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�­­®â æ¨ï

� ¤®ª« ¤¥ ¤ ñâáï ¯®«®¦¨â¥«ì­ë© ®â¢¥â ­ 
á«¥¤ãîé¨© ¢®¯à®á �.�. � ¡¨â®¢ :

�ãé¥áâ¢ã¥â «¨ § ¬ª­ãâë© ¨§£¨¡ ¥¬ë© ¬­®£®-
£à ­­¨ª ¢ R3, ­¥ ¨¬¥îé¨© á ¬®¯¥à¥á¥ç¥­¨© ¨
â ª®©, çâ® ¯à¨ ¥£® ¨§£¨¡ ­¨¨ ¨§¬¥­ïîâáï ¢á¥
¤¢ã£à ­­ë¥ ã£«ë?1,2

� è ¯à¨¬¥à ¨¬¥¥â 26 ¢¥àè¨­, 72 à¥¡à  ¨ 48
£à ­¥©. �«ï ¨§ãç¥­¨ï ¥£® á¢®©áâ¢ ¨á¯®«ì§®-
¢ ­  Wolfram's Mathematica.

1�.�. �â®£à¨­. �¡ ¨§£¨¡ ¥¬ëå ¯®«¨í¤à «ì­ëå ¯®¢¥àå­®áâïå
// �àã¤ë ����. 2015. �. 288. �. 171{183.

2A.A. Gaifullin. Flexible polyhedra and their volumes // In:
Proceedings of the 7th European congress of mathematics, Berlin,
2016. Z�urich: European Mathematical Society, 2018. P. 63{83.



�à®¤®«¦¥­¨¥  ­­®â æ¨¨

�¦¥ ¯®á«¥ â®£®, ª ª ¨­ä®à¬ æ¨ï ®¡ íâ®¬ ¤®ª-
« ¤¥ ¡ë«  à §®á« ­  ãç áâ­¨ª ¬ á¥¬¨­ à  ¯®
�¨áªà¥â­®© £¥®¬¥âà¨¨ ¨ £¥®¬¥âà¨¨ ç¨á¥«, �.�.
� ©äã««¨­ ¯à¨á« « ¬­¥ ¤¨¯«®¬­ãî à ¡®âã3,
§ é¨éñ­­ãî ¢ 2019 £®¤ã ¯®¤ ¥£® àãª®¢®¤áâ¢®¬.

�ª § «®áì, çâ® ­ è ¯à¨¬¥à ã¦¥ ¡ë« ¯®áâà®¥­ ¢
¤¨¯«®¬¥ �.�. � á« ¢áª®£®, ¯à¨çñ¬ ¯®áâà®¥­
¨¬¥­­® ¤«ï ®â¢¥â  ­  ¢®¯à®á �.�. � ¡¨â®¢ .

3�.�. � á« ¢áª¨©. �¨ £®­ «¨ ¨§£¨¡ ¥¬ëå ¬­®£®£à ­­¨ª®¢ //
�¨¯«®¬­ ï à ¡®â . � ä¥¤à  ¢ëáè¥© £¥®¬¥âà¨¨ ¨ â®¯®«®£¨¨.
�®áª®¢áª¨© £®á. ã­¨¢¥àá¨â¥â ¨¬. �.�. �®¬®­®á®¢ . 2019. 13 á.



�¯à¥¤¥«¥­¨¥ ¬­®£®£à ­­¨ª 

�ãáâì M |  ¡áâà ªâ­®¥ ¤¢ã¬¥à­®¥ ¬­®£®-
®¡à §¨¥, áª«¥¥­®¥ ¨§ ª®­¥ç­®£® ç¨á« 
¥¢ª«¨¤®¢ëå âà¥ã£®«ì­¨ª®¢ ∆k, k = 1, . . . , n.
[�¥ ¨áª«îç ¥âáï, çâ® M ¨¬¥¥â ­¥¯ãáâ®© ªà ©.]

�ãáâì f : M→ R3 | ­¥¯à¥àë¢­®¥
®â®¡à ¦¥­¨¥, ®£à ­¨ç¥­¨¥ ª®â®à®£® ­ 
ª ¦¤ë© âà¥ã£®«ì­¨ª ∆k ï¢«ï¥âáï «¨­¥©­ë¬
¨§®¬¥âà¨ç­ë¬ ¢«®¦¥­¨¥¬.

