
Q1: �à¨¥â¨à®¢ ë© ®¡êñ¬ â¥âà í¤à 

�á«¨ xk = (xk,1, xk,2, xk,3), k = 0, 1, 2, 3, |
¢¥àè¨ë â¥âà í¤à  ¢ R3, â®

Vol(x0, x1, x2, x3) =
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x2,1 − x0,1 x2,2 − x0,2 x2,3 − x0,3
x3,1 − x0,1 x3,2 − x0,2 x3,3 − v0,3
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| ®à¨¥â¨à®¢ ë© ®¡êñ¬ íâ®£® â¥âà í¤à .



Q1, á«ãç © (2): £à ì (ui, uj, uk) ¨ à¥¡à®
(vp, vq) ¢ M ¨¬¥îâ ®¡éãî ¢¥àè¨ã

6Vol(x0, x1, x2, x3) 6= 0⇒ ¥â á ¬®¯¥à¥á¥ç¥¨©

6Vol(x0, x1, x2, x3) = 0⇒
{
¨áª«îç¨â¥«ìë© á«ãç ©, âà¥¡ã-

îé¨© ¤®¯®«¨â¥«ì®£® ¨§ãç¥¨ï



Q1, á«ãç © (1): £à ì (ui, uj, uk) ¨ à¥¡à®
(vp, vq) ¢ M ¥ ¨æ¨¤¥âë

6Vol(x0, x1, x2, y1) · 6Vol(x0, x1, x2, y2) > 0
⇒ ¥â á ¬®¯¥à¥á¥ç¥¨©.

� ç¥ á¬. á«¥¤ãîé¨© á« ©¤.



Q1, á«ãç © (1): £à ì (ui, uj, uk) ¨ à¥¡à®
(vp, vq) ¢ M ¥ ¨æ¨¤¥âë

�®¤á«ãç © 6Vol(x0, x1, x2, y1)·6Vol(x0, x1, x2, y2) < 0.

�á«¨ 6Vol(x0, x1, y1, y2), 6Vol(x1, x2, y1, y2) ¨
6Vol(x2, x0, y1, y2) ¨¬¥îâ ®¤¨ § ª, â® ¥áâì
á ¬®¯¥à¥á¥ç¥¨¥.



Q1, á«ãç © (1): £à ì (ui, uj, uk) ¨ à¥¡à®
(vp, vq) ¢ M ¥ ¨æ¨¤¥âë

�®¤á«ãç © 6Vol(x0, x1, x2, y1)·6Vol(x0, x1, x2, y2) < 0.

�á«¨ 6Vol(x0, x1, y1, y2), 6Vol(x1, x2, y1, y2) ¨
6Vol(x2, x0, y1, y2) ¨¬¥îâ ®¤¨ § ª, â® ¥áâì
á ¬®¯¥à¥á¥ç¥¨¥. � ç¥ . . .



Q1: ® ª®¬¯ìîâ¥à®¬ áçñâ¥

• ª ¦¤ ï § ¤ ç  ® ¯¥à¥á¥ç¥¨¨ âà¥ã£®«ì¨ª  ¨
®âà¥§ª  âà¥¡ã¥â ¢ëç¨á«¥¨ï ¤¢ãå ¨«¨ ¯ïâ¨
®¯à¥¤¥«¨â¥«¥©;

• ¢á¥£®  ¤® à¥è¨âì 72× 48 = 3456 â ª¨å § ¤ ç,
¢¥¤ì P ¨¬¥¥â 26 ¢¥àè¨, 72 à¥¡à  ¨ 48 £à ¥©.
�ë ã¬¥ìè ¥¬ íâ® ç¨á«® 72× 12 = 864;

• à¥§ã«ìâ âë á¨¬¢®«ìëå ¢ëç¨á«¥¨© ¢ Mathe-
matica 12.1: ¥â ¨ á ¬®¯¥à¥á¥ç¥¨©, ¨ á«ã-
ç ¥¢, âà¥¡ãîé¨å ¤®¯®«¨â¥«ì®£® ¨§ãç¥¨ï.

�â®£ ¤«ï Q1: P ¥ ¨¬¥¥â á ¬®¯¥à¥á¥ç¥¨©.



�®¤§ ¤ ç  Q2: � ¯®¬¨ ¨¥ ¨ ¯« 
¤¥©áâ¢¨©

• �®¤§ ¤ ç  Q2: ý�¡¥¤¨âìáï, çâ® P ¤®¯ãáª ¥â
â ª®¥ ¨§£¨¡ ¨¥, ¯à¨ ª®â®à®¬ ¨ ®¤¨ ¥£®
¤¢ã£à ë© ã£®« ¥ ®áâ ñâáï ¯®áâ®ïë¬.þ

• P ¤®¯ãáª ¥â 4-¯ à ¬¥âà¨ç¥áª®¥6 ¨§£¨¡ ¨¥.

