marpuna A;; sepasnoxuma. Bes orpanude-
HUs OOIIHOCTU MOXKHO CYUTATH, 9TO OHA CTPOrO MOJOKUTEILHA U He-
nepuoauana. O003HAYUM Yepes r; TePPOHOB KOpeHb MaTpunsl A;;. s
HEPABIOKUMOU MATPHUILI IEPPOHOB KOPEHb ABJIAETCS BEIIECTBEHHBIM U
npocteM [2]. OueBuano, r = max;{r; }. PaccMaTrpuBaoTcs cornacoBas-
Hble I'DAMMAaTHKH, A1 KOTOPLIX BEPOATHOCTH P;j HPABMWI HHIYLIAPYIOT
pacmpeieeHue BepOATHOCTEN Ha MHOXKECTBE BCEX NEPEBhEB BHIBOIA CJIOB
KC-a3rixa. HeoOX0AMMBIM U JOCTATOYHBIM YCJAOBUEM COTVIACOBAHHOCTH
SIBJSIETCA HepaBeHCTBO T < 1.

O6o3uadum vepes J MHOXKECTBO KAACCOB, IS KOTOPHIX 7 = T.

Mycts D! — MHOXKECTBO BCEX JePEBbEB BEIBOAA BHICOTHI ¢ IS CIOB,
mopox gaeMeix croxactudeckon KC-rpaMMaTukon.

s d € D! 4epes p;(d) 0603HaIM yCIOBHYIO BEPOATHOCTD AepeBa

d, T.e. pi(d) = Pp((g)i)_

Ilox sHTpOMMER MHOXKECTBA JepeBhes D! Gy1eM IOHIMATH BeIMIRHY

H(D'") = - Z pi(d)log p;(d).
deD!

Teopema 1. I[lycmv G — cmozacmuueckas KC-epammamura, ume-
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towas 6ud wenoukuy. Tozda npur < 1

k n;
H(Dt) ~t- lOgT—ZZwZ’jIngi]‘ s

i=1 j=1

2de wi; — KOMCMAKMBL, OnNpedessemvie 2pammamuros;

w;ij > 0 dan aobozo nemepmunasa A; € Kp,, ede Ky, € J,

w;ij > 0 8 0CMAALHBIT CAYUAAT.

Teopema 2. ITycmv G — cmozacmuueckas KC-epammamura, ume-
towan 6ud «yenoukur. Toeda npur =1

n;
H(D") ~¢*- > d;i »_ pijlogpij,

AieKhl-yKl<*Khi j=1

2de K; — nocaednuii xaacc uz J 6 yenouke xaaccos.

Taxum 06pas3oM, I14 FPAMMATUKN, IMEIOMIEH BU (IETIOYKW), COXPa-
HAETCA TAKOU Ke BUJ 3aBUCAMOCTH SHTPONWMU OT f, KAK W B CIydae
HEPa3JI0KuUMOU rpaMmaTuxu 3, 4].
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IIOCTPOEHUE TPAH3UTUBHBIX MAP-KO/10OB
HA OCHOBE JIUSAPAJIbHOM I'PYIIIIHI

Od. C. Kporos, B. H. Iloranos (HoBocu6upck)

Mycte @, = {0,...,q — 1}. MuoxecTBO () C OmpejJeIéHHBIM Ha
HEM pACCTOAHWEM XOMMUHTA HA3LIBACTCA (-3HAYMBIM T-MEPHBIM KY-
bom (eunepxybom). HUzomonuet runepkyba HA3HIBAETCA MPEOOPA3OBa-
HUe T > TT, TAe T = (T1,...,Zn) € QF, TZ = (T1T1,...,TaTn),
T; € S, — nepecraHoBKE Ha MHOXKecTBe @4, @ € {1,...,n}. Ila-
pacmpodueti runepkyba HA3LIBAETCA NpeoOpasoBaHue T + Te, TIE
T. = (Te1y. -+, Zen), € € S, — mepecTanoBka koopausat. Beegém o6o-
snavenun A. = {Z. | T € A}, TA = {7z | T € A}. Onpegenum
rpynmy asroromun Ist(A) = {7 | TA = A} u rpynny mapactpodmuin
Prs(A) = {e | A = A}, mepesogammx muOxecTBO A C Q) B Cceba.
HA3spectno, 9TO rpymnna m3oMeTpuit rumepkyba () mpercraBuMa B BU-
ne nomynpamoro npomssefenus Ist(Qy) APrs(Qy). Hoarpynmy rpymmer
m30MeTpui runepky6a, nepesoasantyio Muoxectso A C Q) B ceba 06o-
suauuM Aut(A).

Mmuoxectso A C () HA3BIBAETCA MPAHIUMUEHBIM, ECTH [T THOOBIX
aByx BepmuH T,y w3 A maugyTcs napactpodus € € Prs(Qy) n mzoronmus
7 € Ist(Q)) Takme, uT0 7§ = T. m TA = A., T.e. rpynma m3oMeTpun
Aut(A) meiicTyer TpamsuTusHO Ha A. MuO)ecTBO A C Q) HasbBaeTca
U30MONHKO MPAR3UMUEHBIM, eciu Tpynna Ist(A) neicTByeT TpaH3UTUB-
HO Ha A. flcHO, 9TO ONHY M3 BEpHMIMH B ONPEICTCHUN TPAH3UTUBHOCTHU
(M30TONHOU TPAH3UTUBHOCTU) MOXKHO 3a(PUKCUPOBATH. 3aMETUM, ITO
0pu ¢ = 2 MOHATHE W3OTOMHOW TPAH3UTUBHOCTH COBIAIAECT C TIOHATHAEM
ahpPUHHOCTH MHOXKECTBA.

Muoxectso M C Qy maspBaerca MIP-xodom (¢ paccrosumem 2)
nmuEbl n, ecan | M| = ¢" ! m paccrosHme MexTy ABYMA DA3THIHBIME
BepIIMHAME KOfa He MeHee 2. Dynkuma f : Q) — (), HasBBaeTCA N~
aproti keazuzpynnol nopadka q, ecain f(T) # f(y) naa mobbIX ABYX
cocequux BepmuH 7,7 € Q) (d(T,7y) = 1). Herpyano Buners, 110 mio-
6ou M/IP-kon M C Q;H'l MOYXHO TIPEACTABUTL KaK IPapuK HEKOTOPOU
N-apHOU KBa3UTPyHIEL. Kpome TOro, mis Jio0BX IBYX KBa3surpymm f u
g mHOX)ecTBO {(Z,7) | f(T) = 9(¥)} aBaserca MAP-konom. BygeM Ha3BI-
BAThb N-aPHYI KBA3UTPYIINY TPAH3UTUBHON (M30TOMHO TPAH3UTUBHOMN),
ecau eé rpadpux (M/IP-xon) sBasercs TpaH3UTUBHLIM (M30TOMHO TPAH-
SUTUBHEIM ); N-apHbIE KBA3UIDYIIE HABLIBAIOCA 9K61UBAIEHMHbLMY, €C-
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S UX TpapuKd W3OMETPUYIHLL. SICHO, 9TO ABE SKBUBANCHTHEIC N-apHBIE
KBA3UTPYIIEL ABIAIOTCA TPAH3UTUBHEIMEA OJHOBDPEMEHHO.

Herpyano BugeTb, 4To Jar00as T'PYNNa ABIAECTCA U30TOMHO TPAH-
sutuBHOU 2-kBasurpynnou. Ecam f(z,0) = f(0,2) = z paa aoboro
z € (g, TO 2-xkBa3Urpynna f HasbBaeTCA 4ynot. I30TONMHO TPaH3UTUB-
HBle Jynbl HaswBawoTCAa G-aynamu. B [1] mokasano, 94ToO mpu mpocTom
g mobasa G-nyna SBAsSeTCsA TPYINoN (MUKANIECKOn), B [3] aHATOrMIHBIN
pesyabTaT ObUI MONydeH masa ¢ = 3p, rge p > 3 — mpocrtoe. C apy-
TON CTOPOHHI B [2] mMOKa3aHO, YTO [Js M0G0r0 HEMPOCTOrO TMOPALKA ¢,
32 UCKJIYEHUEM CJAydas, KOTa B PA3J0KEHUN YUCIa ¢ HA TPOCTHIE OT-
CYTCTBYeT 2 M KPATHBIE COMHOXKUTEINA, UMETCA G-Iymel mopsAgka ¢
HE’KBUBAJICHTHLIE TPYIIIAM.

Paccmorpum caegyiommue aynbr mopaaka 2p:

1) rpynma Z, x Z, ¢ onepammen x¢ + ye = (x +y mod p)(cae);

2) rpymna D, ¢ omepauunen
zcoye = ((—1)%z +y mod p)ee);

3) ayma C,, ¢ onepammeit z¢ * y¢ = ((—1)%2 +y + (¢ mod P)(cae)-

I'pynna D, HasbiBaeTca duadpaabrot.

Obpawernuem n-apHon KBasurpyunst f(z1,...,T,) 0O i-OU IepeMeH-

HOM HA3KIBaeTCA n-apHas kpasurpymna f(9), onpegenéunas GpopMyIon
y= f(xlz"'axn) < Ti= f(i)(xlz'"7xi71:y7$i+17"'7$n)-

Yreepxaenue 1. a) Obpawenue 41060t 2pynnvi et u30monmo.
b) Obpawenue aynvr Cp no 410600 u3 06Yx nepemennbis el u30MmonHo.

Mycre G < Ist(Qy), onpegemam P;(G) = {o; [(01,...,0,) € G}.

Bynem maseBaTh 2-kBasmrpynmy [ pe2ysapno W3OTOMHO TPAH3U-
TUBHOW, €CIM HAUAETCA TaKasd TPAH3UTUBHO NEUCTBYIOIIAA TOACPYIINA
Gy < Ist{T | z3 = f(x1,22)}), A1a KOTOPOH IPYHIEL IEPECTAHOBOK
P;(Gy) peryaspust npu i € {1,2,3}.

YrBepxaenne 2. Jyna C), asasemca peeyaapuoti G-aynoi.

Yreepxaenne 3. [Tycmo n-apuas xeasuepynna f u m-apras K6a-
auepynna h uzomonwuo mpansumueuvt v Pp,y1Gy = Po,y1Gr — pe-
eyaspuas nodepynna, 2de Gy — mpansumusno deticmeyowas noo-
epynna epynnwvt Ist({Z | z,y1 = f(x1,...,2,)}). Toeda M/P-xod
{(Z,9) | f(T) = h(y)} asasemca uzomonno mpan3umuenvim.

Ecau o — rpynmosas omepanua Ha (Jy, TO N-apHas KBAa3UIDYIIa
f(z1,...,y) = w10- - 0L, HABBIBAETCA UTEPUPOBAHHOU rpynnon. Ompe-
IeIMM PEKYPPEHTHO MOHATHE UMEPUPOSAHUA KEA3UPYNNbL IJIA IPOU3-
BOMBLHON 2-KBasurpynnsl f. IlycTh m-apHas u k-apHas KBa3UTPYIIIBI

FOf1(@D), fo(72)) m fO(f3(Z1), f1(Z2)) monydensr nrepupoBaHHIeM 2-
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kBasurpynnel f, Torga (m + k — 1)-apHas kBaszurpynma g ABIAETCA
UTEepUpOBaHUEM [, €CIM U TOJBKO €CAU OHA IPEICTABUMA KAK I'paduk
MIP-xozxa {(Z1,72,71, %) | fO(f1(@1), £(T2)) = fO(f3(20), f1(2))}-
Hetpyano BugeTsb, 9T0 KaxK 101 N-apHON KBA3UI'PYIIIE, IOAY YeHHON UTe-
pUpPOBAHUEM 2-KBA3UTPYMIEL f, COOTBETCTBYET HEKOTOPOE IBOUYIHOE JIe-
PEBO PA3JIOKEHUA B CyNEPIO3UIAIO.

N3 yTBepx neHus 3 HETPYAHO TOKA3AThH

Yreepxaenue 4. a) Amepuposannas pynna A6AAEMCA U30MONHO
mpanaumuerot mysbmuaproti xeazuepynnot. b) Ecau G-ayna f peey-
AAPHA, O MYALMUAPHAI KEA3UPYNNA, NOAYUEHHAA UMEPUPOBaruem f
ABAAEMCA U0MONHO MPAHIUMUBHOU.

Caenyromas geMMa ABAAETCA 0000LIEHNeM yTBePK AeHus u3 [4].

Jemma. I[Tycme a) m;-apubie keazuepynne: h;, i € {1,...,n}, cymo
UMePUPosanKbie 2pynnul, b) N-apras K6a3upyYnna f U30MONHO MPaH-
3umuena ¢ mpanzumueno deticmeyowel nodepynnot asmomonui Gy,

¢) dan awbozo i € {l,....n} u T € Gy cywecmsyem u30Monus
T; € Sp, maxasa, umo hi(Tiz;)) = o:h(z;), 2de Z; — nabopvr u3 n;
nepemenwviz. Tozda m-apuas xeasuepynna f(hi(z1),. .., hn(Zn)), 2de

m=mi+ -+ My, ABALEMCA U30MONHO MPAHIUMUEHOT.

N3 nemmur un yTBepxk aeuus 4 caenyer

Teopema. ITycmy [ — n-apras K6a3uepynna, NOAYYEHHAL UMEPU-
posanuem 2pynnvt Z, X Zz uau aynve Cp, m;-apuvie Keazuepynnvt h;,
i€ {l,...,n} noayuenvr umepuposanuem 2pynnvi D,. Toeda MAP-x00
M ={(z,z1,...,Z0) | © = f(h1(Z1),...,hn(Z0))} as8asemca uzomonno
MPAH3UNUBHBLM.

Caegcrsue. IlIpu ¢ = 2p uucio nonapuo He IKEUBAACHMHBIT U30-
MONKO MPAHZUMUBHBIT N-GPHBIT KEA3UPYNN NOPAIKA ¢ pacmém Kc-
NOHEHYUAALHO NPU N — OC.

Pa6ora Brimoanena mpu guHaHCOBOU TOAAepkke PDDU, mpoexkT
10-01-00616.
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MATPUYHBIE KAHAJIBI CBA3U
B. K. JleouTses, I'. JI. MoBcucsan, A. A. Ocunaa (Mocksa)

Ilycte B = {0,1}, B® — MHOXeCTBO ABOWYHLIX CJIOB NJIMUHBEL 1 U
Ap,m — MHOXECTBO BCEX MATDHUIL C 3JIeMeHTaMu u3 nouas B.

MonmuoxectBo A = {Ag, A1, An} C A, OLpenenseT MaTPUIHBIN
kaHaaa A, ecau ao6oe caoBo € B™ npu nepenade mo A mepexogur B
onuo u3 cios B™ suga z = ¢C, C € A. B nanpuenmem Ag = E.

