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I'maBa 1

byieBbl hyHKIIUN, 3aMKHYThIE
KJIACCHI

§1.1 Teopema Ilocta

Jeknusa k 1

OCHOBHOI TEBI0 JAHHOTO PAa3/1e/1a sIBJISETCS JTOKA3aTeThCTBO TeopeMbl [1o-
cra (1920 r.) 0 KOHEYHOIT TOPOKICHHOCTH BCSIKOTO 3AMKHYTOrO KJacca OyJie-
BBIX (DYHKITHIA.

BBesiem ob6o3naveHns 1 HAIOMHUAM H3BECTHDLIE OTIPEICTCHHUS.

Honoxum E = {0,1}. Ilyers f™ : E® — E — orobpaxKenue, TOr/a
f™ (2, ..., 2,) — n-mecmuas 6yresa dynwyus (nam Pynryus aseebpui Ao-
2uKU), T1,..., T, — uepemMennbie 3roii dyukmun, a f (mwmm npocro f) —
dyHKIMOHAIBHBIN cuMBOJI. [loguepkHeM, 9TO Kak MPaBUIO, TMOJ OyJIeBOi
dbyHKIMEH TOHUMAETCs He TPOCTO OTOOpaskKeHHue, HO W YIOPI0YCHHBINR Ha-
6op nmepemeHHbIX. Uepes Py 00BIYHO 0003HAYAETCS MHOXKECTBO BCeX OYJIEBBIX
dbyukuumit, a gepes Po(n) — MHO)KECTBO Beex OyJieBbiX yHKIuUiT o1 1 hukcu-
POBAHHBIX TIEPEMEHHBIX (CaMU IepeMeHHbIe YKa3bIBAIOTCS TOJHKO B CJIydae
HEOOXOIUMOCTH ).

Hamnee 6yaem cYUTATD, 9TO UMEETCHA CIETHOE MHOXKECTBO X NEePEeMEHHBIX,
CKarKeM, MHOKECTBO

{C(Zl,l'g,..., Y1,Y2,.-., Z1,22,..., Up,U2y..., V1,V2,..., wl,wg,...}.
HepeMeHHaﬂ I; Ha3blBaeTCA CymﬁCWLG@HHOﬁ 14 (bYHKLLHI/I f(l’l, Ce ,In)7
€CJin cymecrByer Ha60p (Oél, BN 6 77 I 6 7T [ Ozn) 3HaYEHUN OCTaJIbHbBIX IIe-

PEMEHHBIX, IIPpHU KOTOPOM H3MEHCHHNE 3Ha4YeHUAg HepeMeHHOﬁ T; NIPpUBOIUT K



U3MEHEHWIO 3HAYEHUs] (PYHKITUN:

f(Oél, Ce ,Oéi,1,0706i+1, Ce ,Oén) # f(C(l, NG 7 1,CY,L'+17 Ce ,Oén).

Ecyin ke Habopa ¢ TaKuM CBOHCTBOM HE CYIIIECTBYET, TO IepeMeHHas T; Ha-
3BIBAETCA HECYULLCMEEHHOT WIH GUKMUEHOT.

Vaopazxkuenne 1. JlokazaTh, 9T0 w3 (HYHKINN, CYIIECTBEHHO 3aBUCSIIEH OT N
IIePEeMEeHHbIX, IIYTeM IIOJACTAHOBKY HEKOTOPOH KOHCTAHTbl BMECTO HEKOTOPOH
[EPEMEHHON MOXKHO MOJIYYUTDH (DYHKIIHIO, CYIIECTBEHHO 3aBUCATIILYIO OT 1 — 1
EePEMEHHOMN.

Crocobw1 3amanng OyaeBbIX (DYHKITHI:

1. TTepeuncnenne 3navennii (Tabsnia).

[IpuBesem npumep 3aanus Tabauned ciaeayomux OYHKIMA OT IBYX Ie-
peMeHHBIX: e1(r,y) — CeleKTOpHOM (bYHKIMHU JJisi TEePBOTO apryMeHTa I,
0 — nByxmecTHOIl KoHCTAaHTH 0, £&Y — KOHDBIOHKIHNA, T V 4 — JIH3BIOHK-
[AH, & — Y — AMILUIEKAIHAN, & B Y — CYMMBI 10 MOAYII0 2 (HCKJIIOYAOIIEro
NJIN), x ~ y — SKBUBAJEHTHOCTH (CYETUYMKA YETHOCTH), T | y — Irrpuxa
[Mledbdepa, x | y — crpenku [lupca.

vlyller,y) 0P [ a&ylzvylz—ylody|lo~y|la|ylzly
010 0 0 0 0 1 0 1 1 1
01 0 0 0 1 1 1 0 1 0
110 1 0 0 1 0 1 0 1 0
111 1 0 1 1 1 0 1 0 0

2. Onucaresbubiii (paGoraer 3hdHeKTUBHO, HO MOXKeT ObITh HCIOJIb30BAH
TOJBKO B PEJKUX CJIyUasix).

[Ipumep — dynknus or 100 nepemMennbIxX, KOTOpasg paBHa €JIUHUIE TO-
IJla ¥ TOJIBKO TOTJIa, KOTJIa YHCJIO IMepPeMEHHbIX, MPUHUMAIONUX €JIMHIYHOe
3HaUYeHue, JIEJIUTCI HA 9.

3. ©®opmyira.

NuagykTuBHO omnpenenuM moHsTHe dopMyasl. [lycTs mano MHOXKeCTBO
nepeMeHHbIX X M MHOYKeCTBO (DYHKIHOHAIBHBIX CHMBOJIOB (KOHEYHOE WU

n n
cuernoe) A = {fl( 1), ce f,g k), ...}, a TaKzKe CJeyoNue IPaBuIIa:
1. Tlepemennble u3 MHOKecTBa X — TpUBHAIbHbIE (GOPMYJIBI').
2. Ecmm xaxkpas w3 3amuceit @4,...,P,. saBiasgerca ambO CHUMBO-

JIOM IIepeMeHHOM, b0 dopMyaoii, TO GOPMYJIOil dBIdeTCd U 3alUCh

Fr @y, D).

1) IIpu sTom hopMasIbHO OCTaeTCsi OTKPHITHIM BOTIPOC O TOM, ABJIAETCS TN TPHBHATbHA
dopmyna (nepemennasi) dbopmyioi.




Terepb MOYKHO ONIPENETUTD HOPMYAY HAOD MHOHCECMEOM NEpeMmerHbLr X
U MHOHCECTNEOM PYHKUUOHANDHDLT CUME0A06 A = {fl(nl), . ,f,gn’“), ...} Kak
CJI0BO U3 (PYHKIIMOHATIBHBIX CHMBOJIOB, CHMBOJIOB IIEpEMEHHBIX, CKOOOK M 3a-
IATHIX, KOTOPOE MOYKHO MOJYYUTH MO YKA3aHHBIM MPaBHUJIAM 33 KOHEYHOE
9HUCJI0 TMArOB.

Q@opmysibl OyjieM 0003HAYATH, KaK TTPABUIO, OOJIBITUMHU TPEYECKUMU Oy K-
BaMU, HHOI/IA YKa3bIBas BCe CUMBOJIBL IEPEMEHHBIX, KOTOPbIe BXOAAT B (Op-
myny: ® = ®(xq,...,2,).

dopmyna BrIa fi("i)((I)l, ..., ®,,), B KoTOpPO#i P1,..., P, — MEpeMeHHBDIE,
HA3BIBAETCA npocmediwet.

Hodpopmyaoti naraol HOPMYJIBI HAZBIBAETCS JII000E MOACI0BO 3T0M (Hop-
MYJIbI, SIBJISIFOIIEECS, B CBOIO O4epe b, (DOPMYJI0ii.

NuaykTuBro onpeaeauM noustue 2aybuns, D(P) dopmynbr ®. Iast Tpu-
BuasbHo# dopmyasr ¢ momaraem D(P®) = 0, ans upocreiinieit GopMybl
® nomaraem D(®) = 1. Hanee, mag dopmynsr ¢, umerontuit Bumx ¢ =
(@, ... ®,.), monaraem D(®) = 1 + max (D(®,), ..., D(®,,)).

[Tpoussosibhoit dhopmyie $(zq,...,T,) u Besakomy Habopy (aq,...,ap)
3HAYEHHH TMEePEeMEHHBIX I1,...,T, ECTECTBEHHBIM 00pa30M MOXKHO COIIOCTa-
BuTh 3Hauenne P(ay, ..., a,) € E. Tem cambim bopmyie $(zq, ..., x,) como-
cTaBiisgeTcst HeKoTopas OyseBa dyukiws f(xy,...,z,). B a1oM ciydae ToBo-
pat, ato pynryus f(xy, ..., x,) peasusyemea gopmyaot O(zy, ..., z,).

Vupaxkraenue 2. PeanusoBars byHkmo x | y dopmysioi Haz cucremoit {x |
y} C UCIIOJb30BaHUEM MUWHUMAJIBHO BO3MOXKHOI'O YUCJIA beHKI_[I/IOHaJIbHBIX
CHUMBOJIOB.

Urak, Mbl HOpaKTHYECKH OLPEIEJUIN OIEPAIUID  CYnepnosuyuu. k-
au  byukuust  f(z1,...,x,) peanusyercss HeTPUBHATIHHONH  opmytoii
O(xq,...,2,) HaH cucteMoil byHKIMA A, TO TOBOPAT, YTO OHA NOAYUE-
na onepayuel cynepnosuyuy u3 GYHKIMHA cacreMbl A.

Ha wmuoxkecrBe OyjieBblX (DYHKIUH OlpejgeuM enie OJHy ollepa-
U0 — ONEPAyU0 66edeHusA PurmusHoti nepemennot, KoTopas MpPOU3BOJIb-

uyto byukmuio f(xy,...,z,) orobpaxkaer B GyHKIUIO ¢(T1,..., Ty, Tni1),
33JaBaeMyl0 Ha HPOU3BOJNBHOM HaGope (qv,...,Q,, 0,11) PABEHCTBOM
glag,...;an,an11) = flag,. .., ap).

[Iycte A C Py. Bamvikanuem MHOKecTBA A (OTHOCHTENBHO OTepaluii cy-
MEPIO3UINY U BBeJIeHUsI (DUKTUBHON MEePEMEHHOI) HA3BIBAETCS MHOXKECTBO
[A] Bcex Takux OysieBbIxX DYHKIMIA, KOTOPHIE MOI'YT OBITH IOy YeHbl 13 DYHK-
Uil MHOZKECTBa A NPU TOMOIIH OMePAIil CYyepno3unuu U BBeIeHUs (puk-
TUBHOW NEepeMeHHO!.

CaoiicTBa oneparopa 3aMblKaHUS:




1. A C [A] (9KCTEHCUBHOCTD ).

2. Eciim A C B, 10 [A] C [B] (MOHOTOHHOCTB ).

3. [[A]] = [A] (uaeMIoTeHTHOCTD ).

Ecom mia MuoxkecTBa OyJ1eBBIX (bYHKIIH A BBITOTHSIETCST pABEHCTBO A =
[A], TO TakKOe MHOZKECTBO HA3BIBAIOT 3AMKHYMbLM MHoHcecmeom (DyHKIIA)
W 3AMKEHYMBLM KAGCCOM, 8 HHOTJAA U TPOCTO KAUCCOM.

Eciu ping muoxkecTB A n F' 6yneBbIX (DYHKIMI BBIIOJTHAETCS PABEHCTBO
[A] = F, o rosopat, uto cucrema A noana B F.

BaMKHYTHIH K1ace F' HA3BIBAETCSA KOHEUHONOPOHCIeHHbM (AMEIOTIINM KO-
HeYHBIH 6a3uc), ecjau cymecrByer cucreMa MyHKIWMHA A, yaoBIeTBOPSIONAs
yeaosusiv: [A] = F, |A] < oo.

DYHKIUE Pa6Hbl, €CJIM Y HIX COBHAAIOT MHOYKECTBA IIEPEMEHHBIX, OT KO-
TOPBIX OHHM 3aBUCAT CYIIECTBEHHO, ¥ Ha KayKJIOM HAabOpe ITHUX II€peMEeHHBIX
hYHKIMH TPHUHAMAIOT OJMHAKOBBIE 3HAUCHMUS.

DopMyJIbl IKEUBAAEHMHYL, €CJIU OHU PEAJU3YIOT PaBHbIE (DYHKITHH.

Hacko/1bKO NPUHIUIIHAIBLHO, CKAYXKEM, JI/Is JI0KA3aTe/IbCTBA TeopeMbl [10-
cra 1noj| PyHKIHEH MoHUMATh OjHY (DYHKIIUIO WM KJIACC SKBUBAJICHTHOCTH
paBHBIX (DYHKIMH, MOMYYAIOIIUXCH APYr U3 JApYyra IyTeM JI00aBIeHUs WU
U3bATUS (PUKTUBHBIX [MEPEMEHHBIX !

O6o3HaunM depex [A]. MHOKECTBO BCex Takux OyJieBbiX dyHKIHUil, KOTO-
pble MOrYyT OBITH TTOJIyYeHbl U3 (hYyHKIHHA MHOXKECTBA, A NPH TOMOIIHU ONepa-
nuii cynepnosuiiuu. Eeiu Jitss MHOYKecTBa (DYHKINH F' BBITIOJTHIETCS PaBeH-
crBo [F]. = F, 1o MHO)KecTBO F' HasbiBaercs: kiraccom [locra.

OueBuino, uto paBencTBo [F| = F Bieder 3a coboit pasenctso [F|. = F.
O6patHoe, BoOOIIE IOBOPsi, HEBEPHO:

{1 (@)}]e = (1 (@)} # {1D(@),1P(@),...} = [{1D(@)}].

Vnpaxaenne 3. Jlokazarh, 9To cyimecTByeT 17 KjaccoB F', yaoB/IeTBOPSIO-
X YCJIOBUAM:

[Fle=F, [F]#F

Tenepnb npebaBUM HEKOTOPBIE MOJHBIE B P cucreMbl dyHKimuil. B cury
Pa3J0KEHAI IO NEePEMEHHON

flxe, ..o xn) = f(zr, .o 201, 00T, V f(21, .y g, Dy

CIIpaBe/JINBO paBEeHCTBO

{zy,zVy, T} = P,

13 KOTOPOTO, B CBOIO OYepeb, JIEIKO MOJIYyYal0TCs paBeHCTBA

Py =[{zy,z} =[{zVyzH =[{z |y} =[{z L y}] = {zy, 2 @y, 1}].



[Tocstenusist oJiHas cucTeMa HasbiBaeTcsa basucom MKezanrkuwa. V3 mpoms-
BOJIbHOM bopMmyJibl HaJ Oazucom zKerajJkuHa IyTeM PACKPBITUS CKOOOK H
IpUBEJIEHUs MOJO0HBIX CJIAaraeMbIX MOJIyaeTcs MOJUHOM HaJ mojeMm Zs. Ha-
MOMHUM, YTO Y KaxKaoi OyaeBoit (DyHKIIMM POBHO OJMH TaKO# MOJHMHOM, U
9TO TOJIMHOM Ha3bIBACTCH NOAUHOMOM XK e2aikuna.

Vipaxuenne 4. 13 momuunoma ZKeragkuna crenenn (MakCHMAaIbHOE YHCIIO
IEePEMEHHBIX B OJHOM cjaaraeMoM) k (k > 3) myTeM OTOXKIECTBIICHUS Iepe-
MEHHBIX MOYKHO MOJYy4YUTh nojuHOM 2Kerajikuna cremenu posHo k — 1.

1.1.1 IIpuHIIUO JBOIICTBEHHOCTH

[lycrs  f(xq,...,7,) — upousBoJibHast OyseBa dyHkuus. PyHKiuUs
f(@1,...,@,), obosmagaemasi o6bIaHO [f*(Z1,...,T,), Ha3biBaeTcs 060U-
cmeennol (k) dynwyuu f(x1,...,2,).

[Ipunnun asoiicrBennoctu: Ecom B mpousBosbHOil (popmysie @, peanu-
3ytomieit OyyeBy dyHKIUIO f, 3aMeHUTH Bce (PYHKIMOHATIbHBIE CHMBOJIBI
Ha (PYHKIMOHATBHBIE CHUMBOJBI JABOHCTBEHHBIX (DYHKIUN, TO MOJIYJIUBIIASI-
cs1 popmysta @’ Gyer peanuszoBbiBaTh MYHKIUO f*.

B kauecTBe mpumepa NpuMeHEHUs ITPUHITUIE, JIBOMCTBEHHOCTH PacCMOT-
pUM 3a7ady O HaXOXKJEeHUW IOJHBIX cHcTeM B Kiaccax Top m Ty, tme T;
(1 = 0,1) — kyracc Beex OyJieBbIX (bYHKIHil, IPUHAMAIONIAX HAa HAOOpe U3
BCEX 3HAUYEHHH ¢ Tak:Ke 3Hadenue i. Jlerko mousars, uro Ty = [{zy, x & y},

Tak Kak rmosimHoM ZKerankuHa 11000t dyHKImN n3 Kaacca 1y uMeeT HYJ1€BOM
CcBOOOHBIHN WieH, a J1I000# TAKOi MOJUHOM MOZXKET OBbITH peajn30BaH HaJl CH-
cremoii byuknuii [{zy, xr@y}|. Teneps, mo NpUHIKIY ABOHCTBEHHOCTH, TBOi-
CTBeHHBIH K Kaaccy Ty Kiaacce T mopoxKgaeTcs pyHKIUIMHA, TBORCTBEHHBIMI
K DyHKIWMAM Ty 1 x By, T.e. cnpaBeyiuBo paserctso Ty = [{z V y,x ~ y}].

1.1.2 Kuaaccer pyukimii, cogepkariue KoHCTaHTBI 0 m 1

lIpuBenem nmpuMepsl TAKUX KJIACCOB W UX CBOUCTB.
I. Knace L nuneitHbIX hYyHKITHIA.

Oynkuus f(z1,...,%,) apasercs aunetnot (r.e. f € L) Torga u TOJIBKO
TOr/a, KOrJia CyIliecTByeT Habop (ao, ai, ... ,an) U3 HYJICH W eJUHUI, TAKON
9TO CPaBeInBO PABEHCTBO f(X1,...,T,) = ag D a121 B ... D apxy,.

CsoiicTBa KJacca L:

1.0, ,z,5,x®dy € L; zy,xVyé¢lL.
2. [L] = L.
3. {zady, 1} = L.



4. JTiobas nuueiinas pyHKIUS OT N TEPEMEHHBIX, OTJIUYHAS OT KOHCTaH-
THI, IPUHEMAET 3Hadenne 1 ma 2"~ ! mabope.

5. Ecomm?) fr ¢ L, To maiinerca takag Gyuknus g(z,y), 9T0 BHINOTHIIOT-
ca yenosust: g(x,y) ¢ L, g(z,y) € [{0, fr}] (T.e. u3 Hemuneitnoit dbyHkunm
1 KOHCTAHTHI () MOXKHO MOJIy9YUTh HEJIUHEHHYIO (DYHKIUIO OT ABYX IT€PEMEH-
HBIX).

> Boigenum B nomaome zKerankuna byHKIuE fr HEJIMHEHHYIO 9aCcThb, a
B Heil — caraeMoe HauMeHblIeil Juubl (crenenn). Tenepb s MOTYYeHHsT
nCcKOMOit pyHKIuU g(z,y) TOCTATOUHO BMECTO TEPBO MEPEeMEHHOi 13 9TOrO
CJIAraeMOTO TO/ICTABUTH X, BMECTO JIPYTUX MEPEMEHHBIX U3 ITOTO CJAraeMOro
MOJICTABUTH ¥, & BMECTO BCEX OCTAJIBHBIX ITePEMeHHBIX — KOHCTaHTy 0. [

6. (JIemma o memuueiinoit dbyukiuu.) Ecau f ¢ L, to xy € [{0,Z, f}]
(T. e. u3 HeTMHEHHOM DYHKIMI, OTPUIAHIS U KOHCTAHTHI () MOYKHO MOJIYIUTh
KOH'BIOHKIIUIO JIBYX TT€PEMEHHBIX ).

> [lo mpeapiayinemMy ¢BORCTBY U3 HeJHHEHHOW (DyHKIME f7, 1 KOHCTAHTHI
0 MOXKHO IMOJYYHTb HeJuHeHHYI (YHKIMIO OT JABYX HepeMeHHBIX ¢(T,y),
nosimnom ZKerajiknna KoTopoit umeer Bug ry dax Hby B, tie (a,b, ¢) € E3.
Eciun a = 1, To moAcTaBUB BMECTO Yy OTPHIAHEUE 3TOH mepementoi y @ 1,
IOy IuM o TuHOM 2y B by D bd c. Tenepn, ecotm b = 1, noacrasus @ 1 BMecTo
x, nojyauM nojiuaomM xy B b & c. g nosyuenne KOHBIOHKIMU OCTAJI0Ch B
caydae BBITTOJTHEHUS PABEHCTBA b @ ¢ = 1 B3gTh OTPUIAHWE MOy IUBIIEHCs
dyHKIUN. 0

7. Bemmonngercsa pasencrso |L(n)| = 2" tae L(n) = LN Pa(n).

8. dymukiuonanpuoe (otHocurennuo f) ypasmenue [{f}] = L me
perenuii.

nmMeer

Vupaxxkuenue 5. /lokasaTh cBOMCTBO 8 Kjacca JUHERHBIX DYHKIIHIA.

IT. Kiaccwt K n D (KOHBIOHKITUI U TU3BIOHKIAI COOTBETCTBEHHO).

Oyukuus f(xy,...,x,) apagercs konsonkyued (T.e. f € K) rorma u
TOJILKO TOTJIA, KOTJA CYIecTByeT Habop (ag, a1, . . ., a,) U3 HYJIEH U €JIUHHAI,
TAKOH 9ITO CHPAaBETUBO PABEHCTBO f(T1,...,%,) = ap(ar V x1) ... (a, V x,).

Oynukuusa f(xy,...,x,) aBisercsa dussionkyued (T.e. f € D) Torma u
TOJIBKO TOTJIA, KOTJa CyIecTByeT Habop (ag, a1, . .., a,) U3 HyJIel U e uHuI,
TAKON YTO CHPABETUBO PABEHCTBO [(T1,...,T,) = agV a1y V ...V ayTy,.

CroiictBa kjaccos K u D:

1.0,1,z,2y, € K; T,2dy,xVy ¢ K. 0,1,x,2Vy, € D; T,xdy,zy ¢ K.
2. [K]|=K; [D]=D.

2) Baech n masee Gymem 9acTo MCTOIL30BATH OOO3HATeHNe BUAA fr Jaa (DYHKINH, He
NpuHAIeKaIei Kiaaccy F.



3. {0, 1,zy}| = K; [{0,1,zVy}]=D.

4. BEcin f € K u {xy,...,7,} — MHOXKECTBO BCeX MEPEMEHHbIX, OT KO-
TOPBIX (DYHKIMA [ 3aBUCHT CYIIECTBEHHO, TO f = X1...ZT,; ecan [ € D u
{x1,..., T, } — MHOXKECTBO BCEX MEPEMEHHBIX, OT KOTOPHIX (hbyHKINs [ 3aBHU-
CUT CYIECTBEHHO, TO [ =x1 V...V Ty,.

I1I. Knacce M moHOTOHHBIX (DyHKIHI.

Ha mHOkKecTBe Bcex HaOOPOB n-MepHOro eauuudHoro (6ysiesa) Kyba E™
BBEJIEM YACTUUIHBIA TMOPSJIOK «=<» cJeayiomuM obpasoM: (aq,...,a,) <
(B1, ..., Bn) TOTOA U TOJBLKO KOT/IA 71 BCEX ¢ = 1, ..., N BBIMOJHSIIOTCS HEPa-
BeHCTBA ; < (3;. Habopwr & u B HA3bIBAIOTCS CPAGHUMBLMU, €CJN BHITIOJIHS-
eTcsa XoTd OBl OOHO M3 OTHOIMCHUH (v < ﬁ~ WA ﬁ~ < @. Ecim un ogno u3 aTux
JIBYX OTHOIIEHUII He BBIIOTHACTCS, TO TaKue HAOOPHI HA3BIBAIOTCI HECPAGHU-
MBLMU.

Oyukuusa f(xy,...,r,) dBasercs monomonnoti (T.e. f € M) Torma u
TOJILKO TOIJIA, KOIJIA Jjisi JIOOBIX JBYX HAOOPOB (v, ..., ) u ([, ..., [By) co-
orHomenune (v, ..., a,) <X (B1,. .., On) BAeder HepaBeHcTBO f(q, ..., qp) <
f(ﬁly s 76”)

CsoiicTBa KJacca M:

1.0,1,z,zy,zVye M; ZT,xPy,xz—>y¢ M.
2. [M] =M.
3. Ecom f(xq,...,2,) € M, 10 cipaBeJINBO pa3ioKeHue

flzr, .o xn) = flxy, .o, 20-1,0) V f(21, ..oy o1, L)Xy,

4. [{0,1,zy,xz Vy}] = M.

5. Ecm fe M, f£0,1, 10 f € [{zy,zVy}]

> DTo yTBep:K/IeHne JIerKo YCTaHABIMBaeTCA MHIYKIUel 110 YUCIy 1 IIe-
pPeMeHHBIX, OT KOTOPBIX (bYHKIMS f 3aBHCHT cyllecTBeHHO. Daza HHIyK-

mun (n = 1) oueBmana. [lepexos mHAYKIMH 0OOCHOBAH PA3JIOKEHHEM W3
CBOICTBAa 3 MOHOTOHHBIX (DYHKIUH — [I0CTATOYHO TOJBKO 3aMETHTh, UTO
f('rlu"wxnfbo)iélﬂf('rlw"?mnfl?l);éo' u

6. K CM; DcCM.
7. (Jlemma o memonorounoit dbyuxrmuu.) Ecmu fiy ¢ M, 10T € [{0,1, far}]
(T. €. U3 HEMOHOTOHHON (DYHKIMK U KOHCTAHT MOZKHO IIOJIy9UTh OTPUIAHHUE).
> Jlng wemonorouHoit dyakuuu fu(z1,...,x,) Haifigyrca asa HabOpa
= (aq,...,ap) 1 B = (B1,...,0,) n3 E™, ynoBIeTBOPSIONIHE YCIOBHSIM:
< B, fla) =1, f(B) =0. Jna i = 1,...,n upu BHIIOJHEHUH PaBEHCTBA
a; = B; B dyakumio fy(xy,...,x,) BMECTO MEPEMEHHON T; MOJICTABAM KOH-
CTAHTY (v;, 4 IPU BLIIOJHEHUHM HEPABEHCTBA «; < [; — IEPEeMEHHYIO X, TeM
CaMbIM TOJIYYUM (PYHKIHIO T. 0

O O



8. Ecum fK7fD €M, fK ¢ K, fD ¢ D,roxVy € [{LfKH? Ty € [{07 fD}]

> Tak kak fp € M, fp ¢ D, 1o fp ¢ 0,1,2,7. CregoBareabHo byHK-
s [ CYIIeCTBEHHO 3aBHCHT He MeHee, 4eM OT IBYX ImepeMmeeHbX. llycTh
Z1,...,T, — BCE epeMeHHbIe, OT KOTOPLIX (DYHKIHS f 3aBUCUT CYIIECTBEH-
HO.

Tak kak fp € M, fp ¢ D, To cymecrByer Habop & € E™, B KOTOPOM POB-
HO OJTHA eJMHUIA U Ha KOTOpoM (pyHKIHA obpairaerca B 0. Bes orpannyuenus

obmroctu 6yaem cautarh, 9to fp(1,0,...,0) = 0.
@yuknug [ 3aBUCAT OT MNEpPeMeHHOi x; cymecTBenHo. IlosTomy
maiigercs uabop (fa,...,0n), s KOTOPOIO BBILIOJIHSIETCS  YCJIOBHE

fo(0,Ba, ..., Bn) # fp(1,B2,...,0,). B cuay monoToHHOCTH bYHKIMHT
fp umeem: fp(0,Ba,...,08,) =0, fp(1,B2,...,0,) = 1.

Kpowme toro, (fs,...,0,) # (0,...,0), tak xak fp(1,0,...,0) = 0. Be3s
OorpaHUYeHHsT OOIHOCTH OYJIeM CUUTATh, UYTO

(Boy.. ., Bn) =(1,...,1,0,...,0).

Torma
fD(a:?yv"'ay)Ov""O) :g(flf,y) = 2y.
—
k
g Toro, 4To0bl yCTAHOBUTL NMPHUHA/JIEZKHOCTH (DYHKIUH X V Y KJIACCY

{1, fx}], mOCTATOYHO IPUMEHUTH IPUHIIAI JBOHCTBEHHOCTH. O
9. BplnoyiHAIOTCS HEPABEHCTBA

C”LLH/QJ CTLL”I/QJ

Y

2 < |M(n)| <n

rae M(n) = M N Py(n).
Yupaxxuenne 6. JlokasaTb cBOHCTBO 9 Kilacca MOHOTOHHBIX (DYHKIIHIA.

Teopema 1. [Iycmv F C Py, F = [F], {0,1} C F. Tozda natidemcsa cucme-
ma Pynkuyut A, ydosaemsoparwan yeaosuam: [Al = F, |A] < co.

Jloxazamesvemeo. OTIeIBHO PACCMOTPUM HECKOJBKO CJIYYaEB.
Cnyuait 1°: I M.
Torma B k1acce F' naitnercs semonoronnas pyuknus fy,. [lpumenss mem-
My 0 HeMOHOTOHHO# byukiuu, noaydaem: T € [{0,1, far}] C F.
Coyuait 1.1°: FF ¢ L.
Torga B kmacce F Haiinercs nenuneiinas dyukmus fr. [Ipumenss nemmy
o HenuHeitnoit dyuknuu, noaygaem: xy € [{0,Z, fr}] C F.



Takuwm ob6paszom, {xy, T} C F. TTostomy

F =P =[{0,1, far, fr}.

Coyuait 1.2°: F' C L.
Chyuqait 1.2.1°: B xytacce F' ecTb (DyHKIHS, CYIECTBEHHO 3aBUCSIIIAS
HE MeHee 9eM OT ABYX IepEMEHHbIX.
Torma =L =[{0,1,z @ y}].
Cayuait 1.2.2°: B knacce F' HeT GpyHKIHUi, CyIeCTBEHHO 3aBUCSIINAX HE
MeHee 4eM OT JIBYX IepeMeHHBIX.
Torma F' = {0,1,z,7} = U.
Cayuyaii 2°: F' C M.
Cayuait 2.1°: FZ K, F € D.

Toryma B kiacce F' maiijiercs monoronnas byHKIua fx, He Jjiexkaias B
kiaacce K u Haiijercd MOHOTOHHas DYHKIUSA fp, He Jekamas B Kiacce D.
Ucnoas3yst cBoitictBO 8 MoHOTOHHBIX hyHKumit, momryuaem: {zxy,x V y} C
[{0,1, fx, fp}] € F. lostomy F'= M = [{0,1, f, fp}].

Chyaait 2.2°: FC K, FF ¢ D.
Torma F'= K = [{0,1, zy}].
Coyuait 2.3°: F € K, F C D.
Torma FF =D = [{0,1,z V y}].
Ciyuait 2.4°: F C K, FFC D.
Torpa mubo F' = C = [{0,1}], mubo F = MU = [{0,1,z}]. O

Ha pucynke 1 nmokazana guarpaMma BJIOXKEHOCTH 3aMKHYTBIX KJIACCOB OY-
JeBbIX (DYHKIW, comepzKamux 06 KOHCTAHTHI (€C/IH JIBa KJIacca COeIMHEHBI
pebpOM, TO HUZKHUIT COJIEPAKUTCS B BEPXHEM).

QPs

Jleknua ke 2
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1.1.3 Kuaaccer pyHKOMii, cojiepKamniue KOHCTaHTy 1 u He
coaepxkaliume KOHCTaHTy 0

Cragajia JJoKaykeM JieMMy, KOTOpasl B JajbHeleM O0yaer MHOTOKPATHO HC-
IIOJIb30BaThCs. JdaauM elf cuenuaJbHOe Ha3BaHHEe — JIeMMa 4.

Jlemma 1 (nemmva Z). Ilyemv A C Py, xVy € [A], f € [AU{0}], g < f,
g € [A]. Toeda f € [A].

Hoxazamenvemeso. Tak xax f(z1,...,2,) € [AU{0}], To naitnercs dbopmya
O(xq,...,2,,y) HAL cucremoit A, takas aro dopmyna P(zq,...,x,,0) HAT
cucremoii AU {0} peannsyer dyunknnto f(z1,...,x,).

[Iyctb dbopmyna V(zy, ..., x,) peanmusyer byHKIHO (X1, ..., Ty).

Pacemorpum dbopmyay W(zy, ..., x,) V ®(xq, ..., 2., V(21,...,2,)) HAZ
cucremoii A. Tlokaxkem, 4ro peajsusyemas 31oit  (opmysioi  (yHKIms
h(z1,...,x,) ectb byaknus f(zy,...,x,).

1°. Ecm g(&) = 1, 1o h(a) =1 u f(a) = 1.

2°. Ecm g(&) = 0, to h(a) = f(a). O

Bynesa dyuknus f(xy,...,,) ydossemeopsem ycaosuro 0°°, ecnn st
HekoToporo ¢, 1 < ¢ < n, HA Bcex Habopax 3HAYEHUH IMepeMEeHHBIX BBITIOJIHSI-
ercst HepaBeHCTBO f(T1,...,T,) > x;.

Ompenenum knace O KaK MHOXKECTBO BceX OYIeBBIX (DYHKINH, yIOBIE-
TBOPLIOMNX yCJI0BUIO 0°°.

CroiicTBa Kjacca O:

1. L,z Vy,z -y € 0% 0,zy¢ O
2. [0O>®] = 0.
3. {z = y}] = O=.
> [IpoBepuM BBITIOJTHEHHE YCJIOBHI JIEMMBI /:
A= [{r = y};
eVy=(z—y)—yc 4]
ecan [ € O 1o f > x 1j1s1 HEKOTOPOIl TepeMenHoit z, u x = zVr € [A];
fel{0,z =y} =P (tak kak =V y € [{0,2 — y}], T=ax — 0).
Crenosaresbio, 0 temmMe Z umeeM: [ € [{x — y}]. O
Beejiem BazkHbIe JiJist JaiiHefero usjioxenus pyHKIuu:

w(z,y,2) =z Vyz,
dy(xy,...,2p) = \/ rixj, p=2,3,...

1<i<j<p

CpoiicTBa GyHKIUil W U d)p:

11



l.w,dye M, we 0%, d, ¢ O.
2. Ecmn f € MO® = MNO*®, f#1, 10 f € {w}] (re. dyuxius w
nopozxaaer Kiaace M N O N Ty).

> Ilo memme Z. O

3. Bem fx € M\ K, fp € M\ D, row € [{1, fx, fp}]-

> ITo memme Z. O

4. Ecm p > 3, to w € [{1,d,}] (crenyer us csoiictsa 3); ecau p > 3, T0
w € [{dp}] (cneayer us npencrasienns z V yz = d,(y, 2, x, ..., T)).

5. CrnpaBe I THBO PaBEHCTBO

dpr1(21, . 2p1) = pr1 (1 V..V x,) Vdp(T, ..., 2p).

[TosTomy, B wacTHOCTH,

dpt1(x1, ..., 2p,0) = dy(x1,. .., 2p),

dpt1(1, .. xp, 1) =21V ...V T

6. dpr1 € [{w,d,}] (caeayer u3 cBoiicrsa 5 u Braodenus xVy € [{xVyz}]).
7. meeT MecTO IeNOYKa BKIIOYEHHUH

wic ... CH{w dp}] CHw dp}] € ... C [{w, do}].
8. BuinoaHsaioTcs cOOTHOIIEHU

dp ¢ [{wadp+1}], p=23,...

Vupazxkraernue 7. Jlokasars cBoiictBo 8. ( Vkazanue: 10Ka3arh, 4T0 Opu p > 2
dynkuun w u dpyq npunagiexar, a Gynkuug d, He IPUHAJICKUT 3aMKHY-
Tomy kjaaccy OP Bcex OyseBbiX (DyHKIHI, yIOBIETBOPSIONHX ycaouio 0P
(bynknua ynomerBopsier yciopuio 0P TOraa W TOJBKO TOT/A, KOTJA Y JIHO-
OBIX p HADOPOB, HA KOTOPLIX (PYHKIUA obparaercd B 0, ecTb 00Ias HysieBast
KOMIIOHEHTA). )

3ameuanme 1. I3 cBoiicTB 7 u 8 ciaeayer, 9To ceMeicTBO 3aMKHY THIX KJIacC-
coB OyJsIeBbIX (DYHKIIMH OECKOHEYHO.

JL1s pon3BOILHOM MOHOTOHHOMR (DYHKITUK BBEJIEM MHOXKECTBO (DYHKITUH,
KOTOpbI€ MOJIy4alOTCsd U3 TOH (DYHKIUU IyTeM OTOXKJIECTBJIEHUS JIIOObIX
JIBYX nepeMenubix. Jlajum crporue onpejesieHus.

Mycrb f(z1,...,2,) € M, i # 7, 1 <i,j < n. [ogoxum

f;(l‘l, e ,.’L‘n) = f(ﬂj’l, Ce ,Ij,l,ﬂji,qurl, Ce ,.an).
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CroiicrBa dyuknmii f JZ

Lfie{fNcM

2. Berm f ¢ {0,1}, o f; ¢ {0,1}

3. Ipu x; = 0 umeem f; < f, mosromy f; < fV x;.
lpu z; = 1 nmeem f; > f, mosromy f; > fu;.
Ilpn z; = 0 umeem f; > f, nostomy f < fiV ;.
Ilpn z; = 1 nveem f; < f, nostomy [ > fix;.

Teneps yist MOHOTOHHOH DyHKIUU f (X1, . . ., Ty) OT N MIEPEMEHHBIX, 1 > 2,
TTOJIOZKUM

A a(f(zy, . mn) ={f] [ 1<i<n, 1<j<n, i#j}

Jlemma 2 (ocuosuas). ITyemo f(xq,...,2,) € M, n > 2. Tozda

fellw, dn} UA,1(f)]:

Hoxasamenvcmeo. Ecm f = 0 wm f = 1, To yTBepkKIeHNE JIEMMBbI CIIpa-
BeJ/MBO BBUY papenctsa ff = f. Ecm f € 0%\ {1}, to f € [{w}]. Hamee
OyeM cauTaTh, 9TO BYHKIHUS f OTIUIHA OT KOHCTAHTHI U HE JIEXKUT B KJIACCe
O. TlpoBesemM UHIYKIUIO O YHUCJIYy N MEPEMEHHBIX, OT KOTOPBIX (DYHKITHST
f 3aBuUCHT cyIecTBEHHO.

Baza waaykmnun: n = 2. EanncrBenHoit MoHoTOHOW dyHKIIMEil He DoJiee
YeM OT JIBYX HEPEMEHHBIX, OTJIUIHON OT KOHCTAHTHI U He JiexKaleil B Kiacce
O, sBasercs dyukuus xy = do(z,y).

[lepexon maaykmuu, n > 3. Tak xkak f € M \ O, to byuknusa f Ha
JIT00OM Habope, cojiepzKallieM POBHO OJHY eJWHUILY, HIpuHuMaeT 3HadeHue (.

B passoxxenunn

f(xla"'axn) :f('Ila"'7In—171)xnvf($1a"'73371—170)

obozuauum f(xq,...,2,-1,0) = g(x1,...,2,1). Tak KAk f > gu f ¢ O,
T0 g ¢ O (unave 6o GyHKIHM f He MEHbIe KAKOH-TO CBOEH mepeMeHHoil ).
[To upennosnoxennio unaykuuu g € [{w,d,—1} U A,_o(g)], nae

Apo(g(z1,. . xn 1)) = {g; = f;(arl,...mn_l,()) |[1<i,j<n-—1,1i#j}

Caenosaresbro, 1 GyHKIUA §(X1, . .., Ty 1) CYIECTBYET PEANU3YIOIIAs ee
dbopwyma I' wax cucremoit {w,d,1} U{gj |1<i,5 <n—1,i+#j}.
[TocmegoBaTeIbHO B COOTBETCTBUM € IIAraMU MHJLYKTHBHOIO MOCTPOEHUS
dopmyasl mpeobpasyem popmyay I' B dopmyay H:
— maru Buga w(Vy, Uy, U3) He usmensiem;
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— mar Buga d,_1(Vq,..., ¥V, 1) 3amensiem Ha mar d,(Vy,..., ¥, 1, 2,);

— IIar BUIA g;'-(\lfl, ..., U, 1) 3aMeH"AEM Ha IIar f]’f(\Ill, U T,

[Iycts mocrpoennas dpopmyra H peanusyer dynkmuio h(xy, ..., x,). I1a
bYHKIUS 0071a1aeT CAeIYIONNMI CBONCTBAMM:

1) he{w dn} U A1 (f)],

2) h(z,...,2y-1,0) =g(x1,...,2n1) = f(x1,...,20_1,0),

3) h(0,...,0,1) = f(0,...,0,1) = g(0,...,0) =0.

Pasenctso h(0,...,0,1) = 0 cmemyer u3 Toro dakra, 4ro Ha HAGOPE
(0,...,0,1) mpu mocrpoernn dbopmyasl H Ha KayKIOM IMare apryMeHTaMn
odepeHoi 1m0a(OPMYJIbl ABISIOTCA TOJABKO HYJIH U He Oojiee OJHON eIuHH-
el. Oyukius f #a a000M HAOOPe ¢ OHON enununeit pasra 0, a GyHkIHsS g
He IIPEBOCXOAUT (PYHKIHIO f.

[Tomoxxum

o(xy, .. xn) =h(z, .. ) V(21 VooV Ty )Xy,
[Tokazkem, 4TO

o(xy, .. oyxn) =g(x, .. xp1) V(T VooV Xy )Ty,

Ecim x, = 0, TO cupaBe/InBOCTh PABEHCTBA BHITEKACT HEIIOCPEICTBEHHO
u3 onpejesenus QyHKiuu A.

Ha wma6ope (0,...,0,1) ycranosiaensl pasencrea h(0,...,0,1) =
g(0,...,0)=0.

Ecm ke x, = 1uz; V...V 2,1 = 1, To 0be 9acTu T0OKA3BIBAEMOI'O
COOTHOIIEHUST ODOPAIIAIOTCS B €/IMHUILY.

Hakomnern, moJsioxxum

Az, .. mn) = @ é, .. .,f;‘_17:1:n).

Jlns 3aBepimenHns TOKA3aTEJIHCTBA OCHOBHON JIEMMBI OCTAJI0Ch TPUMEHUTH
JleMmy 7. JleficTBUTEIBHO,

vy € [{w}] C{w, dn}UA ()], fel{w 0}, Ae[{w djUAn ()]

Ucnonb3ys mepasenctsa fi < fV z; u flz, < f, yCTAHOBAM HeJOCTAIONIEE
coornomenue A < f:

My, ..z =g(fh V(v v e, <
<g(fVvay,...,fVa,_1)Vf=Ff

[TocieiHee PABEHCTBO OTJIEJILHO MpoBepercs s ciaydaes f = 0 (Hcnosb3y-
ercst HepasencTso f > g) u f = 1. O
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g monorownoit  dyukmuu  f(z1,...,2,) TOMAMO YykKe OIpeje-
JeHHoro MHOoxkectBa A, 1(f) ToCIeIOBATENBHO BBEJEM  MHOMXKECTBA

Ana(f), - Au(f):
A= |J Alg), k=n-2..1

9EAk+1(f)

OrmernM, uro MHOXKecTBa Ag(g) W3 MpaBoil YacTH PaBEHCTBA ONPEIETIEHbI,
TaK Kak y dbyuknuit g w3 muoxkectsa Ayyq(f) posuo k + 1 nepemernmast.

Takum obpazom, Ag(f) — muHO)KecTBO Beex dbyukmmit g(x;,, ..., x;, ), T0-
Jydaromuxcsa u3 GyHKIun [ OTOKJICCTBACHUEM HMEPEMEHHBIX Uy KOTOPbHIX
BCE TIePEMEHHBIE T;; Pa3THIHbI.

g mororsl kKapruubl nonoxum A, (f) = {f}.

Od9eBHIHO, YTO BBIOJHSAIOTCS BKIOYEHUST

[A1 ()] € [A2()] € ... € [Auaa ()] € [An(f)]-

[Iycts remepb f(z1,...,x,) € M\ O, f # 0. Torga y dyukuuu [ He
MeHee IBYX CyIIeCTBEHHBIX MepeMeHHbIX. 11omoKum

Fr=J{geM(f)|g¢ 0™ g,c0® 1<ij<k i#j}.

k=2

Takum obpasom, [Ff — MHO)KecTBO Bcex GyHKIUNE u3 ceMeficTBa
Us—s Ax(f), KoTOpBIE camu He mpuHagTeskaT K1accy O, HO IPH OTOXKIECTB-
JIEHUUN JIIO6BIX ABYX Pa3JIMYHbIX IMMEPEMEHHbIX I10J1Yy4YaeTCd beHK]_H/IH, JlezKa-
mag B kiacce O,

CpoiicTBa MHOMKeCTBa [

1. Beimonngercd coornomrenne Fy # &,

2. Cnpaseguso Briouenune Fr C [{f}].

3. Bepuo nepasenctrso p(f) > 2, rae p(f) — HauMmenblee 9UCIO Cylie-
CTBEHHBIX HepeMeHHbIX y (pyHKIuil 13 MHOXKecBa [y

4. Ecnu g(21, ..., xp) € Fy, 10 g(x1, ..., 2p) = dp(21,. .., 2p).

> Tak kak g ¢ O™, 1o Ha Habopax ¢ ojnHOI exuHUIEell DYHKIUS g TPU-
uuMaet 3uadenue (. [lokaxkeMm, 9TO Ha TPOU3BOIBLHOM HADOpE C JIBYMS €U~
nunaMu (pyHknug ¢ npunumaer 3Hadenue 1. Be3 orpanmvenus: OOIIHOCTH

pacemorpum Habop (1,1,0,...,0). Tak kak gs(x1, 23, ...,2,) € O, To Haii-
neres k, k € {1,3,...,p}, Takoe uro gy(z1,x3,...,T,) > Ty
Ecau k # 1 (mag onpenenerHoctu OyaeM cdutarh, 4to k = 3), 1O

g(0,0,1,0,...,0) = ¢2(0,1,0,...,0) = 1. DT0 TPOTHBOPEYUT TOMY, UTO
dbyukuus g we jexur B Kiaacce O, 3uaqur, k = 1. Torua ¢(1,1,0,...,0) =
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ga(1,0,...,0) = 1. Temepb o0CTaj0Ch BOCIO/JIb30BATHCH MOHOTOHHOCTBLIO
bynkuun g. O
5. CrpaBeytuBo cootHomenue dypy € [{f}].
6. Bepro Brmouenne Ayp)_1(f) € O*.

Jlemma 3. Ilyemo f e M\ O, f#0. Tozda f € [{w,dp)}]

Aoxazamenvemeso. B cuty ocnosuoit siemmst umeeM: f € [{w, d, }UA,_1(f)].
Pacemorpum mpousponbayio dysknnoo g € A,_1. Ecain g € O*, 10 g €
[{w}]. Unage onsiTh mpuMeHsieM OCHOBHYIO JieMMy W T. 1. TakuMm obpasom,
TOJTY IaeM:

f € [{wa dn} U Anfl<f)] - [{wa dm dnfl} U Aan(f)] c...
o CHwidn, - dpn} U Appy—a ()] € [{ws o -

Becs ucnosbzopasocs sriouenue [Ayp_1(f)] € [{w}], cupaseimmsoe BBu-
JIy TOT'O, YTO OTOXKJECTBICHUE MEPEMEHHbBIX Y MOHOTOHHOH (DYHKITHY, OTINY-
HOW OT KOHCTAaHTHBI, HE MOXKeT IIPUBECTU K IMOJYYICHNIO KOHCTAHTHI. ]

Cnencrsue 1. IIycmo f € M\O™, f # 0, p(f) > 3. Toeda [{ f}] = [{dp }]-

Jleknusa k 3

Teopema 2. Ilyemv FF C P, 0 ¢ F, 1 € F, F C M. Toeda natidemca
cucmema gynryul A, ydosaemeoparowas yerosuam: [Al = F, |A] < oc.

Joxasamenavemeo. OTaeNbHO PACCMOTPUM HECKOJIBKO CJIYYaeB.
Cnyuait 1°: FF € K.
Torna B kiacce F' naiinercst dyuknus fix € M\ K.
Cayuait 1.1°: F € D.
Torma B kmacce I mnaiinerca dbyukmus fp € M \ D. Torma w €
{1, i, fo}] C F.
Cayuait 1.1.1°: FF C O*.
Torna I = [{1,w}] = [{1, fx. fp}].
Cayuait 1.1.2°: FF Z O,
Ecmu f € O%, 10 f € [{L,w}]. Ecim f € F\ O™, 10 f € [{1,w,dyp}]
[Tomoxkmm

p(F) = fel;l{gmp(f)-

Obo3nauum vepes f HEKOTOPYIO (DYHKIIHIO, YIOBJIETBOPSIONIYIO YCJIOBHSIM
feF\O®up(f)=p(F). Torma

{1, fx, fo, [} C F C {1, w, dyry}] C {1, fx, fo, f}].

16



[TosTomy R
F=[{Lw,dym} =L fx, fo, f}]-

Coyuait 1.2°: FF C D.
Torma F = [{1,z V y}.
Cayuyaii 2°: F C K.
Coyuait 2.1°: F € D.
Torma F' = [{1, zy}].
Coyuait 2.2°: FF C D.
Torma aubo F' = {1}, mubo F = {1,x}. O

CraencrBue 2. Cnucox 8CeT 3aMERYMBLT KAACCO8 MOHOMOHHWT PyHKyul,
ne codepotcauyur O u codeporcaujur 1:

{1} AL}, {1 2yd], {1 2 V] [{Lwi] = MO™, {1 w, dp}] (p=2,3,..).

Jlemma 4. Ecau fr, ¢ L, mo natidemea maxas gynxyua h(x,y), wmo ol
noanstomes yeaosua: h(x,y) ¢ L, h(z,y) € {1, fr}]

Jlokasameavemso. Bocnosb3yeMcst noka3aHHbIM paHee (akTom (cBoiicTBo 4
KJ1acca JIMHEHbIX QyHKIuii), ¢hopMyTMPOBAHHBIM OTHOCHTEIBHO (DYHKIUN
f1, npoitcrBennoit k dyukmun fi, (byuknus f; Tak:ke Oymer HesmHeHA): ec-
v f7 ¢ L, o Haiinercst trakas GyHKIH ¢(x, Y), 9TO BBITOJHAIOTCSA YCJIOBHUS:
9(z,y) & L, g(z,y) € {0, f7}].

B cuny npuHnuna IBOWCTBEHHOCTH B KadecTBe ucKoMoit dbyumun h(z,y)
MOKHO B3siTh yHKIMIO ¢ (T, 7). O

Obozuaunm qepe3 T kaace OysieBbIX (DYHKINH, COXPAHSIIONIX KOHCTAHTY
1, 1. e. kacc Beex (PYHKIMIA, TPUHUMAIONINX 3HAYEHUE 1 B Cydae, KOTjia BCe
nepeMeHHbIe IPUHUMAIOT 3HaUYeHue 1.