�®£¤  f(M) ­ §ë¢ ¥âáï ¬­®£®£à ­­¨ª®¬ ¢ R3.



�¯à¥¤¥«¥­¨¥ á ¬®¯¥à¥á¥ç¥­¨ï

�á«¨ δ ⊂ M á®¢¯ ¤ ¥â á ®¤­¨¬ ¨§ ∆k, «¨¡® á
¥£® áâ®à®­®©, «¨¡® á ¢¥àè¨­®©, â® f(δ) ⊂ R3

­ §ë¢ ¥¬ £à ­ìî, à¥¡à®¬, ¨«¨ ¢¥àè¨­®© f(M).

�á«¨ ®â®¡à ¦¥­¨¥ f : M→ R3 ¨­ê¥ªâ¨¢­®, â®
£®¢®àïâ, çâ® ¬­®£®£à ­­¨ª f(M) ­¥ ¨¬¥¥â
á ¬®¯¥à¥á¥ç¥­¨©.

�®çªã x ∈ f(M) ⊂ R3 ­ §ë¢ îâ â®çª®©
á ¬®¯¥à¥á¥ç¥­¨ï ¬­®£®£à ­­¨ª  f(M), ¥á«¨ ¥ñ
¯®«­ë© ¯à®®¡à § f−1(x) ⊂ M á®áâ®¨â ¡®«¥¥ ç¥¬
¨§ ®¤­®© â®çª¨.



�¯à¥¤¥«¥­¨¥ ¨§£¨¡ ­¨ï

�­®£®£à ­­¨ª P = f(M) ­ §ë¢ ¥¬ ¨§£¨¡ ¥¬ë¬,
¥á«¨ ¥£® ¯à®áâà ­áâ¢¥­­ãî ä®à¬ã ¬®¦­® ¨§-
¬¥­¨âì ­¥¯à¥àë¢­ë¬ ®¡à §®¬ â®«ìª® §  áçñâ
¨§¬¥­¥­¨ï ¥£® ¤¢ã£à ­­ëå ã£«®¢, â.¥. ¥á«¨ P
¬®¦­® ¢ª«îç¨âì ¢ ­¥¯à¥àë¢­®¥ á¥¬¥©áâ¢®
{Pt}t∈[α,β) â ª, çâ® P = Pα ¨ ∀t ∈ (α, β)
• Pα ¨ Pt ª®¬¡¨­ â®à­® íª¢¨¢ «¥­â­ë;
• á®®â¢¥âáâ¢ãîé¨¥ £à ­¨ Pα ¨ Pt ª®­£àãí­â­ë;
• Pα ¨ Pt ­¥ ª®­£àãí­â­ë.

� ª®¥ á¥¬¥©áâ¢® {Pt}t∈[α,β) ­ §ë¢ ¥¬
­¥âà¨¢¨ «ì­ë¬ ¨§£¨¡ ­¨¥¬ ¬­®£®£à ­­¨ª  P.



�à¨¬¥à: �ªâ í¤à �à¨ª à  â¨¯  1

�­®£®£à ­­¨ª D . �á«®¢¨ï ­  ¤«¨­ë ¥£® áâ®à®­:

|A1B1| = |A2B2| ¨ |B1A2| = |B2A1|.



�ªâ í¤à �à¨ª à  â¨¯  1: ¯à®¤®«¦¥­¨¥

�­®£®£à ­­¨ª D ¨ ®ªâ í¤à �à¨ª à  â¨¯  1, B.



�ªâ í¤à �à¨ª à  B: á ¬®¯¥à¥á¥ç¥­¨ï



�ªâ í¤à �à¨ª à  B: á ¬®¯¥à¥á¥ç¥­¨ï



�¥®à¥¬  (�á­®¢­®© à¥§ã«ìâ â)
� R3 áãé¥áâ¢ã¥â ¬­®£®£à ­­¨ª P,
®¡« ¤ îé¨© á«¥¤ãîé¨¬¨ á¢®©áâ¢ ¬¨:

1. P ª®¬¡¨­ â®à­® íª¢¨¢ «¥­â¥­ áä¥à¥ S2,
¨¬¥¥â â®«ìª® âà¥ã£®«ì­ë¥ £à ­¨ ¨ ­¥
¨¬¥¥â á ¬®¯¥à¥á¥ç¥­¨©,

2. áãé¥áâ¢ã¥â (­¥¯à¥àë¢­®¥, ­¥âà¨¢¨ «ì­®¥)
¨§£¨¡ ­¨¥ ¬­®£®£à ­­¨ª  P, ¯à¨ ª®â®à®¬
­¨ ®¤¨­ ¨§ ¥£® ¤¢ã£à ­­ëå ã£«®¢ ­¥
®áâ ñâáï ¯®áâ®ï­­ë¬.

