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2: �­­®â æ¨ï

� ­ë ­ âãà «ì­ë¥ à §¢ñàâª¨ ¤¢ãå ¢ë¯ãª«ëå
®ªâ í¤à®¢ ¢ R3. �ë ®¡êïá­ï¥¬ ª ª¨¥ ¢ëç¨á«¥­¨ï
­ ¤® ¯à®¤¥« âì á ¤«¨­ ¬¨ àñ¡¥à íâ¨å à §¢ñàâ®ª,
çâ®¡ë ®¤­®§­ ç­® ®â¢¥â¨âì ­  ¢®¯à®á \�¥à­® «¨,
çâ® ®ªâ í¤àë, ¯®à®¤¨¢è¨¥ íâ¨ à §¢ñàâª¨,
 ää¨­­® íª¢¨¢ «¥­â­ë ¤àã£ ¤àã£ã?"

�   ­ «®£¨ç­ë© ¢®¯à®á ®¡ ¨§®¬¥âà¨ç­®áâ¨ ¢ë-
¯ãª«ëå ¬­®£®£à ­­¨ª®¢ ®â¢¥ç ¥â â¥®à¥¬  �®è¨:
\�­®£®£à ­­¨ª¨ ¨§®¬¥âà¨ç­ë ⇔ ¨å à §¢ñàâª¨
¨§®¬¥âà¨ç­ë". �.¥. ¤«ï ãáâ ­®¢«¥­¨ï ¨§®¬¥âà¨ç-
­®áâ¨ ¢ë¯ãª«ëå ¬­®£®£à ­­¨ª®¢ ¢ëç¨á«¥­¨ï
­¥ âà¥¡ãîâáï ¨ à §¢ñàâª¨ ¬®£ãâ ¡ëâì «î¡ë¬¨.



3: �à¥¤®áâ¥à¥¦¥­¨¥

�î¡ë¥ ¤¢  âà¥ã£®«ì­¨ª   ää¨­­®-íª¢¨¢ «¥­â­ë,
®¤­ ª® áà¥¤¨ ¬­®£®£à ­­¨ª®¢ á ¨áª«îç¨â¥«ì­®
âà¥ã£®«ì­ë¬¨ £à ­ï¬¨ ¥áâì  ää¨­®
­¥íª¢¨¢ «¥­â­ë¥:



4: �­®£®£à ­­¨ª¨ á ¨áª«îç¨â¥«ì­®
3-¢ «¥­â­ë¬¨ ¢¥àè¨­ ¬¨

�.�. �«¥ªá ­¤à®¢, \� á¯®§­ ¢ ­¨¥  ää¨­­®-
íª¢¨¢ «¥­â­ëå ¬­®£®£à ­­¨ª®¢ ¯® ¨å ­ âãà «ì-
­ë¬ à §¢¥àâª ¬", �¨¡. ¬ â. ¦., 64:2 (2023),
252{275.



5: �­®£®£à ­­¨ª¨ á ­¥áª®«ìª¨¬¨
3-¢ «¥­â­ë¬¨ ¢¥àè¨­ ¬¨

�à¥ã£®«ì­ ï ¡¨¯¨à ¬¨¤  J12;
�¤«¨­ñ­­ ï âà¥ã£®«ì­ ï ¡¨¯¨à ¬¨¤  J14;
�¢ãáª â­ë© ¯®¢ñà­ãâë© ¡¨ªã¯®« J26.



6: �®áâ ­®¢ª  § ¤ ç¨ ¤«ï ®ªâ í¤à®¢

� ­®: ­ âãà «ì­ë¥ à §¢ñàâª¨ ¤¢ãå ¢ë¯ãª«ëå
®ªâ í¤à®¢.

�¥ ¤ ­ë: á ¬¨ ®ªâ í¤àë (¢ ç áâ­®áâ¨, ­¥ ¤ ­ë

ª®®à¤¨­ âë ¢¥àè¨­ ¨ ¤«¨­ë ¤¨ £®­ «¥©).

�à¥¡ã¥âáï: ¯®­ïâì ï¢«ïîâáï «¨ íâ¨ ®ªâ í¤àë
 ää¨­­® íª¢¨¢ «¥­â­ë¬¨.