CsoiicTBa Kiacca 1;:

1. Lay,aVy,o —yeTy; 0,cdy ¢ 1.

2. [Tl] - Tl-
3. {z = y,zy}] =Th.
> [lo nmemme Z. O

Jlemma 5 (o nopoxkaennn nmmaukamnun). Feau fyy € Ty \ M, fr € Ty \ L,
mo x — y € [{1, far, fr}].

loxasamenvemeo. lna wemonoronno#t dbywkmmm fu (a1, ..., z,) HaiigyTesa
aBa Habopa & = (ai,...,a,) 1 3 = (B1,...,B,) w3 B, ynoBieTsopsionme
yerosusam: & < 3, f(a) =1, f(B) = 0. A i = 1,...,n 0pu BHIIOJTHEHUT

paencts «; = 0 u 3; = 0 (B cuity Brodenust fyy € 1) xorst Obl JJIs1 OJJHOTO
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SHAYEHHUsI § 9TH PABEHCTBA OYAYT BHINOIHATHCSA) B GyHKIHIO for(x1,. .., 2,)
BMECTO IePEMEHHOI I; HOJACTABUM IePEeMEeHHYIO ¥/, IIPU BBHIIOIHEHUN PABCHCTB
a; =1 u f; =1 — KoHcTanTy 1, a IpH BLIIOJHEHUH HEPABEHCTBA oy < [3; —
mepeMeHHyo x. TeM caMBIM oydaeM CIeAYIONTyo byHKIuo g(x,y):

z |yl g9(x,y)
00 1
01| 0mnmm1
110 0
111 1

Takum obpazom, qmbo g(z,y) = ¢ — ¥y, 6o g(z,y) = =z dy ® 1. Bo
BTOPOM CJIydae IO IpeblayIieit jemmMe u3 GyHKiun f moaydaeM pyHKIHIO
xyPar®bydc, e adbdc =0, tak Kax fr € T1. Ecom nonydena dpynknus
ryPrel (I/IJH/I zYyDyd 1), TO TIeJIb JIOCTUTHYTa — 3TO UMILTHKanusd. C apyroii
CTOPOHBI, U U3 PYyHKIMU Ty, U u3 pyHKIUU Yy T B Y ¢ HOMOIIBIO (PYyHKIUN
xr @y ® 1 aerko nosyaurh GyHKIHO Yy B T D 1. ]

JIemma 6 (o MoHoTOHHO# dyHKINM). Jag npouseosvholi 6yiecot dymryu
[ natidemes monomonnas pynkuua g, yoosaemeoparousas yeaosuam g < f

uge€[{lzVy,f}.

Hoxazamenavcmeo. Paccmorpum HPOU3BOJIbHYIO OyJieBy dyHKIUIO
f(l'l, . ,$n>.

Ecmu f € M, To B KadecTBe MCKOMON (DYHKIINKA ¢ MOYKHO B3ATH CaMy
dyuxiuio f. lanee cauraeMm, 4to GyHKIUS f HEMOHOTOHHA.

Eciu n = 1, o f(x) = T. Torna B KauectBe GPYyHKIUHA ¢ MOYKHO B3SITh
koucraury 0. Hajee Oyjem cuurarb, 4ro n > 2.

[Monoxxum Ny = {& € E" | f(&) = 1}. TIpoBemem noka3aresbCTBO HH-
aykrmeit mo | Ny|.

IIpu |Nf| = 0 dysknua f MOHOTOHHA U IOITOMY YTBEPKIEHHE JEMMBI
JIJTsl Hee BBITTOTHSETCS.

[TycTh yTBep:KIeHHE JeMMBI CIPaBeIINBO JiJist BeexX dyHKmi f') yio-
BirerBopsionux yeaosuio |Np| < |Ny|. dokaxem ero s dyHKInH
f(z1,...,2,). MoxHo caurarh, uro f ¢ M, upuyem oHa HEMOHOTOHHA IO
EPEMEHHOR X7.

[Homoxum

R = {B € En_l | f(075) > f(lag)}

OdeBuno, uro R # @.
Oboznaamm wepes Xgr(Ta, .. ., T,) XapaKTEPUCTHIECKYTO (DYHKIHMIO MHO-
x)ectBa R, T.e. xg(f) = 1 Torma u TonbKo Torga, Korma 5 € R.
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[Honoxum

h(zy,...,xn) = f(T1,. ., 20) V XR(T2, ..., Ty).

B cuny neMMmbl Z cripaBeiuBo cootHornenue h € [{1, 2V y, f}] (tak kak
npu J00ABIeHAH KOHCTAHTH! () 13 HEMOHOTOHHON (DYHKIIME MOXKHO HOJIYIUTh
OTPUIIAHEE).

[Monoxum gi(x1,...,2,) = f(h(x1, ..., 2n), T, ..., Zy).

Ouesnzno, uro ¢; € [{1,z Vy, f}].

JokaxkeM HepaBeHCTBO g1 < f.

HeiicTBuTepo, eciu B mabope (a, f) m3 E" mommabop [ IpHHALIEKAT
MHOXKeCTBY R, TO

91(0,8) = 9(1,8) = f(1,6) =0, f(0.5) =1.
Crenosarenbro, gi(0 B) < f(0,8), g1(1,8) = f(1,5).

9
Ecom 3 ¢ R, To dyHKIusa f(xl,ﬁ) MOHOTOHHA II0 CBOeii ImepeMeHHOi 1
U BBLIIOJHAIOTCA PABCHCTBA

gl<a76) = f(f(a7ﬁ~)75~) = f(O‘?B)

CrhpaBeJIMBOCTD IOCAEIHEr0 PABEHCTBA CIeIyeT U3 CIeAYIONIX COobpaske-
muit: ecam f(a, f) =0, 10

eciu f(a,fi) =1, 10
f(f(e, B),8) = f(1,B) > f(a, ) = 1.

Wrak, nokazano, 4ro g; < f. CiaenoBaTebHO, BEpHO HEPABEHCTBO |Ng1 | <
|N¢|. Ilosromy 110 mpeANnoIoKeHNIO0 HHIYKIIUY HAIeTCsS MOHOTOHHAA (DYHK-
nust g, yaoBiaerBopsionias yeaosuam: g < g, g € {1,z V y,g1}]. B cuy
coorromrennit g3 < fu g1 € [{1,2Vy, f}] byuxnus g yaosrersopsier Tpe6o-
BaHUAM JIEMMHBI. ]

Teopema 3. ITyemv F C P, 0 ¢ F, 1 € F. Toeda natidemesa cucmema
dynruud A, ydosaemeoparouan ycrosuam: [Al = F, |A| < oc.

Joxazamenvcmeo. Tlokaxkewm, uro F' C T. /lelicTBUTEILHO, €C/IX ITO HE TAK,
To B KJylacce F' maitjmercsa GpyHKIMS, TPUHUMAIONAS HA €JIMHUIHOM Habope
snadenue (. Ho Toraa sepuo BKiIwuenne 0 € F' — npoTuBopedne.
OTHeIbHO PACCMOTPHUM HECKOJIBKO CJIYYaeB.
Cayuyait 1°: I C M.
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[Ipumensiem Teopemy 2.
Cnyuait 2°: FF'Z M.
Coyuait 2.1°: FF ¢ L.
Torma B kmacce F' maiinyres dyukuun foy ¢ M u fr ¢ L. Ilo gemme o
nopozK ieHnn uMitnkaun umeem: © — y € [{1, far, fr}]-
Chyuaait 2.1.1°: ' C O*.
Torma = O® = [{z — y}] = [{1, fur, fr}]-
Cayuait 2.1.2°: FFZ O,

Eciu f € O®, 10 f € [{z — y}|. Ecm f € F'\ O%, to mra byuxnuu f
HPUMEHSIEM JIEMMY O MOHOTOHHOMN (DYHKIMK: CYyNIECTBYET MOHOTOHHAsS (DyHK-
nus gy, Takag 9ro g5 < f, g5 € {1,z V y, f}]. Kpome Toro, cupaseninso
coorHomenue gy ¢ O™, tak Kaxk uHade Obl PpyHKIUA f Oblaa OB He MeHbIIE
HEKOTOPOH CBOEH ITepeMEHHOM.

[Tonoxum
GF = U gr-
fEF\O>

Ouerugno, uro Gp C M \ O%. [onoxum

p(Gr) = grgci;g p(9).

[To emme 3 cupasegmuso Brmouenne Gp C [{1,w,dyG,)}]. Oboznaunm
vepes § HEKOTOPYIo (QYHKIHIO, YJOBJAETBOPAONIYIO ycaoBusm g € Gp u
p(9) = p(GF). Oboznauum 1epes f raxyio pynkmumio us kiacca F, ato g5 = g.
Torma

Gr C [{1w,dy)}] € [{1,w,8}] € [{Lw, f}].

[Ipumensis jemMmMy Z, uMmeem:
FC e —=ytuGr C{z =y Lwdygl] =
= HZL’ — yadp(g)}] g [{1>f]¥fafLafH g F.

Cityuaait 2.2°: F' C L.

Tak xak HeMoHOTOHHAs (PYHKIM, JexKalasa B Kjaacce F', He MOXKeT ObITh
orputiaaueM (B cuiy coorrorenus T ¢ Tp), To B Kiacce F ectb GyHKIu,
CYIIECTBEHHO 3aBHCAINAS He MeHee 4eM OT JIBYX nepeMeHHbX. [lostomy F' =
Hz®y®1}]. O

CaexncrBue 3. Cnucok 6cex 3aMEHYMBLL KAACCO6 PYHKUUT, HE CO0EPIHCa-
wux 0, codeporcawyux 1 u e aesrcawux 6 xaacce M :

Hzoyo L], {z =y}, {z = v, dp}] (=2,3,..).
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CrnencrBue 4. Cnucok 6cer 3aMKHYMBLT KAGCCO8 PyHKuul, He codepica-
wux 0, codeporcawsux 1 u ne aescauwur 6 kaacce M :

LﬂTl,OOO,Tl,OH (,u = 2,3,)

Jlexkmusa k 4

1.1.4 Kunaccel dpyHKIMiT, He cojepKaline KOHCTAHT

[IpuBemeM mpuMep TAKOTO KJaacca — KJAAcC S caMOIBONCTBEHHBIX (DYHKITHIA.
Oynkuus f(xy,...,x,) apiasgerca camodsoticmeennot (1.e. f € S) To-
Ia U TOJBKO TOrAA, Korma (PyHKIUs [ COBIAIaeT ¢ ABOWCTBEHHOH K Heii

beHKHHeﬁ f*: f(‘rla s ,.an) = f(Tb s 7Tn)

CeoiicTBa Kjacca S:

L.z, T,2@ydz,ds€S; 0,1,zy,xVyé¢Ss.

2. [S]=5.

3. Ecm f(x,y) € S, 1o f(z,y) € {z,7,y,7}.

4. CamonpoiicTBerHast (DYHKIMS OT 1 TIEPEMEHHBIX 00pAIIaeTcsa B ¢IMHHA-
my Ha 2"~! mabope.

5. (Jlemma o necamomBoiictsennoit dbynkmnun.) Ecau fg ¢ S, To {0,1} C
[{fs,T}] (1. e. u3 HecamMonBORCTBEHHON (DYHKIUK U OTPUIIAHUST MOKHO HOJLY-
9UTH 00€ KOHCTAHTEL).

> st mecamoppoiicreennoit dbyukmun f(z1,...,x,) Haiigercs Habop
(v, ..., ), yaoBreTBopsiorieii yeiaosuto f(aq, ..., a,) = f(@y, ..., a,). Te-
nepb s i = 1,..., n, noacraBu B GbyHKIUO f(21,. .., T,) BMECTO MEepeMeH-
HOIl ; mepeMeHuyio x, ecin «; = 0, 1 QYHKIWO T, eCau o; = 1, Imoayanm
KOHCTAHTy. VlMes oTpunanue, moJyduaM U BTOPYIO KOHCTAHTY. O

[Tpekae gem mepeiiTi K TeopemMe 0 KOHEYHONOPOXKICHHOCTH 3aMKHYTHIX
KJIACCOB, HE COJIepZKAIIUX KOHCTAHT, cOPMYJIUPYEM OYEHb IPOCTOM, HO II0-
JIE3HBII PaKT.

Jlemma 7. Iycmo [A] = F, |A| < oo, [B] = F. Toeda natidemesa cucmema
dynruut By, ydosaemeoparowan ycaosuam By C B, [B] = F u |B| < oo.

Teopema 4. ITyemv F C P, 0 ¢ F, 1 ¢ F. Toeda natidemesa cucmema
dynruut A, ydosaemeoparouas ycrosuam: (Al = F, |A| < oc.

Jloxazamensvemeo. OTIeNbHO PACCMOTPUM J(BA CJIyUasl.
Cayuyaii 1°: FF C S.

21



[Monoxum Fy; = [F'U {1}]. TIpumensist mu6o Teopemy 1, mubo teopemy 3,
OJIydaeM, 9To Haimercs cucrema (hyHKIUA Aq, yIOBIeTBOPAONAA yCIOBHU-
am: [Ay] = Fy, |A| < 0.

[To memme 7 m3 cucremsr F'U {1} MOXKHO U3BJI€YH KOHEIHYIO TOJHYIO
B I} noacucremy (06s3aTesbHO COJAEPIKAIIYI0 KOHCTAHTY 1, TaK Kak MHAadIe
HOJICHCTEeMA MOPOK TaJIa Obl MOAKIAcCC caMoBoficTBeHHbIX dyHKImi) AU{1}.
Hokazkem, uro [A] = F.

Ilycrs f(xy,...,2,) € F u dopmyna ®(zy,...,z,) peamusyer (yHK-
o f mam cucremoit A U {1}. Bamenum Bce BXOXKIEHHS KOHCTAHTHI 1 B
dopmysie ¢ Ha HOBYIO EPEMEHHYIO Ty 1. Lloyyennas Takum obpazom Gop-
mynaa H(zy, ..., x,, x,11) HaG cucremoii A peannsyer HEKOTODPYIO (DYHKITHIO
h(z1, ..., xp, Tyer). Hokazkem, 910 h(z1, ..., Ty, Tpa1) = f(T1, ..., 25).

JeiicTBUTENIBHO, TIPH T, 1 = | paBEeHCTBO OYEBUIHO, & IPH Tppq = 0 B
CUJIy caMOJBOMCTBeHHOCTH (DYHKIUN f U h uMeeM:

h(xl,...,xn,O) = h(fl,...jfn,l) = f(fl,...,fn) = f(l’l,...,$n).

Coayuait 2°: F € S.

Torma cupasejnuBo BkJtouenue F C Ty N Ty. [leficrBuresibHO, uHade
Harack Obl dbyukuust f € F, ymosiaerBopsionias ycaosuto f(x,...,x) €
{0,1,7}. Takum o6pa3oMm, yIuTHIBas JEMMY O HECAMOIBONCTBEHHON (DYHK-
UM, TOJIyIaeM, 9TO KJaace F' comep:KuT KOHCTAHTY, YTO IIPOTUBOPEYUT YCJI0-
BHIO TEOPEMBI.

Jlokarkem Takke, 4T0 XOTd Obl OjiHa U3 PYHKIUNE Ty U T V Y COIEPKUT-
cst B kimacce F. Jlng sroro pacemorpum dyaknuio fs(zq,...,x,) € F\ S.
Haiigercsa nabop (aq, ..., ay), yaosrersopsitomeil yeaosuio fs(aq, ..., a,) =
fs(@q, ..., @,). D1oT HABOP HE MOMKET COCTOATH TOJHKO U3 HYJEH WM TOJIb-
KO M3 eJUHUIl, TaK KaK cHpaBelnBo BKIodenue fg € To N Ty, Teneps mis
i = 1,...,n, uogcrasuB B GyHkuuio fg(ri,...,T,) BMECTO LEPEMEHHO T;
nmepeMeHHy r, ecin «; = (, ¥ TIEPEMEHHYIO ¥, eC/iu ; = 1, TOJIyIuM OJHY
U3 UCKOMBIX (DYHKITHIA.

Beuy aBoficTBeHHOCTH ciydaeB 0e3 orpaHudeHud OOIIHOCTH Oy/IeM CUu-
TaTh, 9To TV y € F.

[Monoxum Fy = [F U {1}]. Ilpumensis 160 Teopemy 1, 1ub0 Teopemy 3,
moJIydaeM, 9To Halijercs cucrema pyHKIuit Ay, yI0BIeTBOPSIONASA yCIOBU-
am: [A] = I, |A4] < oc.

[To nemme 7 u3 cucremsl F'U {1} MOXKHO H3BJICYb KOHEUHYIO HOJHYIO
B F] noacucremy (063aTebHO COEPIKAIIYI0 KOHCTAHTY 1, TAK KAK WHAYE
moJIcucTeMa MOpokKaaia Obl mogakaace kiaacca Ty) B U {1}. TokaxkeM, 4To
koHeunast cucrema A = B U {z V y} obaagaer Hy»KHBIM CBOHCTBOM, T.e.

[A] = F.
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[ycrs f(z1,...,2,) € F u dopmyna ®(xq,...,x,) peanrnsyer GbyHKIUIO
f mam cucremoit BU {1}. 3amenum Bce BXOXKIEHUs KOHCTAHTHL 1 B hopmyite
® na nepemennyio y. [lonyuennas Takum obpaszom dbopmyaa H(zy, ..., z,,y)
HaJI cucTeMoil B peanusyer HeKOTOPYIO GYHKIHIO h(Z1, . . ., Ty, y). [lokakem,
910 h(T1, .. Tn, 1 V..V xy) = f(a1,...,T).

JleficTBUTENIBHO, JIJIsT  HEHYJIEBOTO HAbOpa 3HAYEHWH [epeMEeHHbIX
Z1,...,T, PAaBEHCTBO OYEBHIHO, a Ha HYJeBOM HabOpe W JieBas, W IIpaBas
JaCTH TOKA3bIBAEMOI'0 paBeHCTBa obpamawTcda B 0, Tak kak f, h € Tj. n

1.1.5 3akJaYnTeIbHbIE yTBEPXKJICHUS

Teopema 5 (. Iocr). Kaotcduii samrnymud Kiace 0yseens Gyrryuld Ko-
HEYHONOPONHCICH.

Hoxazamenvemeo. Cienyer uz TeopeMm 1, 3, 4 ¢ UpUMEHEHHEM ITPHUHIIUAIA
JIBOMCTBEHHOCTH. O

CaencrBue 5. Cemelicmso 3aMEHYMBLT KAGCCO8 bYAes8uT YyHKUUT cuemHo.

Hakomner, ccopmyiupyeM ycaoBHUs, IPA KOTOPBIX KOHCTAHTDHI IIPUHA/IIE-
KaT WM He TPUHAa IexKaT 3aMKHYTOMY KJIACCY.

YrBepxkaenune 1. [lycmo A C P,. Tozda:

1. Konemanmuw 0 u 1 codeporcames 6 kaacce [A] mozda u moavko mozda,
koeda cywecmeyrom dynkuuy fr,, fr, u fs, maxue wmo fr, € A\ Ty, fr, €
A\Tl, fs EA\S

2. Koncmanma 0 ne codeporcumes, a koncmanma 1 codepocumes 6 xaacce
[A] moeda u moavko mozda, Kozda ewnosnsemes ycaosue A C Ty u cywe-
emeyem dynrkyus fr,, maxas wmo fr, € A\ To.

3. Konemanma 0 codepotcumes, a koncmanma 1 we codeporcumes 6 xaacce
[A] mozda u moavko moada, kozda eunosnsemes yeaosue A C Ty u cyuge-
cmeyem gywrkyusa fr,, maxas wmo fr, € A\ T.

4. Konemarwmo, 0 u 1 ne codepoicames 6 waacce [A] mozda u moavko
moezda, kozda ewvimoanaemcs xomsa bv. 00no us yeaosuti A C S uau A C
ToNTy.

Vnopaxkaeane 8. JlokazaTh yTBepKIeHUE 1.

§1.2 IIpumep My4uyHuka

Teopema Ilocta m ciejcTBre K Hell ONMMCHIBAIOT BaKHeifiiue cpoiicTBa Oy-
JIEBBIX (DYHKITHI: KaKIBIH 3aMKHYTHIH Kacc OyIeBbIX (hYHKIUNA KOHETHOIIO-
POXKJIEH U CeMENCTBO 3aMKHYThIX KJACCOB OyJieBbiX (DyHKIUIA cueTHO. BepHbl
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JIM QHAJIOTUIHBIE YTBEPIKICHUS J/IsI CeMeCTBA 3aMKHYTHIX KJIACCOB (DYHK-
nuit k-3uaunoit moruku®)? OTpunaTe bHBI OTBET HA 9TH BOMPOCH IpH k > 3
obL1 mostyuen B 1959 rogy B pabore FO. U. dnosa u A. A. Myunuxa.

Teopema 6 (A.A.Myunuk). IIpu k > 3 cemeticmeo 3aMEHyMbLET KAGCCO8
byrryul k-3navunol s02uky KOHMURYAALHO.

Hoxazameavemeo. KoanmdecTBo 3aMKHYTHIX KJIacCOB He 0Oojiee duC/Ia pas3-
JIMIHBIX TOJMHOYKECTB CUYETHOTO MHOYKECTBA, T.€. CeMEHCTBO 3aMKHYTBIX
KJ1accoB (DYHKIMI k-3HAYHON JIOTHKH He 0oJiee 4eM KOHTHHYAJBHO.

[TocTpouM KOHTHHYyaJIbHOE CceMefCTBO 3aMKHYTBHIX KjaaccoB. g s =
2,3, ... oupenesum (cummerpudeckyio) byHKuuio fo(Ty, ..., &) CIepyonum
obpazom. Pyukius f, npuHuMaer 3HadeHne 1 Ha HaOOpPaxX, COCTOAIMNX W3
s — 1 pBoiiku u onHOM eauHUIBI, U 3HAUeHne () HA BCEX OCTAJIBHBIX HAOOpAaX.
[Tostoxxum

F= U{fl}

[Tokazkem, 9To jiJist 110600 s > 2 BepHO coorrorenue fs ¢ [F\ {fs}].
[IycTh 9TO He Tak, T.e. HalijgeTcd peanusyiomast pyHkuoo f dbopmyna;

fs(l'l, .. ,l‘n) = fn<A1, e ,An).

Paccmorpum Ttpu cirydas.

Cnyuaait 1°: cpean nogdopmysr Ay, ..., A, He MeHee IBYX HETPUBHAJJIBHBIX
noadopmysn. Torma B dopmyre f,(Aq,...,A,) He MeHee JABYX apryMeHTOB
BCerjga OTJIMYHBI OT 2, MO3TOMY Bcd popmysia obparmtaerca B 0 Ha J1000M
HabOpe IepeMeHHBIX — IPOTUBOPEYTHE.

Cayuait 2°: cpean noadopmyn A, ..., A, B TOYHOCTH OJHA SABJSIETCS
HerpuBnaabuoit mogdopmynoii. Torma B dbopmyne f,(Aq,...,A,) B cuty
HepaBeHcTBa n > 2 cpean noadopmya Aq, ..., A, ecTh XoTst OBl OJHA TPHU-
BHAJIbHAA 1oopMyia. be3 orpanudenus oOmHOCTH Oy/IeM CYUTATh, YTO
9T0 mepemennas ;. Ho B srom ciayuae ma nabope (1,2,...,2) dopmyna
fu(Aq, ..., Ay) obpamaercst B 0 — nporuBopevue.

Chyuqait 3°: Bce momdopmynsr Ay, ..., A, IBISIOTCS TPUBUATBLHBIMU O
dopmysamu, T.e. mepeMeHHBIMU. TOTJa BBITIOHSIETCS HEPABEHCTBO 1. > S
1 [O3TOMY HAfIeTcs mepeMeHHas, CKaykeM T, KOTOpasg BCTpedaercs cpe-
an noadopmysn A, ..., A, He MeHee nByx pa3. CiemoBaTenbHO Ha Habope
(1,2,...,2) dopmyna f,(Ai,...,A,) obpamaercsa B 0 — mpoTuBOpeUne.

3) Bce nepementbie dbynkiuii k-3HaqHO# JOrUKH, a Tak:Ke camu (byHKIIUU, IPUHAMAIOT
3Hauenne n3 Muoxkectra {0,1,... k—1}. Jns byuxkunit k-3Ha9HOI JIOTHKM TOYHO TaK ¥Ke
KaK u 1715 Oys1eBbIX (DYHKIWI MOYKHO BBECTH TOHSTHS (DOPMYJIbI, CYEPIIO3UIIAN, 3aMbIKa-
HUsI, 3aMKHYTOTO KJIACCA W T. JI., MOAPOOHEE HA 3TOM OCTAHAJIUBATHCS HE MMEET CMBICIIA.
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O0603HaYNM MHOXKECTBO OECKOHEYHBIX HEHYJICBBIX JBOMYHBIX ITOCJICI0-
BaTesibHOCTEH depe3 R. [lig HnpoM3BOIBHON MOCJAEI0BATEILHOCTH (@ =
(o1, .., Qq,...) TOJTOKAM

Fs = U {fir}.

i aizl

+ B, 10 [F5] # [F5]. TlosTomy cemeicTBO 3aMKHYTHIX

Ecom &,B € R, a
| @ € R} KOHTHHYAIbHO. O

Ky1accoB {[Fj]

CaencrBue 6. IIpu k> 3 cemeticmeo samrnymuxr xaaccos gynkuud k-3nav-
HOT A02UKU COOEPHCUM, KAACCHL, HE ABAFOULUCCA KOHEUHONOPOHCOEHHDLMU.

§ 1.3 MuaBapuaHTHBIEe KJacchl ZI0JIOHCKOTO

Nrak, jokaszaHo, 4TO CeMeHCTBO 3aMKHYTHIX KJIACCOB OyJeBbIX (DYHKIUI
CYETHO, a CeMeHCTBO 3aMKHYTBHIX KJIACCOB (PYHKIUI k-3HAYHON JIOTUKHU HpPH
k > 3 konTuHya bHO. OIHAKO, €CJU U3MEHUThH OIPeIeIeHHs 3aMbIKAHUs U
3aMKHYTOI'0 KJIaCCa, TO MOKHO IMOJIYYUTh U B CIydae OyJIeBBIX (DYHKIUNA KOH-
THHYAJbHOE CEeMefiCTBO 3aMKHYTBHIX (B HOBOM CMBIC/I€) KJIACCOB.

Benomunm obmemaremarudeckoe (aaredbpanveckoe) omnpe/ieeHne omnepa-
TOpa 3aMbIKAHUS.

[lycts (P, <) — 4YacTHYHO YHOPSJIOYEeHHOEe MHOKeCTBO. Omneparop
Z: P — P Ha3bIBaeTCd 0Nepamopom 3aMulkaHUA, eCIA BHIIOIHIIOTCA TPU
yCJI0BHS (AKCHOMBI):

1) nast a06oro x € P poimoaHsiercst coorHonerne © < Z(x) (9KCTeHCHB-
HOCTB);

2) nast m06bIX z,y € P u3 coorHomenuss £ < y BBITEKAET COOTHOIICHUE
Z(x) < Z(y) (MOHOTOHHOCTB );

3) mast Jioboro x € P cupasejgmBo pasencrso Z(Z(x)) = Z(x) (maem-
OTEHTHOCTD ).

OueBnHO, 9TO paccMarpuBaeMblit Boimite onepatop A — [A] (onmeparop
3aMbIKaHIs OTHOCHTEJIBHO OHEPAIHii CyIepHO3UuIy U J00aBIeHIs (PUKTHUB-
HOH NepeMeHHOU, JIeHCTBYIOIUi u3 2f g 2P 2) IOeHCTBUTEJIBHO SIBJISIETCA OIle-
PATOPOM 3aMBIKAHUS.

Tereps paccMmorpum ciaejytomuii Habop oneparumii HaJi OyJieBbIMU DYHK-
I SIMME:

1) nobapyienne u u3baTHEe (PUKTUBHBIX [EPEMEHHBIX;

2) mepenMeHOBaHUE TIEPEMEHHBIX 0€3 OTOXKIeCTBICHHUS;

3) MOJCTAHOBKA BMECTO MEPEMEHHBIX KOHCTAHT.
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HeTpyano HOHATDL, 9TO onepaTop, AeiicTeytomuii uz 22 B 272 u nobasia-
0N K HCXOHOMY MHOXKECTBY OyJieBbIX (DYHKIUN Bce (DYyHKIUU, KOTOPHIE
HOJIYIAIOTCS U3 HUX IIPUMEHEHHEeM TPeX OMUCAHHBIX OTepAIlHii, YI0BIeTBODSI-
eT BCeM YCJIOBHSIM OTlepaTopa 3aMbiKaHus. V3ydnmm Kiacchl OyaeBBIX (hyHK-
Ui, 3aMKHYThle (HHBADHAHTHBIE) OTHOCHTEIHHO 3TOIO OMEPATOPA.

Hamomuanm, gro OysieBbl (DYHKIHU HA3BIBAIOTCA PAGHLIMU, €CJU Y HUX
COBIA/IAIOT MHOYKECTBA IEPEMEHHBIX, OT KOTOPBIX OHU 3aBUCAT CYIIECTBEHHO,
U Ha KaxKJIOM HabOpe 3TUX MepeMeHHbIX (hbYHKIUH MPUHAMAIOT OJIMHAKOBBIE
3HadeHns. Takum o6pa3oM, paBHbe (DYHKIINU TMOIYUAIOTCA JIPYT U3 JAPYyTa
myTem J00aBJIeHUs WIH U3bATHSA (DUKTUBHBIX MEPEMEHHBIX.

Bynesbl QOyHKIUN HABBIBAIOTCS KOH2PYIHMHbLMY (T N0OOOHbLML), €CITH
OHH TIOJIYyYAIOTC O/IHA U3 JAPYTOil IePeNMEHOBAHUEM MTEPEMEHHDBIX 6€3 0TOXK-
JIECTBJICHUS.

Hodpynryuetds 6yneBoit pyHKIUU Ha3bIBaeTCd Jodast (pyHKIMS, TOTyYda-
IOIAsICS U3 UCXOHOM (PYHKIUU MOJACTAHOBKON BMECTO KaKUX-/100 ITepeMeH-
HBIX TTPOU3BOJIbHBIX KOHCTAHT.

MuorxkecTBO Oy/1eBbIX (DyHKIHIT () HABBIBACTCS UHBAPUAHMHLM KAGCCOM
Hobnoncxozo, ecau s 1060 yHKIUKA U3 Kjacca () Kaaccy () TaKzKe MpH-
HAJIJIEYKAT:

1) Bce paBuble eil QyHKIUM;

2) Bce KOHIpYsHTHBIE (11000HbIe) il DyHKIHH;

3) Bce ee MOADYHKITHH.

[Tpumeps! nEBaprHaHTHBIX Kiaccos: L, M, K .Sym (kaacc KBasucuMMeTpH-
JeCKHX, T.e. CHMMeTPHIECKHX 10 BCEM CBOUM CYIIECTBEHHBIM IepeMeHHBIM,
GyneBbix dbyHkiwmit), P" (kiaace Becex 0yJaeBbIX GyHKIHUIL, CYIIECTBEHHO 3aBH-
csImExX He Gotee 4eM OT 1 mepeMeHHbIX ). OTMeTHM, 9TO TYCTOH KIace TaKKe
dopMaAIBLHO SABJISETCS WHBAPUAHTHBIM KJj1acCOM. B majibueiinem Oyaem pac-
CMATPUBATH TOJIBKO HEMYCThIe MHBAPUAHTHBIE KJIACCHI, HE BCET 14 OTOBApPUBas
9TO OTJIETBHO.

CroiicTBa HHBAPUAHTHBIX KJIACCOB Z10/I0HCKOTO:

1. Ilycts () — mHBapHaHTHBIM KJaacc U KJaace () comep:KuT (HYHKIHAIO,
orsmunyio or koncrantsl. Torga {0,1} C Q.

2. Tlyers Q = [Q], @ # @,{0},{1}. Torga knacc Q) saBisieTcs HHBapHAHT-
HBIM B TOM H TOJIbKO TOM CJIydae, Korja BhimoJasercs priaodenne {0, 1} C Q.

3. 3aMKHYTBIl KJIacc He BCerja sIBJsieTCs WHBAPUAHTHBIM (IIPUMEPHI:
S, T1,0%).

4. VlaBapuaHTHBII KJacC HE BCErja SBJISETCS 3aMKHYTBIM ([pEMep:
KJ1acc, cocrodruii u3 pyuknuu r V y u QYyHKIHHA, TOJIy4aionuica 3 Hee
J00aBIeHNeM U U3bATHEM (DUKTUBHBIX MEPEMEHHBIX, TTEPENMEHOBAHNEM TIe-
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PEMEHHBIX 663 OTOZKICCTBJICHUA 1N HOﬂCTaHOBKOﬁ BMECTO IEPEMEHHBIX KOH-
CTAHT).

Teopema 7. Cemeticmeo un6apuaHmMHHLET KAacco8 SA0A0HCK020 KORMUHYAND-
HO.

Hoxazameavemeo. KoanmdecTBo NHBAPHAHTHBIX KJIACCOB He DoJiee Iuc/ia pas3-
JIMYHBIX MMOAMHOXKECTB CU€THOT'O MHO2KECTBa, T. €. CEeMEeNCTBO NMHBapUaHTHBIX
KJ1accoB Oy/ieBbIX (DYHKIUiI He Oosiee 4eM KOHTHHYAJIbHO.

[TocTpouM KOHTHHYaJIbHOE ceMeficTBO MHBapUAHTHBLIX KjaaccoB. s k =
2,3, ... TIOJIOKUM

fk(xl,...,xk) :l'l...l'k\/fl,...,fk.

O0603HaYNM MHOXKECTBO OECKOHEUHBIX HEHYJIEBBIX JBOUYHBIX MOCJIEI0-
BaresibHOCTEl depe3 R. Jljg npOU3BOJBHON TOC/IEI0BATEIBLHOCTH O =
(a1, ..., Q, . ..) TIOIOKAM

Fd = U {fH—l}‘

i a;=1

Yepes Qg 0003HAUNM HHBAPHAHTHBIN KJIACC, KOTOPBII 1Moy daercs n3 yHK-
nuit MHOXKecTBa Fj jjobaBiieHneM U U3bITHEM (PUKTUBHBIX epeMEeHHbIX, Ie-
peNMeHOBAaHUEM TEPEMEHHBIX 0€3 OTOXKIECTBJIEHHUS W MOACTAHOBKOI BMECTO
IIepeMeHHbIX KOHCTAHT.

B kinacce Qg Haiigercs GyHKINA, CYIIECTBEHHO 3aBUCSIIIAs OT k IepeMeH-
HBIX U IPUHUMAIOIIAs 3HaUeHne 1 POBHO Ha ABYX HAOOPax 3THUX MEPEMEHHBIX,
TOrJla M TOJBKO Torja, Korjga «p = 1. [Toaromy ecan 07,5 € R, a# B, TO
Qa # Q. CreoBaTeIbHO CeMeHCTBO MHBAPHAHTHTHIX K1accos {Qs | & € R}
KOHTHHYAJIBHO. O

[Monoxum Q(n) = Q N Py(n).

Jlemma 8. [lycmov Q) — nenycmoti unsapuarnmmunts kiacce doronckozo. Toada
NOCAEIOBAMEALHOCTIID

VIQn)|, n=12...

He soapacmmaem U 0AA N100020 N BHINOAHAIOMCA HEPABEHCTNGQ

1< VI|QMn)| <2
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Jlokasameavemso. dna byuxkuun f(xq, ..., Ty, Tpy1) U3 K1acca Q) cipase-
JIIBO PA3JIOKCHHE

flzr, oz, Tag1) = f(@1, 0320, 0)Tpar V f(21, o 2, DX,

riae dyukuuu f(xy,...,2,,0) u f(x1,...,2,, 1) TaKKe TpUHAJIEKAT KIAC-
¢y Q. Hosromy |Q(n + 1)| < |Q(n)|*. Caenosarensho,

VIR + 1 < VIR = */Q(0)],

T. €. nocaeaoBaTeIbHOCTh 4\ /|Q(n)| He Bospacraer.
Crnpasejgusocth HepasencTs 1 < 2/|Q(n)| < 2 crenyer u3 o4eBUIHBIX
coorromennii 1 < |Q(n)| < 2%, O

B cuty nemMpr 8 y mocaenosarensaocTn 4/ |Q(n)| cymectsyer npege,
HE IPEBOCXOSIIUI HU KAKOTO Y/IeHA OCJIEI0BATEJbHOCTH. THuC/I10

o = log, ( lim */[Q(n)])

n—
Ha3bIBACTCA NAPAMEMPOM UHBAPUAHITNIHO20 KAGCCA Q

CsoiicTBa mapamerpa og:

1. Bepuo paBeHcTBO

2. Jlis 1106010 MHBAPUAHTHOIO KJjacca () cnpaBeanBbl HepapeHcTBa () <
oQ S 1.
3. Ecim o # 0, 10

1Q(n)] = 2702 (+=a(m),
rie €g(n) — 0 mpu n — oo; ecan og = 0, TO
Q(n)| = 2%,

rae dg(n) — 0 mpu n — oo

4. CymecTByer eIMHCTBEHHBIH MHBAPUAHTHBIA Kaace () ¢ mapaMeTrpoM
og = 1 — 310 Knacc Fs.

> [lycts maBapmanTHBIN Kaacc () oraudeH oT kiaacca P, Torma maii-
nercst f(xy,...,x,) ¢ @ ¥ cIeI0BATESBHO BBIIOJHSIOTCS COOTHOITEHUST

27¢ < 2/|Q(n)] < V22" = 2. O

28



Tenepnr nmokazkem, uTo MHBapuanTHbie Kaaccol L, M, KSym — Hyiesbie
(T. e. UMEIOT MapaMerp, paBHBIH HYM0). [{efiCTBUTENBHO, ¢ UCIOJb30BAHUEM
cBoiicTBAa 9 MOHOTOHHBIX (DYHKIMIT IIPU N — 0O UMEEM:

logy |L(n)| =n+1=0(2"),

Ln/2] n!log,n 2"log, n N
o M) < o (1) = i =0 (508 =02,

log, | K Sym(n)| < log, [ S 25CE | =log, (2(142)") = 0(2").
k=0

Jlekuug k 5

[TocTponm mHBapuaHTHBIA Kiace f16710HCKOTO, y KOTOPOro 3HAYEHHE I1a-
pamerpa pasuo 1/2.

Obozuaunm uepes Q12 Kiaacc, cocrosuiuit u3 dynknumii f(xq,...,2,),n =
1,2,..., mpeacTaBuUMbBIX B BHUJE

f(acl, .. ,.fL'n) = fl(xila Ce ,l'ik)fg(xil, Ce ,.I'ik),

rae fi(%y, ..., T,) =2, ®... 0, &c, a fi(xy,, ..., v, ) — IpoU3BOAbHAs Oy-
JieBa PYHKIMS, BCE CYINIECTBEHHBIE TIEPEeMEHHBIE KOTOPOI COIeprKaTcs Cpean
IEePEMEHHBIX Tj,, . . ., Lj, .

Ouebnano, uyto ()12 — HHBapHAHTHBIH Kaacc. OIeHUM BeJMYUHY
|Q1/2(n).

C onHoit cropoHsl, B Kaacce (J1/2 cojpepKarcs Bce QyHKIME BUad (21 @
o @Dxy)g(xy, ..., Ty), AUCTO KOTOPHIX 22" Tax Kak yHKIUIO g(x1, ..., xy)
MOKHO 3aJlaBaTh TPOU3BOJBHBIM 00pa30M Ha Bcex Habopax, Ha KOTOPHIX
dbyuknua (1 @ ... H x,) obpamaerca B eMHMIY, T. €. Ha 2" ! mabopax. ITo-
STOMY

277,71

|Q1/2(n)| > 2 .

C apyroii ¢TOPOHBI, CIPABEIIHBO HEPABEHCTBO
n—1
|Q1/2(n)| < 27122

TaK KaK KOJHYECTBO BO3MOXKHBIX BAPHAHTOB [JIg BbIOOpA (PYHKIHH fi, T.e€.
q7CsI0 TMHEHHBIX DYHKIMI OT 1 TepeMeHHbIX, paBHo 2" a unciao Bo3Mok-
HBIX BapUAHTOB JIJId BbIOOpa (PYHKIUU fo TPU PUKCHPOBAHHON (DYHKIMHU fi
paBHO 22k_1, rje k — YHCJIO CYIMECTBEHHBIX IepPeMEeHHBIX V (PYHKIUU fi, U
k <n.
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Ucnonb3ys cBoiicTBo 1, numeem:

log, (22"71) log, (2”“22”71) 1
_ < lim

— = lim on < 0Qyn = i on 5"

n—oo

B zakmiouenune ormerum, 4rto g Jjoboro o, 0 < o < 1, cemeiicTBO
MHBapHAHTHBIX KJaccoB ZI6JIOHCKOrO C ImapaMeTpoM ¢ KOHTHHYaJbHO. Jlo-
Ka3aTeJIbCTBO 9TOTO HETPUBHAJILHOTO (DAaKTa COIEPKUTC, HAIPHUMED, B pa-
oore C.B. fd6monckoro «O06 anropuTMuIecKux TPYAHOCTAX CHHTE3d MHHH-
MAaJIbHBIX KOHTAKTHBIX cxem» (c0. «IIpobaembr kubepuerukny, 1959, Boii. 2,

c. 75-121).

30



I'1aBa 2

DJieMeHTbl KOMOMHATOPUKNI

§2.1 OmnpenenaeHnsda m MocTeiinme cBOCTBA OC-
HOBHBIX KOMOMHATOPHBIX 00bEKTOB

C dero maumHaercss KoMmOmHaropuka?! B KakoM-TO CMBbICTE OHA HAYMHAET-
€S C OTBETA HA BOMPOC: CKOJbKUMHE CIIOCOOAMU MOYKHO CPEIN 7 IJEMEHTOB
BeIOpaTh k 3siemenToB? Ha caMoM Jejie 3T0O He OJHH BOIIPOC, a YeThIPe — BbI-
O0opKa MOXKeT OBIThH VIIOPSIAOUYEHHONU U HEYIOPSI0YeHHON, TOBTOPHBIH BHIOOD
OJIHOTO M TOIO K€ IJIEMEHTa MOZKET JOIYCKATHCs, & MOZXKET He JIONYCKATb-
csi. YTOpsiI0UeHHbIe BHIOOPKHU HA3bIBAIOTCA PASMEWEHUAMU WIT HAOOPAMU,
a HEYTIOPSIOYeHHBbIE — covemarusmu. Kak TpaBumIo, Mo yMOJTIaHUIO TIO BbI-
OOpKOI MOHUMAaeTCs BBIOOPKa 0e3 MOBTOPEeHUi, a ecJid pedb LT O BEIOOPKE
¢ TIOBTOPEHUSIMH, TO TO OrOBAPUBAECTCS SIBHBIM 0OpAa30M.

NTax, mycTh ecTh n-3JeMeHTHOe MHOXKeCTBO, Hampumep, M, =
{1,2,...,n}. Tagum oTBeT Ha BOHPOC O YHCJE BBHIOOPOK Kk 3JEMEHTOB U3
9TOTO MHOYKECTBA.

1. YnopsioueHHble BBIOOPKU ¢ MOBTOPEHUAME (pasMelieHusl ¢ TIOBTOPe-
HUSIMHA ).

B sToMm ciydae unc/io BBIOOPOK PaBHO YHCIY k-3HAUHBIX UHUCE] B CUCTEME
CUYUCJIEHHS 110 OCHOBAHUIO 1, T. €. PABHO

nk.

2. YuopsijioueHHble BEIOOPKH 6e3 TOBTOPeHuil (pasMereHus ).

[lepBolii 3,1eMeHT MOYKHO BBIOpATD 1 CIOCOOAMH, BTOPOH 91eMeHT — 1 — 1
crmocobamu, . .., k-it anemenT — n — k + 1 cnmocobamu. Takum obpazom odImIee
YUCJIO CIIOCOOOB BHIOOpA PAaBHO

n!

n(n—l)...(n—k—i—l):m.
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3. Heymopsinouennsie BHIGOpKH 663 MOBTOpeHUH (coueTanus).

Tak Kak oJIHON HeyIOpPsA0YeHHON BLIOOPKE K 9/1eMeHTOB 6e3 IOBTOpeHui
cooTBeTCTBYeT k! yIIopsmodeHHBIX BEIOOPOK 0e3 MOBTOPEHUH, TO THCJIO CoTe-
TaHUil U3 1 3J1eMeHTOB 10 k 31eMenToB, obosnagaemoe C* mpun > k > 0
pPaBHO

n!
(n— k) k!
4. HeynopsiodeHHble BHIOOPDKH ¢ TIOBTOPEHUSAME (COYETAHUS ¢ MOBTODE-

HUSIMHA ).

Mezk 1y MHOXKECTBOM BCEX COYETAHMIl ¢ HOBTOPEHUSIMH U3 7. IJEMEHTOB
o k 3JIeMEHTOB M MHOXKECTBOM BCEX JBOMYHBIX HAOOPOB JAHUHBI n + k — 1
¢ k mysngavu cirenyomuM 06pa3oM MOKHO YCTAHOBHTD B3aHMHO OIHO3HAYHOE
COOTBETCTBHE: BLIOOPKE, B KOTOpOil ky emwHuI, ko ABOEK, ..., k, ducen n,
k;>0(G=1,...,n), ki +... + k, = k, coorBercTBYeT HabGOP, B KOTOPOM
cHAYaJIa PacIo/IOKeHbl ky HyJei, a 3aTeM MOoCaeJ0BATeIbHO IId ¢ = 2,..., N
PACIIOJIOKEHBI HADOPHI, COCTOSAIINE U3 €IMHUIIBI U CTOSIINX BCIE 3a Heit k;
HyJ1ei:

0...010...01...10...0.
k1 k2 kn

k o
Takum 06pazom, YMCI0 UCKOMBIX BHIOOPOK pasHo umncity C). . | coderanmuit
u3 n + k — 1 31eMeHTOB 1O k 971EMEHTOB, T. €. TUCJIY

(n+k—1)!
(n— 1) E!

CsoiicTBa coueTaHuil:

1. Ecm k > n, o CF = 0.

2. Jlna moboro nenoro k, 0 < k < n, cupaseayupo pasencrso CF = CmF,

3. ©ynkuus f(k) = CF nenounciaennoil mepeMennoit k Bo3pacraer Ha
muoxecrse {0, ..., |n/2]} u yosiBaer na muoxecrse {[n/2],...,n}.

4. Boinoansgercs paBeHCTBO

k_ k-l k
Cn - C’n—l + C’n—l'
5. st 11060T0 HEHyJIeBOTO & U IPOU3BOJILHOTO IEI0T0 HEOTPHIATEILHOTO
n cupaseInBO paseHcTso (6unoM Heiorona):

n

(1+a2)" = ZCE:C’“

k=0

32



6. Bepubl paBencTna

n

Z( 1)kc’k _ 17 ecJm n = 07
— " 0, ecun>1,’

Zt:(—n’fcj; =(-1'C!_, (n>1,t>0).

n—
k=0

CpoiicTBa covyeTaHHil ¢ MOBTOPEHUSIM:

1. Ywucsto HeoTpunaTe IbHbIX MeJIOYUCIEHHBIX PEIeHN ypaBHEeHU
Zl+22+...+2n:/€

PaBHO YHCJIY COYETAHWI ¢ MOBTOPEHWSIMH W3 7 3JIEMEHTOB 110 k 3J1€MEHTOB,
T.¢e. papuo CF,, .

2. Ync10 MOHOTOHHBIX 0TOOpazkenuii') u3 muozkecrsa {1,2, ..., k} B MHo-
xkectBo {1,2,...,n} paBHO YHCAY COUETAHUIl ¢ TOBTOPEHUSIMA U3 7 SJIEMEH-
T0B 110 k 3meMenToB, T.e. paso CF., .

> Mexy MHOXKECTBOM W3 BCEX C7'j+k_1 JIBOMYHBIX HAOOPOB JJIMHBI
n+k—1c k eluHUIIAMEA U MHOXKECTBOM MOHOTOHHBIX OTOOparKeHui u3 MHO-
xkecrBa {1,2, ..., k} BmHOKecTBO {1,2,...,n} caenyomum o6pa3oM yeTaHO-
BHMM B3aMMHO OIHO3HAYHOE COOTBeTCTBHE. IlycTh B HAOOpe aauubl n+k—1 ¢
k enmHATIAMEU YUCJI0 HYJIEH 0 11epBOil e UHHUIBI PABHO 7', TUCJI0 HYyJel, pac-
MOJIOYKEHHBIX MEZKJIy €IMHUTIAMHU ¢ HOMepaMu ¢ — 1 u i, ¢ = 2,..., k, paBHO 1;:

0...010...01...10...010...0.
—_— T N~ ——

T1 T2 Tk

CoorBercTByIOIIEe STOMY HAOOPY MOHOTOHHOE 0TODaKeHue f m3 MHOKECTBa
{1,2,...,k} B MmHOXKecTBO {1,2,...,n} 3amaercs Takum obpaszoM:

f(s)zl—i—Zri, s=1,2,...,k.
i=1

JIerko MmoHgaThb, YTO U 10 MOHOTOHHOMY OTOOparKeHUIO UCXOIHBIH HAOOP BOC-
CTaHABJIUBAETCS OTHO3HAYHO. O

1) Orobpazkenne f HA3BIBACTCA MOHOMOHMbLM, €CIH JIs JOOBIX a U b U3 obgacTu
onpejienenus orobpaxkernus [ u3 HepaBeHCTBA o < b caeayer HepasencTso f(a) < f(b).
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3. Jloist srroboro Hatypasbroro n npu 0 < |z| < 1 cnpaBeinBoO paBeHCTBO

(1—2)™" = Z Cs+k71$k‘
k=0

> YeTanoBUM Ko3bHUIUEHT IPH CIaraeMoM TF mocse pacKpbhIBaHUs CKO-

OOK U IIpUBEICHNUA HO,ZLO6HbIX CJlara€MbIX B BbIpaKE€HHH

(I+a+a®+..) . (I+r+a®+..).

n pas

Eciun kakoe-1mbo BbhIparkeHne B CKOOKaxX He JlaeT <«BKJIAJ» B KOHKPETHOE
caaraemoe ¥, TO cuMTaeM, UTO 3TO BhIPayKeHNE He BXOIUT B BBIGOPKY, a €C/IH
nmaer BaIan x°, 1 < s < k, To — BXOJAUT € KPaTHOCTHIO S. Torna koaddumuent
npu o¥ coBmasaeT ¢ IMCIOM COUETaHMIl ¢ MOBTOPEHUSAME N3 1 3JEMEHTOB 10

k 351eMenToB. O

Teneps npeobpaszyeM BbIpazkKeHHe U3 CBOMCTBA 3 cOYETaHUi C TOBTOPEHH-
SIMH CJIEIYIOIIHAM 00Pa30M:

(1_$)_n:1+Z(n+k—1)(1;€!—|—k—2)...nmk

k=1

- Z (—n)(—n —1) k' (—n—k+1) (—2)F.
k=1 ’

Takum obpazom, GpopMyabl U3 CBOHCTBA 5 codeTaHWit W U3 CBOiicTBA 3
coyeTaHuii ¢ IHOBTOPEHUAMHA ABJIAIOTCA YaCTHBIMU CJAy4YadMH U3BECTHOI'O U3
Kypca MaTeMaTHIeCKOro aHaIn3a W CHPABEIINBOTO s JIFOOOTO 1eiicTBuU-
TesapHoro o mpu 0 < |z| < 1 paszmoxenus

(1+2)* = i (Z):c’f

k=0

(‘8‘) _ 1 (Z) _a(oz—l)..l;!(a—k—kl) PR

O‘{GBI/I,ZLHO, qTO OJId BCeX IeJIbIX HeOTPpHUIaTeJIbHbIX 1t U k BEPHO paBeHCTBO

riae




§2.2 ®dopmysa BKJIOYEHUN-NCKIIOYEHNI

[Iycth ecth N mpeaMeTOB W CBOMCTBA P, ..., Pp. KaXKIABIH TpeIMeT MOKET
OJIHUMHU CBOHCTBaMH 00JIa1aTh, a Apyrumu He o0sanarb. O003HaYInM depes
Ni, ...i, KOIHYECTBO IPeIMETOB, KOTOPBIe 00/Ia1al0T CBOMCTBAMU D;,, - . ., Di,
(obatanme OCTAJBHBIMU CBOWCTBAME — IPOU3BOJIBLHOE).