N.B.: �®áâà®¥­­ë© ­ ¬¨ P ¨¬¥¥â 26 ¢¥àè¨­, 72
à¥¡à  ¨ 48 £à ­¥© ¨ á®¢¯ ¤ ¥â á ®¤­¨¬ ¨§
¯à¨¬¥à®¢, ¯®áâà®¥­ëå �.�. � á« ¢áª¨¬ ¢ 3.



�­®£®£à ­­¨ª �â¥ää¥­  S

�§£¨¡ ¥¬ë© ¬­®£®£à ­­¨ª �â¥ää¥­ , S ,
¯®«ãç ¥âáï áª«¥¨¢ ­¨¥¬ ¯® ª®­£àãí­â­ë¬
£à ­ï¬ ­¥ª®â®à®£® â¥âà í¤à , T , ¨ ¤¢ãå ª®¯¨©
®¤­®£® ¨ â®£® ¦¥ ®ªâ í¤à  �à¨ª à  â¨¯  1, B.

�¡é¥¨§¢¥áâ­®: S ¨¬¥¥â 9 ¢¥àè¨­, 21 à¥¡à® ¨
14 £à ­¥©; ®­ ï¢«ï¥âáï ¨§£¨¡ ¥¬ë¬ ¨ ­¥ ¨¬¥¥â
á ¬®¯¥à¥á¥ç¥­¨©.



� §¢ñàâª  ¬­®£®£à ­­¨ª 
�â¥ää¥­  S



�á­®¢­ ï ¨¤¥ï

N.B.: S ¨¬¥¥â ¢á¥£® ®¤­® à¥¡à®, E, ¤¢ã£à ­­ë©
ã£®« ¯à¨ ª®â®à®¬ ®áâ ñâáï ¯®áâ®ï­­ë¬ ¢ ¯à®-
æ¥áá¥ ¨§£¨¡ ­¨ï; ®­ à ¢¥­ arccos 45

287 ≈ 80◦59′.

�á­®¢­ ï ¨¤¥ï: �®¤¥à­¨§¨à®¢ âì S â ª, çâ®¡ë
¤¢ã£à ­­ë© ã£®« ¯à¨ E áâ « à ¢­ïâìáï 90◦;
âà¨¦¤ë ¯®¢¥à­ãâì ¬®¤¥à­¨§¨à®¢ ­­ë©
¬­®£®£à ­­¨ª ­  90◦ ¢®ªàã£ E ¨ áª«¥¨âì ¢á¥ 4
¬­®£®£à ­­¨ª .

�®«ãç¨¢è¨©áï ¬­®£®£à ­­¨ª P ¨ ¥áâì
¨áª®¬ë©, ¢¥¤ì E ­¥ ï¢«ï¥âáï ¥£® à¥¡à®¬.



�â® ¯à¥¤áâ®¨â ¤®ª § âì?

�®¤§ ¤ ç  Q1: �¡¥¤¨âìáï, çâ® P ­¥ ¨¬¥¥â
á ¬®¯¥à¥á¥ç¥­¨©.

�®¤§ ¤ ç  Q2: �¡¥¤¨âìáï, çâ® P ¤®¯ãáª ¥â
â ª®¥ ¨§£¨¡ ­¨¥, ¯à¨ ª®â®à®¬ ­¨ ®¤¨­ ¥£®
¤¢ã£à ­­ë© ã£®« ­¥ ®áâ ñâáï ¯®áâ®ï­­ë¬.



Q1 { å®à®è® ¨§¢¥áâ­ ï § ¤ ç 

�­  ¢®§­¨ª ¥â ¢ ¬ â¥¬ â¨ª¥ ¨ ¯à¨ª« ¤­®©
¬ â¥¬ â¨ª¥, â¥®à¥â¨ç¥áª®¬ ¯à®£à ¬¬¨à®¢ ­¨¨
¨ ¯à¨  ­¨¬ æ¨¨ ¢ ª®¬¯ìâ¥à­ëå ¨£à å.