� §à¥è ¥âáï: ¯à®¨§¢®¤¨âì ¨§¬¥à¥­¨ï ­  à §¢ñàâ-

ª å (­ ¯à¨¬¥à, ¨§¬¥àïâì à ááâ®ï­¨¥ dij ¬¥¦¤ã
¢¥àè¨­ ¬¨ i ¨ j ®¤­®© £à ­¨ à §¢ñàâª¨) ¨ ¯à®-
¨§¢®¤¨âì ¢ëç¨á«¥­¨ï á ¯®«ãç¥­­ë¬¨ ¤ ­­ë¬¨
(¢ â¥®à¥¬¥ �®è¨ ¢ëç¨á«¥­¨ï ­¥ ­ã¦­ë).



7: �¡é ï ¨¤¥ï à¥è¥­¨ï { ­ ç «®

�® â¥®à¥¬¥ �®è¨ ¢ë¯ãª«ë© ¬­®£®£à ­­¨ª
®¤­®§­ ç­® ®¯à¥¤¥«ï¥âáï á¢®¥© à §¢ñàâª®©.

P ¨ P′ { ®ªâ í¤àë á ¤ ­­ë¬¨ à §¢ñàâª ¬¨;
i, j, k, l { ¢¥àè¨­ë ®ªâ í¤à®¢ P,P′ (¨ ¨å à §¢ñàâ®ª);
dij ¨ d′

ij
{ ª¢ ¤à âë ¤«¨­ë à¥¡à , á®¥¤¨­ïîé¥£®

i, j ¢ P ¨ P′ (¨ ¨å à §¢ñàâª å), ¥á«¨ â ª®¥
à¥¡à® ¨¬¥¥âáï;

δij ¨ δ′ij { ª¢ ¤à âë ¤«¨­ë ¤¨ £®­ «¨ ¬­®£®£à ­-

­¨ª®¢ P ¨ P′, á®¥¤¨­ïîé¥© ¢¥àè¨­ë i, j ¢ R3.



8: �¡é ï ¨¤¥ï à¥è¥­¨ï { ¯à®¤®«¦¥­¨¥

�á¯®«ì§ãï â¥®à¥¬ã �í«¨{�¥­£¥à  ¬ë áâà®¨¬
­¥ª®â®àãî á¨áâ¥¬ã (Σ) ¯®«¨­®¬¨ «ì­ëå
ãà ¢­¥­¨© ¨ ­¥à ¢¥­áâ¢ (á ª®íää¨æ¨¥­â ¬¨,
ï¢«ïîé¨¬¨áï ¬­®£®ç«¥­ ¬¨ ®â ç¨á¥« dij),
à¥è¥­¨ï¬¨ ª®â®à®© ï¢«ïîâáï ç¨á«  δij.

� á¨«ã â¥®à¥¬ë �®è¨ íâ  á¨áâ¥¬  ¨¬¥¥â
¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥.

�­ «®£¨ç­ ï á¨áâ¥¬  (Σ′) ¯®áâà®¥­­ ï ¤«ï
¬­®£®£à ­­¨ª  P′ ¯®§¢®«ï¥â ý­ ©â¨þ ç¨á«  δ′

ij
.



9: �¡é ï ¨¤¥ï à¥è¥­¨ï { ®ª®­ç ­¨¥

�ªâ í¤àë P ¨ P′  ää¨­­®-íª¢¨¢ «¥­â­ë ⇔
à¥è¥­¨ï δij ¨ δ′ij á¨áâ¥¬ (Σ) ¨ (Σ′) â ª®¢ë, çâ®
∃ α > 0 â ª®¥, çâ® ¤«ï «î¡ëå ¢¥àè¨­ i, j, k, l
®ªâ í¤à  P ¢ë¯®«­¥­® à ¢¥­áâ¢®

vol23(conv(ijkl)′) = α vol23(conv(ijkl)). (1)

�¤¥áì conv(ijkl)′ ¨ conv(ijkl) { ¢ë¯ãª«ë¥
®¡®«®çª¨ ¢¥àè¨­ i, j, k, l ®ªâ í¤à®¢ P′ ¨ P
á®®â¢¥âáâ¢¥­­®.