Yepes N(r) 0603HAYIAM THCIO TPEIMETOB, OOIATAIONIHX POBHO T CBOI-
crBamu. [lomoxkum

SO :N, Sk» = Z Ni17-~-»ik (k: 17...,77,).

1<i1<...<ip<n

3mech 0c000 OTMETHM, 9TO Sy — MPOCTO yA00HBIE 0003HAUEHNS, CIIOCOOCTBY-
OImue YMEeHbHICHNWIO I'POMO3JKOCTU BBIKJIaJA0K, HEe CTOUT 3a HUMH YCMaTpPH-
BaTb KAKON-TO CaKpaMeHTAJIbHBbIA CMBICII.

Teopema 8. Cnpasedaiuso pasencmeo

n

N(0) => (~1)*S.

k=0

Joxazameavemeo. Tlokazkem, d9T0 KaxKJblfi mpejaMeTr JaeT OJMHAKOBBI
BKJIaJl, IIPH IIOJCYeTe JIEBOH U IpaBOil yacTeil ycTaHaBAUBACMOI'O PABEHCTBA.

[Tycts ipeamer He obJs1a1aeT HA OJHUM cBOiicTBOM. Tor1a BKJIaI B JIEBYIO
JacTh Oy/ieT paBeH 1, BKJIAJ B TPaBYIO 9acThb Oy/IeT HEHYJIEBBIM TOJIBKO B CJIa-
raemoe Sy = N, COOTBETCTBYIOIIEe MOIITHOCTH MHOYKECTBA BCEX IIPEIMETOB,
1 3TOT BKJaJI, TOKe paseH 1.

[Tycrs upemmer obusiamaer s cpoiictBamu, 1 < s < n, u 3TO CBO#CTBA
Dji»- - - Dj,- Torjia JaHHbIl npeaMer JaeT HeHyJeBoil (eIMHUIHBIN) BKJIAI B
craraemoe N;,  ; TOLJa U TOJIBKO TOLJA, KOLJa BEPHO BK/IIOYEHHE

{iv, .y i} S {1, Jst
Bkrag 3T0oro mpeaMera B JI€BYIO YACTh PABEH HYIIO, 4 B MPABYIO —
Z(_1>t0§7
t=1

T. €. BKJIaJ, TO¥KEe HYJIEeBO.
CymMmMupyst 110 BCeM mpeMeTaM J0Ka3aHHbIe PABEHCTBA BKJIAJI0B B JIEBYIO
7 IPaBYlO 9acCTh, MOJYyYaeM CIPaBeJINBOCTh NCXOIHOTO PABEHCTBA. [

[IepedopmynupyeM (hopMysIy BKIIOUEHUH-UCKIIOUCHHE B TEPMHHAX MHO-
KECTB.
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CaencrBue 7. Cnpasediuso pasencmeo

ATUL L UA =) A= ) A N A+
i=1 1<i1<ig<n
A DM A NN A+ (CDMT AL NN A

1<iy <...<ip<n

Vupaxkuenne 9 (3amada o Gecnopsiakax). HailTu TodHOe 3HAUEHHE YUCIA
MOJICTAHOBOK O CHMMETPHYECKOH I'PYIIBI S, YIOBIETBOPSIONINX YCIOBUIO
o(i) # 1 ps Beex 4, 1 < i < n.

Yro npousoiijer, ecjau cymMmy U3 1paBoil yactu (hOpMYyJibl BKJIIOYEHUI-
UCKJIIoYeHnii 060pBaTh Ha KaKOM-/1n00 ciaraemMoMm? OKa3biBaeTCs, 9TO €CJn
HOCJIe/IHee BBITMCAHHOE CcJlaraeMoe IMOJIOKUTeIbHOe (TOUHee, OHO COOTBET-
CTBYeT YeTHOMY YHCJIYy CBOHCTB), TO mosydvaercst orneHka Beanuunabl N (0)
CBEpPXY, & B IPOTUBHOM CJIy4yae — CHU3Y.

Teopema 9 (Hepasencrsa Boudepponu). Jas ao6ozol, 0 <1 < |(n—1)/2]

i(_l)ksk < N(0) <) (—1)FSk.

Hoxazamenvemeo. s KaxKI0ro U3 HEPABEHCTB MOAO00HO JTOKA3ATEJIHLCTBY
GOPMYIbI BKIIOUYEHHH-UCKITIOUEHNN JTOCTATOYHO YCTAHOBUTH COOTBETCTBYIO-
Iee HePaBEeHCTBO I8 BKJAJIOB B JIEBYIO W IPABYI0 YacTh JOKA3bIBAEMOTO
COOTHOINEHUS KazKJI0ro u3 npeameron. HyzKHoe HEpaBEHCTBO JIETKO CJIeIyeT
13 paBeHCTBA

k=0
(TpeThe paBeHCTBO cBoficTBa 6 couerammi). O

Takxke anamorunyno (Hopmyse BKIIOYEHUR-UCKTIOUEHUI MOYXKHO YCTAaHO-
BUTb CIIPABEJJIMBOCTD CJIeIYIONINX yTBEPIK/IeHN.

Teopema 10. Cnpasedausv, pasencmea

Vo = (s

k=r

n
k—1
k—r
N>, = E —1 Sk
s ( ) r— 1 Y
k=r

2de N>, — K0AU%EC60 NPedmemos, 06Aa0aI0UUT He MeHEEe Yem T c60UC6a-
MU.
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Vnpazxuenne 10. JTokazatrs Teopemy 10.

O6osHaunm depes ¢(m) dbyHknuo Diliepa, YUCIEHHO PABHYIO KOJIHIe-
CTBY HATYPAIbHBIX THCEJI, HE MPEBOCXOISAIINX M U B3AUMHOIPOCTHIX C 17.

k
Teopema 11. Ilycmo m = pi* ... pkn — pasaoorcenue wucaa m na npocmole
muootcumenu. Tozda

en( ) (i-)

oxazamenvemeo. Ilpumenum dpopMyny BKIIOUYCHHA-UCKITIOYEHUN, TTOJI0KUB

N = m u cautas -M CBOUCTBOM JeJMMOCTD Ha p;, ¢ = 1,...,n. Torma nmeem:
m i m
pm)=NO)=m— > —+. .. +(-D" Y ——t .
1<i<n pi 1<i1<...ig<n Piy - - - Piy,

L m 1 1
A1) —=m (1= .. (1=-—.
Piy - - - Pin P1 Dn

§ 2.3 Ywucaa CtupaunHra

[Ipouspeenue
z(x—1)...(x—k+1), k >1,

OyaeM HasbIBaTh k-0 HusicHeld Paxmopuasvroli cmenenvro Yucia T u OyaeM
obo3HavaTL Yepes k.

[Ipousseienue
zz+1)...(x+k-1), k >1,

Oynem HasbiBaTh k-0 eeprnell darmopuasvroti cmenenvio aucia r n oyaem
0603HaIATH Yepe3 xF.

[Ipu k = 0 monaraem 22 = 2° = 1. OrMeTnM, 4To Takoe onlpejeseHue
snadenns 2 coracyercs ¢ rem, uro () = 1.

Kosdbdunuentsr ¢(n, k) u s(n, k) B upeacraBiennsax

" =Y c(n,k)®, 2" = Z s(n, k)

k=0 k=0

Ha3bIBAIOTCA YUCAAMU CmUleUHZQ nepeozo u 8Mmopozo poda COOTBETCTBECHHO.
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CroiicrBa ancen Crupsuara:

1. Bepubl npejgcraBienns

n n

()2 = S (=1 Feln, K S (1) s, ),

(=D u (=) = (=1)™"

> B cuiy oueBuuHbIX paBeHcTB (—1)"

(2)% = (=1)"(=a)" = (=1)" ) e(n, k)(=1)fa" =Y (=1)"Fe(n, k)",
(2)" = (=1)"(=2)" = (=1)" Y _ s(n, k) (=2)t =) (=1)"s(n,k)a"

CsoiicTBo 1 mokazaHo.
Kosdbdunmentsr (—1)"¥c(n, k) B mepsom mpeacrasiennu u3 croicTsa 1

ere MHOTJA Ha3bIBAIOTCA wucaamu, Cmupiumeaa nepeozo poda co 3HAKOM.
2. s 1106010 1e/10r0 HeOTPUIIATEILHOTO N BePHBI PABEHCTBA,

c(n,n) =s(n,n) = 1.

3. Jliist jiroboro HaTypaJbHOTO 1 BEPHBI PaBEHCTBA
¢(n,0) = s(n,0) = 0.

4. TTpu n < k BepHBI paBeHCTBA
c(n, k) = s(n, k) = 0.

5. Ilpu n > k > 1 cupaBe/I/TuBbl peKypPPEHTHBIE COOTHOIIEHUS

cnyk)=cn—1,k—=1)+ (n—1ec(n —1,k),
s(n,k)=s(n—1,k—1)+ks(n—1,k).
> [HeitcrBuTesibHO, TP 1 > 1 uMeeM:

n n

Zc(n,k)xk—z c(n k)" =a" = 2" o +n—1) =
k=1 k=0
n—1 n—1

=2Y cn—1,kz"+n—-1)) cn—1ka" =

i
()
i
s o

cn—1k—1Da"+n—-1)Y cn—1,k)* =
k=1 k=1

=Y (ctn=1k=1)+(n—1)c(n—1,k))z"

k=1
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n n

s(n, k)zt = s(n, k)ak = 2" = 2" x =
k=1 k=0
n—1 n—1
:stn—lk’ *:an—lkz Ex—k)+k) =

=0 k=0
n n—1

:ZS(n—1,k—1)xﬁ+2ks(n—1,k)ajkz
k=1 k=0

3l

s(n—1,k— 1)1:E+st(n— 1, k)2t =
k=1 k=1

= (s(n—1,k—1)+ks(n—1,k))z"

k=1

CsoiicTBO 5 JTOKa3aHO.

0J

6. Yucaa Crupnunra c(n, k) u s(n, k) Ipu MaIbIX 3HAYEHUAAX k U 1 yKa-

3aHbl B ABYX CJI€AYIOIINX Ta6.)muax.

Jleknusa ke 6

Teneps mokazkem, aro y auces CTHPJWHTA TEPBOTO W BTOPOTO POJIA €CTh

9KBHBaJICHTHLIC KOM6I/IHaTOprI€ olpeJgesieHudd.

Teopema 12. Yucao Cmupaunea nepsozo poda c(n, k) pasno wosuuecmsy

NOICMAHOBOK, CUMMEMPUYECKOT 2pYnnol Sy, PACKAGOLIEAIOULUTCA 8 NPOUGE-

denue poero k uuka06 (6KA0UAA YUKADL OAUHDL 1).

Jlokasameavemso. O6oznadum depes ¢ (n, k) 9UCI0 MOJACTAHOBOK CHMMET-
PUYECKOH TPYHIBL S, PACKIAIBIBAIOIIMXCA B IPOU3BEIEHUE POBHO Kk IHK-
J0B (mpu 3TOM TO ompegenennto monoxum ¢ (0,0) = 1). OueBugno, UTO
d(n,n) =1, ¢(n,0) = 0 npu n # 0, ¢(n,k) = 0 upu n < k. Kpome ro-

ro, mpu n > k > 1 crupaBeinBO PeKyppPeHTHOE COOTHOIIEHNE
dnk)y=d(n—1,k—1)+ (n—1)(n—1,k).
[Mosromy c(n, k) = c(n, k).
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CaencrBue 8. Cnpasediuso pasencmeo

n

Z c(n, k) = n!

k=0

Ynopaxxkaeame 11. Jloka3aTh paBeHCTBa
c(n,1) =(n—-1), c(n,n—1)=C2

Teopema 13. Yucao Cmupaurea emopozo poda s(n, k) pasno wosunwecmsy
€nocob08 Pas3buUEHUA N-IAEMEHMHO20 MHONCECTNEG HG k Henycmvlx Henepece-
KAIOUUTCHA NOOMHONCECTNS.

Jlokasameavemso. O6oznaduMm depes s'(n, k) aucyio cnocoboB pasbuenust n-
9JIEMEHTHOTO MHOXKECTBA Ha k HEIyCTHIX HEHePeCeKaIoIInXCs IMOIAMHOKECTB
(pu sTom no onpeenenuto noaoxum s (0,0) = 1). OueBugno, uro s'(n,n) =
1, $(n,0) =0 upu n # 0, s(n, k) = 0 upu n < k. Kpome Toro, npun > k > 1
CTIPABEJINBO PEKYPPEHTHOE COOTHOIIEHUE

s'(n,k)=5(n—1,k—1)+ks(n—1k).
[Mosromy s'(n, k) = s(n, k). O
Vupazxkuenne 12. Jlokazarb paBeHcTBa

s(n,1) =1, s(n,2)=2""1-1,

n

1
s(n,3) = 5 (31 —=2"+1), s(nn—1)=Cp.

,HJIH BCeX IeJbIX HeOTpUulaTe/JIbHBIX 7 ITOJIO2KHM

n

B, = Z s(n, k).

k=0

Yucao B, Oymem HasbiBaTh n-M wucaom Besnra. OdeBumgno, aro B, paBhO
quc/ry pa3dueHuit n-3jaeMeHTHOr0 MHOXKecTBa. /g wucen Bena ectb mpo-
cTas peKyppentnas (opmyiia.

Teopema 14. Jlas 4106020 14€4020 HEOMPUUAMEALHO20 N CNPABEIAUBO Da-

G6EHCMEB0 n
n
B =) (k) By.

k=0
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Hoxasamenrvemeso. CyniecTByeT poBHO (Z) By, pazbuenwuit (n+ 1)-smemenTHo-
IO MHOYKECTBA, B KOTOPBIX (1+ 1)-if 371eMeHT BXOIUT B MHOZKECTBO MOIIHOCTH
n — k + 1, Tak KaK B 9TO MHOXKECTBO MOITHOCTH 1 — k + 1 He BXOIZAT pOB-
HO k 3JIEMEHTOB W 3TH k 3JIEMEHTOB HYXKHO BLIOpaTh, a 3aTeM pa3OUTh ITO
MHOXKECTBO MOIITHOCTH K. O

Teneps Haitmem sBHYIO hopmyry st auces CTupAUHTA BTOPOTO POJia.

Teopema 15. /Jlaa 110066 UeABT HEOMPUUAMEALHOL N U Kk CNPacedsuso

PABEHCTNEO
1< k

— -1 k—t n

s(n.k) = 5 3(-1) (}):

oxazamenvemeo. CHadaIa PeIImM BCIIOMOTATEIBHYIO 3a1a9y — Hail1eM Ko-
JINYECTBO CIIOCODOB PA3JIOKUTH N PA3HBIX MPEJIMETOB B k TPOHYMEPOBAHHBIX
ATUKOB, YTOOBI IPU 3TOM BCE SITUKU OBLIN HEIYCTHIMU.

Bynem permrats 3Ty 3aga4y 1o popmysie BKIOYeHui-uckaodenuii. [loso-
xum N = k™. Ilox i-Mm cBoiictBoM, ¢ = 1,...,k, OyjeM HOHUMATh CBOHCTBO
«i-ft amuK mycty. Torma

k k
S k n — k n
N(O) =) (1) <S> (k—s)"=> (-1 t(t>t .
= t=0
I/ICHOJIBSOBaHI/Ie O49YEeBHAHOTO COOTHOIICHM A

N
k!

JlaeT HY’KHOE PABEHCTBO. O

s(n, k) =

§ 2.4 Meroa npou3BoadInnx (pyHKIIAIA
ConocraBum mocae0BaTeNbHOCTH {ay, } Il GECKOHEYHOMY BEKTODY
(ag, a1y ..., ap...)

dbopMaIbHBIN CTEIIeHHON PsiT

A(z) = Z anx",

n=0

KOTODBIN Ha3bIBaeTCs Npoudsodswed dynkyued nocaegopareabnocta {ay, }.
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Nuorma miast mocsienoBaTeabHOCTH {a,} TakyKe HCIOJIb3YeTcs MOHSATHE
IKCNOHEHUUAALHOT, NPOU36odAueT GyHKryUuL, KOTOPasd OIpeIe/IsdeTcd KaK Ta-
KO#1 (pbopMaJIbHBIH CTeIeHHON DS

o0

Ac(z) = Z %x".

n=0

B ob61mux gepTax MeTo 1 MpOou3BoAduX (pYHKIHN 3aK/II09aeTCA B IEPEXO0-
JIe OT MOCJeJOBATEILHOCTH K IPOU3BOJIAIICH (DYHKIUHU, ee U3ydeHue ¢ JaTb-
HEHIIM HUCIOJIb30BAaHUEM CBONCTB MPOU3BOAMIEH (DYHKIINK /IS TOJTYYeHHST
nndopmaiu 06 UCXoHON nocseaoBaresbuocT. Hanbosiee Tunnyunas cury-
anus JJIS MEeTO/a MPOM3BOSINUX (DyHKIII Takas. Vmeercs pekyppeHTHOe
COOTHOTIEHNE, KOTOPOMY VIOBJIETBOPSIET UCKOMAs TMOCAeI0BATENBHOCTh. 110
TOMY COOTHOIIEHHUIO Ha 3J€MEHTHI IMOCIeI0BATEILHOCTH HAXOAUTCA YpaBHe-
HI€e, KOTOPOMY VJIOBJETBOPsieT MPOU3BOAsAIasd (DYHKIHA HOCIeI0BATETHHO-
cru. Pemmast ypapaenue (31ech, Boo6IIe roBopsi, J0JKHA ObITh HeMaJsast 015t
BE3eHNs), HAXOIUM HPOU3BOIAILYI0 (DYHKINIO, & CJIeJ0BATEIBHO, TaK WJIN
MHAYe, HAXOAUM JIEMEHTHI MTOC/IEI0BATETHHOCTH.

K ucnoyib30BaHIIO0 METO/IA NPOU3BOAAIINX (DYHKIUHA MOKHO YCJIOBHO BbI-
JIEJINTH TPHU TOIXOJIA.

1. PazBurue u ucnosb3oBanue Teopun (GOPMAIbHBIX CTEIIEHHBIX PsiJIOB,
060OIIAIIIUX TEOPUIO OOBIYHBIX CTEINEHHBIX PsI0B.

2. Tlepexon Kk GyHKIHAM, K KOTOPBIM CXOASITCS (aBCOMIOTHO) B HEKOTOPOI
OKPECTHOCTH HYJIsA (DOPMAJIbHBIE CTEIIEHHBIE PAJIBI; HCIIOJIb30BAHNE BO3MOXK-
HOCTE KJIACCHYECKOT'O aHAJIN3A.

3. Pabora ¢ ¢popMaIbHBIMU CTENIEHHBIMA PSIIaMU KaK ¢ OOBIYHBIME (DY HK-
rusivu (6€3 yTOYHeHHs] BOMPOCOB CXOAMMOCTH W JPYIHX BOIPOCOB KOPPEKT-
HOCTH) € TIOCTIe/IY IOl MPOBEPKOil oTBeTa.

OTMeTuM, 9TO TpeTuil MOJXOM, JaKe €CJIH €ro paccMaTpUBAThL TOJbLKO
KaK CI0coD «yraJblBaHUg» OTBETa, 3a4acTYIO ObIBAET JIOCTATOYHO b DeKTH-
Bern. Hampumep, 3aa9a HAX0XKJIEHUS CYMMBbI KyOOB IIEPBLIX 7 HATYPAIbHBIX
quCcesT TPY/AHEee 33191 IPOBEPUTH PABEHCTBO

n*(n+1)°
st 4 ’

KOTOPOe OYeHb JIErKO yCTAHABIWBAETCS MO WHIAYKIWHU: 0a3a WHIYKINH OYe-
BUJHA, & MEPEXOJT CAEyeT U3 COOTHOIIECHUS

n?(n+ 1) _(n— 1)%n? 3
4 4
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Boobrie, mpoBepuTh, YIAOBJIETBOPSIET JH HCXOJAHOMY DPEKYPPEHTHOMY COOT-
HOIIIEHUIO BUAA @y, = f(N,0n_1,0n_2,-..,0y_}) HAJEHHAS OCJIEI0BATEb-
HOCTh — 3aJIa9a CYIIECBEHHO (oJiee MPOCTasi HeYKEeJN 3a/1a4a HARTH 3T 10-
CJIeTOBATETHHOCTD.

Oxnako, Mbl Oy1eM, B OCHOBHOM, TIPHJIEP:KUBATLCS BTOPOTO TOAX0a. B
OTJIEJIbHBIX CJIYYasaX, CBA3AHHBIX, KAK MPABUJIO, C TTPOU3BOAAIINMHA (DYHKIIU-
SIMIE JIJ1s1 HEIUCIOBBIX TTOCJIEI0BATEIBHOCTEl, OY1eM HCIMOTB30BATH HJIEMEHTHI
Teopud (HOPMATBHBIX PAIOB. LIt 9TOr0 1a UM HEKOTOPbIE OIMPEIeIeHus.

[IycTh HEmycToe MHOXKECTBO K 3aMKHYTO OTHOCHTEIBLHO OTMEPAIUH <+
(cozkenmne) u « X » (yMHOXKEHHE), SBJISeTCs aDeJIeBOI IPYIION M0 CJIOKEHUTO
U JJTsd JIIOOBIX 3/IEMEHTOB @, b, ¢ € K BBINOJIHAIOTCSA 3aKOHBI JUCTPUOYTHBHO-
cru a(b+c) = ab+ac u (a+b)c = ac+ be. Torma muozxecTBo K (niu Tpoiika
(K, +, X)) HA3BIBACTCH KOALUOM.

[Iycte K — koabio. O6o3naunm depe3 K|[[x]] MaoxecTBO hOpMATLHBIX
CTENEHHBIX PsAoB ¢ Koddunuentamn u3 kosbia K. Ha muoxkecrse K[[z]]
BBEJIEM OIEPAIMH CJI0KEHUsI 1 yMHOKeHus. [1yCTh

A(z) = i ax”, B(x)= i bpa™.
n=0 n=0

Host snementoB A(x) n B(x) muoxkecrsa K|[x]] momoxknm:

A(z) + B(z) = ) (an + by)a",
n=0
A(z) x B(z) = chx", rie ¢, = Z pbn_t.
n=0 k=0

[MocegoBaresbHOCTD { ¢, }, 3a1aBaeMast PABEHCTBAMHE

n

cn:Zakbn_k, n:O,l,...,

k=0

HA3BIBAETCs céepmKoll mociefoBarenbrocrei {a,} u {b,}. IlpousBoasiias
hYHKIMA CBETKH JABYX HOCJIEJI0BATENLHOCTEH paBHA NMPOU3BEICHUIO IIPOU3-
BOAAIINX (DYHKITUI STUX TOCIe0BATEIbHOCTEII.

CaoiicTBa MuOkecTBa K [[2]] ¢ BBeJCHHBIME OTEpAIUSIMHE:

L. K[[z]] = (K[[z]], +, x) — xosb10.
2. HysieM (HeHTpasIbHBIM 3JIEMEHTOM IO CJIOXKeHU0) Kosbla K [[x]] sBis-
eTCst IJIEMEHT

[e.9]

ZOXJE”,

n=0
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riae 0 — HelTpaabHBINH JIEMEHT 10 CJIOYKEHUIO KoJibia /.
3. Ecn konbiio K acconumarusuo, To Koabio K[[x]] Toxke acconuaTusHo.
4. Ecin kosbito K KOMMYTATHBHO, TO KOJIbIO K [[x]] ToxKe KOMMYTaTHBHO.
5. Ecan xosprio K ¢ eauunmeil (HeHTPAIBHBIM IEMEHTOM IO YMHOKe-
HHI0), To Koubo K[[z]] Toxke ¢ eaununreii. B arom ciayvae exununeit Koabua
K[[z]] aBasiercs smement

1><x0+ZO><x",
n=1

rae 0 — HeHTpaJIbHBIN 3JeMeHT M0 CJI0XKEeHWIO Koablia K, 1 — HelTpaabHBIH
9JIEMEHT 110 YMHOYKEHHIO KOJibiia /.

6. Ecin konb1io K siBagercs 061acThIo TEJTOCTHOCTH (OTCYTCTBYIOT JI€JTH-
TeJIN HyJIs1), TO KOJIbIo K |[[x]] Toxke siBIsSeTCS 00IACTHIO TETOCTHOCTH.

7. Kombro K[[z]] ne aBagercs nosem, naxke ecaun K — mose. A uMeHHO,
saement A(x) € K[[z]] obparum TOTIa B TOIBKO TOTJIA, KOTIA YJIEMEHT Gy =
A(0) € K obparum (31ech k 3amucu A(0) HopManbHO HYXKHO OTHOCHTHCS
TOJIBKO KAK K 0003HAYEHUIO JJIsT ().

> JleficTBUTEIBHO, 151 CYIIECTBOBAHNS 115t dteMenta A(x) = D7 a,z"
obparuoro siaemenra B(z) = > b,2" HeOOXOIUMBIM B JOCTATOIHBIM YCIIO-
BHEM SIBJISETCS CIIPABEJIHBOCTH PABEHCTB

n

1 = apby, O:Zakbn_k, n=12...
k=0

Orcroga HeOOXOAUMOCTE 00PATHMOCTH dJeMeHTa ag odeBuaHa. C apyroi cro-
DPOHBI, €CJIM JIEMEHT (g O0OpaTUM, TO PABEHCTBA

n—1

-1 ~1
bp = a, ", b, = —ay E apbp_p, n=1,2,...
k=0

TOCJIETOBATEBHO ONPENeaioT KoddbduueHTsr obpatHoro K A(z) smementa
B(z) € K]|[x]]. O
Teneps Bpemenno octaBuM (GpOPMaIbHBIH MOIX0/, K U3YYEHUIO TTPOU3BO-
X QyHKIEi. PaceMorpum mpuMepsl, Koraa (hopMaIbHBIM CTEIEHBIM Ps-
JIaM COOTBETCTBYIOT (PYHKIHU, K KOTOPHIM B HEKOTOPOH OKPECTHOCTH HYJIsI
CXOISATCS 9TH CTEMEeHHDIE PSIIbI.
1. Eciua a,, = (ZL), n=12 ..., 10

Ax) = Z 7: 2" = (1+x)™

n=0
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2. Ecmmn a,, = (m+”_1)>\”, n=12,..., T0

oo
m+n—1 _
Az) = E < ))\”x” =(1—Ax) ™
n
n=0

[Iycts mpomssomsimast dbyuknus A(x) mociaemosarensroctua {a,} abco-
JIFOTHO CXOJIUTCS B HEKOTOPOi OKPECTHOCTH HyJ sl (K DYHKIMH, KOTOPYIO ecTe-
CTBEHHO Takxke oboznadarh A(x)), a mociaegoBareasuocts {by, } TecHo cBs3a-
Ha € MOCJIEI0BATEIBHOCTHIO {a, }. Boipasum npoussomsiiyo dbyukiuo B(x)

nocaenosareabnoctu {b,} depes dynknuo A(x).

Ecan
b — 0, ecin 0 <n<k-—1;
" Gp_r, ecaun >k,
TO
B(z) = 2" A(2).
Ecan
bn = Un+k, n = 07 17 )
o k-1 ‘ F=1
Al) = St Ax) - 3 A0,
(2) o -
Eciu
b, =na,, n=0,1, ,
TO

B(z) = 2A'(2).

Tenepb mpuMeHUM MeTO[T NPOU3BOAAIINX (DYHKIMIT JJI1sT perenHust OIHOi
U3BECTHOUN 3a1a4H.

OupeneuM npasusvHyto ckobounyo cmpykmypy KakK IOCJIeI0BATEb-
HOCTH JIEBBIX U TPABBIX CKODOK, KOTOPYIO MOXKHO TOJYYHTHL 33 KOHEUHOEe
YHUCJI0 IPUMEHeHUH CJIeyIOINX IPABUIL:

— TOCJIeIOBATETHHOCT () ABJSETS PABIIBHOM CKOBOYHON CTPYKTY POii;

— ecqu I — mpaBmwibHas cKoGOUHAsT CTPYKTYPa, T0 (I1) — Tozke mpaBuib-
Hasg CKOOOYHAA CTPYKTYPA;

— ecim I u II, — npaBuabHbIe cCKOOOUHBIE CTPYKTYPHI, TO [11115 — Toxke
npaBmwibHasg CKOOOYHAS CTPYKTYpA.

3aaua 3aKJII0IAETCS B HAXOXKJIEHUNW YUCIA TPABUIBHBIX CKOOOTHBIX
CTPYKTYP, COAEPXKAIMUX POBHO IO N JEBBIX W IPaBbIX CKOOOK. OGO3HATMM
3TO YHUCJO 9epe3 a,.
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OueBnIHO, UTO B KaXKJI0M HadaJbHOM OTpe3Ke JI000i TpaBMIbHON CKO-
O0YHON CTPYKTYPBI YHCJIO JIEBBIX CKOOOK HE MeHee JHhCJa MPaBbIX CKODOK.
Pazobbem muOMKecTBO A, 1 BCeX MPABHIBHBIX CKOOOUYHBIX CTPYKTYD, CO-
JIepKAIIUX POBHO MO 1 + 1 JIeBBIX M MPaBBIX CKOOOK, Ha TOIMHOXKECTBA
A§ll, o ,A]{zfll), rje .Affil, i =1,...,n+ 1, — HOAMHOXKECTBO TIPABUIb-
HBIX CKODOYHBIX CTPYKTYp M3 MHOXkKecTBa A, 1, 00JaJa0IMIX CJIeLy FOIINM
CBOIICTBOM: BIIEPBbIE PABEHCTBO YHCJIA JIEBBIX M IPABBIX CKOOOK JOCTHUTAETCS
Ha dJ1eMeHTe IOCIe0BATEIbHOCTH CKOOOK ¢ HOMepoM 2i. Torma cipape 1 IuBbI
paBeHCTBaA

(n+1)

Up1 = |Ans1| = ‘A,(Illl +...+ ‘ARH =a, +a1ap_1+ ...+ a,_101 + a,.

Tenepn, nojarag ag = 1, nojydaeM peKyppeHTHYIO (POPMYJLY

n
Upt1 = E Qg Cp—k-
k=0

[lepexoms x mpomsBogsrieit dbyukimuu A(zr) mocrenoBareabroctn {ay,},
3aMETHUM, YTO JIJIsl BCeX N BEPHO HEPABEHCTBO a, < 4". [lo3ToMy B HEKOTOPOIi
OKPECTHOCTH HYJIA COOTBETCTBYIOIIUI 3TOi MOCIeI0BATEIHHOCTH CTEIIeHHOMN
psii aOCOTIOTHO CXOMUTCH.

Beenem nocsenoarensaoctu {b,} u {c,} paBeHcTBamu

n

bn:an+17 Cn = § AEQp—k, TLIO,l,...
k=0

Ja mpomssogsmux bynkuuii B(z) u C(x) mocaegosarensuocreit {b,} u
{c,} cupaBenuBbI paBeHCTBA:

B(z) =C(z), B(z)=""——, C(z)= A*2).

CiiejtoBaTe/ibHO,
Alx) -1

" A?(x).

Takum obpazom, uMeem KBaJIpaTHOE ypPaBHEHHE
rA*(x) — A(z)+1=0
orHocuTe b0 A(z). Pemas ero, moaydaem:

114z

A(x) 5
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[ToaxoauT TOJILKO OAWH KOPEHB:

1—+v1—4x

Alz) = 2x

Paznoxum B psaa Makiaopena dpyukmnuio 1 — /1 — 4x:

1—vV1—dz=1- i (122)(—4:5)’“ =

k=0
=3 -1). . E-k+1)
_ 2 \2 2 o k __
N Kl ()" =
k=1
(1)1 =2)(1—4)...(1=2(k—1)) .
Z ok (=) =
k=1
= (2k — 3)! 2k = 2N (2k =3,
Z g L= Tk — 1) T
k=1 k=1
(26 —=2)! 2 2k—2 o
- ; (k—1) T Z k '

k=1 n=0
CrenoBaresbHO,
0 — 1 (271) _o.1,
n+1\n
Yucao HLH(Q:) Ha3bIBaeTCI n-M yucaom Kamanana. Yuciia Karanana

BO3HUKAIOT BO MHOTMX KOMOMHATOPHBIX 33/a49aX, B YACTHOCTH, N-MY UYHCIIY
Karanana paBHbr:

a) KOJIMIeCTBO HAOOPOB, COCTOAIINX M3 N HyJel W 1 eJUHHIl, B KOTOPBIX
B J1I000M HA9AILHOM OTPE3KE IHC/IO0 €IUHMIL He IIPEBOCXOAUT YUCJIa HYJICH;

6) KoaMUIeCTBO CIOCOOOB pas3Ouenust (IyTeM TPOBEIEHUsT HelepeceKaro-
IUXCS JUATOHAJEH ) BHIMYKIOTO (1 + 2)-yroJbHUKA HAa TPEYrOJbHUKH;

B) KOJIMYECTBO MOHOTOHHBIX OTOOpazkenuit f m3 muHoxecrsa {1,2,...,n}
B MHOKecTBO {1,2,...,n}, yaosierBopstonux ycaosuto f(i) < i ajs1 Beex i,
1 <1< n;

I') KOJHYECTBO BCeX (2XN) MATPHIL, MHOZKECTBO JIEMETHTOB KOTOPBIX COB-
majaer co MHOKCTBOM {1,2, ..., 2n}, IpuueM B KaxKJI0il CTPOKE U B KAZKJIOM
CTPOKE 3JIEMEHTbI PACIOJIOKEHBI B BO3PACTAIONIEM IIOPSIKE.
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Vnpaxxraenne 13. HaiiTn 3KCNOHEHITNAIBHYIO TPOU3BOASIIY 0 (DYHKIINIO TI0-
CJIeIoBaTeIbHOCTH {ay, }, THE @, — KOJUIECTBO BO3PACTAIOIIE-YOBIBAIOIIIX
MOJCTAHOBOK CHMMETPUYECKOl rpymmsl S, (moacraHoBka o € S, Bo3pacTa-

I01TIe-yOBIBAIOIIAs, ecin B mocaenoBareabnoctu o(1),0(2),...,0(n) Bee ve-
MEHTBI, CTOAIIINEe Ha Y€THBIX MeCTaX, 60JIbH1€ CBOUX COCG,HGIU/I).
. _ l4sinz
Otper: Ac(x) = 2% (bywkmma A.(z) yaosreTBopseT ypaBHEHHIO

24 (z) — A%(z) — 1 =0).

3/1eCb BCTaBUThL METOJ TPAEKTOPUIL 1 3aMedaHme PO
BayKHOCTH METOa MPOU3BOIAIINX (DYHKINI HECMOTPS

Ha HaJn4ne y 3a71ad4 DoJ1ee IPOCTHIX U 3JICTAHTHBIX pe-
I[IeHU

Jlermusa ¥k 7

§ 2.5 JIuneiitHble peKyppeHTHBLIE IIOCJI€E/I0Ba-
TEJIbHOCTH

Paccmorpum ciaeayromyto 3amaay. Hy»kuo HaiiTu qucio f, HaOOpoB u3 HyJIei
U eJIUHHUIL JJIHHBL 1, 00J1aIaI0IIKIe CBORCTBAMMU:

1) mepBbiii pa3psiyi HAOOPA PABEH €UHUIIE;

2) nocae il paspsi Habopa PABEH e/MHUIIE;

3) B HAbOpe HEeT JBYX CTOSIIIUX DSIJOM HYJIeil.

[MocaenosaresbHocts {f,} ya0OBIETBOPsieT DPEKYPPEHTHOMY COOTHOIIE-
HUO fn192 = fni1 + fn ¥ HaUaIbHBIM yeaoBusaM fi1 = fo = 1. Takasg mocaeno-
BATEJIbHOCTH Ha3bIBaeTcst nocaedosamenvrocmuvio Oubonauuy (B UCXOTHON
3ajiade ClelruajbHO J100aBJIeHbl HEePBbIE JIBA YCJOBUS, YTOOBI IOJIYYUIOCH
HMEHHO 3Ta MOCIe0BATEIbHOCTD, & He «CIABHHYTasi» ). [locaenoBaTeabHOCTh
PuboHAYYIN BOSHUKAET OYEHb YaCTO B CAMBIX PA3HBIX 00IACTAX MaTEMATUKMA.
B gactHOCTH, f,, paBHO KOJUYECTBY TAKHX MTOJACTAHOBOK 0 CUMMETPHYECKOMN
rpynusl S, _1, 9T0 s J10ooro ¢, 1 <7 < n — 1, BRIIOJTHSIOTCA HEPABEHCTBA
li—o(i)] < 1.

[TocaepoBarenbuocTb PuboHATYN ABIIETCH YACTHBIM CIYYaeM BO3BPAT-
HBIX MTOCIE0BATEIBHOCTEH, 3aaBaeMBIX JTHHEHHBIMI OTHOPOTHBIMIA COOTHO-
HIEHUMH C TOCTOSHHBIMEU Kodd dburmentamu. Haiiem obiee pelreHne Takoro

48



COOTHOIIIECHU A.

Teopema 16. ITycmv nocaedosamenvrocms {a,} ¢ anemenmamu uz C ydo-
BAECMBOPAET. PEKYPPEHMHOMY COOMHOWEHUI)

Apik = UQpyk—1 - -« + Uk—1Qp 1 + UgQp,

edeu; € C,i=1,... k, up #0. Toeoa
Ay = Z)\?B(n), (*)
i=1

2de )\Z — KOpeHD D KparmHocmu r; rapakvmepucmuvecrkozo MHO20UAEHA

zF — ulxk_l — .= U 1T — Ug,
P;(n) — mmnozounen om nepemennot n cmenenu r; — 1, ¢ = 1,...,5. Koag-
Puyuerms, mMHoz20usen06 P; 6 kKoauvecmee 1+ ... +1ry = k wmyk onpedens-
romea us cnpasedausocmu gopmyant (%), nanpumep, das nepsur k wienos
nocAedo8amMeEALHOCTNU.

oxasamenavcmeo. HaiineTcsa Takast KOHCTaHTa ¢, 9TO I JI0OOro n, n > 1,
CIIPaBE/THBO HEPABEHCTBO

< .
|ant1] < ¢ max |a;|.

[TosTOMYy pOCT 3JIEMEHTOB IIOCJIEI0BATEJIBHOCTH 10 ADCOTIOTHON BeJIMINHE HE
6onee yem crenennoii. CienoBare/bHO, IIEPeX0isd OT HOCJEI0BATEILHOCTH
{a,} x mpomsBomsimei dbyukmun A(z) 9TOH MOCTETOBATEIHLHOCTH, TOTYIaeM
CTENEeHHON PsJl, aDCOJIIOTHO CXOAAIINICS B HEKOTOPOIl OKPECTHOCTH HYJIS.

[Mpoussogsmas dbyaknusa B(x) nocaemosarenbHoctu {b,}, 3agaBaemMoii
IPH BCEX N PABEHCTBOM by, ; = @, IMEET TAKON BHJI;

B(x) = l’fi(A(J?) — Qi1(x)),

rie (;_1(x) — MHOrOYJIEH CTeneHu i — 1, OpeiesisieMblil TIePBBIMHU | YJIeHAMI
noceaosarebHocTd {ay, }-

[TosTOMY HCXOIHOE PEKYPPEHTHOE COOTHOIIEHUE JAeT CJICAYIOIEee yPaB-
HEeHUe OTHOCUTEJIbHO 1pousBosieii Gyukuun A(x):

k—1

1M (A) — Quar(2) = 3w FI(A(x) — Queia (2) + upA(2).

i=1
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JIOMHOZKHM JIEBYIO U TIPaByIO 9acTh 9TOTO paBeHCTBa Ha ¥ m cobepeM cia-

raemble, cojiepzKaiiue byHKIuo A(r) B JeBOH YacTH paBEHCTBA:

k
Alz) [ 1 - Z wrt | = Qk,l(x),

rae Qr—1(x) — HeKOTOPBIH MHOTOWIEH cTenenn k — 1.

[Iycth Ay, ..., Ay — KOPHH XapaKTEPUCTHIECKOTO MHOTOUIEHA
F — ulxk_l — = Uk 1T — Ug,
KPaTHOCTH T1,...,Ts, cooTBercTBeHHO. Tak Kak ui # 0, To \; # 0, i =
1,...,s. Torma, nenas 3ameny r — i, MOJTY9aeM, ITO MHOTOUIEH
l—waxr—...— uk_lxk_l — ukxk
uMeeT KOpHHU /\%’ ey % KPaTHOCTH T'q, . . . , I's, COOTBeTCTBeHHO. ClienoBaTeb-
HO,
) - Qi (2) MW (A Q)
- (s T - .
(- 2) (oo )” A =X
1 s

Vcnonb3ys pa3ioxkenne pamuoHaIbHOl (DYHKIUT B CYMMY IIPOCTEHTITUX IPO-
Oeit, moIydaeM:

S i
_ Qi
rae g, 9 =1,...,s,j=1,...,7r;, — HEKOTOPbIe KOHCTAHTHI (BOOOIIE TOBOPSI,
KoMIIeKcHbIe). lasee, mast i = 1,..., s umeem:
T 00 .
> = e (T e

j=1 n=0

:OO)\?H“' ij nti- ) A!'Pi(n
n=0 ‘ j;aj( j Z

rae P;(n) — HeKOTOPBIil MHOTOUIEH OT MepeMenHoii n cremenu 7; — 1.
Takum obpaszom,

Ale) =33 NPt =3 | AR | "

i=1 n=0

[IpupaBHuBas KO3MDMUIUEHTH NPU CTENEHSX HepeMeHHON X, TMOoTydaeM
yTBEPZAKJIEHUE TEOPEMBI. 0
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3ameuaHme 2. JInneiiHoe HEOTHOPOIHOE COOTHOIIEHNE C MTOCTOSTHHBIMU KO-
s durmeHTaMu BIHIA

Ap+k — U1Aptk—1 — -+ — Up—10p41 — UpQn = f(n)a

B caydae, korga dbyukmus f(n) geiagerca kBazumMHOrodwseHoMm (tT.e. f(n) =
A"P(n), rae P(n) — MHOTOYJIEH OT TIEPEMEHHOi 1), PeIraeTcst MeTOIO0M PO-
U3BOAANIMX (DYHKIMH IPAKTUIECKH TaK ¥Ke, KaK U OJHOPOJIHOE.

Bossparimasics k nocaenoBaresabnoctn Pubonaaun {f,}, yaosrersopsio-
el peKyppeHTHOMY COOTHOIIEHUIO [0 = f,11+ [, U HAYATBHBIM YCIOBUSIM
f1 = fo =1 (wim, 910 TO XKe camoe, HaYAIBHBIM ycsoBusM fo = 0, f; = 1),
OTMETHM, UTO XapaKTePUCTHIeCKHii MHorowaeH 2 — x — 1 = 0 mocJenoBa-
reabHocTH PUOOHAYYN UMeeT KOPHU

1++5

Ao = 5

[Tosromy, B cmay [JOKa3aHHOW TeopeMbl, OOIIUM perieHrneM COOTHOIIeHU s
fnt2 = fne1 + fn OyIeT Takasg COBOKYMHOCTD MOCJIETOBATETHHOCTEI:

1+v5\ 1-+5

2 2 2

n

ap, — C1

VI3 Hava IbHBIX YCIOBHI HAXOIUM, UTO ¢ = 1/\/5, Cy = —1/\/5. Takum

obpazom,
p_ L 145 1-5
" 2 2

n

CaoiicTBa mocaenoparenbaocTn udoHauIN:

1. Tlyctb ¢ — «30710TO0C cevenmes, T.e. ¢ = (1 +1/5)/2. Torma ana n-ro
4JIeHa, 1Moc/ie10BaTe/ ibHOCTH PubOHaAYYN CIIPaBeIUBLI (DOPMYJIbI:

a) fu == (0" = (=¢)™") (bopmyra Bue);
6) fn= | %]

2. DJIeMeHTHI Tocie10BaTe/ IbHOCTH PUOOHATIN YIOBAECTBOPSIOT CJIETYIO-
LIUM COOTHOIIEHUSIM:

r

a) fit fot. oA fo= fare— 1
6) fi+fs+ ...+ fon1 = fon

B) fot fat ..o+ fon = fony1 — 1
)

o1



n) fo A fro = fonias
e) fotm = fo-ifm + fofmir = forfmr — facifme1s
K) fan = fSH + ffi’ - 3715
(Y )
Lo fn fn—l
3. Jliobble aBa COCeIHUX UIeHa IMOCIeI0BATeILHOCTH PUOOHATIN B3AMM-
HOMpOCTHI. BoJsiee TorO,

(fm fm) = f(n,m)a

rae (a,b) — nanbGoapmuit obmMit meuTes s Tucest a u b.
4. Jlioboe HaTypaJbHOE YUCIO N MOXKET ObITHb IPEJCTaBIEHO, IIPUYEM
eIMHCTBEHHBIM 00Pa30M, B BHJIC

o0
n=>Y afi
k=2

e «; € {0,1} a; + ;41 < 1,01 =2,3,...
5. Just npousBojsiieit byukuuu F(x) nociaepoBarenpnocru Pubonaduu
CIPAaBE/JIMBO PABEHCTBO

F(x) -

11—z —22

(Tak Kak CTerneHHoii psaj abCOTIOTHO CXOIUTCSA B HEKOTOPOH OKPECTHOCTH HY-
JIst, TO TOJT TPOU3BOIAIIEH (DYHKITHEH MOXKHO IOHUMATH (DYHKITUIO, K KOTOPOit
CXOJINTCA COOTBETCTBYIOIINIT CTENEHHON p;{g:L).

Vupaxxkuenune 14. Jlokazathb cBoiicTBa mnociaeaoBaTebHOCTH PUdOHATIN.

§2.6 ®Dopmysa obpamenus Mebuyca

[Tycrs pi™ ... p"™* — paszjioxenne 4ucjaa n Ha IPOCTble MHOXKUTE . BBeem
dynryuro Mebuyca p(n) HATYPaATBHOTO apryMeHTa 1 PABEHCTBOM

1, ecmu n = 1;
pn) =< (=Dk, ecmmmy =...=my =1;
0, WHAYeE.

Jlemma 9. Cnpasediueo pasencmeo

1, ecrun=1;
> uld) =

0, ecaun>2.
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Hoxazameavemeso. Tlpu n = 1 paBeHCTBO 04YeBHIHO.
— mi mg
IIpu n > 2 paccMoTpuM pas/oxKeHue n = pi''...p,
xutenn. Iomoxum n = py ... p,. Torma

dould) =D pld+ > puld)=

Ha IIPOCTbI€ MHO-

d: dln d: dln d: d|n,din
= p(d)=1-CL+C; — ...+ (=DFCy = 0.
d: dln
TeM caMbIM paBeHCTBO JIOKa3aHO B 0OOUX CJIyUAsX. O

Teopema 17 (bopmyna obpamenust Mebuyca). ITycmo f: N — R, g: N —
R u 0as 6cexr HAMypasoHblT N 6EPHO PAGEHCTNEO

d: dln

Tozda 0rs 6cex HAMYPAALHOIE N CNPABECAUBO PABEHCINEO

g(n) = > u(d)f (5).

d: dn

oxazamenvcmeo. BepHa ciemyiorias MenoYka PaBeHCTB

S (5) = md) Y gy =" D wld)g) =

d: d|n d: dln b: bl d:dln b:b|%
= > udgb)= > pu(d)gb) =
(d,)b): d|n, bl % (d,b): dbn
= > g = gb) Y ud) =gn),
(d,b): bln,d| % b: bln d: d|%

rje 1nocJjeanee paBeHCTBO cjaeayeT u3 Toro, 4To CyMmMa

> u(d)

d:d|y
o JiemMe 9 ipu b = n paBHa 1, a B OCTaJbHBIX cJIydasx pasHa (. O

Teneps npumenum dopmyay obpamenuss Mebuyca s mepeducaeHus
MUKJMYECKUX 110CJIe10BATE/IbHOCTEN.
[Mukingeckas mMOCI€10BATETHBHOCTD

(.o, a1,a9, ... Gy, G, G2y . .y Ay, A1, A2, - . )
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JJIMHBI (HepI/IO,ILa) 7, IOPOXKJIAETCS JIMHENHBIMH TOCJIEI0BATEIbHOCTIMHA

(a1, a9, ... 0,), (ag,...,an,a1), ..., (Gp,a1,...,¢n_1)

JUIMHBL M U, B CBOIO OYepeb, MOPOXKIAECT 3TH 7 JIUHEHHBIX MOCIeI0BATE b
HOCTe#, cpejin KOTOPBIX, BOOOIIE IOBOPs, MOTYT ObITH COBIIAIAIOIIIE.

Jlns muKJImaeckoi mocsie/10BaTeIbHOCTH, TTOPOZK 1aeMoit TuHefiHO moc.Te-
JOBATEJIBLHOCTBIO (a1, as, ..., ay,), HANMEHbITEe YUCIO d, YIOBIETBOPSIOIIEe
YCJIOBHIO

(a1,a9,...,0,) = (Qgs1y- -y Qn, A1, ..., 0a4),
HA3BIBACTCS HAUMEHDULUM NEPUOOOM ITON IUKINIECKONH IMOCIeI0BATEIbHO-
cru. Q4ueBUIHO, 9TO Beeraa d JAEIUT 1.

[Iycts |A] = r. Torma 4ucsio JUHERHBIX MOCTEI0BATEILHOCTElH TTHHBL 1
¢ jieMeHTaMu U3 MHOxKecTBa A pasno 1. O6osnauum depe3 M (d) uucio
[MUIKJIHYECKIX TOCIeI0BATeIbHOCTeH HauMenbero nepuoga d. Torna

> dM(d) =r".
d: dn

[Ipumensist hopmyity obpaienuns Mebuyca nis byuxuit f(n) = r" u g(n) =
nM(n), umeem:
nM(n) = 3 uldy,
d: dn
U CJIeI0BATEIhHO,
M(n) = 1 > u(dyre.
d: dln
Takum ob6paszom, MbI HAILIN YNUCJIO IMUKJINIECKUX ITOC/Ie0BATEhHOCTE
¢ MHHHMAJBHBIM TepuojioM n. s HaxoxKTeHwus: duciaa T(n) Beex MUK/IH-

JeCKUX TOCJIe10BaTeIbHOCTENR TIEPHOJIA N JOCTATOTHO UCIIOJIB30BATH MIPOCTOE
PaBEHCTBO

T(n)= Y M(d).

d: dn

Jlexnusa B 8

§ 2.7 KoamvecTBO HENPMBOAMMBIX MHOTOYJIE-
HOB HaJ Z,

Pacemorpnm noste Z, # KOJBIO MHOTOUIEHOB Zy,[z] Hax sTHM moseM. Byaem
paccMarpuBaTh TOJHKO MHOIOYJIEHBI, Y KOTOPBIX KO3(PUIUEHT 1pu crap-
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meM 4iene pasen 1. Takume MHOTOWIEHBI OyAeM HA3BIBATD HOPMUPOGAHHbL-
mu?. OTMeTHM, 9TO IPOU3BeJeHIe HOPMAPOBAHHBIX MHOIOYJICHOB TAKKe AB-
JIsIeTCsT HOPMUPOBAHHBIM MHOTOYJIEHOM.