�§¢¥áâ­ë ¤¥áïâª¨ ¢ à¨ ­â®¢ § ¤ ç¨ Q1 ¨
¬­®£¨¥ ¤¥áïâª¨  «£®à¨â¬®¢ ¤«ï ¨å à¥è¥­¨ï4,5.

4Ch. Ericson. Real-time collision detection. San Francisco: Morgan
Kaufmann Publishers, 2005.

5D.M. Mount. Geometric intersection. In: C.D. Toth (ed.) et al.
Handbook of discrete and computational geometry. 3rd ed. Boca
Raton: CRC Press, 2017. Chapter 42.



Q1: ­ ¬ ­¥ ¯®¤å®¤ïâ áãé¥áâ¢ãîé¨¥
 «£®à¨â¬ë

�®â¨¬ ¨¬¥âì ¤®áâ®¢¥à­ë© à¥§ã«ìâ â, ¯®íâ®¬ã:

• �®â¨¬ ¨á¯®«ì§®¢ âì â®«ìª® á¨¬¢®«ì­ë¥
¢ëç¨á«¥­¨ï, ­ ¯à., ¢ Mathematica; â.¥. ­¥
å®â¨¬ à ¡®â âì á ç¨á« ¬¨ á ¯« ¢ îé¥©
â®çª®©.
• �®â¨¬, çâ®¡ë  «£®à¨â¬ ¡ë« «®£¨ç¥áª¨
¬ ªá¨¬ «ì­® ¯à®§à ç­ë¬; ¤«ï íâ®£® ­¥
à §¡¨à ¥¬ ý¨áª«îç¨â¥«ì­ë¥ á«ãç ¨þ, ­® ®
¯®ï¢«¥­¨¨ ª ¦¤®£® â ª®£® á«ãç ï ª®¬¯ìîâ¥à
­ á ¨§¢¥é ¥â; â.¥. ­ ¬ ­¥ ¨­â¥à¥á­ë ¯®«­ ï
 ¢â®¬ â¨§ æ¨ï, âàã¤®ñ¬ª®áâì, ¡ëáâà®¤¥©áâ¢¨¥.



Q1: á¢¥¤�¥­¨¥ ª ¯¥à¥á¥ç¥­¨î
âà¥ã£®«ì­¨ª  ¨ ®âà¥§ª 

N.B.: �­®£®£à ­­¨ª ¨¬¥¥â á ¬®¯¥à¥á¥ç¥­¨¥
⇔ ã ­¥£® ¥áâì ¤¢¥ ¯¥à¥á¥ª îé¨¥áï £à ­¨
⇔ ã ­¥£® ¥áâì ¯¥à¥á¥ª îé¨¥áï £à ­ì ¨ à¥¡à®.



Q1: ¯®ç¥¬ã ¯¥à¥¡¨à ¥¬ £à ­¨ ¨ à¥¡à 
¢ M,   ­¥ ¢ f(M) ⊂ R3?



Q1: á«ãç ¨ ¢§ ¨¬­®£® à á¯®«®¦¥­¨ï
£à ­¨ ¨ à¥¡à  ¢ M:

(1) ®­¨ ­¥ ¨­æ¨¤¥­â­ë ¤àã£ ¤àã£ã (  §­ ç¨â, ¢áïª®¥

¯¥à¥á¥ç¥­¨¥ ¨å ®¡à §®¢ ¢ f(M) ¤ ñâ á ¬®¯¥à¥á¥ç¥­¨¥ á ¬®£® f(M));

(2) ®­¨ ¨¬¥îâ ®¤­ã ®¡éãî ¢¥àè¨­ã (§­ ç¨â, ®¡à §

íâ®© ®¡é¥© ¢¥àè¨­ë «¥¦¨â ¢ ¯¥à¥á¥ç¥­¨¨ ¨å ®¡à §®¢ ¢ f(M), ­®

íâ® ¥éñ ­¥ ®§­ ç ¥â, çâ® ã f(M) ¥áâì á ¬®¯¥à¥á¥ç¥­¨¥);

(3) ®­¨ ¨¬¥îâ ¤¢¥ ®¡é¨¥ ¢¥àè¨­ë (¡¥§ ¢ëç¨á«¥­¨©

ïá­®, çâ® íâ  ¯ à  ý£à ­ì{à¥¡à®þ ­¥ ¯®à®¦¤ ¥â á ¬®¯¥à¥á¥ç¥­¨©

ã f(M)).