Koxg V. = {vi,v2,v,} umcmpaBaser ommuOKE MaTPUYHOIO KAHAIA
A = {4y, A1, AN}, ecan BEIONHsSETCA yeaoBue v; A, # vjAg mna i, j =
0,9 t,k=0,N, i#j.

PaccmoTpuM 0fmH M3 Ba)KHBEIX CIy9aeB MATPUIHOrO KaHamza A =
{Ao, A1, AN}, B KOTOpPOM A sABISETCA MOATPYNNON T'PYNIBI HEBHIPO-
XKIEHHLIX MATPUIl. B 3TOM CIy9ae MOXKHO CIATATH, ITO HA MHOKECTBE
B™ neuctByer rpynmna A oObIYHEIM criocoboMm, T. €. z = zC, C € A.
Oxpectrocts Al(z) TOMKM T — DTO TPAH3UTUBHOE MHOXKECTBO
AY(z) ={z;2=2C,C € A}y u Al(z) = A¥(z) nna k = 1,2... Tax xax
TpamauTuUBHEIE MHOKecTBa Al(Z) mpomssoaaT pasbmerme B", To ecam
B3ATH 110 MPOU3BOJILHOMY NIPEICTABUTENO M3 KaXKIOTO TPAH3UTUBHOTO
MHOXKECTBA, TO TOMYyYUM KO V, NCTIPABIAIOMMIEA OMMAOKA MATPUTHOTNO
kaHamta A. DTOT KON ABIAETCA MAKCUMAMLHLIM MO MOIIHOCTH W THCIO
TOUeK B HeM ompenensercs Jemmon Beprcanaa [1].

MakcuManTbHBIA KO, MCOPABIAINIAN OMUOKA MATPUYHOTO KAHATA
A, o6o3nauum gepes V(A).

Teopema 1. Umeem mecmo gopmyaa

V()| = ﬁzzv(c),

ceEA

2de N(C) — wucao cobecmseennwniz eexmopos mampuyvt C, coomeem-
CMBYIOWUL COOCMBENHOMY 3HaueRUI0 A = 1.

Paccmorpum kaman CBA3M, IO KOTOPOMY NEPEIAHHBIN TBOMYIHEIN BEK-
TOp IJAHBL 71, MOXKET IPe0OpPa30BATLCA B BEKTOP TOW XK€ IJIUHEI C TPAHC-
MOHUPOBAHHBEIMY COCEIHUMU KOMIOHEHTAMH, T. €. T;Titr1 — Lit1L;, TOE
i =0,n — 1. OKpecTHOCTBIO IIWHBI OAWH OYJIEBOIO BEKTOPA T HA30BEM
MHOXKECTBO PA3IAIHBEIX BEKTOPOB MOAYIAEMBIX U3 T MyTeM He 6omee O-
HOU TPAHCIO3UIUY ¥ 0G03HAYUM depe3 Sy ().

Honmuoxectso V. = {v1,...,vp} MHOXKecTBa B" Ha3zoBeM KOZOM
UCOPABMAIMMM OLIMOKA DaccMaTpUBaeMoro kKaHaaa, ecam Sp(v;) N
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Si(vj) =0, i,j=1,m, i# j. 3agada COCTONT B ONPEAEICHAN MAKCU-
MAJBLHON MOITHOCTH Vipgap KO, UCIPAB/IAIIIETO OMUOKA IPEICTABICH-
HOT'O KaHAJA.

Kox U = {u1, us,us} ucnpasaser omubKu aljuTUBHOIO KaHaua [2]
A = (Y1,Y2,Ym), €CIN BHIIOIHAETCS YCIOBHE U; B Yi # Uj B Yp LA
i,j=0,q, t,k=1,N i#j.

Teopema 2 [3]. Ecaun = 2" —1 u A\(000) — npoussoavnbiii 6asuc

npocmpancmea B™, mo cywecmeyem cosepuwennublli kK0d, UCNPasAf0-
on

wul owubkxy addumuenozo xKanasa A ¢ mowrocmbio =

CaepcrBue. Kod, ucnpasasrowut owubrxu addumusmnozo Kanaia
A ={(0,00),(1,1,00),(0,1,10,0), (0,00,1,1)}, maxace asasemcs u xo-
00M UCTPABAAOUUM OUUOKY KAHAAG C TPAHCTLOSUYUAMI.

Teopema 3. Jaa nocaedosamesvrnocmu n = 2% 2de k — docma-
Mouno 60AbULOE HAMYPAADHOE UUCAO, UMEEM CACOYOUYIO OUEHKY MOU-
HOCTU K004 UCTPABAAIOUE20 OWUOKU MPAHCTLOZUYLIL:

2n 2n+1
- S Vmaz S
n n
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IIOJIYYEHUE HN>KHUX OIOEHOK
HA HEJIVMHEWHOCTD BYJIEBOU ®YHKIIUN YEPE3
PASMEPHOCTBH HEKOTOPBIX ITIOAITPOCTPAHCTB

M. C. Jlo6anos (Mocksa)

Aseebpauveckoti ummynnocmoio 0yaeBon (GyHKIUN HA3LIBAIOT BEJIU-

AI(f) = i d .
Y AL = ) a0 B r41120 999

UssectHo [3, 4], uTo gua mobon f max Fy' Bemomseno AI(f) < [§].
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Heaunetinocmpio r-ro nopsanka nl,(f) Gyneson dyuxuun f nan Fy'

HA3BIBACTCA | Hbl)n< d(f,1), rme d(f,1) — »T0 paccrosare XaMMUHTA.
eg ST

Panee B [1, 2] Obuim DOKa3aHBL TOYHBIE OLUEHKNM HA HEIUHEHHOCTH
[IEPBOCO ¥ BTOPOI'O MOPAIKOB YepPe3 3HAYEHNEe aIre6pamiecKon NMMYyH-
HOCTH, a B [5] omeHka (HeTOUHAs) A1 HEIMHEMHOCTH 7'-T'O MOPSIKA.

AlD=2 0 q = n) . n-2i-1
nl1(f)22 £ ( i )’le(f)2;<i>_;2<k—l—i>,

AI(f)—r—1

CUENDS <?)+M,<Zﬁ_ ("‘)

2r

(]

pu suavenun AI(f), 6ausKom K [ 3|, ONEHKE HOTYYAlOTCA JOBOIb-
HO CWJIBbHBIMU, HO A GyHKuun ¢ Huskon AI(f) stu ouenxu mawotr He
OteHb Xopornne pe3yabraThl. B crarse [6] nl.(f) ouennsaeTcsa He depes

AI(f), a gepes Beuumusl  min  de u min de , 9TO
(f) P 970, gf=0 g(g) g9#0, g(f+1)=0 g(g)

HO3BOJSIET [JIs1 HEKOTOPHIX MyHKImA ¢ Hu3kon Al (f) moaydurs mydmue
Hkuue oueHku Ha nl,.(f).

HaMm ymanocs moxaszaTh TeopeMmy, KOTOpas 0000IIaeT KaK pe3yJib-
TaT aBTopa [2] 0 moayveHUn HMKHUX OLEHOK HA nl,.(f) 1epes 3HaueHue
AI(f), Tak u pesyabrat [6], 1 KOTOpPas MO3BOJSET AJIsl MHOIUX (DYHKIMN
HOXY9IUTh Gosee cunbHBIE OneHKu Ha nl,.(f).

Iycts h(x1,. .., T,) — OyJaeBa QYHKIWA OT 7 epeMeHHbIX. [lomoxum
Ang(h) = {g(@1,..., )| gh =0, deg(g) < k}.
Yreepxkaenue 1. IIycmov f u fo — Pyrwkyuu om n nepemennvls,

1 < ki, ko < n, dim(Ang, (f)) > dim(Ang, (fo)) v dim(Ang, (f + 1)) >
dim(Ang, (o + 1). Tozda d(f. fo) > dim(Ans, () — dim(Ang, (fo)) 1
dim(Ang, (f + 1)) — dim(Ang, (fo + 1)).

Iycte h — O6yaeBa (yHKIua OT n nepeMeHHbIX. Omnpegeanm

Biy ko (h) ={9(21, ..., 20)| deg(g) < ki, deg(gh) < ka}.
U3 [2] cnepyet onenka dim(By, x(h)) > Zi:(; (") +Zf;,:_2r+1 ("3
Yreepxaenune 2. ITycmov ki > ko, mo2da eepro pasencmso:

dim(Ang, (f)) + dim(Ang, (f + 1)) = dim(Bg, x,(f))-

Kak npocroe caencTeue yreepxaernin 1 u 2 moaydaem:
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CaneacrBue 1. IIycmov f u fo — dynxyuu om n nepemennviz, 1 <
ky < k1 < n, dim(Ang, (f)) > dim(Ang, (fo)) v dim(Ang, (f + 1)) >
dim(Ankz (fO + 1)) Tozda d(fa fU) > dim(Bkhkz (f)) - dim(Bkhkz (fO))

OTaenbHO PACCMOTPEB CIydar TPUOIMKEHUA KOHCTAHTAMMY, I3 CIe-
cTBuA 1 moJay9IaeM CAEIYIONIYIO OLIEHKY HA HEIUHEMHOCTH 7-T'0 MOPAIKA.

Teopema. [Tycmo das f(z1,...,2,) BbINOAHENO

in  dim(A > dim(A
|oamin im(Ang, (g)) > dim(Ang, (f)),

in  dim(A > dim(A 1).
| oamin im(Ang, (g)) > dim(Ang, (f + 1))

Tozada npu ki > ko

nlr(f)z mln( min dlm(Bkl,kz (g))_ dlm(Bk1,k2 (f)); U)t(f), U)t(f+1)),

deg(g)<r
a npu ki < ko
nl,(f) >
> min (d II(11§1< dim(Bkz,kl (g)) - dim(Bkz,kl (f + 1))7wt(f)awt(f + 1))
eglg)sr

Mokaxem yTBepXKICHNE, KOTOPOE MOXKET OLITh HOME3HBIM A HPO-
BEPKHM YCJAOBUM TEOPEMEI 1.
YrBepxaenue 3. Bepno nepasencmseo  min  dim(Ang(g)) >

1<deg(g)<r
k— _
Zi:or (nz T)'

Teopema 1 06061maeT COOTBETCTBYIOLIKE PE3yabTaTH U3 paboT [2, 4,
6]. [lns MHOrUX KOHKPETHBIX (DYHKIUI 5Ta TeOpeMa 1aeT Oojee CUIbHEIE
ouenku Ha nl,.(f).

Omnpenemnum maa n = 4k + 1 pyaxnuo f,(z1, ..., 2,):

0, ecmm wt(zy,...,2n
fn(xla"'axn):{ 1, (1 )

VIA

2k,
ecaim  wt(zy,...,z,) > 2k,

Ompemenum f = f, - (x1 V22 V ...V k) V 2123 .. . x. Hecaoxuo

nokasarsb, uro AI(f) = k. U3 [2, 5] u u3 [6] cregyer ogHa m Taxke
OLICHKA:
k—r—1 n k—r—1 n—r
I.(f) > min dim(Bg_q k- > ) .-
nh(f) 2 min  dim(Be1x-1(9)) 2 ; <Z)+i_k2:2r< Z )
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B 7o ke BpeMsa m3 TeopeMbl 1 U yTBEDPXKIEHUA 3 MOXKHO MOMYUUTH 3a-
MeTHO 0oJiee CUIbHYIO OLIEHKY

2k—r n 2k—r n—r k n—Fk
wn=y (N X (") 22 (")
i=0 ! i=2k—2r+1 ! i=0 t

Pa6ora Beimonuena npu nogaepxkke PDODU (npoext 11-01-00508).
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BBICTPASA HYMEPAIIUA
SJIEMEHTOB 'PACCMAHUMWAHA

IO. C. MeasegeBa (HoBocu6upck)

Ipacemanuan Gg(n,k) — MHOXKECTBO BCeX k-MEpPHBIX IOINPO-
CTPAHCTB BEKTOPHOTO MPOCTpaHCTBA F,' HAZ KOHEMHEIM TOJEM pa3mepa
g. 3ajada KOJUPOBAHUA DIEMEHTOB IPACCMAaHMAHA PACCMATPUBAIACH BO
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MHOTIX paboTax, HampumMep [1, 2] u uMeeT NpPUIOKEHNE B CETEBOM KOH-
posauun [3]. HymMepanuoHHBIM KOAUPOBAHUEM 3JIEMEHTOB MDACCMAHUA~
ua G4(n, k) ABIAETCA CONOCTABICHNE KAXKIOMY JIEMEHTY [PACCMAHUAHA
ero HOMepy, T. €. uncay u3 npomexytka [0,...,|Gq(n, k)| — 1]. B pado-
Te [4] mpeAcTaBIeH AICOPUTM HYMEPALUOHHOO KOJAUPOBAHUS DJIEMEH-
TOB I'pacCMaHMaHa, CI0kKHOCTbL KoToporo O(nk(n — k)lognloglogn).
Mer mpeanaraeM yJIydIIeHHBIA AITOPATM HYMEPAIMOHHOTNO KOAWPOBA-
HUS DJIEMEHTOB IDACCMAHUAHA, CIOKHOCTH KOTOPOT'O HE MPEBOCXOJUT
O(n? log”® nloglog n). YIydIIeHHBIN aIrOPUTM OCHOBAH HA MeTOne Obl-
CTPOU HyMepaluu KOMOMHATOPHBEIX 00bekToB u3 paGorer B. fl. Pabko

[5].