KoandecTBo HOpMIPOBAHHBIX MHOTOYJICHOB CTEIICHHU 1 HAJ, TI0JIeM Zj, PaB-
HO p" (Bcero y MuOrowIeHa n+ 1 koaddunueHToB, OMH U3 KOTOPHIX (DUKCH-
poBaH, a oCTaJbHbIE N KOIDPUITMEHTOB MOI'YT IPUHUMATD JIIOObIe U3 P 3Ha-
genwuit). Cire0BaTeIbHO, Hepexo/is OT MOCIe0BATEIbHOCTH YHCIa HOPMUAPO-
BaHHBIX MHOTOYJIEHOB CTeMeH! N K TPOU3BOAAMIEH (DYHKITUHN ITOH TOCIe10Ba-
TEeJIbHOCTH, MOJIYYaeM CTEIeHHO! psil, aDCOTIOTHO CXOISIITHIACS B HEKOTOPOIA
OKPECTHOCTU HYJIS.

C o/1HO# CTOPOHBI, TPON3BOAAIIA (DYHKIUS TUCTA HOPMIPOBAHHBIX MHO-

TFOWICHOB UMeeT B/
Z]: :
T 1-pz px’

C spyroit ¢cTOPOHHI, O6OSH8HI/IB YHUCJIO0 HEMPUBOIUMBIX HOPMHUPOBAHHBIX
MHOT'OY/ICHOB HaJl 110JIeM Z;, CTeleHd m 4depe3 I[,,, IMeeM:

St = (e +a2™ ) (a2 ).
n=0 m=1 h

I, paz

[Toscanm 31O paBeHcTBo. [l1d KaxKkKaoro m, m > 1, 3anymepyeM [, cOOTBeT-
CTBYIOIIUX CKOOOK M3 MPaBOil YaCTU PABEHCTBA HENMPUBOJIUMBIMH HOPMHUPO-
BaHHBIMH MHOTOYJICHAMHA Gy 1, - - - , Gm, I, CTEIEHN M. Tenepb Npon3BoJbHOMY
HOPMHUPOBAHHOMY MHOTOUJIEHY f CTemeHu 1, TPeJICTAaBIEHHOMY KaK MPOU3-
BeJICHUE HEIPUBOIUMBIX MHOT'OYJIEHOB

f = (9817i1)t1 s (QSkﬂ'k )tk

(3mechb t181 + ... + tgSE = M), COMOCTABUM CJIEJYIOIIee TPOU3BEICHIE, MOy~
Jaloneecsd B MPaBoil YaCTU MOCAe pacKpbiTusg ckobok. g j = 1,...,k u3
CKOOKHM, KOTOPO#l CONMOCTaB/IeH HENPUBOJAUMBIN MHOTOMIEH (s, i, OepeM cia-
raeMoe xt i, a U3 OCTAJIBHBIX CKOOOK OepeM ciaraemoe 1. Tem caMbiM MHOTO-
wieny f 6y;LeT coIoCTaB/IeHo IIpousBeaenue x5 ..z papHoe 2". BepHo
u obparHoe — JI000MY TOJIYYaIOIIEMYCsl TT0CJIe PACKPHITHSA CKODOK B MPaBOii
YaCTU MPOU3BEJIEHUIO, PABHOMY X" CONOCTABISETCS MPOU3BEJCHUE CTEIeHe
HEIPUBOJMMBIX MHOTOYJIEHOB, JIalolee HOPMUPOBAHHBI MHOIOYJIEH CTelle-
o1 n. [losTroMy mpu packpbITUH CKOOOK B IIpaBoil yacTu npu z" OyjueT Ko-
3 dUnMenT, paBHbIA YHCIY BCeX HOPMUPOBAHHBIX MHOTOYJIEHOB CTEIEHU 7N,
T. €. PaBHBIT p".

2) OOBIYHO TaKMe MHOTOUJIEHBI HA3LIBAIOT TMPpUBEIEHHBIMUW, HO TaK KaK TEKyIlad IeJIb —
IMOACYNUTATH YUCJIO HEIIPUBOJAUMBIX MHOI'OYJIEHOB, TO BO n30exkaHne CJI0BOCOUYETAHUS «IIpU-
BE€ICHHBIC HEIIPUBOAUMbIC MHOT'OY1JICHBI », 6y;1eM HCIIOJIb30BaTh TEPMHH «HOPMUPDOBAHHBIC».
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O0benHsIsT IBA PABEHCTBA, MOJTYyIAeM, ITO

o0

1 —px= H(l — ™),

m=1

[pupapauBaem JorapudMuUdecKie TPOU3BOAHBIE (IPOM3BOJHBIE JIOTa-
pudma) JeBoil U MPaBoil YacTeil NpeabIIyIero paBeHCTBa:

m—1

— = I,——.
1—pzx mzzlm 1—am

YMHOXKaeM 00€e YacTh MOCAEIHEer0 PaBeHCTBA Ha T, a TaKxKe 100aBjseM
U BBIYMTAEM €JMHUILY B YUCJIUTESIX BCEX Jpobei:

1 > 1
1l——=> ml, ([1-——.
1—px mzzl ( 1— xm>
PackmaapiBast B psa, TOTyTaeM:

ip"z” = im[m (a:m+$2m —|—$3m+...) .
n=1

m=1

[IpupaBuuBas ko3 dunuerTs Ipu ™, MoaydaeMm, 9To

CsoiicrBa uncena I,:

1. Beimonngercsa paBeHcTBO [1 = p.
2. Ecnu n — npocroe, 1o

Tem cambiM, noTydeHbl TOUHBIE 3Hadenud [, mia n = 1,2, 3.
3. I[Ipu n > 4 cupaBeiTuBBI HEPABEHCTBA

> B cymme njis nipejicTaBiieHUs P BBIJEJIUM II€PBOe U TOCJIe/IHee criara-
emoe: p"* > nl, + 1, =nl, + p. [

o6



4. TTpu n > 4 BepHa cjejayolias OleHKa CHU3Y Ha [,:

n n/2+1

p—p

n

I, >

> JleficTBUTENBHO, C UCIOJIb30BaHUE CBOMCTBA 3 MOJIy4aeM COOTHOIIEHUS

[n/2] [n/2] 4
n _ p n/2+1
P —Zdldgn]n—kZdldgnln—kng<n]n+p ,
d: dln d=1 d=1
13 KOTOPBIX CJAEeAyeT HYKHOe HEPABEHCTBO. O

5. g 1r06oro HATYypaIbHOTO N HAJ, HOJIEM Zj, CyIecTByeT HOPMHPOBAH-
HBI HEIPUBOJIUMBIF MHOTOYJIEH CTENEeH! N.

> HepasenctBo [, > 0, a caemoBaTeabHO W HepaBeHCTBO [, > 1, Hemo-
CpeJCTBEHHO cJieyeT u3 cBOWcTB 1, 2 u 4. ]

6. [Ipu n — oo cupaBeJInBO ACUMITOTHYECKOE PABEHCTBO

I, ~—.
n
> AcuMITOTHKA POCTa BEJIUUWHBI [, ¢ POCTOM M JIETKO YCTaHABINBAETCS
¢ UCIOJIb30BaHUEM CBOHCTB 3 1 4. 0
7. s 106010 HaTYypaabHOIO N CIIPABEIINBO PABEHCTBO

1
I, =~ d)p™'*.
nd%” p(d)p

D> Jlmst moka3aTehCTBa 3TOTO PABEHCTBA JOCTATOTHO MPUMEHUTH (POp-
myny obpamierust Mebuyca, nonoxus f(n) = p”, g(n) = nl, ans Bcex HATY-
PAJILHBIX N. ]

§ 2.8 ToxaecrBa HrioTona

31ech Ham noTpedyercs OJuH (pparMeHT Teopuu (HOPMAJIbHBIX CTEIEeHHBIX
PSIIOB.

[Iycrs K — KOMMYyTaTHBHOE acCOIUATUBHOE KOJIbIO ¢ ejuHuiei. Toraa
B Koutblle K[[z]] BBegem onepanmio D dopmanbHoro muddepeHnnpoBanus,
TTOJIOZKUB JJIs1 MPOU3BOIBHOTO dseMenTa A(z) = Y > a,x” konbua K[[z]]

D(A(z)) = Z na,z" !,
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rJe JIIsT TPOU3BOJILHOTO 3JIEMEHTa @ KOJIbIa K 101 3aITUChI0 Na TOHUMAETCS
3JIeMEHT

a+...+a

T CJlaraeMbIX

kosbna K. Ormernm, ato D(A(z)) € K[[z]].

Cpoficrsa onepanmn dopMatbHOro andbdepennmposams:
1. yers A(z), B(z) € K][z]]. Torna
D(A(z) + B(z)) = D(A(z)) + D(B(z)).
2. Tlyers A(z), B(z) € K|[z]]. Torsa
D(A(z)B(x)) = D(A(z))B(z) + A(z) D(B()).
3. Ilyers A(z) € K[[z]). Torna
D(AY(2)) = NAY " (2) D(A(x)).

4. llycrs A(z) u B(x) — obparumbie anementsl Kobna K[[x]]. Torma

D(A(z)B(z)) _ D(A(z)) , D(B(z))

A(@)B(z) — Ax) B(x)

Tenepn nepeiineM HenmocpeJICTBEHHO K ToxKAecTBaM HbioToHa.

[Iycrs F' — mekoropoe nose, Flay, ..., a,] — KOJBIO MHOPOYJIEHOB OT
EePEMEHHBIX (O, . . . , (4, € Koabdunuenramu u3 noast F, a Flag, ..., a,][[z]] —
KOJIBIO (DOPMATBLHBIX CTEEHHBIX PsIIOB HAJL KOAbIOM Flaq, ..., ay).

Beiaeanm B kosbiie Flag, ..., «,] MHOKECTBO 24eMEHMAPHOLT CUMMEM-

puUveECKUTr MHO20MNEHOB !

0'0:]_,
o1=—(o1+ ...+ ay),

09 = 109 + g + ... + A 100,

o = (—1)F Z QG iy . O,

1<ir<..<ip<n

n
on=(—1)"ay...ap,
a TAKKe MHOXKECTBO CMENEHHLL CYMM:
So =0,
k k k
Sk=af+as+...+a,, k=12 ...
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MocaenosaresbHocTsiM {0} (canraem, uro o = 0 npu k > n) u {Sk}
conoctaBuM (opMasibHble CTeneHHble Psijibl (pousBojginue (bYHKIUA) U3
koabnia Flag, ..., ap][[z]]:

k=0
o(x) = Z ot = Z o = (1 — ay2)(1 — awx) ... (1 — anz).
k=0 k=0

Chenyiomas nernovka paBeHCTB YCTAHABIMBACT CBSA3b MEK]Iy BBEJICHHDI-
MH (pOPMAILHBIMA CTEIEeHHBIMU PsIIaMHU:

D(o(x)) (1= o) ~—~ —o
"o o(x) —xz 1— g _le—ozkx_
k=1

_n _L __n - )
E 1(1 1—%@)— > (e +aja®+..) =

k=1

Takum obpazom,
zD(o(z)) 4+ S(z)o(x) = 0.

C apyroit cTopoHblI,

n
= E koyat,
k=1

a S(z)o(r) — mpousBonsiast (GYHKIUS MTOCTEIOBATETHHOCTH, ABJISIONICHCST
cBepTKoil nocsenoparesbuocreit {oy} u {Si}. llpupasnusas kosdpdurpmenrsr
npu crernerax (hopMaIbHON TepeMEeHHOl T, MOy YaeM:

U1—|—81:0, )
20’2+SQ —|—SlO'1 = O,

opMyJbl Hbrorona
k0k+5’k+sk_10'1+...+510'k_1:0, Cb ALY

no, + Sn -+ Sn,10'1 + ...+ SlO'nfl = O,
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Sn+1+ 5,01+ ...+ 510, =0,
0000ITIeHHDIE
dbopMy.IBI

Snik + Snyr—101 + ... + Spop = 0, HBIOTOHA,

Takum 06pa3oM, CTEIEHHbIE CYMMbI OJIHO3HAYHO BbIPAZKAIOTCS depe3 3Jie-
MEHTapHBbIE CUMMETPUYECKIe MHOTOUYIeHb. KpoMe TOro, ecjin NCXOHOe TI0-
Jie F' mMeeT HYJIeBYIO XapaKTEePUCTUKY, TO U JeMeHTapHbIE CHMMeTPHYeCKre
MHOTOYJIEHBI OJTHO3HAYHO BBIPAZKAIOTCS Uepe3 CTeMeHHbIe CYMMBI.

B zakmouenue mepBbie 1 paBEHCTB, BXOJSIINX B 0000ITIeHHBIE (hDOPMYJIBI
Hpiorona, 3anuriem B y00HOM JiJId MOCJIEYIONIEr0 UCIOJIH30BAHUS MaTPH -
HOM BHJIE:

Sn Snfl o e Sl 01 SnJrl
Sn—i—l Sn Ce SQ 09 Sn+2
Sanl 82n72 <. Sn On SZn
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I'maBa 3

KoaunpoBanne

BOHpOCbI KOAUPOBaHUA B MAaT€MAaTHUKE BO3ZHUKAJIN JaBHO. I/IBHaqaﬂbHO OHN
UMeIN BaykKHOe, HO BCIOMOTATe/IbHOe 3HAUEHNE — HaIpuMep, n300parkeHune
qHCce]T B JIeCATUIHON cCHCTeMe CUUCIeHUs, BBeIeHIHEe KOOPIUHAT KaK ajaredpan-
JeCKHX 00pa30B reoMeTpuIecKux 00beKToB. ToTIKOM K (hOPMUPOBAHUIO TEO-
pun KOAUPOBAHUA KaK CaMOCTOATC/JIbHOI'O pa3/ejia ,H,I/ICerTHOI'?I MaTEeMaTHUKN
CTAJIO CTPEMUTENHHOE PA3BUTHE TAKUX HAPABJICHUN KaK CBI3b U KPUITOJIO-
IHsl, & TAKXKe YIPABASIONNX cucTeM (TIpOCTeifiime TpuMephl — THarHOCTHKA
JBHTATE/s WK IPOrPAMMHUPOBAHNE CHTHATH3AINN ).

[Iporneccrl, TaK WK HHAYE CBA3AHHDIE C KOJUPOBAHUEM, CXeMATHIHO N300~
paKeHbl Ha puc. 1.

KO,
KO KaHAJ - coobmenue

coobmenne | —————» - - —— | coobmenusa | ——————————
KOAHUPOBaHHE Ccoobmenus CBA3HU Ha BBIXOJE

Ha BBIXOJe KOppeKnus,
JEeKOTHUPOBaHKe
HCTOYHHUK

IIoMex

Puc. 1.

BeeneMm HeKOTOpBIE 0D03HATEHUS.

[ycrs A = {ay,...,a,} — ucxomusiii andasur, r > 2. Torma a =
iy iy - - - Gy, TOC a5, € A, — caoso man andasurom A, daumna [(a) cnosa
« paBHa k.

Ob6o3naunMm gepe3 A mycroe cioBo. OTMETHM, 9TO [Jis HPOM3BOJBHOIO
cloBa (v crpaBemIuBBl paBencTBa Aa = aA = «; kpome Toro, [(A) = 0,
A} £ 2.

MHOKeCTBO Beex ¢IoB Ajaunbl k Han andasutoM A oboznaunm uepes A

[omoxmm
At = JAr A= 4ak

k>1 k>0
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[Iycte B = {by,...,b,} — Bropoit andasur, S C A*. Orobpaxenne
F: S— B*

HA3BIBAETCS KOOUPOBAHUEM, MHOKECTBO S — MHOHCECTEOM CO00WeH U, TPO-
U3BOJILHOE CJIOBO (v U3 MHOXKeCTBa S — coobusernuem, cioBo F(a) usz MuOXKe-
crBa B* — xodom coobwenua o, a muoxectso F(S) — xodom.

Komnposanue 006s1a1aet cBOHCTBOM 63aUuMHOT 00HO3HAYHOCMU, €CITA TS
JIIOOBIX JIBYX Pa3JUYHBIX COODIMEHHHE (v U (rg U3 MHOXKECTBA COOOIIEeHHIT S
BoITIOJTHSIeTCsT cooTHotenne F(aq) # F(aw).

IIpumep 1. PaBHOMEpHOE KOIMPOBAHUE.

[Iycrb {aq,...,q,} C A*. OupegeanM MHOKeCTBO coobuienuii S, S C
A*, KaK MHOXKECTBO BCEX CJIOB {ay, . . ., O,y }, paccMaTpUBaeMoe KakK MOIMHO-
JKeCTBO MHOKeCTBa A*, T. € KaK MHOXKeCTBO CJ10B Hat ajdasurom A. 3amaamm
cxremy KoouposaHua Y CIIYIONIAM 00pa30M:

Torma cxema X onpenesser Koaupopanue F', 3ajaHHOe HA MHOXKECTBE CO00-
IeHuit S:

F
Qe Oy _>57flﬁzk

Jpyrum npuMepoM KOIUpPOBaHUs siBjsierTcsi aidbaBuTHOe (MOGYKBEHHOE)
KOJIupoBaHue, K 60Jjiee 10POOHOMY U3YUEHUIO0 KOTOPOI'O U LEPEXOIUM.

§3.1 AundaBuTHOE KOAUPOBaHIE

[Iycre A ={ay,...,a,}, B={by1,...,b;}. Cxema X, onpesesnsiemast ciemyio-
M 06pa3oM:

ap — U1 = 611612 C.. bll17

(3.1)
ar — Uy = bp1bpa . .. brl,«u
HOpoKIaeT aagasumnoe (nobykeennoe) xoduposarue F:
F
Qjy - -« Qi —> Vjy - .- Uy,
CiloBa vy, ..., v, Ha3BIBAIOTCH KOOOBLIMU CAO6GMU, MHOKECTBO KOJIOBBIX
cioB V = {vq,...,v.} — xodom aagasuma A. st muONKecTBa cioB V' 6y-

JIeM JIOIIYCKaTh TaKxKe Ha3zBaHue aipasummvili x0d U J1ayke IPOCTO KO, XO-
Ts, (pOpMaTIBLHO TOBOPsI, B JAHHOW CHTYAIIMU KOJIOM Oy/IeT MHOYKECTBO CJIOB

F(A%).
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AndasuTHbIit Kox V' Ha3BIBAETCSA paddesumviM, €CIU W3 CIPABEIJIHBOCTH
paBeHCTBaA
Vi1 Vig - - - V5

= UnVs - - Vs

S
JIBYX CJIOB U3 MHOZKecTBa V™ CIeIyIOT pPaBEHCTBA:
1) s=t;
2) Viy = Ujyy Vip = Vjyy oo vy Vi, = Vjg.

S
CroiicTBa pa3aeuMbIX KOIOB:
1. v; # v; Ipu 1 # j.
22, F#FNi=1,...,7.
3. KogupoBanue, oCyImecTBasIeMoe ¢ IOMOIIBIO Pa3aeJMMOro Koja, obJra-
JaeT CBOMCTBOM B3aHMHOUW OJHO3HAYHOCTH.

[IpuMepsl pa3aeTnMbIX KOJIOB:

1. Asbyka Mopse.
2. KonmupoBanue, 3a1aBaeMoe CXeMoii:

a; — 010,
as — 0.

3. Koauposanue, 3aj1aBaeMoe cXeMoii:

a; — 00,
as — 01,
az — 10,
as — 11.

Ecim cioBo v € A* npencraBuMo B BUIE (v = (q(vg, TIE (1, ap € A*, TO
TFOBOPAT, UTO (v — Mmpedukc CJIOBa o, a ag — cyddurc caoBa a.

OtrmernM, 9TO cjoBa A n « gBisiorcd n upeduxcamu, u cyddukcamn
CJIOBA (.

Andasurabiii kKox V' HazbIBaeTCs npepurcHbM, €CIH HHKAKOE KOIOBOE
CJIOBO v; He dABJISETCH NPedUKCOM IPYroro KOJOBOTO CJI0Ba v, (i # j).

Andasurupiit ko V' HazpiBaercsa cydidurcrowm, €clim HUKaKoe KOJI0BOE
CJI0BO v; He sABJgeTcs cy(hdMHUKCOM IPYroro KogoBOro ciosa v; (1 # j).

AndasurHoe KomupoBaHHe U3 MpUMeEpa 3 SBIACTCS U MPehUKCHBIM, 1
cydukcubiM, a KOAUPOBAHUE U3 IIPUMEPA 2 HE ABJIAETCS HU ITPePUKCHBIM,
Hu cyphuKcHbIM.

OueBniHO, 9T0 U PeHUKCHOCTH, U CyhOUKCHOCTH aihaBUTHOTO KO-
POBAHUS ABISIOTCH JOCTATOYHBIMU YCJIOBHSAMH PA3IeTUMOCTH, HO KaK ITOKa-
3BIBAET TOT Ke MpHUMep 2, He SBISIOTCS HEOOXOAUMBIMU YCIOBUSIMU Pa3Jie-
JINMOCTH.
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[IpedukcHbIit KO, y100HO TIPEJCTABIATH B BHIE KOPHEBOTO TTOMEYEHHOTO
nepesa. Ilycre A = {a1,...,a,}, B = {b1,...,b,} u npedukcusiii Ko u3
andasura A B andasur B 3ajaeTca cxeMoit

ai—>bi1bz~2...bﬂi, 1=1,...,7

TakoMy KOILy €CTeCTBEHHBIM 0OpPa30M COIOCTABJISETCS IePEBO ¢ KOPHEM: U3
KazK/10# BEePIIUHBI UCXOAUT He Hojiee ¢ pedbep, KOTOPBIM IIPUITUCHIBAIOTCS DY K-
Bbl 13 asdaputa B, KOHIEBHIM BepITHHAM (T. €. BEPITHHAM CTeIeHH 1) COOT-
BETCTBYIOT OyKBbI ayipaBuTa A, MpudeM ec/ii KOHIEBOI BepITHHE TPUTTHCAHA
OyKBa a;, TO pedpaM Ha IIYTH OT KOPHS /10 9TOI KOHIIEBOil BEPIIUHBI IIOCIET0-
BATEJIBHO HPUIUCAHBI OYKBBI b1, ba, . . ., by, (peOpy, UHIMICHTHOMY KODHIO,
npunucana 6yKea by ).

[TcTpoennoe TakuM 00pa3oM KOPHEBOE ITOMEYEHHOe JIepeBo Oy/1eM Ha3bi-
BaTh K0J06bLM 0EPEBOM.

2%
-
/ \
3
l \ \\\
(5 1 4
5
o/ L\
k\( /,," \\
o/ 2 3
/ N
U5 Qa 8 «Q« 9
Puc. 3.1:

ITpumep 2. Ha puc. 3.1 mpeacraBieHo KoI0BOe IePeBO i IIpedUuKCcHO-
ro koga u3 aadasura A = {ay,ay,as, a4, as, ag, ar, as, a9} B andapur B =

64



{0,1,2,3}, 3amaBaemoro cxemoit

a; — 30,
as — 00,
as — 1,
ay, — 02,
as — 03,
ag — 01,
ar; — 320,
ag — 322,
ag — 323.

Kopenb jiepeBa mnmomeuen 3Be3/109KOI.

Jleknua ke 9

Kak mpoeeputsh andaBUTHBIA KO Ha pas3geauMocth! IIpobiaema B TOM,
YTO HYZKHO IIPpOBEPUTHb Ha OAHO3HAYHOCTH ACKOAUPOBAHUA 66CKOH€“IHO€ MHO-
JKeCTBO CJIOB.

[To cxeme ¥, 3amaBaemoii coorHomeruamu (3.1), onpemenanm ciemyromnime
apaMeTphl

r=r(%)=|A4],
L=LX)=L+1l+...+1,
W =W(¥) =max{w | v; = Bovy, iy ... i, 01, 1 =1,...,7},

DU 9TOM B TOC/Ie/IHeH (hopMy/ie TPUBUAIbHBIE PA3JIOKEHUd v; = U; HE Y4H-
THIBAIOTCA.

Teopema 18 (Aa. A. MapxkoB). Jlaa awboz20 arpasummozo xoduposarnus,
3a006aEM020 CTEMOT Y, CYWELCMBYEM MAKOE YUCAO

N < {(W—i—l)(L—r—FQ)J’

2

wmo npo@zema 63aUMHOT 0OHO3HAMHOCTNU EOdUPOGCLHUﬂ 6Cexr CA06 C800UMCAH
N

K aHar02usnot npobaeme 0aa cao6 us muoocecmea | J A’
i=0

Zoxazameavemso. Ilycth v — coBO U3 B* MUHUMAJIBLHON JIJTMHBI, JTOMYCKa-
[olllee He MeHee JIBYX CIoco6oB pacuudpoBKH (IeKOIUPOBAHNS ).
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Bepem nBa pasbuenns caoBa v Ha KOJOBbIe cjoBa (aBe pacrmdpoBKn)
1 MHOXKECTBO TOYEK pas3OueHHs JBYX pas3Ouennii oObeauHsdeM B OJHO MHO-
KECTBO. DTO HOBOE pasOHEHHe OPOKIAET MHOKECTBO OTPE3KOB (CJIOB) JIBYX
THIIOB: TEPBBIi TUII — OTPE3KHU, COTBETCTBYIOIINE KOJOBBIM CJIOBaM, BTOPOIi
THUII — BCe OCTajJbHBIE OTPe3KH (Ha puc. 3.2 0nHO pa30ueHne CJI0Ba U CxeMa-
TUIHO W300PAYKEHO CBEPXY, APYTroe — CHU3Y, a OTPE3KU BTOPOTO POJIA BHIJIE-
JIEHBI JKUPHBIM ).

ol b v e \__ﬁ AR A, S 4

Puc. 3.2:

B cuyiy MUHEMAJIBHOCTH HCXOJHOI'O CJIOBA ¥ BCE OTPE3KH BTOPOIO THIIA
pazm4aubl. KpoMe Toro, 000 OTpe30K BTOPOro THIA sIBJISETCS HETPUBH-
AJIBHBIM TIPehUKCOM HEKOTOPOTO KOJIOBOTO CJI0BA v; (T.e. OTIMIHBIM OT A u
v;). [Toaromy Beero orpeskos Broporo tuna He 6osee (I — 1)+ (lp—1)+...+
(I, —1)=L—r.

OTpe3ku BTOpOro Tuia pasbuBaioT CJI0BO v He DoJiee, yeM Ha L — r + 1
KycKoB. MexKay oTpe3KaMu BTOPOTO THIIAa ¢ HOMepaMH ¢ — 1 M 7 W MeXKIY
OTpe3KaMH BTOPOIr'0 THIA ¢ HOMePaMu ¢ U 1 + 1 B OTHOM U TOM 2Ke pa30ueHun
HAXOJUTCST OJMH PAa3 POBHO OJIHO KOJOBOE CJIOBO (BKJIIOYAOIIEE U IPAHUIHBIE
OTPe3KH BTOPOrO THHA) W onuH pa3 He Goree W komoBbix cioB. [losromy B
KasKJIOM U3 M3HAYATbHBIX pas3ouenuii (pacurudpoBok) He GoJee

L—r+1 L—r+1
- — | <
e s

< (W+1) {#J < VWJFU(;_MQ)J

KOJOBBIX CJIOB. O]

Teopema 19 (Hepasenctso Kpadra—MakMuinana). Iyems pazdesumoid
kod 3adaemca cremoli a; — v;, v; € B*, 1 =1,...,r. Toeda

r

1

i=1

2de ¢ = |B|.
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Hoxazamenvcmeo. 3adurcupyem n € N. Obo3naunm yepes [ MaKCHMAaIbHY IO
JUTHHY KOJOBOTO CJIOBa, T.e. | = max [(v;). [Tomoxum

U={ue B |u=vyvy...v,}, U.={ueU]|l(u) =k}

Pacemorpum niponsBoggityo dyuknuo nociesoBareabnocta {|Ug|}. C

OJITHON CTPOHBL,
9] nl
D Ukla* = Uz
k=0 k=0

C APYro#l CTOPOHBI,
Z U |2 = (a:l(vl) + 21 xl(“))n .
k=0

[TosTomy, mojaras & = %, mMeeM:

T

1 n nl | ‘

=1 k=0

Takum o6pazoM g J1I000T0 HATYPAJIHHOTO N BBIIOJIHAECTCS HEPABEHCTBO

r

1 n

=1

Jlma 3aBepIennsa 10Ka3aTeIbCTBA IOCTATOYHO B MTOC/Ie/THEM HEPABEHCTBE IIe-
peiiTu K npejiey Ipu n — 00. O

Teopema 20 (o nocrpoernn npedUKCHOTO KOJA € 3aJaHHbIM HAOOPOM [IJINH).
Hycmv namypasvrve Uy, ls, . .. [, ydosaemeoparom nepasencmey

S,

li -
i=1 q

Tozda cyuwecmseyem npedurchoil xod, sadasaemwviil cremoli a; — v;, v; €
{0,1,...,g—1}*, i=1,...,r, maxotis wmo l(v;) =1l;, i=1,...,r.

Joxazamenvcmeo. Be3 orpannyenus oOIHOCTH OYyAEM CIUTATD, 9TO
L <l <...<l.

[Tonoxum



Torma 0 = ny < ny < ... < n, < 1. Ilpm 3TOM KaxKjaoe UHCIO Ny
(k = 1,2,...,r) sBiasercs cyMMOH 9HCes, Y KOTOPBIX B 3alUCH MO OCHO-
BaHUIO ¢ He OGojee [, pa3psoB mocje 3amngToil. Kpome Toro Bce umcia ny
MeHbIIe eIuHuIbl. [109TOMY YHCI0 Ny B ¢-UYHON CHCTEMe CUCTEeHHST MOYKEeT
OBITH 3AMUCAHO CJELYIONIM 00pa30M:

nkzo,blkb%...blkk, /{?:1,2,...,7’,

rae b € {0,1,...,¢—1}.

Tenepr paccmorpum  Kojx w3 agndasura {ai,...,a.} B andasur
{0,1,...,q — 1}, 3a1aBaemMblii cXeMoii:
ak%blkbgk...blkk:vk, ]{321,2,...,7”.

Yeqosue [(v) = i BoimosnHsiercs. [lokazkeM 9To yKa3aHHAsl CXeMa 33J1a€T
npedukcubiit koj. [lycTh 310 HEe Tak, T. €. CyNecTBYIOT Takue S u k, 910

Vs = ’UkblkJrLs c. blss-

Ho torga s > k (tak kax [y > [;) u copaBejiuBBl COOTHOIIEHHSsT

ns =mnk+0,00...00b, +15...0,s <nk+0,00...00(¢g—1)...(¢—1) <

N J
-~

lk pa3psanoB lk pa3psangos ls_lk paspsiaon

<ny+0,00...00 =ny +q " =ngyy < n,.

lk pa3pangos

[Monyannm nporusopedne (ns < ng), KOTOPOe 3aBepINAeT JO0KA3ATe b
CTBO. ]

CaencrBue 9. /lasa a106020 pasdesumozo xoda cyuecmeyem npedurcruii
K00 ¢ maxum sHce Habopom KoJOBHT CA08.

CaencrBue 10. /[ra cywecmeosanua pazdesumozo xoda ¢ 3a0aHHbM HaOO-
pom ly,ls, ... 1. daun K0008WT €A06 HEOOLOOUMO U OCTNAMOUHO BBINOAHEHUE

HEPABEHCTNGA
r

Zi<1.

li -
i=1 q

3.1.1 IlosHbIe KOIBI

BcnmomanM Ba mpuMepa pa3aeuMbIX KOJIOB €O ¢Tp. 63, 3ajaBaeMbIX JIBYyMs
Pa3HBIMHU cXeMaMH. B oHOM ciiydae ecTh 1oc/1e10BaTeIbHOCTH OYKB BTOPOIO
asibaBuTa, KOTOPble HHKOTJA HE MOI'YT BCTPETHTHCH (B IpuMepe 2 Takoif
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HOCJIEI0BATEIBHOCTBIO, B YaCTHOCTH, ABJISeTCS M0C/Ie/I0BATeILHOCTD 3 JBYX
eJIMHAIL), & B IPYTOM ciaydae (mpuMep 3) TaKUX MOCJEI0BATETbHOCTE HeT.
Pazgenumbrit andaBuTHBIA KO, 3a/aBaeMblil CXeMOii

a; v, v; €EBY i=1,...,r,
Ha3bIBACTCSI NOAHBIM, €CJIN JITOD0E CJIOBO v € B* npejacraBumMo B B/
V=0 ...0,0,

rie v, j = 1,...,8, — KoJoBbIe C/I0Ba, 3 — NpedUuKC HEKOTOPOTO KOJ0BOIO
CJI0BA.

CBOICTBO MOJIHBIX KOILOB:

Jna noboro cioBa v € B* nubo v — mpedurc HEKOTOPOro KOIOBOT'O
cioBa (coorBercTBYeT caydai s = (0 B ONpeeIeHun MOJHOTO KOJa), JH60
HEKOTOPOE KOJI0BOE CJI0BO — MpedUKC ¢I0Ba ¥ (COOTBETCTBYET caydaio s > 0).

Teopema 21 (KpuTepuii OJHOTHI pa3aeauMoro koaa). Ilyemo asgasummoii
kod V, s3adasaemuiili cremoti

. -
a; — U, ’UiEB , 221,...,7“,

asasemces pazdesumvim. Toeda das mozo, wmobv, kod V' b6via noanvim, Heoo-
T0O0UMO U QOCMAMOYHO, YMOOBL BHINONHANOCD CACOYIOUEE YCAOBUE: NS NHO-
6020 crosa u € B*, ydosaemeopaiowezo nepasencmsy l(u) > max l(v;), nat-
demcea K00060€ CA060 Vj, AGAAIOULECH NPEPUKCOM CA06A U.

Jloxasamenvemeo. Heobrodumocms clieyer HENOCPEJICTBEHHO U3 OIpeIe Te-
HUsI OJIHOIO KOJIA.

Jocmamounocms. YCTaHOBUM CyIIECTBOBaHUE TPEOYEMOI'O OIpeJie/IeH -
€M TI0JIHOIO KOJIa TIPEJICTABIEHU TIPOU3BOJIBHOTO CJI0OBA U € B*.

Bynem «oTpe3arh» OT €JI0Ba u CJIeBa KOJOBOE CJIOBO, MOKA 9TO CIE/aTh
MOKHO (3TO JIeIaTh TOYHO MOYKHO MOKA JIJIAHA CJI0BA He MeHee yeM max [ (v;)).
B kakoii-ro MoMeHT mosiydaem coBo u' € B*) HuKakoil mpeduke KOTOporo
He sBJIeTCs KOgoBbiM ciaoBoM. OuesunHo, uro [(u') < max(v;).

Eciim v/ = A, 10 uckomoe npejcrabjieHne Moy YeHo.

Ecmu v # A, 1o K cioBy «' jommimem cripaBa MpOU3BOJIBHBIM 06PA30M
max [(v;) — l(u') cumBosioB w3 MHOXKecTBa B. [Monydennoe ciaoso u” umeer
IuHY max [ (v;) U, CIeJ0BATEIBHO, IO YCIOBHIO HMEET B KAUecTBe mpeduKca
HEKOTOPOEe KOJO0BOE ¢I0BO v;. C APYroil CTOPOHBI, IO IOCTPOCHUIO CJI0BO U’
umeer npedukc v'. Takum obpasom cioBa v; U U dBIAOTCH NpedUKCAME
OJIHOTO ¥ TOTO K€ CJIOBA U CJIEJIOBATEILHO OJJHO U3 HUX SBJIAETCS MPehuKCcoM
apyroro. Ho cioBo ' o moctpoeruio He nuMmeeT mpeduKca B BUIE KOJIOBOTO
cioBa. Ilostomy w' — npedukc komosoro caosa v;. CegoBaTelbHO HCKOMOe
IpeCcTaBJAeHue MOy YeHO. 0
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Teopema 22 (kpurepuii HosHOTH Koza). [Hycmo asgdasumnsii kod V, 3adan
cxremots
a; = v, v; €EBY =171

Tozda dan mozo, umobwv, kod V' 6viA nosnbimM, HEOOT00UMO U dOCMaAMOUHO,
4mobovy K00 V' 0via npedurcrvim U 8bNOAHALOCD YCAOBUE

r

1
ZW:L

i=1
ede q = | B|.

Joxasamenvcmeo. Heobrodumocmov. Ko V nonusiii, u cienoBaTebHo pas-
jgenumblit. [Tosromy Boinosasgercs HepaBencTBo Kpadra —MakMutana

r

1
2 g <1

i=1

[ycts | = max(v;). O6oznaunm uepes U; muoxkectso cios u3 B! (jmn-
HbI [) ¢ mpeduKcoM v;:

U={ueB' |u=vv, ve B}, i=1,...,r

.
B cuiy moHoTH Koja BeIMoHsercsa pasenctso B = | J U;. [Tostomy
i=1

ql = |Bl| = LTJUZ < i |UZ| = iql_l(vi) = ql iq—l(vi) < ql'
=1 i=1 i=1 i=1

CrieioBaTeIbHO, COAEPIKAIINECS B ITOI MEMOYKE /IBA HECTPOTUX HEPABEHCTBA
Ha CAMOM JIeJie ABJISIOTCA paBeHCTBaMH. BTopoe m3 HUX ycTaHaBJIMBaeT pa-
BeHCTBO B HepaBeHcTBe Kpadra — MaxkMurana. A paBeHCTBO

Ju| =i
i=1 i=1

o3uadaer, uTo MEOKecTBa U;, © = 1, ..., r, He nepecekatorcs. Cie10BaTeIbHO,
asibaBuTHBI KO V' — mpeduKCHbIL.

Hocmamounocms. Kon V' upedukcHblit 1 modroMy pasaeauMbliii. 1lo-
KazkKeM, 49TO JJIsd JIIOOOTO coBa u € B*, ylI0oBJIeTBOPSIONIEro HEPABEHCTBY
[(u) > [, Haitgercss KOMOBOE CJIOBO Vj, ABJISIONIEECs IPeDUKCOM CI0BA U.

[Tycrs [(u) = n. Homoxum

U={ueB"|u=vuv, ve B}, i=1,...r
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Kon V' — mpedwuxcnrrit, mosromy U; N U; = npu @ # j. Torma

U Ui| = Z \Us| = anil(vi) = qnzqil(m =q" = |B"|.
i=1 i=1 i=1

i=1

CaegoBaTeIbHO CyIecTBYeT Takoe i, 9ro v € U;. Ilo npeapiaymeit Teopeme
Ko V' — IOJIHLIHA. ]

Teopema 23. ITycmo namypasvhoe li, . ..., ydosaemesoparom ycaosuro

izli <1.
=1

Tozda cywecmesyem noansli K00 co cxemol
.
a; = vy, v; € {0, 1}, i=1,...,r,
maxoti wmo evnoanaomea nepacenemea l(v;) <l i=1,...,7.

oxasamenvcmeo. CtpouM npedWKCHBIN ABOMYHBIN KO € JAJTHHAME KOJIO-
BBIX CJIOB l1,...,l, — cormacHo Teopeme 20 Takoii Kox cyiecrByet. Tenepb
OymeM ImepeaebiBaTh STOT KO COXPAaHsIsd CBORCTBO TPepUKCHOCTH.

T

Ecm Y 27% = 1, To o Teopeme 22 Ko/, TIOMHETI.
—
‘ T
[Iycrs Y 27% < 1. Bes orpanudenusd obIHOCTH OyIeM CYATATh, 4To [ <

i=1
I, <...<l,. Torma

zr: 27l 4 o7l <.
=1

Teneps, monaras [y =1y,..., 0l _y =11, =1, — 1, noaygaem:

r r—1 r—1 r
Z 2*12‘ — Z Q*li + 2*59 — Z 2*11' + 27lr + 247« — Z 2711- + 2—17, < 1.
i=1 i=1 i=1 i=1

[TocstemoBaTe/IbHO yMeHBIAsT B HAOOpe JIINH HanboJIbIllee 3HAYEHNWE Ha €J11-
HUILY, 38 KOHETHOE THCJIO IATr0B MOJIYInM HAOOp, [I/Isi KOTOPOI0 COOTBETCTBY-
I0ITasi CyMMa 00pAIaercs B € INHHUILY. m
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Jlexmusa ¥ 10

3.1.2 OmnrumajibHOE KOAMPOBAHUE

Ilycts A = {a1,...,a,}, B ={b,...,b,} — andasure, anbasurnoe Ko1u-
pPOBaHHUeE 33, IaHO CXEeMOM X.:

ay — V1, ...,0. =V v, €EBY =17

[Iycte V = {vy,...,v,.} — andaBuTHblil KOJ, 38 JaHHBIH cXeMOii Y.

By,ZLeM CHYUTATb, YTO 3a/daHbl 1aCTOTbI 1104ABJICHUA CUMBOJIOB U3 aﬂ(baBI/I-
Ta A M KaK CJIeJCTBHE — WX BEPOATHOCTH p; = p(a;), YIOBIETBODSIOINTHE
yerosuam p; >0, e =1,....r,p1+...p. = 1.

Ha6op P = (p1,...,p,) OyJeM Ha3bIBATh pacnpedeeHuem.

Hasee Bessie cuntaeM, 4To ajahaBuTHBIN Ko V' — pasieuMbIi.

Omnpenemum cmoumocms Ly (P) andasurnoro koga V npu pacmpeeste-
Huu P paBeHCTBOM

Ly(P) = Z pil (v;).

[lomoxum

L(P) = inf Ly(P),

riae uHbUHYM Gepercs mo BceM pasfeauMbiM kogam V. Ecau cnpaseinso
pasenctBo Lp(V) = L(P), o kKo V' HazbBaeTCst 0ONMuUMaAbHbLM K00OM (MIn
K0JOM ¢ MUHUMAALHOT UBOBIMOYHOCTIBIO).

CBoiicTBa ONTUMAJIBHBIX KOJIOB:

1. [yist 1106010 pacupejiesieHus CyIecTByeT ONTHMAIbHBINA KOJI.
> Ilocrponm pasromepnbiit ko V' = {vy, ..., v, }. Torma I(v;) = [log, 7],

i = 1,...,7. O6o3HAYUM Ppi, = min{py,...,p.}. Jloboit xom V' =
{v],...,v.}, B KOTOpOM HaiieTCsl KOJOBOE CJI0BO V), YIOBIETBOPSIOINIEe Hepa-
BEHCTBY
log,, r
gy > (]
Pmin
He ABJISETCS ONTHMAILHBIM:
[log, 7] -
Ly(P) > pi———— > [log, 7] = Zpil(vi) = Ly (P).
min i=1

Takum 00pa3oM, TOCTATOUHO B3ATH HHGMHUHYM M0 KOHETHOMY MHOKECTBY KO-
JOB. O
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2. JIng moboro pacnpejie/ieHus CyIecTByeT ONTUMAJIbHBIN TpeUKCHBIT
KOJI.

3. B ontuMaJibHOM KoJe:
a) ecan p; < p;, 10 L(v;) > 1(v;);
6) ecu [(v;) < l(vj), TO p; > pj.

> ITycre 310 HE TaK, T. €. p; < p; ul(v;) < l(v;). Torna BBUIY HepaBeHCTBA

(pj — pi)(L(vy) — U(v;)) >0

BbBIIIOJIHAEeTCA COOTHOHICHUE

pil(vi) + pjl(vy) > pil(v;) + pil(v;).

[TosTOoMy, moMeHsAB MecTaMH KOJIOBBIC CJI0BA U; U V;, IOJIYIUM KOJ, MeHbIIeil
CTOUMOCTH — TIPOTUBOPEYHE. 0]

4. CupaBeJinBa CJIeAYIOMAs HUXKHAS OMEHKA CTOMMOCTH OINTHMAJIHLHOIO
KoJa:

- 1
L(P) = sz' log, P
i=1 v

> /eiicTBUTEILHO,

. IR 1
— L(P)+ Zpi log, P Z (—l(vi)pz- + pi log, ]7) =
i1 7 7

=1
- qil(vi)

T l(’U'L) T 1
q
= E pilog = E pi—In <
i1 T opi i1 Ing Pi

q_l(vi)

T 1 1 T o r
Sgpim( Di _1):m<;ql()_;pi>§0. O

5. ITocrpoenue Koma, 61U3KOro K onTuMaabHOMy, MeTogoM Illennona.
Iycte P = (p1,....pr)s i > 0, p1 + ... +p, = 1, ¢ > 2. llonaraem
l; = [log, pLW Torma —I; < log, p; u ciefoBaTenHHO g7l < p;. Buaunr,

Zq_li < Zpi = 1.
i—1 i—1

[Ipn nmokazatenbcTBe TeopeMbl 20 TpeabsBaAeH aJTOPUTM TOCTPOEHUS
npedukcaoro kojga V' ¢ jyimHaMu KOJOBBIX CJIOB, Y/AOBJIETBOPLIONIUX HEpa-
BercTBy Kpadra —MakMwurana. [Ipu sTom

Ly(P) = Zpi ’Vlogq ]%—‘ < Zpi logq% + Zpi = Zpl- log, % + 1.
i=1 i i—1 T — ;
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6. Besmunny L(P) MOXKHO yCTaAHOBATH € TOYHOCTBIO 70 €IHHUIIBL:

r

1 . 1
Zpi logq; < L(P) < Zpi logq]; + 1.
K3 i=1 (2

i=1

7. Ecym Bee wmnena log, p%' — HaTypaJbHbIE, TO KO, TOCTPOEHHBI MeTOIOM
[Tlennona, — onTUMaJIbHBIIA.

8. Mycry V = {vy,...,v,} — noxusiii kox. Torga maiigercs: pacipesese-
e P = {p1,...,pr}, 1Jist KOTOPOrO BBIOTHsIeTCsT paBeHcTBO Ly (P) = L(P),
T. €. IPH ITOM paclpeaeeHnu Koa V' — onTHMAaJIbHBIH.

> Iomoxum p; = ¢ 1), i =1,...,r. Torna p; +...p, = 1. Kpome Toro,

T T r 1
l(vi) _
Ly(P) =) pil(v) =) pilog,qd = p logq; = (1o cpoiicrny 4) L(F):
i=1 i=1 i=1 ¢

CaengoBareibHO, KOJ V' ONTHMAJIBLHBIN. O

Yupazkaenue 15. JlokazaTh, 4T0 IBOMYHbI (¢ = 2) npedUKCHBIH ONTUMAITb-
HBI (/11 HEKOTOPOTO PACIIPEIETCHHsT) KO SIBJISIETCS TOJHBIM.

Vkazauume. Ecsm B nepasencrse Kpadra— MakMuanana crporoe nepapen-
CTBO, TO MOXKHO ITOCTPOUTH KOJ C MECHBITNM Ha60pOM AJUH — IPOTHUBOpEYNE
¢ ONITHMAJbHOCTHIO.

3.1.3 IlocTpoeHue onTUMAaJBLHOTO KOJIA

1. MoxkHO BCKaTh ONTUMAJIBHBIH KO/ B KJIacce MPepuKCHBIX KOIOB.

2. ITpedukcHbIil KO 3a/1a€TCA KOJTOBBIM JIEPEBOM — KOPHEBBIM TTOMEYEH-
HBIM JIEPEBOM, pedpaM KOTOPOTro IIPUIIHCAHBI OYKBBI U3 ajipaBuTa B, a KoHIle-
BBIM BepPIIMHAM COOTBETCTBYIOT OyKBHI asichaBuTa A. [IpumuineMm KOHIEBBIM
BEPIIUHAM BEPOSTHOCTH COOTBETCTBYIONUX UM OYKB ajipasura A.

3. Ocra/JIbHBIM BepPIHHAM TaKKe MPUIUIIEM BEPOATHOCTH KAK CYMMBI
BEPOATHOCTEN BCEX KOHIIEBBIX BEPIIUH MOJJEePeBa C KOPHEM B 3TOW BEpIIAHE.

4. Bce BepmuHBI pa3odbeM Ha SIPYChl, B 3aBHCHMOCTH OT PACCTOAHHSA 10
KopHsi. KopeHb — BepIlnHa HYJI€BOTO YPOBHSI.

CBoiicTBa KOJOBBIX JI€PEBHEB ONTUMAJIBHBIX MPEMUKCHBIX KOIOB:

1. Eciu BepogaTHOCTD, IPUNMCAHHAA BEPUIMHE Wi, MEHBIIE BEPOATHOCTH,
HPUITMCAHHON BEPIIMHE Wy, TO HOMED sPYCa BEPIIUHbI W HE MEHbIIEe HOMEPaA
APYCa BEPITUHBL Ws.

2. Bece «myukuy pebep, ucxojdinue He u3 MpenocjegHero apyca, Jubo
«HACBIIIEHHBIE> (T. €. COCTOAT U3 ¢ pebep), aubo mycThie.
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Bes orpanuvennst oOIIHOCTH MOYKHO pacCMaTPUBATH NPHUBEIEHHOE KOI0-
BOE JIePeBO — TaKoe JE€PeBO, B KOTOPOM BCe <IIYUKH» pebep, KpoMme, OBIThH
MOZKET, OJIHOTO (HCXOJSIIIEro W3 HEKOTOPO# BepIIUHBI MPeIOCTeTHETO Spy-
ca), — HACBIEHHbIE, TP STOM YHCIO Gy pebep B 9TOM 0COBOM IyUKe OIMpe-
JIedeTCs PaBeHCTBOM

2, ecan q = 2;
a1, ectmr =0 (mod g —1);
b= q, ectur =1 (mod g —1);

T
r—(q— 1)L—q_lj, nHaue,
1 5Tu pebpa BeIyT B KOHIEBLIE BEPUIMHbBI, KOTOPLIM HPHIHCAHBL (o CAMBIX

MaJICHbKHUX BepOHTHOCTeﬁ U3 UCXOJHOI'O paclpeaesieHusd.

Teopema 24 (o peaykuuu). [ycmov ecms dsa kodoswx depesa, npurem 6mo-
poe 0epeso NOAYUGEMCA U3 NEPBO20 NYMEM 3AMEHBL KOHUEBOT GEPULUHDL Ha
nywox u3 s pebep (npu amom pacnpedeaenue Py nosywaemcs uz pacnpedene-
nus Py coomeememsyrowet samenol p Ha Py, . .., pi.). Toeda:

1. Ecau emopoti k00 — onmumasvhulll, mo nepsviti — mostce onmumaib-
HoL.

2. Ecau svinoanaiomes caedyroujue ycaoeus: a) nepswidl kod — onmu-
MaALHBT; 6) GEPOATMHOCTIU Pjy, - . ., Piy — IMO S CAMUT MAAEHOKUTL GEPOAM.-
nocmeti 6 pacnpedeaenuu Po; 6) s = qo; mo emopol k0d — mosice onmu-
MaAAOHBLY.

Jlokxazamenvemso. OdeBujiHO, 4TO CupaBeinBo paBeHcTso Ly, (P) + p =
Ly, (Ps).

1. [IpeanosoxKuM, 9TO MepBBIil KO He OyIeT ONTHMATbLHBIM. B 9TOM Ccity-
qae Hafiferca Takoi kox Vi, uro Ly/(Py) < Ly, (Py). Henas amanormamyro
3aMeHy BepIIWHBI Ha IYyYOK pebep B KOJOBOM JepeBe Koaa VY, momydaem
KOJIOBO€ JIEPEBO HEKOTOPOro KoJa Vi, Juisi KOTOPOro

Lyy(P2) = Ly (P1) +p < Ly, (P1) + p = Ly, (P2),

YTO TPOTUBOPEYHT ONTUMAJIBHOCTH Koja Vs.