• �¨¦¥ ¬ë áâà®¨¬ 1-¯ à ¬¥âà¨ç¥áª®¥
¨§£¨¡ ¨¥ Pt∈[α,β) ¬®£®£à ¨ª  P ¨
¯à®¢¥àï¥¬, çâ® ¯à¨ íâ®¬ ¨§£¨¡ ¨¨ ¨ ®¤¨
¤¢ã£à ë© ã£®« ¥ ®áâ ñâáï ¯®áâ®ïë¬.

6�.�. � ªá¨¬®¢, �.�. � ¡¨â®¢. � ¯®ïâ¨¨ ª®¬¡¨ â®à®©
p-¯ à ¬¥âà¨ç®áâ¨ ¬®£®£à ¨ª®¢ // �¨¡. ¬ â¥¬. ¦ãà. 2002. �.
43, ü 4. �. 823{839.



Q2: � ª ¨§£¨¡ ¥âáï S ?
�ãáâì E ï¢«ï¥âáï ýª®ìª®¬ ªàëè¨þ S ; x ¨ y
| ¢¥àè¨ë T , ¥ ¨æ¨¤¥âë¥ E; z |
¢¥àè¨  S ,  ¨¡®«¥¥ ã¤ «ñ ï ®â E; Π |
¯«®áª®áâì, ¯¥à¯¥¤¨ªã«ïà ï ®âà¥§ªã (x, y) ¨
¯à®å®¤ïé ï ç¥à¥§ ¥£® á¥à¥¤¨ã 1

2(x + y).

N.B.: z ¬®¦® ¯à®¨§¢®«ì® ¤¢¨£ âì ¯®
®ªàã¦®áâ¨ á æ¥âà®¬ 1

2(x + y), «¥¦ é¥© ¢ Π.

�§£¨¡ ¨¥ S : �¥àè¨ë T ¥¯®¤¢¨¦ë; z(t)
¤¢¨¦¥âáï ¯® ®ªàã¦®áâ¨ á ¥ã«¥¢®© áª®à®á-
âìî; |ż(0)| = 1; ª ¦¤ ï ¨§ 4å ®áâ ¢è¨åáï ¢¥à-
è¨ S á®¥¤¨¥  àñ¡à ¬¨ á âà¥¬ï ¨§ ã¯®¬ïã-
âëå ¢¥àè¨, ¯®íâ®¬ã ¥ñ ¯®«®¦¥¨¥ ®¯à¥¤¥«¥�®.



Q2: � ª ¡ã¤¥¬ ¨§£¨¡ âì P?

N.B.: P áª«¥¥ ¨§ 4å ª®¯¨© S , ¯®«ãç ¥¬ëå
¯®¢®à®â ¬¨   90◦ ¢®ªàã£ E. � §ë¢ ¥¬ íâ¨
ª®¯¨¨ á¥£¬¥â ¬¨ P.

�§£¨¡ ¨¥ P: ¤¢¨¦¥¨¥ ®¤®£® á¥£¬¥â 
§ ¤ ñ¬ ª ª ®¯¨á ®   ¯à¥¤ë¤ãé¥¬ á« ©¤¥,  
  ®áâ «ìë¥ á¥£¬¥âë ý¯¥à¥®á¨¬þ íâ®
¤¢¨¦¥¨¥ ¯®¢®à®â ¬¨   90◦ ¢®ªàã£ E.

� ç¨â, ã¦® ã¡¥¤¨âìáï ¢ ¥¯®áâ®ïáâ¢¥
¤¢ã£à ëå ã£«®¢ â®«ìª® ¤«ï ®¤®£® á¥£¬¥â 
P,   ¨¬¥®, ¤«ï 21− 3 = 18 ¤¢ã£à ëå
ã£«®¢ (  íâ® ¬¥ìè¥ 72).



Q2: �éñ ã¬¥ìè ¥¬ ª®«¨ç¥áâ¢®
¯à®¢¥àï¥¬ëå ¤¢ã£à ëå ã£«®¢

N.B.: �à¨ ¨§£¨¡ ¨¨ ®ªâ í¤à  �à¨ª à  B
¨§¬¥ïîâáï ¢á¥ ¤¢ã£à ë¥ ã£«ë.

�®íâ®¬ã ¯à®¢¥àïâì ã¦® â®«ìª® ç¥âëà¥
¤¢ã£à ëå ã£«  ϕ(t),   ¨¬¥® â¥, £à ¨
ª®â®àëå ¯à¨ ¤«¥¦ â à §ë¬ ®ªâ í¤à ¬
�à¨ª à .