10: �¨â¥à âãà 

[1] V. Alexandrov, \How to decide whether two
convex octahedra are a�nely equivalent using
their natural developments only" // Journal for
Geometry and Graphics, 26:1 (2022), 29{38.

https://www.heldermann-verlag.de/jgg/jgg26/j26h1alex.pdf
https://www.heldermann-verlag.de/jgg/jgg26/j26h1alex.pdf
https://www.heldermann-verlag.de/jgg/jgg26/j26h1alex.pdf


11: �¯à¥¤¥«¨â¥«ì �í«¨{�¥­£¥à 

�ãáâì (X, ρ) { ¬¥âà¨ç¥áª®¥ ¯à®áâà ­áâ¢® ¨
{x1, x2, . . . , xk} ⊂ X. �®£¤ ∣∣∣∣∣∣∣∣∣∣∣∣∣

0 1 1 . . . 1
1 0 ρ2(x1, x2) . . . ρ2(x1, xk)
1 ρ2(x2, x1) 0 . . . ρ2(x2, xk)
. . . . .
1 ρ2(xk, x1) ρ2(xk, x2) . . . 0

∣∣∣∣∣∣∣∣∣∣∣∣∣
­ §ë¢ ¥âáï ®¯à¥¤¥«¨â¥«¥¬ �í«¨{�¥­£¥à .

�¡®§­ ç¥­¨¥: cm(x1, x2, . . . , xk).



12: cm ¨ ®¡êñ¬ á¨¬¯«¥ªá 

�ãáâì (X, ρ) = (Rn, | · |);
〈x1, x2, . . . , xk〉 { á¨¬¯«¥ªá á ¢¥àè¨­ ¬¨

x1, x2, . . . , xk ¢ Rn, £¤¥ 2 6 k 6 n + 1.

�®£¤ 

(volk−1〈x1, . . . , xk〉)
2 =

(−1)k

2k−1(k − 1)!
cm(x1, . . . , xk),

£¤¥ volk−1 ®¡®§­ ç ¥â (k − 1)-¬¥à­ë© ®¡êñ¬
á¨¬¯«¥ªá  〈x1, x2, . . . , xk〉.



13: �§®¬¥âà¨ç¥áª®¥ ¢«®¦¥­¨¥

�®¢®àïâ, çâ® ¬¥âà¨ç¥áª®¥ ¯à®áâà ­áâ¢® (X, ρ)
¨§®¬¥âà¨ç¥áª¨ ¢ª« ¤ë¢ ¥âáï ¢ Rn, ¥á«¨
áãé¥áâ¢ã¥â ®â®¡à ¦¥­¨¥ f : X→ Rn â ª®¥, çâ®
|f(x) − f(y)| = ρ(x, y) ¤«ï ¢á¥å x, y ∈ X, £¤¥
|f(x) − f(y)| ®¡®§­ ç ¥â ¥¢ª«¨¤®¢® à ááâ®ï­¨¥
¬¥¦¤ã â®çª ¬¨ f(x), f(y) ∈ Rn.

�à¨ íâ®¬ f : X→ Rn ­ §ë¢ îâ ¨§®¬¥âà¨ç¥áª¨¬

¢«®¦¥­¨¥¬ ¬¥âà¨ç¥áª®£® ¯à®áâà ­áâ¢  (X, ρ) ¢
Rn.



14: �¥®à¥¬  �í«¨{�¥­£¥à 
(¤«ï n = 3, k = 6)

�ãáâì X = {x1, x2, . . . , x6} ¨ ρ { ¬¥âà¨ª  ­  X.
�®£¤  (X, ρ) ¨§®¬¥âà¨ç¥áª¨ ¢ª« ¤ë¢ ¥âáï ¢ R3

¥á«¨ ¨ â®«ìª® ¥á«¨ ¢ë¯®«­¥­ë ãá«®¢¨ï (i){(iii):

(i) ∀ Y ⊂ X (2 6 |Y| 6 4 ⇒ (−1)|Y| cm(Y) > 0);

(ii) ∀ Y ⊂ X (|Y| = 5 ⇒ cm(Y) = 0);

(iii) |Y| = 6 ⇒ cm(Y) = 0.



15: � ª ãç¥áâì ¢ë¯ãª«®áâì?
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16: � ª ãç¥áâì ¢ë¯ãª«®áâì?
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�¥âà í¤àë 〈1, 2, 3, 4〉 ¨ 〈1, 3, 4, 6〉 ¬®£ãâ «¥¦ âì ¢ ®¤­®¬
¯®«ã¯à®áâà ­áâ¢¥, ®¯à¥¤¥«ï¥¬®¬ £à ­ìî 〈1, 3, 4〉 ¨«¨ ¢

à §­ëå. � ¯¥à¢®¬ á«ãç ¥ d26 ¬¥­ìè¥, ç¥¬ ¢® ¢â®à®¬.