2. ITpeanosiozkumM, 9TO BTOPO# KO He OyIeT onTuMaJbHbIM. Torma cyrie-
CTBYeT onTuMaJibHblil KO V' ¢ IpUBEJEHHBIM KOIOBBIM JIEPEBOM, B KOTOPOM
€CTb COOTBETCTBYONINI TIYIOK U3 § pebep. 3aMeHsasd STOT MyI0K Ha KOHIEBY IO

BEPIHHY, TTOIy9aeM KOJOBOE JAePeBO HEKOTOpOro koxa Vi, mis Koroporo
Ly (Py) = Lyy(Py) — p < Ly, (P2) — p = Ly, (P1),

YTO IPOTUBOPEYUT OIITUMAJIBHOCTH KOjia V). [

75



Ha wucronb3oBanuu TeopeMbl 0 pejyKiuu ocHOBaH MeTos XaddmaHa
MOCTPOEHUs OMTUMAJIBLHOTO MPedUKCHOTO KOJa, 3aKIYAIONIerocs B MocJIe-
JOBATEJIbHOM 3aMeHe ¢ (Ha TIEPBOM IIare (o) OYKB, HMEIONIUX HAUMEHBIIe
BEPOATHOCTH, Ha OJHY HOBYIO, HIMEIOIITYIO BEPOITHOCTD, PABHYIO CyMMe BEpO-
ATHOCTEH 3aMeHsIeMbIX OYKB.

ITpumep 3. IlocTpoenne onTUMAJBHOrO Koga MeTogoM Xaddmana B Cay-
qae, korja |A| = 11, |B| =4,

P = (0,25,0,24,0,15,0,08,0,07,0,06,0,05,0,04,0,03,0,02,0,01).

CuavaJsia onpejessieM, 9To ¢y = 2. 3aTeM YeThIPEeZK bl IPOIEJIBIBAEM CJIe-
Ayonie Mnmponeaypbl: BBIIIUCbIBAaEM BCE BEPOATHOCTHU B IIOPAJKE y6bIBaHI/IH7
3amensieM 4 (B MepBbIil pa3 2) cample MaJeHbKIe BEPOSITHOCTH HA UX CYMMY
U IepexoIuM K HOBOMY pacipeseseHuto. Ilpogenas 310, mocjegoBaTebHO B
0bpaTHOM HOpSJIKE CTPOMM KOPHEBOE JIE€PEBO, 3aMEHdsd BEPIINHY Ha IIYYOK
u3 4 pebep (B mociaeguuii pas — Ha Hy4oK u3 2 pebep), KaK IIOKA3aHO HA
puc. 3.3.
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1 /
) (S PO, ¢ ) LY o /1

J { .33 \/ -
, ‘
o8 ©¢ox | D \ﬂ 0AS X
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0 0kl J
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0,0 C } O Q& ’ \\\ 02§
0,06 LA 0.02 F : \
LN “ o /1] 2\ 3

v, 0> S “‘\\ e, 06

, \ -

0,04 0, Oy v P

0 02 . 0y 0,04 0,09 0 o¢

Puc. 3.3:

[Iycrs p(ay) = 0,25, paz) = 0,24, p(az) = 0,15, p(as) = 0,08, p(as) =
0,07, p(ag) = 0,06, p(ay) = 0,05, p(ag) = 0,04, p(ag) = 0,03, p(ap) = 0,02,
p(ai1) = 0,01. Torga mocTpoeHHOE KOIOBOE IEPEBO ONMPEIE/ISeT TAKYI0 CXeMy
KOAUPOBaHUA:

ap— 1, ay—2, a3 — 00, a4 — 01,
as — 02, ag — 03, a7, — 307 ag — 31,
ag — 32, aig — 330, ay; — 331.
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OTrmeTnM, 9TO eCJTi TIPH TPETheM YIOPSIOTMBAHNN BEPOSITHOCTEH moMe-
HATH MECTaMH JIBe OJWHAKOBBIE BEPOSITHOCTH, paBHbIe 0,15, TO MBI IOCTPOUM
ONITUMAJIBHBIN KOJI, B KOTOPOM OyJIeT TPpH KOJOBBIX CJIOBA JJIMHBI 1 M JIBA
KOIOBBIX CJ0Ba, JJIUHEBI 4.

Vupazxkuenne 16. Ilpu andaBUTHOM KOJUPOBAHUU YETHIPEXOYKBEHHOIO aJi-
dasuta ¢ pacnpesnenennem P = (p1,p2,P3,pa), P1 = P2 = p3 = py > 0, B
JIByXOYKBEHHBIIl CYIIeCTBYEeT ONTUMAJBHBIN KO, COJAepKaIIuil KOJIOBOE CJIO-
BO JIJTMHBI 3, U CYIIECTBYET ONTHMAJILHBIN KO/, B KOTOPOM HET KOJIOBBIX CJIOB
qwHel 3. HaiiTun Bce BO3MOXKHBIE 3HAUEHUsI, KOTOPbIe MOYKET IPUHUMATD Be-
JITINHA,
a) pi,

) b2,
B)) Ps,

(=)

T') Psg.
JIutst Ka K/ 1010 TaKOro 3HaUeHHsl IIPUBECTH IIPUMeP HAaDOPa BEPOsITHOCTEH, Ha,
KOTOPOM 3T0 3Ha4YCHHE TOCTUTACTC.

Jleknmsa ® 11

§ 3.2 Koapl, ncrpaBagioniue OIMnOKMT

[IycTs Tpebyercst 10O 3amryMJIEHHOMY KaHAJIy CBSI3H MEPEeIaTh HEKOTOPOEe CO-
obIenune, T.e. KOHEYHbIi HAOOP CUMBOJIOB (bUKCHPOBAHHOTO ajdasura (HA
caMoM Jesle, KaK MpPaBUjIo, IepeIaeTcs He CaMO COODIIeHne, a KO TOro Co-
OBIIEHUsI, YTO COOTBETCTBYET CXeMe Ha PUC. 1). 3alryMIeHHOCTh TOAPa3yMe-
BaeT BO3MOXKHOCTb MCKarKeHHS INepejiaBaeMoil mHgopMaimn:

Ty ..., — |[KAHAJI CBSISU| — 41 ... yn.

O6o3HaunM depe3 R(&) MHOKECTBO CJIOB, B KOTOPOe MOZXKeT Tepeiitu co-
obIIeHne (v IMOJ1, BO3AeICTBHEM <IIIyMay.

Ecan 1st TI06BIX COOOIIeHn & 1 3 CIPABEIIMBO COOTHOIIECHHE R(a)n
R(B) = &, TO KOJ, HA3BIBACTCH CAMOKOPPERMUPYIOUUMCS OTHOCUTEIHHO 3a-
JAHHOTO UCTOYHUKA OMIUOOK.

Jajiee OyjieM TpeonaraTb, 4YTO BO3MOXKHBI TOJBKO ONIMOKYM THIIA 3a-
MelIleHud, a OH_H/I6KI/I THUIIa BCTaBKW WUJIN BBIMIaJEHUA CUMBOJIAa OTCYTCBYIOT.
OTrmMeTnM, 9TO OIIMOKH THIIA 3aMeIleHus ABISIOTCS Hanboiee XapaKTePHBIME
ormubKaMu, 0COGEHHO IPH XPAHEHUH («Iepejiade BO BpeMeHn» ) HHDOPMAIu.

Tereps 1101 KO 1I0M Oy/1eM HOHUMATH MHOZKECTBO CJIOB OJIMHAKOBOT JJINHBI.
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Iycts: p — mpocroe, B = Z, — moje BBIYeTOB N0 MOIymi0 p, B" =
{(a1,..., ) | ; € B}. .

Beenem obosnadenusi: p(&, f) — paccmoanue Xemmunza meorcdy nabo-
pamu_ G 7 B, T.e. UMCIO HeCOBmAIAOMEX paspsuos; S () = {f € B" |
p(a, B) <t} — n-mepHsblii map pajguyca t ¢ IEHTPOM B Q.

Ecsin B kanane npoucxoaut He 6osee ¢ ommbok, To R(a) = St (&).

Kon V = {a',...,a"} ucnpasasem t ommbox THIA 3aMeleHUHA, €CIH
JJIs JIOOBIX PA3TMYHBIX ¢ M j BBINOJHAECTCS HepaBeHCTBO p(at, &) > 2t + 1.

Kon V ={al,...,a"} obrapyscusaem t omuboK THIIA 3aMeIeHNs, eI
JUIs1 JTIOObIX PA3/IMYHbIX ¢ U j BBIIOJHZAETCs HepaseHcTBo p(al, av) >t + 1.

[Monoxkum d(V) = min ,0(0?,5), rjle MEHUMYM Oepercst 1mo BCeM mapam
(&, 3) pasmrambix HAGopoB u3 koaa V. Benmunna d(V) HaseBaercss £0006bim
paccmosnuem koda V.

Ko V' obnapyxusaer d(V') — 1 omubky u ucupasager |(d(V) —1)/2]
O1IHOO0K.

[Monoxum N = |SE(&)].

Teopema 25 (I'panuna X5MMUHTa WIH MPAHUTA CHEPHUECKON YIIAKOBKH).
ITycmv V! — 100 us B™, ucnpasasouwsudi t owubor (muna samewenus). To-

2da
n

P
Vi < —.
nl — t
NTL
oxazamenvcmeo. 113 nepaBencrna
t t n
Vol No <p
HEIOCPEJICTBEHHO CJIE/IyeT YTBEPKICHUE TEOPEMbI. ]

Ecmm B rpanumie XeMMUHTa PaBeHCTBO, TO TAKON KO HA3BIBAETC CO8€Ep-
UWEHHDLM.

IIpumep 4. p=2,n=2k+1,t =k V ={(0,...,0),(1,...,1)}.

Meros, mocTpoenust Kojia, UCHPABJLIONIEro ¢ ommbok

B kauectBe Habopa &' GepeM mpoms3BoOIbLHBIH Habop, HanpuMmep, 0.

Ecnm nabopst &', ..., &1 yxe mocrpoensr, To mabop &* ompeensem u3

yCJI0BUA
k—1
a* ¢ s
=1

IIOKa 93TO MOXKHO cAeJaThb.
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[Tonyuaem ko V', ucnpasssmontuii ¢ omnbok. [1o moctpoenuio

4
B c | Js¥a).
i=1
[HosTomy
pn

V] > N

[onoxkum M (p) = max [V!], rae makcumym Gepercst 1o Bcem kogam VY,
V! C B™, ucupasasiomum ¢ omu6ok. Torna

N < M,(p) < N

Ornennm 9ucsio HAOOPOB B TIape paauyca t:

F_ <ok = : < < npk
TE ST T Rk - (k—krl) K SR
Takum obpazom,
d(t)n' < N! < "(t)n',
n cjgeagoBaTeJIbHO
)l < Mip) < et
n2t — n - nt

CojepKaTeIbHO 9TO 0O3HAYAET, YTO Ha UCIpPaBJIEHHE OJHOI OomubKu Tpedyer-
Csl «3aJIOKHUTh» HMOPsIKa log n pa3psmos.
OTMeTuM, 49TO

p’fL 2n
M(p) < —F"

§ 3.3 JImHeiiHBIEe KOIbI

Ilyctb n € N, V' C B". Muoxectso V Oymem Ha3bIBATH Aunelnbim (Ul
2pynnosvim) Kodom, ecau g JTI00BIX HAOOPOB & U B u3 V nHabop a + B
(c102KeHne TOPa3PATHOE 10 MOJLYJIIO P) TOXKe JeKuT B V.

Takum obpazom, V' — moanpocTpanHcTBo npocTpancTsa B™.
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[Tycts BekTOpa &', ..., 4" — 6asuc mpocrpancrsa V. BeinuchiBas nx B
BHJIE CTPOK MATPHUIILI, HOJIYIAEM NOPOAHCOGOUYIO MAMPULY:

1 1
o .o
G = .
k k
aiy .o )

Torna
V={xeB"|z=(uy,...,u)G, uy,...,ux € B}.

[Tapamerp n — dauna xkoga V', napamerp k — pasmeprocms Kojga V.

[Iycry z,y € B™. Ilojsoxum

(x,y) =x191 + ... + 2py, (mod p).

Eciin cupaseymuBo paserctso (x,y) = 0, T0 BeKTOPbL T U Y dyaavHv. VHO-
IJa TAKHe BEKTOPBI HA3BIBAIOT OPTOTOHAIBHBIMU, OJTHAKO yHOTpebIeHNe 3TO-
IO TepMUHA He COBCEM KOPPEKTHO, TaK KaK BBeJeHas onepaius (x,y) Hal
BEKTOPaMU T U ¥, BOOOIIE rOBOPS, He ABJISIETCS CKAJIPHBIM IIPOU3BEICHIEM,

TaK Kak mu3 paBeHcTBa (x,r) = 0 He Bcerja cieiyeT paBeHCTBO © = (0 —
Hanpumep, npu p = 2 umeem: ((1,1),(1,1)) =1+1=0.
[Honoxum

Vi={yeB"|Vz (xc V)= ((z,y) = 0)};

VL — kox, dsoficmeennut uau dyasvrul K Kory V.
ILJIH ,ILBOﬁCTBeHHOFO KOJa BBITIOJIHAECTCA PaBEHCTBO

dimV* =n—dimV.

JeficTBUTEILHO, PA3MEPHOCTH JIBOWCTBEHHOTO KOJIa PABHA Pa3MEPHOCTH MTPO-
cTpaHcTBa permenuii Marpuunoro ypasnenus Gyl = (0,...,0)T (umm ypas-
nenuda yGT = (0,...,0)) u, ciegoBaTenbHO,

dimV*'t=n—rankG =n—dimV =n — k.

OtMmernM, 9TO yTBep:Kaenne V N VL = @, Boobme roBops, HEBEPHO —
nanpumep, npu p = 2 uveem: V = {(0,0), (1,1)} = V+.

OueBuIHO, ITO KOJ, JABOMCTBEHHBI K IBOWCTBEHHOMY, COBIAIAET C HC-
XOJIHBIM KOJIOM:

(VhHt=vV.
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BosbMeM n — k JIMHEHO He3aBHCHMBIX BeKTOpoB (A1, .... A" % uz V+ n
3aIUIIEM UX B BUJE MATPHIIBL:

Bl B

PR
nk o pgrk

H =
(n—k)xn

Torna
V=VHt={yeB"|yH" =(0,...,0)} ={y € B" | Hy" = (0,...,0)"}.

Marpuna H, apagomasicsa HopozKIalomeit 11 Kona V-, Ha3bBaeTcs npose-
PouHOT Mampuuyet, T Komga V.

g nureitHoro Koma V' onpeeinM elne OIUH IapaMeTp — KOJT0BOe pac-
crosaue d(V):

d p— 1 f— 1
(V) x’yglv}g;ﬁyp(x?y) xerg’ng#oﬂxl\,

rie ||z|| — umcao HeHysmeBBIX PAa3psiioB BEKTOPA .

Kona ¢ kogoBbIM paccTrogHueM d UCIPaBIIseT L%J OIINOOK.

JluHeftHbIit KO/ JUIHHBL 1, PA3MEPHOCTH k ¢ KOJOBBIM paccTosgHueM d Ha-
3biBaercs [n, k, d|-komom.

Ecau xonpt V' u V' ornyaiorcss TOIBKO B IMOPSIKe Pa3psoB, TO TaKHe
KOJIBI HA3BIBAIOTCS IKGUBAAEHMHLMU.

Cpean KoJIOB, 9KBUBAJEHTHBIX KOay V/, HailjleTcsd KoJ, TOPOKIAIOILYIO
MaTPHILY KOTOPOTO 3JIeMEeHTAPHBIMH OTIEPAIMIMU HaJl CTPOKAMU MOYKHO TTPH-
BecTH (C COXpAaHEHHeM CBOHCTBA «IIOPOXKIAEMOCTH» ) K BHJLY

kan = (]/c Akx(n—k)) )

rae [, — enuHMYHAA MaTpuia Hopsaka k. be3 orpanndeHus: OOITHOCTH
IyCTh TAKUM KOJOM sBJsgeTcsa cam kKoja V. Torma npu mopoxKjaeHuu 3Je-
MeHTa (Z1,...,Z,) Koma V Tpou3BOIHHBIM HAGOPOM (U1, . . ., Uy) MO MPABUITY
(x1,...,2,) = (U, ...,ur)G BBIIOJHSIOTCA PABEHCTBA T1 = Uy, ..., T = Up.
B sTom cayuae stu epBbie k pa3spsioB BEKTOpa T HA3BIBAIOTCA UHPOPMAU-
OHHBLMU, & OCTAJIbHBIE L — k Pa3psIIoB — NPOGEPOUHBLMU.

Marpuna H, onpenengemMas paBeHCTBOM

H(n—k)xn = (_AT [nfk) )

OyIeT mpoBepodHOil I Koja V, TaK KaK CIpaBelinBhl pasenctsa GH! =
Okx(n—ky 1 HGT = 0(—kyx-
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[Tox coioBaMu «IIpOBEpOYHAs MATPHUIA» WHOT/IA Oy/1eM MOHUMATH JI00YI0
MAaTPHUILY, CTPOKAMH KOTOPO#i SIBJISIFOTCSI BEKTOPA CHCTEMbI (He 0bsI3aTesIbHO
JUHEHHO He3aBUCHMOI ), TIOPOXKJAIONIEH TPOCTPAHCTBO Vi,

Crenyiolee yTBep:KIeHUE CIPABEIMBO JJjis TPOBEPOYHON MATPHUILI B
TakoM OoJiee MIPOKOM CMBICJIE.

Teopema 26. [lycmo H — mampuua nad B, V. — aunetinwd xod ¢ npo-
eepounoti mampuuet H. Toeda das mozo, umobu, xKodosoe paccmoarue xoda
V' 6vin0 pasno d, nHeobrodumo u docmamouno, wmobv, 6 mampuue H arobvie
d — 1 cmoabuyos b6vau auHelino Hezasucumvmu Had B u cyuecmeosaru d
AUHETIHO 3A8UCUMBLE CMOAL0E Had B.

Joxasamenvcmeo. Crenyromnue yrBepzKIeHUsT PABHOCHIbHBI.

1. CuopasemuBo pasenctso d(V') = d.

2. Hdnsg moboro BekTopa « € B™ ecu BuimosnsteTcs yeaosue ||z]| < d—1,
To x ¢ V; upu 3TOM Haiigercsa BekTop x € V, takoit uto ||z|| = d.

3. Hukakas smneiinas komOunanus u3 d — 1 crosbmoB marpunsl H He
pasua 0; cymecTByer JinHeiinass kombuHaius u3 d croao1oB, papHas 0. [

Caencrue 11. [lycmv H — mampuya nad B pasmepa (n— k) X n, npuuem
arbvie d — 1 cmoabuyose mampuyv, H aunetino nezasucumot, V. — aunetinoi
k00 ¢ nposepounol (6 wupokom cmoicae) mampuuyetd H. Tozda

CaencrBue 12. Jlasa 1106020 aunetinozo k0da V cnpasediuso HEPABEHCMEO
dV)—=1<n(V)—=Ek(V).

DTO CaeCTBAE TOBOPUT O TOM, UTO YHCJIO JIMHEHHO HE3ABUCUMBIX CTOJIO-
OB B MPOBEPOYHOI (B y3KOM CMBbLIE) MATPHIIE HE MTPEBOCXOUT YUCIIA CTPOK.

ITpumep 5. /Iponunsiii Kox XeMMUHTA (HCIPABIAIONTHNA OTHY OIUOKY ).
Ko V' samaerca nopoxgatomieit marputeii H pasmepa m X (2™ — 1), B
KOTOPOIi i-if cTo/10€e1 eCTh JBOMYHAA 3alUCh YUCJIA 1

000 ... 1
H—

011 1

1 01 1
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[Tapamerpsr koma V':
n(V)y=2"-1, k(V)=n(V)—-m=2"-m-1, d(V)=3.

Hexonnposanne. Ilycts y = x + e, rie e — BeKTOp OIMUOKN (HYJIEBOT,
€CJTH HeT ONMUOOK, U eJIMHUYHBIH C e THHUIIEH B 1-M pa3ps/ie, ecau TPOU30IILIa
oaHa ommbKa B i-M paspsiae). Haiinem cundpom, T.e. extop Hy?.

Eciu Hy? = (0,...,0)T, ro omubok ne GuLio.

Ecyin npounsoriuia ojina onmmbdKa B i-M paspsjie, TO

Hy" =H (2" +e]) = Hz" + He] = (0,...,0)" + h,,

e h; — ¢-it crosiben, mMarpurnbl H, KOTOPBIH, B CBOIO OYepe/b, SABJIACTCH
JIBOMYHOI 3aIMCHIO YHUCIA ¢ — Pa3psjia, B KOTOPOM ITPOU30IILIA ONMTHOKA.
[IpoBepuM Ha COBEPIIEHHOCTD:

2n(V) — 22"”—1 |v| — zk(V) — 22m—m—1 ‘Sl| —n4+l= om

Y ) n *
Hostomy |V| x |S}| = 2"V)| 5, crenosarenbho, MBOMYHBIH KO XeMMEHT
COBEPIIECHHBINA.

ITpumep 6. Pacmmupennsrit kog XemMMuHra.

«Pacmupenunes 3akirodaercss B TOM, 9TO K ITPOBEPOYHON MaTpHIlE JIBO-
UIHOTO KOJa XeMMUHTa JIOMUCHIBAETCS CIeBa HYJIeBO# CTOJIOEI] BBICOTHI M,
a 3aTeM CBEpXY JOIKMChIBACTCS €JIMHUYHAA CTPOKa JJinHbl 2. Boinuiiem na-
paMeTphl pacIIMpPeHHOro KoJa XeMMUuHTa V', 33/aBaeMOro ONUCAHHONH BBITIIE
IPOBEPOYHON MATPUIIEH:

n(V)y=2" k(V)=n(V)—(m+1)=2"-m—-1, d(V)=4.

Komnoroe paccrosinue paBuo 4, Tak Kak JI0Oble Tpu CTOJONA JUHEHHO He3a-
BHCHMBI B CHJIy TOTO, YTO B JIMHEHHON KOMOWHAIIMY TIEPBBIN pa3psl OTINIeH
OT HYJIS.

Ko obuapyzkuBaer Tpu OmmOKU (CHHJIPOM OTJIMYEH OT HyJIsL B CJydae,
ecn Ipou301LIo 1-3 onrubKm).

Ecan npownsomnuia oguHodHAasT OMuOKa, TO TEPBLIil pa3psii CUHAPOMA pa-
BeH eJINHUIe, & OCTAJTbHBIE M DPAa3PA/IOB YKA3bIBAIOT HA HOMED pa3psdalia C
omubKoit (paspsapl umeror Homepa 0, 1,...,2™ — 1).

Ecan mpousonia npoiiHas ommOKa, TO MEePBBIH Pa3ps CHHIPOMAa PaBeH
HYJTIO, & OCTAJIbHBIE M Pa3pPsiioB — HE BCE HYJIEBBIE.

Paciupennbiii Ko XeMMUHTa, He SBJIsleTCsl COBePIIeHHBIM, Tak Kak | S| =
n+1=2"+1 — #He crenens japoiiku. Ho:
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Vnpaxxraenne 17. Pacmupennprii Ko XeMMUHTA SIBJISETCS MaKCHMaIbHBIM
KOJIOM C KOJIOBBIM PacCTOSHUEM 4.

Jleknusa B 12

ITpumep 7. O606meHHbI KOI XeMMHUHTa (HCITPABIISIIONUI OTHY OMUOKY )

HaJ, Zy,.
Kon V 3amaerca mopokaatomeit matpuneit H, cocTosieil U3 m CTPOK.
CToa61BI MATPHITHI pa30UBaIOTCd Ha m rpymi. B ¢-it rpynme, 1 = 0,1,...,m—

1, mepBbie m — ¢ — 1 pa3psajioB — HyJEBBIE, B pa3psajie ¢ HOMEPOM 1M — % BO
BCEX CTOJIONAX IPYHIIBI CTOUT €UHUIA, a B OCTAJLHBLIX I pa3pagax CTOJI0II0B
3TOIl IpyNIbl — BCe BO3MOKHBIE Habopsl 13 {0,1,...,p — 1}* (Tem cambiM, B
i-it rpynme p’ cronbuos). Takum o6pasom, matpuna H umeer Bu:

0 00 ... 0 00 ... 0 L.o11 .1
0 00 ... 0 00 ... 0 .. 00 ... p—1
0 00 0 11 . 1 0 0 p—1
0o 11 ... 1 0 ...p—1 ... 00 ...p—1
1 01 ..p—1 01 ..p=1 ... 01 ..p-—1

E(V)=n(V)—rank H =n —m =
d(V) = 3.

Omnenum cBepxy 4ncJio nupoBepodnbix paspsios m = n(V) —k(V) (qucmao
BCEX Da3psAI0B MUHYC 9UCI0 HHPOPMAIMOHHBIX pa3psaoB). Tak kak n(V) =
p:__ll, 10 p™ = n(p — 1) + 1 u, crenoparensuo, m < log,n + 1.

HexkomupoBanue. Haxoaum cruaIpom

51
S =Hy" = ”2
Sm
Ecmu S = (0,...,0)7, 0o ommubok Her, HIUEro He JeIaeM.
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Ecmu S # (0,...,0)T, To BbgenuB nepBblil HeHyJeBO#H paspsaj s;, | €
{1,...,m}, HOKOOPAUHATHO PA3/EJUM CUHIDOM Ha S;:

S/Si = (0, Ce ,0, 17Si+1/si7 C. ,Sm/Si)T.

Hanee, naxognm B marpune H cronben (0,...,0,1, 81175, Sm/5:)"-
[IycTs sTOT cTONOET nMeer HOMep [. Torma x = y — e, rae BEKTOp e ompe/e-
JseTcs cJeIyIoIuM obpasoM: ¢; = s; 1 s; = 0 mpu j # L.

[IpoBepKa KOPppEKTHOCTH:

Ha' = Hy" — He" = (0,...,0,5:, 8141, .,5m) —sihy = (0,...,0)7,

crenoBaresibio = € V. Kpome toro, p(x,y) = 1.
[IpoBepum 000OIIEHHBIN KO/ XeMMHIHIAa Ha COBEPIIEHHOCTD:

m

1
Vi=p W =p IS = - Dnkl=C

Hostomy |V| x |SE| = p"V), u, cienopaTenbro, 0600MmeRHbIIH KoI XeMMAHRTA
COBEPUICHHBI.

3.3.1 AuaropuTM mOCTPOEHHS MATPHUIl, B KOTOPBIX JIIO-
obie d — 1 cTOJIOIIOB JIMHEIHO HEe3aBUCUMbBI

CtpouM HajL B MaTpHUIBl U3 M CTPOK, J00aBJ/Isds HA KAaKJI0M IIIare odepeHoi
cToJ10e1l TaK, 4TOOBI B HOJIyYaloneics MaTpuiie Joobie d — 1 ¢Toab1oB ObLIn
JUHEUHO HE3aBUCHUMBI.

B xauectse nepBoro crosibna hy 6epeM mpou3BOJIbHBINA HEHYJI€BOI cTOI0eI]
BBICOTHI ™.

[Iycthb crosibnpt hy, ..., h;_1 nocrpoensl. Jlobbie d — 1 U3 HUX JUHENHHO
HezaBucuMbl. Hyzkno go06aBuTh ctosberr h; TakuM 00pa3oM, 9ToObI OH BMECTe
¢ M00bBIMH d—2 CTOIOIAMI U3 MHOXKECTBA, hy, . . ., hj_1 00pa30BBIBAJ JTUHEIHHO
HE3ABUCUMYIO CUCTEMY, T. €. YTOObI OH He BbIPAzKaJICs HU Yepe3 Kakue d— 2 u3
HuX. CKOJBKO JUHEHHBIX KOMOMHAIMH CTOJIONOB hq, ..., h;_1 ¢ He Oojee dyeMm
d — 2 cnaraembpiMu? O003HAYUM 3TO YUCTIO depe3 N u ONEHUM €ro CBepXy:

N<1+CL(p—1)+CLilp—1)"+...+CE(p— 1)

Ecim Boimosastercst nepasenctso 1+ CL (p— 1)+ C2 (p—1)* +... +
Cf:lz(p —1)42 < p™ 10 N < p™ m, cienopatennbno, Haiiaerca croybern hy,
Takoit aTo Jiro0bie d — 1 cToI6110B U3 MHOXKeCTBa hy, . .., h; 1THHeiiHO He3aBu-
CHUMBI.

Takum obpa3oM, clpaBeJIMBO CJIE/LYIONIee yTBEPKJICHUE.
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Teopema 27 (I'panuna Bapramosa — 'mitbepra). ITyems n > 2, d > 2,
m > 1. Ecau 6unoanaemea nepacencmeo

1+ C’%_1(p —1)+ Cﬁ_l(p — 1)2 N C’ff:%(p . 1)d—2 <p™,
mo cyuiecmeyem AuHetnbl K00 ¢ Napamempami
n(V)=mn, k(V)>n-m, dV)=>d.

OTMeTHnM, 9TO B HACTOMIIEee BpeMsl HEU3BECTHO, JIeXKAT JIM Ha T'paHUIle
Kakne-an00 KOJIbI.

3.3.2 Koabl Puga — MaJepa

g npoussosbHOit Oysesoit dyHknun f 0603HAUUM depe3 7y ee HOJTUHOM
ZKerankuna, a depe3 deg 7y — cTelleHb 3TOI0 HOJIUHOMA.

[Iycth Harypajibibie m u 7 yaoBjaeTBOpsa0T HepaBenctBam 0 < r < m.
Badurcnpyem HEKOTOpHIH (Hanpumep, JeKcHuKorpadudeckuii) mopsIoK Ha-
O6opoB 3 MHOXKecTBa K.

Kodom Puda — Mannepa R(r,m) daunw, 2™ nopadka r HA3BIBAETCS MHO-
JKECTBO BEKTOPOB 3HAUYEHUU BCEX 1M-MECTHBIX OVJIeBBIX (DYHKIMIT, Y KarKI0M
13 KOTOPBIX CTenenb nojmmaoma A erajikuna ne npeBocxoaut r. st KpaTko-
ctu OyjieM TOBOPUTH HE O BEKTOpax 3HadeHuit pynkmuii, a mpocro o pyHK-
musix. 'Torma MOXKHO YCJIOBHO 3aMUCATh TaK:

R(r,m) ={f(z1,...,2y) | degmy <r}.

[IpuBenem mpocteiimue npuMepsl KogoB Pumxa — Majrepa:

R(0.m) = {(Q..0). (L. .V},

R(1,m) = L(m), R(m,m)= Py(m).

CaoiicTBa K0o10B Puga— MaJsiiepa:

1. Koapr Puga— Masiepa sBASIIOTCS JTUHEHHBIME KOJAMUT.
> Cienyer u3 Hepasencrsa deg(mry,) < max{deg(my), deg(m,)}. O
2. llycrs f € R(r,m), f # 0. Torna

LIl =27,

rae || f|| — Bec byukuuu f, T.e. ancao #abopos u3 E™, Ha KOTOPBIX DYHKITHS
f obparaercsa B e inHUILY.
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> TIpoBenem WHAYKIHIO 1O 7, a TpH (BUKCHPOBAHHOM 1 — 1m0 m. (m > 1).

baza nnmyknun.

[Ipu r = 0 egMHCTBEHHOM OTJIMYHOM OT KOoHCTaHTHI O DYHKIHEH ABAIeTCS
KOHCTaHTa 1, I KOTOpOii TpebyeMoe HepaBeHCTBO BHIIOJIHIETC.

[Ipu m = r goka3LIBa@MOE HEPABEHCTBO HPEBPALIACTCS B COOTHONICHHE
|||l > 1, xoTropoe cripaBeuBo AJist 1000 OTANIHON OT KOHCTAHTH () DYyHK-
WM.

ar wagykmnuu. [lycers qasa Beex map (1, m'), yIoBIeTBOPAIONAX YCIO-
Buam 0 < ' <m/, v <r,m' <m, r +m’ <r+m, TpebyeMoe HePABEHCTBO
YCTAHOBJICHO.

[IpexcraBuM TpPOU3BOILHYI0 OTIMYHYI0 OT KOHCTaHTH () byHKImUo [ u3
kofa R(r,m) B cremytomem Bue:

flzy, 2o, xm) = (21 ® 1) f(0, 29, ..., xm) ® a1 f(1,20,...,2p).

O6ozuauum fo = f(0,29,...,2m), 1 = f(1,22,...,2y). OvaenbH0 pacemor-
PHUM TPU CJAyYad.

Cayuait 1°: fo £ 0, f1 Z 0.
Torga B cuny Braodenuit fo € R(r,m—1), fi € R(r,m—1) k Gbyuxmusam
fo 1 fi MOXKHO IPUMEHUTH MPEIOIOKeHHe HHAYKIHA. [loyToMy
LAl = N foll + LAl = 277477 2o = 2m

Cayuait 2°: fo = 0.
B ycaoBusix 91010 caydas crupapeyiuBel cootnotrenus f1 Z 0, f1 € R(r—
1,m —1). C ucroap30BaHueM MPEIOTIOKEHIS HHAYKIIAA MOy IaeM, 9TO
1Al = ILAi]l > 200D = gmer,

Cnyuaait 3°: f; = 0.
B ycaoBusix aT0oro cayvas crpapeyimBel cooTHorenns fo Z 0, fo € R(r—
1,m —1). C ucroap30BaHueM MPeIIOI0KEHI HHIYKIIUA MOy IaeM, 9TO
IFIF= 1l foll = 2tm=D==0 = 2m,

Takum 06pa3om, BO BCex caydasix BepHO HepaBencTso || f|| > 2™~ [
3. Jns mapamerpoB ([yimHA, PA3MEPHOCTH U KOJIOBOE PACCTOSHHE) KOJIA
Puga— Masiepa R(r,m) cnpaBe/iuBbl PaBeHCTBA

n(R(r,m)) = 2",
kE(R(r,m))=1+CL +...+C",
d(R(r,m)) =2""".
4. Tlopoxknatomeii marpuneii pasmepa (1 + CL + ...+ C") x 2™ kona
Puga— Mannepa R(r,m) sasiaserca marpuna (G, coCTOsINAs U3 € THHAIHOIN

CTPOKH M CTPOK, SIBJISIONIMXCS BEKTOPAMH 3HAUECHHH BCEBO3MOXKHBIX (DYHK-
it Buga T, ... %;,, 1 <1 <r, Kak GyHKIR IePeMeHHBIX T1, . .., Ty,
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3.3.3 lexoampoBanmue kogoB Puaga — Madssepa

CuavaJja moapobHO M3JIOKUM PACCYKICHUs, JeKaliue B OCHOBE 3(DPEeKTUB-
HOT'O MeTOa AeKOINPOBaHUs KoIoB Puga — Masiepa, He HCIIOIL3YIOIMINIA BHI-
YHUCJIEHHS CHHAPOMA, AEKOANPYEMOT0o HabOPA.

[Mycrs dbyukius f(xy, ..., z,;,) yaosiaersopsger yeaosuio deg(f) < r. Onu-
IeM, KaK MOYKHO YCTaHOBHUTDH, BXOJIUT JIM MOHOM CTEIIeHH 7, CKazKeM MOHOM
Z1...%r, B IOJTHHOM Ty, €CJII U3BeCTeH He BeKTOp 3HadeHuil pynknuu f, a
BEKTOP, OTJINYAIONTHICS OT Hero e 6osee, weM B 2™ "1 — 1 paspsze.

s xazmoro wabopa & = (074, ..., Opm—y) 13 (M —1)-MEPHOTO €IUHIIHOTO
Kyba E™7" onpejeanM CJaeAyOIee MOJIMHOXKECTBO M-MEPHOTO eIUHUIHOIO
Kyba E™:

El ={(a1,...,am) € E" | (ps1,. .. ) = (01, .., Om_yr)} -

CspoitcrBa MHOXKecTB EL:

1. /Tt mro6oro wabopa & € E™~" BepHO paBeHcTBO |EL| = 2.
2. llycte 0,7 € E™", 6 # 7. Torma EL N EL = @.
3. CupaBe I ITIBO PaBEHCTBO

E"= |J Ei

geEm="

4. Js Jioboro Habopa ¢ € E™T" 119 KOHBIOHKIIUA KO Llyeoeyyy) =
) ’
1 ...2Ty BBIIIOJHACTCA PABEHCTBO

@ Ko(Oél,...,Oém)Zl.

(a17~-~7am)€Eg

5. g moboro nabopa o € E™™" u jgas a0b60it oTandHON OT X7 ... %,
KOHBIOHKIWH K (1,...,%,) BUAA azy ...x;, e 0 < s < r, a € {0,1},
BBIMIOJTHSIETCST PABEHCTBO

(alv--nam)eEg

> Jliobas kouwbionkust K(z1,...,T,) BAIA 4Ty, ... T, tae 0 < s < 7,
a € {0,1}, oryinuHas OT KOHBIOHKIUK T . . . Ty, UMEET XOTsl Obl OJIHY (DUKTUB-
HYIO TIEPEMEHHYT0 U3 MHOKECTBa {Z1, ..., x,}. [losromy mis moboro nabopa
o € E" "dyukunsa K(xq,...,T,,) IDUHAMAET eJMHHYHOE 3HAUYCHUE HA YeT-
HOM 4ucJle HabOpOB U3 MHOXKeCTBa [T . 0J
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[Tepexo/st HEMOCPEACTBEHHO K PEIEHUIO 33291 O BXOXKIEHWH MOHOMA
Z1...%T, B HOJIMHOM Tf, OTMETHM, 9TO B CHJY CBOHCTB MHOXKeCTB L7 nid
Joboro Habopa ¢ U3 MHOKecTBa K™~ cymma

@ flag, ... an)

(1 yeenstm ) EEL

paBHa 1, ec1Mm MOHOM T ... T, BXOJUT B IIOJTMHOM 7s, U paBHa 0 B IPOTHB-
HOM cJiydae. TeM caMbiM, B ¢Jiydae, KOrJia U3BeCTEH BEKTOP 3HAaUYeHUil DyHK-
mun f, mosydaem 2™~ (TakoBa MOITHOCTH MHOXKeCcTBa F™ ") He3aBHCHMbIX
KOHTPOJIBHBIX (/71T MOHOMA 7 . .. XT,) CYMM, YeTHOCTh KarKJI0i M3 KOTOPHIX
onpeJesdeT HaIu9ue WU OTCYTCTBHE MOHOMA I ... T, B IIOJTMHOME T .

Janee, ecin W3MeHNTD 3Hadenue BpyHKIMK f He Goee gem Ha 2™ 71 —1
Habopax, TO M3MEHUTCH 3HadeHne He Gojee 2™ "1 — 1 KOHTPOJIBLHBIX CyMM,
a 3HadeHme He MeHee deM 2™ 7! 4 1 KOHTPOIBHLIX CyMM He m3MeHsaTcs. Ta-
KM 00pa30M, JI0CTATOYHO YCTAHOBUTH YETHOCTD OOJIBITUHCTBA KOHTPOJILHBIX
cymMm. Ecin GOJBIIIHECTBO KOHTPOJIBHBIX CYMM HEYEeTHO, TO MOHOM Z7 ... T,
BXOJWUT B IIOJIMHOM T ¢, & €CJIU Y€THO, TO He BXOJUT.

MazKkopuTapHbIii aJropuT™ JeKoaupoBanus (ajaroputy Puja)

[IycTh BekTOp 3HAYeHUH DYHKIMA (21, ..., L)) SABISIETCS STEMEHTOM KO-
na Puna— Manaepa R(r,m), a HaM W3BeCTE€H BEKTOD, OTIMYAMONHUICA OT
Hero He Oostee weM B 277! — 1 paspsgax m, COOTBETCTBEHHO, 32 AIOTTHI
HEKOTOPYIO DYHKIHIO f(T1, ..., Tpm) @ g(T1,. .., Tm), THE ||g|| < 2m7 71 — 1.

Tak Kak BbIIOIHSETC HepaBeHCTBO deg 7y < 7, To B moimHOMe zKeras-
KIHA 7§ OTCYTCTBYIOT KOHBIOHKIINH JTHHBI OosIee 7.

Ha nepsom stane jyrst KaxkJa0# KOHBIOHKIIUH Xy, . . . T;, JJIUHBL T IOCJIEJI0-
BaTCJIbHO BBIACHACM BXOAUT JIN 93Ta KOHBIOHKIHWA B IIOJTHHOM 7Tf

Hajmmune KOHBIOHKIUY X1 . .. T, B MOJUHOME Ty ONpeJlesideTcs OOJIbIINH-
crBoM u3 2" 3Havenuii (Jiisg Beex HAGOpoB ¢ w3 E™") BhIpaskeHHit

@ (f(al,...,ozm)@g(al,...,am)).

(a17~~'7a777,)€E7:

o

Eciu 607bpMIMHECTBO 3HAYEHUH PABHO 1, TO KOHBLIOHKIHS 7 ...T, BXOJUT B
IOJIMHOM 77, B IPOTHBHOM CJIydae He BXOIHT.

AHaJIOrHYHO IPOBEpsieM HAJMYHE B IIOJHHOME Tf OCTAJIBHBIX KOHBIOHK-
Ui JUIMHBL 7, €CTeCTBEHHbIe OTJIWYHS CBA3AHBI TOJBKO C H3MEHEHHSIMU
B ompenesennn MuokectB EZ'. Tem caMbiM Ha HEpPBOM 3dTame B IMOJH-
HOMe 7Ty YCTaHABJIMBAIOTCA BCce ciaraeMble crenenn r. OGo3HA4YUM dYepes
he(x1,...,xy) dyxmmo, nomunom 2KerajkuHa KOTOPOH COCTOUT HMEHHO
U3 9TUX cjraraeMbiX (oJoxKuM h, = 0 ecsin TaKux CJaraeMbiX Her).
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Ha Bropom srame Bmecto GyHKIwn f(T1, ..., Ty) uccaeayercs dyHKIHsT
fi(z, .o xm) = f(xy, .o, ) ®he (21, . .., Ty, YAOBIETBOPSIONIAST YCIOBUIO
deg(my,) < r — 1. Bekrop 3nauenuit 3Toit (pyHKIMN HEU3BECTEH, HO U3BECTEH
BEKTOpP 3HAUeHHH GYHKIUU fi; B ¢, OTINUAIONINNACI OT BEKTOpa 3HAUCHUIA
dbyuxuun f; e 6oxee wem B 2™ "1 — 1 paspamax. Tak xak 2771 — 1 <
2m=(r==1 _ 1 10 ;s BHISBAEHNS CJIATa€MBIX CTEIEHH T — 1 B MOJHHOME
7f, (& ciaegoBaTenbHO, U B HOJHHOME Tf) JOCTATOYHO IIPOJEIATH TAKHE ZKe
IpOTeIyPhl, KaK U Ha MPeJIBIIYIIEM JTalle.

[locTymas aHamormdubIM 0Opa30M Ha dTArmax ¢ HOMepamu 3,...,7 + 1 B
KOHII€ KOHIIOB YCTAaHOBUM BCe CJaraeMble IOTHHOMA T y.

Yupaxxknernne 18. Jlokazars, uto koa Puma— Mamnepa R(m — 2, m) cobma-
JIaeT C PACHIUPEHHBIM KOJOM XeMMUHIA.

Jleknusa k 13

3.3.4 IloBropenue cBejsenuii n3 ajredonwl. Konednsie mo-
g

[lycrs F' = (F,+, X) — noJje, T. . KOMMYTaTHBHOE aCCOIMUATHBHOE KOJIBIIO €
eJIMHUTICH, B KOTOPOM KayK/Iblii HEHYJIeBO#l 3JieMeHT 0OpaTHM.
O6osnaunm 4epes |F| nopadox mosst, T.e. 9ucsI0 31eMeHTOB 10J1st. Ecin
|F'| < 00, To moste F' masbiBaerca koHedHuiM. [Ipumep: Z,.
Xapaxmepucmurot 1O/ HA3bIBAETCI MUHUMAJIHLHOE 3HAYEHUE P, TAKOE
YTO CYMMA P KOIU eIMHUIBI JTaeT HOJIb. Ec/Iu Takoro 4ucsa He cyIiecTBYeT,
TO TOJIATAIOT, YTO XapPaKTEePUCTHUKA 10JIs paBHa (.

Vupazxuenune 19. Ilpuectn npumMep 6€CKOHETHOrO MOJIS HEHYJIEBOH Xapak-
TEPUCTUKH.

CBoiicTBa KOHEYHBIX TOJIeN

1. XapakTepucTuka moJist — MpocToe YUCI0 (MHAYE eCTh JAeJTUTETH HYJIs).

2. Tlycte |F| = ¢. Torma cymectByer n, takoe 4ro ¢ = p", rje p —
XapakTepucThKa mojs F.

> ITomoxkum F; = {0,1,...,p — 1}. Torga F; — noxnose (g0cTaToqHO
POBEPUTH 3aMKHYTOCTH ).

Cnyuaii 1°. Fy = F. Torna q = p*, F £ Z,.

Cayuaii 2°. Fy # F. Torna BosbmeM 3jievent o € F'\ Fy. Tlosoxkum

Fy ={ria+ x| 21,25 € F1 }.
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B muo)kecTBe Fy (yiKe He SBJISIONUMCS, BOODIIE TOBOPSI, TONOJIEM) BCe 3JIe-
MeHTBI pasuble. I[lycTh 910 He Tak, T.e. (x1,22) # (y1,y2), HO (1 — Y1) +
(x9—y2) = 0. Torma ecau 1 = y1, TO Ty = Yo — NPOTUBOPEUNUE; ECTH T1 F Y1,
TO (v = i&l;_‘zf € F| — nporuBopeune.

Caywaii 2.1°. F, = F. Torna q = p°.

Caywaii 2.2°. Fy # F. Torna Bosbmenm sjiement 3 € F'\ Fy. TTonoxkum

Fy={x18+ x| 11 € Fi,x5 € F}.

B muoxkecTBe Fy Bee 31eMenThl pasuble (Kak caenctsue, |F3| = p?). Iycrn
9TO He TaK, T.e. (z1,T) # (Y1,Y2), 0o (z1 —y1)5 + (22 — y2) = 0. Torma ecau
T1 = Y1, TO Ty = Y — NPOTUBOPEUNE; €CIH T1 # Y1, TO § = L2 € I (rax
KaK Yo — To € Fh, ﬁ € F1) — mporupopeune.

[Tpomomkast paccyzKIeHHsT aHAJOIHYHBIM 0Opa30M, 33 KOHEYHOE YHCIIO
[IArOB YCTAHOBUM, YTO CYIIECTBYET N, TaKoe 410 ¢ = p™. OJ

3. B kazK10M KOHEYHOM 110J1€ €CTh IPUMHTHBHBI{ 3J1eMeHT (3JIeMEHT (v 1o~
JIsl HA3BIBAETCHA NPUMUMUBHLM, €CJIU JIJI BCAKUNA HEHYJIEBON 3JIEMEHT TIOJIst
eCTh HEKOTOpAas CTeleHb dJIeMeHTa «v). VI WHbIMI CJIOBAMH — MYJIBTHUILIH-
KaTUBHAS IPYIIA KOHETHOTO TIOJIS IUKINIeCKA.

> CHavaja J0KazKeM CAeayIonuii hakT.

[Iycth m — MaKCUMaJbHBIH MOPSJIOK 3JE€MEHTA B KOHEYHOIH abeseBoit
rpymnne G. Toraa mopsiok Jr060ro saementa rpynmnbl G IeauT m.

Pazyoxkum rpymmny G B IpsMoe MPOU3BeIeHIe MPUMAPHBIX UK ITIeCKIX
noarpymni. [Iins Kazaoro mpocToro p, spisomierocs neautenaeM |G|, 6epem
IPUMapHYI0 KOMIIOHEHTY MaKCHUMAJIbHOTO MOPSIIKA, COOTBETCTBYIOIIETO 9TO-
my p. [lycrs M — npousseenue (1o Bcem mpocThiM geuressiM |G|) mopsi-
KOB TaKMX MPUMapPHBIX KOMIOHEHT. Toraa Jiist JTI000ro 3JeMeHTa ¢ rpyIIibl
G cupaseauBo paseHcTBo ¢ = € m, ciemoBaTeNIbHO, IOPII0K dJIeMEHTa
g nequt M. C npyroii CTOpPOHBI, POW3BEJIEHHE MOPOKIAIONIINX JTEMEHTOB
BBIOPAHHBIX MPUMAaPHBIX KOMIIOHEHT WMeeT mopsiiok M, mosromy m = M.

Paccmorpum B ricxojHoM KoHedHOM 11oJ1e F' ypaBuenue x'™ = 1, rue m —
MaKCUMAJIbHbBIA MOPSIIOK 3JEMEHTOB MY/JIbTHILIMKATUBHON rpymmbl nojsa. C
OJTHO¥ CTOPOHBI, KAYKJbI HEHYJIEBOW 3JeMeHT 10JIisT F' sBJIsieTcss KOpHEM 3TO-
r0 ypaBHEHHsI, a C JPYroil CTOPOHBI, Y MHOTOYJEHA CTeIleHU 1M KOPHeil He
6oaee m. CaemoBareasno, m = |F| — 1, T.e. MyJIbTHIVIMKATHBHAST TPYIIIA
KOHEYHOT'O 10JIs ITUKJIMIECKAs. O

4. Ecm d nennt |F| — 1, 10 B noste F' ectb amement nopsaka d (ciaemyer
U3 [UKJIHYHOCTH ).

5. st moboro snementa o € F Beinosiasiercst paBeHctBo pa = 0 (Tak
Kak p=1+4...+1).

p
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(z +y)? = aP + yP, rax kak Ck nenurcs na p upn k # 0,p.
(r1+ ... +ap )P =af +... + 2P .

(21 + . Az =2

9. Hnsa moboro n > 1 cymecTByeT noJie u3 p™ = ¢ 3JeMEHTOB.

6.
7.
8.

> IIpn n = 1 uckomoe nose I, = Z,, — mosie BEIYETOB 1O TPOCTOMY MO-
ayatio p. [yere n > 1 (caygaii n = 1 Toxke BKIaAbIBaeTCsI B 00Mmuii cydaii).
st 1106010 HATYPATBHOIO N CYMIECTBYET HENPHBOIMMBbINH HOPMUDOBAHHbIIH
MHOTOY/IEH CTeleHn 1 HaJl Z,. Berbepem Kakoit-1n60 HEIIPUBOIUMBIH HOPMH-
poBaHHBI MHOrOWIeH 7(x) cremenn n. Ha MHOXKecTBe M MHOTOYICHOB W3
Zplx] crenenu He Bbie n — 1 BBeJEM OlEPALNH CJIOKEHHS M yMHOYKEHHSI
CJIEJIYIONAM 00pa3oM.

Cnoxenne: nycts a(z),b(x) € M, rorma a(z) + b(z) € M.

Yuuoxkenue: nyctsb a(z),b(z) € M, Torna a(z) * b(x) = c(x), tae c(r) —
octarok or jgenenus a(x)b(x) Ha w(x), c(x) € M.

JokazkeM 00paTUMOCTb BCEX HEHYJIEBBIX 3JIEMEHTOB (OYeBH/HO, UTO
OCTAJIbHBIE AKCHOMbI HOJIs BBIIOJHAIOTCs ). [ 9TOr0 CHAYA A yCTAHOBUM
OTCYTCTBHUE JIeJINTEeH HyJId.