JIro60e moampocrpanctBo X € G4(n, k) MOxkeT GBITH IPEICTABICHO B
BUI€ MATPUIEL k X 1, CTPOKU KOTOPOU cocTasasaoT 6azuc X . Takymwo ma-
Tpuiy k X 1 HA30BEM MAMPUYET CMYNnenuamoz0 6uda no cmpoxam, Cin
COOGMIOIEHBI CICAYIOMINE YCIOBUA: CTAPIIMEA KOPPUIIMEHT KaXK JOU CTPO-
KU HAXOIWTCA MPABEE CTAPIIET0 KOA(PPUIUEHTA OPeqLIIyIIen, BCe CTap-
e KO3 PUINEHTH UMEIOT 3HAYeHUE 1, KaXK IBIA CTapuimi Koahuim-
€HT ABIAETCA €IMHCTBEHHBEIM HEHYJEBBIM DJIEMEHTOM B CBOEM CTOJOIE.
Kaxnoe mognpocrpancTeo X MOXKHO IPEICTABATL B BUAE €IUHCTBEH-
HOU MATPUILI CTYTIEHIATOrO BUAA MO CTPOKaM. BekTopom maeHTHdM-
karun v(X ) nognpocrpancrea X € Gy(n, k) HasEIBaeTCA BEKTOP NJIMHEL
N, COCTOAIIMN U3 HYJEW U eIUHUI], UMEIOIIUN BeC k, MO3UIINU eIUHUI] B
KOTOPOM COBIAJAIOT C HOMEPAMHI CTOJAOHOB B KOTOPEIX HAXOAATCA CTap-
e Ko>(hPUINEHTH MATPUIE CTYIEHIATOr0 BUAA 10 cTpokau [4]. Pac-
wupennvim npedcmasaenvem EXT(X) nognpocrpanctsa X € Gy(n, k)
HazoBeM marpuny (k+ 1) X n, BepXHEen CTPOKOU KOTOPOU ABJSAETCS BEK-

top unentudukaunn v(X) = (v(X)n,...,v(X)1), a HEKHEN FACTHIO —
MaTpUIa CTYIEHIATOr0 BU4A IO CTPOKAM, MpencTaBisaoman X :
X) ’U(X)Q ’U(X)l
EXT(X) = (V(Dn .
(X) < X, . X Xy

O6o3HaMM HOMEp dIeMEeHTa rayccMaHmaHa X Cpeau BCEeX DIeMeH-
ToB G4(n, k), yOOPAZOYEHHEIX COOTBETCTBEHHO JIEKCUKOIDADUIECKOMY

HOPSAKY UX PACIIUPEHHBIX npegcrasienui, kak Igxr(X).
vy . VU2 U1
O603raIM N(X]. X, X1) KOIMIEeCTBO 5aeMeHTOB Gy(n, k) Ta-

KUX, 9TO IHOCJEIHUE CTOJOLBI WX DPACIIMPEHHBLIX IPEICTABICHUN MMe-
vj ... U2 U1 v v n

0T BUI (X]_’ X Xl)' BeegeMm BenmdumHBI P(Xl1 ): N(X11 )/ [k} ,

a

vj Vj—-1 ... V2 V1 _ vj ... V2 V1 Vj—-1 ... V2 V1 V1 _
P(X]‘ Xj_l .o X Xl)_ N(X] .o Xo Xl)/N(Xj_l .o X Xl)) q(Xl)_
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u vj Vj—1 ... V2 V1 _ U]_l ... V2 U1
P(W)a (J(X, X1 .. Xo Xl)— > P( Xio1 o Xo X1)
u _ V1 u _ Vi
w <X, w< X
. n . .
o 5 = 1,2,....n, rae [k} — @-WYHBIM TayCCOBCKUU KO3 PUIu-
q

eHT, paBHBIN MOITHOCTH G4 (1, k) ¥ OIpeeIseMEIl CIe Iy OmuM 06pa3oM:
n Hq 1 q"*l—1
k =0 gk—i—1"

STI/I BEINYINHBI MOXKHO BBEIYUCJIUTE II0 q)OpMyJIaMZ

vy Vj—1 ... V2 U1 _
P(Xj X]‘_l o Xe X, )_
n—j—k+w,;+1
. . q J —1 —
|:’I'L—']:| [n—]—l—l} _ ) T eCJII/I’U]‘—O,
= k—w;+1
— . _ . q J —1 B
k —w; q k—wj, T ecan v; = 1,
—j—ktw;_ 141
k—w; 1 g’ iztt -1 —
v; vi—1 vavr \_ )4 Wi-1 . girioy s eCIm v = ]_,
A\ X5 | Xjor o0 X X0 )T 4 {x;) grodmhtwi—iti_g B
P PEEF R , ecan v; = 0,
rie {X;} — B3HaueHme, moxyIaeMOe IPH UTEHHNM BEKTOpa X; Kak
4qucla B @-UMHOM CHCTEME WCYUCIEHHA; W; — CyMMa MEpPBEIX J

komnoHeHT BexkTopa ©(X). Copaeemnmumeo pasencTBo Ipxr(X) =

n

(210 [2) 6) e )P ) ) o
q

IIIEr0 METO/A 3aKIIYAETCSA B PACCTAHOBKE CKOOOK B IIPABOU YACTHU Ta-
KIM 00pa30M, 9TO IPU €€ BEIYUCIEHUN OOJIBIIMHCTBO ONEPAIUY IIPOU3BO-
IUTCA HAJ KOPOTKUMHU IUCIAMU. TaKkol pacCTAHOBKOU CKOOOK ABIAETCA:

rexr(0) = [3] ((a(%)va(e] %) P(%))+((o(

v3 ... U1 v3 v2 U1 va | U1 V1

X ...Xl)P(Xg X Xl))P(X2 XI)P(Xl))+"‘)‘
Omnumem aaroputm Beraucaenus zHomepa Igpxr(X). Beraucasiorcs
Vj—1 ... V2 V1 'U]_l ... V2 V1 T

X1 ... Xo Xl) n CI( X; | Xj-1 ... X2 Xl) (] == ]., .. .,n)

no ¢opmyaam (1), (2). Beegem Benuuubl p;'., A;, (i = 0,...,logn;

V2 VU1
X» X1)+

v

i

v
snavenus P ( X
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j=1,...,n/2%). Ux 3HaueHUs MOCIEIOBATETLHO BEIMUCAAIOTCA MO (HOp-

0 _ vj Vj—1 ... V2 U1 0 _ vj Vj—1 ... V2 U1 L
MyJaaM p; = P(XJ- X1 o Xo Xl)a /\j = Q(XJ- X1 o Xo Xl) A1 ) =
Codo =1 i—1 oy yi—1 i—1 yi—1 .
Looooms pf = poj Py » Aj = Agioq + pa g Ay A i = 2,... logn,
j=1,...,n/2"

IMoaygaeMm UCKOMEBIN HOMED O POPMY.JIEe

Ipxr(X) = A" m '
q

C/0XHOCTHL BHIYUCJIEHUs HOMEPA DJIEMEHTA TpaccManmana X €
G,(n, k) c momompio mpeanoxennoro arropurma paessa O(log nM (n?)),
rae M(a) BpeMs yMHOXEHUSA OBYX 9GUCEJA IIAHBL a. Ilpu uUCHOMBL-
30BAHMU AICOPUTMA OBICTPOrO YMHOXKeHWsA wu3 [6], 141 KOTOPO-
ro M(a) = alogalogloga, CI0XHOCTL BHYUCACHWS HOMEPA DPABHA
O(n?log® nloglogn).
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OB NCIIOJb30BAHUUN
T'AINEPSJIJINIITUYECKUNX KPUBBIX
HAQ KOHEYHBIMU BEKTOPHBIMMA I10OJIAMNA

A. B. Henacasn, I'. JI. Kosuna (3anopoxse)

BoabmuucTBO COBPEMEHHBIX CTAHAAPTOB MUMPOBOUN MOAIUCUA OCHO-
BAaHO Ha OIEPAIXAX B I'PyNNe TOYEK DIMUITUYIECKUX KPUBBIX, OIpele-
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JIEHHBIX HAJl KOHEIHBIMU moaaMu. CTOMKOCTb TaKUX KPUMITOMPEOOpa3o-
BAHMM OCHOBAaHA Ha OOJBIION BLIYUCIUTEILHON CJIOXKHOCTH 3aJa9u JUC-
KPETHOrO J0Tapu(pMUPOBAHUA HA DUIANTUIECKON KPUBOU TPU IIUHE
MOJyJis OCHOBHOTO 1oy He Menee 160 6ut. CaemoBaTenbHO, IpU IPO-
FPAMMHOU PEATU3ANUN TAKUX KPUITOCUCTEM HEOOXOAUMO IIOIKJII0Ue-
Hue GUOINOTEK NMUHHOU apudMeTukn. ECTecTBeHHBIM 0600MIeHreM BJI-
JIUOTAYECKAX KPUBBIX SIBJIAIOTCSA KPUBBIE OO/€€ BBICOKOI'O POAa — [HU-
nepoaaunTudeckue kpuesle. [lonayany cumranocs, 4To Kpunrtorpadu-
geckue NnpeoOpa3OBaHUsA HA TUIEPIILINITHIECKUX KPUBBIX HACTOIBKO
CJIOXKHBI, 9YTO UX CKOPOCTb HE MOMXKET NOCTUYL MPUEMIEMOT'O YDPOBHI.
O guaxo aHAIN3 TOCAEAHUX PAOOT B 3TOU 06IACTY OKA3BIBAET, 9TO MPU-
MEHEHUEe COBPEMEHHBIX alNapaTHBIX MIaT(OPM U HOBBIX METOIOB BBI-
YUCJACHUU MO3BOJIAET 3HAYUTENBLHO YAYUIUTE CKOPOCTHBIE TOKA3ATENN
TaKuX IPeoOpa3OBAHUM.

Oco6eHHOCTAMY UCTIONB30BAHUA TUTEPAJUINITAYC CKUX KPUBBIX ABJISA-
€TCA YMEHBIIEHUE pPa3Mepa OCHOBHOTO MOJSA MPOMOPIUOHAILHO POIY
KpuBOU 6€3 MOTEPU CTOMKOCTHU (C COXPAHEHUEM MOPSAKA DPYIIEL) C Of-
HOBPEMEHHBIM YCJIOKHEHUEeM (GOPMYJLI MPYNIOBOU ONEepanun. JTO BU-
HO m3 (popmynbl Xacce—Bewnsa 01a ONEHKM MOpAIKa AKOOUAHA THUTIED-
DITUNITUIECKON KPUBOK (CPYNIOBOU CTPYKTYPHI, ONPENEJCHHON HA T'H-
HEPOJLIMITUIECKON KPUBOU C MCIOAB30BAHUEM IOPSAAKA IUBU30POB):

[(Va—1)¥] <#J/F, < |[(Va+1)*],

rie ¢ — TOpAJOK OCHOBHOrO moiaa GF(q), HAL KOTOPHIM OMpenejeHa
KpUBas.

TpaIuImoOHHO, CAOKHOCTH (POPMYJIBI MPYIMOBOU ONEPALNU HA KPU-
BBEIX BBLIPAXKAETCA B BHUIE CyMMBI KOJIMIECTBA YMHOXKEHUN, NHBEPCUN U
BO3BerZ[eHI/II>’I B KBaJIpaT B OCHOBHOM IIOJIE. HO Ipu CPABHEHUM CJI0XKHOCTU
IUI KPUBBIX Pa3HOrO POAa TAKOU HMOAXOM HE IPUrOeH, MOCKOABLKY, KaK
YIIOMAHAJIOCH BBIIIE, Pa3MeP OCHOBHOT'O IOJIA YMEHBIIAETCSA IPOMIOPIIAO-
HAJIBHO poay kpuBou. COOTBETCTBEHHO, OMHA U Ta ¥Ke apudpMeTuIecKas
omepausa B OCHOBHEIX IIOJIAX PA3HOU Pa3MEepPHOCTH Oy IeT UMETh PAa3HYyIo
CJI0XHOCTh. IHTEepecHass METPUKA /A DTOrO CIydas ObLTa MPeIIokKeHa,
B [1]. B Hel CJIOXHOCTBH BHIPAXKAETCS B TEPMUHAX KOJUIECTBA MPOILEC-
COPHBIX MHCTPYKINN, TAKUX KAK (CABUDY U (MCKIIOIAIONIEE M.

OCHOBHoe NpEeuMyIIECTBO IIPU UCIIOJIBb30BAHUU I'INIEPIIINIITUICCKUX
KPUBBIX C TOYKHU 3PEHUA CHUXKEHUA CIO0XKHOCTHU KpHHTOFpa(bI/I‘IeCKI/IX
npeo6pa3soBaHUi 3aKII0UAETCA B BO3MOXKHOCTH OTKa3a OT UCIOJb30Ba-
HUSA OUOJMOTEK MJIMHHBIX TUCEN IPU PEATU3ANNA APUPMETUKA OCHOBHO-
ro noJda oA OIPENEJEHHBIX IIapaMe€TPOB KPUIITOCUCTEMBI, ITO 3HAYH-
TEJBHO MOBHIIMIAET UX 6BICTpOI[eI>’ICTBHe, BOIIPEKN TEOPETUIECCKUM OIICH-
KaM. DTO IPOUCXOAUT 32 CUET TOr0, YTO HA OOCIYKUBAHUE BHY TDEHHUX
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MEXaHU3MOB PabOTHI OMOMMOTEKY AMIUHHBIX YUCEJa YXOMUT JOMOJTHUTE b
HOE KOIUYECTBO BHIUUCAUTEIHHOM MOMIHOCTU (IPOLECCOPHOE BPEMS U
00BEM OIEPATUBHON NAMATH), KOTOPOE HUKOIa HE yIUTHIBAIOT TEOPe-
TUYIECKUE OLEHKH.

Pa3BuTue BLIYUCAUTENLHON TEXHUKA TPEIOCTABIAET HOBBIE BO3MOXK-
HOCTHY [JIsl IOBHIMIEHUS CKOPOCTH PEANU3ANNY KPUANTOrPAPUIECKUAX AT
roputMoB. B wacTtHOCTH, mepexon oT 32-paspsagubix K 64-paspsgHbIM
MPOIECCOPAM MO3BOIMI PEANU30BATEH aPUMPMETUKY OCHOBHOI'O IO /IS
TUIEPAIANTUYIECKAX KPUBBIX TPETHETO PO € MOPAIKOM TPYIIEI MTH-
vou 192 Gura, 9TO O6ECHEYMBAET AOCTATOYHYIO KPUNTOrPAPUIECKYIO
CTOUKOCTB, TIOJTHOCTBI) OTKA3ABIIMCH OT HUCIOJL30BAHUA OUOIMOTEKN
LJIVHHOK apudMeTuku [2]. DTO NO3BOIMIO HA NOPALOK YBEJIUIUTH CKO-
POCTHEIE MOKA3aTe U TAHHBIX npeoOpasoBanun. mes B pacnopskeHun
128-pas3psAIHBEIN IPOLECCOP, MOXKHO OBLLIO ObI IO JOOHBEIM 00Pa30M PeaJIn-
30BATb KPUNTOCUCTEMY HA TUIEPIUIUITHIECKON KPUBOU BTOPOrO POIA.
B xauecTBe mporHo3a B 3TOM CIydae MOXKHO OXUAATH 00Je€ BBLICOKUX
MOKA3aTeJeN CKOPOCTH, 9€M IS DJUTANTAIECKAX KPUBBIX.

B paboTe s permeHus 3TOU NpoOJeMBl TPENIaraeTcsa IPYTrOu MoI-
XO[, OCHOBAHHBIN HA UCTIOJIB30BAHUY B KAY€CTBE OCHOBHOIO MOJIS KOHEY-
HOTO BEKTODPHOI'O moJs [3].