Q2: �®áâ â®ç® ¯à®¢¥à¨âì, çâ® ϕ̇(0) 6= 0

�àã£¨¬¨ á«®¢ ¬¨, ¤®áâ â®ç® ¯à®¢¥à¨âì, çâ®
ϕ̇(0) 6= 0 ¤«ï ç¥âëàñå ¤¢ã£à ëå ã£«®¢ ϕ(t).

N.B.: �â¤¥«ì® ¢§ïâë© á¥£¬¥â P ¯¥à¥å®¤¨â ¢
á¥¡ï ¯®¤ ¤¥©áâ¢¨¥¬ ¯®¢®à®â    180◦ ¢®ªàã£
¯àï¬®©, ¯à®å®¤ïé¥© ç¥à¥§ z ¨ á¥à¥¤¨ã à¥¡à E.

�®íâ®¬ã ¤®áâ â®ç® ¯à®¢¥à¨âì, çâ® ϕ̇(0) 6= 0
â®«ìª® ¤«ï ¤¢ãå ¤¢ã£à ëå ã£«®¢.



Q2: �ëç¨á«¥¨¥ ¢¥ªâ®à®¢ áª®à®áâ¨
¢¥àè¨ ¯à¨ t = 0

� §®¢ñ¬ ¬®¦¥áâ¢®, á®áâ®ïé¥¥ ¨§ ¢¥àè¨ T ¨
¢¥àè¨ë z, à¥ä¥à¥áë¬ ¬®¦¥áâ¢®¬. �«ï
«î¡®© â®çª¨ íâ®£® ¬®¦¥áâ¢  ¬ë § ¥¬ ¥ñ
áª®à®áâì ¯à¨ t = 0 ¥¯®áà¥¤áâ¢¥® ¨§
¯®áâà®¥¨ï ¨§£¨¡ ¨ï P.

�¢  ¨â¥à¥áãîé¨å  á ¤¢ã£à ëå ã£« 
â ª®¢ë, çâ® «î¡ ï ª®æ¥¢ ï â®çª  p à¥¡à 
íâ®£® ¤¢ã£à ®£® ã£«  «¨¡® á ¬  ï¢«ï¥âáï
à¥ä¥à¥á®©, «¨¡® á®¥¤¨ï¥âáï àñ¡à ¬¨ P á
âà¥¬ï à¥ä¥à¥áë¬¨ â®çª ¬¨. �¡®§ ç¨¬ ¨å
ç¥à¥§ pk,   ¨å áª®à®áâ¨ ç¥à¥§ vk, k = 1, 2, 3.



Q2: �ëç¨á«¥¨¥ ¢¥ªâ®à®¢ áª®à®áâ¨
¢¥àè¨ ¯à¨ t = 0. �à®¤®«¦¥¨¥

• �¥ªâ®à áª®à®áâ¨ v ¢¥àè¨ë p  å®¤¨¬ ª ª
à¥è¥¨¥ á¨áâ¥¬ë «¨¥©ëå  «£¥¡à ¨ç¥áª¨å
ãà ¢¥¨©

(p− pk) · (v − vk) = 0, k = 1, 2, 3.

• �ëç¨á«¥¨ï ¯à®¢®¤¨¬ á¨¬¢®«ì® ¢ Wolfram's
Mathematica 12.1.

• � à¥§ã«ìâ â¥ § ¥¬ ¥ â®«ìª® ª®®à¤¨ âë, ®
¨ áª®à®áâ¨ ¢á¥å ¢¥àè¨ P [¯à¨ t = 0].



Q2: �«  § ¢¥àè îé¥£® ¢ëç¨á«¥¨ï

• �«¨ë ¢á¥å  à¨á®¢ ëå àñ¡¥à
áâ æ¨® àë, â.¥. (qi − qj) · (vi − vj) = 0.



Q2: �«  § ¢¥àè îé¥£® ¢ëç¨á«¥¨ï

• �«¨ë ¢á¥å  à¨á®¢ ëå àñ¡¥à
áâ æ¨® àë, â.¥. (qi − qj) · (vi − vj) = 0.
• �¢ã£à ë© ã£®« ¯à¨ à¥¡à¥ (q1, q2) áâ æ¨®-
 à¥ ⇒ �«¨  à¥¡à  (q3, q4) áâ æ¨® à , â.¥.
(q3− q4) · (v3− v4) = 0. � è ¯«  | ã¡¥¤¨âìáï,
çâ® ¯®á«¥¤¥¥ à ¢¥áâ¢®  àãè ¥âáï.



Q2: � ¢¥àè îé¥¥ ¢ëç¨á«¥¨¥

�¨¬¢®«ìë¥ ¢ëç¨á«¥¨ï ¢ Wolfram's
Mathematica 12.1 ¤ îâ (q3 − q4) · (v3 − v4) 6= 0.