[Iyctre a(z) * b(x) = 0. Torga a(z)b(x) = m(x) f(x) (3mech umeercsa BBUILY
00OBITHOE YMHOYKEHIE MHOTOUIEHOB HaJl Z,), [JIe CTeIleHH MHOIOWIEHOB a(T),
b(x) u f(x) we upesocxomsar n — 1, a crenenb MHOTOUWIEHA T(x) paBHa n, HO
9TO POTHBOPEYNUT HEIPHUBOINMOCTH MHOTOWIEHA T (T ).

YeTaHOBUM TEneph CyNIeCTBOBAHHE OOPATHOrO 3JIEMEHTa I JH60ro
menyaeoro Muorowiena a(x) u3 M. Ougesummo, uro |M| = g¢q. Ilycrn
bi(z),...,b,—1(z) — Bce HenyseBble MHOrOuIeHbl U3 M. Torma Bce MHOrO-
wiensl a(z) * by(z),...,a(z) * by_1(xr) — Henysnesbie u pasiauunbie (B CUILy
OTCYTCTBUSI JeJIUTe Il Hy is1). SHAYNT, CPEIM HUX €CTh U €JMHUIHBIH MHOTO-
YJIeH. 0

[Toctpoennoe moge Oymem obosnadarh GF(p"). KoppeKTHOCTH Takoro
0B03HAYEHUSI JIOCTABJISIET CJIeJIYIolIee CBOHCTBO.

10. JTioGble JBa KOHEYHBIX MOJISA, COCTOSIIIUX U3 PABHOTO YHCIA JIEMEHTOB,
u30MOpGHBI (€3 T0KA3aTeThCTBA).

3.3.5 Koa boy3za— Yoyaxypu — XoKBUHIreMa

Bynem paccmarpuBarh IBOMUHBINA caydail: F' = GF(2™) (xoTsg mOCTpOeHust
MOZKHO BeCTH Ha/J IPOU3BOJIbHBIM KOHCYHbBIM HOﬂeM). HOJIa.FaeM, qT0 II0JIE
GF(2™) mocTpoeHo 1o HEKOTOPOMY HEIPUBOIANMOMY MHOTo4sIeHy 7(x) cTe-
IEeHu 1M B COOTBETCTBUU C TeM, KaK 3TO CAEJIaHO B 1.9 CBOMCTB KOHEYHBIX
OJTe.

Daementamu moias GF(2™) cauraeM MHOTOWIEHBl a9 + a1 + ... +
U1 2™ Y e a; € GF(2), 1 = 0,1,...,m — 1. Tem cambIM 3JjeMeHTy
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a € GF(2™) ecrecTBeHbIM 06pa30M MOXKHO TTOCTABATH B COOTBETCTBHE CTOJI-

oer;, KO3 PUIUEHTOB 7:

Qo
a1

Am—1

Y0661 TOTIEPKHYTH TOT (BakT, 910 dmeMeHT nostst GF(2™) npeacrabien B
BHe cToJIOIA U3 m 31eMeHToB nosst GF(2), Oyaem npu obo3HadeHnn j100aB-

JIATH CBEPXY CHMBOJI « »: TaK, HAl[pUMeEDP, & = 7.
[Iyctb n = 2™ —1, oy, ..., ,, — BCe HeHYJIeBbIe 3JeMeHThl moa GF(2™),

BLIIHCAHHBIC B IIPOU3BOJILHOM mopsake. IlyeTh Takzke mapamerp t yaoBie-
TBOpsieT ycaoBuio ¢ < 2™ /m. Beemem marpuity A pasmepa t X n HaJ[ moJeM
GF(2™) caemyomum 06pa3om:

aq (0% e oy
3 3 3
A= aq (0%} Ce (0%
2t—1 2t—1 2t—1
Qaq Ay R 8 e

Marpuna A 3agaer matpuiy H pasmepa tm X n #ayg norem GF(2):

aq Gy ... Oy ao;
~3 ~3 ~3 ar;
H = , e a; = ,i1=1,...,n
A2t—1  A2t—1 A2t—1
a s c.oan (1.4

Ormernm, uro marpurpt A u H 1oCTpoeHbl HAJ PA3HBIME IIOJISIMHU, HO

00a 3TU TOJIsT UMEeeT XapPaAKTePUCTUKY 2.
Jlwneitubiit Koy ¢ npoBepounoit Mmatpurneit H wHazwiBaercs kodom Boysa —

Yoydrypu — Xoxeuneema (kodom BIX).

Teopema 28. [lycmo tm < 2™. Toeda amobwie 2t cmoabuos 6 mampuuye H
AUHETHO HE3ABUCUMDL.

Aoxasamensvcmeso. lycts 310 He Tak, T.e. npu HekoropoMm k, 1 < k < 2t,

HaiigyTca k cToabnos h,, ..., h;, , YI0BIETBOPAIONINE PABEHCTBY
0
0
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Torpma mrg mostockl BeICOTH m Matpuiibl H ¢ nomepom j, j = 1,...,1, BbI-
[OJIHAETCH COOTHOIICHUE
— - .
a4+ af T =0,
—

U3 KOTOPOI'O B CUJLY CHPABEAJIMBOCTH PaBEHCTBA 4+ 3 = «r + [ caejyer, 910

2j—1

2j-1 _
ap . Fan =0,

T.e. crenmeHHas cymma Spj_1 = Sgj_1(Q4,, ..., ) paBHA HYJIIO (HYJIEBOMY
saeMenty nosst GF(2™)). Takum obpaszom,

51253:...252,5,1:0.

[TokazkeM, 9TO U IpH YETHBIX 3HAUeHNAX 1, 2 < r < 2t, cTelmeHHasd CyMMa
S, Tak:Ke paBHa HyJ10. IIpemcraBum ducsiao r B Buge: r = 2%, u > 1, 1 <
v < t, v — HedeTHOe. Torma cmpaBe I TMBBI PaBEHCTBA

ST = Sguv = (Oéil)qu + ...+ (ai1)2“v = ((Oéil)v)Qu 4+ ...+ ((aik)v)T‘ =
=(af +...+0a} )" =5 =0.

Utak, Bce cTeneHHble CYMMBI S1, So, ..., Sy OT MEPEMEHHBIX ., ..., Q;
paBHBI HyI0. Torma B MaTpuie

k

Qi Oy . O(Z'k

2 2 2
azj CYiZ Ce aik
(0% Oé]»f Oék

CTOJIOIBI JTUHEHHO 3aBUCUMBI, U, ciejgoBarenbio, det M = 0. C apyroit cto-
POHBI, B CHJIY IPABUJIA BHIYUCIEHHS ONpeaenTe st BangepMon1a Ha 1 oaeM
XapPaKTEPUCTUKH 2 MOJYYAEM:

det M = oy, ...y, H (i, + ay,) # 0,

1<s<t<k
9TO MPOTUBOPEYUT TPEIbIIYIIIEMY PABEHCTBY. O

CaencrBue 13. IlTycmo V. — x0d BYX ¢ nposepounot mampuuets (6 wu-
pokom cmvieae) H pasmepa mt x n. Tozda

n(V)y=2"—-1, k(V)>n—-mt=2"—mt—1, d(V)>2t+1.

Benuuwna 2t 4+ 1 Ha3bBIBaeTCd KOHCMPYKMUBHBIM PACCMOAHUEM KOTA

BUX V.
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3.3.6 Aunaropurm gekomupoBaHus Koaa BUX mpu ¢t = 2

B caydae, xorma t = 2, marpunsl A u H UMeT cieayronmii B

a; Qg ... « ap Qg ... Qp
A={5 2 5], H=|35 = =3
] Qy ... ay ooy .. o

[IycTh mou301L710 JiBe OMIMOKH B pa3psjiax ¢ HOMEpaMH ¢ U j:

r=(x1,...,%0) — Y= (Y1, Yn) = (1, ..., T) + (€1,.. ., €n),

riee; =e; =1,e. =0upur#i,j.
Boraucanm cunapom S':

S:HyT:HxT+HeT:O—I—H6T:hi+h]~.

B cuny Toro, aro

a; % Sl
hi = /'3 5 hj = /E N S = -~ 5
1% % S

BBIIIOJIHAETCA CUCTeMa PaBEHCTB

Oéi+05j251

3 3 _

Teneps oTMeTHM, 9TO aHAJOTUYHAS CUCTEMA PABEHCTB CIIPABEJINBA U B
caydae, KOIJIa HPOU30ILIa OJHa OMKHOKA WM OMIMOOK He OBLIO BOBCE — B
3THUX CIydadxX OFHO UM 00a 3HAYeHHs (y; W (v paBHBI Hya0. B wacrnoctw,
ecim S; = 0, 1o npu S35 = 0 MOXKHO CJIe/IaTh BBIBOJI, 94TO OMUOOK HET, & IPU
S3 # 0 — 9TO BCe Ke MPOU30ILI0 DoJiee ABYX OMMUOOK.

Bosspamasich K permennio CHCTEMBI, TMEEeM:

of +ad = (i + a;)(0? + as0; + ) = S1 (S} + i),

[TosTomy
a; + Oéj = 51
S.
Odl'Oéj = S—j -+ 312,

T.e. U3BECTHbI CyMMa M npoussejienue Kopueit. [loaromy «; u a; — xopnn
KBaJPATHOTO TPEXUJIeHA

x2+51x+%+3f
Si
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WU yPABHEHUSI
Siz® + Six + S3+ 57 = 0. (%)

Teneps onnieM MopsaaoK TefCTBHIA.

1. Beraucastem S, Haxomum S7 u Sz, 3arem S7 u S3.

2. Ecm S = S3 = 0, To ommbOK HET W HUYEro UCIPABJISITH HE HYZKHO.

. Ecin Sy =S} T BHEHUSA BH HO HEHYJIEB

3. Ecim S # 0, S3 = S?, 1o aBHe *) POBHO OJIHO HEHYJeBoe
pemmenne o = Si. B sToM ciydae mpousornia omubKa B TOM paspsje, B
KOTOPOM B MEPBBLIX M CTPOKAX MAaTPHUIBl H HAXOTUTCs cTOJIOEI S.

4. Ecan S; # 0, S5 # S}, To cocrapisieM ypasHeHue (%) u HIIEM ero
KOPHH:

a) ecJIM ecThb JIBa KOPHS (v 1 (vj, TO OIPeJessieM, B KaknX cTosonax ¢’ u j’
MaTpuipl H B IePBBIX M CTPOKAX CTOAT HAGOPBI (; U (v, & 3aTeM HCIPABJISEM
S3Ha4YC€HUA Y,y U y]/’

6) ecsu HeT JBYX KODHEH, TO POM30IILIO Gostee JABYX ONHMOOK.

5. Ecm Sy = 0, S3 # 0, npou3orwio 6osiee AByX OMHOOK.

3.3.7 Obmasga cxema gekoaupoBaHudg koga BUYX

[IycTh BBIOJTHAETCH YCIOBHE

2m
< —
m
u kon BYUX, ucopasisionmuii ¢ omuboK, 3a/1aeTcsl MPOBEPOUHON MaTpHUIleit
aq a ...y
— — —
« « o}
H — 1 2 n
L L
Oé%tfl a%tfl Oz%til

pasmepa tm X n ¢ smementamu u3 nostsas GF(2).
[IycTh mpousorniio 7, 7 < ¢, OMKUOOK B pa3psaax ¢ HOMEPAMH i1, . . ., 1,

r=(x1,...,%0) — Y= (Y1, Yn) = (1, ..., T) + (€1,.. ., €n),

rjae e, =...=¢€; = 1, a ocrajbHble KOODJUHATBI €; PABHbI HYJIIO.
Boraucanm cunapom S

S=Hy" =Ha" + He' =0+ Hel =hy, + ...+ h..

B cuny Toro, aro

& S
aj S3
hir = : Y r= 17 ° 77—7 S = Y
— _——
o2l §2t—1
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BBIMIOJIHAETCA CUCTEMa PaBEHCTB

ai1+...—|—aiT:Sl
o) +...+a) =8;

Oz?lt_l + ...+ Oé?f_l = Sgt_l.
Pemus a1y cucremy (Hag mosem GF(2™)), maiinem oy, ..., q; . Haiee,
OIpe/IeJ UM HOMEpa CTOJIONOB i, . .., i mMaTpuisl H, B KOTOPBIX TEPBBIE M
CTPOK COBIAJIAIOT CO CTOJIONAMU (i, . .., ;.. VI3MeHssd B BEKTOPE Y Ha IIPO-
THBOIOJIOZKHBIE 3HAMEHUS Yy , - . - , Yir , TIOJTYTAEM MCXOJHBIN BEKTOD .

Tem caMbIM 3a7a49a peleHa, HO eCTh JBe MPOOJIeMbI:

1. Pemenne cucremsl. Ilpu pemenun meromom mepebopa (4To caMo 1o
cebe mpu pabore B KOHEYHOM MOJIe HOPMAJIBHO) MPH BIIOJHE «pabovynxy Ta-
pamerpax m = 15, t = 100 OyaeT nopsjaka 0211059 Pa3InYHbIX BAPUAHTOB, YTO
SBJIIETCS CJIUIKOM OOJIBINOI 71 TlepeOopa BeJTHIHHOM.

2. Ham memsBecTHO 3HAUYEHHE T.

Bropyto npobisiemy (opMasbHO MOXKHO peliarh Tak: 3HaYeHUe T HeU3-

BECTHO, HO M3BECTHO 3Ha4YeHue t. Byaem perrarh TaKyio CHCTEMY:

o, +.o.. o, =5
3 3 _
2—1 2%-1 _
Oél-l —I— e + Oéit = Sgt_l.
Cpeu pemenuii (., ..., ;) ecTh u pemenns Buga (o, ..., q; ,0,...,0).

O6muit agaroput™

1. Beraucasem S, Haxomum §1, R ;g,:, 3aTeM S1,...,99_1. Jast BbI-
YUCJIEHUST CTEIIeHHOW CyMMBI S, TP YeTHBIX 3HadeHusdx r, 2 < r < 2t npe-
cTaBUM 4mcao r B Buge: r = 2%, rme u > 1, 1 < v < t, v — HedeTHOE, U
BOCIIOJIb3yEMCH CITPaBEJIMBOCTHIO PABEHCTB

Sr = Sauy = (00" 4 (i) = (i) + 4 ((00,)") =
(af +...+a} )" =52

'TeM caMBIM BBIYHCJIEHBI BCE CTEIEHHbIE CYMMBI S; (0, ..., 4,), J = 1,...,2t.
2. Ilo crenenneiM cymmam Sj(oy,, ..., ), 7 = 1,...,2t, HaxonuM 3.1€-
MEHTAPHBIE CUMMETPUYECKUEe MHOTOWIEHBL 0 (s ..., 0, ), J = 1,..., 2t

3. Cocrasisiem muorounen A(z):

ANr)=(z—0ap)...(z —a,) =2+ o2 ' + ...+ o1z + 0y,
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KOTOPBIH HA3BIBAETCA A0KaMOPOM owubok. Vmem mepebopoM KOpHU ypaBHe-
must A(x) = 0, mpu sToM mepebop yxKe mopsiaka 2.
4. HaxomuMm HOMepa cTOI0II0B MAaTPHIBL A, Y KOTOPBIX IEPBBIE 3JIEMEHTHI
COBNAIAIOT C HEHYJIEBBIMU PENTeHUAMH v, . . . , (5
5. McnpapiisieM COOTBETCTBYIOIIHE PA3PAIbl B BEKTOPE Y IyTEM HHBEPTH-
poBanus (yTeM NpubaBIEHHs €JIUHUIHI).

py

Ocrtanack ojHa mpodjaeMa — IO CTEHEeHHBIM cymMMaM Si, ..., Sy HAUTH
97eMeHTapHBIe CUMMETPUYIECKIEe MHOTOWIEHBI 07, . . . , 0f.

Paccmorpum Ba criocoba ee perienust, npudem 06a HUCHOJIb3YIOT TOXK-
JecTBa HbIOTOHa AJId CTEeIEeHHBbIX CYMM M 3JIEMEHTapPHbLIX CHUMMETPpHYECKHUX
MHOTOWIEHOB n3 Koabla Flaq, ..., aq, tae F' — npousBosibHOe moJie (mpaBaa
B IIEPBOM CJIydae HCIOJIB3YIOTCS TOJIbKO 0000IeHHbIe (bopmyisl HpioTona, a
BO BTOPOM — 1 TIpocTo (hopmyibl HeioToHa, 1 06001IeHHbIE).

3.3.8 Aunaropurm IIutepcona — I'opencreiitna — IlupJsepa

UNrak, mycTb

S(x):ZSm;k’ e So =0, Sp=af +...+aF k>1;
k=0

t
U@):ngxka rie o9 =1, op = (—1)" Z ay...op, 1< k<t
k=0

1<i1 <..<ip<t

Torga cupasenmuso pasencrso D(o(z))z + S(z)o(x) = 0 u, caexoBarenso,

t 00 k
Z kogx® + Z Z Sy_ioi | 2.
k=0 k=0 \i=0
[TosTomy

01+51:07 )
20’2 +SQ+510'1 = O,

opMmyvisl HooTona
k0k+Sk+Sk_1Ul+...+SlUk_1:0, (b ALy

tO‘t + St + St—lgl + ...+ SlUt_l = O,

7

St+1 +St0'1 + ... +Slo-t = O,
00006IIIeHHbIE
dbopMyIBI

Sii + Seyic101 + ...+ Siop = 0, HbioToHA
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Teneps paccMoTpuM crocod HAXOXKICHHUS JIEMEHTAPHBIX CUMMeTpUYe-
CKUX MHOTOYJIEHOB Uepe3 CTeNeHHbIe CYMMBI, HCIOTB3YIONINi TepBhie ¢t 0600-
neHEbIX bopmysn HpioToHa u Jexkammuii B ocHoBe anaroputMma llutepcona —
[opencreitna — Lupaepa.

Sanurniem mepsbie ¢ 0600merHEBIX (popmya1 HbioToHAa B MAaTpPUIHOM BH/IE:

St St—l e Sl o1 St+1
St+1 St N SQ 09 St+2
Sor—1 Sa—2 ... S Ot Soy
[Tomoxxum
St St—l e Sl
St+1 St e SQ
St —
Sor—1 Sop—a ... St
OueBuano, uro S; = A; X By, t1e
o Qy ... oy e N |
2 2 2 t—1 _t-2
o) oy .. o oy ooy o]
At = ) Bt -
t ¢ t -1 t-2
(L S o oy oy o1

Onpenennresnn matpui, A; 1 B; JIerKO BBIPAXKAIOTCA 9ePes3 ONPeIeTuTe/ b
Bangepmona:

det Ay = (o ... ay) H (a; — aj),
1<i<j<t

det B, = (1) J] (i —ay).

1<i<j<t

Takum obpa3oMm, ecjii MIPOU30ILIO POBHO t OIMMMOOK, TO BCE BEJIUUUHBI
aq, ..., Qy HEHYJIEeBbIe U TOMapHO pas3audHbie. Torga matpunsl A; u B; HeBbI-
DOXKJIeHBI, & CJIeJIOBATETbHO, HEBBIPOXKIeHa u Marpuna S;. Ilostomy, 3ute-
MeHTapHble CUMMeTPpUYeCKHe MHOIOYIEHBl 01, ..., 0 HAXOAATCd KaK pellle-
HUE CUCTeMbl JIMHEHHBIX YPABHEHUN ¢ HEBLIPOXK/ICHHOA MaTpulei.
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Ecyim npousonuio Menee ¢ omubOK, TO Cpeju BEJUYUH (v, ..., XOTS
Obl omHa paBHa Hya0. [loatomy det A, = 0, u ciaegoBaTe/bHO, MATPHIA S;
BBIPOXKIEHA.

Aunropurm Iurepcona — Lopencreiina — Lupaepa

1. Beraucasem cuaapom S, HAXOINM SA'l, . ,5:1, 3aTeM S, ..., 9% 1,
MOCJIe 9ero BhIUNACAgeM Sa, Sy, . .., Soy.

2. Cocrapasem MaTpuiy S;, HaxogauM det S;.

Ecim marpuna S; BbIpoXKaeHa, TO YMEHbIIaeM 3HAYeHHe ¢ Ha eJTUHUILY U
3aHOBO COCTaBJsIeM MATPHUILY S; U HAXOIHMM €€ onpeaeauTe/ b, Kean aia Beex
k=t,t—1,...,1 Beimonnserca pasencrBo det S; = 0, To ommbOK He OBLIO.

3. Ecnu mHa HEKOTOpOM TIare BBITIOJIHsIETCH HepaBeHCTBO det S; # 0, To
JleJlaeM BBIBOJI, YTO IIPOU3OIILIO POBHO ¢ OMKUOOK M pelllaeM CUCTeMY JIUHEil-
HBIX YPABHEHUH OTHOCHTEIBHO 07, ..., 0 (3TO MOXKHO CJIeIATh B CUJIY TOTO,
YTO OMPEIEJUTEb OCHOBHONH MATPHUIBI CHCTEMBl OTJIHYeH OT HyJs). Tanee
COCTaBJISIEM MHOI'OYJIEH JIOKATOPOB ONMIMOOK ¥ IOA0OPOM HIMEM €ro KOPHH.
JomKHO noxyuanThest ¢ KopHeit (ecjin He Tak, TO Ha CaMOM JieJie TPOU30IILIO0
6osee t omm60k). CMOTPUM, B KAKUX CTOJOINAX MATpUIbl H HAXOAATCA 9TU
9JIEMEHTHI M HCIPABJISIEM COOTBETCTBYIONINE PA3PSIbI.

x Jlexkmusa k 13’/

3.3.9 AunaropurMm, ocHOBaHHBIII Ha Teopeme IluTepcona

Paccymorpum 60/1ee 9KOHOMHYIO (II0 KOJIMYECTBY BHIUUCICHAN ) MOAUMDHUKAIIIO
HPEeJIBIIYIIEr0 aJArOpUTMa, OCHOBaHHYIO Ha TeopeMe [luTepcona.

BosprmacTBO paccyKjieHuil, Ha KOTOPBIX OocHOBaH ajroput™ Ilurepco-
na — ['opencreitna — Llupsepa, ¢ He3HAYUTEIHHBIMA U3MEHEHHSIMHU CITPABE]I-
JIUBBI JJIsT TPOU3BOJIBHOIO KOHEYHOTO ToJst. ONUCHIBaeMblii HUKEe BapUAHT
M3JIOKEHHOI'O aJropuTMa JieKojupoBanus Kojga bYX cyiiecrBeHHO UCIHOJIb-
3yer crIenuduKy mnojeil xapakTepucTuku 2.

OcraBup TOJBKO TIepBbie 2t — 1 paBercTs B hopmynax Hporona (mpocThix
1 0BOOIIEHHBIX) U BBIYEPKHYB YeTHBIE, TTOJNYYaeM CIEIYIONYI0 CUcTeMy U3 t
JAHEHHBIX ypaBHEHUNA OTHOCUTEABHO 01, . . ., O

.
o1 =5

8201 + 5102 + 03 = Sg
Syo1 + S309 + Se03 + S104 4+ 05 = S5

Sor—201 + Sor—309 + ... + Si_10y = Sy1.
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OCHOBHYIO MaTpHILy 3TOi cucTeMbl 0003HAYNM depe3 M,;:

1 0 0 0 0 0 - 0

Sy S 1 0 0 0 - 0

My=| S S5 S S 1 0 - 0
S2t—2 S2t—3 SQt—4 SQt—E) SQt—G S2t—7 e St—l

Teopema 29 ([Turepcona). Mampuya M; pasmepa t X t neewposcdena, ecau
cmenennvie cummempureckue cymmo, S; 3asucam om t uau t — 1 pasauy-
HOLT IAEMENMO6 NOAA (TAPARMEPUCTIUKY 2), U BLPOHCOEHA, ECAU CYMMbL S;
3G6UCAM OM MeHDULE20 YeM T — 1 YUCAG PASAUMHDLT INEMEHMOE NOAA.

Jloka3aTeIbCTBO TEOPEMbI OMUPAETCH HA JBE JIEMMHbI.

Jlemma 10. Ecau cmenennoe cummempuieckue cymmovs S; ABAAOMEA CYM-
MaMU Menvutezo vem t — 1 wucaa cmenenets PA3AUMHLLT IAEMEHMOE NOAA
rapaxmepucmury 2, mo mampuua M; evpooicdena.

Loxasamesvemeo. B coorBercTBHE ¢ TOXKIecTBaMu HploToHa cipaBeinBoO
PaBEHCTBO

1 0 0 0 0 0 0 0 0

Sy S 1 0 0 0 0 1 0

54 53 SQ Sl 1 0 0 01 =10 s
Sor—o Sar—z Sa—a Sor—5 Sa—e¢ Sau—7 - Si-1 O_9 0

[IPU ITOM YCJIOBUE JIEMMBI (M3 KOTOPOTO, B YACTHOCTH, CIEJYIOT PABEHCTBA
o1 = oy = 0) UCHONB3YETCsT TOIBKO JJisi YMHOKEHUsI Hocjae Hux |n/2|
cTpok Marpunsl M;. Hanpumep nmpn yMHOKEHUY TTOCIEIHEH CTPOKHI BLIKJIAI-
KI OYJyT TaKUMH:

Sot—g + Sop—401 + Sp_502 + ... + Si_104_2 =
= Syi—3 + Sop_401 + Soy_500 + ... + Si_104_9 + S;_204_1 + Si_30, = 0.
Takum obpazom, cTo01bl MaTpulibl M; JTUHEHHO 3aBUCHMBI. O]

Jlemma 11. Ecau S; — cmenentvle cymmos t nepemennols i, . ..,y (Haod
NoAEM TAPAGKMEPUCTIUKY 2), O CNPABEIAUBO PABEHCTNEO:

det M; = H (z; + ;).

1<i<j<t
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Joxazameavemeo. Paccyxaenns OyaeM MpOBOANTH B TPH JTalla.

1. B cuiny npeaplaymieit jJleMMbl €ClIM T; = &;, TO CTelleHHble CyMMBI S;
3aBHCAT OT t — 2 nepeMeHHBIX U nodTomy det M; = 0. CiaenoBaTeabHO BBIPa-
JKeHne x; + x; Aeaut det M; mpu Jr00bIX PA3IUYHBIX ¢ U J.

2. OnennMm cBepxy creneHb MEOTOWIEHA det M; OT mepeMeHHbIX X1, . . . , L.
JomuoxkumM cTosbibl MaTpuitbl M; coorsercrBenno Ha 1,57, S2,...,5:_1, a
CTPOKH — COOTBETCTBEHHO Ha Sor_9, S9t_4, ..., 9, 1:

1 0 0 0 0 0 - 0\ So2
S Sh 1 0 0 0 - 0 | Sy
Sy Ss3 S Sh 1 0 - 0 | Syus

Sot—o Sa-3 Sa-a Sos5 S S - S 1
1 Sh S Ss3 Sy Ss ... S

B nonydennoit Mmarpuiie Kaxk/blii djeMeHT Oyaer jubo HyJsem, Jud0 MHOIO-
wieHoMm crernedn 2t — 2. Takum obpaszowm,

deg (det Mt<1 . Sl ce Stfl)(SQt,QSQt,ZL Ce SQ . 1)) S Zt(t — 1),
IIPU 3TOM

t(t—1
deg(1'51~--5t_1)=O+1+...+(t_1):_( . );

deg(SQt_QSQt_4...SQ'1):(2t_2)+(2t_4)+...+2+():t(t_].).

[TosTomy

t(t—1
deth S %

Tak Kak
tt—1)

tes TT (o< 52

1<i<j<t

to oo det M; = 0, smmbo

det M, = H (z; + ;).

1<i<j<t

3. 3Buauenne det M; He 3aBHCHT OT TOrO, KAKOE€ HMEHHO IOJIE XapaKTe-
puctukn 2 paccMmarpuBaercs. [logbepem Takoe mose, B KOTOPOM JIETKO IIOKa-
3aTh, 4TO MHOrOWIeH det M; He sBJIsieTCsT TOXKIeCTBEHHO HYIeBbIM. OTIE/IbHO
pasbepeM caydad, Korjaa t HeYeTHO U YETHO.
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[Tycts t medernoe. Torma Haiigercss Takoe mg, 9To mgy < t u t geauT
2mo — 1. JleficTBATEJILHO, CPeIN OCTATKOB OT geieHud umcesa 20,21 .. 2071
HANRIYTCS JBa OJMHAKOBBIX, TAK KaK UX © IITYK M Bce oHU Henysepble. Coe-
JOBATeIbHO, HaliyTca Takue ¢ U j, uto j < i < t — 1 u 2° — 2/ genutca na
t. Torga 27(277 — 1) meaurcs ua t, u B cujty Hedernocru ¢ 277 — 1 gesurcs
ua t. [lojlaraem my =1 — j.

B nmone GF(2™0) maiigercs saeMeHT o nopsiaka t. Torma smeMeHTbl

ar=1, =0, as=0a? ..., qy=a'"?

ABJISIOTCH TIONAPHO pa3/JIMuHbIMKU KOpHsiME ypashenus: x' = 1. CieoBareiib-
HO

d—1l=@—-a).. (v —a) =2 +o" "+ ..+ ox+ oy

[TosTomy
op=09=...=0;,.1=0, o,=1.

Torna B cuy Toxkects Hpiorona nmeem:
51:;92:...:315_1:0, Stzl, St+1:St+2:...:SQt_2:O.

YuursiBagd HEUETHOCTDH t7 IIoJIydaeM:

10000 ...00
0100 ..00
00001 ...00
My(o1,...,00)=]0 0000 ... 0 1
01000 0 0
00010 ...00
00000 ...10

B sr1oii marpuiie B KaxkjioM cTOJIONE U B KaxKJI0H CTPOKE POBHO 110 OJIHOM
enunnte u nosromy det My(aq, ..., o) # 0.

[Iycrs t wernoe. Torma t' =t — 1 — negernoe. g sroro t' Haxomum my.
B nose GF(2™°) maiigercs snement « nopsaaka t' =t — 1. Torma 71eMeHThI

_ _ _ 2 -2 _
=1, av=a, ag=a", ..., y_1=a -, oy =0

ABIAIOTCA KOpHsMH ypasaenus x° — x = 0. CregoBareanHo

de—r=(@r—a).. . (r—q)=2"+o2 +.. . Fo_12+ 0,
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[ToaTomy
or=09=...=04.0=0, o)1 =1, o,=0.

Torna B cuny Toxk1ects HpioToHAa nMeeM:

Sl :SQZ...:St_QZO, St_lz 1, St:St—i-l :...:Sgt_l :0, Sgt_gz 1.
CienoBaTesbHO,
100 00 0 0
00100 0 0
00001 0 0
Mi(aq,...,a¢) = |0 0 00 10
01000 0 0
00010 0 0
10000 ... 01

[Tocsie paszioxKeHUsT OIPEJEJATENA STOH MATPUILI 110 ITOCIEJHEMY CTOJIOIY
HOJIy9aeM MaTPUILy, B KaxKJIOM CTOJIOIE U B KazKIOi CTPOKe KOTOPO pOBHO
o ofHo# exunune, u moyromy det My(ay, ..., aqp) # 0.

Tem cambIM yCTaHOBJIEHO, 4TO

det M, = H (x; + ;). O

1<i<j<t

Temepn mepeiineM HeOCPeICTBEHHO K T0Ka3aTeIbCTBY TeopeMbl [Iutep-
COHA.

Aoxasamenvemeso. Eciu det M, # 0, To mo 1emme 10 cTemenuble cyMMBI S
3aBHCAT He MeHee, YeM OT ¢ — | pa3IM9IHBIX JTeMEeHTOB MOJs.

Ecmu det M; = 0, To mo semme 11 HaiinyTcss takue ¢ u j, i # j, 9TO
z; +x; = 0. Torma z; = z;, xf + x? = 0 m caeoBaTEJIbHO CTEITEHHBIE CYMMBI
S; 3aBucaT e Gosee, 4eM OT ¢ — 2 PA3AWYHBIX 37T€MEHTOB MOJI. O]

AunropuT™m, ocHOBaHHBIH Ha TeopeMme [InTepcona

1. Berancasiem cunapom S, HAXOINM SA’l, . 7@_\1, 3aTeM S, ..., 9% 1,
IOCJIe 9ero BbIUnCAsgeM Sa, Sy, ..., Sy _o.

2. CocraBasem marpuity M;, naxomaum det M,.

Ecau det M; # 0, To mesaem BBIBOZ, 9TO IIPOU30ILIO Jinbo t — 1, mmbo t
OIuOOK, U pelraeM CHCTeMY JIMHeHHBIX YPaBHEHUH OTHOCUTEIBHO 07, . .., 0y
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(3TO MOKHO C/IeJIaTh B CUJLY TOTO, YTO ONMpPeIeJHTeTh OCHOBHON MATPHUIIHI CH-
CTeMBI OTJIHYEH OT HyJIs). /lajiee cocTaBisieM MHOTOUYIEH JIOKATOPOB OMIMO0K
1 MOJ00POM HIIEM €ro KOpHH. JT0JKHO MoJayduThes ¢ uwiw t — 1 KopHeit (ecsin
HE TaK, TO HAa CAMOM JieJie TIPOM301LIo Oosee ¢ omubok). CMOTPHM, B KAKHUX
CTOJ'I6L[aX MaTPHILbI H HaXOAdTCA 3TH 9JIEMEHTDBI 1 UCIIPpaBJisieM COOTBETCTBY-
IOIIAE PA3PSAJIBI.

Ecim det My = 0, To nenaeM BBIBOJ, YTO IPOW3OLLIO He Oosee ¢ — 2
omuboK. B KauecTBe HOBOrO 3HaUYeHUs t OepeM t — 2 U HAYMHAEM CHOBA.

TeMm camMbIM 32 KOHEUHOE YHCI0 UTEPAIHl JTUOO PeIruM 3a1ady, Ju00 MpH-
JieM K ciaydaam t = 1 win ¢ = 2, a oHu yzke pa3o0paHbl.
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I'1aBa 4

CJI02KHOCTDb CXEMHBIX BbLIYMCJICHU

Jleknmusa k 14

Buivucaenue — 310 ocse10BaTeIbHOCTD dJIeMEeHTaPHBIX JIeficTBHi (1/13 3a/1aH-
HOTO HabOpa) HaJl WCXOMHBIMU (BXOJHBIME) JAHHBIMA U BEJTHIMHAMHE, ITOJIY-
YeHHBIMU B MpoTiecce BhIIucaenus. [I[pu sToM mocietoBaTeIbHOCTD JeficTBUi
MOZKeT OBITH (PUKCUPOBAHHA, & MOYKET 3aBUCETH OT PE3YJIbTATOB MPOMEXKY-
TOYHBIX BbIYUC/AEHUA. B mepBoM ciydae BbIYHC/I€EHNE HA3BIBAETCS HEBETBSI-
IIUMCS, & BO BTOPOM — BETBANUMCS. TakuMm 0OpPa30oM, HEBETBSIIHECS BbI-
YUCTeHNT — 3TO (DUKCHPOBAHHBIE ITOCTETOBATEIbHOCTH 3JIeMEHTaAPHBIX BbI-
YUCTUTETbHBIX KOMaH/I. BaKHeWImnM MOJeTbHBIM KJIACCOM HeBEeTBAIIUXCS
BBIMHACJCHUIT SBASIOTCA CXeMbl U3 (DYyHKIHOHATBHBIX daeMenToB! (CDI).

B ciyuae Borauncienus Oyiesbix pyukiuit COD saBisgiorcst JOBOJIBHO TOY-
HO{I MaTEeMaTHYeCKON MOJIEIBIO 3JIEKTPOHHBIX JIOTUYECKUX cXeM 0e3 00paTHoi
CBSI3W.

Y1006l m30€2KaTh M3IUINIHEH I'POMO3IKOCTA M HEOIpaBIaHHOrO dopma-
JIU3Ma, JaJIMM OJHO U3 HECKOJIbKHX SKBUBAJEHTHBIX OMPEIeTeHUl s CIy-
uast BblUMC/IeHUs OyJieBblx (dynkuuii B konkpernom basuce’ By = {z V
y, v&y, T}. B obmem ciydae onpeneneHne AaeTcsi aHAJIOTHIHO.

Urak, nycTs ecTh:

1) MHOZKECTBO «MCXOTHBIX JAHHBIX» X (KaK MPABUJIO ITO MEPEMEHHBIE 1,

1B sapyGesxHoit (1a 1 He TOMBKO 3apy6exKHOft) uTepaType HCHOIb3YI0TCs TAKAKe JIPy-
I'ue Ha3BAHUA — <«IPAMOJIMHENHDIN aJIrOPUTM », «KOMOMHAIIMOHHAS MAIIMHAY, <JIOMUIECKasT
cxeMay, «0yIeBa cxemMay, «CXemas U Ip.

2Crporo rosops, bpasa «6azuc {xVy, x&y, T}» MatemaTuvecku 6e3rpaMOTHA — MHO-
2KecTBO OyseBbix byukumii {z V y, &y, T} He gB/IsgeTCd MUHUMAILHONW 110 BKJIIOYEHUIO
[OJTHOM cHUCTEMOi, T. e. 6azucom. OJHAKO B JAHHOM KOHTEKCTE TAKOE CJIOBOCOYETAHUE CTa-
JIO YCTOWYHMBBIM U 9TO CBSI3aHO C TEM, 9TO CJIOBO «OAa3UC» 371eCh HECET APYTO# CMBICIOBOIT
OTTEHOK — 3TO HAOOP DJIEMEHTAPHBIX CPEICTB, «KUPITUIUKOB», N3 KOTOPBIX cTpouTcst CDI.
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OBITH MOYKET, KOHCTAHTHI; B HatmeM ciaydae X = {x1,...,T,});

2) MHOXKeCTBO «BGas3uCHBIX omeparuil» B (B Hamewm ciaydae By = {z V
y, &y, T}).

Cxemoti u3 PYHKUUOHAALHOIT INEMENMOS 6 baduce By Ha3bIBaeTCS OpH-
enTHpOBaHHbBIT Tpad (KparHble pebpa JomycKaoTes) 6e3 OpHeHTHPOBAHHBIX
IIUKJIOB, B KOTOPOM BXOJIHBIE CTEIIeHW BEPITHH MOTYT OBITH PAaBHBI TOJBKO 0,
1 nim 2, npu 3TOM ecn BXOJiHAs CTelleHb BEPIIMHBI paBHa (), TO BepIInHe
[PUIHACHIBAETCS CUMBOJI [IepeMeHHO 13 MHO)KecTBa X (Takue BepIIUHbI Ha-
3BIBAIOTCS 6L00AMU), €CJI BXOJHAS CTEIeHb BePIIUHBI PaBHA 1, TO BepIIUHE
HIPUIUACHIBACTCS (PYHKIHOHAIBHBIN CHMBOJI, COOTBETCTBYIOIIUI OIE€PAINH OT-
PUIAHWSA, & €CJIM BXOJHASI CTEMEeHb BEPIMTUHBI PABHA 2, TO BEPIIMUHE MPUIIN-
cbIBaeTCs (pYHKIIMOHAJIBHBIH CUMBOJI, COOTBETCTBYIOINIHIT JTUOO JIBYXMECTHOM
KOH'BIOHKITUH, JTUOO IBYXMECTHOU JTUIBIOHKIIMHE. BepIuHbI ¢ HeHy1eBOi BXO/I-
HOM cTenmeHbio (T. €. BEPIIUHBI, KOTOPBHIM IPUIUCAHBI CAMBOJIBI OTI€paIluii),
Oy/ieM Ha3BIBATH PYHKUUOHAALHBLMU 2AeMeHMaMmU. KpoMe Toro, oaHa Wan
HECKOJIbKO BEPIIUH TIOMEYEHBI TOTIOTHATEIHHO «3BE30UKOI» — ITH BEPIITU-
HBI HA3BIBAIOTCS 8bi200aMU (C HUX CINTBIBAETCS MHQDOPMAIS).

Ha puc. 4.1 cineBa npusegen npumep CPD B 6a3uce By ¢ AByMs BXOIaMI
1 OJHUM BbIXOsoM. ClpaBa IpHBEIEHA Ta ¥Ke cXeMa, HO B 9To# cxeme (DYyHK-
[UOHAJIbHBIE 3/IEMEHTHI U300PAYKEHbI B BHJIE TPEYTOJbHUKOB, BHYTPU KOTO-
pPBIX M300parkeH MPUIUCAHHBIN JAHHON BepIINHE-3JIEMEHTY (DyHKITMOHATH-
HBIT cUMBOJI. Takoil TOIX0 MO3BOJIsIeT N30ABUTHCS OT OpUEHTAIlnu pedep B
CDD — pebdpa BBIXOJAT U3 BEPIIHH TPEYTOJHLHUKOB U BXOIAT B OCHOBAHUS.
Kpome Toro, ¢dpyHKIHOHAIBHBIE 3JEMEHTHI Ha CXeMe CIIpaBa CIeIHaJIbHbIM
00pa3oM MPOHYMEPOBAHBI.

Yro0bl KOPPeKTHO onpenenTh pyHkimonuposanne COI, chopmynupy-
€M JIBe JIEMMBI, KACAIOIIHecsT TAKOH HyMepaIuu.

Jlemma 12. B 11060M KOHEUWHOM OPUEHMUPOSAHHOM zpage Oe3 opueHmu-
POBAHHBLT UUKAOE HATIEMCA GEPWUHG, U3 KOMOPOT HE 8uTodum Hu 00HO
pebpo.

Hymepamnus ¢yukmmonaabubix ementoB CPD, comeprkaiieir n HEBXO-
JOBBIX BEPIIUH, GUCIaME 1,2, ..., n Ha3BIBACTCS NpasuabHol (WIH MOHOMOH-
Hot), ecim Kazxkpoe pebpo CPD mubo HCXOTUT U3 BXO/A, JIUOO HAIPABIEHO OT
GYHKIMOHAIBHOIO 3/1eMEeHTa, HMEIOINero MeHbIINA HOMep, K (DyHKITMOHAIh-
HOMY 3JIEMEHTY, UMeromeMy O01bIuil Homep.

Jlemma 13. V aoboti CDI cyuecmeyem npasusvHas HYMeEPauus Hesrodo-
6uLL sepuut ((PYHKUUOHAALHBLT INEMEHMOB).

[IpaBuibnas mymepanus Bepimud CP, BoobIe roBopsi, He eIUHCTBEH-
Ha — B cXeMe cripaBa Ha puc. 4.1 cBO#CTBO NPABHJILHOCTU HYMEPAIUU CO-
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Puc. 4.1:

XPAHUTCH, eCIU IOMEHATL HOMEpa y MEpPBOro U BTOPOro (pyHKIHOHAJBLHBIX
9JIEMEHTOB.

Teneps 3aduKcrpyeM KaKyo-1u00 IPABUILHYIO HYMEPAIUIO BEPIIHH CXe-
Mbl. Jlasee B mopske yBeJMYEHHST HOMEPA €CTECTBEHHBIM 00pa3oM HpH-
[UCHIBAEM BEPINTUHE BBHIYUCAsIeMYIO (hyHKuio. Tem cambiM Kaxkaoii Bep-
mune Oyjger mpunucana cBod pyHKIMS. Byjgem roBopurb, uyro CDI pea-
augyem (swvuucasem) Gynesy byukmuio f(xq,...,x,) (cucremy byHKiumii
fi(zy, o xn), oo fm(1, ..o, 2)), ecoin BBIXOAY (BBIXOJAM) HPUIECAHA TA
dbynkus (sra cucrema dynknuii). Yiobuo canrarh, 9o Bexoas CPD mpo-
HyMepoBaHbl (yropsiodensl ), u rem cambim CDD poraucaser oyaesy (n, m)-
dynryuro — Bektop (Habop) u3 m GyaeBbIX DYHKIHUH OT N MepeMEeHHBIX.

QOYHKINIO, BBIYUCALEMYIO i-M (PYHKIUOHAILHBIM SJIEMEHTOM CXEMBI,
npeacTaBiaeHHON Ha puc. 4.1, oboznauum 4depes h;. Torma

hy = x129;
hg =11V T2,
hg :hl :fl \/fg;

h4 = h3h2 = (Tl \/fz)(l‘l V 372) =T D xa.

Takum obpazom, pe3yibTaToM PabOTHI ATOM cXeMbl OyaeT JuHeiiHast pyHKIAS
xr1 D xo.

B kadectse erre ogaoro npuMepa CPD ormernm, 9T0 Ipu BceM (HGoOpMaTh-
HOM pazjmann B onpeneneansax CPD u hopmysibl, 1100yI0 (GOPMYIY MOKHO
nHTepupeTupoBarh Kak CPD, B KOTOPOH BBIXOJBI (DYHKIMOHAIBHBIX 3JIe-
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MEHTOB HE BETBSITCH, T.€. IMOJYCTENEHb UCXO/a JI000H BEPITUHBI, OTJIHIHON
OT BXOJIOB U BBIXOJIa, PaBHA €IUHUIIE.

Teneps mepeitmeM K MOHATHIO CXeMBI BRIIUCIeHHi. [1ycTh, mo-pexkHemy,
€CTh MHOKECTBO <«HCXOIHBIX JAHHBIX»> X M MHOXKECTBO «0a3MCHBLIX Omepa-
ity B. Cxrema evuucaenuti (had X) 6 6asuce B — 510 mocienoBaTeabHOCTh
paBeHCTB

Z1 = 4,01(y11, cee 7ylr1);
iy = Spi(yib - ,ym);

2 = 901(3/11, e ,ylrl),

rie Kaxkjaas mepemennas y;; (i = 1,...,0; j = 1,...,7;) — 910 U0 01-
HA W3 BXO/JHDBIX HE3aBUCHUMBIX IEPEMEHHBIX U3 MHOKecTBa X, Jinb0 OjiHa U3
BHYTPEHHHX IEPEMEHHBIX 21, . . ., Z;_1, BHIYUCJEHHBIX HA IPEJIBIIYIIIX Marax;
©1,..., € B. Kpome Toro, ojina Wjn HECKOJHKO BHYTPEHHUX TEPEMEHHBIX
13 MHOXKECTBA 21, . . ., 2] JIOMOJHUATEIHHO TIOMEUEHB «3Be3/I0UKOIy — ITU ITe-
peMeHHbBIe HA3BIBAIOTCS 6biL00HbMU (C HUX CYATHIBAETCS WHMDOPMAITHS ).

OTmeTnM, 9TO UHOTJIA MO/, CXeMO# BRITUCICHNH MTOHUMAIOT TTPOCTO TOCTIe-
JIOBATEIbHOCTD

Zlyevny Ry

YIOBIETBOPSIIONIYI0 TAKOMY YCJIOBHIO: /It Kaxkaoro i, 1 < ¢ < [, Haiimercs
takad GyHKIUA ©; € B, 910 2 = 0i(Yi1, - - -, Yir, ), DA Yi; € XU{21,.. ., 21},
j = ]., e, Ty

[Hongtusgs CPD u cxembl BHIYUCICHHN SKBUBAJIEHTHBI — €CJAU B CXEMe
BBIYUC/IEHUN UCXOAUTH W3 TOro, 4ro Jjobas dyHrmus @; u3d B peanusyer-
¢ (PYHKITMOHAJTBHBIM 3JIEMEHTOM, TO €CTeCTBEHHBIM 00pPa30M MPUXOIUM K
nousituio CPD. B nanbHeiinmem, Kak mpaBuio, OyaeM TOBOPUTH MPOCTO «CXe-
Mas.

Crootcnocmavio cxemsv, S HaA3BIBACTCI IUCJIO (DYHKIHOHATHHBIX 9JIEMEHTOB
(mitn, 9TO TO JKe caMoe, YUCJI0 PABEHCTB B HOCJIEIOBATEILHOCTH) CXeMbl S.
Croxunocts cxemst S Oymem obosnagars depes L(.S).

Eciu dyukiust f (Mpon3BoIbHOIT TPHPOJIB) peatn3yercs Kakoii-ambo cxe-
Moit S B 6asuce B, TO, 04eBUIHO, HAIYTCS ellle CXeMbl, peaau3yionue pyHK-
o f B 6asuce B. Oupenenum sesuauny Lg(f) — caoorcnocmo peanusayuu
Ppyrurxuyuy [ crxemamu 6 basuce B — paBeHCTBOM

Ly(f) = min L(S),

rjie MEHIMYM OepeTcd Mo BceM cxeMaM S, peanu3yionuM GyHKIuo f B Oa-
3uce B.
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Ananornuno onpegpensiercss caoscnocmv Lp({f1,. .., fm}) peasusayuu
cucmemvs pynruyuis { f1,..., fm} cremamu 6 basuce B:

Lg({f1;-- -, fm}) = min L(S),

rjie MUHAUMYM OepeTcd Mo BceM cxeMaM S, PeaJu3yIonuM cucTeMy OyHKITHiT
{f1,..., fm} B Gasuce B.

Munumansvroti cxemoti Ha3bIBAETC TaKas CXeMa, YTO He CYLIEeCTBYeT Jpy-
rOif CXeMbl B TOM ke Dasuce, peajn3yorniei Ty e camMyr (hYHKIIAIO UIN Ch-
creMy (DyHKIHiT, 1 UMEIONLYI0 MEHBIIYIO CJI0XKHOCThH. TakuM o0paszoM, eciu
cxema S, peanusyomas GyHKIuo f B 6asuce B, MUHEMAJIbHAS, TO BBHIIIOJI-
usercs pasercTBo L(S) = Lg(f).

K coxanennio, 3a/1a9a HaX0XK IEHUsT TOTHOTO 3HAYEHUS CIOKHOCTH (DyHK-
IIAA WM CHCTeMbI (DYHKIUI (M HOCTPOEHHsST MHHUMAJIBHO CXeMBbI), KaK Ipa-
BUJIO, OYCHb TPpYAHa U MOZKeT 6bITb pemeHa TOJIbKO B OTACJBbHBIX ITPOCTBIX
CIy4dagx. DTO CBA3AHO ¢ MpobaeMaMu B JI0KA3aTEIbCTBE OIEHOK CJI0KHOCTH
cuu3y. /leficTBUTENbHO, JIJIs IOy YeHUsT BEPXHeil ONMEHKH CJI0KHOCTH (hyHK-
IIUU JOCTATOYHO MPEIbIBUTH KOHKPETHYIO CXEMY, BHITUCISIONIYIO 9Ty (hyHK-
U0, & BOT AJId IIOJIYYICHU A HUZKHE OLCHKHU HYXKHO J0Ka3aTb, 4YTO HUKaKad
CXeMa MEHBIIeH CI0KHOCTU He PeajH3yeT 3Ty (PYHKIIHIO, & 3TO, BOOOIIE ro-
BOps1, mepebopHast 3a/a9a OrPOMHOTO paszmepa. [10aToMy wacTo mcciaemsyor
CJIEJIYIOINILYIO YIPOIEHHYIO 33,/1a4y.

[Iycts F' — kitace (MuOXKecTBO) byuknmii, a F(n) (n =1,2,...) — Heko-
TOPOE TOIMHOZKECTBO ITOr0 KJIACCA, HAIPUMEP, MHOXKECTBO Bcex (hyHKIuit
oT n (puKCUPOBAHHBIX TepeMeHHBIX n3 Kjacca F. Qyuxuyued Illennona das
kaacca F, niam 6onee touno — dyuknueit [TlenHoHa CJIOKHOCTH peaJin3a-
nun pyunuit u3 Kiacca F cxemamu B 6asuce B, OyiaeM Ha3bIBaTh (DYHKITHIO
LE(n), onupejensemyio paBeHCTBOM

Li(n) = max Lp(f),

rJe MaKCUMyM Gepercst mo BeeM (yHKImsaM [ w3 MuHokKecTBa F'(n).