Koneunoe sexroproe mone GV F(p") onuo us pacmpenunn GF(p")
koneunoro nosa lanya GF(p). DieMeHTaMy KOHEIHOrO BEKTOPHOT'O TIO-
JIs ABJAIOTCS BEKTOPHI, IPeACTaBIeHHbe HabopoM (a, b, . .., f) xoaddu-
IIMEHTOB MPU COOTBETCTBYIOMINX OA3MCHBIX BEKTOPAX €, 1, ..., Z:

v=a-e+b-i+---+f 2z

KonuvecTBo 6a3uCHBIX BEKTOPOB, COCTABIAIIIAX SJIEMEHT KOHEIHO-
[0 BEKTOPHOI'O 10Jis1, paBHO n. KosdduuumenTo npu 6a3uCHBIX BEKTOPAX
ABAAIOTCA daeMeHTaMu noas GF(p). Onepanusa cioxkeHus IBYX BEKTO-
POB OMPEIENACTCA CJIOKEHUEM KOODAWHAT MPHU COOTBETCTBYIOIMEM 6a-
3UCHOM BEKTOPE 10 MOAy. 0 p. Omepalusa yMHOKEHUA BEKTOPA HA, THUCJIO
OTPEIEIACTCA YMHOKEHUEM KX I0r0 U3 KO3(DPUIMEHTOB HA 3TO YUCIO
no mMoayaio p. Onepanus yMHOXKEHUs ABYX BEKTODPOB ONPENEJSAeTCs 10
NPUHLIAIY [IEePEMHOKEHUs MHOI OWIEHOB, IIPUIEM PE3yIbTAT IPOU3BELe-
HUA IBYX GA3UCHBIX BEKTOPOB OMPEIEMACTCA MO TAOMUIE, COCTABICHHON
TaKuM 00pa3oM, YTOOBI 0OECHEYUTh ACCOIMNATUBHOCTE OTEPAIINH.

BaxubiM oramunem onepauun B GV F(p") or onepanuint 8 GF(p™)
ABJAAETCA OTCY TCTBUE HEOOXOIUMOCTH MPUBEICHUA PE3YIbTATA yMHOKE-
HUS [0 MOZAYJIIO HENPUBOAMMOIO MHOIOWIEHA. JTO JEJAET €€ UAeaIbHO
pacnapanneausaemon. Clie10BATEILHO, IEIECO00PA3HEIM ABIACTCA OIPE-
J€JIeHUe TUNEPILIANTAIECKON KPUBOM BTOPOr'O POJA HAJ BEKTODHBIM
nomem gaueel 4. Torga apudmernxa 0CHOBHOIO moast OyAeT BKIIOYIATH
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UMb 32-OUTHEIE METOUYUCICHHBIE ONEPAINN, 11 BLITOJIHEHUS KOTOPBIX
yaI0OHO MCHOJB30BATL apXUTEeKTypy XMM-pacmupenus nporeccopa u
BHYTPEHHUX MapalIelbHBIX KOMaHg rpynns SSE2.

Taxoe coderanue ucnoab3oBanusa 64-6uTHOU annapaTHOn WIAT(HOP-
MBI, MATEMATUIECKOTO AMMAPATa TUMEPILIANTAICCKAX KPUBBIX U Ta-
PALIETBHOrO TPOrPAMMUPOBAHUA CO3NAET YCIOBHA MJIA NATLHEUIIErO
pPOCTa MPOM3BOAUTENBHOCTH KPHUINTOCACTEM HA THUMNEPIJIIANTAIECKAX
KPUBEIX.

I[puHIUTHATEHEIM MOMEHTOM U HAMPABJICHUEM OYIYIIUX UCCAENO-
BAHMU ABJIAETCA TEOPETUIECKOE OOOCHOBAHME BO3MOXKHOCTHU ITOCTPOE-
HUsA anreOpandecKon CTPYKTYPhl AKOOUAHA TUMEPILIUNTUAYECKON KPU-
BOW HAJ KOHEYHBLIM BEKTOPHBLIM IOJEM U PA3BATHE COOTBETCTBYIOMIEN
TEOPUM IPU MOJOKATEILHOM PEIIEHUN 3TOT0 BOMPOCA.
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O PACCTOSAHUAX OT KJIACCA .
MAKCUMAJBHO-HEJIMHEVNHBIX ®YHKIINU

IO HEKOTOPOT'O KJIACCA BYJIEBBIX ®YHKIIUA
P. P. Omapos (Mockga)

HamexHOCTh KpUNTOrpaguIecKuX CUCTEM 3AaBUCAT OT CBOUCTE Oy-
JIEBBIX (DYHKIIMN UCIOJb30BAHHLIX P UX nOcTpoenuu. Hanpumep «6au-
30CTh» DTUX (PYHKIUNA K (TLIOXUM» KJIACCAM OYJEBLIX (DYHKIMK C XOPOIIIO
U3YYEHHBIMUA CBOUCTBAMHU OOJErdaeT MOUCK CIAOOCTEN B TAKUX CUCTE-
Max. O IHUM U3 TAKUX KIACCOB ABIAETCA KIACC JUHEUHBIX (DYHKIAN.

B nammou pa6oTe B KadeCTBE «ILIOXOTO» KIACCA PACCMATPUBAIOTCA
dyHKIINM, ¥ KOTOPHIX B moimnHoMe 2Keraikuna mpuCyTCTByeT He HoJee
k menuHeMHBIX ciaraeMbixX. [IpuBegemM HEOOXOIUMBIE OMPENEICHUS.
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IIycTe n — mpousBonbHOE HATYpaTbHOE uucao. Yepes V,, 6yaem 060-
3HAYATH BEKTOPHOE MPOCTPAHCTBO HAGOPOB [JIUHLI 1 ¢ KOMIOHEHTAMU
u3 {0, 1} c onepanuen @ nOKOOPAUHATHOI'O CJIOKEHUS BEKTOPOB II0 MO-
aymo 2. Ilycts f, g — mpom3BonbHELIE Oy1e€BbI (DYHKIWK OT 7. HepEeMEH-
HBIX.

Yepes wt(f) 6ymem ob603HaIaTL 6ec OyaeBou QyHKUuM f — KOIU-
YeCTBO HAOOPOB, HA KOTOPBIX OHA paBHA 1.

Paccmosanuem ot Oynaepon ¢pyukuuu f 10 OyJjaeBon (PyHKIHUHA ¢ Ha-
seBaeTca BenwuuHa dist(f,g) = wt(f @ g). Mox paccmosnuem mesxrc-
dy deyma mmoxcecmeamu b6ysesvrr Pywxyui M u N Oymem HOHEMATHL
dist(M,N) = mingen dist(g, h).

heN

Bynesa @pyukuusa f or n mepeMeHHBIX HA3LIBAETCS aP@urnot, ecan
cywectByior ¢ = (ai,...,a,) € V, u ¢ € {0,1} rakwe, uyro f(z) =
121 @ ... D apnt, O c. MHOXKECTBO BeeX adPUHHBIX OYIEBLIX (DYHKIUN
OT N TIepeMeHHBIX OynemM 0003HavYaTh A,.

Bemnunna Ny = dist(f, A,) HasbIBaeTCa Heaunelinocmulo GyHKINN
1(@).

Jemma [1]. Jas w060t 6yaesoti Pynkyuu f(x) om n nepemennviz
cnpasedaueo nepasencmso Ny < on=1 _ on/2=1 " Tiq wemmnoix n ama
OUEHKA DOCTNUHCUMG.

Byneent gpyuxunu f(z), gua koTopsx Ny paBHO MAKCHMAJIBHO BO3-
MOXKHOMY 3HAYEHUIO CPeau BCexX (PyHKIUE OT 7 IEPEMEHHBIX, HA3EIBAIOT
MAKCUMAALHO-HEAUHETHBIMY PYHKITUAMA.

Yepes AEX 6ymem o6o3mataTs xrace Becex mouTn apUEHEX GyHK-
OUI OT N IEePeMEHHBIX, 8 UMEHHO, GpyHKuud Buga Xy, &...0 X, @l(z),
rae X7, = [[ z;, I; — npousBoJbHEIE HOAMHOXKECTBA (BO3MOXKHO, IIy-

JjEI;
cteie X = 0) mmoxectra {1,...,n},t =1, kul(z) € A,.

Teopema. [Tycms Ba,, — MHONECMEO 8CET MAKCUMAADHO-HEAUHETHBIT

dynryuti om 2n nepemennvir, mozda

dist(Ban, AES ) > 22n~1 _ gk . gn—1,

HAoxazameavcmeo. Ilycts f(z) € Bap,ag(x) = X1, ®...& X, ®l(x)
npomsBobHas GymEKmua w3 kiacca AEY . O6osmatmm wepes f'(z) =

f@)@l(z), ¢'(x) =X, @...0 Xy, Is = USI]-. Toraa
Jj€
wit(f(2) & g(z)) = wi(f'(z)) + Y (=)@,

z€Vay,
9'(z)=1
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Nunykumen mo k mokaxem, 9To

k—1
)DEEVICED YT SRS DR EIC A
zEVon i=0 SC{l,...k} Xrg=1
g9'(z)=1 [S|=i+1

Jlerxo y6egurnbes, aro ¢opmyaa (1) cupasenausa npu k = 2. Ilpen-
MOJIOXKUM, 9TO OHA BepHA mpu k =t — 1. /lokaxkem ee pu k = t.

Z (-1)"®) = Z (-1)"®) 4 Z (1) =) -

z€Van T€Van z€Vap
g'(z)=1 X1, ®..eXr,_ =1 X7, =1
t—2
R S Y E D S S = N
z€Vap, i=0 SC{l,..,t—1} X74=1
Xll'XItEB---eaXIt,l'XIt:l ‘S‘:Z+1

s (_1)f’(w)_2.i(_2)i YT e
i=0

zEVay, SC{1,..,t—1} X1,=1
thil T{S\:Hl }lele
t—2 )
=D IC LD DI D VR DI CE VAL
i=0 SC{1,..,t—-1} X14=1 zE€Van
|S|=i+1 X =1
t—1 ) t—1 )
DD DEEDDNCS VALED BN DEND DN VA
i=1 SC{1,....t} X15=1 i=0 SC{1,...,t} X15=1
|S|=i+1 |S|=i+1
tinS

Samernm™, uTo {x : x € Va,, X4 =1} = {z@f"‘ cx €Lyt = EA4 Ly,
roe A C {1,..., n}, La = {x:2; =0,i € A}, a & € Vo, : &1 =
1,i € A2 =0,i ¢ A. Torga 11a HEKOTOPOI MAKCUMATHHO-HEJTHHEHHOMN
dynxmmn f(y) [1, c. 240] BeprO

Z (—1)f"@) = Z (—1)f' (@) = gdimLa—n Z (_l)f(y)EB<§A7y> -

g(eszgnl TCEAFL, yeLy
— gn—|4] Z (_1)f(y)69<£"7y).
yeL%
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Sanumewm (1) ¢ ygeTom 3TOr0

DRCULES DD LD DR
ag(e\)énl i=0 S\gs{\l’#ﬁk} yeLt,
g (z)= -,

Dyuxnua f(z) € Bay, cregosareasno wt(f'(z)) > 227~1 — 2n-L,

YYauTwHIBag 3TO U TO, 9TO dimLILS = |Is|, nonyuum

k—1
wt(f(z) ©g(x)) > 22t -2t =N "2l N gntlislglsl =

=0  SC{1,...,k}
|S|=i+1

k
_ 227171 _ 21171 X ZQZC]Z@ _ 221171 _ 3k i 27171-
i=0

B cuny npoussonbHOCTH BhIGOpa MyHKmun f(z) u g(x) momyaum
dist(Ban, AEY ) > 22n=1 _ gk . gn=1,

Crnucok JuTepaTyphl
1. Jloraués O. A., Canpuukos A. A., flmenko B. B. Bynesst dpyukuun
B Teopuu koaupoBauus u kpunroaoruu. — M.: MITHMO, 2004.

O ITEPUO/JAE IIOCJIEAOBATEJIBHOCTHU
COCTOSAHUA IMUDPCUCTEMBI RC4

M. A. Ilygosxkuua (Mocksa)

MMudppcucrema RC4 pazpaborana P. Pusectom B 1987 r., 3aBucur ot
napaMeTpa m (1A TpaKTUIeCKUX TPUIOKEHUN BEIGupaeTca m = 256).
PaccMoTpuM aBTOHOMHBIT aBTOMAT A, MOeaUpyOIMUn MudPCUCTEMY
RC4 ¢ pyuxuuen nepexonos cocrosuuu f. [Iycts S;;, — MHOXKECTBO BCex
noACTaHoBOK Ha MHOXKecTBe {0, ...,m—1}, Z,, — KOIBbIO BEIYETOB [0 MO-
mymo m, N — MHOXeCTBO HATYpaTbHLIX quces, f : Z2, X Sy, — 72, % S,,
— Qyukuua nepexonos cocrosuun mudpcucremsl RC4, (i, ji, 8¢) €
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72 x Sy, — coctosuue B MomenT Bpemenu t = 0,1, ..., (0,0,s0) — Ha-
JaTbHOE COCTOSHME, TAe TOACTAHOBKA Sq TEHEPUPYETCA M3 KJ0Ya ITH-
dpporanu.

DyHKIUA TEPEXONOB COCTOAHUN f B MOMEHT BPEMEHU ¢ 3a1a6TCA KaK

1) iy = i;—1 + 1(mod m);
2) ji = ji—1 + st—1(it) (mod m);

3) si(it) = si—1(je—1) 8¢(Jr) = se—1(ig—1) si(c) = si—1(c) mpm ¢ ¢

{it, ji}-

Mycts W (io, jo, s0) = (io,Jo,50), (41,41, 51), -, (it ji,S¢), — mocre-
JIOBATETLHOCTE COCTOAHME (PYHKINH HEepexojoB f, MOPOXKISHHAS Ha-
YJAIBLHBIM COCTOsAHUEM (ig, jo, S0), & Wiy ,jo(S0) = So,81,...; S, ... — CO-

OTBETCTBYIOIIAA MOCIEIOBATENLHOCTE TIOCTAHOBOK.

Ha xoudepennuu Pyckpunto 2012 A. B. Ba6amowm, /. C. Kyausapo-
BuIM [1] aHOHCHpOBaHO, uTo pu m = 2", n € N, gusa 110601 104CTAHOB-
K1 sg € Sy, nepuon nocregosatersrocT W o(s0) kpaten 2" 1. Kpowme
Toro, ecan so(1) # 1+ 2", To nepuon mocrenosareasroctn W o(so)
KpaTeH m.

ITokaxem, 4TO crpaBelInBo 6oaee 00IIee CBOUCTRO.