�â®£ ¤«ï Q2: P ¤®¯ãáª ¥â ¨§£¨¡ ¨¥, ¯à¨
ª®â®à®¬ ¨ ®¤¨ ¥£® ¤¢ã£à ë© ã£®« ¥
®áâ ñâáï ¯®áâ®ïë¬.

�¡é¨© ¨â®£: ®á®¢®© à¥§ã«ìâ â ¤®ª § . �



�à ¢¥¨¥ á ¤¨¯«®¬®¬ � á« ¢áª®£®7

• � á¢ï§¨ á ¢®¯à®á®¬ �.�. � ¡¨â®¢  ¢ 7 ¯®áâà®-
¥ë 2 ¬®£®£à-ª ; ®¤¨ ¨§ ¨å á®¢¯ ¤ ¥â á P;

• ¢ 7 ¨§ãç¥ ¢®¯à®á ®¡ ®âáãâáâ¢¨¨ á ¬®¯¥à¥á¥-
ç¥¨© ã ¬®¤¨ä¨æ¨à®¢ ®£® ¬-ª  �â¥ää¥ ,
® ¯à¨ íâ®¬ ¨á¯®«ì§®¢ ë ¯à¨¡«¨¦ñë¥ ¢ë-
ç¨á«¥¨ï;

• ¢ 7 ¥â  à£ã¬¥â®¢ ¢ ¯®«ì§ã â®£®, çâ®

I ã P ¥â á ¬®¯¥à¥á¥ç¥¨©;

I ¢á¥ ¤¢ã£à ë¥ ã£«ë P ¨§¬¥ïîâáï.

7�.�. � á« ¢áª¨©. �¨ £® «¨ ¨§£¨¡ ¥¬ëå ¬®£®£à ¨ª®¢ //
�¨¯«®¬ ï à ¡®â . � ä¥¤à  ¢ëáè¥© £¥®¬¥âà¨¨ ¨ â®¯®«®£¨¨.
�®áª®¢áª¨© £®á. ã¨¢¥àá¨â¥â ¨¬. �.�. �®¬®®á®¢ . 2019. 13 á.



�®ªà¥âë¥ ®âªàëâë¥ ¢®¯à®áë

•�ãé¥áâ¢ã¥â «¨ § ¬ªãâë© 1-¯ à ¬¥âà¨ç¥áª¨©
¨§£¨¡ ¥¬ë© ¬®£®£à ¨ª ¢ R3, ¥ ¨¬¥îé¨©
á ¬®¯¥à¥á¥ç¥¨© ¨ â ª®©, çâ® ¯à¨ ¥£®
¨§£¨¡ ¨¨ ¨§¬¥ïîâáï ¢á¥ ¤¢ã£à ë¥ ã£«ë?

• �ãé¥áâ¢ã¥â «¨ § ¬ªãâë© ¨§£¨¡ ¥¬ë©
¬®£®£à ¨ª ¢ R3, ¥ ¨¬¥îé¨© á ¬®¯¥à¥-
á¥ç¥¨© ¨ â ª®©, çâ® ¯à¨ ¥£® ¨§£¨¡ ¨¨
¨§¬¥ïîâáï ¤«¨ë ¢á¥å ¥£® ¤¨ £® «¥©?



�âªàëâë¥ ¢®¯à®áë, ¡®«¥¥ ¯®å®¦¨¥  
 ¯à ¢«¥¨ï ¨áá«¥¤®¢ ¨©

• �«¨ë ª ª¨å ¤¨ £® «¥© ¢®®¡é¥ ¨«¨ ¬ «ëå
¤¨ £® «¥© ¢ ç áâ®áâ¨ ã¦® § ä¨ªá¨à®¢ âì,
çâ®¡ë ¬®£®£à ¨ª ®ª § «áï ¥¨§£¨¡ ¥¬ë¬?
[�.�. � ¡¨â®¢8,9.]

• �á¥ ®¡áã¦¤ ¢è¨¥áï ¢®¯à®áë ¬®¦® áâ ¢¨âì
¥ â®«ìª® ¢ R3,   ¢ «î¡®¬ ¯à®áâà áâ¢¥
¯®áâ®ï®© ªà¨¢¨§ë à §¬¥à®áâ¨ ≥ 3.

8�.�. � ªá¨¬®¢, �.�. � ¡¨â®¢. � ¯®ïâ¨¨ ª®¬¡¨ â®à®©
p-¯ à ¬¥âà¨ç®áâ¨ ¬®£®£à ¨ª®¢ // �¨¡. ¬ â¥¬. ¦ãà. 2002. �.
43, ü 4. �. 823{839.

9I.Kh. Sabitov. On polyhedra with calculable diagonals // Rend.
Circ. Mat. Palermo (2), Suppl. 2002. V. 70. P. 289{294.



�¯ á¨¡® §  ¢¨¬ ¨¥!