Hac 6yaer unrepecoBarb acumirroruydeckoe mnosejgenne gpyuxiuu [enno-
Ha B [EPBYIO OYepeb JIjid KJAaCCHIecKoil 3a1aun, korjaa F' = P,. B atom ciy-
qae BvMecto obosnauenusi LE2(n) 6ynem ncnomnsosats 6osee pocroe Lp(n).
Kpome Toro, uroraa 6yjiem y hyHKIIOHAJOB CJI0KHOCTH ONyCKaTh WH(pOpMa-
muio 0 6asuce (HUXKHUN WHIEKC), ecJi 9Ta WHDOPMAIHs OJHO3HAYHO OTIpe-
JleNsIeTcs U3 KOHTEKCTA.

OjsiHako, cHava/ia OCTAHOBUMCS Ha JBYX 3a/7a49aX, HE OTHOCSIIUXCSI K
CJIOZKHOCTH pean3amuu OyieBbIX (DyHKITHIH.
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§4.1 BrruuciaeHnue cremneneit

Urak, mycTh MHOYKECTBO «HCXOTHBIX JAHHBIX» X COCTOUT U3 OTHOU MepeMeH-
HOH X, a MHOXKeCTBO «DOas3WCHBIX omepanuiiy B COCTOUT TOJBKO M3 accOIu-
ATHBHOIN® omepannu yMHOXKeHHs, TPIMEHHMON K CTeHeHAM IIePeMeHHOH .
OYHKIUAME, peaTn3yeMbIMU CXeMaMH B paMKaX TaKOH MOJEH, ABISIOTCH
CTEICHH TIEPEMEHHON .

B cooTBeTCTBUY € BBEEHHBIMU ONMPEIETICHUSIME CIOKHOCTD L (™) Bbramc-
JIEHUd CTeleHn " YnuCAeHHO PaBHA MHUHUMAJIbHO BO3MOXKHOMY YHCIY Ollepa-
Uil YMHOXKEHUS, JOCTATOYHOMY JIJi BBIYUC/IeHUs 1.

TpuBraabHbI cioco0 TOCTEOBATETHHOTO YMHOXKEHNS HA T JIaeT TPyOyIo
onenky L(z") <n —1.

CymecTtBeHHO 60Jiee IKOHOMHBIN cHoco0 BBIYHCIEHUS x", OCHOBaH Ha
IpeJICTaBIeHn Yucaa N B JIBOUYHOM 3amucu u 3akmouaerca’ B |logn| mo-
ce0BaTe/bHBIX BO3BEJIEHUAX B KBAJAPAT € MOCHEAYIONIM MTePEMHOKEHNEM
TeX cTerneHei, KOTOphle COOTBETCTBYIOT €INHUIAM B JBOMYHOM Pa3JI0KEHUN
qucaa n. [lyeTb § — KOIU4ecTBO eIMHUIL B JTBOMYHOM PA3JI0KEHUHN YHUCIA N,
TOT/Ia MPeIJIOZKEeHHAS cXeMa JaeT TaKYIo OIEHKY CJIOKHOCTH:

L(z") < |logn| + s < 2|logn|.
Onrako, BoODIIE TOBOPs, U 9Ta OIEHKA MOXKET OBITH V.Iy4IlleHa.
ITpumep 8. Cxema

H=xXz=a%

2’2:2’1X2’1:(IJ4;

ZgZZQX,ZQ:Ig;
24223><22:.T12;

25 = 24 X 27 21714;

* 26:Z5XZL’:JI15,
BbIYHUCJIAIOIT AL 1'15 B COOTBETCTBUU C JBOUYHBIM Pa3JIO2KCHUEM, HE ABJIACTCA

MHHUMaJIbHOM. JleficTBUTEIbHO, CJI02KHOCTD 9TOH CXeMbl paBHa 6, B TO BpeMs

3TpeboBanue acCONUATUBHOCTH OLEPALUKA YMHO,CHIA HYKHO JIJId KOPPEKTHOI'O OLIPEe/Ie-
JIEHUS CTENEHN: NEfCTBATEIHHO, €CITH Ty = T, TO, C OJHON CTOPOHDI, (LT )*T = T*x = T,
a C Ipyroii CTOpOoHbI, T * (T *x x) = x * T = T.

437ech u Jasee, ecim He OTOBOPEHO MPOTHBHOE, TIOJ 3aIMChI0 log 2 TToRuMaeTcs log, .
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KaK CJIOZKHOCTb CﬂeﬂyIOH_[ef/i CXEMBbI

n=zXz=a%

2o = 21 X21:£L'4;
23 =29 X T = T°;
Z4 = 23 X 23 = l’lo;
* Z5_Z4X23:£L'15,
BRIUHCsIOmei 2%, pasna b.

Teneph ycTaHOBUM HHZKHIOIO ONEHKY BenIuHbl L(2™), KOTOpas OCHOBaHA
Ha CJIAYIOIIEM IIPOCTOM YTBEPIKJIEHWH.

Jlemma 14. ITycmo crema S evuucasem x™. Toeda svinosnaemcsa HepaseH-
cmeo
n < 2L(5),

Jlokasameavemso. Tlposenem umpykimio mo Beudaune L(S).

[Ipu L(S) = 0 cxema BBIYHCISIET CaMy [EePEMEHHYIO T M HepaBeHCTBO
1 < 2° BrImostHSIETCSI.

Temepb B cxeme S PaccMOTPUM IOCJEIHHIT JIEMEHT. DTOT 3JIEMEHT Bbi-
HUucjader l’n, IMepeEMHOZKasdAd KaKne-TO CTeleHn x“ u xb, BblUUCAd€eMbIE€ B CBOIO
oYepeib KAKHMH-TO CXeMaMu CJI0KHOCTH He Goee L(S) — 1. JIpax sl npu-

MeHdd IIpeaIloJIozKeHne NHAYKINWT, II0JYyYaeM
n=a-+t b S 2L(S)—1 i 2L(S)—l — 2L(S)'
]

OdopMuM B BHJE TEOpEeMbl CAEAYIONIYIO HUMKHIOIO OIEHKY, HEIMOCpeI-
CTBEHHO BBITEKAIONIYIO U3 JIEMMBI.

Teopema 30. Jlaa 4106020 HAMYPAALHOZO T CNPAGEOAUCO HEPABEHCTNEO
L(z"™) > logn.

Takum 06pa3oM, yCTAHOBJIEHbI BEDXHsisl M HUKHSS OIEHKH BEJUYUHbI
L(z™), orauyaroniuecs acMOTOTHYECKH BJIBOE.
Tereph yCTAHOBMM aCHMMIITOTHYECKH HEYJTydIAEMYI0 BEPXHIOK OIEHKY.

Teopema 31. Ilpu n — 0o cnpasedisuso coomuouleHue

1 loglog1
L") < logn + 108" (1 1 o (losloglogn)
log log n log logn
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Hoxazamenvcmeo. Ilycth d — narypasbHbIi mapamMeTp, 3Ha4eHne KOTOPOTo
BEIOepeM T03zke. [IpeicTaBuM n B CHCTeMe CUHCIeHHs 10 OCHOBAHHIO 27:

n=ay (2" +a (29" +... +a. (29",

rme 0 < a; <29 —1,9 = 0,1,...5 as; # 0. OTMeTHM CIpaBeTHBOCTD
HEepaBEHCTB
9sd <~ 9(st1)d

Ha nepBoMm srtame, ucroib30BaB Sd olepalidii yMHOKEHHUs, IIyTeM I1OC/Ie-
JIOBaTEJIbHOTO BO3Be/IeHNA B KBaJIPAT BBIUUCIAEM CTENeHN

2 4 2d 22d 25d
X 7 X ) 7‘r ) ) X 7 ) X
[Tostoxxkum
20d 2d 25d
U =2 =T, U1 =2, ..., Us=1T
OTMmeruM, ITO Bce cTenmenn u;, ¢ = 0,1, ..., s, BHIYHCJIEHBI HA IIEPBOM ITAIIE.
Hua k=1,...,2% — 1 nosoxum

CHpaBe,ILJH/IBbI TaKue IIpeacTaBJICHH A BBIYHCJISIEMON CTEIleHH:

n __ ,a,,a1 as __
T =Uy Uy .. U8 =
241 249 1
(T w) (Hw] (I« -
i€lyq_, i€lyq_, i€l
—( I o) { IT w]-(ITw
’L'€J2d71 ’L'€J2d72 1€Jy
ITo Y2K€ BBIYUCJICHHBIM CTENEeHAM Ug, Uy, . - . , g BBUAY BJIOKCHUNA
Joa_1 C Joa_p C ... C )
OPOU3BEICHUA

I[ w11 w11

ieJQd_l iGJQd_Q 1€Jy

MOYKHO TIOCJIeIOBATEIHLHO BRIYUCINTD, UCIOIB3Ys He bojiee s onepannit yMHO-
JKEHUS (Ho OJTHON omepanuy I «IPUCOCIUHEHAA» KazKJI0H HOBOU IepeMeH-
HOM u;). [j1s1 epeMHOXKeHHsl STUX TPOU3BeieHnii Tpebyercs He Gosee 24 2
onepauuil yMHOXKCHUS.
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Takum obpazom, OKOHIATETHHO UMEEM:

1
L(z") < sd+s+2%—2 Slogn—i—%—i—ﬁ.
Tenepnb, monaras
d = |loglogn — 2logloglogn],

73 TIPeJbIIYIero HepaBeHCTBa IPU N — 00 TMOJIydaeM

logn logn
L(z™) <logn + + _
(=) & log log n (1 _ M) (loglog n)®

loglogn

1 2loglogl 2 1
= logn + o8 1+ 9898 ogn+ +o(l—m) ).
log logn log logn log logn log logn

Tpebyemas BepxHss OIEHKA yCTAHOBJICHA. O

Caencreue 14. Ilpu n — 0o cnpasediuso coommouleHue’

L(z") ~ logn.
Vnpazxkaeamne 20. JlokazaTh, 9TO
L({z",2"}) ~ log max(ny, ns)

opu Ny + ng — 0.

2 .
V npa>KHeHHne 21. HyCTI) BBIIIOJIHAIOTCA YCJIOBHA N, < m 1 =1,...,m.
logm? ’ !

JokazaTh, 9TO IPU M — OO CHpPaBeIUBO COOTHOIIEHHE
L({z",...;2"}) ~m.
Vnpazkaeane 22. JlokazaTh, 9TO
max L(z*) —logn — oo
k: k<n

npu n — 00.

5,HJ'IFI IIOJIO2KUTEJIbHBIX IIPpKU BCEX AOCTATOYHO OOJIbIINX 3HAYECHUSIX N 110CJIE10BATEJIbHO-

creit {an} w {b,} 3ammcey a, ~ b, Mpu n — oo o3Hadaer, uTo lim = = 1.
n—oo ’n
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§4.2 Peanm3anusa ABOMIHBIX HAOOPOB cCxeMaMM
KOHKaTeHAI NN

o0

ycrs E = {0,1}. Ha muokecrse ET = |J E* Bcex mpomunbix naGopos
k=1

(cJI0B) ONpeeIM OTIePaIio KOHKAMEHaLUY cIeIyIonmM obpasomM. i na-

oopoB & € K™ u f € E™ pe3yabTaToM (0 [J IPpUMEHEHUs ONepaIui KOHKaTe-
HaUMKM K 3TUM HabopaMm Oyjger Habop u3 MHOxkKecrBa E"T™ mosydaromumiica
B pe3y/bTaTe MPUMHUCHIBAHUS K HAOOPY (v crpaBa Habopa [:

(a1w~-7CWJ O(ﬁ1w~'7ﬁ%ﬂ ::(a17"'7an751w"7£%ﬁ'

Bynem paccmarpuBarh cxembl, ¥ KOTOPBIX MHOXKECTBO <«HUCXOJHBIX JTaH-
HBIX» X COCTOHUT He U3 IHePEeMEHHBIX, a U3 CUMBOJIOB «0» 1 «1», & MHOZKECTBO
«ba3uCHBIX onepanuiiy B cOCTOUT U3 ONepaluu KOHKATCHAINH, ITPUMEHIMO
K JII000# mape JABOMYHBIX HAOOPOB. PYHKIUIME, PEAJTH3YEMBIMH CXeMaMU B
paMKax Takoil Mojesin, SBjdioTca Habopbl u3 MHozkecTBa E. Takue cxembl
Oy/leM Ha3bIBATh CXeMaMU KOHKATEHAIUN.

Vnopazkaenne 23. JlokazaTh, YTO cXxeMa KOHKATEHAIIMH

z1 =000 =00;
2o =001 =01,
z3 = z1 0 z1 = 0000;
24 = Z9 0 29 = 0101;
25 = z1 0 24 = 000101;
* 26 = 25 0 z3 = 0001010000

ABJIETCSI MUHUMAJbHOMN.

B cooTBeTCTBUHM ¢ W3HAYAJIBHBIMU OIIPEIeIeHUAMHA [ JI0O60ro Habopa
& € ET cnoxnocrsb L.(&) 4ucieHHO paBHA MUHUMAJIBHOMY YUC/Iy OLepaiuii
KOHKATEHAIUH, JOCTATOYHOMY JIJIsl [OJIyUeHust HabOpa (¢ MCXOJs TOJBKO U3
HyJIs1 1 euHAIB (y QYHKIHOHANA CJIOZKHOCTH HUZKHUN HHIEKC «C» O3HAYAET,
9T0 Ha3UCHAS Olepanus — KOHKATEeHAIUs; «C» — OT aHlJl. «concatenationy ).
Taxzke craHZapTHBIM 00pa3oMm BBoauTcst (byHKIms [IlenHOHA:
Lo(n) = LF" (n) = max L.(a).

a: ackn

TpuBrasbHbIil C1OCOO MOCIEIOBATEIHLHOIO IIPUIUCHIBAHUS OYE€PEJHOTO
CHMBOJIA JIaeT Takyio BepxHIOW onenky dyukuuu [lennona: L.(n) <n — 1.

115



JlobaByieHne K MPOW3BOJIBHOI CXxeMe KOHKATeHAIWH elle OTHO omeparmn
KOHKATeHAIUH MOXKET YBeJWYUTh MAaKCHUMYM JIJIMH BBIYHCJIAEMBIX HAOODPOB
me Gosee yem B jBa pasa. [losromy L.(n) > logn.

[lepeitnem K yTouHeHuo n Bepxueit u Huzkueil onenok dyukiun [lenno-
Ha.

Teopema 32. ITpu n — 00 cnpasediuso aCuUMNMOMUNECKOE HePa6eHcmeo’

Lo(n) <

~logn’

oxasameavcmeo. 1lycrs t — HaTypaabHBIH TapaMeTp, 3HAYEHHE KOTOPOIro
BbIOEPEM 11032Ke, & (v — HADOP U3 MHOZKeCTBA B, yJI0BJIETBOPSAIONIUI YCIOBUIO
L.(&) = Le(n).

OmnwuineM HEKOTOPYIO CXeMy KOHKATEHAIINH, PeaJIn3yoNnyo Habop a. Id1a
cxXeMa CHavaJIa TPUBHAIbHBIM 00pa30M BBIUUC/ISIET BCe HAOOPHI MJIMHBI t. s
sroro Tpebyercst (t — 1)2' onepamuii konkarenanuu. [locse sroro Habop &
cobupaercs u3 |n/t| KyckoB amuHb t #, OBITH MOXKET, KycKa JIuHB ¢ < t.
s sToro Tpebyercs menee n/t + t onepanuii. CieoBaTesbHO,

Lo(n) = L(@) < (t=1)2' + 5+t < 12+ =

[Tostaras
t = [logn — 3loglogn],

MOJIy9aeM, 9TO
n nloglogn

Lo(n) < —— nos0en
(n) < logn * (logn)?

Tpebyemast onenka moJydena. O

OTMeTnM, 9TO TIPH TOKA3ATEIBCTBE TEOPEMBbI CIOKHOCTH PeaTn3aiui CH-
CTeMbl BCeX HAOOPOB 3a/IaHHOM JIJIMHBI OIEHUBAJIACH OYeHb I'pybo, IpUUeM
9TO He ITOMEIIAJIO IMOJYYUTDh oleHKy dhyuknun lllennona, Koropasi, Kak 0y-
JIeT TMOKA3aHO HUKe, SIBJIAETCI aCUMIITOTHYEeCKH Heyaydmaemoii. Ha camom
JieJie MOYKHO HOCTPOUTH TAKYI0 CXeMY KOHKATEHAINH, PEan3yIOILyI0 MHOZKE-
CTBO BCeX HADOPOB 3a/JIaHHON JJINHBI, B KOTOPOil Ha KayKJblii HAaOOpP Oyaer
TPATUTHCS aCUMITOTHYECKH Beero onHa (1) omeparus KOHKaTeHanu. AKKY-
paTHo cchopMmysEpyeM 3TOT (PaKT B BHE 3aa4HU.

Vnopaxxkaeane 24. Jloka3aTh, YTO MPH N — OO BHITIOJHAETCS PABEHCTBO

Lo(E™) ~ 2",

6 J17151 TOJIOXKUTEIIBHBIX [IPU BCEX IOCTATOYHO GOJIBIINX 3HAYEHUAX 7 [TOCIIEI0BATEILHO-

creit {a,} u {b,} 3ammce a, < b, IPE N — 0O O3HATAET, UTO nILH;oZT < 1.
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JIng monyyenus HUKHEH ONEHKH OyJeM HCIOJIb30BATh KOMOMHATOPHO-
rpadoBbIil ammapar.

PaccMOTpUM KJIAcC KOHEYHBIX OPHEHTUPOBAHHBIX IPad 0B (J0MyCKAIONHIX
nernn). Takoii rpad Ha3z0BeM 9UAEPOGHIM, €CTH B STOM rpade CyIecTByer
OPUEHTHPOBAHHBIA 30AepOB LUKJI, T.€. OPUCHTUPOBAHHLIA HUKJI, COmeprKa-
muii Mo omHOMY pa3sy Bce pebpa (myru) rpada.

JIemMa 15. Jlaa mozo, 4mobvt KoHeunvil 0puenmuposartsiti ceasnul’ epag
OvA IUAEPOBBIM, HEODTOOUMO U AOCMAMOYHO, YMOobObL 0As A1000T GEPULUHDL
epaa noaycmenend 3ax00a co8nadara ¢ NOAYCMENEHLIO UCLO0a.

LHoxazameavemeo. HeobxoaumocTh oueBuana. JlokazkeMm JI0CTaTOIHOCTH HH-
JIyKIEed# mo gucay pebep B rpade. baza uHAYKINE MPOBEPAIOTCS HEIIOCPE/I-
CTBEHHO.

Tenepb B KOHEYHOM OPHEHTHPOBAHHOM CBsi3HOM rpade (G, B KOTOPOM
JuTst 0001 BEPITUHBI MOJIYCTENeHb 3aX0/a COBIAIAeT C TMOJTYyCTEIIeHBIO HC-
X078, BhIOEpeM Tpou3BOJIbHYIO BepiuHy. OHA HEW30JUPOBAHHAS, TTOITOMY
ee TOJIYCTEIIeHH 3aX0J/la W MCXoJa HeHyseBble. ClegoBaTe/IbHO, CYIIECTBYET
BBIXO/IAIIEe U3 TOH BepmuHbl pebpo. [lepexons mo aromy pebpy, momagaem
B BEPIINHY, 13 KOTOPO# BBIXOIUT XOTs OBl 0ZHO pebpo. B cumiay KoHedHOCTH
rpada depe3 HEKOTOPOe YUC/I0 TAKUX MEPeXO0B IONAJEeM B BEPIIHUHY, B KO-
TOpOIt yKe ObLin. OO03HAUNM MOJTY AMBIITHICS OPUEHTHPOBAHHBII UK 9epe3
C. BorgenmmM Ha 3TOM IHMKJE MPOM3BOJBHYIO BEPIINHY vp. B opmenTHpOBaH-
HOM rpade G', monyuaromemcsa u3 rpada G myreMm yaajeHus BcexX pebep,
BXOIAMHUX B MUK C', TaKzKe MOTYCTENeHN 3aX01a BCeX BEPIIHH COBIAIAIOT C
MOJIyCTENEHSIMU HCXOIA.

[Toctponm sitnepos mukia Cg B rpade G caeaytommm obpaszoMm. B kowm-
HoHeHTe ¢Ba3HOCTH rpada G', B KOTOPOI JIE;KUT BEPIIHHA V1, IO IIPEIIO0JIO0-
YKEHUIO MHIYKIHHA eCTh OPHeHTHPOBAHHLIN 3it1epoB 1ukJI. Bee pebpa sToro
IIAKJIa, HAYUHAS ¢ HEKOTOPOro pedpa, UCXOIANIEr0 U3 BEPIIHHBI v, TOCIeI0-
BaTeJIbHO BKJIOYUM B crposiuiics muka Cg. danee uaem mo pebpam mukaia
C, nmobasnssg nx B mukya Cp, TOKa HE TOMAJEM B BEPIMUHY, JIEZKAILYOK B
JIPYTO# OTHOCHTENIHHO BEPIINHBI U1 KOMIOHeHTe cBstsHocTu rpada G'. O6o-
3HAYKMM 3Ty BEpIIHHY V. B KoMmmoneHTe cBs3Hoctu rpacda G/, B KOTOpOId
JIEZKUT BEPINHHA Vg, TO MPEIIOJOKEHUIO UHIYKIIME €CTh OPUEeHTHPOBAHHBII
sitjiepoB nukJi. Bee pebpa sToro nukiia, HaunHas ¢ HEKOTOPOro pedpa, ucxo-
JISITIIET0 W3 BEPINHUHBI Vg, TAKKE MOCIEI0BATEIHHO BKIIOUAM B CTPOSIIHICS
mmky Cg. Janee ngem mo pedopam nukiaa C, mobasisas nx B muka Cg, OKa He
[OIaJIEM B BEpPIIMHY, JEXKAI[yI0K KOMIOHeHTe cBsa3HocTH rpada G', oramd-
HOI OT KOMIIOHEHT, B KOTOPBIX JIe?KaT BEPIIUHBI U1 U V9. TaK MOCTYIAEM ITOKA

7/‘1JIH JAHHOT'O YTBEPZKJIEHUA HE MMEeT 3HAYCHUA, KaKad CBA3HOCTbH UMEETCdA BBUAY —
OObIYHAS MJIM CUJIbHAS.
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HE BEpHEMCs B BEPIITUHY v1. 1eM caMbiM OyJIeT MOCTPOEH OPUEHTUPOBAHHBIM
nuky Cg, coaepxkamuii Bce pedbpa rpacda G poBHO 1O OTHOMY pa3sy. O

Vuopazxkuenne 25. ChopMynpoBaTh 1 10Ka3aTh AaHAJOIHYHBIH KPUTEpPHii ii-
JIEPOBOCTH 11T HEOPHEHTHPOBAHHBIX CBSI3HBIX I'PadOB.

[Mocrporm Ha 2~ Bepmmmax, Kask/10i#i U3 KOTOPHIX IPHIHACAH yHHKATL-
HbBII IBOUYHBIT HAOOp JiHHbL £ — 1, opueHTHpOBaHHbIi Irpad, npoBesd Jijisd
KayKJI0r0 JIBOMYHOTO HAabopa (qv, . .., () MOMEeYeHHOe STUM HabOPOM OPHEH-
THPOBAHHOE PeOPO U3 BEPIIUHBI, KOTOPOi mpunucan Habop (o, ..., 1), B
BEPITUHY, KOTOPOil mpunucan Habop (as, ..., a). HazoBem stor rpad epa-
dom de Bpélina nopadka k. Ha pucynke 4.2 uzobpazken rpad me Bpéiina
OPSIKa 3.

100 )< 1100 110

0100 1010 1101

0101 @ 0110

0001 0010 0100

1111

Puc. 4.2:

CnoiictBa rpada jge Bpéitna mopsiaka k :

1. Yucso sepmuu pasno 287! xaxkiag m3 HEX IOMEYEHA yHHKAILHBIM
JIBOMYIHBIM HAOOpOM jiyinHbl b — 1.

2. Yucsio pebep (BK0Uas jaBe neTin) pasHo 28, Kax10e U3 HUX IOMe4eHo
YHUKAJIBHBIM JIBOMIHBIM HAOOPOM JIJIMHBI K.

3. B KaxK1y1o BepIImHY BXOJIUT POBHO JBa pedpa.

4. N3 xaxkmo0if BepITUHBI UCXOAUT POBHO JIBa pedpa.

5. [Mocsregane k — 1 pa3psaaoB HabOpa, OMEYAIOINIEero BXO/IsIIee B BePIIH-
Hy peOpo, cOBIAJAI0T C nepBuiMu k — 1 paspsgamu HaOOpa, TOMEYAIONIero
UCXOJIdINee U3 3TOM BEPHIUHBI PeOPO.

B cuny semmbr 15 rpad ae Bpéiina sBasieTcst i€ poBbIM. DiiIepoB MUK
rpada jie Bpéiina nopsijika k ecrecTBeHHBIM 00pa30M 3aaeT JBOUYHYIO TTO-
caeoBaTebHOCTD IHHEL 2F 4+ k — 1: moMeTKa mepBoro pebpa. IHKJIa OIpe-
neqdeT mepBble k CHMBOJIOB, a KayKIoe M3 ocTaJbHBIX 2% — 1 pebep B cmiy
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cBOiicTBaA b onpeeaseT POBHO OnH cuMBOJI. ONpeeTe bl TaKIM 00pa3oM
JBOMYHBIN HAGOp mHbL 2F + k — 1 Ha3BIBAETCH NO0CACI08AMEALHOCTILIO Je
Bbpétina nopadka k.

st mpon3BOILHOTO HAOOPa HA30BEM N0JCAOGOM JIIOOYIO TOCIETOBATE -
HOCTb HJIYIIAX MOAPS Pa3psAg0B 3TOr0 HabOpa.

CdopmyanpyeMm BBITEKAIOIIEe U3 MOCTPOEHUsT OCHOBHOE CBOMCTBO TOCIE-
JoBaTeJbHOCTH Je Bpéiina.

Jlemma 16. Bcee 2F nodcaos daunwe k nocaedosamenvrocmu de Bpétina no-
padka k passuuroL.

Tenepb MOXKHO TIEPEXOINTH K JOKA3ZATEILCTBY ACHMITOTHICCKH COBIAIA-
o1ell ¢ BepxHeil OIeHKo# u3 Teopembl 32 HuxkHeill onenku ¢pyuximun [1len-
HOHA.

Jlekmusa k 15

Teopema 33. /[aa 4106020 n > 3 8bINOAHAEMCA HEPABEHCMEO

n
L.(n) > :
logn
oxasamenvemso. Ilpu n = 3,4,5 yTBepkKJIeHHEe TeOPEMBI MPOBEPAETCS

HeIoCPeJICTBEHHO.
[Iycte n > 6. OnpenenuMm k Kak MUHAMAJIbHOE HATypaJbHOE YHUCTIO T,
YIOBJIETBOPSIONIEE YCIOBHUIO

n<2 4+r—1.

Ormernm, aro pu n > 6 BepHO HepaBencTBO k > 3. Kpome Toro, u3 MuHu-
MaabHOCTH K caeayet, uto 2871 + k — 2 < n, u caegosaresnsno, k —1 < log n.
OGo3HAYNM 1epe3 (3, IepBble N HMEMEeHTOB HeKOTOPOIl MOC/IE10BATEIbHOCTH]
ne Bpéitna mopsinka k.

PacemorpuMm Kak cxemy u3 (GyHKIHOHAIBHBIX 3JIEMEHTOB MUHUMAIbLHYIO
CXeMy KOHKATEHAIHH S, PeaTn3yomyo Habop 3,. MHOKECTBO BCeX BEpIINH
cxeMbl S pa30bbeM Ha JIBa TMOAMHOZKECTBA B 3aBUCUMOCTH OT JTHHBI BBIUUC-
JIAEMOI'0 B 3TO# BepinnHe HAaOOpa: eCJM JJIMHA BBIYUCASEMOI'O B BEpIIHHE
Habopa He IPeBOCXOAUT k — 1, TO BEPIIMHY OTHOCHM K ITI€PBOMY MHOYKECTBY,
a ecJIu JJIMHA BBIYUCIAeMOoro Habopa k uam OOJIbIIe, TO — KO BTOPOMY.

Bepruabl BToporo MHOZKeCTBa 00pas3yIoT 1epeBo, JUCThs KOTOPOro (BO3-
MOYKHO, CKJIeeHHBIE) HAXOJSITCS B TIePBOM MHOKecTBe. [TycTh BO BTOpOM MHO-
KecTBe t BepmuH. Torma

(t+1)(k—1) > n.
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Orcrofa, y9uThiBast, 9TO B MEPBOM MHOYKECTBe TIpu k > 3 eCTh XOTst ObI OTHA
HEBXOJIOBAs BEPINUHA, IMOJIYyYaeM

~ n
k—1
Hakowner, ucnosib3ys HepaBeHCTBO k — 1 < log n, ycraHaBinBaeM ClipaBeiJin-
BOCTH JIOKa3bIBAEMO OIleHKU. ]

Yrpaxxkaenne 26. llycts &' — TPOU3BOJIBHBIN ABOMYHBII HAOOD JJIUHBL 1 €
m equHunamu. Torma ecam m — (pUKCHPOBAHO, a 1 HEOTPAHUYEHHO PACTET,
TO

L.(a)') ~ logn.

§4.3 Toumag 1O mNOPAIKY BepXHAA OIEHKA
CJ0XKHOCTHU OyJieBbIX (pyHKITUIA

Bozspaiaemcs K 3aja4de onTUMAa/IbHON peaau3anuu OyaeBbxX (pyHKINH cxe-
Mamu. B ciyuae, kKorja HabopoM 37eMEeHTaAPHBIX OTePAInil SIBISIETC KJ1aCCH-
geckuii 6azuc By = {xVy, &y, T}, ungekc By y GYHKIHOHAIOB CJIOKHOCTH
OyIeM OIyCKaTh.

Jlemma 17. Jlas 4106020 HAMYPasvHO20 N 6BINOAHAEMCA HEPAGEHCTIEO
L(n) < n2".

oxazamenvemeo. KonctanTel 0 m 1 MOXKHO peaqnm30BaTh B COOTBETCTBUU
¢ dpopmyaamu 1Ty u 1 V Ty cxemamu cioxkuaoctu 2. Jis siroboit byHKimn
f(z1,...,2,), OLINYHON OT KOHCTAHT, IPOMOJIEJUPYEM CXEMOM Tpe/ICTaB/Ie-
HUe 3TOi (PYHKIMHU B BHJIe COBEPIICHHON JU3bIOHKTUBHON HOpMaJIbHOU (Hop-
MBI:
flzy, ... x,) = \/ ]t
&: f(5)=1

s sToro morpebyercd He 60s1€e n OTPUIAHKI, YTOOBI PEaJH30BaTh OTPUTIA-
HUs HEePEeMEHHBIX, 110 . — 1 onepaluil KOHbIOHKIIMH Ha KaxKIVIo U3 He OoJiee
qeM 2" — 1 3JeMeHTapHBIX KOHBIOHKINH U3 COBEPIIEHHON AM3BIOHKTHBHON
HOpMaJIbHON (hOopMbI, a 3aTeMm He Oojiee 2" — 2 omnepanuil U3 bIOHKIUKN JIJIST
peaym3anuu dyaknun f. Takmm obpazom,

Ln)<n+n-1)2"—-1)+2" -2 < n2"
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O6osnaunm uwepes ICp(xy,...,T,) MHOXKeCTBO Bcex 2" 3JeMEHTapHBIX
KOH'BIOHKIIMI OT IePEeMEeHHBIX T1, . . ., Tp:

Ko(z1, ... xn) ={a7 ...x0" | (01,...,0,) € E"}.

n

Jlemma 18. [lpu n — 00 enpasedsuso acumMnmomuveckoe coOMmHOULEHUE
L(K,) ~2".

Zoxazameavemeo. Tlocrponm cxeMy, peaqusyIoniylo cucreMmy GyHKIH
Kn(x1,...,x,), Kak nokaszano na puc. 4.3. Cxema cocrour u3 Tpex
omokoB (mogcxem). Ilepsasi mojcxema 10 TEPEMEHHBIM T1,...,%|n/2] De-
anm3yer cucreMy KOHBIOHKIHI K| o) (T1,...,%|n/2)), BTOpasg HOJCXE-
Ma II0 IEPEMEHHBIM T|n/2|41;---,Tn PEATH3YET CHCTEMY KOHDBIOHKIHIL
Kiny2 (@ n/2)41, - - - Tn), & TPETh — KaXKAYIO JEMEHTAPHYI0 KOHDBIOHKIHIO
3 muoxkectBa fCp(21,...,1,) «cobupaer» (¢ MOMOIUILIO OJHON omeparun
KOH'BIOHKIINH) U3 J[BYX €€ <«IIOJIOBUHOK», PeaTl30BaHHBIX HA HEKOTODHIX BbI-
X0AaxX MEePBOH W BTOPOI MOJICXEMbI COOTBETCBEHHO.

I T |n/2] Ln/2]+1 Tn
K (@1, 2 )2)) Krn21(@ns2)415 - - Tn)
Ji fon

Puc. 4.3:

Vcnonb3ys TpuBuaibHbIE BePXHUE ONMEHKN CJI0KHOCTU TEePBHIX JIBYX TMOI-
CXeM, HMOJIydaeM:

L(Ky) < L(Knj2)) + L(Kpny2) + 2" <

< L3+ (312 +[31 (5] ) 2o

§2”—|—O(n 2”).
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]

Teopema 34. Ilpu n — 00 6ePHA CACIYOULAA BEPTHAA OUEHKA PYHKUUU
Hlennona

Joxasameavemso. Tycrs f(x1,...,x,) — camas caoxkHas (YHKIH OT N
nepeMeHHbIX. OUUIeM MeTO/ HOCTPOEHHUs CXeM, MO3BOJIAIONINI TOJTyIUTh
YKA3aHHYIO OIEHKY CJIOZKHOCTU. DTOT METOJI HPUHSIITO HA3BIBATH Memodom
ITennona.

Beenem narypaabubiii mapaverp k = k(n), 3HaueHne KOTOPOro BHIGEPEM
nozxke. [loka moTpedbyeM TOJBKO, YTOOBI BBIMOJHAIUCH YCIAOBUS kK < n U
n —k — oo nmpu n — 00.

Pazjioxkum dyukuuo f(ry,...,T,) 10 HEPBbIM N — Kk HEPEMEHHbBIM:
flzy,. .. x,) = \/ 0 (O Oty Tkt 1y - - T

(0'17---7Un—k7)

[TocTponM cxemy, peann3yronyo GYHKIUD [ Kak MoKa3aHo Ha puc. 4.4.
Cxema cocTout u3 Tpex 6;10k0B (noacxem). [Teppas mojcxema o nepeMeHHbIM
X1, ..., Ty g PEATU3YET CUCTEMY KOHBIOHKIWMH /C,, g (21, . . ., Ty k), BTOPAS O
HEPEMEHHBIM Ty, g1, - - - , T PEATH3YET CUCTEMY BCEX 22" dyHKIMA OT 3TUX k
IIEPEMEHHDbIX, & TPpEThbdA B COOTBETCTBUU C YKA3aHHBIM Pa3J/I02KEHUECM beHK]_H/II/I

f peanuzyer camy dyuknuo f.

X1 Tn—k Tn—k+1 Tn

Ko—r(x1,. . Toi) Po(Tp—ps1,--.,Tn)

Puc. 4.4:
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[Tpumensig gemmbr 17 u 18, nmoaydaem:

n— n— k n— 3‘2” 2n k
L(n) = L(f) < 2" F40 (2" %) +k2"2% +2.2"F = o +0(?>+k2k22.

Teneps monoxkum k = |log(n — 3logn)|. Torga

n — 3logn
2

L(n) < 6z +o (ﬁ) :

<ok <p— 3logn.
[ToaTomy

n n

O

OTMeruM, 9TO OIEHKA CJIOKHOCTH PEaJTH3AINMN CUCTEMBI BCEX OyIeBBIX
byHKIHUE 0T (PUKCUPOBAHHLIX MEPEMEHHBIX, UCIHOIb30BaHHAA IIPU JIOKa3a-
TeJIbCTBE TeopeMbl 34, odenb rpyda. Ha camom gesne HeTpyano HafiTu TouHOe
3HAYEHHE STON BeJTMUUHDI, IPUYEM ITPU PEAJTU3AIUN B JTI0O0M MOJTHOM Hasuce.

Vupaxnernne 27. [lycts [B] = P,. /loka3aTh, 9T0 17151 TI000TO HATYPATHHO-
r'0 N BEPHO PaBEHCTBO

LB<P2<ZL'1, .. ,l‘n)) = 22n —n.

Teneps chopMyIEpyeM ellle IBa YTBEPKIEHHS O CA0KHOCTH PeAJTH3AIMK
OyaeBbIX (DYHKIHI B TPOU3BOJIHLHOM Da3uce.

Teopema 35. IIycmo By u By — koueunvie mHoscecmea 0Yiesulx Pyrk-
yud, npuuem [Bi] = [Bs] = P,. Tozda natidymes makue nososrcumesvrvie
KOHCMAHMDBL C1 U Cg, %MO 0A% M0000 6ysesol dynruyuu [ evinosnaomes
HEPABEHCTNEA

ClLBl(f) < LBz(f) < CQLBl(f)'

Zlokxasameavcemaeo. Tlomoxkum

¢z = max Ly, ().
Tenepnb, ecnn B Kakoii-mub0 MUHEMAJBHON cxeme S, peaausyromneil mpous3-
BOIbHYIO (pyHKIHIO [ B 6asuce By, 3aMeHUTD Bce (PYHKIMOHATBHBIE 3/IEMEH-
THI, COOTBETCTBYIOIUE (DYHKIHUAM U3 Oasuca By, MUHUMAJIbHBIMU CXeMaMH B
Oasuce By, peanusyoniye Te ke caMmble GYHKIUH, TOJIYIUM cxeMmy S’, peajin-
sytoulyo Gyukiuo [ B 6a3uce By 1 UMEIOILY IO CJI0XKHOCTH He bojiee co L()S).
CrenoBaresbHO,

Lp,(f) < L(S') < 2L(S) = e2Lg, (),
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1 BTOpPOe HEPABEHCTBO JOKA3aHO.

[Tonarasa
-1
C1 = | max LB
(@EBQ (@) )
MOKHO aHAJIOTHYHO YCTAHABJIUBHUTH IIEPBOE HEPABEHCTBO. ]

Teopembr 34 n 35 ycraHaB/IMBAIOT BEPXHIOK OIEHKY CJIO0XKHOCH peasin3a-
i Oy/IeBbIX (DYHKINH B TPOn3BOILHOM Oazuce. CHopMyaupyeM 3Ty ONeHKY
KaK OTJEeJTbHYIO TEOpeMY.

Teopema 36. [Tycmv [B] = Py. Toeda npu n — 00 6WNOAHAEMCA COOMHO-

weHue on

n

Huxke Gyger 1moka3zaHo, 9T0 3Ta OIEHKA 110 MOPSJIKY Hey/IydiiaeMa.

§4.4 HwuxxHuUe OIIEHKN CJOXKHOCTH OYyJIeBbIX
b yHKITIit

[Iycth B — KoHeYHOE MHOXKeCTBO OyaeBbIX (yHKmuit. Obo3HaUNM depes
r = r(B) MAaKCHMAaJIbHOe YUCJO CYNeCTBEHHBIX IePEMEHHbBIX ¥ (DYHKIUH 13
MHOXKecTBa B.

CHavaja yCTaHOBHM IPOCTYIO JTUHEHHYIO HUXKHIOIO OIEHKY.

Teopema 37. llycmv B — koneunoe mmoscecmso byresur dymruud, ydo-
saemsopaowee ycaosuro [B] = Py. Toeda das npoussosvnoti 6ysesoti Pyrik-
yuu f, cyuecmeento 3a6ucAuwetd 0m n NEPEMEHHBLE, BUNOAHACTNCA HEPAEEH-

o Li(f) > [&T‘_ﬂ .

Joxasamensvcmeo. B MmunnmaibHoil cxeme, peanusyiomieit pyaknuio f B 6a-
suce B, poro Lg(f) anemento. Onenum ancio pedep B 910ii cxeme. C oHOM
CTOPOHBI, YHCJI0 pebep, HCXOAAIINX U3 BepIInH cxeMbl, He MeHee n+ L (f)—1.
C apyroit cTOpOHBI, YHCJ0 pebep, BXOIAAIIUX B BEPIIHHBI CXeMbI, He 0oJiee
r(B)Lg(f). llosromy cupaseamuso wepaserctso n+ Lp(f)—1 < r(B)Lg(f).
I3 s10oro nepaBeHcrBa u nesouncaeHnocTr Beuaunbl Lp(f) caenyer nyx-
Has OIEHKA. ]
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Omnenky m3 TeopeMbl 37 B OTIAEIBHBIX CAyYasix MOYKHO YCHJIHUBATH, HO
JUlsl KOHCTPYKTHUBHO 3aJaHHBIXC II0CJIeloBaTebHOCTedl OyaeBblxX (yHKImil
W3BECTHBI JIWIb He OoJiee YeM JIMHeHHBIe 10 YHUCTY MepeMeHHBIX HUMKHUE
OTIEHKH CJIOYKHOCTH.

OtHako, MBI O00EMAN JOKA3aTh, ITO OMEHKA U3 TeOpeMbl 36 110 MOPSIKY
HEyJIydIaeMa, a JJIsd 9TOr0 HYXKHO YMETh JOKa3bIBATH IKCIOHEHIIHAIbHBIC
HUKHUE OTEHKW. DTU OINEHKH OYAYyT HEKOHCTPYKTUBHBIMU H OYIYyT MOJIY-
JaThCd W3 MOITHOCTHBIX COOODParKeHWi, MAe0 KOTOPBIX MPOUJLTIOCTPUPYEM
Ha IpUMepe OTHOI 33aYd U3 TEOPUHU UHCET.

Kak mokazarb, 94T0 €cTh TPAHCIEHJCHTHbIE JeHCTBUTENbHBIE Yncaa (He
SABJISIONIUECS KOPHAMU HEHY/IEBbIX MHOTOYJIEHOB C PAIMOHAJIHHBIME KO3 (U-
rrerTamu)? Jla, MOXKHO JI0KA3aTh, 4TO €, 7, sin 1, 2‘@, log 3 TpaHCIEeHIeHTHBI.
OHAKO 3TH JIOKA3aTebCTBAa OTHIO/b He TMPOCTHI. B TO yKe BpeMs 3deMeH-
TapHble MOIIHOCTHBIE PACCYZKJIEHUS — MHOYKECTBO JEeHCTBUTEJBHBIX UHUCET
KOHTUHYaJIbHO, & MHOZKECTBO KOPHEH HEHYJIEBHIX MHOI'OYJICHOB C PAIMOHA/Ib-
HbIME KO3GbUIMEHTaMI CIeTHO — 0T He TOJBKO NpocTeiiiee (Ipapia,
HEKOCTPYKTHBHOE) JOKA3aTeIhCTBO 3TOr0 (haKTa, HO W YCTAHABIUBAIOT, UTO
MOYTH Bce JefiCTBUTEIbHBIE YHCJIa TPAHCIEHIEHTHBHI.

AHasornvunpie paccyKIeHUsI JeXKAT U B OCHOBE BBICOKUX HUKHHUX OIEHOK
caoxkuoctu pyuknuit [Hlennona. lelicrBure/ibHO, €C/iM YUCJI0 MUHUMAJIbHBIX
cxeM B Gazuce B ¢ n BXOJaMU U OJHUM BBIXOJOM CJIOXKHOCTH, HE MPEBOCXO-
nameit k, meree 22", To m 4mcso OyneBbIX QYHKIHI 0T 1 PUKCHPOBAHHBIX
mepeMeHHBIX CJIOXKHOCTH, He IIPEeBOCXOdIell k, MeHee YnCIa BceX OyJeBBIX
dbyukumit or n nepemennwix. [losTomy BoimoHgeTCS HepaBencTBo L(n) > k.
B cB43u ¢ 31UM 1IPU JI0KA3aTE/IbCTBE HUZKHUX OIEHOK CJIOKHOCTU (DYHKIUT
[ITennona Ha mepBbIil ILJIAH BEIXOAUT 331244 O MOy YeHUN TPUEMIUMbIX BEDX-
HUX OIEHOK YUCJIa YKA3aHHBIX CXeM, K KOTOPOil MbI U II€PEXOJIIM.

Cxemy Oy/1eM Ha3bIBaTh NpueedeHHoll, ecan B Hell HeT JBYX Pa3HbIX 3J1e-
MEHTOB, Peaau3yIOImuX oAy 1 Ty ke (pyHknuio. QueBnaHo, 9ro u3 1060
CXeMBI IIyTeM YJAJICHAS HEKOTOPBIX 3JIEMEHTOB U «IEPeIOJKII0UeHUA> BhI-
XOAANMX U3 STUX 3JEMEHTOB pebep MOXKHO HOJYYIUTh NPUBEIECHHYIO CXEMY.
OTMeTHM TakzKe, 4TO JI00asg MUHUMAJbHAS CXeMa, SABJIAETCS HIPUBEIEHHOM.

O6osznaumM gepes N5 (I,n,m) u N5(I,n,m) 9ucio TpuBesieHHBIX CXeM B
0a3uce B ¢ n BXojaMu U M BBIXOJaMHU CJIOKHOCTH B TOYHOCTHU [ U, COOTBET-
CTBEHHO, He boJiee [.

Cuavasa orenum cepxy Beawauny Nz (I, n,m).

8TIon KOHCTPYKTHBHLIM 3aJaHIEM HOCTeI0BATEILHOCTH OyIeBLIX (ByHKIHH MOXKHO HO-
HUMATh, HAIIPUMED, TAKOE 3aJ[aHUE, [IPU KOTOPOM OTBET HA BOIIPOC, PABHO JIM 3HAYEHUE
GYHKIINM HA TIOJIYIYEHHOM HAOOPE eNWHWIE, MOMKET ObITh TOJIYYEH 33 MOJTHHOMUAIHLHOE
BpeMs.
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[Iycts S — mpuBeeHHas cxema B bazuce B cJI0KHOCTH [ C n BXOJaMT U M,
BBIXOJAMHT. 3aHyMepyeM B MPOW3BOJBHOM TOpsjke wyuciaamu 1,2, ..., [ sue-
MeHTHI cxeMbl S. CxeMe S ¢ BRIOpaHHON HyMepalluei 371eMEeHTOB COIMOCTABUM
tabuiy 1 BeicoTH | v upunbl 7( B) + 1 creaytontum obpasom. B i-it cTpoke
Tabyiniel T' B IepBOM cTOJIONE yKa3biBaeTcd GpyHKIUd 3 6aszuca B, npuiu-
caHHas 3JIeMeHTy F ¢ HOMEpOM ¢ B BBIOPAHHON HyMepalliu, a B OCTAJIbHBIX
cToIbIAX ITONH CTPOKH — CHMBOJIBI U3 MHOXKeCTBa {x1,...,x,} U{l, ... [}
B (j + 1)-it crosben, j = 1,...,r, 9TO# CTPOKH HOMeMIAETCS WHPOPMAIHS
0 TOM, U3 KaKOW BepIIUHBI BeJleT peOdpo, COOTBETCTBYIOIIEE j-MYy BXOIY dJIe-
MernTa F. Eciu pedpo Bejer m3 BXOja, IMOMEYEHHOIO IEPEMEHHON T;, TO B
COOTBETCTBYIOIIYIO KJIETKY TTOMEIAeTCsI CHMBOJI T;, & ecun pebpo Bemer u3
7eMeHTa ¢ HoMepoM k, To — umcyo k. Ecim y ssrementa E MeHee r BXO-
JIOB, TO BCE OCTABIIHECS MYCTBIMU KJIETKW - CTPOKH 3aMOJHHM JIJIs OTpe-
JIEJIEHHOCTH TaK YKe, KaK U BTOPYIO KJIETKY 3Toi cTpoku. Kpowme Toro, ecian
jieMeHT F SBJIeTCs BbIXOJOM CXEMbl C HOMEPOM t, TO -5 CTPOKa MoMeva-
eTcsl JIOMOJHUTENbHO CHUMBOJIOM *; (€CJH BBIXOJOM SIBJISETCS HepeMeHHad,
TO TOMedaeTcst ta nepevenHast). Ha puc. 4.5 npejcrasiena tabina 1jist
cxeMbl, m300pazKeHHO# Ha puc. 4.1, pu caeyronieil HyMepalun 3J1eMeHTOB:
MEPBBI JIEMEHT — JIU3BIOHKTOD (3JIEMEHT, KOTOPOMY TIPUIIUCAHA OTEPAILHs
JU3BIOHKIINH ), BTOPO#i 9JIeMEHT — HHBEPTOD (JIEMEHT, KOTOPOMY IPUIIUCAHA
oreparus OTPUIAHNS ), TPETHIT 3JIeMEHT — KOHBIOHKTOD (3JIeMEHT, KOTOPOMY
[PUITHCAHA ONEPAIN KOHBIOHKIINH ), SIBJISTIOIIUIICS BBIXOJOM CXEMBbI, YeTBep-
THIH 971eMeHT — KOHBIOHKTOD, He SBJISIONTUNCA BBIXOAOM CXEMBI.

V| o1 | T

— | 4

&1 2|1 |%x
& | 21 | T

Puc. 4.5:

Jlemma 19. Ilpusedennoti creme npu pasHuvlsy HYMEPAUUAL INEMEHINOE CO-
0MmBEMCMeEYIOm padHvle MadAULbL.

Hoxazameavcmeo. IlycTh 310 He Tak: JABYM pa3HbIM HyMepaIluiaM HEKOTOPOit
HPUBEJIEHHO cXeMBI S COOTBETCTBYIOT o/inHaKOBbIe Tabsminl T u Th. Bynem
MOCJIEIOBATETHHO PACCMATPUBATH JIEMEHTHI CXEMBbI S B MOPSAJIKE, COOTBET-
CTBYIOIIEM HEKOTOPOH MOHOTOHHOW HyMepanuu. B Kakoii-ro MmomeHT Biiep-
Bble 3JIEMEHT OYJeT MMeTh pa3Hble HOMEpa B JIByX PacCMaTPUBAEMbIX HYMe-
parusx, 1 CJIeJIOBATEJTbHO, 3TOMY JEMEHTY OYIyT COOTBETCTBOBATH PA3HbBIE
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crpoku B Tabaumax 17 u Th. Ho atu ctpokm OyayT comajarhb, Tak Kak 0
9TOr0 BCE 3JIEMEHTHI CXeMbl HMEJIU OJIMHAKOBBIE HOMEPa B pacCMAaTPUBAECMBIX
HyMepanusx. B cuiny coBnagenust tabaun 1) m Th mojydaem, 9To B ITOM
TaOJIUIE €CTh /IBe OJIMHAKOBBIE CTPOKHU, YTO MPOTUBOPETUT HETPUBOIUMOCTHI
cXeMbl S. O]

Jlemma 20. Hadidemca cg > 0, maxoe 4mo npu 6CET 3HAYEHUAT N GbINOA-
HACMCH HEPAEEHCTNE0

Cé(l + n)r(B)l+m
It .