Yreepxaenue. [Tycmov (w,v,50) € Z2, x S,. Tozda nepuod q no-
caedosamenvrocmy nodemanosox Wy, ,(So) cosnadaem ¢ nepuodom p
nocaedosameavrocmu cocmoanut W(w,v, sg) u p = 0(mod m).

Aoxazameavbcmeo. Bes orpanmdenus o6MIHOCTH MPOBEIEM IOKA3a-
TenbCTBa A1 caydas w = 0, MOCKONbKY Ha NUKIAX COCTOSHHUU aaro-
purma RC4 Bcerga cymecTByioT Takue coctosuusa. ficHo, €to p > q.
IIpegnonoxum, 9TO p > ¢. ITO O3HAYALT CYMIECTBOBAHME B TOCIENOBA-
rensHOCTH W (0,0, S0) cocroauun (0,v, sg) u (ig, jg, So) Al1A HEKOTOPOLO
Jqg € Ly 1 iqg = g(mod m).

Toraa (1, j1,81), (ig+1,Jg+1,51) € W(0,v,80), rie

J1 = 80(1) + v(modm),igr1 = ¢ + 1(modm),

Jo+1 = Jq + s0(ig+1)(mod m),

npwatm {i, ji1} = {igs1,Jg+1}-

ECJII/I 'L.q+1 = 1, TO jq+1 = j1 n (il,jl,sl) = (iq+1;jq+1; 81), T.€. P =4qQ.
B nporuBHOM cayuae, ig41 = J1 4 Jgr1 =41 = 1.

AnanormussiM 06pazoM, {ic, jc} = {ig+e, Jgtec} B1A Ja060T0 ¢ € Zp.
Ecan (ic, je) = (ig4es Jgte) s TO (ic,es S¢) = (ig+es Jgtes Sc), T- €. D = q.
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Taxum o6pa3om, 11 BCexX ¢ € Zj, umeeM

ic = Jg+e = c(modm), (1)

o = igte = g + c(mod m). 2)

B cuny pasencts (1), (2) u j: = ji—1 + St—1(ir)(mod m) umeem
s¢—1(it) = 1 gna Beex t € Z,. W3 pasencrBa (2) mpu ¢ = 0 noxyda-

eM jo = v = g(mod m). Takum o6pazom,
J1 =v+ 1(modm),, j; = v + t(mod m) (3)

aas Beex t € Zj,. U3 onucanus QyHKIME DEPEXOJOB COCTOAHUN AIrO-
purma RC4 caenyer, 9To paBeHCTBa (3) COpaBeIJIUBH TOTIA U TOJBKO
Torga, xorga ji = iz(modm), j; = i;41(modm) nas Bcex ¢t € Zjp. o,
B CBOIO O¥epeab, BOBMOXHO TOTJa W TOILKO Torga, koraa v = 1. Ec-
au xe v # 1, To paBeHCTBa (3) OQHOBPEMEHHO HE BBHINOJIHAIOTCA, a 3TO
0O3HAYAET, 9TO P = (.

Ecau v = 1, To u3 pa6oTsr [2] creayet, 9To Ha nukie gauHbl m(m—1)
aexat m(m—1) pazauaHbIX moacTaHOBOK. Takum 06pa3oM, CHOBA p = q.

Owuesuano, uro p = 0(mod m). YTBepx 1eHue JOKa3aHO.

Cnucok JuTepaTyphbl

1. Badam A. B., Kygusapos /. C. O mepuoinuuocTu (HyHKIUOHUT-
poBaHma remepaTopa mncepgocaydannerx umcen RC4 // http://www.
ruscrypto.ru/sources/conference/rc2012/

2. Pudovkina M. Short cycles of the alleged RC4 keystream genera-
tor // Proceedings of 3nd International Workshop on Computer Science
and Information Technologies (CSIT’2001). — UFA, 2001.

O PEKYPCUBHO IJNPPEPEHIIVUPYEMBIX
BUHAPHBIX KBASUTPYIIIIAX

II. H. Ceip6y (Kummues, Moagosa)

PexypcurHO auddepernmmpyemMble KBA3UTPYIINLI BOSHAKIA B TEOPUN
pexypcusubix M/IP-konos [1-4].

Iycte (Q, A) — n-apuei rpynnouns u k — LeI0e HEOTPULATEILHOE
ancio. n-Apuas onepamma AK®) | onpenenennas paBencTBaMn

A(k) (:L‘?) = A(:L‘Z+1,A(O) (x?), e :A(kil)(x?))s ecin k < n,



AR (1) = A(ACP=R 27y AKRD (7)) ecm k> n,

HA3LIBAETCA PEKYPCUBHOU Tpom3BoAHON mopsaka k. Ilo ompenenenuto
crasum A0 (z7) = A(z?), na mobHX 1,. .., 2, € Q.

Ecian pexypcusrste npoussoausie A, AN A®) germorcs kea-
3UCPYNNOBLIMEA omeparuaMu, To (), A) HA3BIBAETCA PEKYDPCUBHO S-TUd-
dbepennupyemon kpasurpynnou. B uactaoctu, ecin (), A) — 6unapHas

s
KBasuCpynma, to, obo3nadas A =7-" u A®) =7 A” Vs € N, norygaewm:
0 1
Dy =x -y, xly =y xy,
k k—2 k—1
Ay =(xAy) (zAy), Vk>2.

B [5] mokasamo, uto ecim (Q),) — abeneBa Tpymma, TO mﬁy =
abn - ybett Yy € Q, rae (by)nen+ — pag @ubonawam. B cayuae mpo-
U3BOJbHEIX OMHAPHBIX KBAa3UTPYNI B [5] I0Ka3aH KpUTepuu: OMHAPHASL
kBasurpynna (@,-) pekypcusHo 1-guddepeHnupyemMa TOrga U TOIBKO
Torga, Korga omepaimun (*) u (/) OPTOrOHANLHEL, T'le T *xy = Y - T,
Vz,y € Q, a (/) aBrsercs neBsiM geneHueM B (@, -).

Huxe Oyger mokasano, 4rTo ecium OuHapHas ksasurpynna (Q),-)

1
pexypcuBHO 1-nudpdepenuupyema, 1o (@, A) coxpaHseT psajl ee CBOUCTB.
Ipegnoxenue 1. [Tycms (Q, ) — 6unapnas pexypcusno 1-dugde-

1
penyupyeman xeazuepynna v nyemsv (Q, ) ee pexypcusnas npoussoo-
Hnaa nepeo2o nopadxa. Toeda:

i. Jiobas xonepysuyus 6 xeaszuepynnvt (Q, ) AB4LEMCA KOHSPYIHUYU-

et 6 (Q,A)

ii. Hopmaavras xomepysnyua 0 xeasuepynnvt (Q,:) asaaemca mop-
1
Mmaavnol xKouepysnyuel 6 (Q,A) moeda u moavko mozda, xoeda ece

1
aesble mpancasyuy 8 (Q,A) donycmumvr omuocumenvro 6.
Aoxazameavcmao. i. llycts 6 sasercsa kourpysuumen B Q(-). Toraa
20y = cxbcy u zchyc, nasa aroboro ¢ € (), cregoBaTeIBHO T - crlx - ¢y,
x-cyfy-cy uc-xchc-yc Ve € @, orkyna nonydaem - cxby-cy u c-xchc-yc,

1 1 1 1 1
Ve € @ win, nepexons x onepauuu (A) : cAzfcAy u xAclyAe, Ve € Q,

1
TO ecThb § ABasgeTca kKourpysuuuen B (Q, A).

ii. CaenyeT w3 i. v U3 ompegeaeHUsA TOMYCTUMOU (OTHOCUTEIBHO OU-
HAPHOI'O OTHOIIEHUSA) TI0[CTAHOBKH.
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Ipegnoxenue 2. Ecau (Q,-) — b6unapnas pexypcusno 1-dugde-
penyupyeman Keaszu2pynna, mo nodxeasuzpynna H xeaszuepynnbi

1
(Q, D) asasemca nodxsazuzpynnot u 6 (Q,-) moeda u moavko moeda,
xoeda H samxwyma ommocumenvno (-).

1
Aoxasameavcmso. Ilycre H nonksasurpynna B (), ) u nycTs oHa

3aMKHYTa OTHOCUTEJbHO (+). Torma ypaBHeHue z - a b, rme a,b €
1
H, nmeet enuHCTBeHHOE pemenue B H, Tak xak z/\a = a - ra = a -

b. PaccmoTpum Temeps BTOpOE ypaBHeHume: a - x = b, rae a,b € H.

1
Iloacrapaaa BMecTo x mpoumssBemeHue ' - a, mmeeM z'Aa = b, caego-
BaTelbHO T = ' - a € H Torga m TOoaRKO Torga, korga H 3aMkHYTO
OTHOCHUTEJBHO (-).

O603nadnM (1eBy10, IPABYIO) MyJbTUAILNIAKATABHYIO TPYTINY KBA3UI-
pynnost (Q, ) creayrommm 06pazoM: (< L, |a € Q >= LM(Q,"), < Ry |
be @ >=RM(Q,")) < Lo, Ry | a,be Q >=M(Q,).

BuekTusnoe otobpaxenue ¢ : () — () HA3BLIBAETCA TOJIYaBTOMOP-
¢dusmom kBasurpynnst (Q, -), eciu p(x-yz) = p(z)-o(y)e(x), Vr,y € Q.

O6o3uaunm gepes S Aut(Q, -) rpynmy Bcex moayaBTOMOP(U3MOB KBa-

surpynnst (Q, )
Ipegnoxenue 3. [ycms (Q, ) — Ounapnas pexypcusno 1-dugde-

1
penyupyeman xeazuepynna u nyems (Q,\) — ee nepsas pexypcusnas
npouseoduan. Bepuvt caedyrowue ymeeprcdenus:

i RM(Q,A) € M(Q.): it. Aut(Q, ) C Aut(Q, A);
ii. Aut(Q, i) = SAut(Q,-); iv. SAut(Q, ) C SAut(Q,A);

v. Aut(Q,-) modcem Obimb 840%CEHA 8 KAHCIYIO U3 2PYNN:
1 1 1
AutLM(Q, D), AutRM(Q,A), Aut(Q, D).
1
Hoxazameavcmeo. i. U3 pasenctsa x/Aa = a - xza crenyet R, =
Lg)Rg), rie Lg) ABJAAETCA JNEBOU TpaHCAANMEN B kBasurpynme Q(-), a

1
R, (Rt(z')) SBISAETCS IPAaBON TpaHcaanuen B kBasurpynne Q(A) (coors.
Q).
1
ii. Ecm ¢ € Aut(Q, "), To p(xly)

=y zy) = p(y) - p(z)p(y) =
p(x)Dp(y), Yo,y € Q, Te. p € Aut(Q, ).
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i p € Aut(Q,A) & p(ady) = p(r)Aply) & oy wy) = o) -
p(@)p(y) & ¢ € SAu(Q, ).
iv. Caegyer u3 ii. um iii.

1
v. Caenyer u3 ii. u Toro, uro Aut(Q),A) BIOXKMMA B IPYNIly aBTO-
MOPQU3MOB Kax IO U3 yKA3AHHLIX CPYIN yMHO)eHun [6].

Pa6ora Bumonnena npu vactuunon nogaepxke BCHTP AH Mongo-
Bul (CSSDT ASM), rpaunt 12.839.08.07F.
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O BYJIEBBIX ®YHKIINAX U3 IEPECEYEHUA
HECKOJIBKUX CITEIINAJIBHBIX KJIACCOB

O. B. Tapauuukos (Mocksa)

Byaesa pynxyus OT n mepeMeHHBIX — 3T0 oToOpaxkenue u3 FJ B
F,. Becom |u| HaGopa u € F} HasbiBaeTCsA 4UCIO €r0 HEHYJIEBLIX KOM-
HOHeHT, a Bec wt(f) dyukunu f — umcno mabopos u € FY | Takux uro
f(u) # 0. Dynkrmsa f HassBaeTca ypasnoseuennot, ecan wt(f) = 271,
IIpeobpazosanuem Yoaura GyaeBon GyHKIUN f HAZLIBAETCSA HEJOIUCIECH-

nas pynxuus nanx FY, onpenensemasn xax Wy (u) = Y. (—1)/(@)+<uwe>,
z€FY

Hna xaxgoro u € F3 snauenme Wy(u) masweBaercsa xoodduyuenmon
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Yoawa. KoaddunueHnTs! Youma Ha3LIBAIOTCA CNREKMPAAbHbIMY KOIPPu-
YUEHMAMY.

ByneBa dbyHkumsa Ha3LIBAETCA NAGMOSUIHONU, €CIU IJIA HEKOTOPOIO
HATYPAJBHOIO ¢ BCe ee KO3(DUIMEHTHl YOJIIa IPUHALIEKAT MHOXKE-
ctBy {0,£2°}. Ecau mpu aToM Bee KoahduunenTsl Youra He paBHbl 0,
TO QYHKIUA HA3KIBAETCA Oenm-Pynkyueti. Hemunennoctsio nl(f) dpynk-
nuu [ HasBIBAaETCA paccTosHme oT f mo kaacca ap@UHHLIX (QyHKIUN,
BBIPaXKaloIeecs depes KO3pPUIUEHTHl YOuIIIa, KaK XOPOIIO W3BECTHO,

dopmynon nl(f) =2"~" — L max [W;(u)].
u€F3

Bynesa ¢yukuus f, sagammas ma FJ, maswbBaercsa xoppeasyu-
OnHO-uMMYHHOT nopadke m, 1 < m < n, wt(f') = wt(f)/2™
nas mobou ee moadyHKmuu f' OT n — m TepEeMEHHBIX. YpPaBHOBE-
IIEHHASA KOPPEJIANMOHHO-UMMYHHAA (PYHKIOUA TOPAIKA 1M HA3BIBACT-
ca m-yemotivusot. CHekTpasbHas XapaKTePU3anusa KOPPEJANUOHHO-
UMMYHHBIX QyHKIME riaacut, 9ro ¢ysknus f uHa FJ  sBasercs
KOPPEeIAIMOHHO-UMMYHHON TOPAIKA 1M TOTAA W TOJBKO TOTrIa, KOTA4
xas moooro u € F3, 1 < |u| < m, Benonneno Wy (u) = 0. Bepen rakxke
daxT, 9To ecin f — m-ycronumBas, m < n — 2, To Bce ee Koappuiu-
eHTHI Yooma genarca Ha 22,

Bynesa dynkuus f ma FJ maswBaercsa cosepuennoti (cq,cp)-pac-
xpackotl (mnu (co, ¢1)-peeyaaproii), ecmu 1) mus moboro nabopa x € FY,
rakoro 4to f(z) = 0, Mut umeem |{y € F3' |d(z,y) = 1, f(y) = 1}| = co;
2) nna awb6oro mabopa x € FI, takoro uro f(x) = 1, MBI umeem
{y € Fgld,y) = 1,f(y) = O}| = c1. Byaeny dymcmmo, nsmo-
LIyIOCSI COBEPILIEHHOU (¢, €)-PACKPACKOU, OyAeM Ha3bIBATL COBEPULEHHOT
c-packpackoti. I3BeCTHO, UTO BCAKAA COBEPIICHHAA (Cg,C1)-PACKPACKA
ABIAETCA KOPPETANMOHHO-IMMYHHON (yHKIMel nopagka 9E — 1, 60-
Jee TOro, ecanm gas Hekoroporo u € F3 Bremommeno Wy(u) # 0, To
jul € {0, 2},

XopoIo u3BeCTeH PAL COOTHOMEHNN MEX Iy XapaKTepucTukamu Oy-
JIEBBIX (DYHKIWU, IPAYEM TOYHOE PABEHCTBO B HEKOTOPBIX COOTHOIICHM-
AX MOXET TOCTUTaThCA TOMBLKO MPU TMPUHAIICKHOCTH (PYHKIUU OMpe-
IEeJeHHBIM KJaaccaM. Tak, HampuMep, IJd HeJMHEMHOCTH M-yCTONIUBON
byHKIIAT OT N mepeMeHHEIX pu m < n — 2 Bepro nl(f) < 271 —2mFL
IpUeM ecIu JOCTUTAETCs PaBeHCTBo, To m > 52 u f — niaTosuanas.