17: cm(1, 2, 3, 4, 6)

�á«®¢¨¥ (ii) â¥®à¥¬ë �í«¨{�¥­£¥à  ⇒

cm(1, 2, 3, 4, 6) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

0 1 1 1 1 1
1 0 d12 d13 d14 δ16
1 d12 0 d23 δ24 d26
1 d13 d23 0 d34 d36
1 d14 δ24 d34 0 d46
1 δ16 d26 d36 d46 0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= 0

⇒ cm(1, 2, 3, 4, 6) = Ad226 + Bd26 + C = 0.

⇒ d226 6 d26d̃26 = C/A ⇒ C − d2
26
A > 0 .



18: �¨áâ¥¬  (Σ)

• 3 ­¥¨§¢¥áâ­ëå (δ16, δ24 ¨ δ35)
• 7 ãà ¢­¥­¨© (cm(Y) = 0 ¤«ï |Y| = 5 ¨ 6)
• ¬­®£® ­¥à ¢¥­áâ¢ ((−1)|Y| cm(Y) > 0 ¤«ï
2 6 |Y| 6 4 ¨ ãá«®¢¨ï ¢ë¯ãª«®áâ¨ ¢¨¤ 
C − d2

26
A > 0).

�§ â¥®à¥¬ë �®è¨ ¬ë §­ ¥¬, çâ® á¨áâ¥¬  (Σ)
¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥.



19: �¨áâ¥¬  (Σ′)

�¨áâ¥¬  (Σ′) áâà®¨âáï ¯® ¢â®à®© à §¢ñàâª¥ â ª
¦¥, ª ª á¨áâ¥¬  (Σ) ¡ë«  ¯®áâà®¥­  ¯® ¯¥à¢®©
à §¢ñàâª¥.



20: �á­®¢­ ï â¥®à¥¬ 

�ë¯ãª«ë¥ ®ªâ í¤àë P ¨ P′, á®®â¢¥âáâ¢ãîé¨¥
¤¢ã¬ ¤ ­­ë¬ ­ âãà «ì­ë¬ à §¢ñàâª ¬,
 ää¨­­®-íª¢¨¢ «¥­â­ë ¥á«¨ â®«ìª® ¥á«¨
à¥è¥­¨ï δ16, δ24, δ35 ¨ δ′16, δ

′

24
, δ′

35
c¨áâ¥¬ (Σ) ¨

(Σ′) â ª®¢ë, çâ® ∃ α > 0 â ª®¥, çâ® ¤«ï «î¡®©
ç¥â¢ñàª¨ [ijkl] ¢¥àè¨­ ®ªâ í¤à  P ¨
á®®â¢¥âáâ¢ãîé¥© ç¥â¢ñàª¨ [ijkl]′ ¢¥àè¨­
®ªâ í¤à  P′ ¢ë¯®«­¥­® à ¢¥­áâ¢®

cm([ijkl]′)

cm([ijkl])
= α.



21: � ª«îç¨â¥«ì­ë¥ § ¬¥ç ­¨ï

• �¥®à¥¬  ­  á« ©¤¥ 20 «¨è¥­  ªà á®âë,
¯à¨áãé¥© â¥®à¥¬¥ �®è¨.

• �ãáâì fj : R2
→ R2 {  ää¨­­®¥

¯à¥®¡à §®¢ ­¨¥, ¯¥à¥¢®¤ïé¥¥ j-î £à ­ì ¯¥à¢®©
à §¢ñàâª¨ ¢ j-î £à ­ì ¢â®à®© à §¢ñàâª¨.
�¥ ã¤ «®áì ¨á¯®«ì§®¢ âì fj ¢ ®á­®¢­®© â¥®à¥¬¥.

• �¥â ¯à®¤¢¨¦¥­¨© ¢  ­ «®£¨ç­®© § ¤ ç¥ ®
à á¯®§­ ¢ ­¨¨ ¯à®¥ªâ¨¢­®-íª¢¨¢ «¥­â­ëå
®ªâ í¤à®¢ ¯® ¨å à §¢ñàâª ¬.



�¯ á¨¡® §  ¢­¨¬ ­¨¥!