N5 (l,n,m) <

Hoxazamenavemeo. B cuny nemmvbl 19 npuBeieHHOMN cxeme CJIOXKHOCTH [ COOT-
BercTBYIOT [! pasmmanbix Tabauin. Kpome TOTO, TaOJUIIBI, COOTBETCTBYOITHE
PA3HBIM IPUBE/IEHHBIM CXeMaM, TOzKe pas3Hble. OIeHnBas CBepXy YHCJI0 Tab-

JIAL, UMeeM:
_ 1B+ n) P 4 n)m

N 1.m.m) < ;
Ucnonssys coornomenne [! > (1/3)" u nonaras co(B) = 3|B|, noayuaem
HY2KHOe HepaBeHCTBO. O

B CHJIy OY€BHJHOT'O PaBEHCTBa

[t)
N5(l,n,m) = Z Nz (I';n,m)

1'=0
n3 JieMMbl 20 HeIOCPeJICTBEHHO CJIE/IyeT TaKOe YTBEPIK/ICHHE.

Jlemma 21. Hatidemcea ¢ > 0, makoe umo npu 6cex 3HAYEHUAL 1 BBINOAHA-
emcA HePaseHCmMaeo

c (l + n)r(B)l-‘rm
It .

Ng(l,n,m) <

[lycrs F,,, — xiaacc OyneBwix (n, m(n))-dynkumit; F = UF,,,. [lonoxum

Lg(n, m) = O .,.I?aiieF LB({fh R fm})

IIpu m = 1 nmonyvaem cranmaptaoe onpejesienue byukiuu [lennona st
KJacca F.

Teneps B gocrarouno obuiei popme chopMyUPyeM MOIIHOCTHYIO HUK-
HIOIO OIIEHKY.
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Teopema 38 (MOIIHOCTHAsI HUKHSASI ONeHKa). [Tycmb npu n — 00 6bno-

HAECTNCA YCAOBUE
mma)

n+m(n)=o (loglog o

Toz0a 0aa 2106020 NoAH020 KoneuHo20 basuca B cnpasedaiusa acumnmomu-
YeCcKas OUEeHKA

1 log | Frum|
L >
5(nm) 2 r(B) — 1loglog | Frm|’
npuswem 0as a06ozo0 € > 0 doas cucmem Pynxuyud {f1,..., fm} us xaacca

Eom, ydosaemeoparowux nepasercmey

l—¢ 10g|an|
(B) — 1loglog |Epml|’

LB({flv-"afm}) > ,

cmpemumes K 1 npu n — oo.
Hoxazameavemeso. Tlonoxum

1—¢  log|Funl
r(B) — 1loglog | Frm|

l. =

O6osnaunm vepe3 Ng(l, n,m) auciao (n, m)-pyHKIuiA, CIOKHOCTD PeaH-
3alliM KOTOPHIX B Oasuce B He mpeBocxomuT [. JIIs1 70Ka3aTeIbCTBA TEOPEMBI
JIOCTATOYHO YCTAHOBHUTD, UTO JijIs JIIOOOro € > () OTHOIIeHEe

NB(laa n, m)
| Fruml

crpemuTcd K O mpu n — oo. Mcmonb3sya jgemmy 21 m ycaoBHEe TeOPEMBI,
OIIEHUM CBEPXY JIOTapu(dM 3TOr0 OTHOIICHUS:

N le,m,m N5(l.,n,m
o () o ()

< (r(B)l. +m)log(2l.) + l.logc — l. logl. — log | Frum| =
= (r(B) — 1)l logl. —log |Fym| + (r(B)l: + m + . logc) <

1—¢  log|Funl log | Frum|
B)-1 loglog | Fyn|—log | Fom| 40 | ————— | =
“<)Mm4mmma%® I=log | Faml+ log log | Fium|
log | Frum|
= —<clog|Fm| + 0| ——————— | .
¢ log| |+ (loglog | Fml
[TociteiHEE BBIpasKeHHE CTPEMUTCSA K —OO MPH N, — OQ. ]
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C.TIG,JICTBI/IG 15. Upu n — o0 B8LINONHAECTNCA GCUMNMOMUYECKOE HEPABEH-
cmeo

2?’L
L(n) 2 —.
OFs
Vupazxkuenne 28. Yeunuthb Teopemy 38: J0Ka3aTh, YTO B YCJOBHSIX TEOPEMbI
38 anst smoboro € > 0 goas cucrem byukuuii {f1,..., fin} w3 xiaacca F,,,
VJIOBJIETBOPSIONINX HEPABEHCTBY
1 log | Frum| log log log | Fyun|

1+ (1—¢) ,

LB<{f1’ o ,fm}) = T’(B) — 110g10g ’an’

cTpeMuTcd K 1 mpu n — 00.
Yrazanue. [loanpaBuTh /10Ka3aTebCTBO TeOPEMBbI 38, TOJIOKUB

1 log | Frum| 14 (1— 6)log loglog | Frum|

loglog | Frum|

l. =

Vupaxuenne 29. Ilycts L, — MHOXKECTBO BCceX OyJIeBbIX JUHEHHBIX (1, 1)-
onepaTopoB (T.e. HAOOPOB W3 N JIHHEHHBIX OyJeBbIX (DYHKIHMHA OT n mepe-
menubix). g dyukmuu Hlennona cioxuoctu Kiaacca £ = UL, T0Ka3aTh
COOTHOIIIEHUSI:

2) hoen S Loary () S e

2

6)* L{E@y&f}(n) ~ 212?.

Vtak, wm3BecTHbIE HHUXKHHE OIEHKU CJIOKHOCTH PeaJu3aluu OyIeBbIX
PYHKIUHE MOXKHO COJepKATEIbHO OTHECTH K OJHOMY U3 JIBYX THIOB — JIHOO
9TO JINHEHHbIE OTHOCUTEIHHO YHC/IA TOJIOCOB (BXOMOB M BBIXOJOB) OIEHKH
JIJIsl KOHKPETHBIX KOHCTPYKTHUBHO 33/[aBaeMbIX IOC/Ie10BaTeIbHOCTEN DYyHK-
nuit, JmbO MOIIHOCTHIE (aHTpOHI/IﬁHHe) OIEHKW JIJIS TOYTH BCEX (DYHKIIUit
U3 HEKOTOPOTO KJIACCA, IPUYIEM JIJIA «ITHPOKUX» KJIACCOB MOCTEHUAE ONECHKH
9KCIIOHEHIIHAJIbHBIE.

C 3T0it TOUKHU 3peHusi 0COOHAKOM CTOUT PACCMOTpPEHHAs paHee «HEKJIac-
cuYecKasi» 3a/lada O CJIOXKHOCTH peaim3alliu JIBOMYHBIX HAOOPOB CXeMaMu
konkarenanuu. s dyukmun [lennona L.(n) mocpeacTBoM TpuUMeHeHHs
OIIEHKHU U3 JieMMbI 21 Ha 9HCJI0 ¢XeM ¢ JIBYMS BXOJAMHU M OJHUM BBIXOJIOM H
CPABHUBHEHHEM YHCJIA CXeM KOHKATEHAINH CJIOXKHOCTH He Gosee (1 — &) 2

logn
C 9HCJIOM IBOUYHBIX Ha60pOB JJIUHBI 1, JIETKO YCTaHaBJIUBaCTCAd MOIMHOCTHAL

HUKHAA OLICHKA
n
LC (n) z )
logn

SABJISIONIASCS, KAK MbI VK€ 3HAeM, aCHMITOTHIECKH Heyayuntaemoii. OgHako
TAKYyI0 2Ke HHUKHIOK OIeHKY MBI paHee TMOJIYYUIU Il KOHCTPYKTHUBHO 3a-
JlaBaeMoro Habopa — IEePBBIX N Pa3psIoB IOocIeI0BaTebHOCTH ae bpéitna
COOTBETCTBYIOIIETO MOPSIKA.
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Jleknua k 16

§4.5 AcuMnToTMdyeckm  HAWJIYUIIUN  MeTO/]
O. Bb. JlynanoBa

[Ipu peajuzanuum He CUCTEMbI, a OJHON OyseBoil pyHxmuu Teopembr 36
u 38 ycranapauBaoT mopsgok pocrta dbyukmun [Ilennona Lp(n) B mpowns-
BOIbHOM Oaszuce B. Crienyromas TeopeMa YTBEDPKIAeT, YTO yCTaHABJIUBAE-
Mas TeopeMoil 38 HUXKHsSIS OIEHKa CJIO0XKHOCTH peau3alldu ojHoit OyseBoii
(GYHKIINT acUMOTOTHYECKH HEYJIydIaeMa. DTOT DAaKT CIpaBe B M TPO-
M3BOJILHOIO TIOJIHOI'O KOHEYHOTO 6a3uca B, 0/lHAKO BBULY TEXHUYECKUX TPY/I-
HOCTEH MpH JIOKA3aTe/IbCTBE O0IIero caydas, OH OyaeT JoKa3aH TOJLKO JIId
basmnca By = {V, &, }.
Teopema 39 (O.B. JIynauos). /i npoussosvhozo KOHEWH020 N0AH020 6a-
suca B npun — o0 sepHo coomuowerue

Ly(n) < 7@;—1% (1 +0 (loi”» .

Joxazamenavemeo. YCTaHOBHUM VTBEp:KJIeHHEe TeopeMbl i Oasuca By, =
{V,&,"}. Onumem meroj, KOTOPBI TO3BOJISAET JJisi TIPOU3BOJIBHON (B TOM
qHCJIe M IS CAMOM CJIOXKHO7) (DYHKIIMHE OT 1 MEPEMEHHBIX IIOCTPOUTD CXEMY,
coCTO4IIy10 He Oojiee yeM u3 % (1 + 0 (lo%)) 3JIEMEHTOB.

[yctb k = k(n) — HATYpaThHbIH TApAMETD, YI0BIETBOPSIONIHI IpH 1 —
o0 ycaoBusM k — oo U n — k — oo. TodHoe 3HaYeHwe 3TOro mapamMerpa
VKayKeM MO3ZKe.

Tabsuiy u3 2" 3navenuil upoussosbHolt dyukuun f(zq,...,x,) upei-
CTaBUM B BHje NPAMOYTOABHOI Tabamubl BeICOTH 2F u mmpuunr 2" kak
nmokasaHo Ha puc. 4.6.

[Iycth s = s(n) — TakzKe HEKOTOPBIH HATYPAJbHBIA Mapamerp, yI0BJIe-

- k
TBOPSIONIAI DU N — OO YCJOBUAM § — OO H 2? — 00. Tounoe 3nauenue
TOro HnapamerTpa ykazkeMm 1o3xke. Tadbsuiy pas3obbeM Ha IOpU30HTAJIbHbIE

! — |2t
nosiocsr Ay, ..., A, Beicors s (moaoca A, umeer Boicory s < §), p = {S W
Hua i = 1,...,p uepes fi(xq,...,x,) 0603HauumM QYHKIMIO, 3HAYCHUS KO-
TOpOii coBnamanT co 3uadeHusmu byukuun f(xq,...,x,) Ha nomxoce A;, n

paBubl () Ha oCTAJIBHBIX TOJ0CAX. Tora

flzy,. ... x,) = \/fz(xl,,:vn)



f(Ula aan) . . . . . . .
Tpn_kal « « « T0 R S ) ) L|xp—g
O.....0 0

f A ! s
e e e e e e e Ts Ts ! TsTs Ts
0
s :
1.....1 A, s o)
(2)
FOT010 010 oo, 0110...0] fi7
Puc. 4.6:
Teneps j1s Kaxxoi napwl (4,7), i = 1,...,p, 7 € E* (wm 7 € E¥ npn
i = p), oboznaaum Uepes f; z(z1, ..., r,) GyHKINO, TAOIUIA KOTOPOIi MOTY-
vaercs u3 Tabmunsl Gynknuu f(xq,...,2,) MIyreM OOHYJEHHS BCEX MOJIOC,

KPOMe MOJIOCHl A;, a TakzKe OOHYJIEHUsT BCEX CTOJIONOB MOJI0CH A;, 3HAYMEHUsT
B KOTOPBIX He comajaaioT ¢ Habopom 7. Torma

f(CL’l, ce ,[En) = \/ \/fij—(xla ce ,ZL‘n).

i=1 7T

Haxkonen, y kaxnoit dbynkuun f; 7(xq,...,2,) MOKHO DA3Le/IUTh Lepe-
MEHHbIE, TOYHee TPEJCTABUTDL 3Ty (DYHKIHUIO B BHJIE

fiz(@1,. 0 20) = fz‘(}f-) (T, 7xn7k)fz‘(72%) (Tn—kt1s - Tn),

e QyHKIus fi(yl%) (T1,..., Ty k) OOpAIIAETCS B €JUHUILY TOJBKO HA TAKUX
Habopax (oq,...,0,_k), 9TO B COOTBETCTBYIOIIUM 3TUM HaboOpaMm CTOJIO-
max moJaochkl A; HaxomuTcss HAObOp 7T, a croaben 3HavYeHWil QyHKIANA
fi(;)(xn_kﬂ, ...,T,) coBHagaer ¢ mabopom 7 Ha moJgoce A;, a ma mabopax,
COOTBETCTBYIOIIMX OCTAJbHBIM OJI0CaM, (OYHKIHS fi(? (Tn—gs1,---,Tn) PaB-
Ha 0.
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Bosspamasice k npejacraBieHuio (PyHKIHH f, OKOHYATETHHO MOIyYaeM:

P
flxy, ..., x,) = \/ \/fi(ylf)(xl, . ,xn_k)fﬁ)(xn_kﬂ, e Tp).

i=1 7

Cxema S, peanusyiomas byukuuio f(ry,...,T,), OyIeT COCTOATD U3 MO-
cxem S;, 1 =1,...,6, — cm puc. 4.7.

Peanuszanms Bcex Peanuszanus Bcex
" 1 . 2
S ynxuuit f z‘(,%) S, bynkuii fi(,%)

Peanuzanus Bcex dynknuit f; >

B0k u3 9/1eMeHTOB JIN3 bIOHKIIIH

Puc. 4.7:
[omcxema S7, Ha BXOALI KOTOPOH MOJAIOTCS MEPEMEHHBIE 1, ..., Tn_k,
peamu3yer cucremy dyukuuii I, _p(x1, ..., Tp_g). B cuy semmvbr 18 MoKHO

CYUTATH, YTO TIPU 1. — OO

L(S)=2""4o0(2"") <2x2"*
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[Tomcxema Sy, HA BXOIBI KOTOPOil MOMAIOTCS TIEPEMEHHBIE Ly g1, - - -5 Ly
peasusyer cuctemy byurnuit Kr(z,_gi1,-..,T,). Takxke B cury gemMMbl 18
MOKHO CYUATATh, YTO IPHA N — OO

L(S2) =2"+0(2") <2x 2.

[Tomcxema S3, Ha BXOABI KOTOpO#l moOmaforcsa (DYHKIMH CHCTEMBI
Knk(x1, ..., Tp k), COCTOUT TOJBKO W3 JU3BIOHKTOPOB U peau3yer (yHK-
un fi(;) (X1,...,Tp_k) IS BCEX § U T B COOTBETCTBHH C MPeJCTABICHHEM
TUX (DYHKIHA B BHIE COBEPIICHHONW U3 BIOHKTHBHON HOPMAJIBLHON (hOPMBI.
Vuurbipasg paseHcTBo’

Z ‘N 17
=

CIpaBeJIuBOe g BCeX ¢ = 1,. .., p, TOJAYyIaeM TaKyIo OIEHKY:

_ on—k
=9 )

L(Sg) S p2n—k'

[logcxema Sy, Ha BXOJBI KOTOpPOH mogaloTcs (BDYHKIUH CHCTEMBI
Ki(Tpn—t+1,---,Tp), COCTOUT TOTHKO U3 AUIBIOHKTOPOB H peajn3yer (byHK-
An fi(? (Tp—kt1s .-+, Tp) JJISI BCEX © M T TAKyKE B COOTBETCTBUH C MPEICTAB-
JieHueM dTuxX (QYHKIUHA B BUJIE COBEPIICHHON JIM3bIOHKTUBHON HOPMaJIbHOT
dopwmbl. Mcnomb3ysa oueBuiHOE PABEHCTBO

Ny <

BBIIIOJIHAIONIEECs JJIS BCEX JOMYCTUMBIX 3HAUCHUH § U 7, HOJTydaeM:
L(S,) < p2°s.

[Togcxema Sy, Ha BXOABI KOTOPOH MOMAIOTCS BBIXOALI HMOACXeM Ss U Sy,
COCTOHT TOJIBKO U3 KOHBIOHKTOPOB U peaiusyer Gpyuxkuuu f; (21, ..., T,) A1
Bcex ¢ n 7. CJI0KHOCTH MOACXEMBI S5 MOKHO OIEHUTH YHCJA0OM PA3IHIHBIX TAD
(4, 7):

[Togcxema Sg, HA BXOABI KOTOPOii mojaoTcs Bee byHKIMUf; 7(21, ..., 2y)
JUI BCEX © U T, COCTOMT TOJbKO U3 JUIbIOHKTOPOB U peasiu3yer (pyHKIHIO
f(zq, ..., x,).CroxuocTh nomexembl Sg TAKzKe MOKHO OINEHHTH YHCJIOM pas3-
JUIHBIX map (i, 7):

L(S(;) < p25

93nech n nanee wepes N, 0603HAYAETCA MHOKECTBO HAGOPOB MEpEeMEHHbIX (DYHKINH g,
Ha KOTOPBIX 9Ta MyHKIWS paBHa 1.
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Takum obpaszowm,

6
L(f) < L(S) = ) L(S;) <
=1
<2x 2R 42 28 4 p2n TR 4 p2ss 4 2p2° <
< (2; + 1) 2"k (2—: + 1) 2°(s+2) + 2" FH 428 <
< %+25+k+25(5+2)+3><2”_k+2><2k.

Tenepn mosaras
k= |3logn|, s=|n—>5logn],

k
yJIOCTOBEpsieMcs, 9TO ycaoBusa k — oo, k — 00, s — 00, 2? — OO BBITIOJIHE-

HbI. HO,ILCT&BIIHH 3HaueHnd k U S B IIOJIYHEHHYIO OIIEHKY, UMEEM:

Lp<T (1+0 <1Oi”>) |

YrBepxaenue reopembl B basuce By = {V,&, T} caeayer u3 cupasemiu-
BOCTH 3TO# oneHkn s GyHknun f(xq, ..., T,), YIOBIETBOPSIONEH YCI0BHIO

L(f) = L(n). O

Vupazxkuenne 30. JlokazaTb, 4T0 Ipu n — 0O JIJid JIIOOOTO 1 > 2 CIPABE/JIMBO
ACHMIITOTHIECKOE PABEHCTBO

1 2"

r—1mn

L{xl&...&xT,E} (n) ~

OTMeTruM BaxKHBIH (akT, KOTOPBIl BbITeKaeT u3 TeopeM 38 u 39 — 1o-
9TH Bee (DYHKIHUH OT N IEePEeMEHHBIX HMEOT CJIOKHOCTb, aCHUMIITOTHYECKH
COBIAJAIONLYI0 CO CJOZKHOCTBIO camoil cjioxknoit dgpyukiuu. Taxkoit apdekr
HaswiBaeTcst aggpexmom Ilennona.

§4.6 IIpuHnun JJOKaJIbHOTO KOJMPOBAHMUS U €TI0
NpUMeEHEeHU

Pazpaborauusiit O. B. JIynanoBsiM npunyun A0KeAbH020 KOOUPOBAHUA TME-
eT BecbMa OOIIMH XapaKTep W 3aK/II0YaeTcs B CBEJICHHU IyTeM KOJIUpPOBa-

HUS peaJu3alund GYHKIUN 13 33 IaHHOTO KJIacca K peajsu3anun pyHKIUHR oT
MEHBIIIEro 4YHcja nepeMeHHbix. [Ipu 3ToM KojupoBaHue JOJKHO 00/1a/1aTh
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HEKOTOPBIMHU CBOWCTBaAMH. BO-TepBHIX, OHO JOJIZKHO ObITh JIOKATHHBIM (3TO
3HAYUT, YTO JIJIsI BBIUMCIEHUS 3HaYeHHd (DPYHKIUH HA KOHKPETHOM HabOpe
JOCTATOYHO 3HATH TOJBKO YaCTh KOJA OTHOCHTEIHHO HEeGOJBINON JIJTHHBI),
BO-BTOPBIX, BEIYUCICHUE (DYHKITUU MO KYCKY KOJA OCYIIECTBISIETCS CO CJIOK-
HOCTBIO, CYIIECTBEHHO MEHbIIeH 001l CJI0XKHOCTH CXeMbI, 8 B-TPETbHX, CaMO
KOJMPOBAHNE JIOJZKHO OBITH JIOCTATOYHO SKOHOMHBIM (HAIPHMED, aCHMIITO-
Tuuecku HawtydnmM). He Gynem gaBaTh TOYHBIX (DOPMYJIUPOBOK, CBS3aH-
HBIX ¢ UCIOJIb30BaHUeM IPUHIUIA JOKAJIBHOTIO KOAUPOBAHUL, & PACCMOTPUM
OTHEeJIbHBIE TIPOCTBIE IPUMePHl ero IPUMEHeHUs].

4.6.1 Peanuzanusa cumMerpudeckux QyHKIIUI

[Ipexie 4YeM HEemoCpeJCcTBEHHO 3aHATHCA peaju3anueli CUMMEeTPUYeCKUX
dbyHKIMit, paccMOTPUM JBe 331291, BCIOMOraTeIbHbIe /I JAHHOIO pa3iea,
HO MMEIOIIUE CEPbE3HOE CAMOCTOATEIbHOE 3HAYECHUE.

Obozuaunm gepes Y, OyjieB oneparop CyMMHUDOBAHUS N-PA3PSIIHBIX TH-
cen, T.e. Oyneny (2n,n + 1)-dyHKIuo0, KOTOPast MO ABYM N-Pa3psIHBIM JTBO-
MYHBIM YHCJIAM BBIYHCAIsET (n + 1)-pa3psijioe IBOMYHOE MpeICTABICHTE X
cyMMBI, a 4depe3 N, — OyJeB omepaTrop HOACYeTa UHUC/Ia eJIuHWUI B HAabOpe
JUIHHBL 1, T. €. OysieBy (n, [log(n+ 1)])-dbyHKuuio, Koropast 10 n-pa3psHoMmy
JBOMYHOMY Habopy Beraucsaasger [log(n + 1)]-paspsamoe 1BoudHOE MpPeCTaB-
JIEHWEe KOJUIECTBA eJIMHUI] B 3TOM Habope.

JlemMva 22. Jlasa 4106020 KoHewnoz20 noaroz0 bazuca B npu n — 00 6epHO

paserncmaeo
LB<E”> = O(n)

oxazamenavemeo. YTBep:KIeHUE JeMMbI B CIJIY T€OPEMbI 35 J0CTATOYHO J10-
Ka3aTh JJIs KAKOro-HuOy/b KOHKpeTHOro basuca. Ilycts 6a3uc B coaepxkur
byukun x&y, cVy u xdy.

[locrpoum cxemy S, KOTOpas 10 ABYM TPYIIAM BXOJOB — (T, ...,T,) U
(Y1, -+, Yn), HA KOTOPBIE MOMAIOTCS JBOUYUHBIE N-PA3pPsIHbIe YUCTA (MJIaJ-
e paspsaipl X1 U Yy ), BbIUUCASET HAOOD (Z1, ..., Zpy1), HPEJACTABISIONHI
JIBOMYIHYIO 3aITUCh UX CYMMBI. Tor/ia, 0603HAYUB 4epe3 U;, ¢ = 2,...,n + 1,
3HaYEeHNe MePeHoca B i-il pa3ps, TOJydaeM:

21 =2T1DY1, U= T1h
2i =T DY DUy, Uipr = Ty V xgup V oy, o 1=2,...,n—1;

Zn = Tp D Yn O Up, Zntl = Upgl = TpYn V TpUpn V Yply,.

Caenosarensuo, Lp(X,) < Tn — 5. O
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JlemMva 23. Jlaa 4106020 KoHnewHnoz20 noaroz0 bazuca B npu n — 00 6epHO
PABEHCNEO

Ly(N,) = O(n).

Hoxaszamesvemeo. O4deBUIHO, YTO pe3yabTaT NpuMeHeHUs omepartopa N,
paBeH JBOMYHON 3aIUCH CYMMBI 11 OJHOPA3PSIHBIX JBOMYHBIX duces. Onu-
eM crocod BBIYUCIEHUS ITOH CyMMBbI CXeMO# JIMHEITHOH C/I02KHOCTH.
Cuauasa 6yjeM cantaTh, 9to n = 2F 114 Hekoroporo k. TlocTponym cxemy
S, umeroniyio k sapycos. Zpyc ¢ HomepoMm t, t = 1,...,k, OyIeT cocTOATh U3
2kt momcexeM, KazKaasd U3 KOTOPLIX pealu3yeT olepaTop Y U, CIeloBaTelb-
HO, UMeeT JIBe I'PYLIIbI 110 ¢ BXOJ0B, a Takzxke ¢+ 1 Bbixo10B. Takum obpasom,
cuntas B cury aemmbl 22, ato Lp(X;) < ct, B ciyuae, xorga n = 28, mveewm:

k k
t
Lp(N,) < Lg(S) < ZQk_tct = chZ 5 < 2c2% = 2¢n.
t=1 t=1

Ilepexozst k obiemy ciydaio, moaaraeM n’ = 21871 Ouepnno, ato n <
n' < 2n. CxeMy, peaau3yIonLyio oneparop IV, MOXKHO MOJIYUYUTh U3 CXeMBI S,
peajin3yioniyo oneparop V,, mogas Ha n' —n Bxouos cxembl S’ Koncranry 0.
[ToaTomy

Lg(N,) < Lg(0) + Lp(Ny) < Lp(0) + 2cn’ < Lp(0) + 4en = O(n).
0

Tenepb paccMOTpUM peATH3ANUI0 CUMMETPUYECKUX OyIeBbIX (DYyHKITHII.
Hamomuum, aro dyukuus f(xq, ..., T,) HA3BIBAETCS CUMMEMPUECKOT, €CIHT
Tt TI000# TTepecTaHOBKU 0 M3 CHMMETPHUYECKON TPYHIBI S,, BBITOJHAETCS

PaBeHCTBO f(To(1),-- -, Tom)) = [(@1,..., 2p).

Teopema 40. /lrsa npousosvrozo Konewrnozo noamnozo baszuca B natidymces
MAKUE NONOHCUMEALHBIE KOHCIMAHMYL C1 U Co, ¥IMO OAL A000T cummempu-
weckol 6yaesols gynryun (1, ..., T,), OMAUNHOT OM KOHCMAHMOL, GHINOA-
HANMCA HEPLBEHCMEE

en < Lp(f(x,...,2,)) < con.

Joxazamenvcmeo. Huzkussg oleHKa HENOCPEJICTBEHHO CJIEyeT U3 Teope-
MBI 37 B CWJIY CYIIECTBEHHON 3aBUCUMOCTH OT BCEX CBOUX NMEPEMEHHBIX JII000I
OTJINYHON OT KOHCTAHTHI CUMMETPUYECKO# (DyHKIIUH.

[Iepexona K TOKa3aTeqbCTBY BepXHell OMEHKH OTMETUM, YTO ITPOU3BOJIb-
Hasl cuMMeTpHrYecKas (pyHKIHS f OT n ImepeMeHHbIX MOKeT OBITH 3aJaHa TBO-

nwanoii nocaegoparenbHoctbio T(f) = (mo(f), m1(f), ..., m(f)), rue me(f) —
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3HaveHne (pyHkun [ #Ha HAOOpAX, COCTOSAIINX W3 k eIuHUIl U n — k HyJeil.
Buadenne cumMerpuaeckoii dyukiun f(z1,...,x,) OIHASBHAYHO ONpeIes-
eTcs 10 YUCIY €IHHHIL B HAOOpe Ti,...,T,, a CIeJ0BATEJbHO, IO JBOMIHON
3amucu IToro umcyaa. Ha 9ToM W oCHOBaH MeTOJ MOCTPOEHUS] CXEMBI S, BbI-
gucssiionmeit yuxmuo f(1, ..., T,).

Cxema S cocrout m3 moacxem S u So. Ilomecxema S7 peanmsyer omnepa-
Top N,,, Ha BBIXOJAX MOACXEMBbI S| BBIYHCJISETCS ABOMYHAS 3aIUCH JIJIUHBI
[log(n + 1)| gucoia exunrun Bo BxogHOM Habope. [lomcxema Sy MO TBOMYHOI
3AIICH YHCIa eIUHUIL BO BXOJHOM HAa0Ope BBIYUCISIET 3HAUeHHe DYHKIUN f
Ha 3roM Habope. B cuity jiemMbl 23 u Teopembl 36 1moJiyydaem:

La(f) < La(t) + La(Tlog(n-+ D]) = 0() +0 () = O(w)

4.6.2 Peaausalmga caMOABONCTBEHHBbIX (DYHKIIAN

B coorBercTBUM C BBeleHHBIME paHee obo3HadenusMu bpyukims lllennona
CJIOXKHOCTH PeAJTH3alNNA CaMOIBONCTBEeHHBIX (DYHKIMI B O6a3zuce By ompeme-
JISIETCsI PABEHCTBOM

L%(n) = max L(f).
( ) f(xlv---7$n)es <f)
Teopema 41. IIpu n — 00 cnpagediuso aCUMNMOMUNECKOE PABEHCNEO
2n—1

L5(n) ~ =

—1
Joxasameavcmeo. B cuny pasencrsa S(n) = 22" Teopema 38 jpaeT Takywo

HUZKHIOIO OLCHKY:
2n71 2n71
L%(n) 2 ~
n—1 n
[Moctpoum cxemy B Gazuce By = {V, &, "} sl 0pou3BOJIbHOI caMOBOii-
crBennoit dyukunu f(xq,...,x,). [oxoxum

g(:El, ce ,I’n,1) = f(Il, e ,I‘nfl,O).

Torna

f(.?fl, ey Tp_1, ].) = f(fl, e ,fn_l, 0) = g(fl, e ,fn_l).
Takum obpazom, st peanusanuu GyHKWd f(xy,...,T,) JOCTATOYHO TPU
x, = 0 peamusoBath GyHkUUIO §(T1,...,Ty 1), & IPA T, = 1 — HYHKIUIO
g(fla PN ,fn_l).
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Oboznaunm cxemy, m3oOparkennyio Ha puc. 4.1, gepe3s S.. Ilpeobpa-
3yeM MUHHMAJIBHYIO cXeMy Sy, peasmsylomyio B Oaszuce By dynkunuio
g(x1,..., 1), B cxemy Sy, peanusyiomyto dbynkuuio f(z1,...,2,). L
TOTO CJEAYIOMMUM 00pPa30M HCIONB3YEM 7 IK3IEMILISAPOB CXeMBI Sg: BO-
HepBBIX, HA -i BXxoA, ¢ = 1,...,n — 1, cxemsl S; BMeCTO IepeMeHHOH x;
O/JIATUM BBIXOJT CXEMBI Sg, HA BXOJbI KOTOPOIl, B CBOIO OY€DE/Ib, MOIA UM
IepeMeHHble Z; U T, BO-BTOPBIX, BBIXOH CXeMBl S, HOJAJUM Ha BXOJ eIle
OJTHOM cXeMbI Sg, HA BTOPOH BXOJ KOTOPOU MOjaeTcs MepeMeHHasd X,. BbI-
XoJ, mocytefHell noacxeMnl Sq 00bABUM BbIXoA0M cxeMbl Sy. Torga cxema Sy
peamu3yer (DYHKIHIO f, IpAIEM

L(Sy) = L(S,) + nL(Ss) = L(S,) + 4n.

[Tpumensist /I ONMEHKHM CJIOXKHOCTA MHUHUMAJbHON CXEMbl, peaJu3yoniei
dyHKIHMIO g 0T n — 1 nepeMeHnHoii, TeopeMy 39, nmosiyaaeM TpebyeMyio Bepx-
HIOIO OTEHKY. O

4.6.3 Peamuzanumga QyHKIIMM HaA 1 [TOCJIEJ0BATEJIbHBIX
Habopax.

YHopsg04uM BCe JBOUYHbIE HAOOPHI JIMHBI N JieKcukorpapuiecku. Kpome
Toro, Oymem caurarh, 4To 3a Habopom (1,...,1) caexyer mabop (0,...,0).
Tem cambiv its sto6oro Habopa (o1, . .., 0,) OJHO3HAYHO ONpejeseH Habop,
CACAYIONINI 38 HUAM.

[IycTh 7 — (puKcHpoBaHHOE HATYPAJBHOE YHCIO0, & f — HPOU3BOIbHAS OY-

stesa Gyukius or n nepemenupix. O6o3uauum vepes f)(xq, ..., x,) Gynesy
(n, r)-dyHKIHIO, KOTOpast O TPOU3BOJBHOMY HAGOPY (071, ..., 0,) BRIYHCITSI-
er 3Hauenne f(oy,...,0,), a TakKe 3Havenne dyukiun f Ha r — 1 Habopax,
crenyomux 3a Habopom (o, ..., 0y,). Iomxokum

L (n) = max L (™).
(> fE€P2(n) (f )

Teopema 42. [Ipu n — 00 cnpasediuso aCUMNMOMUNECKOE PABEHCTNEO

27L
LM (n) ~ —.
n
Joxazamenvcmeo. Huzkugsg oneHka HEMOCPEACTBEHHO CJIEyeT U3 HUKHE
onenkn dyuxiwn [TlenHoOHa 17151 carydas peagnsanun ogHoi GyHKINN (core-
CTBHE W3 TeOpeMbl 38).
[lycrs f(z4,...,x,) — npousBosabHas OyaeBa dyuxims. [1is qoka3aresnb-
cTBa BepXHeil OleHKHM noctpouMm cxemy S B Oasuce By = {V,&, 7}, na r
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BBIXOJ[aX KOTOPOIl peaju3yercs 3HadeHwe (DYHKIUH [ Ha BXOIHOM HaAbOpe
IIepEMEHHbBIX, a TaKzKe Ha 7 — 1 Habopax, cjeayIonux 3a 3TuM HabopoMm. Cxe-
Ma S OyJIeT coCTOATh M3 JIBYX IOJCXeM, KOTOpbIe 0003HAYUM S7 H Sy. DTH
MOJICXeMBI OYIyT 3aBUCETH OT HATYpPAJbHOTO Mapamverpa k = k(n), yaose-
TBOPSIIOIIEro yCJIoBusiM k — oo u n — k — 00 pu n — 00.

[MToacxema Sy, Ha BXOJAbI KOTOPOH MOJAIOTCS MEPEMEHHBIE 1, ..., Ty _k,
nmeeT 2% 47 — 1 BBIXOI0B, KOTOPBIE Ha BXOTHOM Habope (071, . . ., 0y ) BHIYHC-
asgor 3uadenus f(oy,...,0,0-k,0,...,0,0), f(or,...,00-%,0,...,0,1), ...,
flor, ... 00k, 1,...,1), a Tak:ke 3Hauenus ynkuun f Ha r — 1 HADBOpAX,
caenyomux 3a HabopoM (o1, ..., 0h, 1,...,1).

[Toxcxema Ss, Ha BXOIBI KOTOPOIl MOMAIOTCS BBIXOABI MOACXEMBI S, a Tak-
Ke TePEeMEHHBIE Ty _ji1,- - -, Ly, M0 KOHKPETHOMY HAO0DY (0p_gi1,---,0n)
3HAYEHUH MePEeMeHHBIX Ty ki1, ..., T, BHIOMPAET HYXKHBIH KyCOK JJTUHBI T
3HAUeHHH, TOCTYTAIONMX Ha TepBble 2 4+ r — 1 BXOIOB, T.e. 3HAUCHHE
flo1,...,00), a Takke 3nauenue Gyukuuu [ Ha r — 1 HAGOpAX, CJAELYIONIHUX
3a HabOpOM (071, ..., 0p,).

[Mocrpoenne noacxem S; n Sy merogom Jlymanosa (cMm. Teopemy 39) or-
JIEJBHO I KazKJI0r0 BBIXOJA JAeT CJeIYIONIe OIEeHKU:

L(f7) < L(S) = L(S1) + L(S:) S
2717]6 22k+r71+k

Sy S e By

= n2_nk +0 (jn__];) +0 (22’“) .

[Monaras k(n) = |logn] — 1 (B kKauecTBe k(n) MOXKHO B3Th JTIOOYI0 HEOTpa-
HUYICHHO BO3PACTAIONIYI0 (DYHKIHIO, He IPEBOCXOIAILYI0 YKAZAHHYIO), MOJLy-
qaeM OIEeHKY

on
Yy < 2=

KOTOPas B CUJIY TPOU3BOIHHOCTH BbiGOpa dbyHkuuu f(xy,...,x,) 3aBepiiaeTt
JI0Ka3aTeJIbCTBO BEPXHEil OIeHKMU. O

4.6.4 CJ02KHOCTH MHBAPUAHTHBIX KJiacCOB Z0J/I0HCKOTO

HamomunMm, 94T0 MHOXKecTBO Oy/1eBbIX (DYHKIMI () SBIASTETCS MHBAPUAHTHBIM
KJaccoMm g0s0HCKOrO, ecam st Jiro0oit dyHKIMn U3 Kjaacca () kiaaccy @)
TaKyKe MPUHAJJIeKAT BCe DaBHBbIE eil QYHKINH, BCe KOHIPYIHTHbBIE (mM0100-
Hble) eif pyHKINM, a TakzKe Bee ee noadynkmn. Koandecrso byHKImA 0T 1
(UKCUPOBAHHBIX TIePEMEHHBIX B MHBAPUAHTHOM KJiacce () BBIpaXKaeTcs depes
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napaMeTp MHBaAPUAHTHOI'O KJIaCCa, OIIpeaeJdaeMOoro paBeHCTBOM
o . on
oq = log, (ggo V IQ(H)D ,

CJIEIYIONIM 0Opa30M:
Q)] = 200t

rie €(n) — 0 mpu n — oo.
B coorBercrBum ¢ obmum onpejeennem pyukius [lennona ciaoxkuoctu
MHBAPUAHTHOTO Kjaacca () B Oasuce By onpesensercs paBeHCTBOM

L9(n) = max L(f).
(n)= n o (f)
Teopema 43. Iycmov () — unsapuarmuoil kaace Hdb6a0ncK020 ¢ napamem-

pom 0¢. Tozda
L)
im ———= = og.
nooo L(n) 0 ©
Aoxazamenvemeo. JlocTaTouHO yCTAHOBUTH, YTO HPU 1 — OO B CJIy4ae BbI-
IIOJIHEHUSL yCI0BUsL 0 # 0 cIpaBe//INBO aCUMITOTHYECKOe COOTHOIIIEHNE
2'I’L

L9(n) ~ 0o=—,
n

a JJid JII000T0 HYJIEBOI'O HHBAPHUAHTHOI'O KJIaCCa BBIIIOJHACTCA PAaBEHCTBO

L8(n) = o (%) |

HuKkHsad OlleHKa B cJlydae HEeHYJIeBOrO MHBAPHMAHTHOIO KJIACCa HEOCPE/I-
CTBEHHO CJIeJIyeT U3 TeopeMbl 38.

[Iycrs f(xy,...,x,) — upousBosbHast (ynkuust u3 Q(n). Beegem Ha-
TypasnbHbI mapamerp k = k(n), ymoejaerBopsoniuii ycaosuam k — oo u
n —k — oo npu n — o0o. [losoxum

I = [log[Q(K)[T-

Bee dynkiumn u3 muaoxkectBa Q(k) 3aKkoqupyeM JTBOMIHBIMI HAGOpAMHU JIJTH-
bl [. [locTpoum cxemy S, peamusyromniyio GYHKNHBO f, KaK IMOKa3aHO Ha
puc. 4.8. Cxema S COCTOUT U3 TpeX IOJCXeM, KOTOpble 00603HAaUUM S, S
n Sg.

[Tomcxema S, HA BXOABI KOTOPOH MOMAIOTCS MEPEMEHHBIE T, ..., Ty k,
nuMeer [ BBIXOJIOB. DTa mojcxeMa 1o Habopy (aq, ...,y k) 3HAUYEHUI CBOMX
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T Tn—k Tn—k+1 T,

Peanuzarmust kojga byHKImun

S f(ab'"7Oénfkaxnfk+17"'7xn
1
L [ L] L [
Vv
! BBIXOZIOB

Peanuzanus Bcex 3navenuit pyHkiuu

f(alv vy Op_f, xn—k—i—la s axn)
So
L] L] L ] L] L]
Vv L] L ] L]
2k BBIXOJIOB
S3
f
Puc. 4.8:
BXOJIOB Bbrumcssier Koi dyukmun f((oq, ..., 0n g, Typgi1,- .., Ty), TPAHAJI-

JIe2KaIeil MHBapUaHTHOMY KJjaccy (.

[Moacxema Sy, Ha BXOALI KOTOPOIl ITOMAXOTCA BHIXOALI HOJACXEMBI S, BBIYUC-
aster Bee 28 smauennit ymxmun f((aq, ..., Qp_p, Tn_git,- -, Tp), T. €. 3HATC-
must f((aq, ... 0 5,0,...,0), ..., f((aq,. ., g, 1,...,1).

Ha Bxompl momcxembl Sz IOJAIOTCA BBIXOABI HOJCXeMBI S; U Iepe-

MEHHBI® Tp_fil, .-, Tp. DTA TOACXeMA MO HAOOPY (Qp_gi1,--., Q) TEpe-
MEHHDBIX Ly jy1,-- -, Lp CPEAU ITIOJABACMBIX HA BXOJ, IOJACXEMbI 3HAYCHUI
fl(ag, . yang,0,...,0), ..., f((aq,...,an_k,1,...,1) BeIOHpaeT Hy:KHOE
sHadenue f(aq, ..., o).

Vuursiag, ato | = (0g + 0(1))2* npu n — oo, mocrpoenue nogcxem Sy,
Sy 1S3 MeTomom Jlynanosa (cM. TeopeMy 39) OTAEIBHO IS KaXKI0TO BBIXOA
JIAeT CJICAYIOIUe ONeHKH:

L(f) < L(S) = L(S1) + L(S2) + L(S3) <
2n—k k2l 22k+kz on

< 2" — < 1

+o <22k+k’> )
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[Monaras k(n) = |(logn)/2], moaygaem oneHky

271 271
L(f) < UQ—+0(—) :

n n
KOTOpasl B CHJIY TTPOM3BOJIBHOCTH BbIGOpa byHkmu f (1, ..., x,) 3aBepiaer
JI0KA3aTe/ILCTBO BepXHEll ONMEeHKH U /1711 HYJIeBOTO U JIJIsT HEHYJIEBOTO 3HAYEHUST
epameTpa og. O

§4.7 Teopema Ab610HCKOTO

B cootrBercTBUM ¢ Teopemoii 35 BeIUYNHA CJOKHOCTH PeaTu3aluu OyaeBoii
beHKL[I/H/I CXeMaMH Ka4eCTBEHHO He€ MEHJAEeTCd IpHu IIepexoae 0T OJAHOI'O KO-
HEYHOI'O TOJIHOrO Oazuca K japyromy. lloaromy i onpepeseHHOCTH Oy/1eM
paccMaTpUBaTh CJOXKHOCTD peau3aliun OyyeBbIX hYHKIUN cxeMaMu B 6a3u-
ce By ={V, &, }.

C ommoit cToponbl, TeopeMa 38 yTBep:KJIaeT, 4To s Joboro € > 0
no4YTH Bce OyJieBbl (DYHKIUU OT 7 MEPEMEHHBLIX MMEIOT CJIOXKHOCTH 0O0JIb-
me pemamnbl (1 — )2 (a B cuuty 3azaun 28 — nazke GOJIbIIE BeJTUIHHBI

2 (14 (1 - e)loen)).

C Apyro#t cTOPOHBI, HE H3BECTHO HU OJHOTO KOHCTPYKTHBHOIO IIpUMEpPa
GyneBoit byHKIUI (& TOUHeEe TOBOPs, MOCJIEI0BATETHLHOCTY (DYHKIHUIT 1 mepe-
meHHBIX {f,, = fu(21,...,2,)}), Aud KOTOPOIi Gbljia OBl Oy YeHA HeJHHEeHO
pacTyIllad 11O N HUZKHAA OIHEHKa CJIOXKHOCTH. HpI/IHHI/IHI/IaﬂbHBIe CJIOZKHOCTH
[OJIyYeHUs] BBICOKMX HHUZKHUX OIEHOK CJIOZKHOCTH UHIUBU/YIBHBIX OCJIE10-
BaTeJbHOCTEH Oy/JeBBIX (DYHKIMH HOATBEpKIAIOTCA TeM (PaKToM, 4TO -
dbexkTuBHOE (B PA3yMHOM CMBICJIE) TIOCTPOEHHE MOCIEIOBATENLHOCTH (DYHK-
U, CJIO?KHOCTb KOTOPBIX pacTeT ObicTpee JII0O0ro MOJUHOMA OT 1, PEIIUIo
OBl B OTPUIATEILHOM CMbBIC/IE U3BECTHYIO MPObhjieMy paBeHCTBa KJjaccoB P u
NP (1. e. 6110 GBI J0Ka3aHO, 4T0 P#£NP).

Koneuno, st KazK/I0ro 3HAYEHUST 1 MOMKHO OIPEICTUTh (DYHKIHIO
falz1, ..., x,) paBerctBom L(f,) = L(n). Takas mociaemosareasuocts { f,,},
0e3yCJIOBHO, MMeeT MAKCHMAJIbHO BO3MOXKHYIO HUKHIOI) OIEHKY CJIOXKHO-
CTH, OAHAKO, 3TY MOC/IEI0BATEILHOCTh TPYAHO HA3BATH «KOHKPETHOI». Kpo-
M€ TOTO, TPH OIPEIETeHUN STOI MOCJeI0BATETHHOCTH HUCIOJIB3YETCS TIO-
HATUE CJOXKHOCTH M JIOKA3ATEIbCTBO HUZKHEH OIEHKH JIJI TOCJIeI0BATEb-
HOCTH <«CAMBIX CJIOKHBIX» (DYHKIHif, IO CYIIECTBY, ABIAETCS TABTOJOTHY-

ubiM. [locsieanii He0CTaTOK MOXKHO 0DOTH 1 IHOCTPOUTD 11OCJIE10BATE/ILHO-
cTH DYHKIHH 3KCIOHEHITUAIBHON C/IOZKHOCTH, HCHIOIb3Y S JIPYTHE «CHIbHBIC
CpeJICTBA, HANPUMED, HYMePalMi TPUMHTUBHO-PEKYPCUBHBIX (DYHKITUN WJIH
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dopmasibibie Teopun HOIBINON BhIpa3uTeIbHONH cubl. [Ipu 3TOM Takue mnpu-
Mepbl B KAKOM-TO CMBICJI€ CXOIHBI C ITOCJIEI0BATETbHOCTBIO CAMBIX CJIOXKHBIX
dyHKImMi cBoeit «HeocsszaeMocThioy. Eme B 1954 1. C. B. f6sioncKknii BoIcKa-
3aJT THIIOTE3Y O TOM, UTO 3TOT HEJOCTATOK SIBJISETCS HEIpPeoaoauMbIiM. [ls
dopmasn3anun TAKOro MMOAX0Aa OH BBEI HOHATHE TMPABMIHHOTO aJTOPHTMA.

AJITOpuTM HA3BIBAETCS NPAEUALHBIM, €CIH TIPH TOCTPOeHUH J11000i1 Oec-
KOHETIHOH mocaenosarenbroctu by {f,(z1,...,2,)} oH omHOBpeMeH-
HO CTPOUT HEKOTOPBINi MHBApHMAHTHBIN KJacc, coiepzKaiiuil 3Ty (yHKIHUIO.
Onpenenerne NpaBuIbHOIO AJITOPUTMA XOPOIIO COVIACYETCS ¢ HHTYUTHBHBIM
MOHUMAaHHEeM KOHCTPYKTHBHOCTH 3aJaBaeMoil mocjiegoBareabHocTH. Jleii-
CTBUTEJIbHO, IO KOHCTPYKTHUBHBIM 3aJaHHNEM beHK]_[I/II/I €CTeCTBEHHO ITOHU-
MaTbhb TAKOEe OMHUCAHEE 3TOH (PYHKIUKM CBOACTBAMHU, UTO IO ITOMY OIHMCAHHIIO
JIOCTATOYHO IIPOCTO ONpeJieigercd 3nadenne hyHKIUA Ha Ji00oM Habope. Ho
TOIIa TAKZKe MPOCTO OIPEIE/IAI0TCI 3HAUYCHUs Ha IIPOU3BOILHOM HAOOPE JII0-
ooit noadyuknuu 31oit pyHKIKuM, a Takzke PYHKIUNA, MOy YaIOMMUXCH U3 UC-
XO,ZLHOIU/I ImyreM nepeuMeHOBaHuA IMepeMeHHbIX HJIN ,ZLO6aBJIeHI/IH CbI/IKTI/IBHBIX
TepeMeHHBIX.

AropuTMuYecKrHe TPYIHOCTH HOCTPOEHHUsI IOCIeI0BATEHHOCTH CAMBIX
CTOKHBIX (PYHKIUR MOATBEPKIAIOTCSA CIEAYIONIUM YTBEPXKIEHHEM, U3BECT-
HBIM KaK Teopema $I6JI0HCKOTO 0 HeBO3MOKHOCTH dauMuHaun'’ nepebopa
IPU MOCTPOEHUU TOCJIEIOBATETLHOCTH CAMBIX CJIOKHBIX (DYHKITUIA.

Teopema 44 (C.B. f6aouckuit). Jhobot npasusvrod arzopumm, cmpos-
wutll nocaedosamesvrnocmo gyuxuyud {fn(x1,...,2,)}, ydosiemsoparouux
yeaosuto L(f,) = L(n), cmpoum mmuoscecmeo ecex dynryuil Ps.

Jorasamenvcmso. 1lpeanosoKuM, ITO TPABWIBHBIN AJTOPUTM, CTPOSIITAN
nocaegoBareabHocTh  byuakuuii  {f,(x1,...,2,)}, ¢TpouT WHBaApUAHTHBII
KJgace (), ormaHbIil 0T Kjacca Beex Oyiesbix (pynknuit. Torga BeimosHser-
cd HepaBeHCTBO 0¢g < 1, Tak Kak mapamerp J000r0 MHBAPHAHTHOTO KJAacca
HE MPEBOCXOIUT €IMHUIILI, IPUYEM CYIIECTBYET TOJIHKO OJUH WHBAPUAHTHBIM
KJIACcC ¢ eIMHUIHBIM TTapaMeTpoM — 3T0 Kiaacc P5. [losTomy, mpuMenss Teo-
peMy 43, mosiydaeM, 4TO IPU 1 — OO BBIMOJIHAETCS HEPABEHCTBO

L(fn) < (g + 0o(1))L(n),
KOTOPOe MTPOTUBOPEUUT YCJIOBUIO TEOPEMBI. O

CTouTh OTMETUTH, UTO TeopeMa 44 dBsgeTcs OJHUM U3 YTOTHEHWH BechbMa
obmeit 2unomesv, C. B. fbaomnckoz0, koropasi MOxKeT ObITh chopMyIupOBaHA
CAENYIONHUM 00pa3oM: 100017 as20pumm, CMPoAUUT NOcAed08aMEALHOCTND

103 uMuBaId — 3/1€Ch: UCKIIIOUeHNe, n30erKaHue.

143



CAMBLE CAOACHHT PYnKUut, mpebyem “UcAG ONEPayull HEe MEHLULE20, “YeM
noAHbLl nepebop ecex 6ysesvlr dyrKuul.
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