AnmamornyHen paKT UMEET MECTO U A KOPPEIAINOHHO-UMMYHHBIX
(PYHKIUU BBICOKOIO MOPALKA, MOJ KOTOPEIMEU Oy1€M IMOHAMATEL KOPPEJIs-
MOHHO-UMMYHHBIE (DYHKITAN OT 71 TIEPEMEHHBIX TMOPAAKA m = n — k, Tae
k — xoucranta. [lepemennyio z; 6y1eM HA3BIBATH JUHEMHON M1 (YHK-
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num f, ecim x; B moauHOMe 2Kerankuna pyHKIMM f TIPUCYTCTBYET TOMTb-
KO B €IUHCTBEHHOM CJAraeMOM — COOCTBEHHO ;. Ilpm moGamBieHUUM K
m-ycTonanBor GyHKIMA f HOBOU JMHEMHON EPEMEHHON PA3HULA MEXK-
Iy YUCIOM €€ TIEPEMEHHBIX U MOPAIKOM YCTOMYMBOCTYU HE U3MEHAETCS,
[IO3TOMY JMHEMHBIE [I€PEMEHHLIE M-yCTONYNBON (QPyHKIMU HE MPencTa-
BIAIOT WHTEpeca A ee u3ydeHns. Pamee a nokasan [1], ¥To s 1o6oro
HATYPAJIBHOrO k cymecTByeT MuHuManbHoe p(k), TaKoe 9TO IUCI0 nepe-
MeHHBIX Ny Ja6on (n — k)-ycTonduBon QpyHKIUY, HE UMEIOLIEN JIUHEn-
HBIX IepeMeHHBIX, He npesocxoauT p(k). Bemnuuna p(k) Baxna Takxe
TeM, YTO YUCI0 KOPPEIANNOHHO-UMMYHHBIX (DYHKINU NOPATKA 1 — k OT
n mepeMeHHBIX mpu k = const, n — oo, pasao O(nP*)). Mg wmcra p(k)
muoM0 [1] 6811 MOy wenEr HEepasercTra 32872 —2 < p(k) < (k—1)2F2.
Hns k = 4 rounoe sunavenne p(k) = 10 ycranosun [I. II. Kupnenxo [2]
TIPU MOMOIIY KOMIBIOTEPHOTO MMOUCKA, OH XK€ TIOIYIUI TOUHYI0 (GopMyTy
[JIS 9UCJIA KOPPeJAIUOHHO-UMMYHHBIX (pyHKImE mopsaaka n — 4 [3], ”ue-
noBeveckoe” qokasarenbcTBo daxTa p(4) = 10 gano A. U. 3eepeswim [4],
BIIPOYEM, DTO JOKA3ATEILCTBO BO MHOT'OM MOIEIUPYET KOMIBLIOTEPHBIN
nepebop.

B cBasu ¢ Tem, uTo yxke Gomabmie 10 €T He OBLIO TPOIBUKEHUU B
ouenke p(k) mpu k > 4, cTaj0 MHTEPECHBIM WCCJIELOBAHUE XOTS OB
BOIIPOCA BO3MOXKHOCTH TOCTHUKUMOCTY BEPXHEW OIEHKU B HEPABEHCTBE
p(k) < (k — 1)2%¥72. Myctes cymecTByeT dyskmua f, 11a KOTOPOH B
5TOM HEPABEHCTBE NOCTUIAETCA TOUHOE paBeHCTBO. O6pasyeM mJsa 3Tou
¢dyukunn f maTpuny M, BEIINCAB IO €€ CTPOKAM Kaxk 1b1i Habop u € FJ

W7 (u)

B TOYHOCTH plyxz pas. [lo cekTparpHEIM CBOMCTBAM KOPPETAINOHHO-
nvmyrEbx yrxmmi [1], [2] matpuna M cogepxut 4¥~2 crpok, B xa-
KON U3 KOTOPEIX He 6onee k — 1 mynen, u n = (k — 1)2%~2 cTon6mos, B
KaxKJOM I3 KOTOphIX He Meree 28 ~2 mynen. Orciona kaxgas ctpoka M
COMEpPXKUT POBHO k — 1 Hyaen, u f ABIAETCA COBEPIIEHHON PACKPACKON,
a Takke KaxIbln croiben M comepxur poBro 272 mynen. Ilocren-
HUU (PAKT O3HAYAET, HATIPUMEP, YTO PABHBI MEXKAY COOOU BCE aBTOKOP-
peJsuuoHHBEe KO3(hduuueHnTsl HA Habopax Beca 1 (Toxe mHTEpecHOe u
BaxKHOe Kpunrorpadudeckoe cBouctso). Takum obpasom, marpuna M
OPenCcTaBIAeT COO0H JOCTATOYHO XKECTKYH KOMOMHATOPHYIO CTPYKTY-
Py, A1 KOTOPOU MMEIOT MECTO €Ille U NOMOJHUTENbHEE CBoNCTRa [1, 2],
B 9aCTHOCTH, B JIOOBIX ee h cronbuax, 1 < h < k — 2, mobas komMOu-
HaIls CUMBOJIOB BCTPEYAETCSA YeTHOE YHCJIO pa3, HE MEHbIIee gk—h—1
(ecm BooOG1me BeTpedaeTcs). Kpome Toro, B [4] goka3zaHo yTBepX IeHUe,
KOTOPOeE Ha A3BIKe runeprpadoB MOXHO CHOPMYINPOBATH TAK: €CIA TO0-
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CTPOUTH runeprpad, BEPUINHEI KOTOPOTO COOTBETCTBYIOT cToa0mam M,
runeppebpa — cTpokaM M, Tak UTO KaxJg0e runeppedpo COeqnHIeT Te
U TOJBKO T€ BEPIIMHLI, IJs KOTOPLIX B COOTBETCTBYIOUINX UM CTOJOIAX
croutr () HA mEpeECeYeHUN C PACCMATPUBAEMOU CTPOKOU, TO rumeprpad
IOJIKeH ObITH CBA3EH, HE CUNTAA U30JIMPOBAHHEIX BEPIIMH (KOTOPHIE CO-
OTBETCTBYIOT JUHEUHBIM MEPEMEHHBIM U KOTOPBIX, KAK MBI JOTOBOPH-
JAUCh, y GYHKIUU [ HET).

C mOMOIIIBIO YKA3aHHEIX COOOPAKEHNN U TOTIOJHUTEIBHBIX KOMOWHA-
TOPHBIX PACCYXKIEHUU JOKA3AHA TEOpeMa.

Teopema. IIpu k > 4 evinoaneno p(k) < (k —1)2F2,

Pa6ora Brimonnena npu noxggepxke rpanrta PODU 10-01-00475.

Craucok auTepaTypbl

1. Tapauuukos FO. B. O xoppeialuoHHO-UMMYHHBIX U YCTOUYHU-
BBIX OysneBbIX QyHKIUAX // MaTemaTuieckue BONPOCHI KUGEPHETUKM.
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2. Tapaunuxos FO. B., Kupuenxo /[I. TI. CnekTpaabHBIN aHAT3 KO-
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MexrocynapcTBeHHOU mKOALI-cemMuHapa ~CUHTE3 U CIOKHOCTH yIpa-
pasomux cuctem” (Humxuun Hosropoa, 2000). 9. 2. — M.: MI'Y,
2001 — C. 177-189.

3. Kupuenxo [I. II. O wucie kOppeasuuoHHO-UMMYHHBIX U YCTOUYIH-
BeIX QyHKIun nopsaika n — 4 // Marepuans VIII MexayrapoaHoro
cemunapa ” [luckperHas MaTeMaTuka u ee npunoxkenus’ (2—6 despans
2004 r.). — M.: Uszx-Bo mex-mar ¢p-ta MI'Y, 2004. — C. 421-424.

4. Zverev A. On the structure of the spectrum support of Boolean
functions // Boolean functions in cryptology and information security.
Proceedings of the NATO Advanced Study Institute on Boolean func-
tions in cryptology and information security (Zvenigorod, 2007). — NA-
TO Science for Peace and Security. Series D: Information and Commu-
nication Security. — IOS Press, 2008. — V. 18. — P. 331-340.

O HEKOTOPBHBIX YITAKOBKAX
B BYJIEBOM KYBE

P. N. Tarapuuos (Mocksa)

B mannou paboTe pacCMaTPUBAKTCA YIAKOBKUA KOHETHOMEPHBIX JI-
HEMHBIX TPOCTPAHCTB HAJ Zg PABHBIMU C TOYHOCTBIO [0 MAPAIEJBLHOTO
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mepenoca GurypamMu. JTa 3a1ada eCTeCTBEHHBIM 00pa3oM BO3HUKAET B
TeopUM KOJOB, UCTPABIAIOMINX OMINOKH.

Breném HeobxomuMbIe 0003HAYMEHUS.

IIycte E" — Oyner xy6 pasmeprocTu n > 0, TO €CTh n-MepHOE Iu-
HEMHOE TIPOCTPAHCTBO Had Zs. Ha HEM MOXKHO paccMaTpuUBAThL HOPMY
Xommunra | - | u ckaasproe npouzsedenue (T1,...,Tn) - Y15+ ,Yn) =
2?21 Z; + y;- Hynesou saemenT mpoctpancTBa K" o6osHaunm kak 07

0° — emMHCTBEHHEBIR daeMEeHT IpocTpascTBa KV,

Bynem cunrars, aT0 misa 6yaeBbIX KyOOB OOBIYHBIM HAI Zo 0Opa3oM
ONIpEeJIeJEHBl aunetinbie U afPunnbie omobparcenus n NPeoodpa3068anus
(Guexnun), a Takxke cdeueu (mapaieabHBEIE IEPEHOCH ). B wacTHOCTH,
HETPUBUAIBHLIE CABUTY OTHOCATCA K adPUHHBIM 0TOOPAKEHUAM, HO HE
K JIMHEHAHEIM.

Duzypoti OygeM HA3BIBATDH JIOO0E HEIyCTOE MOIMHOXKECTBO OyJeBa
ky6a E", 0-gueypoii — purypy, conepxanryio 0, a wecyuum npocmpam-
cmeom coorBeTcTByOmen O-purypsr — cam K.

Appunnoii oboaourot (F) dpuryper F OygeM HA3BIBATH MUHUMAJb-
HOe cofepxkailiee eé adppuHHOE TOAMPOCTPAHCTBO, a PA3MEPHOCMbIO (DU-
I'YpPBhl — Pa3MEPHOCTH 3TOT'0 MOAIPOCTPAHCTBA.

3agaga. Pacmomoxuts B E” MHOXKECTBO HENEepeCeKaroImXCs CIBY-
roB ucxoguou qurypsr F. Pemenunem win ynakxosxot OynemM Ha3BIBATH
MHOXKECTBO BEKTOPOB, OCYLIECTBJAOUNX 3Tu casuru. Eciu paccmarpu-
BATH JWIIb JUHEVHELIE PEIICHUS, TOMYyIUM 33049y Auneltnot ynaxosxu.

Pewenne onmumaavro, ecan OHO UMEET MAKCUMAJIBLHYIO MOIIHOCTH
Cpear peleHny JaHHON 3a a4 1 fauHou ¢purypsl. Hazosém naommuot
YIAKOBKOU TAaKYIO, IJIe KaXJasg TOYKA HECYIIEero MPOCTPAHCTBA OKA3bI-
Baetrcsa nokpuita. [lnoTHas ynakoBka Bcerga ONTUMAJILHA.

Herpynuo nposepuTsh, 9T0o mocae adpGuHHOrO mpeobpasoBanus ¢pu-
rypa u e€ ymakoBKa MEPEeXOAIT TaKxke B (pUI'ypy W YIAKOBKY IJIsA IO-
caegnen. K Tomy xe caydan Gurypsl HENOMHOM Pa3sMEpHOCTH (TO eCThb
MEHbIIEeH, 9eM Pa3MEePHOCTh HECYLIero NPOCTPAHCTBA), JErKO CBECTU K
CJy9alo MOJHOU pasMepHocTu (cM., Hampumep, [1]).

MosToMmy nepen TeM, Kak YTO-TUO0 MPEANPUHUMATE, MBI UMEEM IIPa-
BO mpuBecTu GUTYPy B YCIOBUU K BUAY «POraTOrO IIapany:

Ilpocmuvim wapom pazMeprHocTn 1 > () HA30BEM MHOXKECTBO

{veE" | o] <1).

Poeamuiii wap — 0-durypa, cCOCTOAIIAA U3 TPOCTOrO MIAPA U EIIE KAKNX-
aub0 BeKTOPOB (p0208).

Brarogaps usectHOn (CM., HampuMmep, [1]) ¢BA3M Mex 1y ymakoBKa-
MU ¥ COBEPIIEHHBIMU KOJAMHA C PACCTOAHUEM 3, MOXKHO TOKA3ATh CIELy-
IOIIYIO TEOPEMY.
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Byaem maswiBaThk urypy F C E" peeyasaprnot TOrma m TOTHLKO TO-
ra, KOTa BBINOJHEH HAOOD yCJIOBUN:

1) |F| umeer Bug 2™, m € Z>q;
2) Her raxoro & C F, uro |S|=|F|-2>0m ) gv=0"

Teopema 1. Ecau dasa dueypbr cywecmeyem naommas ynaxoska,
ama gueypa peayaapua.

PeryasaprocTs — adpUHHO-UHBAPUAHTHOE CBOUCTBO (PUIYPHI, 8 BTO-
pOe yCIoBUE U3 ONpereJeHNsa PeryJIapHOCTYA MOXKHO 3allUCATHL NHAYE:

(2") |F| = 2, mubo Her Takux u,v € F,9T0 U AV U » w=u+wv.

weF

OkasbIBaeTCs, 9TO NPU (PUKCUPOBAHHOM HHUCJE POTCOB U JOCTATOIHO
GOMBIIION PA3MEPHOCTH YCIOBUE PEryIAPHOCTY OyIeT JOCTATOYHBIM.

Kinacc Bcex poraTeix mapoB, ©MeomuX poBHO k poros, Oyaem 060-
3Ha4aTh By .

Teopema 2. Jasa mobozo k € Zxo muoxncecmso By codepaucum
AUULDL KOHEUHOE UUCAO PERYAAPHLIT PUu2yp, HE UMEOUUT NAOMHOY AlU-
Hetinotli ynaxosku. B wacmmocmu, mownocmu 8cer maxus Guayp mensb-
we 22" H2k=2

[l MOUCKa OMTUMANBHBIX, HO HE TIOTHLIX JUHENHBIX YIAKOBOK TTPU-
COQUTCS CACAYIOMAA Mapa OAU3KUX O CMBICAY MOHATUU, XapaKTEePU3y-
IOIIUX OJU30CTH (PUTYPHI K PErYIAPHOCTH.

Bymnem roeoputh, uro ¢urypa F C E" wumeer @opmaavro-
peayaaproe donoanenue 0o pasmepnocmu m € ZLsq, ecmn |F| < 27,
u He cymectsyer Takoro S C F, uro [§|=2" -2>0m ) v =0".

Bynmem roeoputs, uto durypa F C E" umeer peeyasapnoe donoa-
nenue do pasmeprnocmu m € Zxq, ecmn F C R C E" nua HekoTOpon
peryaspuon R momuocTu 2™,

3amerum, 4TO PUrypa, UMEIOIIAS PEryAAPHOE TOMOJHEHUE OO Pa3-
MEPHOCTH M, UMEET TakKke (POPMAIBHO-PEryJAPHOE AOMOJIHEHUE 10
STOHU Pa3MEPHOCTH, IPUIEM 008 dTU CBOUCTBA a(pPUHHO-UHBAPUAHTHEL.

Jlunennas 3agada ONTUMANBHON YIAKOBKYU OYEHbH €CTECTBEHHO CBO-
IUTCA K JUHEUHOU 3a0a4€ MIOTHOU YMAKOBKMU, UYTO MPUHOCUT CICIYIO-
WUy pe3yabTaT (BEPHBIM KAK [/ PEryJsApPHBIX, TAK U 411 (POPMAIBLHO-
PEryJIApHBIX JOTOJIHEHUN):

Teopema 3. I[lycmb d — pazmepnocms oONMUMAALHOT AUHETHOT
ynaxosxu pueyptt F C E*. Ecau F wne umeem (Popmaabno-) peayiap-
no20 donoanenus do pazmeprocmu [logs | F|T, mo d < n—log, |F|]1 -1,
unaue d < n—[log, | F||. das amoboeo k € Z >y dan écex snemenmos By,
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KPOME KOHEUHO20 UT UUCAG, YKA3AHHbIE HEPABEHCTNBA NPEBPAULGIOMCA 6
MOUHbIE PABEHCMEA.

3aMeTuM, UYTO B TeopeMax 2 U 3 pedb UAET B HEKOTOPOM CMBICIE 00
OJIHOM ¥ TOM K€ MHOXECTBE UCKIIoUeHnN. Kak Mbl YBUAUM [IAJBINIE, IJI1
HU3KUX PA3MEPHOCTEN 3TO MHOXKECTBO MYyCTO.

Teopema 4. B meopemaz 2 u 3 mHoHcecmao uckaouenut e moavko
Koneuno, Ho u nycmo npu k =0,1,2.

Cnegcrue. ITycmv gueypa F C E" sasasemca wapom ¢ odnum
po2om: h. [Lromnas ynaxosra gueypur F cywecmeyem mo2da u moavko
moeda, Koeda 8bINOAHEN HAOOP YCA0BUTL:

1) n umeem sud 2™ — 2,m € Z>g;
2) [h #n— 1, b #n -2

CaegcrBue. ITycmv dueypa F C E" asasemcesa wapom ¢ d8yms
poeamu: w, v. Ilnomnas ynaxosxa dueypur F cywecmsyem moezda u
moavko mozada, K020a 8uinoaHeH HAOOP YCA08U:

1) n umeem sud 2™ — 3, m € Z>g;
2) Ju<n—1,|v]<n-—1
3) Jut+v|£n—1,|lu+v|#£n-—2.

Coucok JauTepaTypsl
1. Cohen G., Litsyn S., Vardy A., Gilles Zémor Tilings of binary
spaces // SIAM Journal on Discrete Mathematics. — 1996. — V. 9,
i. 3. — P. 393-412.

O IU3AWHAX CHEIIMAJLHOIO BUIA
HA IIOJIMHOXKECTBAX BYJIEBA KYBA

T. A. Yp6auosuu (Mocksa)

Cucmemoti Imetinepa S(t, k,v) naswiBaerca napa (V, B), rone V —
MPOU3BOIBHOE U-2TEMEHTHOE MHOKECTRO (Ha3BIBAeMOe HocuTenem), B C
2V — mHabop k->IeMEHTHBIX OJIMHOKECTB MHOKeCTBa V (Ha3hIBAEMBIX
GIOKAMHU), ¥ BEITIOJIHEHO YCJIOBHE, UTO A JI0O0T0 t-3IeMEHTHOrO TO/I-
MHOXKEeCTBa MHOXKeCTBa V CyIIecTByeT eJMHCTBEHHOe MHOXKEeCTBO u3 B,
coJep:Kaliee ero.
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S(t,k,v) cucremur MlTennepa (Vi, By) u (V2, B2) HAa3BIBAIOTCA U430-
MOPPHBLMU, €CIU CYIIeCTBYET Oueknusa Mexay Vi u Vo, nepesogsamasn By
B BQ.

3adukcupyeM 3HAYMEHW napamMeTpoB t, k u v caegyomuM o6pa3oM:
t =2 k=4uv = 4" rge h — npom3BoibHOE HATYPAIBLHOE HHCIO.
B xauectBe mHOXecTBa V OymeMm paccMaTpuBaTh MPOU3BOJLHOE MOJ-
MHOX€eCTBO N-MepHOro OyneBa Kyba Fi'.

Byaem ropoputs, uto S(2,4,4") cucrema Mreinepa (V, B) o6aada-
em ceoticmeom (x), ecau BemoTHEHO yeaopue: Vb € B+ Y v = 0.

PaccmoTpuMm creyiomyio 3agady: Tpefyerca ommcaTh Bug 47-
DIEMEHTHHIX MHOXKECTB V' (ABJIAIOIIAXCSA MO IMHOKECTBAME OYJIEBHIX KY-
60B), 11 KoTopeix cymectByer B C 2V Takoe, uto (V, B) — cucTema
[Mrenrepa S(2,4,4") co croiicTBoM (*).

Teopema 1. ITycmv (V,B) — cucmema IImeiinepa S(2,4,4")
co csoticmeom (%), mozda das awbozo V', noayuatowezocs usz V negwi-
poscdennpin afdunbim npeobpazosanuen, cywecmeyem B' C 2V ma-
xoe, umo (V', B') — cucmema [metinepa S(2,4,4") co ceoticmeom (x).

Teopema 2. ITycms |V| = 4" u adPunnviii pane V pasen 2h, mo-
2da cywecmeyem B C 2V maxoe, umo (V,B) — cucmena Imeiinepa
S(2,4,4") co ceoticmeom (x).

Teopema 3. ITycmy |V| = 16 u cywecmeyem B C 2V maxoe, umo

(V,B) — cucmema IMmeiinepa S(2,4,4") co ceoticmeom (x), mozda
MmHOHCECMB0 V aPPunno 5K6168aLEHMHO 0OHOMY U3 MPET MHOHCECTNE:

<61,€2,€3,€4> )

el €2 e1 + ez
€3 €4 €3 + €4
0 es e; +e;3 e1 +e3+e; ,

e + es e1+e+es e +eqstes
ext+es+es ext+es+ey eq4 +es

e1 e2 e1 + ez

es ey es + ey

0 €5 €g €5 =+ €g s

e +es+es extestesteg ert+extes3testeg
e +e4+eg extestestes e +extestes+teg

20e e; — MPOU3BOALHBIE AUHETIHO HE3ABUCUMBIE EKMOPA 6 OYALE0M KY-
oe.
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Taxum 06pasoMm, TeopeMa 3 TPeACTaBAAeT co60ou adpPUHHYIO KIac-
cucukauuio cucrem llrennepa S(2,4,16), obiaagamomux CBORCTBOM ().

IlpuseneM aBe PEKyPPEHTHBLIC KOHCTPYKIUH, HO3BOJAKIINE YBEIU-
YUBATHL MOLIHOCTH HOCUTENA, C COXPAHEHUEM CBOUCTB CYLIECTBOBAHUA
i He cymecTBoBaHus cucteM IllTelHepa ¢ TaHHBIM HOCUTEEM U CBOU-
CTBOM (*).

Teopema 4. ITycmv (V,B) — cucmema Imeiinepa S(2,4,4")
co csoticmeom (%), moeda das V', umerowezo 6ud

0 1 0

Vo :

0 1 0

0 1 1
v :

r_ 0 1 1

V= 10 0
1% :

1 0 0

1 0 1

v o o

1 0 1

cywecmeyem B' C 2V maxoe, umo (V',B"Y — cucmema IImeiinepa

S(2,4,4") co ceoticmeom (x).
Teopema 5. I[Tycmb daa V ne cywecmsyem muoxcecmsea B makoeo,
umo (V, B) — cucmema IMImetinepa S(2,4,4") co ceoticmeom (¥), u 'V
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ne codepacum nabopa u3 écex edunuy. Toeda das V', umernwezo 6ud

e 0 1
v :
e 0 1
e 1 0
v :
1 _ e 1 0
Vi=| e 01 |
Vo
e 0 1
e 1 0
A A
e 1 0
2de e — sexmop, cocmoawutdi u3 écexr edunuy, ne cywecmeyem B’ C
2V makozo, umo (V',B") — cucmenma Imeiinepa S(2,4,4") co ceoii-
cmeom (x).

Teopema 6. Ecau 6 ycaosuar meopem 4 u 5 muosncecmeo V aA844-
emea Hocumenem cnexkmpa naamosudnots Gynxyuu, mo muoxcecmeso V'
Max He UM ABAAEMCA.

Cnucok JuTepaTyphbl
1. Colbourn C., Dinitz J. Handbook of combinatorial designs. Second
Edition. — Chapman and Hall/CRC, 2006.

CYIMECTBEHHASA 3ABUCUMOCTb BEHT-OYHKITUN
KACAMM OT IPOU3BEJAEHUMA IIEPEMEHHBIX

A. A. ®ponosa (HoBocubupck)

Paccmorpum xoneunoe none GF(2") kak BEKTOPHOE IPOCTPAHCTBO
pasmeproctu n Hag GF(2). Ha noae onpegeasiercs Gpyskuus caed ciae-
OyOmuM 00pa3oM

tr(B) =B+ B8 +B" +...+5” |, Be GF2").
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Jliobass GyneBa (GYHKIUSA OT 71 MEPEMEHHBIX TPENCTABIAETCI KaK
dyukuus us GF(2") B GF(2) ¢ noMorsio caena:

2" —1

FB) =tr( Y a;p’), rae a; € GF(2").

=0

dyukuns, 3aransas Bepaxenuem f(3) = tr(A\3*), naspBaerca mo-
nomuaabnol. Bewm-pynkyued HA3BIBAETCA MAKCHMAIBLHO HEJMHENHASA
OyJ1eBa QYyHKIWA OT YETHOIO YUCIA IEePeMeHHBIX (cM. mogpobwee [1]).

Byaepa dynxmua oT n nepemensbix (n wernoe) suga f(B) = tr(AB)
Ha3LIBaeTCA Oyaeeoli Pynxyuet Kacamu, ecmm k = 22 — 29 4 1, rae
HOA(n,d) =1, 0 < d < n. Byaesa ¢pyuxnua Kacamu sBasercs Gent-
dynxumed, eciu A He mpuHAITEXUT MHOKecTBY {V2 1y € GF(2")} [2].

IIpouseodnas no manpasaenuw a € GF(2") Gynresou Gyukuuu f
onpegenserca kak D, f(8) = f(B) + f(B + a). O603uauum qepes deg( f)
crenens nonmuuoMa ZKerankuna pyuxnun f.

Teopema 1. ITycmv f — byaesa Pynkyus Kacamu om n nepemen-
noix (n wemnoe, n > 8), cmenenv Pynxyuu deg(f) = t. Toeda cnpased-
AUBLL CACOYIOUWUE YMBEPHCOEHUA:

(i) npu 4 <t <n/2, npouzsodnas D,, ...D,, ,f(B) mosxdecmesen-
HO He PABHA HYAK0 044 NPOUBBOADHBIL AUNHETHO HE3ABUCUMBIT BEKMOPOE
ai,...,ai—3 € GF(2").

(i7) npu 4 < t < (n+ 3)/3, npoussodnas D, ...D,, ,f(B) mo-
HCOCCTNBENHO HE PABHA NYA0 044 NPOU3EOALHBIT AUNETHO HEZABUCUMBIL
BEKMOPOB a1, . ..,a;—2 € GF(2").

Beenem crenyromee noustue.

ByneBy pyHKIMIO HA30BEM k- CYwecme enno 3a6UCuMoti, €CIu 1Jd T~
60ro Mpou3BeIeHUA U3 k PA3IUIHBIX MEepEeMEeHHBIX B moaunome ZKerai-
KuHA (PyHKIUKM HAWAETCA MOHOM, COMEPKAIINE ATO npouseenenue. Hau-
Goablee YUCIo k, 1A KOTOPOro (PYyHKIUA ABIACTCA k-CyIIECTBEHHO 3a-
BUCHMOU, HA30BEM NOPAJKOM CYIIECTBEHHOHN 3aBUCUMOCTY (DYHKIIMM.

Teopema 2. IIycmv f — byaesa Pynkyus Kacamu om n nepemen-
noix (n wemnoe, n > 8), cmenenv Pywxyuu deg(f) = t. Toeda cnpased-
AUBBL CALOYIOUUE YMBEPHCIEHUA:

(i) npu 4 < t < n/2, gynkyua f asasemea (t — 3)-cywecmsenno
3a6UCUMOT.

(ii) npud <t < (n+3)/3, pynxyus f asasemes (t—2)-cyuecmeenmno
306UCUMOT.

Ilo pesyapTaTaM HEMOCPEICTBEHHOT'O UCCIENOBAHUA OEHT-(DYHKIUN
Kacamu oT Manoro 4mcia nepeMeHHBIX U TEOPEMBI 2 MOXKHO IIPEINON0-
XKWUTh, YTO MOPALOK JAHHBEIX (DYHKIINN paBeH t— 2 npu cTeneHn QyHKIun
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pasuon ¢t (¢ > 4). B ganbHenmeM WHTEPECHO UCCACIOBATH, KAK MOXKET
U3MEHUTHCA TOPAJIOK CYIIECTBEHHOU 3aBUCUMOCTH (DYHKIUU TON Aeu-
cTBUEM Ha Hee apPUHHOrO MpPeobpPa3OBAHU.

Pa6ora Beimosnnena npu noggepxke rpanta PODU (npoext 11-01-
00997).

Cnucok JuTepaTyphbl
1. Toxapesa H. H. Henunennsie 6yneBsl pyukumn: GeHT-QyHKIUA 1
ux 0606menus. — Uagarenscrso LAP LAMBERT Academic Publishing
(Saarbrucken, Germany), 2011. — ISBN: 978-3-8433-0904-2.
2. Langevin P., Leander G. Monomial bent function and Stickel-
berger’s theorem // Finite Fields and Their Applications. — 2008. —
V. 14. — P. 727-742.
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B. A. 3amapaes T'mnoresa Jlosuna maa mogkaaccoB kKaacca rpados
oes K1,3 ...............................................................
O. B. 3axapoBa CummeTpuyecKkyue IUHEUHBIE MPOCTPAHCTBA ABY-
IOJMBHBIX TPAMOB . oottt ettt ettt e e e
M. A. Vopgauckun N36RITOTHOCTD KOHCTPYKTHUBHBIX OMUCAHUN T'a-
MUIBTOHOBBIX IIAHAPHBIX TPAMOB .. ve ittt e it ettt
M. A. Ucaes Acumnrormieckas GpOPMyIa JIA YUCAA SATEPOBLIX OPHA-
eHTauui B rpadax ¢ GOILIION AIreOpamdecKOn CBA3HOCTBIO ............
N. B. Kozaos O6 ogHOM airopuTMe pPeeHus 33,129 MUHIMAILHOIO
K-DaBDe3A ..
B. II. Kopxuk Koneunrle noas n 1-xpoMaTuieckoe IUCIO OPUEHTH-
PYEMBIX ABYMEPHBIX MOBEPXHOCTEIL .« . .t v oveeeeetee et et aeeeanenennn
C. A. JlaBpendenko CHoexTp XpOMATHIECKUX UHUCET CIMHAIBHBIX
KBAIPAHTYJIANAU 3AMKHYTOW HOBEPXHOCTH .« .ot vetattneeenneennnn,
A. M. Maromegos O peGepHou packpacke ABYIOILHOrO rpada .. ...
. C. MaabiuieB Pacmmpsmoomume onepaTopbl IPUMEHATEILHO K 3a-
JA9Y€ O HE3ABUCHMOM MHOMXKECTBE .. ..veenttte ettt nieee ettt nneennis
[A.B. MokeeB CTpyKTypHBIE U CIOXHOCTHBIE XaPAKTEPUCTUKYA KEHU-
TOBBIX T'PA(POB OTHOCUATEABHO 3-TLYTEM . .t veenttententnteneanentnnn
B. U. Ilerpenmok, A. fI. Ilerpentok CBonuctsa rpad0B MUHUMAIb-
HBIX 6A3MCOB MPOEKTUABHOU TIOCKOCTH T TOPA .« vvvveeeaaneannnnnnn
. A. Ilerpeniok, A. f. Ilerpenok Ilepeduncienne Hem3zomMopdHBIX
KyOm9eCKuX PasaokeHu TPAda K10 .o ovvvrir it
C. B. CaBuenko /[lauHHBIE OMKIBI B CUIBHO CBA3HBIX TYPHUPAX MO-
PAAKA N U THAMETPA @ ..ottt et et et e e e
M. ®@. Cemenmora, 2K. T. YepuoycoBa HexkoTopsre Tuns rpagdos,
JNOIYCKAIOMINE AUCTAHIUOHHYIO MATMIECKYIO PABMETKY . ....vvounnennn. ..
N. II. Yyxpos O kpuTepuax MUHEMAILHOCTU KOMILIEKCOB TDAHEH B
EMUHMYTHOM KYO@ ..ottt
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Ceknusa

«MaTemMmaTu4deckasa TeopHus
MHTENIEKTYAJIbHBIX CHUCTEM»

II. T'. AranamBuiu O BOCCTAHOBJIGHUN U300PAXKEHUU TO KOJaM B
HEKOTOPBIX BBIPOK JEHHBIX CIYIAMX .+ et e tvvttateeentteeateeaneeenns
O. B. AaTounos, B. C. Py6ines CpaBHUTEILHBIM aHAIA3 3AMPOCHBIX
TexHomorun Aaa cxeM 6a3 gaHEbix CYBI DIM ......................
M. A. Ba6unos 3ajava NOUCKA TOYKM, MOMAJAMOMEA B IOJYILIOC-
200 Y s S PP
A. C. Beccanos, A. II. Pexos Paspa6orka u uccregoBaxue cep-
BHUCa PEKOMEHJAIUU B MOOMILHOM KOMMEDIHU HA OCHOBE AICOPUTMA
LN o) )
A. B. Tl'anarenko, . H. Emennsauos, A. E. Jle6egeB O6 o6ocHo-
BaHUU AITOPUTMOB CTATUCTUIECKOIO aHAIM3A B CUCTEMAX aKTUBHOI'O
01 7 o Y P
. . Tl'acanos PacmmdpoBka JIUHEMHBLIX QYHKOIAA PaHKAPO-
13- 422 €; (PP
. 3. T'acanos, 3. A. Husaszosa Pacmudposka apudmerniecknx
CYMM MAJOT0 YUCAA MOHOTOHHBIX KOHBIOHKITATL ...\ venrint e
II. C. deprau AxaropurTMmyeckas Pa3pemmMOCTb Npo6aeMbl auada-
BUTHOT'O JEKOTUPOBAHUA B PETYIAPHBIX AZBIKAX .« .t v vvurrennnnnenennn..
I'. B. KanayeB MuHuMusanus cpeJjHero BpeMeHN IBIXKEHUA B TPAHC-
0] 0 (03 % BN eTcL . N
M. A. Kubkano 06 aBTOMATHOU CIOXHOCTH HEKOTOPHIX KIACCOB
TT0CTA GYAEBBIX MYHKIIAM . . e eev et tnte et et et ettt e e et ee s
K. . KocTenko Penykunma o6JaacTen 3aBUCAMOCTH AJ1A A6CTPAKTHBIX
MPOIECCOB B TMPOCTPAHCTBAX BHAHUIM - .« o« veoevette it aaneieaee e,
A. A. JleryHoBckuu IIuKIOBBEIE MHIEKCHI U 3aJa4a BBIPA3UMOCTHU
aBTOMATOB OTHOCUTEIBHO CYNEPIO3UINA 63 OOPATHOU CBA3UA ... .......
T. C. JIymuaukoBa O6 04HOM aarOpuTMe PEIICHUsA 3a4a4U O IPOTHI-
KAHIITL .« .o vott ittt e e ettt et e e e e e e e e
T'. A. Maxuna, K. B. Bopornuos O BOCCTaHOBIEHUU YaCTUIHO 3a-
NAHHBIX MOHOTOHHBIX OyJEBLIX (DYHKIIUU 10 KPUTEPHUIO TMOJHOTO CKOIh-
BAMIET0 KOHTPOMA . .t v e ettt et ettt e ettt et ettt e e et e e e e
. B. ITapxomenko I'mcrorpammvuas ¢hyHKONA aBTOMATAa M CBA3AH-
HBIE C HEIO KIACCHL ABBIKOB ..ottt tntteenttte e iee ettt
E. M. Ilepunep O croXHOCTH HOKCKA MOACJIOBA B CIOBE C IOMOIIBIO
OPEBOBUIHBIX TPAMOB ¢ttt ettt ettt te ettt et eee et eeens
O. A. IlerpoBa Cna603aMKHYTBIE KIACCHL OyA€BbIX PYHKOHAA ... .. ...
A. A. Tletromko 06 acMMOTOTUYECKUX OLEHKAX AJAA OUIPAMMHBIX
535 52403 - T P
A. A. Ilnernes Pemenne fuHaAMUIECKON 3a0a9K IOMCKA UACHTHIHLIX
OOBEKTOB . . ottt t ittt e et e et e et e e e e e e
B. C. Py6aes 06 ssomronun cxem 6a3 ganabix CYBI DIM ..........
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A. O. PuikoB O6 amropuTMax IpPOBEPKU NPABUILHOCTH CEMENCTB
07467 46 PP
T. ®. CaBuuna OO6 0ZHOM TOYHOM ONMCAHUYM MHOXKECTBA NOMYCTU-
MBIX MICXOJOB UTPHI C OTHOIIEHUAMHY IPEJNOITEHNs Ha OCHOBE ITOJHOTHI
CEMEHCTBA TOMOMOPMHIBMOB . ..o\ttt eete ittt it e et et e ettt
E. A. Cemenos Iloaxoa k ynpaBIeHHIO IPOTPAMMON MHCTPYKIAAMEA
HA PYCCKOM FIBBIKE . . ..ttt ettt st ettt e et e et a et et a s
E. E. TuroBa Koucrpymposaume gBMXYIUXCA 00BEKTOB KJIETOIHBI-
MIZ ABTOMATAMYL .« .« e ettt et ettt et e et ettt e e e et e e e e
A. A. Yacosckux O moanoTe B KIacCe TUHEXHO-ABTOMATHBIX (ByHK-
U C OMEPATAAMEA CYTEPTIOBAIIMI . . « v o v veeee ettt aeaee e ee e

Cexkusa
«IuckpeTHas reoMmeTpu»

A. 5s1. Beasakos Pa3zioxeHne CIy4anHOrO0 TEH30pa 3aJaHHOI'O TEH-
sopmoro panra mag moaem GF(2) ... ... i
M. O. KosaneB O cymecTBOBaHUU BOCCTAHABIMBAIOUIETO HAMPsKe-
20 (P
Od. O. Maros Csoncrsa K1acCoB ahPUHHON 3KBUBAJEHTHOCTU T'€0-
METPUIECKUX 0OPA30B ABTOHOMHBIX ABTOMATOB .. ..vnvvnnennnnnnnnn..
E. 1. CrenanoBa CyGoraomernue [llTennepa crenernu 4 eBKIUI0BOR
(0 Yo 20 Y s
B. . Cy660ornn O cuMMeTPUYHBIX MHOTOIPAHHUKAX C HECHMMe-
TPUTHBIMEA TPAHAMI .« .« ottt eeete ettt et et et e e et e a e e e e
E. A. Tumodgeer Henapamerpuueckme ONEHKM DHTPONUU U PACCTO-
SHUA MEKTY CTPOKAMIL .ttt etee ettt e et et ettt et e e et ens

Cexkusa

«Teopusa xoxupoBaHusa
M MaTeMaTUu4YeCKNe BOIIPOCHI

TEOPUU 3AIMUTHI NHPOPMAIIUN»

A. JI. TaBpuarok, C. B. IN'opssuaoB O coBepiIeHHBIX 2-paCKpacKax
rpadoB [KOHCOHA J(U,3) o\ttt
T. B. I'anubyc, I'. B. MarBeeB O COBEpUIEHHOCTU MOZAYJIAPHBIX
CXEM PABIEAEHIUT CEKPEOTA . . .vovee ettt et et e e e et
JI. I1. 2Knnenosa, 1. M. MapTeiHoB OG6 3HTPOINZ MHOXECTBA J€-
PEBBEB BHIBOAA B pasaoxumon croxacrumieckon KC-rpammaruxe, mve-
1700010 (c17 8839 SCH 1 (23 (06 % ¢ JRAU U
. C. Kporos, B. H. IToranos Ilocrpoenue Tpausutusabix M IP-
KOJIOB Ha OCHOBE IV3APATBHOUM TDPYIIIIBL . .t vevntttntent et neeennnnnns
B. K. Jleoutses, I'. JI. MoBcucsau, A. A. Ocunaa Marpudnsie
KAHAIBL CBABIL .« . . . e ot vett ettt et e e et e e et et e e e
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M. C. Jlo6anos IlorydueHune HMXHUX OLEHOK Ha HEIUHEMHOCTD Oy.Ie-
BoU YHKIUM YePe3 Pa3MEPHOCTH HEKOTOPBIX NOAIPOCTPAHCTB .. ... ...
10. C. MegBegeBa DBrictpas Hymepanus 5IEMEHTOB I'DacCMa-
0 221 ¢
A. B. Henacas, I'. JI. Kosuna 6 uCnoas30BaHAN TUIEPIIINITH-
Y€CKUX KPUBBIX HAJ KOHEYHBIMU BEKTODHBIMUM HOMAMI ... ..oennnn....
P. P. Omapos O paccTOAHMAX OT KIACCA MAKCUMAILHO-HEINHEMHBIX
GYHKIUET 10 HEKOTOPOTO KIACCA OYIEBBIX MYHKIIAM « .. vovvee e ...
M. A. Oygoekuua O mnepmose TNOCICAOBATEILHOCTUA COCTOAHUU
mmdpeueremsr RC4 ..o
II. H. Crip6y O pekypcusHo auddepeHuupyeMbix GUHAPHBIX KBA3W-
0078 ..€2 P
10. B. TapauuukoB O 0yuieBbix (HPYHKIUAX U3 MEPECEICHUA HECKOIb-
KZX CHEHMUATBHBIX KIACCOB . .. .ee ettt eat et it e ae e e eee e
P. N. TarapusnoB O HEKOTOPHIX yIAKOBKAX B OyI€BOM Ky06e .........
T. A. Yp6auosuuy O amsalHax COENMATLHOTO BUAA HA MOAMHOXKEC-
TBAX OYIEBA KYOQ . . vttt ettt ettt e e
A. A. ®pososa Cymectsenras 3aBucuMocTs GenT-dynxnm Kacamu
OT TPOUBBEAEHUN MEPEMEHHBIX . ..ottt tttetatt e etent et aeee s

Croucok IIEHApPpHBIX NOKJIaAOB, IIPOYMTAHHBIX Ha CeMHUHape
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